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Optimal Control of Partial Differential Equations with
Nonsmooth Cost Functionals
C. Clason∗, K. Kunisch† and A. Rund†

Abstract— Over the last decade significant progress was made in the analysis and numerical treatment of optimal control problems with nonsmooth cost functionals. Such functionals are in the context of optimal control with sparsity constraints, for
switching control and for multi-bang optimal control problems. The natural setting of such problems is given by non-reflexive
Banach spaces, which leads to new analytical challenges. The lack of smoothness, on the other hand, demands novel numerical
methods for practical solution of the resulting infinite dimensional optimization problems.
Keywords: Optimal Control with Sparsity Constraints, Multi-bang Control, Switching Control.

1

Introduction

We consider an optimal control problem of tracking type

(1)

(

min ky − yd k2L2 (Ω) + α N (u)

u∈X

s.t.

Ay = u

where A is a differential operator, y is the state variable and yd
is a given desired state. The control u has to be determined in
such a manner that the state is brought as close to z as possible while observing the control cost term α N (u). The focus
here lies on the choice of the functional N which has a significant effect on the optimal control as can be seen from Figure
1, which is obtained for the case where A is the Laplacian with
homogenous Dirichlet boundary conditions on the unit square,
and z is a scaled version of the peaks function from MATLAB. In the left column of Figure 1 the optimal controls for
the choices N (u) = kuk2L2 (Ω) and N (u) = kuk2H 1 (Ω) are depicted. We observe the global smoothing effects of these functionals when we compare with the choices N (u) = M(u) and
N (u) = BV (u), where M(u) stands for the Borel measure of
u, and BV (u) for the total bounded variation semi-norm. The
choice M(u) promoted sparsity, i.e. u = 0 over large subsets
of the domain Ω, while the BV-semi norm promotes sparsity
of the derivative and results in piecewise constant values of the
optimal controls. We note
R here that the choice N (u) = M(u)
as opposed to N (u) = Ω |u| dx results from difficulties when
proving existence of optimal controls for (1) using the latter
control cost.

(a) L2 -control

(b) M-control

(c) H 1 -control

(d) BV -control

Figure 1: Optimal control for different functionals N .

While the results of Figure 1 are given here for a simple test
case problem it is by now well established that these features
are generic for a wide class of optimal control problems related
to different classes of partial differential equations. In the literature N (u) = kuk2L2 (Ω) is typically chosen as control cost for
good reason: the simplicity of computing gradients and the use
in the linear quadratic regulator theory are among them. In the
case of nonlinear partial differential equations a specific type
of nonlinearity may require to replace the L2 -norm by an Lp -
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norm, with p > 2 or, in the case of boundary controls, with the
H 1/2 -norm for example, to obtain well-posedness of the differential equation in variational form and existence to (1). The
choices of M related to norm or semi-norms of non-reflexive
Banach spaces are much more recent. In the references we give
a list of some, but by no means all of the references which have
become available in the recent past.
There are several reasons which make the choice N (u) =
M(u) an important one. First, as we shall see below, the control will be allowed to be shut off (u = 0) over subsets of the
domain. Second, this norm expresses ’proportionality’ which
is not the case for the L2 -norm. Moreover, as already pointed
out in [21] it provides an elegant solution to the problem of
optimal actuator placement. For a nice application we refer to
[2]. Also, as pointed out in [17], this formulation can be efficient to solve inverse source problems in the case that A in (1)
represents a diffusion-convection operator.
In the following Section 2 we highlight some aspects related
to sparse optimal control related to linear elliptic equations
mostly following the results from [8]. Section 3 is devoted to
multi-bang control and Section 4 to switching control.

2

T HEOREM 1 There exists a unique element p̄ ∈ H 2 (Ω) ∩
H01 (Ω) satisfying

−∆p̄ + c0 p̄ = ȳ − yd in Ω,
(6)
p̄ =
0
on Γ,
such that
(7)

R
αkūkM(Ω) + Ω p̄ dū = 0,

= α if ū 6= 0,
kp̄kC0 (Ω)
≤ α if ū = 0.

This optimality condition together with the Jordan decomposition of ū = ū+ − ū− , can be used to deduce from (7) that
p̄ ⊂ [−α, α] and

supp (ū+ ) ⊂ {x ∈ Ω : p̄(x) = −α},
(8)
supp (ū− ) ⊂ {x ∈ Ω : p̄(x) = +α}.

Elliptic control problems with sparse solution This implies that the optimal control is zero where |p̄(x)| =
6 α

Here we consider
(2)

Then, it can be obtained by the standard approach that (2) has
a unique solution. Hereafter, this optimal solution will be denoted by ū with an associated state ȳ. By using subdifferential
calculus of convex functions and introducing the adjoint state
we get the following first order necessary optimality condition,
see [8].

min J(u) =

u∈M(Ω)

1
ky − yd k2L2 (Ω) + αkukM(Ω) ,
2

where y is the unique solution to the Dirichlet problem

−∆y + c0 y = u in Ω,
(3)
y = 0 on Γ,
with c0 ∈ L (Ω) and c0 ≥ 0. We assume that α > 0,
yd ∈ L2 (Ω) and Ω is a bounded domain in Rn , n = 2 or
3, with a smooth boundary. The controls are taken in the space
of regular Borel measures M(Ω), which is identified with the
dual space of C0 (Ω):
Z
(4) kukM(Ω) =
sup hu, zi =
sup
z(x) du.
∞

kzkC0 (Ω) ≤1

kzkC0 (Ω) ≤1

Ω

The results of this section can be extended to the case where
the support of the controls is restricted to be in a subset ω ⊂ Ω.
We shall refer to y as a solution if it satisfies the very weak
solution concept, i.e.
Z
Z
(5)
yAz dx =
z du for all z ∈ H 2 (Ω) ∩ H01 (Ω),
Ω

Ω

where A = −∆ + c0 I. It is well known, see for instance [3],
that there exists a unique solution to (3) in the sense of (5).
n
Moreover, y ∈ W01,p (Ω) for every 1 ≤ p < n−1
and
kykW 1,p (Ω) ≤ Cp kukM(Ω) .
0

and implies the desired sparsity: unless the adjoint state, which
is in some sense a sensitivity measure, is maximal, the optimal
control is inactive.
In the case where we consider the observation of the state only
in a subset ωy ⊂ Ω, then we have the following property of the
support of the optimal control.

P ROPOSITION 2 Let ωy be an open subset of Ω such that
Ω \ ωy is connected and consider the functional
(9)

Jωy (u) =

1
ky − yd k2L2 (ωy ) + αkukM(Ω) .
2

Then the associated optimal control ū satisfies supp (ū) ⊂ ω̄y .
Further results on the support of the controls which are all
based on the maximum principle are contained in [20].
To explain a numerical treatment for (2) we may commence by
observing that the optimality conditions of Theorem 1 may be
reformulated in primal-dual form as
(
p̄ = A−∗ (A−1 ū − yd ),
(10)
0 ≥ hū, p̄ − pi for all kpkC0 ≤ α.
This system is still intractable in function spaces, and hence we
consider its Moreau–Yosida regularization

−∗
−1
 pγ = A (A uγ − yd ),
(11)
1
 uγ = (max(0, pγ − α) + min(0, pγ + α)),
γ
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for which convergence to a solution of (10) as γ → 0 can be
shown. Furthermore, this system can be solved efficiently by a
semi-smooth Newton method [11, 8], which is given in Algorithm 1.
Algorithm 1 Semismooth Newton method for (11)
1: Set k = 0, Choose u0 ∈ L2 (Ω)
2: repeat
3:
Solve for y k in Ay = uk
4:
Solve for pk in A∗ p = y k − yd
5:
Set
k
A+
k = {x ∈ Ω : p (x) > α},
−
Ak = {x ∈ Ω : pk (x) < −α},
6:
7:

Set F (uk ) = uk − γ1 (χA+ (pk − α) + χA− (pk + α))
k
k
Solve for δu ∈ L2 (Ω)
δu −

8:
9:

1
(χ + + χA− )A−∗ A−1 δu = −F (uk )
k
γ Ak

using a matrix-free Krylov method
Set uk+1 = uk + δu and k = k + 1
+
−
−
until (A+
k+1 = Ak ) and (Ak+1 = Ak )

This is still an infinite dimensional problem. In [8] a framework based on approximation of the measure valued controls
by the linear combination of Dirac deltas was proposed and analyzed which allows taking the limit γ → 0 computationally.
The analysis was later improved in [20].
The necessity to utilize measure spaces for the controls can
be avoided and replaced by L1 (Ω) if additional constraints on
the norms are utilized, see e.g. [21, 4, 15]. Directional sparsity
was analyzed first in [15]. Results on sparse controls have been
extended to nonlinear elliptic [5], to parabolic [17, 6], and to
wave equations [18], where the citations only point at part of
the literature.

3

Multi-bang control

Multi-bang control refers to optimal control problems for partial differential equations where a distributed control should
only take on values from a discrete set of values ui . This property can be promoted by a combination of L2 and L0 -type control costs. The resulting functional, however, is non-convex
and lacks weak lower-semicontinuity. More specifically we
consider the problem
(12)

Z Y
d

1
α


 min ky − yd k2L2 + kuk2L2 + β
|u(x) − ui |0 dx
u,y 2
2
Ω i=1




s. t. Ay = u, u1 ≤ u(x) ≤ ud for a.e. x ∈ Ω

where α > 0, β > 0, d ∈ N, and the binary term is given by

0 if t = 0,
|t|0 :=
1 if t 6= 0.

Below we summarize some results from [10] which rely in an
essential manner on a convexification process applied to (12).
For this purpose we define
F : L2 (Ω) → R, u 7→ 12 kA−1 u − yd k2L2 ,
G0 : L2 (Ω) → R,
u 7→

Z

Ω

d
Y
α
|u(x)|2 + β
|u(x) − ui |0
2
i=1

!

dx + δU (u),

where δU is the indicator function of the admissible set

U := u ∈ L2 (Ω) : u1 ≤ u(x) ≤ ud for a.e. x ∈ Ω .
With this notation (12) can be expressed as
(13)

min F(u) + G0 (u).
u

Since G0 is not convex standard convex analysis techniques are
not applicable. We therefore pass to the convexification of (12)
and consider
(14)

min F(u) + G(u),
u

G0∗∗ ,

where G =
which is the biconjugate of G. The necessary
optimality condition of (13) can be expressed as: there exists
a p̄ = −F 0 (ū) such that p̄ ∈ ∂G(ū), which holds if and only
if ū ∈ ∂G ∗ (p̄). Here, G ∗ denotes the Fenchel conjugate of the
convex functional G, and ∂G ∗ denotes its convex subdifferential. We thus obtain the primal-dual optimality system

−p̄ = F 0 (ū) = A−∗ (A−1 ū − yd ),
(15)
ū ∈ ∂G ∗ (p̄).
We have the following result concerning existence and structure of the solution.
T HEOREM 3 There exists a solution (ū, p̄) ∈ L2 (Ω)×H01 (Ω)
of (15). Moreover, if
p
1
2β/α ≥ (ui+1 − ui ) for all 1 ≤ i < d,
(16)
2
then
Ω=

d
[

i=1

{x ∈ Ω : ū(x) = ui } ∪ {x ∈ Ω : ȳ(x) = yd (x)}

where ȳ is that the state corresponding to ū.
To quantify the effect of the convexification process, i.e. the
passage from G0 to G, we introduce the critical set
(17) C = {x ∈ Ω : p̄(x) = 21 (ui + ui+1 )

for some i ∈ {1, . . . , d − 1}, and ū(x) ∈
/ {ui , ui+1 }}.

Then we have
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T HEOREM 4 If (ū, p̄) ∈ L2 (Ω) × H01 (Ω) is a solution of (15)
and (16) holds, then for every u ∈ L2 (Ω)

functionals and convex analysis techniques. Below we draw on
results from [9, 1].

(18)

Here we consider the parabolic controlled partial differential
equation Ly = Bu on ΩT := [0, T ] × Ω, where L =
∂t − A for an elliptic operator A defined on Ω ⊂ Rn ,
with homogenous boundary conditions, and B is defined by
(Bu)(t, x) = χω1 (x)u1 (t) + χω2 (x)u2 (t) for given control
domains ω1 , ω2 ⊂ Ω.

J(ū) ≤ J(u) + β|C|,

where J denotes the cost functional in (12), and |C| stands for
the measure of C.
However, the optimality conditions (15) are not directly
amenable to numerical solution by Newton-type techniques.
For this reason we consider a regularized optimality system
(
−pγ = F 0 (uγ ) = A−∗ (A−1 uγ − yd ),
(19)
uγ = (∂G ∗ )γ (pγ ),
where (∂G ∗ )γ is the Moreau–Yosida approximation of the subdifferential of the Fenchel conjugate G ∗ . Thus for the numerical realization, only (∂G ∗ )γ is needed which can be computed
without explicit knowledge of G, since G ∗ = G0∗ . For system
(19) semi-smooth Newton methods are applicable. We close
this section with a numerical example. Again, z is a scaled
version of the MATLAB peaks function, and we choose the
desired control values {u1 , . . . , u5 } = {−2, . . . , 2}.

To promote a switching structure between the temporal control functions u1 and u2 , we first propose to use the regularized
binary function for
g(v) =

α 2
(v + v22 ) + β|v1 v2 |0 ,
2 1

for v = (v1 , v2 ) ∈ R2 . This term combines in a single functional both switching enhancement and a quadratic cost for the
active control. For some ωT ⊂ ΩT we then consider the problem

Z T
1

2


min
ky − yd kL2 (ωT ) +
g(u(t)) dt,
u∈L2 (0,T ;R2 ) 2
0
(20)



s. t. Ly = Bu on ΩT , y(0) = y0 ,

for given y0 ∈ L2 (Ω), and yd ∈ ωT . Using the solution operator S = L−1 B : u 7→ y, problem (20) can be expressed in
reduced form as
(21)

Figure 2: Effect of α, β on the structure of the control u, left:
α = 5.10−3 , β = 10−3 , right: α = 10−3 , β = 10−3 .

4

Switching control

Here we briefly describe two choices of cost functionals which
are amenable for computing multiswitching controls for differential equations. Such controls consist of an arbitrary number of components of which at most one should be simultaneously active. Switching can refer to alternating between differential spatial control-subdomains or between different components of vector valued controls, when we refer to time dependent control systems. Switching control is quite well-studied
for controlled ordinary differential equations, see e.g. [19] but
much less is known for partial differential equations, see, however, [13, 22]. In either case, little attention has been paid to
the efficient numerical solution of switching control problems.
In this respect we refer to [14] where a relaxation technique
combined with rounding strategies is proposed to solve mixedinteger programming problems arising in optimal control of
partial differential equations. Here we follow a quite different route which is based on the choice of specially tuned cost

min F(u) + G0 (u),
u

where F is smooth and convex, and G0 is neither smooth nor
convex nor, in fact, weakly lower semicontinuous. We therefore consider the relaxed problem
(22)

min F(u) + G(u),
u

where, as in the previous section we set G = G0∗∗ . Existence
and optimality conditions for the relaxed problem can readily
be obtained. We again consider the regularized system (19) for
S in place of A−1 , for which semi-smooth Newton methods are
applicable. In [9] the asymptotic behavior for γ → 0+ and sufficient conditions are given for the limit problem, which guarantee that both controls cannot be simultaneously nontrivial
q ex-

2β
cept for a singular set, for which |u1 (t)| = |u2 (t)| ≤
α .
The practical realization of the approach requires to characterize (∂G ∗ )γ which is quite involved, and a generalization to
more than two controls is not straightforward.

To define a second choice for a switching functional we consider control operators of the form
(23)

(Bu)(t, x) =

N
X

χωi (x)ui (t),

i=1

where the χωi are the characteristic function of given control
domains ωi ⊂ Ω of positive measure, and (u1 , . . . , uN ) is the
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time-dependent control vector, of which only one component
should be nontrivial at any instance in time. For this purpose
we consider the optimal control problem

Z
α T
1

2


|u(t)|21 dt,
ky − yd kL2 (ωT ) +
min
2 0
u∈L2 (0,T ;RN ) 2
(24)



s. t. Ly = Bu, y(0) = y0 ,

where |·|1 stands for the `1 -norm on RN . This is a convex optimization problem, for which the same steps can be carried out
as for (20), but without the need for the convexification step.
In the context of exact controllability problems with switching
controls (24) was utilized in [22]. In [1], it was shown that (24)
coincides with (20) for special choices of β sufficiently large.
We close with a numerical example from [1], where
yd =

N
X

2

cos(i + t) sin

i=1



t
2π
T



|x − xi | ,

ω1
ωobs

ω6

ω5

Figure 4 depicts the various control branches for two different
choices of the control weight α.
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Multi-level Monte Carlo Finite volume method: an
efficient method for uncertainty quantification in
geophysical flows.
M. J. Castro∗, M. de la Asunción∗, S. Mishra†, C. Sánchez Linares∗ and J. Sukys†

Abstract— Many interesting geophysical phenomena like tsunami generation and propagation are modeled by systems of nonlinear hyperbolic and convection dominated partial differential equations (PDEs). These models contain uncertain parameters
like the ratio of densities of layers, friction coefficient, fault deformation, etc. These parameters are modeled statistically and
quantifying the resulting solution uncertainty (UQ) is a crucial task in geophysics. We propose a paradigm for UQ that combines
the recently developed path-conservative spatial discretizations efficiently implemented on cluster of GPUs, with the recently
developed Multi-level Monte Carlo (MLMC) statistical sampling method and provides a fast, accurate and computationally efficient framework to compute statistical quantities of interest. Realistic simulations in real bathymetries are presented to illustrate
the robustness of the proposed UQ algorithm.
Keywords: Path-conservative finite volume schemes, multi-level Monte Carlo method, uncertainty quantification, geophysical
flows

Many interesting geophysical phenomena are modeled by systems of nonlinear hyperbolic and convection dominated partial
differential equations (PDEs) such as the one layer shallow water equations and their variants. Examples include the propagation of tsunamis (generated by earthquakes or by rockslides),
storm surges, tidal waves, avalanches and debris flows, among
others.

ference and discontinuous Galerkin finite element schemes
are widely used. In particular, the approximation of nonconservative systems is quite involved as the right jump conditions across discontinuities need to be approximated [36]. An
attractive framework to deal with such problems is the one of
path conservative numerical schemes developed by Pares [35].
In recent years, efficient implementation of such schemes have
been carried out using Graphics Processing Units (GPUs).
GPUs have proved to be a powerful accelerator for intensive
scientific simulations. The high memory bandwidth and massive parallelism of these platforms make it possible to achieve
dramatic speedups over a standard CPU in many applications [15, 34, 19] and, more precisely, in shallow-water flows
[3, 8, 2, 11]. Moreover, realistic tsunami simulations involve
huge meshes, many time steps and possibly real time accurate
predictions. These characteristics suggest to use a cluster of
GPU-enhanced computers in order to scale the runtime reduction and overcome the memory limitations of a GPU-enhanced
node by suitably distributing the data among the nodes, enabling us to simulate significantly larger realistic models (see
[42, 41, 4, 26]).

It is well known that solutions of those systems take the form
of waves that propagate at a finite speed. Furthermore, the solutions might form discontinuities such as shocks, hydraulic
jumps, etc, even when the initial data are smooth. Thus, it is
customary to interpret the solutions of such nonlinear PDEs
in the sense of distributions. There are innate difficulties in
defining such weak solutions for systems that are not in the
conservation form, due to the presence of geometrical source
terms or non-conservative products, as it is the case here. For
such systems, special theories such as those in [17] have been
proposed. Moreover, weak solutions are not necessarily unique
and further admissibility criteria need to be imposed in order to
single out a physically relevant solution.
Various types of numerical methods have been designed to
approximate these convection-dominated nonlinear hyperbolic
PDEs efficiently. Methods such as finite volume, finite dif-

Numerical methods to approximate these nonlinear hyperbolic
PDEs require inputs such as the initial data, boundary condi-
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tions and coefficients in sources and friction terms of the PDE.
These inputs need to be measured. Measurements are marked
by uncertainty. For instance, in tsunami modeling, the initial
conditions are typically estimated from a very uncertain measurement process: it is very difficult to estimate the exact fault
deformation or the initial position and speed of a landslide.
This uncertainty in determining the inputs to the PDE is propagated into the solution. The calculation of solution uncertainty,
given input uncertainty, falls under the rubric of uncertainty
quantification (UQ). UQ for geophysical flows is vitally important for risk evaluation and hazard mitigation.
Although various approaches to modeling input uncertainty exist, the most popular framework models input uncertainty statistically in terms of random parameters and random fields.
The resulting PDE is a stochastic (random) PDE. The solution
has to be sought in a stochastic sense and statistical quantities
such as the mean, the variance, higher moments, confidence
intervals and the probability distribution function (pdfs) of the
solution are the objects of interest.
The modeling and computation of solution statistics is highly
non-trivial. Challenges include possibly large number of random variables (fields) to parametrize the uncertainty and the
sheer computational challenge of evaluating statistical moments that might necessitate a large number of PDE solves.
The challenges are particularly accentuated for hyperbolic and
convection-dominated PDEs as the discontinuities in physical
space such as shocks can propagate into stochastic space resulting in a loss of regularity of the underlying solution with
respect to the random parameters. A very large number of degrees of freedom in stochastic space might be needed to resolve
such irregular functions. See a recent review [6] for a detailed
account of the challenges involved in UQ for hyperbolic problems.
Nevertheless, several numerical methods have been developed for UQ in hyperbolic PDEs. See [16, 37, 39, 43, 46]
and the review [6] for details. Methods include the stochastic Galerkin methods based on generalized Polynomial Chaos
(gPC), stochastic collocation methods and stochastic finite
volume methods (SFVM). Some of these methods (particularly stochastic Galerkin) have the huge disadvantage of being
highly intrusive: existing codes for computing deterministic
solutions of conservation laws need to be completely reconfigured for implementation. Furthermore, none of these methods
are currently able to handle even a moderate number of sources
of uncertainty (stochastic dimensions).
Another class of methods are the so-called Monte Carlo (MC)
methods in which the probability space is sampled, the underlying deterministic PDE is solved for each sample and the samples are combined to determine statistical information about
the random field. Although non-intrusive, easy to code and to
parallelize, MC methods converge at rate 1/2 as the number
M of MC samples increases. The asymptotic convergence rate

M. J. Castro et al.
M −1/2 is non-improvable by the central limit theorem.
Therefore, MC methods require a large number of samples
(with each sample involving the numerical solution of the underlying PDE with a given draw of parameter values) in order to ensure low statistical errors. This slow convergence entails high computational costs for MC type methods and makes
them infeasible for computing uncertainty in complex shallow
water flows. We refer to [29] for a detailed error and computational complexity analysis for the MC method in the context
of scalar conservation laws. This slow convergence has inspired the development of Multi-Level Monte Carlo or MLMC
methods [22, 24]. In particular, [29] and [30] extend and analyze the MLMC algorithm for scalar conservation laws and
for systems of conservation laws, respectively. The asymptotic
analysis for the MLMC method, presented in [29], showed that
the method allows the computation of approximate statistical
moments with the same accuracy versus cost ratio as a single
deterministic solve on the same mesh. MLMC methods have
been successfully employed in compressible fluid dynamics
and magnetohydrodynamics and geophysical flows (see [31],
[38]) and has shown to be efficient in performing UQ for realistic geophysical flows [38].

1

Shallow-water type models

In the generation stage of earthquake-generated tsunamis,
Okada’s finite fault deformation model (see [33]) is widely
used as the initial method to predict the initial sea surface displacement of a tsunami. This method assumes that an earthquake can be regarded as the rupture of a single fault plane in a
homogeneous isotropic elastic material. This fault is described
by a series of parameters, comprising dip angle, strike angle,
rake angle, fault width, fault length, and fault depth. Okada’s
vertical displacement is applied to generate tsunami wave with
initialized sea-surface elevation instantaneously, or drive the
model at a specific rupture time (see [44]). Note that Okada’s
model is a rough approximation since the actual earth is not
a homogeneous isotropic elastic material as assumed in this
model. However, it is often assumed to be a reasonable approximation for tsunami modeling, particularly since the fault
slip parameters are generally not known very well even for historical earthquakes and so a more accurate modeling of the resulting seafloor deformation may not be justified
In the propagation and inundation stage, two main types of
governing equations are commonly employed, the Boussinesq
type equations or the nonlinear shallow-water equations. In
this work, we consider that tsunamis are driven by the instantaneous sea surface disturbance derived from Okada’s finite fault
model and the propagation and inundation is simulated with
the use of 2D nonlinear shallow-water equations:
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In the previous system, h(x, t), denotes the thickness of the
water layer at point x ∈ D ⊂ R2 at time t, being D the horizontal projection of the 3D domain where the tsunami takes
place. H(x) is the depth of the bottom at point (x) measured
from a fixed level of reference. Let us also define the function
η(x, t) = h(x, t) − H(x) that corresponds to the free surface
of the fluid. Let us denote by q(x, t) = (qx (x, t), qy (x, t)) the
mass-flow of the water layer at point x at time t. The mass-flow
is related to the height-averaged velocity u(x, t) by means of
the expression: q(x, t) = h(x, t) u(x, t).
The term SF (U ) parametrizes the friction effects and it is given
by the Manning law:

n2


 Sx (U ) = −gh 4/3 ux kuk
h
,
2

n

 Sy (U ) = −gh
uy kuk
h4/3

where n > 0 is the Manning coefficient.

1.1

A two-layer Savage-Hutter type model for simulating landslides generated tsunamis

In [20] a model for the simulation of tsunamis generated by
submarine landslides was presented for 1D geometries. Here,
we consider its natural extension to 2D domains. Following
[20], we consider a stratified media composed by a non viscous and homogeneous fluid with constant density ρ1 (water)

and a fluidized granular material with density ρs and porosity
ψ0 . We suppose that the fluid and the granular material are immiscible and that the mean density of the granular material is
given by: ρ2 = (1 − ψ0 )ρs + ψ0 ρ1 . The following 2D system
is derived under the assumption of shallow-flows and could be
used to simulate the interaction of a granular landslide with the
ambient water (see [20] for details about its derivation in 1D
problems):
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T
SF (U ) = 0 Sf1 (U ) Sf2 (U ) 0 Sf3 (U ) + τx Sf4 (U ) + τy
.
In the previous system, hl (x, t), l = 1, 2 denotes the thickness
of the water layer (l = 1) and the granular material (l = 2),
respectively, at point x ∈ D ⊂ R2 at time t, being D the horizontal projection of the 3D domain where the landslide and
tsunami takes place. Again, H(x) is the depth of the bottom
at point x measured from a fixed level of reference. Let us
also define the function η1 (x, t) = h1 (x, t) + h2 (x, t) − H(x)
that corresponds to the free surface of the fluid, and η2 (x, t) =
h2 (x, t) − H(x), the interface between the granular layer and
the fluid. Let us denote by ql (x, t) = (ql,x (x, t), ql,y (x, t))
the mass-flow of the l-layer at point x at time t. The mass-flow
is related to the height-averaged velocity ul (x, t) by means
of the expression: ql (x, t) = hl (x, t) ul (x, t), l = 1, 2.
r = ρ1 /ρ2 is the ratio of the constant densities of the layers
(ρ1 < ρ2 ).
The terms Sfk (U ), k = 1, . . . , 4, model the different friction effects, while τ = (τx , τy ) is the Coulomb friction law.
Sfk (U ), k = 1, . . . , 4, are given by:

Sf1 (U )
Sf2 (U )

= Scx (U ) + Sm1 ,x (U ), Sf3 (U )
= −r Scx (U ) + Sm2 ,x (U ),

= Scy (U ) + Sm1 ,y (U ), Sf4 (U )

= −r Scy (U ) + Sm2 ,y (U ),

Sc (U ) = Scx (U ), Scy (U ) parameterizes the friction between the two layers, and is defined as:

h1 h2


 Scx (U ) = mf h + rh (u2,x − u1,x ) ku2 − u1 k
2
1

h
h
1 2

 Scy (U ) = mf
(u2,y − u1,y ) ku2 − u1 k
h2 + rh1
where mf is a positive constant.

Sl (U ) = Slx (U ), Sly (U ) , l = 1, 2 parameterizes the friction between the fluid and the non-erodible bottom (l = 1)
and between the granular material and the non-erodible bottom
(l = 2), and both are given by the Manning law

n2l


ul,x kul k
Sml ,x (U ) = −ghl 4/3


hl
, l = 1, 2

n2l


ul,y kul k
 Sml ,y (U ) = −ghl 4/3
hl

where nl > 0 (l = 1, 2) is the Manning coefficient. Note that
Sm1 (U ) is only defined where h2 (x, y, t) = 0. In this case,
mf = 0 and n2 = 0. Similarly, if h1 (x, y, t) = 0 then mf = 0
and n1 = 0.

Finally, the Coulomb friction term τ = (τx , τy ) controls the
stopping mechanism of the landslide and it is defined as follows:

If kτ k ≥ σ c ⇒


q2,x


 τx = −g(1 − r)h2 kq2 k tan(α)
q2,y


 τy = −g(1 − r)h2
tan(α)
kq2 k

If kτ k < σ c ⇒ q2,x = 0,

q2,y = 0,

where σ c = g(1 − r)h2 tan(α), being α the Coulomb friction angle. Let us remark that r is set to zero in σ c and τ , if
h1 (x, y, t) = 0, that is, if it is an aerial landslide.
Note that the previous model reduces to the usual one-layer
shallow-water system if h2 = 0 and to the Savage-Hutter
model if h1 = 0.
Notice that both systems (1) and (2) can be rewritten as
(3)

Wt + A1 (W )Wx + A2 (W )Wy = SeF (W ),

by considering W = [U, H]T and


Ji (U ) − Bi (U ) −Si (U )
Ai (W ) =
, i = 1, 2,
0
0
∂Fi
(U ), i = 1, 2 denote the Jacobians of the
where Ji (U ) =
∂U
fluxes Fi , i = 1, 2 and


SF (U )
e
SF (W ) =
.
0
The term SeF (W ), that corresponds to the different parameterizations of the friction terms, will be discretized semi-implicitly
as in [7], [20] or [5]. Therefore, at this stage will be neglected,
and we consider the homogeneous system
(4)

Wt + A1 (W )Wx + A2 (W )Wy = 0,

where W (x, t) takes values on a convex domain Ω of RN and
Ai , i = 1, 2, are two smooth and locally bounded matrixvalued functions from Ω to MN ×N (R). We also assume that
(4) is strictly hyperbolic, i.e. for all W ∈ Ω and ∀ η =
(ηx , ηy ) ∈ R2 , the matrix
A(W, η) = A1 (W )ηx + A2 (W )ηy
has N real and distinct eigenvalues
λ1 (W, η) < · · · < λN (W, η)
and A(W, η) is thus diagonalizable.
The nonconservative products A1 (W )Wx and A2 (W )Wy do
not make sense as distributions if W is discontinuous. However, the theory developed by Dal Maso, LeFloch and Murat
in [17] allows to give a rigorous definition of nonconservative
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products as bounded measures provided that a family of Lipschitz continuous paths Φ : [0, 1] × Ω × Ω × S 1 → Ω is prescribed, where S 1 ⊂ R2 denotes the unit sphere.
The choice of this family of paths should be based on the
physics of the problem: for instance, it should be based on
the viscous profiles corresponding to a regularized system in
which some of the neglected terms (e.g. the viscous terms) are
taken into account. Unfortunately, the explicit calculations of
viscous profiles for a regularization of (4) is in general a difficult task. A detailed description of how paths can be chosen is
discussed in [36]. An alternative is to choose the ‘canonical’
choice given by the family of segments:
(5)

Φ(s; WL , WR , η) = WL + s(WR − WL ),

that corresponds to the definition of nonconservative products
proposed by Volpert (see [40]). As shown in [13], segments
paths is a sensible choice as the it will provide third order approximation in the phase plane of the correct jump condition.
Suppose that a family of paths Φ in Ω has been chosen. Then
a piecewise regular function W is a weak solution of (4) if and
only if the two following conditions are satisfied:
(i) W is a classical solution where it is smooth.
(ii) At every point of a discontinuity W satisfies the jump
condition
(6)
Z 1
 ∂Φ
(s; W − , W + , η) ds
A(Φ(s; W − , W + , η), η)
∂s
0

2

To discretize (4) the computational domain D is decomposed
into subsets with a simple geometry, called cells or finite volumes: Vi ⊂ R2 . It is assumed that the cells are closed convex
polygons whose intersections are either empty, a complete edge
or a vertex. Denote by T the mesh, i.e., the set of cells, and by
N V the number of cells. In this work, we consider rectangular
structured meshes, but the derivation of the scheme is done for
arbitrary meshes.
Given a finite volume Vi , |Vi | will represent its area; Ni ∈ R2
its center; Ni the set of indexes j such that Vj is a neighbor of Vi ; Eij the common edge of two neighboring cells Vi
and Vj , and |Eij | its length; dij the distance from Ni to Eij ;
ηij = (ηij,x , ηij,y ) the normal unit vector at the edge Eij
pointing towards the cell Vj ; Win is the constant approximation
to the average of the solution in the cell Vi at time tn provided
by the numerical scheme:
Z
1
W (x, tn ) dx.
Win ∼
=
|Vi | Vi
Given a family of paths Φ, a Roe linearization of system (4) is
a function
AΦ : Ω × Ω × S 1 → MN (R)
satisfying the following properties for each WL , WR ∈ Ω and
η ∈ S1:
1. AΦ (WL , WR , η) has N distinct real eigenvalues
λ1 (WL , WR , η) < · · · < λN (WL , WR , η).
2. AΦ (W, W, η) = A(W, η).

= σ(W + − W − ),

where σ is the speed of propagation of the discontinuity, η is a unit vector normal to the discontinuity at the
considered point, and W − , W + , the lateral limits of the
solution at the discontinuity.
As in conservative systems, together with the definition of
weak solutions, a notion of entropy has to be chosen. We will
assume here that the system can be endowed with an entropy
pair (H, G), i.e. a pair of regular functions H : Ω → R and
G = (G1 , G2 ) : Ω → R2 such that:
∇Gi (W ) = ∇H(W ) · Ai (W ),

∀ W ∈ Ω,

i = 1, 2.

Then, a weak solution is said to be an entropy solution if it
satisfies the inequality
∂t H(W ) + ∂x G1 (W ) + ∂y G2 (W ) ≤ 0,
in the sense of distributions.

High-order finite volume schemes

3. AΦ (WL , WR , η) · (WR − WL ) =
(7)

Z

0

1

A(Φ(s; WL , WR , η), η)

∂Φ
(s; WL , WR , η) ds.
∂s

Note that in the particular case in which Ak (W ), k = 1, 2, are
the Jacobian matrices of smooth flux functions Fk (W ), property (7) does not depend on the family of paths and reduces to
the usual Roe property:
(8) AΦ (WL , WR , η) · (WR − WL ) = Fη (WR ) − Fη (WL )
for any η ∈ S 1 , where

Fη (U ) = ηx F1 (U ) + ηy F2 (U ).
Given a Roe matrix AΦ (WL , WR , η), let us define a decomposition of it as follows:
1
Ab±
(AΦ (WL , WR , η) ± QΦ (WL , WR , η)) ,
Φ (WL , WR , η) =
2

where QΦ (WL , WR , η) is a definite positive matrix that can be
seen as the viscosity matrix associated to the method.
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Now, it is straightforward to define a path-conservative scheme
in the sense defined in [35] based on the previous decomposition:

(9)

Win+1 = Win −

∆t X
n
n
|Eij |Ab−
ij · (Wj − Wi ),
|Vi |
j∈Ni

b−
where Ab−
ij = AΦ (Wi , Wj , ηij ).

Moreover, taking into account the structure of the matrix
AΦ (WL , WR , η), it is possible to rewrite (9) for the system
(1) or (2) as follows:

(10) Uin+1 = Uin −
where

∆t X
b − (Ui , Uj , Hi , Hj , ηij )
|Eij |D
Φ
|Vi |
j∈Ni

(11)
b ± (Ui , Uj , Hi , Hj , ηij ) = 1 Fη (Wj ) − Fη (Wi )−
D
ij
ij
φ
2
Bij · (Uj − Ui ) − Sij (Hj − Hi )

±Qij · (Uj − Ui − A−1
ij · Sij (Hj − Hi ))



where the path is supposed to be given by Φ = (ΦU ΦH )T and
Bij · (Uj − Ui ) = BΦ (Wi , Wj , ηij ) · (Uj − Ui )
Z 1
∂ΦU
=
Bηij (ΦU (s; Wi , Wj , ηij ))
(s; Wi , Wj , ηij ) ds
∂s
0

with

Bη (U ) = ηx B1 (U ) + ηy B2 (U );
Sij (Hj − Hi ) = SΦ (Wi , Wj , ηij )(Hj − Hi )
Z 1
∂ΦH
=
(s; Wi , Wj , ηij ) ds
Sηij (ΦU (s; Wi , Wj , ηij ))
∂s
0

with

Sη (U ) = ηx S1 (U ) + ηy S2 (U ).
The matrix Aij is defined as follows
Aij = AΦ (Wi , Wj , η) = Jij + Bij
where Jij is a Roe matrix for the flux Fη (U ), that is
Jij · (Uj − Ui ) = Fηij (Uj ) − Fηij (Ui ).
Considering segment as paths, it is straightforward to compute
the matrices Bij , Jij and the vector Sij for system (1) and (2)
(see [10] for the detailed expressions).
Finally, in order to fully define the numerical scheme (10)(11), the matrix Qij , that plays the role of the viscosity matrix, should be defined. Thus, Roe method is obtained if

Qij = |Aij |. Note that with this choice, it is necessary to
perform the complete spectral decomposition of matrix Aij . In
many situations, as in the case of the multilayer shallow-water
system, it is not possible to obtain an analytical expression of
the eigenvalues and eigenvectors, and some numerical algorithm should be used, increasing the computational cost of the
Roe method.
A rough approximation to this problem is given by the local
Lax-Friedrichs (or Rusanov) method, in which the matrix Qij
could be seen as an approximation of |Aij | given by a diagonal
matrix defined in terms of the largest eigenvalue of Aij in absolute value. To our knowledge, the paper by Degond et al. [18]
contains the first attempt to construct a simple approximation
of |Aij | by means of a polynomial that approximates |x| without interpolating it exactly on the eigenvalues. This approach
has been extended to a general framework in a recent paper
[12], where the authors introduce the so-called PVM (Polynomial Viscosity Matrix) methods, which are defined in terms of
viscosity matrices based on general polynomial evaluations of
a given Roe matrix or the Jacobian of the flux at some other
average value.
Stability issues require that the graph of the polynomial defining a PVM method must be over the graph of the absolute value
function. Moreover, the behavior of a PVM scheme will be
closer to that of Roe’s method as its basis polynomial is closer
to |x| in the uniform norm. This fact suggests the idea of using
accurate approximations of |x| to build PVM schemes that give
comparable results to Roe’s method, but with a much smaller
computational cost. Following this idea, in [14] authors propose a new PVM scheme based on Chebyshev polynomials,
which provide optimal uniform approximations to |x|. Moreover, the order of approximation to |x| can be greatly improved
by using rational functions instead of polynomials. This allows
us to define a new family of schemes called RVM (Rational
Viscosity Matrix) using appropriate rational functions to construct the viscosity matrices Qij . It is important to point out
that RVM methods constitute a class of general-purpose Riemann solvers, that are constructed using a Roe matrix Aij (or
more generally the matrix A(U, η) evaluated at some average
computed from the right and left states) and an estimate of its
spectral radius, without making use of the spectral decomposition of the Roe matrix.
Finally, as usual, a CFL condition must be imposed to ensure
stability.
Concerning the convergence of path-conservative schemes in
presence of non-conservative products, it has been proved in
[9] and [36] that, in general, the numerical solutions provided
by a path-conservative numerical scheme converge to functions
which solve a perturbed system in which an error source-term
appears on the right-hand side. The appearance of this source
term, which is a measure supported on the discontinuities, has
been first observed in [25] when a scalar conservation law is
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discretized by means of a nonconservative numerical method.
Nevertheless, in certain special situations the convergence error vanishes for finite difference methods: this is the case for
systems of balance laws (see [32]). Moreover for more general
problems, even when the convergence error is present, it may
be only noticeable for very fine meshes, for discontinuities of
large amplitude, and/or for large-time simulations.

(1) or (2). This is the case of the parameters present in the
friction terms or the ratio of densities in a non-homogeneous
media, or the parameters describing the fault deformation in
the Okada’s model. Uncertainty in input values for these parameters leads to uncertainty in the solution of the system (1)
or (2). Therefore, noting by (Σ, F, P) the complete probability
space, U (t, x, ξ), ξ ∈ Σ is the solution of the system

2.1

(13) Ut + F1 (U )x + F2 (U )y

High-order extension

Following [10], the semidiscrete expression of the high-order
extension of scheme (10)-(11), based on a given conservative
reconstruction operator, is the following:
(12)

Z
1 X
b − (U − , , U + , H − , H + , ηij )(γ, t) dγ
D
ij
ij
ij
ij
Φ
|Vi |
j∈Ni Eij
Z
1 X
−
Fηij (Uij
(γ, t)) dγ
−
|Vi |
j∈Ni Eij
Z
∂P t
∂P t
1
B1 (Pit (x)) i (x) + B2 (Pit (x)) i (x) dx
+
|Vi | Vi
∂x
∂y
Z
H
1
∂P
∂P H
+
S1 (Pit (x)) i (x) + S2 (Pit (x)) i (x) dx
|Vi | Vi
∂x
∂y

Ui0 (t) = −

where Pit is the reconstruction approximation function at time
t of Ui (t) at cell Vi defined using the stencil Bi :
and
is the reconstruction approximation function of H.
±
The functions Uij
(γ, t) are given by
−
Uij
(γ, t)

and

In order to approximate the random system of equations (13),
we need to discretize the probability space. The simplest sampling method is the Monte Carlo (MC) algorithm that consists
of the following steps:
1. Sample: We draw M independent identically distributed
(i.i.d) samples ξk of the random fields.
2. Solve: For each realization of the parameters ξk , the underlying system is solved. Let the finite volume solutions
be denoted by UTk,n , i.e. by cell averages {Uik,n : Vi ∈
T } at time level tn ,

= lim

x→γ

Pit (x),

+
Uij
(γ, t)

= lim

x→γ

Pjt (x),

UTk,n (x) = Uik,n ,

= lim

x→γ

PiH (x),

+
Hij
(γ)

= lim

x→γ

PjH (x).

In practice, the integral terms in (12) must be approximated
numerically using high order quadrature formula, that must be
related to the order of approximation of the reconstruction operator (see [10] for more details). Here, a MUSCL type reconstruction operator ([45]) that achieves second order accuracy is
used. For time stepping, second order high-order TVD RungeKutta methods like those described in [23] is used.
The well-balancedness properties of scheme (12) and the relation between the reconstructed variables, the reconstruction
operators and the quadrature formulas have been analyzed in
[10].

∀x ∈ Vi , Vi ∈ T

3. Estimate Statistics: We estimate the expectation of the
random solution field with the sample mean (ensemble
average) of the approximate solution:

are given by

−
Hij
(γ)

3

+ S1 (U )Hx + S2 (U )Hy + SF (U, ξ).

Pit (x) = Pi (x; {Uj (t)}j∈Bi ) ,

PiH

±
Hij
(γ)

= B1 (U, ξ)Ux + B2 (U, ξ)Uy

(14)

EM [UTn ]

M
1 X k,n
UT .
:=
M
k=1

Higher statistical moments can be approximated analogously (see [29]).
The above algorithm is quite simple to implement. We remark that step 1 requires a (pseudo) random number generator
(PRNG). In this work we will use the Mersenne Twister PRNG
[27], which has a period of 219937 − 1. In step 2, an existing
code can be used. Furthermore, the only (data) interaction between different samples is in step 3 when ensemble averages
are computed. Thus, the MC is non-intrusive as well as easily
parallelizable.
Given the slow convergence of MC-FV, [29] and [30] proposed

Multi Level Monte Carlo Finite Volume the Multi-Level Monte Carlo finite volume method (MLMCMethod
FV). The key idea behind MLMC-FV is to simultaneously

As mentioned in the introduction, it is very difficult to measure
precisely some of the physical parameters present in systems

draw MC samples on a hierarchy of nested grids.

The algorithm consists of the following four steps:
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1. Nested meshes: Consider nested meshes {Tl }∞
l=0 of the
spatial domain D with corresponding mesh diameters
∆xl that satisfy:
∆xl = O(2−l ∆x0 ),

l ∈ N0

where ∆x0 is the mesh size for the coarsest resolution
and corresponds to the lowest level l = 0.
2. Sampling: For each level of resolution l ∈ N0 , we draw
Ml independent identically distributed (i.i.d) samples of
ξlk , k = 1, 2, . . . , Ml belonging to the set of admissible
parameters for the model.
3. Solving: For each resolution level l and each realization
ξlk , the underlying system (13) is solved using mesh Tl .
Let the finite volume solutions be denoted by UTk,n
for
l
the mesh Tl and at the time level tn .
4. Estimate Solution Statistics: Fix some positive integer
L < ∞ corresponding to the highest level. We estimate
the expectation of the random solution field with the following estimator:
(15)
L
X
E L [U (·, tn )] := EM0 [UTn0 ] +
EMl [UTnl − UTnl−1 ],
l=1

with EMl being the MC estimator
(16)

EMl [UTn ]

M
1 Xl k,n
UT
:=
Ml
k=1

for the level l. Higher statistical moments can be approximated analogously (see [29]).
MLMC-FV is non-intrusive as any standard FVM code can be
used in step 3. Furthermore, MLMC-FV is amenable to efficient parallelization as data from different grid resolutions and
different samples only interacts in step 4.
Following the rigorous estimate for error in [29, 30], we consider
(17) kE[U (·, tn )] − E L [UT n ]kL2 (Σ;L1 (D)) ≤ C1 ∆xsL
( L
)
X −1/2
−1/2
s
+ C2
Ml
∆xl + C3 M0
.
l=0

Here s refers to the convergence rate of the deterministic finite
volume scheme and C1,2,3 are constants depending only on the
initial data, the parameters and the source term. From the error
estimate (17), we obtain that the number of samples to equilibrate the statistical and spatio-temporal discretization errors in
(15) should be given by:
Ml = O(22(L−l)s ).

Notice that the choice of Ml implies that the largest number
of MC samples is required on the coarsest mesh level l = 0,
whereas only a small fixed number of MC samples are needed
on the finest discretization levels.
The corresponding error vs. work estimate for MLMC-FV is
given by (see [29, 30])
(18) kE[U (·, tn )] − E L [UT n ]kL2 (Σ;L1 (D))

. (Work)−s/(d+1) · log(Work),

provided s < (d + 1)/2. The above estimate shows that
MLMC-FV is (asymptotically) of the same complexity as a
single deterministic FVM solve.

4
4.1

Numerical experiments
Earthquake generated tsunami in the Pacific
Ocean

We consider here an example of UQ in tsunamis generated by
earthquakes. We suppose that the dip, strake and rake angle,
and the slip parameter are uncertain. The computational domain is the Pacific Ocean and the epicenter of the earthquake is
located closed the Aleutian islands. We use the Okada’s model
to determine the seafloor deformation and the initial condition
for the shallow-water system (1). Uncertainty in input values for these parameters leads to uncertainty in the solution
of the Okada’s model and the shallow-water system (1). Here
we consider a second order discretization of system (1) over
the sphere by means of a PVM path-conservative scheme in
combination with a MUSCL type reconstruction operator. This
model has been implemented on GPUs using CUDA as well as
the MLMC-FV method. A rectangular grid of 2 arc-min resolution has been used to perform the simulation on the Pacific
Ocean and we use L = 4 levels of resolution with M4 = 64
samples for the highest level. We consider the following variability on the parameters: slip= 8±2 m, dip angle = 20o ±10o ,
strake angle = 270o ± 10o , and rake angle= 90o ± 10o .
The CFL number is 0.5 and the friction coefficient is 0.02. Figures (1)-(4) show the mean and variance of the free surface for
t = 2 h and t = 4 h, respectively. In this case we see that the
computed standard deviation on account of the uncertain parameters is less than 0.01 m of the mean on the tsunami propagation.
Concerning the GPU time, the complete MLMC-FV simulation takes about 2 hours of computing time, that is half of the
real time for providing UQ on such a big problem. This example shows that MLMC-FV method is an attractive framework
for UQ in real geophysical flows.
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Figure 4: Variance of the solution at t = 4 h.

Figure 1: Mean of the free surface at t = 2 h.

4.1.1

Figure 2: Variance of the free surface at t = 2 h

2D Lituya Bay mega-tsunami

On July 10, 1958, an 8.3 magnitude (on the Richter scale)
earthquake, along the Fairweather fault, triggered a major subaerial landslide into the Gilbert Inlet at the head of Lituya Bay
on the southern coast of Alaska. The landslide impacted the
water at a very high speed generating a giant tsunami with the
highest wave run-up in recorded history. The mega-tsunami
run-up was up to an elevation of 524 m and caused total destruction of the forest as well as erosion down to the bedrock
on a spur ridge, along the slide axis. Many attempts have been
made to understand and simulate this mega tsunami. The aim
of this section is to produce a realistic, detailed and accurate
simulation of the Lituya Bay mega tsunami of 1958, while taking into account uncertainties in critical parameters such as ratio of layer densities, interlayer friction and Coulomb friction
angle. We use public domain topo-bathymetric data as well
as the review paper [28] to approximate the Gilbert inlet topobathymetry..
We consider the system (2) discretized with a first order pathconservative scheme (10)-(11) whose viscosity matrix Qij is
defined using the IFCP scheme described in [21]. For fast computations, this scheme has been implemented on GPUs using
CUDA. This two-dimensional scheme and its GPU adaptation
and implementation using single numerical precision are described in detail in [5]. The MLMC-FV implementation has
also been developed in CUDA, where all the updates of the
means and variances have also been implemented using CUDA
kernels.

Figure 3: Mean of the free surface at t = 4 h.

A rectangular grid of 3,648 × 1,264 = 4,611,072 cells with a
resolution of 4 m × 7.5 m has been designed in order to perform
this simulation. We compute with the first order MLMC-FVIFCP method with L = 4 levels of resolution and M4 = 16
samples for the highest level, which corresponds to the grid
of 4,611,072 cells and constitutes the finest mesh. We allow
a 30 % of variability in the parameters mf , r and α. The
mean values of these parameters are mf = 0.08, r = 0.44
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and α = 13◦ . The CFL number is 0.9. Figures 5-8 show the
mean solution and variance for 39 s. and 120 s.
The maximum run-up is reached at 39 s. We can see in Figures
5 and 6 that the southern propagating part of the initial wave
reaches a maximum mean height of 50-60 m. with a maximum
standard deviation of 4-5m.

Figure 8: Variance of the solution at t = 120 s.

Figure 5: Mean of the solution at t = 39 s.

While the initial wave moves through the main axis of Lituya
Bay, a larger second wave appears as reflection of the first one
from the south shoreline. (see Figures 7 and 8). These waves
sweep both sides of the shoreline in their path. In the north
shoreline, the wave reaches between 15-20 m height while in
the south shoreline the wave reaches mean values between 2030 m assuming a standard deviation of 1.2-1.5 m height.
The impact times, trimlines and the mean and variances obtained for the wave heights provided by the simulation are in
good agreement with the majority of observations and conclusions described by [28]. Furthermore, we see that the computed standard deviation on account of the uncertain parameters is about 5 − 10% of the mean. Compared to the initial
parameter uncertainty of 30% of mean, we see that the nonlinear evolution has damped the uncertainty and the problem is
fairly insensitive or moderately sensitive to the three uncertain
parameters.

5
Figure 6: Variance of the solution at t = 39 s.

Figure 7: Mean of the solution at t = 120 s.

Conclusion

Many geophysical flows of interest, such as tsunamis generated
by earthquakes, rockslides, avalanches, debris, etc are modeled by shallow-water type systems. These models are characterized by physical parameters that are usually difficult to
determine and that are prone to uncertainty. Consequently, the
task of quantifying the resulting solution uncertainty (UQ) is
of paramount importance in these simulations.
In this work, we have presented a UQ paradigm by combining
a path-conservative PVM finite volume method that can accurately and robustly discretize the underlying non-conservative
hyperbolic system together with a Multi-level Monte Carlo statistical sampling algorithm. The algorithm is based on computing on nested sequences of mesh resolutions and estimating
statistical quantities by combining results from different resolutions. The method is fully non-intrusive, easy to parallelize,
fast and accurate. In particular, one can gain several orders of
magnitude in computational efficiency vis a vis the standard
Monte Carlo method.

MLMC-FMV: an efficient method for UQ in geophysical flows
The numerical results clearly indicate that the MLMC-FVM
framework can approximate statistics of quantities of interest
such as run-up heights, quite accurately and with reasonable
computational cost under efficient implementation on GPUs.
Furthermore, the UQ simulations help in identifying the sensitivity of simulation outputs to the underlying uncertain parameters.
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Modelling, Analysis and Simulation of
Multifrequency Induction Hardening
D. Hömberg∗, T. Petzold∗ and E. Rocca∗†

Abstract— We study a model for induction hardening of steel. The related differential system consists of a time domain vector
potential formulation of the Maxwell’s equations coupled with an internal energy balance and an ODE for the volume fraction of
austenite, the high temperature phase in steel. We first solve the initial boundary value problem associated by means of a Schauder
fixed point argument coupled with suitable a priori estimates and regularity results. Moreover, we prove a stability estimate
entailing, in particular, uniqueness of solutions for our Cauchy problem. We conclude with some finite element simulations for
the coupled system.
Multifrequency induction hardening, heat equation, Maxwell’s equations, finite element simulations.
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the tip. With a single frequency, a hardening of the complete
tooth can only be achieved by increasing the heating time. But
then, the complete tooth is heated beyond the austenitization
temperature, which results in a complete martensitic structure
of the tooth after quenching, which is not desirable, since this
will foster fatigue effects.

Introduction

In induction hardening a coil that is connected to an alternating current source generates a periodically changing electromagnetic field. The temporal changing magnetic flux induces
a current in the workpiece that is enclosed by the induction coil.
Due to the resistance of the workpiece, some part of the power
is transformed into eddy current losses that result in Joule heating. The latter leads to a change of microstructure to the high
temperature phase in steel called austenite. After switching off
the current and possibly a short holding time the workpiece is
cooled rapidly and the austenite layer produced upon heating
is transformed into another phase called martensite, responsible for the desired hardening effect.

Recently, a new approach has been developed which amounts
to supplying medium and high frequency powers simultaneously on the induction coil. This concept is called multifrequency induction hardening, see also Figure 1.

Induction heat treatments can easily be integrated into a process chain. Moreover, they are energy efficient since the heat
is generated directly in the workpiece. That is why induction
hardening is still the most important surface treatment technology.

Figure 1: The effect of medium-, high- and multifrequency induction heating. MF (left): only the root of the gear is heated,
HF (middle): only the tip of the gear is heated, MF+HF (right):
tip and root of the gear are heated.

Due to the skin effect, the eddy currents tend to distribute in a
small surface layer. The penetration depth of these eddy currents depends on the material and essentially on the frequency.
Therefore, it is difficult to obtain a uniform contour hardened
zone for complex workpiece geometries such as gears using a
current with only one frequency. If for example, a high frequency (HF) is applied, then the penetration depth is small and
it is possible to harden only the tip of the gear. With a medium
frequency (MF) it is possible to heat the root of the gear, but not

The inductor current consists of a medium frequency fundamental oscillation superimposed by a high frequency oscillation. The amplitudes of both frequencies are independently
controllable, which allows separate regulation of the respective shares of the output power of both frequencies according
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to the requirements of the workpiece. This provides the ability
to control the depth of hardening at the root and the tip of the
tooth individually [21].
The main building blocks for a mathematical model of multifrequency hardening are an eddy current formulation of the
Maxwell equations in the time domain, coupled to the balance
of internal energy to describe the temperature evolution, and a
model for the evolution of the high temperature phase austenite. Since the electric conductivity and the magnetic permeability may depend on temperature and/or the phase fractions and
the Joule effect in the time domain is modelled by the square
of the time derivative of the magnetic vector potential we are
faced with a strongly coupled nonlinear system of evolution
equations.
In two recent papers the simpler frequency domain situation of
Joule heating has been studied. In [8] the Boccardo-Gallouët
approach has been used to prove existence of a weak solution,
while in [4] new regularity results established in [3] have been
used to prove existence and stability in the frequency domain
setting. In [12, 13] the eddy current model has been considered in the time domain. In the former the existence of a weak
solution to the fully coupled model has been proven, in the latter also stability results are established, but only for a model
with one-sided coupling in which the electric conductivity and
permeability are assumed to be constant.
The main novelty of the present paper is an existence and stability result for the strongly coupled time domain eddy current
and Joule heating system. The paper is organised as follows. In
the next section we derive the model equations and show that
it complies with the second law of thermodynamics in form
of the Clausius-Duhem inequality. In Section 3 we formulate
the main mathematical results, the proofs of which are given
in Section 4. The last section is devoted to presenting some
results of numerical simulations for the coupled system based
on a two time step approach with sequential decoupling of the
evolution equations.

Σ
Ω
D

Figure 2: Domain D consisting of the inductor Ω, the workpiece Σ and the surrounding air.

Following the model derivation of [12], in the eddy current
problems we neglect displacement currents and so we get the
following Maxwell’s equations (cf. [2]) in D × (0, T ):
(1)

curl H = J,

(2)

curl E = −Bt ,

(3)

div B = 0 ,

where E is the electric field, B the magnetic induction, H the
magnetic field, J the spatial current density.
We include phase transitions by describing the evolution of the
volume fraction of austenite z with the following problem derived in [17] and [6]:
(zeq (ϑ) − z)
τ (ϑ)
z(0) = 0 in Σ .
zt (t) =
(4)

2

The model

We restrict to the following idealized geometric setting (cf. the
following Figure 2). Let D ⊂ R3 be a domain containing the
inductor coil Ω and the workpiece Σ. Assume that Ω ⊂ D,
Σ ⊂ D, Ω ∩ Σ = ∅ and ∂Ω, ∂Σ, ∂D are of class C 1,1 . Call
G = Ω ∪ Σ the set of conductors and define the space-time
domain as Q = Σ × (0, T ).

+

in Q ,

We will make precise the assumption on τ and zeq in the following section, however note that zeq ∈ [0, 1] is an equilibrium
fraction of austenite, τ (ϑ) a time constant, and by (·)+ we denote the positive part function.
Then, we assume the Ohm’s law and a linear relation between
the magnetic induction and the magnetic field in D × (0, T ):
J = σE ,
(5)

B = µH ,

where the electrical conductivity σ and the magnetic permeability µ (sufficiently regular and bounded from below and
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above) may depend both on the spatial variables and also on
the phase parameter z and on the absolute temperature ϑ:

x ∈ D \ G,
 0,
σw (z, ϑ), x ∈ Σ ,
σ(x, z, ϑ) =
(6)

σi ,
x ∈ Ω,

where e denotes the internal energy of the system and q the heat
flux, which, according to the standard Fourier law is assumed
as follows
(17)

q = −κ(ϑ)∇ϑ,

κ > 0.

with its derivative with respect to the z-variable

0,
x ∈ D \ Σ,
(7)
σz (x, z, ϑ) =
0
σw
(z, ϑ), x ∈ Σ ,

In case κ(ϑ) = κ > 0 constant, we get the standard Fourier
law. From the Helmholtz relation e = ψ + ϑs, where ψ =
ψ(ϑ, z) denotes the free energy of the system, (16) and (17),
we have that the Clausius-Duhem inequality

and


 q 
q
= et − ψϑ ϑt − ψz zt − ϑt s − ∇ϑ + div q
ϑ st + div
ϑ
ϑ
κ|∇ϑ|2
= et + div q − (ψϑ + s)ϑt − ψz zt +
ϑ
2
κ|∇ϑ|
= σ|At |2 − (ψϑ + s)ϑt − ψz zt +
ϑ
(18)
≥0

with


x ∈ D \ G,
 µ0 ,
µw (z, ϑ), x ∈ Σ ,
µ(x, z, ϑ) =

µi ,
x ∈ Ω,

(9)

µz (x, z, ϑ) =

(8)



0,
µ0w (z, ϑ),

x ∈ D \ Σ,
x ∈ Σ.

In view of (3), we introduce the magnetic vector potential A
such that
(10)

B = curl A in D

and, since A is not uniquely defined, we impose the Coulomb
gauge
div A = 0 in D .

is satisfied e.g. if we assume the standard relations ψϑ + s = 0
and Lτ (ϑ)zt = −ψz , and hence (cf. (4)) ψz = −L(zeq (ϑ) −
z)+ , for some positive constant L > 0. Then, using the definition of the specific heat cv = ϑsϑ (cf., e.g., [18]), we get
et = cv ϑt + (ψz + ϑsz )zt = cv ϑt + F(ϑ, z)zt ,
where we have denoted for simplicity by

Using (2) and (10), we define the scalar potential φ by
(11)

E + At = −∇φ

in D × (0, T ) .

Using (5), we then obtain the following form for the total current density
(12)

J = −σAt − σ∇φ in D × (0, T ) ,

which, together with (10) and (1), gives


1
curl A = Jsource
(13) σAt + curl
µ

in D × (0, T ) ,

where, for a given coil geometry (here a torus with rectangular
cross-section), the source current density
(14)

Jsource = −σ∇φ

can be precomputed analytically and it can be used as control
for optimization, i.e., it can be taken of the form Jsource =
u(t)J0 , where J0 is the spatial current density prescribed in
the induction coil Ω

Ji (x), x ∈ Ω
(15)
J0 (x) =
0,
x ∈ D \ Ω,
and u = u(t) denotes a time-dependent control on [0, T ]. Assuming to have a constant density ρ = 1 (for simplicity), the
internal energy balance in Q results in
(16)

et + div q = JE = σ|At + ∇φ|2 = σ|At |2 ,

(19)

F(ϑ, z) = ψz − ϑ(ψz )ϑ = −L(zeq (ϑ) − z)+
0
+Lϑzeq
(ϑ)H(zeq (ϑ) − z) .

Here H represents the Heaviside function. Hence, the internal
energy balance (16) can be rewritten as
(20)

cv ϑt + div q = σ|At |2 − F(ϑ, z)zt

in Q.

Finally, we couple the system (4), (13), (14), (17), (19–20) with
suitable boundary conditions. We assume that the tangential
component of A vanishes on ∂D, i.e.
(21)

n × A = 0 on ∂D × (0, T ) ,

where n denotes the outward unit normal vector to ∂D; for
the absolute temperature we neglect the possible radiative heat
transfer between the inductor and the workpiece assuming
(22)

κ

∂ϑ
+ ηϑ = g
∂ν

on ∂Σ × (0, T ) ,

where ν denotes the outward unit normal vector to ∂Σ, η stands
for a heat transfer coefficient and g is a given boundary source.
In the following sections we will study the well-posedness for
the Cauchy system associated to a suitable variational formulation of (4), (13), (14), (17), (19–22).
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3

Well-posedness results

In this section we introduce the functional framework, the main
notation, and the assumptions on the data in order to deal with
system (4), (13), (14), (17), (19–22). Moreover, we state here
our main results concerning well-posedness and regularity for
a suitable weak formulation of the corresponding Cauchy problem. For analytical reasons our analysis is restricted to the case
σ = σ(x, z), µ = µ(x, z) in (6) and (8), that is we drop the explicit temperature dependence. Since the phase fraction grows
with growing temperature we still maintain the effect of temperature change on the parameter values. Moreover, we consider the standard Fourier law with κ positive constant in (17).

3.1

Notation and preliminaries

We first recall the definitions of generalized curl and div operators as well as the related embedding results we need in the
sequel. Referring to the Figure 2, let D ⊆ R3 be a bounded
domain. Assume that Ω ⊂ D, Σ ⊂ D, Ω ∩ Σ = ∅ and ∂Ω, ∂Σ,
∂D are of class C 1,1 . Define G = Ω ∪ Σ and the space-time
domain Q = Σ × (0, T ). Let us denote with the symbol W
the vector-valued counterpart of the Banach space W . Let us
use the symbol Lq (U × (0, t)) for the space Lq (0, t; Lq (U )),
for every q ∈ [1, +∞), t ∈ (0, T ], U bounded and C 1,1 domain in R3 . Let p ∈ (1, +∞) and ψ ∈ Lp (D), then, we write
curl ψ ∈ Lp (D) if there exists ξ ∈ Lp (D) such that
Z

ψcurl φ dx =

D

Z

ξφ dx ,

D

for all φ ∈ C∞
c (D). We define curl ψ := ξ as the uniquely
determined vector ξ. Analogously, we write div ψ ∈ Lp (D) if
there exists ζ ∈ Lp (D) such that
Z

D

ψ · ∇η dx = −

Z

ζη dx ,

D

for all η ∈ Cc∞ (D). We define div ψ := ζ as the uniquely
determined vector ζ. Then, we introduce the Banach spaces
(with the graph norms) Lpcurl (D) = {ψ ∈ Lp (D) : curl ψ ∈
Lp (D)} and Lpdiv (D) = {ψ ∈ Lp (D) : div ψ ∈ Lp (D)}.
For ψ ∈ L2curl (D) we define the linear bounded trace operator
γτ (ψ) using the well-known Green’s formula (cf., e.g. [5])
Z

D

(23)

ψcurl φ dx −

Z

formula
Z

D

(24)

=

Z

ZD

div ψ · φ dx

∂D

(n · ψ)φ ds =: hγn (ψ), φi ,

for all φ ∈ H 1 (D), where (with an abuse of notation) the integral over ∂D has to be understood as the duality between
H −1/2 (∂D) and H 1/2 (∂D). Finally, we introduce the Hilbert
space
X = {v ∈ L2curl (D) : div v = 0 and γτ (v) = 0} .
Notice that, since ∂D ∈ C 1,1 , then the space X, equipped with
the norm
kvkX = kcurl vkL2 (D) ,

is a closed subspace of H1 (D). Moreover, let us notice that,
from the Green’s formula it follows that: if A ∈ X, then
γn (A) = 0. Indeed, if we denote by w = curl A ∈ L2 (D),
then div w = 0 and γn (w) ∈ H −1/2 (∂D). Moreover the
following Green’s formulas hold true for every test function
φ ∈ H 1 (D):
Z
Z
hγn (w), φi =
(div wφ + w · ∇φ) dx =
curl A · ∇φ dx
D
D
Z
Z
=
curl A · ∇φ dx −
A · curl ∇φ dx
D

(25)

D

= hγτ (A), ∇φi .

Hence, if A ∈ X, then γn (curl A) = 0 (cf., e.g., [7, Chapter
2]).
We recall here some results which will be useful in the sequel
of the paper. The first one is an embedding result which is a
consequence of [9, Thm. 3.3]. The complete proof of a more
general result can be found in [3, Prop. 2.2, p. 7].
L EMMA 1 Let U ⊂ R3 be a bounded C 1 domain, then the
space
W p,α (U ) = {u ∈ Lpcurl (U ) ∩ Lpdiv (U ) : γn (u) ∈ Lα (∂U )}
continuously embeds in the space Lξ (U ) for ξ :=
∗
∗
min{ 3α
2 , p }, where p is the Sobolev embedding exponent

curl ψ · φ dx
D
Z
= −
(n × ψ) · φ ds =: hγτ (ψ), φi ,

∗

p :=

∂D

for all φ ∈ H1 (D), where (with an abuse of notation) the integral over ∂D has to be understood as the duality between
H−1/2 (∂D) and H1/2 (∂D) and n denotes the outward unit
normal vector to ∂D. Similarly, for ψ ∈ L2div (D) we introduce the linear bounded trace operator γn (ψ) by the Green’s

ψ · ∇φ dx +




3p
3−p

if 1 ≤ p < 3 ,
s ∈ [1, +∞) if p = 3 ,

+∞
if p > 3 .

Moreover, we recall the following interpolation inequality,
holding true for p, q, r ∈ [1, +∞], with p < r < q, 1/r =
α/p + (1 − α)/q, α ∈ (0, 1), and v ∈ Lq (D):
(26)

1−α
kvkLr (D) ≤ kvkα
Lp (D) kvkLq (D) .
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3.2

Hypotheses

3.3

We list here our basic assumptions on the functions σ, µ, J0 ,
u, τ , and zeq in (13), (4), and (20), where we take the constants
cv , κ, η, and L equal to 1, for simplicity.

(i) σ(x, z) : D × [0, 1] → R is a continuous and Lipschitz
continuous (w.r.t. z for almost all x ∈ D) function defined in (6) and (7), where σw ∈ C 1,1 ([0, 1]), σi > 0,
constant. Assume moreover that there exist two constants 0 < σ ≤ σ such that
σ ≤ σ(x, z) ≤ σ

in D × [0, 1] ;

(ii) µ(x, z) : D × [0, 1] → R is a continuous and Lipschitz
continuous (w.r.t. z for almost all x ∈ D) function defined in (8), (9), where µw ∈ C 1,1 ([0, 1]), µi , µ0 ∈ R+ .
Assume moreover that there exist two constants 0 < µ ≤
µ such that
µ ≤ µ(x, z) ≤ µ in D × [0, 1] ;
(iii) u ∈ H 1 (0, T ), J0 : D → R3 is an L2curl (D)-function
defined in (15);
(iv) τ, zeq ∈ C 2 (R) and there exist positive constants 0 <
τ∗ ≤ τ ∗ and M > 0 such that
τ∗ ≤ τ (ϑ) ≤ τ ∗ , 0 ≤ zeq (ϑ) ≤ 1 for all ϑ ∈ R,
kτ kC 2 (R) ≤ M, kzeq kC 2 (R) ≤ M ,
0
ϑzeq
(ϑ)|

≤M

for all ϑ ∈ R,

00
|ϑzeq
(ϑ)| ≤ M ;

(v) g ∈ L∞ (0, T ; L∞ (∂Σ));
(vi) A0 ∈ X ∩ H3 (D), ϑ0 ∈ W 2,5/3 (Σ).
R EMARK 2 We will use in the following weak formulation
(32) of the internal energy balance (20) the notation f (ϑ, z) =
0
−L(zeq (ϑ) − z − ϑzeq
(ϑ)). Indeed, using (4) we can rewrite
−F(ϑ, z)zt = −f (ϑ, z)zt for z ≥ zeq (ϑ) and −F(ϑ, z)zt =
0 = −f (ϑ, z)zt for z < zeq (ϑ). Notice moreover that Hyp. 3.1
(iv) implies that
(27)

f ∈ C 0,1 (R × [0, 1]),

We are ready now to state the weak formulation of the Cauchy
problem (4), (13), (14), (17), (19–22).
T HEOREM 1 Find a triple (A, ϑ, z) with the regularity properties

H YPOTHESIS 3.1 Assume that

| − zeq (ϑ) +

Weak formulation and main theorem.

|f (ϑ, z)| ≤ Cf

∀(ϑ, z) ∈ R × [0, 1] ,

for some positive constant Cf depending on M . Finally, let
us observe that the assumptions in (27) are the only ones we
need in order to get our next results, i.e., we do not need the
explicit form (19) of f which was assumed in the previous section in order to comply with Thermodynamics. However, other
thermodynamically-compatible choices are possible.

(28)

A ∈ H 2 (0, T ; L2 (D)) ∩ W 1,∞ (0, T ; X),

curl A ∈ L∞ (0, T ; L6 (D)) ,

ϑ ∈ W 1,5/3 (0, T ; L5/3 (Σ)) ∩ L5/3 (0, T ; W 2,5/3 (Σ))

∩L2 (0, T ; H 1 (Σ)) ∩ L∞ (Q) ,

(29)

∞

(30) z ∈ W 1,∞ (0, T ; W 1, (Σ)), 0 ≤ z < 1 a.e. in Q ,
solving the following system
Z
Z
1
curl A · curl v dx
σ(x, z)At · v dx +
µ(x,
z)
G
D
Z
(31) =
J0 (x)u(t) · v dx for all v ∈ X, a.e. in (0, T ) ,
Ω

(32) ϑt − ∆ϑ = −f (ϑ, z)zt + σ(x, z)|At |2
(33)
(34)

zt =

1
+
(zeq (ϑ) − z)
τ (ϑ)

∂ϑ
+ϑ=g
∂ν
A(0) = A0 ,

(35)

z(0) = 0

a.e. in Q ,

a.e. in Q ,

a.e. on ∂Σ × (0, T ) ,
a.e. in D,

ϑ(0) = ϑ0 ,

a.e. in Σ .

and satisfying the following estimate
kAkH 2 (0,T ;L2 (D))∩W 1,∞ (0,T ;X) + kcurl AkL∞ (0,T ;L6 (D))
+kϑkW 1,5/3 (0,T ;L5/3 (Σ))∩L5/3 (0,T ;W 2,5/3 (Σ))
∩L2 (0,T ;H 1 (Σ))∩L∞ (Q)

(36)

+kzkW 1,∞ (0,T ;W 1,∞ (Σ)) ≤ S

where the constant S depends on the data of the problem.
We are now ready to state our main result.
T HEOREM 3 Let Hypothesis 3.1 hold true. Then, there exists a unique solution to Problem 1. Moreover, if we denote
by (Ai , ϑi , zi ) (i = 1, 2) two triples of solutions corresponding to data (A0,i , ϑ0,i , ui ), then, there exists a positive constant
C = C(S) (cf. estimate (36)) such that the following stability
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estimate holds true
k(A1 − A2 )(t)k2L2 (D) + kcurl (A1 − A2 )k2L2 (D×(0,T ))
+k∂t (A1 − A2 )(t)k2L2 (D)

+kcurl (∂t (A1 − A2 ))k2L2 (D×(0,T ))

+k(ϑ1 − ϑ2 )(t)k2L2 (Σ) + kϑ1 − ϑ2 k2L2 (0,T ;H 1 (Σ))

+k(z1 − z2 )(t)k2H 1 (Σ) + k∂t (z1 − z2 )k2L2 (0,T ;H 1 (Σ))

≤ C kA0,1 − A0,2 k2X + k(∂t (A1 − A2 ))(0)k2L2 (D)
+kϑ0,1 − ϑ0,2 k2L2 (Σ)

(37)

+ku1 J0 − u2 J0 k2L2 (0,T ) + ku01 J0 − u02 J0 k2L2 (0,T )
for all t ∈ [0, T ] .



R EMARK 4 The proof Theorem 3 can be done in three steps:
first one proves local existence of solutions by means of a
Schauder fixed point argument. Secondly, global a priori estimates necessary in order to extend the solution to the whole
time interval [0, T ] have to be derived. Finally, stability estimates have to be shown entailing, in particular, uniqueness of
solution to Problem 1. For details about the proof, we refer to
[10].

Figure 3: Gear geometry

4

Numerical simulations

A, curl-conforming finite elements of Nédélec type are used
[19]. These admit only tangential continuity across interelement boundaries while the normal component, especially at
material interfaces, might be discontinuous. Instead of nodal
values as for classical finite elements, the degrees of freedom
are the tangential components along edges of the underlying
triangulation of the domain D.
Regarding the discretization in space, one has to account for
the skin effect: alternating currents tend to distribute in a small
surface layer of the workpiece. The computational grid has to
resolve this small surface region. This is resolved by creating
an adaptive grid, that has a high resolution in the surface area
of the workpiece and is coarse in regions where a high accuracy
is not necessary.
Regarding the time discretization, the system has to be solved
using different time steps, since the vector potential equation
and the heat equation admit different time scales. If we consider the vector potential equation for a given temperature ϑ,
then it represents a parabolic equation that admits a time periodic solution due to the time periodic source term. We solve
this equation for some periods using an order two time stepping
scheme with time step δt.
The heat equation also represents a parabolic equation with
rapidly varying right hand side σ|At |2 . Since heat conduction
is supposed to happen on a time scale that is much slower than
the oscillating current, the temperature changes at a time scale
that is much larger than that of the right hand side, which is
governed by the frequency of the source current. The usual
approach is to approximate the Joule heat term by its average
over one period, [1]. Then, the heat equation together with
the rate law describing the phase transition can be solved using
time steps ∆t  δt, where the rapidly varying Joule heat is
replaced by an averaged Joule heat term that is obtained from
the solution of the vector potential equation.

In addition to the analysis, the problem is also numerically
challenging. One has to deal with two different time scales,
one for the heat equation and one for the rapidly oscillating
magnetic vector potential. Owing to the skin effect the eddy
currents have to be resolved in a boundary layer, so one is also
faced with two spatial scales. A further difficulty is imposed
by the nonlinearities, especially the (ϑ, A)-dependent permeability. For further numerical simulations and an experimental
verification for the complete temperature dependent induction
hardening problem where also mechanical strains and stresses
are considered, we refer to [11].

To deal with the (ϑ, A)-dependency of the permeability we
proceed as in [1]. Assuming only a time averaged value of
the permeability affects the magnetic field we first solve for the
magnetic field with constant relative permeability µ̂r . Since the
magnetic field is periodic, this induces a periodic permeability
µ(ϑ(x, t), H(x, t)) = µ0 µr (ϑ(x, t), H(x, t)). Averaging over
one period yields an effective permeability that is space dependent but independent of the magnetic field, i.e., we choose
Z
1 T
1
1
=
dt.
µr,av (x)
T 0 µr (ϑ(x, t), H(x, t))

The coupled system consisting of the vector potential equation, the heat equation and the rate law for the phase fraction is solved using the finite element method. For this, we
use the software pdelib that is developed at WIAS. In order to discretize the temperature ϑ we use standard P 1 elements. As space for the vector potential A we take the
Hilbert space H(curl, D) = L2curl (D). In order to discretize

In order to reduce computational time, we make use of symmetry conditions. The cross section through the gear represents a
symmetry plane, it is only necessary to consider the upper half
of the geometry shown in Figure 2. In addition, it is sufficient to perform the computations only for half of a tooth. The
boundary conditions on the cutting planes are adapted accordingly.
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5

Experimental verification

The experimental verification has been performed by our
project partner Foundation Institute of Materials Science
(IWT), Bremen. Discs with different cross sections and a spurgear with 21 teeth and a diameter of 47.7 mm were used,
see Fig. 3. All the samples were heated by single frequency
power, MF and HF separately, and by the multi-frequency approach in order to achieve a contour hardening. The temperature at the surface was measured by a pyrometer and compared

to the simulation. In addition, metallographic analyses were
performed and compared to the simulated austenite fraction,
which by assumption transforms completely to martensite during the quenching process.
Fig. 4 depicts a comparison for MF, HF and the multifrequency approach. It shows a good coincidence between simulation and experiment, however, no contour hardening could
be achieved due to technical limitations of the hardening equipment at IWT.

Figure 4: Simulated and experimental hardening profile using MF (left), HF (middle), and multi-frequency approach, MF+HF
(right)

(a) t = 0.1 s

(b) t = 0.15 s

(c) t = 0.2 s

(d) t = 0.25 s

Figure 5: Heating of a gear with the multi-frequency approach. Temperature profile (top row) and austenite profile (bottom row)
for different time snapshots. For symmetry reasons only a quarter of the tooth is considered.
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Figure 6: Simulated and experimental hardening profile using the multi-frequency approach, MF+HF

6

Industrial validation

To validate the developed code in an industrial setting further
experiments at our project partner EFD Induction, Freiburg
have been conducted. For the numerical validation of the experiments, at first the maximal power for MF and HF in the
simulation code has been adjusted to reproduce the corresponding mono frequency experiments at EFD. The company experiments showed that with machine specific power parameters
of 53 % MF and 22 % HF corresponding to approximately
300 kW MF and 100 kW HF a contour hardening could be
achieved with a heating time set to 0.25 s. Without any further
fitting except for the mentioned fitting of the maximal mono
frequency powers, the corresponding simulations have been
run. The heating phase simulation is shown in Fig. 5.
A comparison of experimental and simulated hardening profiles is depicted in Fig. 6 showing the desired contour hardening effect and an excellent accordance between experiment
and simulation. Stimulated by these promising results followup projects are in preparation aiming at the solution of related
optimal control and shape design problems.
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Linear Algebra methods for nonlinear algebraic problems
and applications
T. Sauer∗

Abstract— Linear algebra provides powerful numerical tools that have been developed over a long period. But methods and
algorithms from numerical linear algebra also play an important rule in nonlinear problems where many of the substantial
computations are performed efficiently and in numerically stable way by relying on “matrix methods”. This is shown by means
of two nonlinear problems, namely tensor approximations and polynomial ideal theory, the latter applied to a problem from
sparse reconstruction.
Keywords: Multilinear forms, tensors, SVD, Prony’s method, ideal bases, oligonomials.

1

help in a conceptual way to derive new results and to develop
algorithms for the nonlinear problem. And in some cases, the
nonlinear methods even feed back into linear algebra.

Introduction

Linear Algebra is a classical field of mathematics with a huge
toolbox of numerical methods to solve various problems in
a stable and efficient way. Many of these algorithms have
evolved over decades and are easily and conveniently accessible in systems like Matlab or Octave, cf. [4]. What is
less known is that this rich source of algorithms can be used
even in the context of nonlinear problems where, at first view,
linear techniques seem inapplicable due to structural reasons.
Nevertheless, it turns out that even then most of the essential
computations boil down to the application of linear methods.

2

Tensors

This section, in which we mainly explain some material from
[9] in a slightly different way considers tensors which can be
seen as multidimensional matrices. More precisely, a real p–
tensor A ∈ Rn1 ×···×np , n1 , . . . , np ∈ N, is a multidimensional array defined by the coefficients
(1)

aα ∈ R,

α ≤ ν := (n1 , . . . , np ),

This by itself is good news. Linear algebra methods are well
understood and there exists a large variety of algorithms and
implementations from which one can choose in accordance
with the application they are needed for, for example with
respect their potential of parallelization, their robustness or
their numerical accuracy which often are contradictory requirements. In addition, most of these implementations are well–
established, well tested and therefore stable, efficient and reliable.

where, for two multiindices α, β ∈ Np0 we write α ≤ β for the
partial ordering αj ≤ βj , j = 1, . . . , p. The classical example
is the 2–tensor


j ≤ n1
A = ajk :
∈ Rn1 ×n2 ,
k ≤ n2

We will illustrate this by two examples. The first one is the
compression of tensors, a problem that appears, for example,
in the context of high dimensional approximations and interpolation, while the second one is Prony’s method in several
variables, a problem of sparse reconstruction.

This ambiguity that the same object, namely a matrix, describes linear and bilinear operations is unique for the case
p = 2 and makes it particularly special.

also known as a matrix. However, in the tensor context a matrix
is not interpreted as a linear map but as a bilinear function
(x, y) 7→ A[x, y] = xT A y,

x ∈ Rn 1 , y ∈ Rn 2 .

We define the tensor A ∈ Rν := Rn1 ×···×np as the multilinear
form

Both applications have in common that they are of a strongly
nonlinear nature, one dealing with multilinear forms, the other
even with polynomial algebras. Nevertheless, in both cases
methods and techniques from numerical linear algebra also

A[u]
(2)

:= A[u1 , . . . , up ]
X
X
=
aα uα :=
aα u1,α1 · · · up,αp ,
α≤ν
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where

2.1
ν

nj

u = (u1 , . . . , up ) ∈ R ,

uj ∈ R .

As usual, multilinear means that for uj , u0j ∈ Rnj and λ, µ ∈
R we have
(3)
A[. . . , λ uj +µ u0j , . . . ] = λ A[. . . , u, . . . ]+µ A[. . . , u, . . . ].

One–forms are the simplest forms of tensors and correspond,
in the case p = 2, to matrices of rank one. The most famous decomposition of a matrix into rank one matrices is the singular
value decomposition (SVD)

A decomposable tensor, one–form or outer product, written as
(4)

W = w⊗ := w1 ⊗ · · · ⊗ wp =

p
O

wj ,

j=1

Decompositions

wα =

p
Y

α ≤ ν.

wj,αj ,

j=1

Tensors can be turned into a Hilbert space in a natural way by
defining the canonical inner product
X
(6)
hA, Bi :=
aα bα

min{n1 ,n2 }

X

=

α≤ν

see [9, 12]. For p = 2, i.e., in the case of matrices, this norm
takes the form
v
uX
n2
u n1 X
a2jk
kAk = t
j=1 k=1

and therefore is the Frobenius norm of this matrix which is,
among others, the sum of the squares of the singular values of
the matrix. The inner product with one–forms takes the particularly simple form
*
+
p
O
(8) hA, W i = A,
wj = A[w] = A[w1 , . . . , wp ].

X

σj uj vjT

σj uj ⊗ vj ,

j=1

where uj , vj denote the columns of the matrices U , V , respectively. Since one–forms are easy to store and easy to evaluate,
(w⊗ )[u] =

p
Y

wjT uj ,

j=1

α≤ν

and the associated Hilbert space norm

1/2
X
(7)
kAk := hA, Ai1/2 = 
a2α  ,

min{n1 ,n2 }
j=1

w ∈ Rν ,

is defined by setting the coefficients equal to
(5)

U ΣV T =

A =

it is reasonable to approximate an arbitrary tensor by a sum of
one–forms,
(10)

A≈

n
X

αj Wj ,

Wj = (wj )⊗ ,

j=1

with wj ∈ Tν , j = 1, . . . , n. Since one–forms neither are a
linear space nor a convex set, the following problem is hard
and there is no known algorithm to solve it, but lots of counterexamples that show that things are not so easy at all, cf. [8].

D EFINITION 1 (n– TERM APPROXIMATION ) Given a tensor
A and n ∈ N, determine wj ∈ Tν and coefficients αj ,
j = 1, . . . , n, such that

j=1

In particular,
(9)

*

p
O
j=1

vj ,

p
O
j=1

wj

+

(11)
=

p
Y

vjT wj .

j=1

Obviously, multiplication of any components of a one–form by
real numbers is only a multiplication of the one–form by the
same constant, which is why we restrict the components to be
normalized. For appropriate notation, we denote by
Sn := {u ∈ Rn : kuk = 1}

the unit sphere in Rn and define, for ν = (n1 , . . . , np ), the
torus
Tν

= Sn1 × · · · × Snp

= {u = (u1 , . . . , up ) ∈ Rn : kuj k = 1} .

A−

n
X
j=1

j ⊗

αj (w )

= minj A −
βj ,v

n
X

βj (v j )⊗ .

j=1

Such a solution is called a best n–term approximation and the
number n is called the rank of the tensor.
Unfortunately, the rank of tensors does not behave in such a
nice and structured way as does the rank of matrices, see, for
example, [7, 8]. A typical result in this direction, taken from
[7] is as follows.

P ROPOSITION 2 If v, w ∈ Rν , then v ⊗ + w⊗ is a one form
if and only if at least p − 1 of the vj and wj are collinear.
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In other words, the sum of two one–forms has rank two and
cannot be written as another one–form if and only if the two
one forms have at least two linearly independent entries. It is
worthwhile to remark that the “if” part of Proposition 2 is a
direct consequence of multilinearity while the “only if” part
needs more effort.

2.2

Taking this into account, one often considers another, easier,
problem which nevertheless still is of practical relevance.

T HEOREM 7 The one–form associated to v ∈ Tν solves the
minimization problem

D EFINITION 3 (ε APPROXIMATION ) Given an tensor A and
ε > 0, find wj and αj , j = 1, . . . , n, such that
(12)

A−

n
X
j=1

αj (wj )⊗ ≤ ε.

We will discuss a method to efficiently solve this problem, but
first we record that any multilinear form can be almost trivially
be written as a sum of one–forms. We state this folklore theorem as it is another nice application of linear algebra methods
to a multilinear problem.
T HEOREM 4 For each tensor A there exist n ∈ N, numbers
λj > 0 and wj ∈ Tν , j = 1, . . . , n, such that
(13)

A=

The first and simplest question is the best approximation of
a tensor by a single one–form which can then be used as the
building block of a greedy decomposition. The following result can be found at various locations, cf. [8, 11, 12].

(15)

kA − σ v ⊗ k =

min

u∈Tν ,τ ∈R

kA − τ u⊗ k

if and only if
(16)

σ = A[v] = maxν A[u].
u∈T

Moreover, the error of this approximation satisfies

Here, the number n does not necessarily have to be minimal.

n
X

Best one–form approximation

λj (wj )⊗ .

(17)

kA − σ v ⊗ k2 = kAk2 − σ 2 .

In [9], a different proof has been given for Theorem 7 that
is based on orthogonal transforms of the arguments and the
invariance of the norm with respect to those. This proof illustrates the difference between matrices, p = 2, and general tensors with p ≥ 3: while subtraction of a one–form
can “eliminate” the first row and column of a matrix simultaneously and thus reduces an n1 × n2 problem to one of size
n1 − 1 × n2 − 1, subtraction of a one–form from a tensor only
eliminates “edges” and leaves “boundary faces” untouched, see
Fig 1.

j=1

To prove this result, let wkj ∈ Snk , j = 1, . . . , nk , be orthonormal bases of Rnk , respectively, k = 1, . . . , p, with which we
define the one–forms
(14)

Wα := w1α1 ⊗ · · · ⊗ wpαp ,

α ≤ ν,

that form an orthonormal basis of the space of all tensors. Thus,
A=

X

α≤ν

hA, Wα i Wα ,

and by switching signs of some components of Wα we can
ensure that λj = hA, Wα i > 0, where j corresponds to an
enumeration of all α ≤ ν. This gives us a very pessimistic estimate for the rank of a tensor which usually overestimates by
orders of magnitude.
C OROLLARY 5 The rank of any tensor is at most n1 · · · np .
R EMARK 6 In the case p = 2 the rank of a matrix A ∈
Rn1 ×n2 is bounded by max{n1 , n2 } which is usually much
smaller than n1 n2 .

Figure 1: A 3–tensor and the part of the tensor that can be cancelled by a one–form.
This gives an easy and intuitive explanation of the well–known
fact that the standard methods to compute the SVD do not carry
over to tensors.
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0

While the solution of the maximization problem (16) can be described by Lagrange multipliers, cf. [7], a more efficient way
to determine them is by means of an alternating least squares
method which performs successive maximization of the single variables of A, corresponding to the almost trivial issue of
solving a linear optimization problem over the unit sphere. For
details and references see [9].

2.3

-1

-2

-3

Greedy decompositions

-4

Theorem 7 suggests a simple process to compute a one–form
approximation to an arbitrary tensor in a greedy way by letting
σk+1 (v k+1 )⊗ , k ≥ 0, be the best rank one approximation to
Ak := A −

k
X

σj (v j )⊗ ,

A0 := A.

-5
0

20

40

60

80

100

Figure 3: Logarithmic plot of the first 100 errors for the problems from Fig. 2, the “flat” exponential decay can be seen quite
well.

j=1

It is clear from (17) that the errors are decreasing, kAk+1 k ≤
kAk k, but in fact they do so in a more controllable fashion and
can be proven to converge to zero, as the following result from
[9] shows.

method performs sufficiently well in practical applications, see
Fig. 2 and Fig. 3 which visibly show the exponential decay
of both the errors and the coefficients. Note that the maximal
values σj at any level need not decay monotonically while the
errors clearly do.

T HEOREM 8 There exists a number 0 < τ < 1 such that the
greedy approximants satisfy

In addition, observe that (18) allows to compute the error of
approximation exactly while determining the greedy approximation which allows us to efficiently solve the ε approximation
problem from Definition 3.

A−

k
X

2

σj (v j )⊗

kAk2 −

=

j=1

k
X

σj2

j=1

2 k

(18)

(1 − τ )
kAk.
τ2

≤

In particular, the greedy one–form approximation converges
unconditionally to A.
Unfortunately, the constant τ will usually be quite close to 1
and therefore convergence, though theoretically exponential,
can still be quite slow. Nevertheless, the

For p ≥ 3 the greedy approximation cannot be guaranteed to
terminate after finitely many steps, we can only show convergence. For p = 2, on the other hand, the situation is different
as the following section shows.

2.4

A surprising simple example

We consider the example of p = 2 and A ∈ Rn1 ×n2 and show
what successive maximization means in this case. The associated bilinear form in this case has the form
A[x, y] = xT Ay,

0

A 6= 0.

We want to maximize this expression over Tν = Sn1 × Sn2 ,
ν = (n1 , n2 ), i.e., solve

-1

min xT Ay,

-2

x,y

kxk22 = kyk22 = 1.

For the maximal value (x, y) there must exist Lagrange multipliers λx , λy such that

-3

-4

(19)

0

(20)

0

-5

-6
0

10

20

30

40

50

Figure 2: The first 50 values of σj for a tensor approximation
problem arising in catalyzer chemistry from [22], see [9] for
details. The plot is logarithmic.

= Ay − 2λx x,

= AT x − 2λy y.

If, as assumed, A 6= 0 the maximum must be positive which
immediately contradicts λx λy = 0. Hence,
x=

1
Ay,
2λx

y=

1
AT Ay
4λx λy
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and

and thus
A[x, y] =

1 T T
y A Ay = (2λy )y T y = 2λy .
2λx

Ak [x, y]
=

By symmetry, we also have that
1
x=
AAT x,
4λx λy
hence
λx = λy =

j=1

and

σ
,
2

A[x, y] = 2λx ,

σ := A[x, y] > 0.

and x and y are eigenvalues of AT A and AAT , respectively,
for the eigenvalue σ 2 . This is the first step in the greedy algorithm. We set σ1 := σ, v1 = x, w1 = y, and
(21)

T

Ay = σ x,

A x = σ y.

Ak = A −

σj vj wjT ,

(26)

k
X

σj (vjT x) (wjT y) = 0,

j=1

1
AT Ak y.
4λx λy k

Since Ak = Ak−1 − σk vk wkT , we notice that, due to (22),
ATk Ak

=

Ak−1 − σk vk wkT

T

Ak−1 − σk vk wkT

= ATk−1 Ak + σk2 wk wkT

−σk ATk−1 vk wkT + wk vkT Ak−1

= ATk−1 Ak − σk2 wk wkT ,





therefore, by induction,

j=1

(27)

ATj−1 vj = σj wj ,

Aj−1 wj = σj yj ,

y=

k = 0, 1, . . .

with σj = Aj−1 [vj , wj ] and the normalized, orthonormal σj2
eigenvectors of ATj Aj and Aj ATj , respectively, that satisfy
(22)

σj (vjT x) (wjT y) −

which contradicts the maximality of x, y. Hence, by symmetry, λx λy 6= 0. As before, we solve (24) for x giving
x = (2λx )−1 Ak y and and substitute this into (25) to obtain

Now, suppose that after k steps of the greedy iteration emerging from A0 = A we computed the greedy approximation
k
X

k
X

where j = 1, . . . , k. In the first step, k = 1, we ensured all
those properties. The associated bilinear form, still assumed to
be nonzero, is then

ATk Ak = AT A −

k
X

σj2 wj wjT .

j=1

By the same argument one also obtains
(28)

Ak ATk

T

= AA −

k
X

σj2 vj vjT .

j=1

Hence,
k

(23)

Ak [x, y] = xT Ay −

k
X

σj (vjT x)(wjT y).

j=1

Applying the same arguments as before for x, y which maximizes Ak , the Lagrange multiplier requirements become


k
X
(24)
0 = A −
σj vj wjT  y − 2λx x,
(25)

0

=

If λy = 0, then



j=1

AT −

k
X
j=1



σj wj vjT  x − 2λy y.

X
1
Ak ATk y − y =
wj (wjT y)wj .
λx λy
j=1
Since ATk Awj = 0 for j = 1, . . . , k, maximization of the
bilinear form corresponds to finding the largest eigenvalue of
ATk Ak that must be orthogonal to w1 , . . . , wk . This can be
summarized in the following way.
T HEOREM 9 For p = 2 the greedy maximization algorithm
computes the nonzero part of the singular value decomposition
of a matrix


σ1


T
..
(29)
A = [v1 . . . vk ] 
 [w1 . . . wk ] .
.
σk

AT x =

k
X

σj (vjT x) wj ,

j=1

yielding
xT Ay =

k
X
j=1

σj (vjT x) (wjT y),

The above exposition explains once more why matrices are
very peculiar tensors: any symmetric matrix must have an orthonormal basis of eigenvectors. On the other hand, the example also shows the problem with the maximization approach
that has by far too many critical points, i.e., solution of the
Lagrange multiplier equations.
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2.5

Orthogonality concepts

The inner product (6) for tensors clearly defines orthogonality for arbitrary multilinear forms, in particular for one–forms.
For those, however, there are stronger properties that have been
described and studied by Kolda in [7].
D EFINITION 10 Two one–forms V = v ⊗ and W = w⊗ ,
w ∈ Rν , are called
1. orthogonal, v ⊥ w if
p
Y

vjT wj = 0.

j=1

= 0,

j = 1, . . . , p.

j = 1, . . . , p,

j=1

p
Y

The most interesting one among these choices is the greedy
strongly orthogonal decomposition (GSOD). Because of orthogonality of the components in the decomposition, it is automatically finite even if in each single iteration step the decrease
of the error is at most as large as the one obtained in the purely
greedy method. It is unique as long as the maxima in each step
are unique, which can, however, not be guaranteed in general
as the simple example
v⊗v⊗v+v⊗w⊗w+w⊗v⊗w+w⊗w⊗v
with orthonormal v, w ∈ R shows.
2

For example, the GSOD can be used to show that the rank of
tensor is significantly smaller than the pessimistic estimate of
Corollary 5. To that end, the following result from [9] is helpful.
T HEOREM 11 If wk and w` are two components of a GSOD
σj (wj )⊗ ,

j=1

then


# j : (wjk )T wj` = 0 ≥ 2.

...

a1m1 ,n1 A2

Aj := (A1 ⊗ · · · ⊗ Ap−1 ) ⊗ Ap ,

where the choice of notation already suggests that there should
vjT wj = 0. be a connection to tensors and one–forms.

j=1

n
X

Finally, we return to a problem from linear algebra, namely
the (approximate) decomposition of large structured systems
by means of Kronecker products. The Kronecker product of
two matrices A1 ∈ Rm1 ×n1 and A2 ∈ Rm1 ×n1 is defined as
(31)

 1
a11 A2
. . . a11,n1 A2


..
..
m m ×n n
..
A1 ⊗ A2 = 
 ∈ R 1 2 1 2.
.
.
.
p
O

These orthogonality concepts can be related to greedy methods
by requesting the additional constraints
(30)
 k+1
⊥ vj ,
 v
k+1
k+1
v
⊥c v j , j = 1, . . . , k.
Ak [v
] = maxν Ak [u],
u∈T
 k+1
v
⊥s v j ,

A=

Kronecker products

This can be iterated to a p–fold Kronecker product

3. strongly orthogonal, v ⊥s w if
vjT wj ∈ {−1, 0, 1},

2.6

a1m1 ,1 A2

2. completely orthogonal, v ⊥c w if
vjT wj

Based on this restriction, one can easily verify that for p = 3
and n1 = n2 = n3 = 2 the rank is always bounded by 4 instead of 8 and for n1 = n2 = n3 = 3 even by 7 instead of
27.

Kronecker products naturally arise in high dimensional interpolation and approximation problems where the functions to
be used are tensor products, i.e., separable functions of the
form
f (x) = f1 (x1 ) · · · fs (xs ).
In fact, [9] was motivated by a smoothing spline interpolation
problem in five or six variables where the resulting linear system was already too large for a normal PC workstation and had
to be represented as a Kronecker product or, in this case, even
as a sum of a rather large number of Kronecker products.

The connection between Kronecker products and multilinear
forms is made by means of reshaping. For that end, one
stacks the columns of the matrix Aj ∈ Rmj ×nj into a vector
vj ∈ Rmj nj and notes that for α ≤ ν = (m1 n1 , . . . , mp np )


p
O

v ⊗ = v1,α1 · · · vp,αp = 
Aj 
α

j=1

k,`

for some k ≤ m1 · · · mp =: m and ` ≤ n1 · · · np =: n.
This relationship α ↔ (k, `) is one-to-one and therefore defines a bijection between multilinear forms A given by their
coefficients aα and m × n matrices where the Kronecker products correspond to the one–forms. Moreover, the Hilbert space
norm (7) corresponds to the Frobenius norm k·kF of the m×n
matrix. Because of this, all results on the approximation of
multilinear forms by one–forms turn into results on the approximation of matrices by Kronecker products or sums of Kronecker products.
For example, Theorem 8 translates into the following result on
approximation by Kronecker products.
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T HEOREM 12 For any m = m1 · · · mp and n = n1 · · · np
there is a number 0 < τ < 1 such that for any matrix A ∈
Rm×n there exist sequences Akj , j = 1, . . . , p, k = 1, 2, . . .
and σk ≥ 0, k = 1, 2, . . . , such that kAkj kF = 1 and
A−

X̀

k=1

σk

p
O

Akj

≤

j=1

(1 − τ 2 )`
kAkF .
τ2

In 1795, C. Prony came up with an ingenious idea to solve the
univariate version of the following problem.
D EFINITION 13 (P RONY ’ S PROBLEM ) Given a finite set of
frequencies Ω ⊂ Cs and nonzero coefficients fω , ω ∈ Ω, reconstruct the function
X
T
(32)
f (x) =
fω e ω x ,
x ∈ Rs ,
ω∈Ω

from sampled values of f .
The method is based on the observation that for any polynomial
X

pα (·)α ,

of total degree n = deg p one has
X

f (α + β) pβ =

β∈Ns0

X

fω e ω

T

α

p (eω ) ,

ω∈Ω

α ∈ Ns0 .

If we denote by Πn the subspace of all polynomials of total degree ≤ n in the ring C[x] = C[x1 , . . . , xs ] of all polynomials
in s variables with complex coefficient, we can summarize (33)
as follows.
P ROPOSITION 14 If p ∈ Πn vanishes at the finite set
eΩ = {eω = (eω1 , . . . , eωs ) : ω ∈ Ω} ⊂ Cs ,
then its coefficient vector
p = (pα : |α| ≤ n)
belongs to the kernel of the Hankel matrix
(34)

where use the shorthand g(Z) = 0 for g(z) = 0, z ∈ Z. Such
ideals, defined by their variety Z are by definition always radical, see [2]. A basis for an ideal I is a set G ⊂ C[x] that
generates the ideal, i.e.

q∈I

⇔

q ∈ hGi =


X


g∈G

qg g : qg ∈ C[x]





.

In contrast to linear algebra, the representation of an ideal element with respect to a basis is usually not unique due to syzygies among the elements of G that occur as soon as the ideal
hGi generated by G is not a principal ideal, i.e., an ideal generated by a single polynomial. Also recall that, due to the famous
Hilbert basis theorem, the basis of any polynomial ideal can be
chosen to be finite.
Computationally, a basis alone is not good enough, one has to
demand an additional property due to Macaulay [13] in 1916
which has strong analogy to the concept of Gröbner bases as
well.

pα = 0, α > n := deg p,

α∈Ns0

(33)

An ideal I ⊂ C[x] is a set of polynomials that is closed under addition and multiplication by arbitrary polynomials; ideals
may be seen as the simplest instance of a module. The simplest
type of ideals are those defined by the requirement to vanish on
a subset Z of Cs , i.e., as
I(Z) = {g ∈ C[x] : g(Z) = 0} ,

Prony’s method and ideals

p=

Ideals, varieties and bases

F

In particular, any matrix is approximable by sums of Kronecker
products.

3

3.1

Fn := [f (α + β) : |α|, |β| ≤ n] .

D EFINITION 15 A finite set H ⊂ C[x] of polynomials is
called an H–basis for the ideal I if
(35)
X
q∈I
⇔
q=
qh h, deg q ≥ deg qh + deg h.
h∈H

The original idea of Macaulay, also repeated in [6], is to define
H–bases by means of homogenization and dehomogeneization which does not depend on some monomial ordering as do
Gröbner bases. Nevertheless, any Gröbner basis with respect
to a graded ordering, i.e., (·)α ≺ (·)β if |α| < |β| is an H–basis
as well, cf. [2].

3.2

H–bases, orthogonality and reduction

A different approach to H–bases which does not make use of
term orders but uses a good deal of linear algebra instead was
introduced in [18]. It is based on an inner product on C[x],
but here we specifically restrict ourself to the canonical inner
product of the coefficients
(36)
X
X
X
p=
pα (·)α , q =
qα (·)α .
(p, q) =
pα qα ,
α∈Ns0

α∈Ns0

α∈Ns0
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The main ingredient of the constructive approach is reduction,
a generalization of what Euclidean division does in the univariate case. To that end, suppose that H ⊂ C[x] is an H–
basis. How arbitrary bases can be converted into H–bases is
shown in [14, 15, 16]. A set of Matlab routines that implement these techniques has been developed and successfully implied by J. Czekansky in his PhD thesis. Some remarks on such
an implementation, concerning in particular the evaluation of
polynomials, can be found in [3].
Next, we will give a description of reduction in terms of linear
algebra. To do so, let


|α| ≤ n
H = hα :
,
n = deg H := max deg h,
h∈H
h∈H
also denote the matrix whose columns are the coefficient vectors of the elements of H. Note that H ∈ Cdn ×#H where
dn = n+s
is the dimension of the polynomial space Πn .
s
D EFINITION 16 For a polynomial p ∈ C[x] we define the homogeneous leading form as
X
(37)
Λ(p) =
pα (·)α ,
|α|=deg p

and accordingly
Λ(H) = [Λ(h) : h ∈ H] .
Since for any h ∈ H the coefficient vector of the leading form
is a subvector of the coefficient vector of the polynomial, Λ(H)
is a submatrix of H.
The next tool are the shift matrices Lk,β ∈ Rdk+|β| ×dk , defined
as


X
|α| ≤ k + |β|
Lk,β = `α,γ :
=
eα+β eTα ,
|γ| ≤ k

where
Π0k =


X


|α|=k

pα (·)α : pα ∈ C





stands for the vector space of all homogeneous
polynomials of

degree k of dimension d0k = n+s−1
.
In
general,
Vn (H) is
s−1
only meaningful provided that H is an H–basis. The following
result from [18] can be found implicitly already in [6].
T HEOREM 17 (H– BASES AND LEADING TERMS ) If H is
an H–basis for an ideal I then
(38)

Vn (H) = {Λ(q) : q ∈ I, deg q = n} .

The crucial step of the reduction method is to project Λ(g) onto
the column span of Hn , i.e., to determine a vector x ∈ CN such
that
(Λ(g) − Hn x, Hn y) = 0,
y ∈ CN .
This, on the other hand, is nothing but a standard least squares
approximation
(39)

min kΛ(g) − Hn xk2

x∈CN

for which standard methods exist in numerical linear algebra,
[5]. Normally, the best way and most stable way is to use a QR
factorization of Hn . Indeed, with
Hn = Qn Rn ,

0

0

0

Qn ∈ Cdn ×dn , Rn ∈ Cdn ×N ,

Q unitary and R upper triangular, one solves
(40)

RnH Rn x = RnH QH
n Λ(g).

If Rn has rank N , then this system has a unique solution, otherwise one can, for example, minimize kxk2 or any other at
most quadratic functional.

which represent multiplication of a polynomial from Πk by the
monomial (·)α . These matrices also play a fundamental rule
in three term recurrence relations for multivariate orthogonal
polynomials, cf. [23].

Once a solution xn of (40) is computed, we set rn := Λ(g) −
Hn xn and replace g on coefficient level by
X
X
g 0 := g −
xnh,β Ln,β h − rn

Given a polynomial g ∈ C[x], we set n := deg g and form the
matrix

which leads to a coefficient vector of a polynomial of degree
≤ n − 1 since by construction gα0 = 0 for |α| = n.

Hn := [Ldeg h,β Λ(h) : |β| = n − deg h, h ∈ H] ∈ Cdn ×N

D EFINITION 18 The remainder or normal form of g modulo
H is defined as

|α|≤k

where
N=

X

dn−deg h .

h∈H |β|=n−deg h

(41)

ν(g) =

h∈H

The columns of the matrix Hn are the coefficients of a generating system for the vector space
(
)
X
Vn (H) =
qh Λ(h) : qh ∈ Π0n−deg h ,
h∈H

deg
Xg

rj .

j=0

The normal form computation described here is a direct generalization of univariate Euclidean division, where one has
g = ph + r,

deg r < deg h.
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It is also a generalized version of the reduction process from
Gröbner bases where one successively divides off leading
monomials with respect to a term order. From a numerical
point of view, however, orthogonal projections are much more
stable, in particular in a numerical environment without exact
symbolic computations.

In the case s = 1 we always have d(Z) = #Z − 1 while for
s ≥ 2 it can vary between from generic
case where d(Z) is the

≥
#Z
to #Z − 1 where
smallest number n such that n+s
s
the latter happens if an only if all points in Z are collinear.

3.3

Once ν(C[x]) is known and we have a reduction process, it
is possible to reconstruct the zeros by means of multiplication
tables. To that end, we first note that for fixed g ∈ C[x] the
mapping
ν(C[x]) 3 p 7→ ν(p g)

Normal forms and interpolation

The algorithmic way in which we defined the normal forms in
(41) clearly depends on how H was chosen, though, in contrast
to Gröbner basis computations, it does not depend on ordering
the elements in H since it is a projection to the space generated
by these functions. But since an ideal can have many different
bases, it is important to realize that the normal form does not
depend on the basis.

3.4

is a linear automorphism on N = ν(C[x]). Hence, after fixing
a basis of N , this operation can be described by a matrix Mg .
From (43) we then get for z ∈ Z that

T HEOREM 19 If H and H 0 are H–bases for the same ideal,
then the associated normal forms satisfy ν = ν 0 .
Now, let a finite set Z ⊂ Cs be given and let H be an H–basis
of the ideal I(Z) of all polynomials that vanish at Z. In fact, if
done properly Prony’s method yields such a basis [19]. Noticing that reduction modulo an H–basis is a linear projector, the
following result is not very hard to prove.
T HEOREM 20 (I NTERPOLATION ) If H is an H–basis for
I(Z) then the normal form space N = ν(C[x]) is spanned
by the Lagrange fundamental polynomials


Y (z − z 0 )T (· − z 0 )
,
z ∈ Z,
(42)
`z := ν 
kz − z 0 k22
0
z 6=z

which satisfy `z (z 0 ) = δz,z0 , z, z 0 ∈ Z. In particular, for each
g ∈ C[x] there exists a unique interpolant or Lagrange projector
X
(43)
LN g = ν(g) =
g(z) `z
z∈Z

Multiplication tables

ν(`z g) =

X

(`z g)(z 0 ) `z0 = g(z)`z ,

z 0 ∈Z

hence we have the following multivariate analog of the theorem
for the Kronecker companion matrices.
T HEOREM 22 (M ULTIPLICATION TABLES ) The
coefficient vectors of the `z are the eigenvectors of Mg with respect
to the eigenvalues g(z). In particular, the eigenvalues of the
matrices M(·)j are the jth components (zj : z ∈ Z).

3.5

Back to Prony

Having all the algebraic tools based on linear algebra computations at hand, we can now connect them to Prony’s problem.
The main point is that Proposition 14 can be extended to a characterization if n is sufficiently large, see [19].
T HEOREM 23 If n > d(eΩ ) then p ∈ Πn belongs to the ideal
I(eΩ ) if and only if Fn p = 0.

such that LN g(Z) = g(Z).

The somewhat surprising point here is that Theorem (20) allows for interpolation even if the interpolation sites Z are unknown as long as they are implicitly coded in the H–basis
H. This phenomenon shows more clearly when considering
the univariate situation, where we only have to know h =
(· − x0 ) · · · (· − xn ) to compute the unique interpolant r of degree n to any given polynomial g by computing the Euclidean
division g = qh + r.
Next, we define a number that is trivial in one variable but encodes geometry in two and more variables.
D EFINITION 21 The interpolation degree of a finite subset Z
of Cs is defined as
d(Z) := deg ν(Π) = max{deg p : p ∈ ν(Π)}.

This immediately gives a naive algorithm for the solution of
Prony’s problem:
1. Compute the matrix Fn for some n > d(eΩ ), for example n ≥ #Ω.
2. Perform a singular value decomposition Fn = U ΣV H
and decompose V into V = [V1 V2 ] where V1 corresponds to nonzero singular values and V2 to singular values.
3. Compute an H–basis for the polynomial ideal generated
by V2 .
4. Reduce the polynomials in V1 which gives a basis for the
normal form space N .
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5. Compute the multiplication tables Mj = M(·)j , j =
1, . . . , s, for the basis of N and the eigenvalues of these
matrices. This determines eΩ .
6. Find the vector f = [fω : ω ∈ Ω] by solving the linear
system


|α| ≤ n
α
[f (α) : |α| ≤ n] = (eω ) :
f.
ω∈Ω

This method is not really efficient, however. One problem is
that in higher dimensions the matrices Fn can become really
huge and easily exceed the storage capabilities of computers.
In addition, the singular value decomposition becomes very expensive then.
For this reason, a different approach has been developed in [19]
which starts with a guess n > d(eΩ ) and then step by step
builds the (smaller) matrices


|α| ≤ n
Fn,k = f (α + β) :
.
|β| ≤ k
For each of these matrices an SVD again determines kernel
and “quotient space” and finds the “new” elements in the ideal.
This process is repeated until Fn,k has the same (numerical)
rank as Fn,k−1 in which situation one can show that the computed ideal part is an H–basis and the quotient part a homogeneous basis for the quotient space. The details of this procedure that is essentially based on QR decompositions of matrices again can be found in [19].
We conclude this section with some tests on an Octave [4]
implementation of the method that can be downloaded from
www.fim.uni-passau.de/digitale-bildverarbeitung/
forschung/downloads

s
2
2
2
2
3
4
5
5
5
5

parameters
# freq. n
5
3
10
5
15
8
20
9
20
6
20
5
20
5
50
5
100
6
150
8

average error
coeff
freq
1.3688e-11 1.8332e-09
4.9366e-08 2.6388e-06
7.0614e-07 2.9725e-04
Inf
Inf
1.5874e-08 1.4165e-06
8.4712e-12 4.6565e-11
1.6879e-12 5.9416e-11
1.1079e-10 6.6070e-10
2.9307e-09 1.9431e-08
1.3142e-08 8.4199e-08

Table 1: Numerical tests with real frequencies
The first example, shown in Table1, uses random real frequencies and coefficients, both chosen in [0, 1] and lists the average
errors in running the algorithm 100 times. It can be seen that

with increasing degree and number of frequencies the accuracy
decreases but that the algorithm performs better numerically if
the number of variables becomes larger. The runtime of all
these examples was significantly below one minute on a standard PC.
s
2
2
2
2
5
5

average error
coeff
freq
1.3476e-14 3.4744e-13
2.5148e-14 1.2420e-12
5.9357e-14 3.9721e-12
9.0480e-13 5.7684e-11
2.3796e-15 4.3794e-15
2.3954e-15 4.7773e-15

parameters
# freq. n
10
5
20
7
50
11
100
15
100
6
150
8

Table 2: Numerical tests with purely imaginary frequencies
Of course, one natural “application” of (32) is to recover
trigonometric functions which means that the frequencies have
to be chosen purely imaginary. It turns out that in this case the
numerical behavior of the algorithm improves dramatically, see
Table2.

3.6

Oligonomials

An immediate application of Prony’s method is the reconstruction of sparse polynomials, oligonomials or fewnomials as they
are often called. Those are polynomials of the form
X
(44)
f (x) =
fα xα ,
α∈A

where A ⊂
is of small cardinality but may contain multiindices of arbitrary size. To reduce the reconstruction of A
and fα to Prony’s problem, we choose an arbitrary nonsingular
s × s matrix Ξ and compute the matrix
h 

i
Fn := f eΞ(β+γ) : |β|, |γ| ≤ n .
Ns0

Noting that

(Fn p)β =

X

|γ|≤n

=

X X

 T 
f eβ Ξγ pγ
fα eα

T

|γ|≤n α∈A

Ξ(β+γ)

pγ =

X

T

fα e α

Ξβ

T

p(eΞ

α

),

α∈A

the sparse polynomial recovery immediately turns into Prony’s
problem with Ω = ΞT A.
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Paths from mathematical problem to technology transfer
related with finite volume methods
A. Bermúdez∗, S. Busto∗, M. Cobas∗, J. L. Ferrín∗, L. Saavedra† and M. E. Vázquez-Cendón∗

Abstract— The research group in Mathematical Engineering mat+i from the USC started to work with finite volume methods in
the early 1980s. The Hermes european project and the environmental problems related to the Galician inlets were the motivations
to develop new algorithms and methodologies related to the hyperbolic balances laws. The technology transfer of this knowledge
has been carried out with the project Iberaula. These contributions and its recent applications are analysed in the first part of the
talk so they are related with Paths already covered... with finite volume methods
More recently we have been developing, within our research group, a numerical 3D code with a projection hybrid finite volume/element method for low-Mach number flows of viscous or inviscid fluids, including a module of turbulence to this code.
The second part of the talk related to the paths to be covered, is devoted to these methods and the connection with the previous
ones already developed and implemented in the Iber code.
Keywords: Finite volume methods, shallow water equations, low-Mach number flows, k − ε standard, projection method, upwind
schemes.

1

A correct treatment of the source terms, an upwind discretization, was initially presented at the XII CEDYA and II CAM in
1991, and it is detailed in paper [3]. The relevance of this contribution was recognized by the scientific community, namely,
the application of the Conservation property to check the correct discretization of the balance law by means of steady solutions. In order to avoid spurious oscillations of the free surface when the bathymetry is irregular in 1D and 2D models,
an upwind discretization of the bed slope source terms has to
be introduced. Moreover, these ideas are is also used for shallow water equations in channels with an irregular geometry but
with a locally rectangular cross-section in [31] and with and
arbitrary one in [18]. This procedure was extended to bidimensional problems in [4]. Furthermore, a wetting-drying condition for unsteady shallow water flow in two dimensions leading
to zero numerical error in mass conservation is presented in [8].
This methodology has been also validated with real data in the
Crouch estuary (Essex,England) in [11].

Introduction

The contributions done with different collaborators and their
recent applications are analyzed in the first part of the talk.
They are related with Paths already covered... with finite volume methods. In this paper, I will try to summarize the main
aim of the real problems that have been solved, the references
and the codes.
The research group in Mathematical Engineering, mat+i,
http://www.usc.es/ingmat/?lang=en, from the
University of Santiago de Compostela (USC), started to work
with finite volume methods in the early 1980s. The Hermes
european project and the environmental problems related to
the Galician rias were the motivations to develop new algorithms and methodologies related to the hyperbolic balance
laws due to the presence of source terms related with the
bathymetry of the Galicia coast. The transfer of this knowledge was also proved with the joint registration of TURBILLON in 2005, by the Group of Engineering of Water and Environment (GEAMA, University of A Coruña) and mat+i research group of the USC. In a second step TURBILLON has
evolved into the IBER code in the framework of the project
Iberaula http://www.iberaula.es which also involves
the FLUMEN group from the Polytechnic University of Catalonia and the CEDEX.

The correct treatment of the boundary conditions has led us to
introduce in [4] a new type of finite volumes for a dual mesh,
the centres of which are the midpoints of the edges of the triangles; this is why we call them finite volumes of edge-type. This
type of finite volumes is extended in [5] and detailed below in
this paper for tridimensional problems.

∗ Departamento de Matemática Aplicada, Universidad de Santiago de Compostela, Facultad de Matemáticas, 15782 Santiago de Compostela (SPAIN). Email:
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† Departamento Fundamentos Matemáticos, Universidad Politécnica de Madrid, E.T.S.I. Aeronáuticos, 28040 Madrid (SPAIN). Email:
laura.saavedra@upm.es
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A two-layer finite volume model for flows through channels
with irregular geometry in studied, for example, in [9]. Experimental and numerical analysis of solitary waves generated
by bed and boundary movements, and also by landslides are
considered in [10] and [26], respectively.
The relation between the numerical scheme used to solve the
hydrodynamic equations and the scheme used to solve a scalar
transport model linked to the shallow water equations is also
analyzed in [15]. It is shown that the scheme used in the scalar
transport model must take into consideration the scheme used
to solve the hydrodynamic equations. In [14] we include additional source terms to account for the effect of small-scale
impervious obstructions which are not resolved by the numerical mesh since their size is smaller or similar to the average
mesh size.
Turbulence modelling in shallow water flows was not treated so
profusely as in other fluid dynamics areas. Some contributions
are detailed in [13], [12] and [7]. In these papers different depth
averaged turbulence models have been proposed for the 2DSWE. These models derive from well-known RANS turbulence
models, including somehow the effects of bed friction in the
turbulence field. Special mention should be given to the depth
averaged k − ε model proposed by Rastogi and Rodi in 1978
[27], which was the first depth averaged two-equation eddy
viscosity model, and it is still the most commonly used with
the 2D-SWE when turbulent effects are included in the computation. This makes it possible to test the turbulence models
in the presence of wet-dry fronts in complex two-dimensional
geometries with a very irregular bathymetry. The flow in the
fishway is highly turbulent and it has strong recirculation regions, which makes it a perfect test case for turbulence models.
All the numerical results are extensively compared with experimental data in [13] and [12], which permits us to evaluate the
degree to which the shallow water hypotheses are fulfilled in
the considered flows.
The main effect of turbulence is to diffuse the velocity field.
This turbulent diffusion, which is a physical effect, is added
into the solution by the numerical diffusion inherent to the upwind schemes which are used for solving hyperbolic equations.
For this reason, when modelling turbulence, it is even more important to use high resolution schemes for the convective flux,
in order to reduce the numerical diffusion to a minimum without numerical instabilities. A first order scheme, which might
be suitable for some problems, should not be used when turbulent effects are significant, because the numerical diffusion
might be of the same order or even larger than the turbulent diffusion. In this paper, we use an hybrid second-order/first-order
scheme (first order in the water depth and second order in the
unit discharge) [13].
The second-order scheme proposed in [14] can be applied to
the classic shallow water equations without porosity by just
setting the porosity value equal to one in the whole spatial
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domain. This way of proceeding allows us to achieve a high
order scheme for the classic shallow water equations without
the need of high order corrections in the bed slope discretization, as it is needed in other numerical discretizations, which
simplifies the numerical implementation of the schemes. The
idea of the new discretization is to use the high order extrapolation just in the upwind contribution of the numerical flux
and the bed slope source term. Several test cases have been
used in order to analyze the accuracy and numerical stability
of the proposed scheme in [32]. These test cases include the
scalar transport equation and the Burgers equation with source
terms, as classical reference problems, in order to prove that
this numerical scheme preserves the second-order. An specific
analysis of the local truncation error, stability conditions and
C-property of different discretizations of the flux and source
terms are also considered in order to state the properties of the
numerical method. We name Kolgan-type for the same accuracy properties and to follow the appraisal of the ideas of V.
Kolgan outside the USSR as van Leer [30] and also Toro [28]
project.
The technology transfer of the knowledge developed with L.
Cea, J. Puertas and collaborators has been carried out through
the project Iberaula and is included in the Iber code [7].
More recently, under project SIMULOX (supported by Fundación Ciudad de la Energía) and under research projects
MTM2008-02483, CGL2011-28499-C03-0 and MTM201343745-R, we have been developing, within our research group,
a numerical 3D code with a projection hybrid finite volume/element method for low-Mach number flows of viscous or inviscid
fluids [5]. Lately, we have added a turbulence module to this
code. The second part of the talk, related to the paths to be
covered, is devoted to these methods and the connection with
the previous ones, already developed and implemented in Iber
code.
Finite volume methods combined with approximate Riemann
solvers have been successfully developed for compressible
flows in the 1980’s (see, [28] and the references therein).
The difference compressible/incompressible deeply changes
the physics and also the numerics. While for compressible
flows pressure is directly related to other flow variables as density and energy via a state equation, for incompressible flows
pressure is a Lagrange multiplier that adapts itself to ensure
that the velocity satisfies the incompressibility condition. In
order to handle the latter situation, the typical explicit stage
of finite volume methods has to be complemented with the socalled projection stage where a pressure correction is computed
in order to get a divergence-free velocity. Many papers exist in
the literature devoted to introduce and analyze projection finite volume methods for incompressible Navier-Stokes equations (see, for instance, [1] or [24]). In order to get stability,
staggered grids have to be used to discretize velocity and pressure. While this can be done straightforwardly in the context
of structured meshes, the adaptation to unstructured meshes is
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more tricky (see [4], [16], [17], [25], [29]). Other possibility
is to extend the SIMPLE method (introduced in [23]), by using multiple pressure variables to account for different physical
effects, as done in [21]-[22]).
On the other hand, projection methods have been also used
in combination with finite element discretizations (see [19]).
The projection methods, initially introduced for incompressible flows can be easily adapted to low-Mach number flows.
In fact, the main difference is that the divergence-free condition for the velocity is replaced by an equation prescribing the
divergence of the linear momentum density which is a conservative variable.
The purpose of this part of the talk is to present a projection
method for low-Mach number flows, both for viscous and inviscid fluids introduced in [5]. Starting with a 3D tetrahedral
finite element mesh of the computational domain, the equation
of the transport-diffusion stage is discretized by a finite volume method associated with a dual finite volume mesh where
the nodes of the volumes are the barycenter of the faces of
the initial tetrahedra. As it has been mentioned, these volumes
have been already used for the 2D shallow water equation (see
[4]) and allow us for an easy implementation of flux boundary conditions. For time discretization we use the explicit Euler scheme. Upwinding the convective term is done by classical Riemann solvers as the Q-scheme of van Leer or the Rusanov scheme (see, for instance, [28]). Concerning the projection stage, the pressure correction is computed by continuous
piecewise linear finite elements associated with the initial tetrahedral mesh. The use of the above “staggered” meshes together
with a simple specific way of passing the information from the
transport-diffusion stage to the projection one and vice versa
lead to a stable scheme. The former is done by redefining the
conservative variable (i.e. the momentum density) constant per
tetrahedron. Conversely, the finite element pressure correction
is redefined to constant values on the faces of the finite volumes and then used in the transport-diffusion stage. Moreover,
several internal iterations can be done at each time step but this
is by no means necessary.
Transport of species and energy conservation laws can also be
considered with the low-Mach number flows model. Moreover,
turbulent regime can be solved using a k-ε standard model and
adding the corresponding diffusive terms in the former conservation equations. This work is an extension of [5].
The high-order methods studied in [32] are analyzed and implemented at the transport-diffusion stage for the convective
terms of the considered conservation laws: momentum conservation, transport equations, energy and k-ε standard. We show
some numerical results obtained with the developed computer
code in order to assess the performance of the method. We
present some academic problems in order to analyze the order
of convergence (see [2] and [5]) as well as several classical test
problems from fluid mechanics.

2

Mathematical model

The system of equations described in this section corresponds
to a model for low-Mach number flows. The underlying assumption is that the Mach number M is sufficiently small so
that pressure p can be written as the sum of a spatially constant
function π and a small perturbation π,
(1)

p(x, y, z, t) = π(t) + π(x, y, z, t),

π
= O(M −2 ),
π

where π(t) is a data. The perturbation will be neglected in the
state equation but it has to be retained in the momentum equation.
For the sake of simplicity, in this paper we assume that temperature is a given function and hence the energy equation
need not to be included. Thus, the compressible Navier-Stokes
equations reduce to the mass conservation law, the momentum
equation and the equation of state, which are given, respectively, by
(2)
(3)
(4)

∂ρ
+ div(ρu) = 0,
∂t
∂ρu ∂F1 (u, ρ) ∂F2 (u, ρ) ∂F3 (u, ρ)
+
+
+
∂t
∂x
∂y
∂z
+∇π − divτ = fu ,

π = ρRθ.

We use standard notations: ρ denotes the density and u =
(u1 , u2 , u3 )t is the velocity vector. The flux tensor, F, depends
on velocity and density; it is given by Fi (u, ρ) = ρui u, i =
1, 2, 3. The viscous part of the Cauchy stress tensor is denoted
by τ and fu is a generic source term used in the analytical test
problems to be considered below. Finally, in the equation of
state, R = R/M denotes the gas constant, where R is the universal constant (R = 8314 J/(kmol K)), M is the molecular
mass and θ is the absolute temperature which is supposed to
be given, may be it has been obtained by solving the energy
conservation equation.
From (2) and (4) we get the following divergence condition:


∂ρ
∂
π
div(ρu) = −
(5)
=−
.
∂t
∂t Rθ
Model (3)-(5) can bee expressed in a more compact form by
introducing the vector wu := ρu of the conservative variables
and rewriting the flux in terms of wu and ρ as follows:
F wu (wu , ρ) = ui wu ,

ui =

1
wu ,
ρ i

i = 1, 2, 3.

Now, the system of equations to be solved reads
∂wu
+ div(F wu (wu , ρ)) + ∇π − div(τ ) = fu ,
∂t


∂
π
(7)
divwu = q, q := −
.
∂t Rθ

(6)
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The next equations correspond to the conservative laws of
transport of species, energy conservation, and the k − ε standard model:
∂wY
+ divF wY (w, ρ)
∂t
 


1
µt
∇
wY
= fY ,
− div ρD +
Sct
ρ

(8)

(9)

(10)

∂wh
+ divF wh (w, ρ)
∂t

  
µt
wh
− div ρD +
∇
= − divqr + fh ,
Sct
ρ
∂wk
+ divF wk (w, ρ)
∂t
  

wk
µt
∇
+ wε = Gk + fk ,
− div µ +
σk
ρ

∂wε
(11)
+ divF wε (w, ρ)
∂t

  
µt
wε
w2
wε
− div µ +
+ C2ε ε = C1ε Gk + fε ,
∇
σε
ρ
wk
wk
where the vector of the global conservative variables is w
(12)

w = (wu , wY , wh , wk , wε )T ,

and wY = ρY (Y mass fraction vector with Ne components),
wh = ρh (h entalpy), wk = ρk (k viscosity dissipation rate),
wε = ρε (ε turbulent kinetic energy). The turbulent viscosity
is given by
k2
µt = ρCµ
ε

3

The developed numerical method solves, at each time step,
equations (6) and (8)-(11) with the finite volume method
(FVM) and, so, an approximation of w is obtained. The next
item is the projection step applied to system (6) and (7) that
provides the pressure correction by a piecewise linear finite element method. Finally, an approximation of wu verifying the
divergence condition (7) is computed. Different versions of
this method can be found, for example, in [24] and [19]. Let us
recall that we are assuming the low-Mach number approximation so the density can be obtained from the equation of state
considering that temperature and mass fractions (in the case of
mixtures) are given.
We start by considering the following two-stage time discretization scheme that is first-order accurate: in order to obtain
the solution at time tn+1 , we use the previously obtained approximations Wn of the conservative variables w(x, y, z, tn )
and π n of the pressure perturbation π(x, y, z, tn ), and define
Wn+1 and π n+1 from the following system of equations:

1  f n+1
Wu − Wun + div(F wu (Wun , ρn ))
∆t
+∇π n − div(τ n ) = fun ,


1
f n+1 + ∇(π n+1 − π n ) = 0,
(18)
Wun+1 − W
u
∆t
(19)
divWun+1 = q n+1 .
(17)

(20)

and finally the term of kinetic energy production reads
µt
Gk =
2

(13)



∂ui
∂uj
+
∂xj
∂xi

2

(21)
.

The Favre-averaged viscous stress tensor is τ = τu +τ F , where
(14)
(15) τ F

 2
τu = µ ∇u + ∇uT − µ divuI,
3
 2
2
T
= µt ∇u + ∇u − µt divu I − ρkI.
3
3

(22)

(23)

The flux tensor F = (F1 |F2 |F3 )(3+Ne +12 )×3 of the global
system has the three components:
(16)

Fi =

Fiwu
b
ui w

!

= ui w,

i = 1, 2, 3,

(24)

3+Ne +1+2

b is the vector of the conservative variables related with
where w
b = (wY , wh , wk , wε )T .
species, energy and turbulence w

Numerical discretization

(25)


1  f n+1
n
WY − WY
+ divF wY (Wn , ρ)
∆t


 
µt
1 n
WY
= 0,
−div ρD +
∇
Sct
ρ
1  n+1 f n+1 
WY − WY
= fY ,
∆t

1  f n+1
Wh − Whn + divF wh (Wn , ρ)
∆t 


µt
Wn
−div ρD +
∇ h = −divqnr ,
Sct
ρ
1  n+1 f n+1 
W h − Wh
= fh ,
∆t

1  f n+1
Wk − Wkn + divF wk (Wn , ρ)
∆t



µt
Wkn
−div µ +
∇
= 0,
σk
ρ
1  n+1 f n+1 
Wk − Wk
+ Wε − Gk = fk ,
∆t
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(26)

(27)


1  f n+1
Wε
− Wεn + divF wε (Wn , ρ)
∆t



µt
Wεn
−div µ +
∇
= 0,
σε
ρ
2
(Wε )
1  n+1 f n+1 
+ C2ε
Wε
− Wε
∆t
Wk
Wε
−C1ε
Gk = fε .
Wk

For the low-Mach number equations discretization, by adding
equations (17)-(18), we easily see that the scheme is actually
implicit for the pressure term. However, the writing above
shows that it can be solved in three uncoupled stages. The
first of them corresponds to equation (17) and will be called the
transport-diffusion stage; it is explicit and allows us to compute
the intermediate approximation of the conservative variables
f n+1 (we notice that, in general, this approximation does not
W
u
satisfy the divergence condition (19)). The second one, to be
called the projection stage, is implicit; it consists of solving the
coupled equations (18) and (19) with a finite element method
(FEM) to obtain the pressure correction δ n+1 := π n+1 − π n .
The last one is Post-projection stage the for the final approximations Wun+1 and π n+1 (see [5] for details).
For the left conservation laws (8)-(11), we also obtain at the
transport-diffusion stage an approximation of the conservative
variables taking into account the corresponding flux and diff n+1 , W
f n+1 , W
f n+1 and W
f n+1 . Let
fusion terms, that is, W
ε
Y
h
k
us remark that at this stage the update of the approximations
involves all the neighbouring nodes of the finite volume Ci .
Nevertheless, the discretization of the source terms related with
manufactured solutions or other production terms in equations
(21), (23), (25) and (27) involves pointwise evaluations at the
cell Ci . Hence, we obtain the updated conservative variables
n+1
WY
, Whn+1 , Wkn+1 and Wεn+1 .

we build a dual finite volume mesh to be defined below, whose
nodes to be denoted by {Ni , i = 1, . . . , nvol} are the barycenters of the faces of the initial tetrahedra. In Figure 1 node Ni
is the barycenter of the face defined by vertices V1 , V2 and V3 .
This is why we will call this finite volume of face-type. It has
been already used for the 2D shallow water equation (see [4])
because it allows for an easy implementation of the flux boundary condition in domains with non-smooth boundaries (see [5]
for details).
V1

V4

V3
B0

• Projection stage: equations (18) and (19) are solved
with an FEM to obtain the pressure correction δ n+1 :=
π n+1 − π n .

f n+1 computed at the first
• Post-projection stage: the W
u
n+1
stage is updated by using δ
in order to obtain another
approximation Wun+1 satisfying the divergence condition (19). Next, species, energy and turbulence variables
are updated from equations (21), (23), (25) and(27),
repectively.

4

A dual finite volume mesh

For space discretization we consider a 3D unstructured tetrahedral finite element mesh {Tk , i = 1, . . . , nel}. From this mesh

V40

V2
Figure 1: Interior finite volume Ci of the face-type.
V1

Ni

Summarizing, the overall method consists of:
• Transport-diffusion stage: equations (17), (20), (22),
(25) and (27) are solved by an FVM.

Ni

B

B
V4
V3

V2
Figure 2: Boundary finite volume Ci of the face-type.

Each finite volume cell Ci is defined as follows:
• We consider the barycenters {Bk , k = 1, . . . , nel} of
the tetrahedra of the initial mesh.
• Every tetrahedron Tk is subdivided into 4 sub-tetrahedra
connecting its barycenter to the three vertices of each
face.
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• Let us consider the barycenters of the faces of the initial
mesh. If a barycenter Ni is an interior point of the domain, it belongs to two of the sub-tetrahedra defined in
the previous step. The finite volume Ci is then defined
to be the union of these two sub-tetrahedra. Its node Ni
is the above barycenter. In Figure 1 the five points that
define the faces Γij of cell Ci are the three vertices V1 ,
V2 and V3 , and the barycenters B and B 0 .
• If node Ni belongs to the boundary, then finite volume
Ci is equal to the unique sub-tetrahedron containing Ni .
In Figure 2 the four points that define the faces Γij of cell
Ci are the three vertices V1 , V2 and V3 , and the barycenter B.
• Each interior node Ni has as neighboring nodes the set
Ki consisting of the barycenters of the faces of the two
tetrahedra of the initial mesh to which it belongs. Therefore it always has six neighboring nodes. On the contrary, if the node is at the boundary, then it only has three
neighboring nodes.
• The face Γij is the interface between cells
[Ci and Cj .
The boundary of Ci is denoted by Γi =
Γij .
Nj ∈Ki

• Finally, ηeij denotes the outward unit normal vector to
Γij and we define ηij :=]
ηij ||ηij ||, where, ||ηij || :=
Area(Γij ).

5

Finite volume discretization

(29)

(30)

(31)

vol (C ) 
i

Γi

Ci



Z

f n+1 − Wn +
W
F wY (Wn , ρ) η̃ dS
Yi
Yi
Γ
  i 
Z 
µt
1 n
−
ρD +
∇
W
η̃ dS = 0,
Sct
ρ Y
Γi

∆t

 Z
vol (Ci )  f n+1
n
+
Wεi − Wεi
F wε (Wn , ρ) η̃ dS
∆t
Γi


Z 
µt
Wn
−
µ+
∇ ε η̃ dS = 0,
σε
ρ
Γi

where vol(Ci ) denotes the volume of Ci .

5.1

Numerical flux

We now specify how to approximate the integral of the normal
flux Z(Wn , ρn , η̃) := F(Wn , ρn )η̃ on Γi . Firstly, we split
Γi into the cell interfaces Γij :
Z
X Z
(33)
F(Wn , ρn]
)η dS =
F(Wn , ρn )ηeij dS.
Γi

Nj ∈Ki

Γij

Then, in order to obtain a stable discretization, the integral on
Γij is approximated by an upwind scheme using a numerical
flux function φ:
(34)Z

F(Wn , ρ)
]
ηij dS ≈ φ (Win , ρni ), (Wjn , ρnj ), ηij .
Γij

The expression of φ depends on the upwind scheme. In this
paper, we consider the Rusanov scheme,
φ((Win , ρni ), (Wjn , ρnj ), ηij )

(35)

1
(Z(Win , ρi , ηij ) + Z(Wjn , ρnj , ηij ))
2

1
− αRS ((Win , ρni ), (Wjn , ρnj ), ηij ) Wjn − Win ,
2
=

The discrete approximation of the conservative variables is
taken to be constant per finite volume. By integrating (17),
(20), (22), (25) and (27) in Ci and applying the Gauss Theorem, we get
 Z
vol (Ci )  f n+1
n
(28)
Wui − Wui
+
F wu (Wun , ρn ) η̃ dS
∆t
Γi
Z
Z
Z
n
n
+
∇π dV −
(τ ) η̃dS =
fun dV,
Ci

(32)

 Z
vol (Ci )  f n+1
n
Whi − Whi
+
F wh (Wn , ρ) η̃ dS
∆t
Γi


Z 
Z
µt
Wn
−
ρD +
∇ h η̃ dS = −
qnr η̃ dS,
Sct
ρ
Γi
Γi
 Z
vol (Ci )  f n+1
n
Wki − Wki
+
F wk (Wn , ρ) η̃ dS
∆t
Γi


Z 
µt
Wkn
−
µ+
∇
η̃ dS = 0,
σk
ρ
Γi

where the coefficient αRS is defined by


αRS (Win , ρni ), (Wjn , ρnj ), ηij

:= max 2 |uni · ηij | , 2 unj · ηij .
The Kolgan-type scheme introduced in [32] for the secondorder accuracy only considers the data reconstruction of W
for the numerical viscosity of the normal flux at the face Γij .
The numerical flux reads

n
n
(36)φ (Win , ρni ), (Wjn , ρnj ), (WiL
, ρniL ), (WjR
, ρnjR ), ηij

1
=
Z(Win , ρni , ηij ) + Z(Wjn , ρnj , ηij )
2


1
n
n
n
n
− αRS (WiL
, ρniL ), (WjR
, ρnjR ), ηij WjR
− WiL
.
2

The idea is to replace the conservative values Win , Wjn and
the density ρni , ρnj , at the nodes Ni and Nj , in the numerical
n
n
viscosity by “better interpolations” given by WiL
and WjR
at
both sides of the face Γij :
n
n
(37) WiL
= Win + ∆ijL , WjR
= Wjn − ∆ijR ,
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where ∆ijL and ∆ijR are the left and right limited slopes at
the face defined with the Galerkin gradients computed at the
upwind tetrahedra TijL and TijL , respectively, (see Figure 3).
Moreover, we take into account some limiter, that is:
(38)
(39)


1
n
n
n
ijL
(∇W )|TijL Ni Nj , Wj − Wi ,
∆
= Lim
2


1
ijR
n
n
n
∆
= Lim
(∇W )|TijR Ni Nj , Wj − Wi ,
2

servation equation reads
Z
X Z
divτ n dV =
(41)
Ci



=

X Z

Nj ∈Ki

Γij

h

τ n η̃ij dS =

Γij

Nj ∈Ki



T

(µn + µnt ) ∇un + (∇un )




2 n
2 n n
n
n
− (µ + µt ) divu I − ρ k I η̃ij dS.
3
3

The gradient on the face is computed in the tetrahedron which
intersects the face, Tij , (see Figure 3 for the bidimensional
case),
Z


T
(42)
(µn + µnt ) ∇un + (∇un ) η̃ij dS


Γij

≈ µn + µntij

with

i
h
T
(∇un )|Tij + (∇un )|Tij ηij

µntij =


1 n
µti + µntj .
2

The divergence and the k term are approached as
(43)
Z

2
2
divun η̃ij dS ≈ − µntij unj − uni · ηij ηij ,
− µntij
3
3
Γij

Figure 3: Upwind 2D triangles corresponding to the 3D upwind tetrahedra.

5.2

Pressure term

For the integral of the pressure gradient we also use the Gauss
Theorem and have into account the splitting of the boundary Γi
into the cell interfaces Γij . Furthermore, since the pressure is
going to be computed at the vertices of the original tetrahedral
mesh, at the projection stage, its value on face Γij is approximated by the arithmetic mean of its values at the three vertices
of face Γij , namely, V1 , V2 and the barycenter B. Then, the
corresponding approximation of the integral is given by
(40)

5.3

Z



5
(π n (V1 ) + π n (V2 ))
π]
ηij dS ≈
12
Γij

1
+ (π n (V3 ) + π n (V4 )) ηij .
12

Viscous terms

In order to complete the description of the space discretization
of the transport-diffusion stage, we detail the integrals involving the viscous terms. Firstly, if the boundary Γi is split into
the cell interfaces Γij , the viscous term of the momentum con-

and the k term is computed using its average in the neighbouring nodes:
Z

2 n
1 n
(44)
−
Wk η̃ij dS = −
Wki + Wknj ηij .
3
Γij 3
Next, the viscous terms for the remaining equations are obtained similarly to the gradient term for the momentum equation:



Z
1c
(45)
W
dV
div D∇
ρ
Ci


X Z
1c
=
D∇
W
η̃ dS,
ρ
Γij
|Tij
Nj ∈Ki

where



(46)






=




ρD +

µt
Sct

DY
 0
D=
 0
0
0

0
Dh
0
0
0

µt
Sct

0

ρD +

0

0

µ+

0

0

0


0
0 

0 
Dε

0
0
Dk
0
0

0





.

0

µt 
µ+
σε
0

µt
σk
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Projection and Post-projection stages

Within the projection stage, the pressure is computed using the
standard finite element method detailed in [5]. In order to obtain π n+1 we need
 to solve the
R following weak problem: Find
δ n+1 ∈ V0 := z ∈ H 1 (Ω) : Ω z = 0 verifying
Z
(47)
∇δ n+1 · ∇z dV
Ω
Z
Z
1
f n+1 · ∇z dV + 1
W
q n+1 z dV
=
∆t Ω
∆t Ω
Z
1
(48)
−
g n+1 z dS ∀z ∈ V0 .
∆t ∂Ω
n+1
Once the pressure is computed, we can update Wui
with
n+1
∇δi , that is,

(49)

n+1
f n+1 + ∆t∇δ n+1 ,
Wui
=W
ui
i

or follow Guermond proposal (see [19]),
(50)

n+1
f n+1 ,
Wui
=W
ui

which does not guarantee the divergence restriction (7). Nevertheless, as we show at the second test case considered in this
paper gives the same order of accuracy.
As we have mentioned, at the projection stage, it is necessary
to compute the integral
Z
f u · ∇pT dV,
(51)
W
i
T

where T is an element of the finite element mesh and pTi is a
f n+1 is constant per finite elbasis function in T . We assume W
u
f uT ). Let us remember that at the transport-diffusion
ement (W
f n+1 were constant per finite volume, not
stage the values of W
u
per finite element. The difficulty of the coupling lies in the
f uT .
computation of W

(54)

7
7.1

n+1
f n+1
Wεi
−W
W n n+1
εi
+ C2ε εi
n Wεi
∆t
Wki
Wn
n+1
n
) = fεi
−C1ε εi
.
n Gk (ui
Wki

Numerical results
Euler flow around a sphere

We have solved the stationary inviscid low-Mach number flow
equations around a sphere [5]. This problem is discussed, for
instance, in [20]. The analytical expression of its solution is
given below (see (56)-(56)).
The statement of the problem is as follows: a sphere of radius R = 1 centered at the origin is surrounded by the computational domain of the flow, consisting of a cube of dimensions Ω = (−4, 4)3 . The parameters of the flow are the
M∞ = 10−2 , γ = 1.4, ρ∞ = 1, π∞ = γ1 , c∞ = 1, u∞ =
M∞ c∞ = 10−2 . The analytic solution, expressed in Cartesian
coordinates is given by
(55)
u(x, y, z, t) = u∞

3 

1
R
r(x, y, z)
+
−3 2
u∞ · r(x, y, z) + u∞ ,
2 r(x, y, z)
r (x, y, z)
where r is the position vector, r = krk and u∞ = u∞ e1 . In
this problem we consider ρ = ρ∞ = 1. In virtue of Bernoulli’s
theorem, the pressure is derived from the velocity field as:


1
1 2
u∞ − ku(x, y, z)k2 .
(56) π(x, y, z, t) = π∞ + ρ0
2
2
The mesh M employed in this test has 318684 tetrahedra,
55022 vertices and 641149 finite volumes, and it is unstructured, see Figure 4.

fT
We analize in [5] that the stable coupling is to compute W
via the nodes of the tetrahedron:


f n+1 = 1 W
f n+1 + W
f n+1 + W
f n+1 + W
f n+1 .
W
uT
uN1
uN2
uN3
uN4
4

Next, the source terms for the transport of species and energy
equations are pointwise evaluated.

Finally, an implicit scheme for Gk and a semi-implicit scheme
for the dissipative terms in the turbulence model equations is
used:
(52)

(53)

f n+1
Wkn+1 − W
k
+ Wεn − Gk (un+1 ) = fkn
∆t
n+1
f n+1
Wki
−W
W n n+1
n
ki
+ εi
− Gk (un+1
) = fki
;
i
n Wki
∆t
Wki

Figure 4: Finite volume mesh section in z = 0.
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We use the code to solve the evolutionary problem until a
steady state is attained. In this section the first-order accuracy
is selected. The algorithm is started with the following values
for velocity and pressure:

u∞ e1 if (x, y, z) ∈ ΓI
(57) u0 (x, y, z) =
0
otherwise,

p∞ if (x, y, z) ∈ ΓI
(58) π0 (x, y, z) =
0
otherwise.

Figure 5 shows the streamlines corresponding to the approximate solution and, on the sphere, the approximate values of the
pressure. As can be seen, the solution is independent of the
spherical coordinate θ and owing to this the result is the same
on the planes y = 0 and z = 0. Therefore, we will present the
solutions for pressure and for speed, on the plane z = 0, since
in the present setup this variable coincides with the conservative variable.

The next table shows the boundary conditions of the problem.
Function g = w · n appearing in Dirichlet boundary conditions
is defined from the exact solution w = ρu = u, given by (56).
Boundary
ΓI , inlet

Surface
x = −4

TD-stage
Dirichlet

Condition
wu · n = g

ΓW , wall

r = 1,
y = −4, y = 4,
z = −4, z = 4

Dirichlet

wu · n = g

Neumann

∂wu
=0
∂n

ΓO , outlet

x=4

Computations are carried out until time tout = 10 with the detailed mesh M . In the next Table we show the results obtained
for different choices of ∆t. The maximum CFL number for
tout is also computed for each ∆t
(59)

µout = max ∆t2kuout
i k
i=1,nod

Si
.
Vi

For ∆t = 0.45 the numerical method is unstable. Therefore, for this test problem at the output time, CFL number
µout = 4.12, obtained with the eigenvalues of the convective
f n+1 .
flux, gives a stable method to compute W
u

kwk

Figure 5: Streamlines and pressure contours on the sphere.

7.2

out
∆WuM
/∆t :=

1
out−1
out
kWuM
− WuM
kL2 (Ω)3 ,
∆t

it is clear that the steady state is reached. The computed
norms are E(w)M = kw − wM kl2 (L2 (Ω)3 ) , E(w)M = kw −
wM kl2 (L2 (Ω)) for a mesh M , for vectorial w or scalar w unknowns, respectively.
∆t
0.4
0.3
0.2
0.1
0.05

time
iterations
25
34
50
100
200

out
∆WuM
/∆t

E(wu )M

5.37E-05
4.33E-05
3.78E-05
3.33E-05
3.19E-05

7.46E-4
7.16E-4
6.93E-4
6.79E-4
6.75E-4

E(π)M
1.22E-5
1.17E-5 .
1.14E-5
1.12E-5
1.11E-5

Academic test for Navier-Stokes equations with
turbulence, species transport and energy

In this section, we present the results obtained for a manufactured solution test with Dirichlet boundary conditions. We consider the computational domain Ω = [0, 1]3 . In order to analyse
the accuracy in time and space, three uniform meshes with different cell sizes are used. The properties of these meshes can
be seen in the following table:

From the values in the column 3 of the next table labeled with
(60)

π

Mesh

N

Elements

Vertices

Nodes

M1
M2
M3

4
8
16

384
3072
24576

125
729
4913

864
6528
50688

Mesh

vhm (m3 )

vhM (m3 )

M1
M2
M3

6.51E − 04
8.14E − 05
1.02E − 05

1.30E − 03
1.63E − 04
2.03E − 05

where N + 1 is the number of points along the edges of the
domain and h = 1/N . vhm and vhM denote the minimum and
maximum volume of the finite volumes, respectively.
The ∆tn is computed from the CFL number at each time step
as
(61)

∆t = min ∆tloc Ci
i=1,nod
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where ∆tloc Ci is computed taking into account the following
expressions at each cell Ci :
∆tloc ≤ min {∆tlocu , ∆tlock , ∆tlocε , ∆tlocY , ∆tloch }

= min {∆tlocu , ∆tlocY } ,

CFLL
,
t
2 |u| + 2 µ+µ
L
CFLL
∆tlock =
µ ,
µ+ t
2 |u| + 2 Lσk
CFLL
∆tlocε =
µ ,
µ+ t
2 |u| + 2 Lσε
CFLL
∆tlocY =
,
µ
ρD+ t
2 |u| + 2 L Sct
CFLL
,
∆tloch =
µ
ρD+ t
2 |u| + 2 L Sct
vol (Ci )
L :=
.
S (Ci )

(62)

∆tlocu =

(63)
(64)
(65)
(66)
(67)

oM2 /M3

π
wu
wy
wh
wk
wε

1.56
1.70
1.36
1.42
1.30
1.53

1.17
1.60
1.22
1.46
1.19
1.25

Variable

EM1

EM2

EM3

π
wu
wy
wh
wk
wε

9.15E − 02
8.95E − 03
7.62E − 03
1.71E − 02
1.09E − 02
7.38E − 03

2.01E − 02
2.54E − 03
2.02E − 03
5.77E − 03
2.86E − 03
2.21E − 03

5.27E − 03
6.81E − 04
5.19E − 04
1.62E − 03
7.31E − 04
6.04E − 04

ρ(x, y, z, t) = 1,

(69)

π(x, y, z, t) = cos(πt(x + y + z)),
T
(70) u(x, y, z, t) = sin(πyt), − cos(πzt), e−πxt ,
(71)

y(x, y, z, t) = sin(πxt) + 2,

(72)

h(x, y, z, t) = sin(πxt) + 2,

(73)

k(x, y, z, t) = sin(πxt) + 2,

(74)

ε(x, y, z, t) = e−πzt + 1.

The dynamical viscosity chosen is, µ = 1.e − 2, and the radiation flux of the energy equation is defined as
qr (x, y, z, t) = (−eπtx , x, x)T .

(75)

oM1 /M2

Errors and order observed. Order 1, CFL 10.

We consider the manufactured solution in terms of the following physical variables:
(68)

Variable

The needed source terms corresponding to the former manufactured solution were obtained using symbolic calculus.
Besides the specie, energy and turbulent kinetic energy variables have the same solution, the production terms involved in
the corresponding equations are different. So that, the errors
and order observed for them are not equal.
Variable

EM1

EM2

EM3

π
wu
wy
wh
wk
wε

1.11E − 01
9.83E − 03
1.29E − 02
2.01E − 02
2.02E − 02
7.14E − 03

3.74E − 02
3.02E − 03
5.03E − 03
7.51E − 03
8.21E − 03
2.46E − 03

1.66E − 02
9.98E − 04
2.16E − 03
2.73E − 03
3.61E − 03
1.04E − 03

Variable

oM1 /M2

oM2 /M3

π
wu
wy
wh
wk
wε

2.19
1.82
1.92
1.57
1.93
1.74

1.93
1.90
1.96
1.84
1.97
1.87

Errors and order observed. Order 2 Cea-VC, CFL 10.

The orders obtained are close to the theoretical order of the
convective terms. In the table of first order we obtain order
greater than one because the discretization of some of the nonconvective terms involve high order approximations and the
FEM considered is second order. Similarly, the first-order accuracy of some non-convective terms justify that the second
order it is not achieved for all the variables.
It is important to notice that these results where obtained with
a CFL of 10.
In order to validate the Guermond proposal, we also solve the
same test case but without taking into account the transport of
species and energy, that is, solutions (68), (69), (70), (73), and
(74).
Variable

EM1

EM2

EM3

π
wu
wk
wε

9.11E − 02
8.95E − 03
1.09E − 02
7.37E − 03

2.01E − 02
2.54E − 03
2.85E − 03
2.21E − 03

5.27E − 03
6.81E − 04
7.29E − 04
6.03E − 04

Paths from mathematical problem to technology transfer related with finite volume methods
Variable

oM1 /M2

oM2 /M3

π
wu
wk
wε

2.18
1.82
1.93
1.74

1.93
1.90
1.97
1.87
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Errors and order observed, Guermond approach. Order 2
Cea-VC, CFL 10.
As already mentioned, the observed orders are analogous and
errors are minor using the Guermond proposal than doing the
correction.

Figure 9: Contours of the computed velocity kuk (M3 ).

Figures 6-11 show a good agreement between the exact and
approximated variables computed with mesh M 3.

Figure 10: Contours of the exact k (M3 ).
Figure 6: Contours of the exact pressure π (M3 ).

Figure 11: Contours of the computed k (M3 ).
Figure 7: Contours of the computed pressure π (M3 ).

Figure 8: Contours of the exact velocity kuk (M3 ).
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Advances in Time Stepping Methods
The goal of this special session is to show the most recent results on time stepping integrators
for differential problems. These problems arise in different contexts, either directly or after the
spatial discretization of partial differential equations.
Some results on different aspects of numerical methods for differential problems will be presented, paying special attention to the efficient integration of problems arising in different applications.
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Reducing the splitting error of time-splitting methods
for parabolic problems
L. Portero∗ and A. Arrarás∗

Abstract— This work is devoted to the study of time-splitting methods for the numerical solution of evolutionary reaction–
diffusion problems. In this framework, we propose a new family of second-order domain decomposition splitting methods. The
resulting non-iterative schemes reduce the original problem to the solution of a set of uncoupled linear systems per internal stage
that can be solved in parallel. The splitting error associated with such methods is shown to be O(τ 3 ) in the time step τ , thus
giving rise to global errors comparable in size to those obtained with the Crank-Nicolson scheme. In comparison to classical
alternating direction implicit (ADI) splitting methods, the domain decomposition splitting schemes are suitable for problems that
involve mixed derivative terms and/or those which require to be discretized with a non-cartesian grid. Some numerical results
comparing the newly derived algorithms with the Crank–Nicolson scheme and certain ADI methods are shown.

1

quence of one-dimensional problems, each formulated for one
of the spatial variables under consideration. Any time-stepping
procedure based on a component-wise splitting of this kind is
called a locally one-dimensional method (see, e.g., [12]). For
an extensive study of ADI and related time-splitting methods,
we refer to the monographs [11, 12, 17].

Introduction

Let us consider a parabolic initial-boundary value problem of
the form
(1a)
(1b)
(1c)

ut − ∇ · (a∇u) + cu = f,
u = 0,

u = u0 ,

x ∈ Ω,

x ∈ ∂Ω,
x ∈ Ω,

0 < t ≤ T,

0 < t ≤ T,

An ADI method can be viewed as a perturbation of some underlying implicit scheme, such as the backward Euler or the
Crank–Nicolson method. In this setting, the ADI method may
be formulated as the corresponding implicit scheme plus a perturbation term called the splitting error. In general, this splitting error is of the same –or higher– order in the time step τ
as the truncation error associated with the underlying unsplit
method. As a result, the asymptotic rate of convergence for
both the ADI and its underlying method should be the same; in
practice, however, the actual errors associated with the former
are much larger than those associated with the latter. This fact
is due to the presence of the splitting error and, typically, it is
considered to be the main drawback of time-splitting methods.
In order to reduce the size of such an error, Douglas and Kim
introduced in [8] the so-called alternating direction method
with improved initialization (AD-II) (sometimes referred to as
the modified alternating direction (AD-M) method, see [1]).
Essentially, they proposed to add a correction term to the righthand side of the original ADI scheme with the aim of reducing
the splitting error from O(τ 2 ) to O(τ 3 ). This idea was used in
[1] to formulate improved ADI methods for regular and mixed
finite element discretizations, and further studied in [16] to derive linear multistep methods by the approximate factorization

t = 0,

where Ω ⊂ R2 is a bounded open domain with boundary ∂Ω,
a(x) ∈ R2×2 is a symmetric positive definite matrix function, with elements {aij (x)}i,j=1,2 , c(x) is a uniformly positive function on Ω, and the subscript t denotes partial differentiation with respect to time. The entries of a(x) and the terms
c(x), f (x, t) and u0 (x) are assumed to be sufficiently smooth.
In the sequel, we denote by Au = −∇ · (a∇u) + cu the elliptic
operator applied to the exact solution u(x, t). For simplicity
in the exposition, we consider homogeneous Dirichlet boundary conditions, although more general conditions can also be
handled.
The numerical solution of parabolic problems like (1) using time-splitting strategies has been a wide field of research
since the decade of the 1950s, when Douglas, Peaceman and
Rachford introduced the so-called alternating direction implicit
(ADI) methods (cf. [6, 9, 10, 22]). The main idea behind these
classical methods lies in noting that the d-dimensional diffusion operator −∇ · (a∇) can be expressed as the sum of d
one-dimensional operators {∂k (a∂k )}k=1,2,...,d , a being a uniformly positive function on Ω and ∂k = ∂/∂xk . As a result,
multidimensional parabolic problems can be solved as a se-

∗ Departamento de Ingeniería Matemática e Informática, Universidad Pública de Navarra, Campus de Arrosadía, 31006 Pamplona (SPAIN). Email:
laura.portero@unavarra.es, andres.arraras@unavarra.es
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technique.
In this work, we extend the improved initialization procedure
of Douglas and Kim to the case of domain decompositionbased splittings. This kind of splittings was first introduced
in [29, 30] to obtain the so-called regionally-additive schemes,
and has been subsequently studied in [19, 25, 31] for the solution of evolutionary problems. In the context of linear and
semilinear parabolic equations, it has been successfully used
in combination with various spatial discretization techniques,
such as mimetic finite differences (cf. [3, 24]), mixed finite
elements (cf. [2]) or multipoint flux approximation methods
(cf. [5]). Some additional results regarding nonlinear parabolic
equations can be found in [4, 23]. The monographs [18, 27]
show an overview of some recent contributions to the topic.
The key to the efficiency of domain decomposition splitting
methods lies in reducing the system matrix to a collection
of uncoupled submatrices of lower dimension. As compared
to classical overlapping domain decomposition algorithms (cf.
[26]), this approach does not involve any Schwarz iteration procedure, thus reducing the computational cost of the overall solution process. In addition, it overcomes two typical limitations
of alternating direction splittings, namely: (a) their need to deal
with rectangular or hexahedral spatial grids (in two- or threedimensional problems, respectively); and (b) their difficulty to
handle mixed derivative terms. In this respect, although several
ADI methods have been specifically designed along the years
to overcome this latter constraint (see, e.g., [7, 20, 21] or, more
recently, [13, 14, 15]), no AD-II scheme with this property has
been developed so far.
The rest of the paper is organized as follows. In §2, we formulate some classical unsplit implicit methods for the numerical
solution of problem (1). A non-iterative domain decomposition
splitting technique based on a family of partition of unity functions is introduced in §3. The splitting error associated with
the preceding scheme is studied in §4. In this section, we also
consider a correction procedure to reduce the size of such an
error. Numerical experiments comparing the previous domain
decomposition schemes with the Crank–Nicolson method and
certain ADI schemes are reported in §5. The paper ends with
some concluding remarks summarized in §6.

2

Classical unsplit implicit methods

Let us consider a suitable partition Th of the spatial domain Ω,
where h denotes the maximal grid spacing. In principle, Th is
an unstructured grid composed of either triangular or quadrilateral elements. It is well known that, if an ADI method was
used for solving (1), Th should be assumed to be a rectangular
grid. Domain decomposition splittings, by contrast, will remain valid for unstructured partitions. On the other hand, let
us consider a constant time step τ > 0 and define the discrete
times tn = nτ , for n = 0, 1, . . . , NT +1, with NT = [T /τ ]−1.
In this framework, let Ah be a symmetric positive definite ma-

trix obtained from finite difference or finite element discretization of the elliptic operator A with order of accuracy O(hs ).
Then, if Uhn denotes the fully discrete solution at time tn ,
the classical implicit time-stepping schemes can be written together, for n = 0, 1, . . . , NT , in the form
(2)

Uhn+1 − Uhn
+ Ah (θUhn+1 + (1 − θ)Uhn ) = Fhn+θ ,
τ

where θ = 1 for backward Euler and θ = 12 for Crank–
Nicolson. Note that Fhn+θ = θFh (tn+1 ) + (1 − θ)Fh (tn ),
Fh (tn ) being the discrete forcing term at time tn . The initial
condition is given by Uh0 = Ph u0 , where Ph is a suitable restriction or projection operator. It is well known that, for a
spatial discretization of order O(hs ), the backward Euler solution converges to the true solution with order O(τ + hs );
in turn, the Crank–Nicolson solution converges with order
O(τ 2 + hs ). In compact form, both results can be written together as O(τ 3−2θ + hs ).

3

Domain decomposition splitting methods

In this section, we present a time-stepping procedure based on
a suitable decomposition of the spatial domain. Unlike the
classical ADI methods, this technique permits to handle mixed
derivative terms (i.e., full tensor coefficients a(x) in (1a)), and
is also valid for unstructured partitions Th of the spatial domain Ω. Another difference with respect to ADI methods is
related to the number of split terms. In component-wise splittings, the number m of split terms is equal to the dimension
d of the spatial domain Ω. In particular, the alternating direction splitting corresponding to the two-dimensional problem
(1) assumes that a(x) in (1a) is a diagonal matrix with elements a11 (x) and a22 (x). This assumption avoids the existence of mixed derivative terms in the parabolic problem. In
this way, the elliptic operator A can be expressed as the sum
A = A1 + A2 , where
(3)
1
1
A2 u = −(a22 uy )y + cu.
A1 u = −(a11 ux )x + cu,
2
2
Nevertheless, for domain decomposition splittings, m is not
necessarily equal to d.
In this framework, let us consider the splitting A = A1 + A2 +
. . . + Am into an arbitrary number m of split terms, where
(4) Ak u = −∇ · (ρk a∇u) + ρk cu,

for k = 1, 2, . . . , m.

The family of functions {ρk (x)}k=1,2,...,m is subordinate to an
overlapping decomposition of Ω and conforms a smooth partition of unity. The construction of such a partition is discussed
in the sequel.
Let {Ω∗k }k=1,2,...,m form a non-overlapping decomposition of
Ω into m subdomains.
Such a decomposition fulfills the condiSm
∗
tions Ω = k=1 Ωk and Ω∗k ∩ Ω∗l = ∅, for k 6= l. In turn, each
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Ω∗k ⊂ Ω is considered to be an open disconnected set involving
mk connected components, i.e.,
Sm k ∗
Ω∗k = l=1
Ωkl , for k = 1, 2, . . . , m.

Such components are pairwise disjoint (that is, Ω∗ki ∩ Ω∗kj = ∅,
for i 6= j) and typically chosen to be shape regular of diameter
h0 . For instance, the components Ω∗kl may correspond to the
elements in a coarse partition Th0 of Ω with mesh size h0 . Let
Ωkl be the extension of Ω∗kl obtained by suitably translating its
internal boundaries, ∂Ω∗kl ∩ Ω, within a distance βh0 in Ω. The
parameter β > 0 is usually referred to as the overlapping factor
and its value must be chosen in such a way that the extended
components are also pairwise disjoint (i.e., Ωki ∩ Ωkj = ∅, for
i 6= j). The distance ξ = 2βh0 is called the overlapping size.
If we denote by Ωk ⊂ Ω the open disconnected set defined as
Sm k
(5)
Ωk = l=1
Ωkl , for k = 1, 2, . . . , m,

then the collection {Ωk }k=1,2,...,m forms an overlapping
deSm
composition of Ω into m subdomains, that is, Ω = k=1 Ωk .

Subordinate to this overlapping covering of Ω, we construct
a smooth partition of unity consisting of a family of m nonnegative and C ∞ (Ω) functions {ρk (x)}k=1,2,...,m . Each function ρk : Ω → [0, 1] is chosen to be


if x ∈ Ω \ Ωk ,
 0,
S
ρk (x) = hk (x), if x ∈ m
l=1; l6=k (Ωk ∩ Ωl ),

Sm

1,
if x ∈ Ωk \ l=1; l6=k (Ωk ∩ Ωl ),
where hk (x) is C ∞ (Ω) and satisfies the conditions
0 ≤ hk (x) ≤ 1,

m
X

hk (x) = 1,

k=1

Sm
for any x ∈ l=1; l6=k (Ωk ∩ Ωl ). The family of functions
{ρk (x)}k=1,2,...,m is such that
(6) supp(ρk (x)) ⊂ Ωk ,

0 ≤ ρk (x) ≤ 1,

m
X

ρk (x) = 1,

k=1

for any x ∈ Ω. For numerical purposes, hk (x) may not necessarily be C ∞ (Ω), but only a continuous and piecewise smooth
function (cf. [19]); this fact will be illustrated in the numerical
experiments provided below.
In this framework, we consider the following domain decomposition splitting method: for n = 0, 1, . . . , NT
For k = 1, 2, . . . , m :
k

(7)

Whn,k − Whn X
+
Aih (θWhn,i + (1 − θ)Whn )
τ
i=1
m
X
+
Aih Whn = Fhn+θ ,
i=k+1

Whn+1

=

Whn,m ,

where Wh0 = Ph u0 . This scheme was first proposed by Douglas and Gunn in [7] in the context of ADI methods. Note that
the domain decomposition discrete solution is denoted by Whn .
Here, {Akh }k=1,2,...,m are suitable discretizations of the split
operators {Ak }k=1,2,...,m introduced in (4); such discretizations are constructed to satisfy Ah = A1h + A2h + . . . + Amh .
For convenience, the algorithm (7) is rewritten in the equivalent
form
(8a)
(I +

θτ A1h ) Whn,1

=

I − (1 − θ)τ A1h − τ
+

τ Fhn+θ ,

m
X
i=2

Aih

!

Whn

(8b)
For k = 2, 3, . . . , m :
(I + θτ Akh ) Whn,k = Whn,k−1 + θτ Akh Whn ,
(8c)
Whn+1 = Whn,m .
Thus, the linear system to be solved at the k-th internal stage is
of the form
(9)

(I + θτ Akh )Whn,k = Qn,k
h ,

for k = 1, 2, . . . , m, where Qn,k
h stands for the corresponding
right-hand side. As stated in (6), the function ρk (x) has compact support on Ωk and, by construction, the entries of Akh
corresponding to the nodes that lie outside of this subdomain
are zero. In addition, since Ωk involves mk disjoint connected
components Ωkl due to (5), the linear system (9) is indeed a
collection of mk uncoupled subsystems that can be solved in
parallel.
From a computational viewpoint, this domain decomposition
splitting procedure has three main parameters to adjust its efficiency, namely: the number m of subdomains, the number mk
of disjoint connected components inside a subdomain, and the
overlapping size ξ. In order to achieve an efficient performance
of the algorithm, m should be chosen as small as possible to
minimize the number of sequential steps (i.e., internal stages),
mk should be chosen as large as possible to maximize the number of parallel components, and ξ should be chosen as small as
possible to minimize the number of unknowns within the overlapping regions. In addition, to ensure that the loads assigned
to each processor are balanced, there should be approximately
the same number of disjoint connected components in each
subdomain and, moreover, each such component should have
approximately the same diameter. For instance, suppose that
we have q available processors for parallel computing. Then,
if mk is approximately the same in each subdomain Ωk and
also a multiple of q, each subdomain can be partitioned into q
groups of mqk components and each group assigned to one of
the processors. Remarkably, unlike most classical overlapping
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domain decomposition algorithms (cf. [26]), the solution to
(8) does not require any Schwarz iteration procedure, since the
internal stages in the algorithm are solved sequentially (i.e., interface conditions need not be imposed on subdomains during
the solution process).

4

Splitting error

As noted in the introduction, the time-splitting methods presented above can be interpreted as perturbations of some unsplit implicit schemes, such as the backward Euler and Crank–
Nicolson methods. In this section, we reformulate (7) as a classical implicit scheme (backward Euler, for θ = 1, and Crank–
Nicolson, for θ = 12 ) plus a perturbation term, which will be
referred to as the splitting error. As we will see, this splitting
error is O(τ 2 ), i.e., one order higher than the truncation error
associated with the backward Euler method and of the same
order as that associated with the Crank–Nicolson method. As
a result, one would expect to obtain the same asymptotic rate
of convergence for both the time-splitting and its underlying
implicit method. In practice, however, the size of the splitting error can be much larger than that of the truncation error
corresponding to the underlying scheme, thus degrading the efficiency of the resulting algorithm. In the sequel, we derive a
general expression for the splitting error and present a strategy
to reduce its actual size.
Let us consider the formulation given by (8). In order to eliminate the intermediate values Whn,1 , Whn,2 , . . . , Whn,m−1 , we
multiply the equations (8b) by (I +θτ A1h )(I +θτ A2h ) · · · (I +
θτ A(k−1)h ), sum on k and add the equation (8a) to obtain, for
n = 0, 1, . . . , NT ,
(10)
Whn+1 − Whn
+ Ah (θWhn+1 + (1 − θ)Whn )
τ
+ Bh (Whn+1 − Whn ) = Fhn+θ ,

where the split operators Ak are given by (4), provided that u,
c and the entries of a are sufficiently smooth.
In [8], Douglas and Kim noted that, if we could add
Bh (Whn+1 − Whn ) to the right-hand side of (10), then the perturbation term would be cancelled. However, since Whn+1 is
not known at time tn , this modification cannot be done. Taking
into account that the best available approximation to the difference Whn+1 − Whn at time tn is Whn − Whn−1 , the algorithm
(8) can be modified, for n = 1, 2, . . . , NT , to obtain
(11)
Fbhn+θ =Fhn+θ + Bh (Zhn − Zhn−1 ),
!
m
X
n,1
(I + θτ A1h )Zh = I − (1 − θ)τ A1h − τ
Aih Zhn
i=2

+ τ Fbhn+θ ,

(I + θτ Akh )Zhn,k =Zhn,k−1 + θτ Akh Zhn , for k = 2, . . . , m,
Zhn+1 =Zhn,m ,
where Zh0 = Ph u0 and Zh1 must be suitably approximated. In this case, eliminating the intermediate values
Zhn,1 , Zhn,2 , . . . , Zhn,m−1 , or referring to (10), we get, for n =
1, 2, . . . , NT ,
Zhn+1 − Zhn
+ Ah (θZhn+1 + (1 − θ)Zhn )
τ
+ Bh (Zhn+1 − 2Zhn + Zhn−1 ) = Fhn+θ .
Now, the perturbation term Bh (Zhn+1 − 2Zhn + Zhn−1 ) satisfies
Bh (Zhn+1

−

2Zhn

+

Zhn−1 )

where
Bh = θ2 τ

X

Ai 1 h Ai 2 h

1≤i1 <i2 ≤m

+ θ3 τ 2

X

Ai1 h Ai2 h Ai3 h

1≤i1 <i2 <i3 ≤m

+ . . . + θm τ m−1 A1h A2h · · · Amh .
Note that, depending on the value of θ, (10) is, in fact, a perturbed backward Euler or Crank–Nicolson method (as compared with (2)). The perturbation term Bh (Whn+1 − Whn ) is
the aforementioned splitting error and satisfies
Bh (Whn+1

−

Whn )

= τ Bh




Whn+1 − Whn
τ




X ∂
= O τ 2
Ai Aj u  = O(τ 2 ),
∂t
i,j



Zhn+1 − 2Zhn + Zhn−1
= τ Bh
τ2


X ∂2
= O τ 3
Ai Aj u  .
∂t2
i,j
2



Thus, Bh (Zhn+1 − 2Zhn + Zhn−1 ) = O(τ 3 ) provided that u,
c and the entries of a are sufficiently smooth. In other words,
the corrected right-hand side Fbhn+θ introduced in (11) yields
a reduction in the order of the splitting error from O(τ 2 ) to
O(τ 3 ). As a result, the actual discretization error of the modified algorithm (11) is of the same size as that associated with
its underlying unsplit method. Remarkably, if the domain decomposition splitting (4) is used to obtain Ak , the operator Bh
will be non-zero only within the overlapping regions. Thus, the
newly added term Bh (Zhn − Zhn−1 ) will have a very low extra
computational cost.

5

Numerical results

The numerical experiments performed in this section are partly
inspired by those contained in [1, 8]. Let us consider the
parabolic initial-boundary value problem (1), where Ω =
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(0, 1) × (0, 1), T = 1 and c(x) ≡ 0. Given a certain diffusion term a(x) (to be specified below), the functions f (x, t)
and u0 (x) are defined in such a way that the exact solution is

(12)

u(x, y, t) = sin(2πt) sin(2πx) sin(2πy).
Throughout this section, a finite difference spatial discretization is combined with several second-order time integrators
(i.e., we fix θ = 12 ), considering the discretization parameters
1
. In particular, we compare the accuracy of the
h = τ = M
Crank–Nicolson (CN) method (2) to that of the Douglas–Gunn
scheme (8) and the Douglas–Kim method (11), combined with
either the ADI splitting (3) (DGADI and DKADI , respectively)
or the domain decomposition splitting (4) (DGDD and DKDD ,
respectively). For the Douglas–Kim procedures, DKADI and
DKDD , the approximation of the exact solution at time t1 = τ
is obtained by running a single step of the Crank–Nicolson
scheme. The computed errors are measured in the discrete
`∞ (`2 )-norm, that is,

kek`∞ (`2 ) =



max 

1≤n≤NT

M
−1 M
−1
X
X
i=1 j=1

1/2

(eni,j )2 h2 

The partition of unity functions are thus obtained as

,

where eni,j denotes the error at the (i, j)-th node and time
tn , obtained as the difference between the exact solution at
(ih, jh, tn ) and the corresponding numerical solution.
Unless otherwise stated, both the DGDD and the DKDD methods consider two overlapping subdomains, each consisting of
four non-overlapping connected components. More precisely,
let I = (0, 1) and define the intervals

 
 

I1 = 0, 81 + 2ξ ∪ 14 − 2ξ , 38 + 2ξ ∪ 12 − 2ξ , 58 + 2ξ


∪ 34 − 2ξ , 87 + 2ξ ,
 
 


I2 = 18 − 2ξ , 14 + 2ξ ∪ 38 − 2ξ , 12 + 2ξ ∪ 85 − 2ξ , 34 + 2ξ


∪ 78 − 2ξ , 1 ,
where ξ denotes the overlapping size (to be specified below).
Then, we can define the subdomains Ω1 = I1 × I and Ω2 =
I2 × I.
According to [19], we construct a piecewise smooth partition
of unity as follows. The closure of subdomain Ωk can be expressed as the union of four closed disjoint rectangles given by
Rki = [aik , bik ] × [0, 1], for i = 1, 2, 3, 4, and k = 1, 2. Then,
for each rectangle Rki , we define a function of the form



i
 sin π(x − ak ) , if (x, y) ∈ Ri ,
k
bik − aik
wki (x, y) =

0,
if (x, y) ∈ Ω \ Rki .

ρk (x, y) =

4
X

wki (x, y)

i=1

2 X
4
X

,

for k = 1, 2.

wli (x, y)

l=1 i=1

Table 1 shows the global errors and mean rates of convergence
obtained for different values of the discretization parameter M ,
with the aforementioned methods. In this experiment, the diffusion coefficient is a(x, y) = 1, and the overlapping size is
ξ = 18 . We observe that the global errors corresponding to
the DGADI and the DGDD methods are about 10 and 14 times
larger, respectively, than the CN errors. The DKADI errors are
larger but comparable to the CN errors, since the splitting error
for the former method is much smaller than that for the DGADI
scheme. In this case, the mean rate of convergence is greater
than 2, because the splitting error is being removed at a rate of
O(τ 3 ). Accordingly, the DKDD errors are much smaller than
the DGDD errors, and very similar to those obtained for the
CN scheme. In fact, due to the observed higher rate of convergence, the DKDD errors are indeed smaller than the CN errors,
for M = 160 and M = 320.
In Table 2, we fix the values M = 160 and ξ = 18 , and compute the global errors corresponding to the previous schemes,
for five different choices of the diffusion coefficient a(x, y).
Besides the one tested in the preceding table, a1 (x, y) = 1, we
also consider
1
a2 (x, y) =
,
2 + cos(3πx) cos(2πy)

 1 + 0.5 sin(5πx) + y 3 , if x ≤ 0.5,
1.5
a3 (x, y) =

+ y3 ,
otherwise,
1 + (x − 0.5)2


a2 (x, y)
0
a4 (x, y) =
,
0
a3 (x, y)
a5 (x, y) =



a2 (x, y)
1/4
1/4
a2 (x, y)



.

If we take a(x, y) = ai (x, y), for i = 1, 2, 3, 4, the computed
DGADI errors are much larger than the corresponding CN errors. In turn, the errors associated with the DKADI method
are comparable to, and only slightly larger than, those obtained
with the CN scheme. On the other hand, if the diffusion coefficient is chosen to be a5 (x, y), none of these two ADI methods
can be applied, due to the presence of mixed derivative terms.
As for the domain decomposition splitting techniques, in all
five cases, the DKDD scheme is shown to be comparable to the
CN scheme and superior to the DGDD method.
Table 3 shows the effect of the overlapping size ξ on the accuracy of the implemented methods. In particular, we consider
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Method
M = 40
M = 80
M = 160
M = 320
Rate

CN
1.029e-03
2.571e-04
6.426e-05
1.606e-05
2.000

DGADI
9.780e-03
2.457e-03
6.244e-04
1.658e-04
1.961

DKADI
2.558e-03
4.560e-04
9.920e-05
3.121e-05
2.119

DGDD
1.444e-02
3.026e-03
8.488e-04
2.252e-04
2.001

DKDD
2.180e-03
2.933e-04
6.079e-05
1.494e-05
2.396

Table 1: Global errors and mean rates of convergence for different values of the discretization parameter M , with a(x, y) = 1
and ξ = 18 .
Method
a = a1
a = a2
a = a3
a = a4
a = a5

CN
6.426e-05
6.179e-05
7.456e-05
6.160e-05
9.339e-05

DGADI
6.244e-04
3.541e-04
9.391e-04
4.863e-04
–

DKADI
9.920e-05
7.732e-05
1.116e-04
8.308e-05
–

DGDD
8.488e-04
4.427e-04
1.464e-03
5.313e-04
5.333e-04

DKDD
6.079e-05
5.905e-05
8.327e-05
6.481e-05
9.593e-05

Table 2: Global errors for different choices of the diffusion coefficient a(x, y), with M = 160 and ξ = 18 .
a(x, y) = a2 (x, y) and M = 160, and compute the global
errors corresponding to the CN, the DGDD and the DKDD
schemes, for different values of ξ. The observed DGDD errors
increase as ξ becomes smaller, due to the presence of negative
powers of ξ in the splitting error (cf. [19]). This undesirable
behaviour is avoided by the DKDD scheme, whose global errors get slightly smaller as ξ decreases.
Finally, we study the influence of the number of disjoint connected components per subdomain on the accuracy of the domain decomposition procedures. For that purpose, we consider the same number q of components in Ω1 and Ω2 ; i.e.,
recalling the notation introduced in §3, m1 = m2 = q. Table 4 shows the global errors corresponding to the CN, the
DGDD and the DKDD schemes, for different values of q, when
1
a(x, y) = a2 (x, y), M = 160 and ξ = 16
. Note that, if q = 2
or q = 8, the partition of unity functions (12) must be modified
accordingly. As in the preceding experiments, the DGDD errors are larger than the CN errors; moreover, they even grow as
q increases, which represents a serious drawback from a computational viewpoint. By contrast, the errors for the DKDD
scheme are comparable to, and even smaller than, those associated with the CN method. In this case, such errors decrease as
q increases, thus permitting to exploit the parallel capabilities
of the new algorithms.

6

Conclusions

A family of improved domain decomposition splitting methods for solving parabolic equations has been presented. These
methods can be formulated as unsplit implicit schemes (such as
backward Euler or Crank–Nicolson) perturbed by a term that is
O(τ 3 ) in the time step τ . This perturbation term, also known
as splitting error, is one order higher than its O(τ 2 ) analogue
stemming from the unimproved formulation. Such an increase

in the order of the splitting error is achieved by adding a correction term to the right-hand side of the original scheme. This
technique was proposed in [8] in the context of ADI methods,
and has been extended here to domain decomposition-based
splittings for the first time. The newly derived methods can be
implemented with a very low additional cost, since the correction term only requires certain computations within the overlapping regions. In addition, the resulting subdomain problems can be solved in parallel with no need for Schwarz-type
iteration procedures. Numerical results show that the proposed
modification leads to a significant reduction in the splitting error. Moreover, the global discretization error is comparable
to that associated with the Crank–Nicolson method, independently of the number of connected components per subdomain
and the overlapping size.
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Implicit-explicit Runge-Kutta methods
with low-storage requirements
I. Higueras∗ and T. Roldán∗

Abstract— Systems of ordinary differential equations in additive form whose terms have different stiffness properties are usually
integrated with additive implicit-explicit methods. Implicit methods are used for the stiff terms while efficient explicit methods
are used for the non-stiff part of the problem. When the high dimension of the problem compromises the computer memory
capacity, it is important to incorporate low memory usage to some other properties of the scheme.
In [13] we dealt with a class of implicit-explicit Runge-Kutta methods for additive differential systems. For these methods we
got a structure that allows to implement the scheme just in three memory registers. This way to proceed is independent of the
number of stages and in this paper we will extend the number of stages in order to obtain higher order methods.
Keywords: Additive Runge-Kutta methods, strong stability preserving, low-storage, stiff problems, time discretization schemes.

1

methods for additive differential systems. With a rigid structure in its coefficients, these schemes can be implemented by
using just three memory registers. In [13] different methods
with s = 2 and s = 3 stages were obtained. The rigid structure
of the methods did not allow us to obtain high-order methods.
The aim of this paper is to extend the ideas developed in [13],
adding more stages in order to get more available parameters.
We will see how many stages are needed to obtain high-order
methods.

Introduction

When a differential system involves terms with different stiffness properties, a natural approach to obtain numerical approximations is the use of implicit-explicit (IMEX) timediscretizations; in this procedure, an explicit method is used
for the non-stiff part f , and an implicit one is used for the stiff
part g. IMEX Runge-Kutta methods have been deeply studied
in the literature (see, e.g., [1, 3, 4, 14, 20, 24]). In this work we
deal with differential systems of the form

The rest of the paper is organized as follows. In section 2 we
briefly review ASIRK methods and we study how to incorporate to them accuracy, stability and stiff accuracy properties.
In section 3 we show low-storage implementations of ASIRK
schemes; from the coefficient pattern of low-storage explicit
Runge-Kutta and DIRK methods, we will get the coefficient
form of low-storage ASIRK schemes. The results in [13] for
s = 2 and s = 3 are extended to s ≥ 4 in section 4. The paper
ends with some concluding remarks.

0

(1)

u = f1 (u, v) ,
v 0 = f2 (u, v) +

1
g2 (u, v) ,
ε

where ε is the stiffness parameter.
For systems with a large number of equations, memory storage
requirement is an important issue. When the high dimension
of the problem compromises the computer memory capacity, it
is important to incorporate low memory usage to some other
properties of the scheme. These ideas have been developed
in [6, 7, 8, 10, 19, 15, 16, 17, 18, 22, 23], where different lowstorage Runge-Kutta methods have been constructed. In particular, in [6, 15], explicit Runge-Kutta methods are implemented
by using the van der Houwen format [22], while diagonally
implicit Runge-Kutta (DIRK) schemes have been explored in
[18].

2

Additive Semi-Implicit Runge-Kutta methods

In this section we briefly review ASIRK methods, a special
class of IMEX Runge-Kutta schemes.
In [12, 14, 24], looking for computational efficiency, different
additive semi-implicit Runge-Kutta methods are considered. In
this paper we are interested in a class of additive methods studied in [24], namely the ones named ASIRK-sA. Some other
schemes, like ASIRK-sB and ASIRK-sC methods, are also

In this paper we consider Additive Semi-Implicit Runge-Kutta
methods (ASIRK), a class of implicit-explicit Runge-Kutta

∗ Departamento de Ingeniería Matemática e Informática, Universidad Pública de Navarra, Campus de Arrosadia, 31006 Pamplona (SPAIN). Email:
higueras@unavarra.es, teo@unavarra.es
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considered in [24]. However, stability reasons make ASIRKsA methods more interesting. The numerical solution of a general additive problem
y 0 = f (y) + g(y) ,

(2)

y(t0 ) = y0 ,

(3)

yn+1 = yn +

ωi Ki,n+1 ,

where the internal derivatives Ki,n+1 are given by

Ki,n+1

First order:

(8)

Second order:

(10)

i=1

(4)

ωt e = 1

(7)
(9)

with an ASIRK-sA method is given by
s
X

from the theory of additive Runge-Kutta methods (see [13] for
details). Below we display these equations up to order p = 3.


i−1
X
= h f (yn +
bij Kj,n+1 )

Third order:

+ g(yn +

j=1


cij Kj,n+1 + cii Ki,n+1 ) ,

i = 1,... ,s,

and bij , cij , ωj are the coefficients of the method. Observe that
the resulting scheme is explicit in f and diagonally implicit
in g. On the following, we denote the matrices and vector containing the coefficients of the ASIRK-sA method by B = (bij ),
C = (cij ), and ω, respectively. Below we display these matrices for s = 4,




c11 0
0
0
0
0
0 0
c21 c22 0
b21 0
0
0 0



B=
b31 b32 0 0 , C = c31 c32 c33 0  ,
c41 c42 c43 c44
b41 b42 b43 0
(5)

ω = (ω1 , ω2 , ω3 , ω4 )t .

Even though method (3)-(4) can be considered as an additive Runge-Kutta method, it is important to notice that the coefficients in (5) are not the standard coefficients of an additive Runge-Kutta scheme. However, equations (3)-(4) can be
rewritten as an additive Runge-Kutta method.
Equations (3)-(4) are given in terms of the internal derivative
vector Kn+1 . It is possible to rewrite (3)-(4) in terms of the
internal stages Yn+1 . To do this, we need to add s additional
internal stages Ŷn+1 (see [13] for details). The new formulation corresponds to a 2s-stage additive Runge-Kutta method,
where the 2s internal stages are Yn+1 and Ŷn+1 . The corresponding double Butcher tableau of the scheme is

(6)

Be
Ce

B 0

0 B

0

0 ω

C

ω

t

0

0

C

ω t Ce = 1/2

ω t B 2 e = 1/6

(11)

ω t (Be)2 = 1/3

(12)

ω t C 2 e = 1/6

(13)

ω t (Ce)2 = 1/3

(14)

ω t BCe = 1/6

(15)

ω t CBe = 1/6

j=1

i−1
X

ω t Be = 1/2

Observe that (10)-(11) and (12)-(13) are order-3 conditions for
the explicit and the implicit method, respectively. However,
(14)-(15) are coupling conditions, including coefficients bij
and cij from both, the explicit and the implicit scheme.
Linear stability for ASIRK-sA methods
In this section we study linear stability properties of ASIRKsA methods (3)-(4). To derive them, we apply some known
results on linear stability for additive Runge-Kutta methods
[14, 20, 24]; our approach is similar to the one made in [20].
We consider the simplified linear model equation
(16)

y 0 = ξ1 y + ξ2 y ,

y(0) = 1 ,

where ξ1 , ξ2 ∈ C, with Re (ξ2 ) < 0. If we solve the model
equation (16) with method (3)-(4), the numerical solution is
given by
y1 = R(z1 , z2 ) .
The expression R(z1 , z2 ) is the function of absolute stability.
Besides, in order to get a correct asymptotic decay for the stiff
terms, the L-stability condition for the implicit step, that is,
(17)

lim R(0, z2 ) = 0 ,

z2 →−∞

must be imposed (for more details, see [13]).
In section 4, in the process of robust ASIRK-sA method construction, we will compute the set S1 and we will impose condition (17) to the implicit scheme. In this way, if a method is
A-stable, it will also be L-stable.
Stiff accuracy analysis

t

With this approach, some issues for ASIRK-sA methods, e.g.,
the set of order conditions, can be obtained in a simple way

In order to increase the accuracy of the schemes, we will also
impose stiff accuracy, that is, accuracy of the numerical solution for problems of the form (1) for small values of ε. This
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issue has been studied in [4] and [20] for IMEX Runge-Kutta
methods. In [4], the analysis done leads to the additional order
conditions
(18)

bt A−1 c̃ = 1 ,

bt A−1 c̃2 = 1 ,

bt A−1 Ãc̃ = 1/2 ,

that ensure accuracy also in the stiff regime when the parameter ε tends to zero. For ASIRK-sA methods these conditions
are
(19)

ωt e = 1 ,

ω t C −1 (Ce)2 = 1 ,

ω t B e = 1/2 .

Observe that the first and the third equations are order conditions (7) and (8), respectively. Furthermore, if the last row of C
is ω, then the condition is fulfilled for first order schemes (see
[13] for details).
Besides, we also consider the linear system

u0 = δ1 u + σ1 v ,
(20)
v 0 = δ2 u + σ2 v + 1 (c u − v) ,
ε

as a particular case of (1). This problem has been analyzed in
[20], where the authors attempt to obtain robust IMEX methods
for hyperbolic systems with relaxation. If we consider consistent initial values, v0 = c u0 , then, after one time step, the exact
solution of (20) can be written in the form u(ε, h) and v(ε, h).
By comparing the ASIRK-sA numerical solution (u1 , v1 ) of
system (20) with the exact solution (u, v)
(21)

u1 (ε, h) − u(ε, h) ,

v1 (ε, h) − v(ε, h) ,

we will get new stiff conditions on the coefficients of the
method (see [13] for details).

The special pattern of the coefficients allows us to implement
the method by using just two memory registers. At each stage,
a memory register (Register
Pi−1 1) is used for the storage of the
auxiliary value yn + j=1 bj Kj ,
(23)
Register 1: Yi = Yi−1 + bi−1 Ki−1 , i = 1, . . . , s + 1,
where we consider b0 = 0 and Y0 = yn . After the last stage,
we obtain the numerical solution yn+1 in the Register 1 as
Ys+1 = Ys + bs Ks . The second memory register (Register 2)
is used for the storage of each stage derivative Ki
(24)
Register 2: Ki = h f (Yi + γi−1 Ki−1 ) , i = 1, . . . , s,
where we set γ0 = 0.
It is also possible to implement a DIRK method in two memory registers per stage. In [13] we got the following matrix
structure

(25)

b1 /α1
b1
..
.
b1
b1

c1
c2
..
.
cs

Low-storage ASIRK-sA methods

For systems with a large number of equations, the efficiency of
the numerical simulation increases if low-storage schemes are
used. In order to get these low-storage implementations, the
coefficient matrices of the methods must have a special pattern.
Explicit Runge-Kutta methods can be implemented in an efficient way by using the van der Houwen [22] and similar procedures [6, 7, 8, 10, 15, 16, 17, 22, 23]). For example, in [6, 15]
the following s-stage explicit Runge-Kutta method (Ã, b̃) is
implemented by using 2 memory registers.

(22)

0
c2
c3
..
.
cs

0
b1 +γ1
b1
..
.
b1
b1

...
...

bs−1 +γs−1
bs−1

0
bs

0
bs /αs
bs

i = 1, . . . , s,

where Wi is an auxiliary vector, and W0 = yn . The other
memory register (Register 2) is used for the storage of this
auxiliary vector
Wi = αi Yi + βi Wi−1 ,

i = 1, . . . , s.

After the last stage, we obtain the numerical solution yn+1 in
this register as Ws .
In [13] we derived a kind of ASIRK methods that that can be
implemented in an efficient way by using three memory registers for any number of stages. The ASIRK-sA methods proposed are of the form


0
ω1 +γ1

0


 ω1 ω2 +γ2 0

B=
,
 ..

..
.
.
.
.
 .

.
.
.
(28)

0
..
.

...
...

(26) Register 1: Yi = Wi−1 +h aii g(Yi ) ,

ω1

0
b2 +γ2
..
.
b2
b2

0
..
.

that allow us to implement this DIRK method in 2 memory registers in the following way. For each stage, a memory register
(Register 1) is used for the storage of the internal stage Yi ,

(27) Register 2:

3

0
b2 /α2
..
.
b2
b2



λ1
ω1


C = ω1
 ..
 .

ω2

. . . ωs−1 +γs−1 0



λ2


ω2 λ3
,

.. . .
..

.
.
.
ω1 ω2 . . . ωs−1 λs

 
ω1
ω 
 2

ω=
 ..  .
 . 
ωs

68

I. Higueras and T. Roldán

Observe that the explicit part B of the method coincides with
the explicit method (22) and the implicit part C coincides with
the implicit method (25). In order to implement this s-stage
ASIRK method by using just 3 memory vectors, we simply
have to combine the process followed for explicit method in
(23-24) and the process for DIRK methods in (26-27). In this
way, for each stage, P
a memory register (Register 1) is used for
i−1
the storage of yn + j=1 ωj Kj ,
Register 1: Yi = Yi−1 + ωi−1 Ki−1 ,

i = 1, . . . , s + 1,

where we consider b0 = 0 and Y0 = yn . After the last stage,
we obtain the numerical solution yn+1 in the Register 1 as
Ys+1 = Ys +ωs Ks . The second memory register (Register 2)
is used for the storage of the evaluation of the function f ,
Register 2:

Li = h f (Yi + γi−1 Ki−1 ) ,

i = 1, . . . , s,

where γ0 = 0. Finally, the third memory register (Register 3)
is used for the internal derivative Ki
(29)
Register 3: Ki = Li + h g(Yi + λi Ki ) , i = 1, . . . , s.
R EMARK 1 Observe that, if λs = ωs , the implicit scheme is
stiffly accurate. Besides, in this case, the implicit part of the
method satisfies condition (17).

4

maintaining the structure of the scheme (28). With the same
pattern it is possible to increase the number of stages while
maintaining three memory registers. Below we analyze the
possibilities of obtaining high-order methods when the number of stages s is greater o equal to 4.

Case s=4
According to Remark (1), we set λ4 = ω4 . Then we impose condition (7) to attain first order, that is, we set ω4 =
1 − ω1 − ω2 − ω3 . With these choices, we get a family of
methods with 9 parameters: ωi , γi , λi , i = 1, . . . , 3 .
(31) 

0
ω1 + γ1

B=
ω1
ω1

0
0
ω2 + γ2
ω2

λ1
ω1


C = ω1


ω1

0
λ2
ω2

0
0
λ3

ω2

ω3



1−

0
0
0
ω3 + γ3
0
0
0
3
X
i=1


ωi




,




0
0
,
0
0






ω=


1−

ω1
ω2
ω3
3
X
i=1


ωi




.



Order 2 is assured if equations (8)-(9) are satisfied, besides six
additional order conditions (10)-(15) are necessary to achieve
order 3.

ASIRK-sA methods implemented in three
For second order ASIRK-4A methods of the form (31), the adregisters of memory

Once the structure (28) of low-storage ASIRK-sA methods is
determined, we begin the construction of schemes imposing
accuracy conditions (7-15), stiff accuracy conditions (19) and
stability properties (17). Besides, we will impose the additional
stiff conditions derived from (21). The cases s = 2, 3 have already been studied with detail in [13]. There, with the free
parameters available, we could not get any high-order method.
Anyway, we were able to get some methods of order 2 with
very good stability properties. In particular we obtained the
method ASIRK-LSs(3,2)
(30)




B=
ω=

0

0

8407
47450
7
50

0

0

648
599

7 149 599
50 , 280 , 1800

t




0 ,

0




C=

7
50
7
50
7
50

0

0

7
50
949
1800

0
599
1800




,

.

The numerical experiments with different problems of the type
(1) and different initial conditions show that they outperform
some other methods of the literature. As an example, in
Appendix A we show the numerical results obtained by the
method (30) for Broadwell problem [5]. These good results
have served as motivation for trying to get high-order methods

ditional stiff-order conditions (19) are satisfied because the last
row of C in (31) is equal to ω.

In order to reduce the computational effort, in [13] we set
λ = λ1 = λ2 for the cases s = 3. In this way, if function g is linear, or we use Newton-like methods for solving
the nonlinear systems, the same LU-factorization can be used
when the first two internal derivatives are computed (see equation (29)). If we proceed in the same way for the case s = 4,
then λ = λi , i = 1, . . . , 3, and consequently the number of
parameters are reduced to 7.
From the stiff accuracy analysis (21), cancellation of the term
εh in the u variable, and the term ε2 /h in the v variable, leads
to two new equations. For example, the one that cancels the
term ε2 /h in the v variable is
(32)

(ω1 − λ)(ω2 − λ)(ω3 − λ)
= 0.
λ3 (ω1 + ω2 + ω3 − 1)

If these two equations hold, then the difference between the
numerical and the exact solution of problem (20) is of the form
(33)

u1 (ε, h) − u(ε, h) = O(h3 , h2 ε) ,
v1 (ε, h) − v(ε, h) = O(h3 , h ε) .

In short, for a reasonable method of order 3, we have 7 parameters and 10 conditions to be checked: the eight order conditions

Implicit-explicit Runge-Kutta methods with low-storage requirements
plus the two additional conditions from the accuracy analysis.
Therefore, in order to get a higher-order method more stages
must be considered.
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Case s=5
Like in the previous case, we set λ5 = ω5Pand we impose the
first order condition (7), that is, ω5 = 1 − ωi , i = 1, . . . , 4.
With these choices, we get a family of ASIRK-5A methods
with 12 parameters: ωi , γi , λi , i = 1, . . . , 4 .
The additional stiff-order conditions (19) are already satisfied
if we consider second order ASIRK-5A methods. Again, we
set λ = λi , i = 1, . . . , 4, in order to obtain the same LUfactorization for the first four internal derivatives. In such case
the number of parameters are reduced to 9.
As in the case s = 4, for a reasonable method of order 3 there
are 10 conditions to be checked, and the 9 available parameters
do not permit to achieve a high order method in the general
case.

Case s=6
In this case, if we proceed as before, we have a total of 11 free
parameters for ten equations. And this makes possible to obtain
a method of order three.

5

Conclusions

In this work we have analyzed how to obtain high-order methods under the restrictive conditions due to low cost memory requirements. In a previous paper [13] we obtained low-storage
ASIRK methods of order 2 with good stability properties, that
can be implemented in three memory registers. The good performance of these methods, makes us consider the possibility
of obtaining high-order methods. To this end it is necessary to
consider more stages and thus have more parameters. It should
be noted that the three memory registers used in the implementation are independent of the number of steps of the method.
Therefore, from this point of view, there is no problem in considering more steps.
If we consider the standard order conditions, the additional
stiff-order conditions and the stability conditions, then the parameters available in the case of four stages make impossible
to obtain third-order methods. In order to have enough parameters five stages are at least necessary. The development of
these methods, whose behavior at the limit, when epsilon goes
to zero, should be similar to that obtained with the methods
of order 2, is under study. Many of the methods used in the
literature to solve problems of type (1) are of high order. So
it is interesting to obtain these methods to make appropriate
comparisons. The resolution of nonlinear systems to obtain the
coefficients of the high order methods remains open. These
issues are under research.

References
[1] Ascher, U., Ruuth, S., and Spiteri, R. Implicit-explicit Runge-Kutta
methods for time-dependent partial differential equations. Appl. Numer.
Math. 25 (1997), 151–167.
[2] Boscarino, S. Error analysis of IMEX Runge-Kutta methods derived
from differential-algebraic systems. SIAM J. Numer. Anal. 45(4),
1600–1621 (2007)
[3] Boscarino, S. On an accurate third order implicit-explicit Runge-Kutta
method for stiff problems. Applied Numerical Mathematics 59, 7
(2009), 1515–1528.
[4] Boscarino, S., and Russo, G. On a class of uniformly accurate IMEX
Runge-Kutta schemes and applications to hyperbolic systems with relaxation. SIAM Journal on Scientific Computing 31, 3 (2009), 1926–
1945.
[5] Caflisch, R.E., Jin, S., Russo, G. Uniformly accurate schemes for hyperbolic systems with relaxation. SIAM J. Numer. Anal. 34(1), 246–281
(1997).
[6] Calvo, M., Franco, J., and Rández, L. Minimum storage Runge-Kutta
schemes for computational acoustics. Computers & Mathematics with
Applications 45, 1 (2003), 535–545.
[7] Calvo, M., Franco, J. M., Montijano, J. I., Rández, L. On some new low
storage implementations of time advancing Runge-Kutta methods. J.
Comput. Appl. Math. 236(15) 3665–3675 (2012).
[8] Carpenter, M. H., and Kennedy, C. A. Fourth-order 2n-storage RungeKutta schemes. Nasa tm 109112 (1994).
[9] Ferracina, L., Spijker, M. Strong stability of singly-diagonally-implicit
Runge–Kutta methods. Appl. Numer. Math. 58(11), 1675–1686 (2008).
[10] Gottlieb, S., and Shu, C. Total variation diminishing Runge-Kutta
schemes. Math. Comp. 67, 221 (1998), 73–85.
[11] Hairer, E. Order conditions for numerical methods for partitioned ordinary differential equations. Numer. Math. 36(4), 431–445 (1981).
[12] Higueras, I., Mantas, J., Roldán, T.: Design and Implementation of Predictors for Additive Semi-Implicit Runge–Kutta Methods. SIAM J. Sci.
Comput. 31(3), 2131–2150 (2009).
[13] Higueras, I., and Roldán, T. Construction of robust implicit-explicit
Runge-Kutta methods with low-storage requirements. Journal of Scientific Computing (2014). Partially accepted.
[14] Kennedy, C. A., and Carpenter, M. H. Additive runge-kutta schemes for
convection-diffusion-reaction equations. Applied numerical mathematics 44, 1-2 (2003), 139–181.
[15] Kennedy, C. A., Carpenter, M. H., and Lewis, R. M. Low-storage, explicit Runge-Kutta schemes for the compressible Navier-Stokes equations. Applied numerical mathematics 35, 3 (2000), 177–219.
[16] Ketcheson, D. I. Highly efficient strong stability-preserving RungeKutta methods with low-storage implementations. SIAM Journal on
Scientific Computing 30, 4 (2008), 2113–2136.
[17] Ketcheson, D. I. Runge-Kutta methods with minimum storage implementations. J. Comput. Phys. 229(5), 1763Ð1773 (2010).
[18] Koch, O., Kupka, F., Löw-Baselli, B., Mayrhofer, A., and Zaussinger,
F. SDIRK Methods for the ANTARES Code. ASC Report 32 (2010).

70

I. Higueras and T. Roldán

[19] Happenhofer, N., Koch, O., and Kupka, F. IMEX Methods for the
ANTARES Code. ASC Report 27 (2011).
[20] Pareschi, L., and Russo, G. Implicit-Explicit Runge-Kutta schemes
for stiff systems of differential equations. Recent Trends in Numerical
Analysis 3 (2000), 269–289.
[21] Pareschi, L., Russo, G. High order asymptotically strong-stabilitypreserving methods for hyperbolic systems with stiff relaxation. In:
Hyperbolic Problems: Theory, Numerics, Applications, pp. 241–251.
Springer (2003).
[22] Van Der Houwen, P. J. Construction of integration formulas for initial
value problems. North Holland, 1977.
[23] Williamson, J. Low-storage Runge-Kutta Schemes. Journal of Computational Physics 35, 1 (1980), 48–56.
[24] Zhong, X. Additive Semi-Implicit Runge-Kutta Methods for Computing High-Speed Nonequilibrium Reactive Flows. Journal of Computational Physics 128, 1 (1996), 19–31.

A

Numerical results for Broadwell problem

We consider the Broadwell model [5], a hyperbolic system
with relaxation. We have integrated this problem in the fluid
dynamical moment variables ρ, m and u. In these variables,
the Broadwell equations can be written as
(34)

∂t ρ + ∂x m

=

∂t m + ∂x z

=

0,

0,

1 2
ρ + m2 − 2ρ z .
∂t z + ∂x m =
2ε
A conservative spatial discretization applied to (34) gives (see
[5, p. 251] for details)
mj+1 − mj−1
zj+1 − 2zj + zj−1
∂t ρj +
−
= 0,
2∆x
2∆x
zj+1 − zj−1
mj+1 − 2mj + mj−1
∂t mj +
−
= 0,
2∆x
2∆x
(35)
zj+1 − 2zj + zj−1
mj+1 − mj−1
−
=
∂t zj +
2∆x
2∆x

1 2
ρj + m2j − 2ρj zj .
2ε
We have considered periodic boundary conditions over the
domain [−1, 1] and we have integrated the problem in the
time interval [0, 0.5], with ∆x = 0.2 and ∆t = 0.05. We
have taken the following initial values: ρ(x, 0) = ρ0 (x) and
m(x, 0) = m0 (x), with

ρ0 (x) = 1 + ap sin 2πLx ,

m0 (x) = ρ0 (x) 12 + au sin 2πLx ,
where ap = 0.3 , au = 0.1, and L = 2 is the length of the
domain. There is no freedom in the choice of z(x, 0) = z0 (x),
and we have considered the following initial data
CInVal :

z0 (x) = zE (ρ0 (x), m0 (x)) ,

(36)
NCInVal :

z0 (x) = zE (ρ0 (x), m0 (x)) + δ ,

WPInVal : z0 (x) = zE (ρ0 (x), m0 (x)) + ε z1 (ρ0 (x), m0 (x)) ,

where
zE (ρ, m) =

ρ2 + m2
,
2ρ

z1 (ρ, m) =

H(ρ, m)
,
2ρ

and
H(ρ, m) = (−1 + ∂ρ ZE + (∂m ZE )2 ) ∂x m0
+ ∂ρ ZE ∂m ZE ∂x ρ0 .
In figure 1 we show the convergence rates versus the
stiff parameter ε for problem (35), when ASIRK-LSs(3,2)
method (30), Zhong’s method [24] and IMEX-SSP2(3,3,2)
method [21] are used.
Zhong’s method it is a method of order 2 for a general problem. The implicit part of the scheme is L-stable. However,
ω t C −1 (Ce)2 6= 1 and thus method does not satisfy all the additional conditions (19). For this method the difference between
the numerical and the exact solution of problem (20) is
u1 (ε, h) − u(ε, h) = O(h3 , h ε) ,

v1 (ε, h) − v(ε, h) = O(h2 , h ε, ε2 /h) .

As there is not any pattern on the coefficients of the method, at
least four memory registers are needed to implement it.
IMEX-SSP2(3,3,2) method is constructed in the context of
strong-stability-preserving (SSP) schemes. It is a second order
method with an L-stable implicit part. The coefficients of this
scheme do not satisfy the additional conditions (18) for stiff
accuracy since bt A−1 Âĉ 6= 1/2 . Furthermore, the difference
between the numerical and the exact solution of problem (20)
is
(37)

u1 (ε, h) − u(ε, h) = O(h3 , h2 ε) ,
v1 (ε, h) − v(ε, h) = O(h2 , h ε) .

Like Zhong’s method, the implementation requires at least four
memory registers.
For each method and problem, we compute the convergence
rates for a wide range of values of the parameter ε; in our tests
we consider ε = 10−j , j = 0, 1, 2, . . . , 6. We try to check
whether the convergence is uniform in ε, particularly in the intermediate regime. In order to show the convergence rates, for
each value of ε we compute Eh and Eh/2 , an estimation of
the relative L∞ -global error with step-sizes h and h/2, respectively. With these values we compute the convergence rate in
the standard way.
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Figure 1: Convergence rates of r (continuous line), m (dashed line) and z (dotted-dashed line) vs. stiffness parameter ε for
Broadwell problem (35) for stepsize h = 0.05.
From top to bottom: ASIRK-LSs(3,2) scheme (30), Zhong’s method and IMEX-SSP2(3,3,2) method. From left to right: NCInVal ,
CInVal and WPInVal initial values (36).
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Exponential fitting techniques for the solution of
stiff problems with a gap
M. Calvo∗, J. I. Montijano∗, L. Rández∗ and M. Van Daele†

Abstract
It is known that the numerical solution of stiff problems require methods with good stability properties, and in general, since
explicit methods are not suitable, implicit formulae are required. However, there are particular classes of differential problems
for which special explicit methods can be adequate. In this talk explicit, second order, Runge-Kutta methods for the solution stiff
problems in which the spectrum has a gap is developed. The method is obtained with the help of exponential fitting techniques
and in addition to the absolute stability properties, the order stiff is taken into account in its construction. Numerical experiments
showing the performance of the new proposed methods are presented.
Keywords: Stiff systems, Exponential fitting, Runge-Kutta, Stability.

1

with a step size of h = 0.1, you would need at least s = 40
stages per step.

Introduction

Let us consider a constant coefficient, stiff linear system

David Ketcheson [5] has shown that it is possible to develop
explicit RK methods whose stability region fits to a prefixed
spectrum. In particular, he considered the case when the eigenvalues are located around a value λ1  −1 real and the other
eigenvalues are located near λ = 0, with moderate modulus. In
other words, problems with gap in their eigenvalue spectrum
[2]. The methods obtained in this way have a fixed stability
region, and therefore the stepsize h must have a fixed value
(or close to it) such that hλi remains in the stability region. If
the stepsize must change, due to the behaviour of other components (non stiff for example) of the problem, the method can
become unstable.

y0 = M y

(1)

with a spectrum spec(M ) = {λ1 , . . . , λm }, Reλi ≤ 0. Let
us suppose that we integrate this problem with a RK with stability function R(z). If the matrix M can be diagonalized,
M = P ΛP −1 , Λ = diag(λ1 , . . . , λm ), the numerical solution
yn+1 = R(hM )yn satisfies
yn+1 = P diag(R(hλ1 ), . . . , R(hλm )) P −1 yn .
According to this, to have stability the method must satisfy
R(hλi )| ≤ 1 for all the eigenvalues, and for general stiff spectrums A-stability is required and consequently, the RK method
must be implicit.

In this talk, we develop explicit Runge-Kutta methods whose
coefficients depend on the step size and whose stability region,
that depends also on the step size, fits to a spectrum with a gap
even if the step size is changed. by using exponential fitting
techniques we construct adapted Runge–Kutta methods of orders one and two that have also stiff orders one and two for the
Prothero-Robinson equation.

For particular classes of stiff problems, however, there can be
explicit methods that can be suitable if they have a stability region adequate to the spectrum of the problem. For example,
semidiscretization of parabolic PDEs are known to have negative real spectrum and in this case Chebyshev RK methods
[6] can be adequate. These methods are explicit, have order
one, and with s stages they have a stability interval [−β(s), 0]
with β(s) ≤ 2s2 . A practical value of this coefficient is
β(s) ' 0.653s2 . Then, you can solve the stiff problem with
an explicit RK method but at the price of having low order and
probably a large number of (explicit) stages. Thus, for example, if λ1 = −10000 and you want to integrate this problem

2

Let us consider a stiff linear system (1) with λ1  −1 real and
|λj | moderate for j = 2, . . . , m. Since the stiff character of the
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solution is due to the component exp(λ1 t), one can think about
an exponentially fitted method for which this component is integrated exactly. We can consider then a ν-EF method [3, 4]
of order p with ν = hλ1 whose stability function will have the
form
(2)

must satisfy R(ν; ν) = exp(ν) for all ν which implies that
a2 (ν) =

The coefficients of the method must then satisfy

R(z; ν) = a0 (ν) + a1 (ν)z + · · · + as (ν)z s

where the coefficients aj (ν) are functions of the fitting parameter and tend to the coefficients of the underlying non-fitted RK
method when ν tends to zero. Obviously, R(ν, ν) = exp(ν)
for all step size h.

What happens with the accuracy? The error in the numerical solution is determined by the differences R(hλj ; ν) −
exp(hλj ). By construction, this error is zero for λ1 , but for the
other eigenvalues we can not guarantee that the error is small
for reasonably small step sizes. Note that R(z; ν) tends to the
stability function of the underlying RK method when ν → 0,
and since the method has order p, the fitted method has also order p, but this is only valid for small values of ν, and since |λ1 |
is very large, h mus be taken very small. In conclusion, with
this method the problem can be solved in a stable way for reasonable small step sizes, but to get small errors, we need again
to take h in such a way that |ν| = |hλ1 | < 1 which requires
very small values of h.
One can think about the possibility of having a ν-EF method
such that a0 (ν) = 1, a1 (ν) = 1 for example, so that the
method behaves as a first order method for any value of the fitting parameter ν. Unfortunately, this is not possible for EF-RK
methods, but we can use the same techniques to obtain explicit
RK methods that are able to integrate properly the class of stiff
problems we are considering. The idea is to build methods that
are exact for the problem y 0 = λ1 y, but not necessarily for any
problem whose solution is eλ1 t .
Let us start with a first order method. We are searching for a
RK method whose stability function R(z; ν) has the form (2)
and has order one for any value of ν. It must satisfy
R(ν; ν) = exp(ν),

a0 (ν) = 1,

a1 (ν) = 1.

Then, the coefficients of the method must be determined from
the conditions
b(ν)T e = 1,

b2 c2 = a2 (ν)

b1 =

1 − eν + ν + c2 ν 2
,
c2 ν 2

b2 =

−1 − ν + eν
c2 ν 2

We have a one-parameter family of methods with Butcher
tableau
0
c2

(3)

c2
1−e +ν+c2 ν 2
c2 ν 2
ν

−1−ν+eν
c2 ν 2

In Figure 1 we plot the values (x, ν), x real, where |R(x; ν)| =
1. We see that until ν ' −7 the interval where there is stability is connected, but for large values of ν there is stability for
values of x in [−2, 0] or around ν.

0
-2
-4
n

and the method will be stable whenever the stepsize h is taken
small enough to have |R(hλj ; ν)| ≤ 1 for j = 2, . . . , m.

b1 + b2 = 1,
which gives

If we apply this method to the linear system (1),we will get
yn+1 = P diag(R(hλ1 ; ν), . . . , R(hλm ; ν)) P −1 yn

−1 − ν + eν
ν2

-6
-8
-10
-10

-8

-6

x

-4

-2

0

Figure 1: Stability interval of the method versus the parameter
ν

b(ν)T c(ν) = a2 (ν), . . . ,

b(ν)T A(ν)s−2 c(ν) = as (ν).
Let us for example search for a method with order 1 and two
stages, s = 2. The stability function
R(z; ν) = 1 + z + a2 (ν)z 2

The stability region (that does not depend on the parameter c2 ,
but it does depend on ν) of the above method is plotted, for
ν = −100, in Figure 2. The right picture shows the region near
the origin, and the left one shows the region around z = ν.
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1

If we apply an adapted RK method to this problem we obtain
Y = e yn + hλAY − hλAφ(tn ) + hAφ0 (tn )
yn+1 = yn + hbT (λY − λφ + φ0 )

Im z

0.5

where we have denoted

φ(tn ) = (ϕ(tn + c1 h), . . . , ϕ(tn + cs h))T ,

0

φ0 (tn ) = (ϕ0 (tn + c1 h), . . . , ϕ0 (tn + cs h))T .
Putting z = hλ, the local error of the method yn+1 −
y(tn+1 ; tn , yn ) can be expanded as
(4)
yn+1 − y(tn+1 ; tn , yn ) = (R(z; ν) − ez )(yn − ϕ(tn ))+

-0.5
-1

-101

-100
Re z

1.

-99

Im z

0.5
0.

hϕ0 (tn )[bT (I − zA)−1 (e − cz) − 1]+


h2 ϕ00 (tn ) bT (I − zA)−1 (2c − zc2 ) − 1 /2 + . . .

If |λ| is not large, then z = O(h) and the order of the method
is given by the standard, non stiff, order conditions. However,
if the problem is stiff, |z| = |hλ| can be very large and to get
order p for the Prothero & Robisnon equation, we must vanish
the coefficients in (4). For the proposed adapted RK methods
we can get stiff order p by vanishing directly the coefficients in
(4). Thus, we can chose the coefficients of the method satisfying
bT e = 1,
bT (I − νA)−1 (2c − νc2 ) = 1, . . .

-0.5

(note that bT (I − νA)−1 (e − νc) = 1 whenever bT e = 1 and
Ae = c).

-1.

This guarantees stiff order for λ = λ1 . If we use an approximation to the eigenvalue instead, we can expect the coefficients
in (4) to be small, but the above conditions do not ensure the
order of the method.

-2.

-1.5

-1.
Re z

-0.5

0.

Figure 2: Stability region of the method for ν = −100 around
z = ν (left) and around z = 0 (right)

4

Methods with order 2.

We will search for methods of 5 stages and order 2 with a stability function
R(z; ν) = 1 + z + z 2 /2 + a3 (ν)z 3 + a4 (ν)z 4
and satisfying

3

Stiff order.

It is known that RK methods applied to stiff problems suffer
from certain order reduction. In general, the stiff order of the
method is determined by its stage order. In the case of explicit
methods the stage order is at most one. We will see that for linear problems this order can be higher for the adapted methods
we are considering here.
Let us consider a Prothero-Robinson problem
y 0 = λ(y − ϕ(t)) + ϕ0 (t)

R(ν; ν) = eν
R0 (ν; ν) = eν
bT e = 1
bT c = 1/2
bT (I − νA)−1 (2c − νc2 ) = 1
In addition, the vector zbT (I − zA)−1 must not be large in a
neighbourhood of z = ν, and the coefficients of the method
A(ν), b(ν), must be well defined, and of moderate size, for
ν > 1.
We have five free parameters: c2 , c3 , c4 , a32 and a42 . A solution of the equations chosing arbitrarily the free parameters can
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2.

be

1.
c3 = 3/4,

c4 = 1

a32 = c3 ,

a42 = c4 − a43

Im z

c2 = 2/4,
b1 =

−15ν 3 +12(−1+eν )−2ν 2 (25+9eν )+ν(−74+62eν )
9ν 4

b2 =

12ν 3 +3ν 4 −24(−1+eν )+4ν 2 (10+3eν )−8ν(−8+5eν )
3ν 4

b3 = − 4(10ν
b4 =

2

-1.

+3ν 3 −24(−1+eν )+2ν(11+eν ))
9ν 4

(2−3ν)(6+ν 2 −6eν +2ν(2+eν ))
3ν 4

a43 =

0.

-2.

-101

4
2−3ν

2.

-100
Re z

-99

1.
Im z

The values (x, ν) where |R(x; ν)| = 1 for the above method
are plotted in Figure 3

0

0.
-1.

RHx; ΝL > 1

-5

-2.

Ν

RHx; ΝL < 1

-10

-15

-20
-20

-10
x

-5

-1.5

-1.
Re z

-0.5

0.

Figure 4: Stability region of the method for ν = −100. Top:
region around z = −100, Down: region around z = 0.

RHx; ΝL > 1

-15

-2.

0

Figure 3: Stability interval of the method versus the parameter
ν

In Figure 4 it is plotted the stability region of the method for
ν = −100

5

Numerical experiments

To test the performance of the proposed technique we have
integrated some initial value problems with the new obtained
methods. We consider here the results obtained with the following linear system whose matrix M has eigenvalues λ1 =
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λ2 = −10000, λ3 = −1
0

Acknowledgements
0

y = M (y − ϕ(t)) + ϕ (t),

−20099 −10299
M =  10099/3 −6567
50195/3 16865

t ∈ [0, 2]

−9999
3333 
6665

ϕ(t) = (sin(wt), cos(wt), sin(wt))T
y(0) = (0, 1, 0)T

We present here the results obtained with the above fitted
second order method that employs five stages (EF). We also
present the results with the well known method of order three
of Bogacki and Shampine (BS), used in the code ODE23 in
Matlab.
We have used fixed step size h for h
=
0.1, 0.02, 0.01, . . . , 0.001, 0.0002. In the next Table we collect the norm of the global error provided at each integration
with both methods. As it can be seen, the new method gives a
numerical order of about 2 and present a stable behaviour for
all the values of the step size. The standard explicit BS method
is stable only for h ≤ 2 × 10−4 , as was expected because its
stability interval is [−2, 0] and λ1 = −104 .
Step size
10−1
2 × 10−2
10−2
2 × 10−3
10−3
2 × 10−4

Steps
20
100
200
1000
2000
20000

Error EF
4 × 10−3
1.5 × 10−4
3.5 × 10−5
1.1 × 10−6
2.2 × 10−7
2.5 × 10−9

Error BS
Unstable
Unstable
Unstable
Unstable
Unstable
1.2 × 10−8

This research was partially supported by Ministerio de
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Some interesting 3-stage W-methods
S. González-Pinto∗, D. Hernández-Abreu∗ , S. Pérez-Rodríguez∗ and R. Weiner†

Abstract— In this paper some second order three-stage W-methods for the time integration of semi-discretized advection diffusion reaction Partial Differential Equations (PDEs) are proposed. In particular, two families of W-methods are provided which
have two different underlying Explicit Runge-Kutta (ERK) methods. The first ERK is the well-known RK32 ([6]) which optimizes the monotonicity properties of the method. The second one is the RK3a method given in [13] that improves the order.
Within these two families several schemes are selected by minimizing error coefficients or improving their stability properties.
An embedded method of order one for an adaptive time integration is also provided. The numerical comparisons on practical
PDE problems study the relevance of the positivity and the accuracy of the methods, and show that this can be a good way to
provide efficient W-methods.
Keywords: Evolutionary advection-diffusion-reaction partial differential equations, W-methods, Approximate Matrix Factorization, Finite differences, Stability and Convergence.
AMS subject classifications: 65M12, 65M15, 65M20.

1

The ODE system (1) is usually stiff so implicit integration
methods are required. However, some special schemes for the
solution of the algebraic equations are necessary in order to
manage the high dimension of the resulting problem. One possibility is the application of Krylov techniques as in the codes
VODPK [2], ROWMAP [21] and EXP4 [11]. Another strategy
is to make use of the special splitting (2) and to exploit the special structure of the matrices Jj,h . This leads to the so-called
approximate matrix factorization (AMF) [12]. In Beck et al.
[1], the numerical comparisons of AMF and Krylov schemes
show the efficiency of AMF especially for low accuracy solutions.

Introduction

We study the numerical solution for the time integration of a
family of initial value problems (IVPs) in ordinary differential
equations (ODEs)
(1)

yh0 (t) = fh (t, yh (t)),

yh (0) = u∗0,h , 0 ≤ t ≤ t∗ ,

yh , fh ∈ Rm(h) ,

h → 0+ ,

coming from the spatial semi-discretization -by means of the
method of lines (MOL)- of an l−dimensional advection diffusion reaction problem in time dependent partial differential
equations (PDEs) with prescribed initial and boundary conditions. Here h denotes a small positive parameter associated
with the spatial resolution and usually l = 2, 3, . . .. It will
be assumed that the PDE problem admits a smooth solution
u(x, t) on Ω × [0, t∗ ].

W-methods are linearly-implicit Runge-Kutta methods which
avoid the solution of non-linear algebraic equations by using
an approximation of the Jacobian directly into the formula of
the method. They can be interpreted as performing only one
step in the Newton iteration. The most popular methods of
this class are the so-called ROW-methods, see [15, 17], which
are very efficient for the solution of stiff systems for moderate
tolerances [10]. ROW-methods use the exact Jacobian fy (yn )
and are usually considered for autonomous problems. Nonautonomous ROW-methods can be formulated by using in addition ft (tn , yn ) [10]. The advantage of ROW-methods is a relatively small number of order conditions allowing the construction of higher order methods with small numbers of stages. To

As usual, in the MOL context on the right-hand side fh in (1),
some splitting
(2)

fh (t, y) =

d
X

fj,h (t, y)

j=0

is considered and consequently, it provides a natural splitting
for the Jacobian matrix at the current point (tn , yn )
(3)

Jh =

d
X
j=0

Jj,h , Jh :=

∂fh (tn , yn )
∂fj,h
, Jj,h :=
∂y
∂y
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avoid exact Jacobians, in [19] an arbitrary matrix is considered
instead of the exact Jacobian. This reduces the costs but leads
to an increase of the number of order conditions and makes the
construction of higher order methods rather difficult. A compromise is the use of an approximation fy + O(τ ) of the Jacobian. For an overview about linearly-implicit Runge-Kutta
methods and the order conditions for the different cases see
[20].
In this paper we will consider a family of 3-stage W-methods
which formulation is inspired by the application of some AMFrefinements to Rosenbrock-type methods given in [8]. In that
paper, it is shown that some AMF-refinements produce Wmethods in a natural way with good stability properties. With
the family of W-methods that are proposed below, we try to
take advantage of these properties and, at the same time, to
improve their efficiency.

To avoid matrix-vector products in (5), as usual the third stage
is actually computed as
(7)


2
2
X
X
γ3j
˜


(I − θτ J)∆K3 = τ f wn +
Kj
α3j Kj +
θ
j=1
j=1
K3 = ∆K3 −

2
X
γ3j
j=1

θ

Kj

These methods (5) can be written in the standard formulation
of 3-stage W-methods, i = 1, 2, 3
(8)


i−1
i−1
X
X
˜ K̂i = τ f wn +
(I − θτ J)
α̂ij K̂j  + τ J˜
γ̂ij K̂j
j=1

wn+1 = wn +

2

A family of 3-stage W-methods

w0 (t) = f (w),

w(0) = w0 ,

with

In [8, Th. 5] for any q ≥ 2, a one-parametric family, called
ROS1-AMFq -NL of W-methods with q stages and order 2 is
developed from some refinements of the AMF applied to the
one-stage Rosenbrock method. These methods, in particular
for q = 3, have good stability properties and perform efficiently on some interesting problems. On the other hand, it
has been proved in [18, Th. 3.5] that there exist no third order
W-methods with 3 stages at most. Therefore, inspired by the
ROS1-AMF3 method of 3 stages and maximum possible order
2, we propose the wider class of 3-stage W-methods rewritten
as
(5)
˜ 1 = τ f (wn )
(I − τ θJ)K
˜
(I − τ θJ)(K
) = τ βf (wn ) + τ αf
2 − K1
 (wn +α21 K1 ) − K
1
2
2
X
X
˜ 3 = τ f wn +
(I − τ θJ)K
α3j Kj  + τ J˜ 
γ3j Kj 
j=1

j=1

wn+1 = wn + b1 K1 + b2 K2 + b3 K3

(6)

1
J˜ =
τθ

I−

d
Y

!

(I − τ θJk )

k=1

when the splitting of the Jacobian matrix (3) is available.
Therefore, the coefficient matrix of the linear systems in (5)
is precisely
d
Y
I − τ θJ˜ =
(I − τ θJk )
k=1

b̂j K̂j

α̂21 = α21 , α̂31 = α31 + α32 (1 − α), α̂32 = α32 α
γ̂21 = −θ/α, γ̂31 = γ31 + γ32 (1 − α), γ̂32 = γ32 α
b̂1 = b1 + b2 (1 − α), b̂2 = b2 α, b̂3 = b3
K̂1 = K1 , K̂2 = (1/α)K2 + (1 − 1/α)K1 , K̂3 = K3

t ∈ [0, t∗ ].

and from now on, we will implicitly assume the dependence on
h of this system.

with θ 6= 0, β = 1 − α and J˜ is taken as

j=1

i=1

We initially assume that the ODE system is autonomous
(4)

s
X

Conversely, any second-order three-stage W-method (8) with
γ̂21 6= 0 can be rewritten as (5), but we prefer to use the formulation (5) since the relation with the ROS1-AMFq methods is
clearer. Since the second order conditions for W-methods are
(see [10])
X
X
X
b̂j = 1,
b̂j α̂jk = 1/2,
b̂j γ̂jk = 0
j

j,k

j

with γ̂kk = θ, ∀k, the proposed methods (5) have order two if
(9)

b1 + b2 + b3 = 1, b2 αα21 + b3 (α31 + α32 ) = 1/2,
b1 θ + b3 (γ31 + γ32 + θ) = 0

Then we can get a family of second order methods (5) for arbitrary J˜ which includes, when J˜ = 0, the second-order ERK
0
α21
α31 + α32

0
0
α21
0
α31 + α32 (1 − α) α32 α
b1 + b2 (1 − α)
b2 α

0
0
0
b3

In order to improve the positivity of these methods, there are
many ways of selecting these parameters. In [6] the method
RK32 is selected as underlying ERK because this method has
optimal positivity factor two. On the other hand, in [13], the authors recommend the RK3a method when flux-limited schemes
are used to solve advection PDEs, and it has order 3 although
its positivity factor is only 1. Therefore, if we ask for methods (5) satisfying the order 2 conditions (9) and with RK32 or
RK3a as underlying ERK we get respectively these two different families
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1. W3-RK32: α21 = 1/2, α32 = 1/(2α), α31 = 1 −
α32 , b2 = 1/(3α), b1 = 2/3 − b2 , b3 = 1/3, γ32 =
(1/α − 3) θ − γ31 with the free parameters θ, α 6= 0 and
γ31 .

T HEOREM 4 If the method (5) satisfy (9) and (10),
ˆ 1 , z2 ) where
1. R(z1 , z2 ) = 1 + R̂1 + Ψ2 R̂12 + Ψ3 R̂13 + ∆(z
Ψ2 , Ψ3 are the same as in theorem 2 and

2. W3-RK3a: α21 = 1/3, α32 = 2/(3α), α31 = 2/3 −
α32 , b1 = 1/4, b2 = 0, b3 = 3/4, γ32 = −4θ/3 − γ31
with free θ, α 6= 0 and γ31 .

R̂1 = R̂1 (z1 , z2 ) = z/Pθ
Pθ = I − θτ J˜ = (1 − θz1 )(1 − θz2 )


θz1 z2 z
z
2 z1 z2
ˆ
∆(z1 , z2 ) :=
θ + Ψ4
− b3 γ32 θ
Pθ2
Pθ
Pθ
Ψ4 := b3 (θα32 + (2θ − α21 α)γ32 )

R EMARK 1 The ROS1-AMF3 -NL method given in [8] belongs to the family (5) with θ = 1/2, α = 1, α21 =
1/2, α31 = 0, α32 = 1/2, b1 = b2 = 0, b3 = 1, γ31 =
0, γ32 = −1/2 but it is not included in the W3-RK32 or the
W3-RK3a methods either. On the other hand, the AMF-RK32
method proposed in [6] does belong to the family W3-RK32
with the appropriate coefficients. From now on, to distinguish
this method AMF-RK32 from the other W3-RK32 methods,
we will call it GV02 method.

3

2. R(z1 , −∞) = −
(12)

Linear stability

If the method (5) is applied to the scalar test problem w0 = λw
without splitting and with step size τ , the stability function
wn+1 = R(z)wn , z = λτ has the following properties.
T HEOREM 2 If the second-order conditions (9) are satisfied,
1. R(z) = 1 + R1 (z) + Ψ2 R12 (z) + Ψ3 R13 (z) with

2. R(−∞) = 0 if and only if
Ψ3 = θ3 − 2θ2 + θ/2

(10)

T HEOREM 3 If the method (5) satisfy (9) and (10),
R(z) =

1 + (1 − 3θ)z + (3θ2 − 3θ + 1/2)z 2
(1 − θz)3

i.e., if θ ∈ Ist := [0.1804253064..., 2.185600097...]

w0 = (λ0 +

k=1

λk )w,

zj = τ λj ,

z=

Apart from the stability properties, another important feature of
the methods from the practical point of view, is the behaviour
of their error. A good measure of this error is the main term
of the local error. In [10, p. 115] the error coefficients of the
W-method (8) corresponding to the third-order term are
(14)
P
P
ε31 = 1 − 3 jkl b̂j α̂jk α̂jl ε32 = 1 − 6 jkl b̂j α̂jk α̂kl
P
P
ε33 = −6 jkl b̂j α̂jk γ̂kl
ε34 = −6 jkl b̂j γ̂jk α̂kl
P
ε35 = −6 jkl b̂j γ̂jk γ̂kl
with γ̂kk = θ

W3-RK3a:

In the context of AMF schemes it is also interesting to study
the behaviour of the methods on the one-dimensional Dahlquist
test problem with d + 1 splitting terms
(11)

The local error coefficients

W3-RK32:

ϕ(θ) := −6θ4 + 18θ3 − 12θ2 + 3θ − 1/4 ≥ 0

d
X

For instance, it is easy to see that the GV02 method does not
satisfy this condition (13).

In the case of our second-order three-stage families these conditions read

and it is A − stable if and only if

d
X

µ1 = (3θ3 − 4θ2 + θ/2 + Ψ4 )/θ2
µ2 = −3θ2 + 3θ + 3γ31 /4

3. |R(z1 , −∞)| ≤ 1, ∀ Re z1 ≤ 0 if and only if
(13)

µ22 − 2θ3 µ1 − 3θ4 x2 +(µ21 −3θ2 )x−1 ≤ 0, ∀x ≥ 0.

4

R1 (z) = z/(1 − θz)
1
Ψ2 = − θ, Ψ3 = b3 (α21 α − θ)(α32 + γ32 )
2

µ1 z1 + µ2 z12 + θ3 z13
with
(1 − θz1 )3

zk

= −1/4, ε32 = 1/2, ε33 = θ(1 − 3α)/α
= γ31 α − θ(4 − 3α)
= 2θ(θ − αγ31 )/α
= 0, ε32 = 0, ε33 = 3θ(1 − α)/α
= 3γ31 α/2 − θ(3 − 2α)
= −9θγ31 /2

Then, to decrease the local error it would be desirable to minimize the value

k=0

In the case of d = 2 with λ0 = 0, the stability function
wn+1 = R(z1 , z2 )wn results

ε31
ε34
ε35
ε31
ε34
ε35

(15)


1/2
5
X
ε23j 
E(θ, γ, γ31 ) = 
j=1
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Optimizing the methods

There are three free parameters within each family W3-RK32
or W3-RK3a which can be selected in many different ways, by
combining the stability properties given in Section 3 and the
minimization of the local error (15). After extensive computations with different methods of the W3-RK3a family on several
interesting problems, we have selected two methods
• W3-RK3a-1: this method is obtained by setting γ31 =
0, which makes the error term ε35 = 0, and selecting
the other two parameters to get A-stability (Theorem 3),
R(−∞) = 0 (10) and minimize (15).
• W3-RK3a-2: in this case the three parameters are selected to have A-stability (Theorem 3), R(−∞) =
0 (10), to improve the order of approximation of
R(z1 , −∞) when z1 → 0 by setting µ1 = 0 in (12),
and finally to minimize (15).
In the numerical experiments below these two methods
are compared with the ROS1-AMF3 -NL method of [8]
(ROS1AMF3 from now on) and the GV02 method of [6],
which is selected as a good representative of the W3-RK32
class.

6

Numerical experiments

In order to design a variable step size code, to estimate the local error for the W3-RK3a methods we propose an embedded
method of order 1 which uses only the two first stages of (5)
with α 6= 2θ:
Est = wn+1 − w̃n+1
w̃n+1 = wn + (1 − δ)K1 + δK2 , δ =

2θ(1 − θ)
α − 2θ

This embedded method has been constructed in such way that
its stability function w̃n+1 = R̃(z)wn satisfies R̃(−∞) = 0
so it is not necessary any type of filtering when the problems
present stiffness. Nevertheless, this estimate does not work for
ROS1AMF3 since in this case α = 2θ, so we use the filtered
forward Euler method as estimate, i.e.,
˜ −1 (wn+1 − (wn + τ f (tn , wn )).
Est = (I − τ θJ)
On the other hand, for the GV02 method [6] the same embedded estimate proposed in that paper is applied.
In all cases we use the usual step size prediction
τnew = rnew · τold , rnew = 0.8 k err k−1/2
2 !1/2
N 
1 X Esti
k err k=
N i=1 T oli

where N is the dimension of the ODE and T oli = Atol +
Rtol · |wn,i |. The step-size ratio rnew is used as much when

the step is accepted (k err k≤ 1) as when it is not, and as usual
it is controlled to be rmin ≤ rnew ≤ rmax , taking rmax = 1
for safety after each rejected step and rmax = 2 after each
accepted one.

6.1

Tumour angiogenesis problem [6]

This problem models the tumour angiogenesis, that is, the formation of new blood vessels to connect the tumour to the vascular network due to the presence of several chemicals which
are secreted by the same tumour. If b = b(t, x, y) is the endothelial cell density (the cells which form the vessels) and
c = c(t, x, y) represents the concentration of the secreted
chemical that is called tumour angiogenesis factor (or TAF),
(16)
bt = ε∆b − ∇ · (κb∇c) + µb(1 − b) max{0, c − c∗ } − βb
bc
− λc
ct = δ∆c − α
γ+c

where t ∈ [0, T ], (x, y) ∈ Ω = [0, 1] × [0, 1], α = 10, γ =
1, λ = 1, µ = 100, β = 4, c∗ = 0.2. The initial conditions
are

b(0, x, y) =
c(0, x, y) =



1, if x ≥ 0.95 and y ∈ ∪5i=1 [ŷi ∓ 0.035],
0, otherwise (ŷi = 0.2, 0.36, 0.5, 0.64, 0.8)

cos( π2 x)
π
(4 − 2x − cos(2πy)) e−1+cos( 2 x)
5

The boundary conditions for c(t, x, y) are c(t, 0, y) =
c(0, 0, y), c(t, 1, y) = 0, cy (t, x, 0) = 0, cy (t, x, 1) = 0.
When no cell diffusion is considered, i.e., ε = 0, only
one inflow boundary condition for b is imposed, b(t, 1, y) =
b(0, 1, y). However, if ε = 10−3 , homogeneous Neumann conditions are imposed to the other parts of the boundary.
In this problem to keep the positivity of the concentration values throughout the whole integration is essential since the violation of this property turns unstable the system itself and,
consequently, it causes numerical instability. When the cell
diffusion ε is much smaller than the taxis part, the risk of getting negative values is higher, and when there is no diffusion
(ε = 0) it is very difficult to solve numerically.
As in [6], we will consider two different choices of the end
point of the time interval, T = 1.3 if ε = 0 and T = 1.1 if
ε = 10−3 .
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GV02
W3-RK3a1
W3-RK3a2

-1

L2-global error

10

-2

10

-3

In the diffusion part of both equations for b and c we apply the
well-known second order central differences, with the usual
first order approximations to the derivatives at the boundary
points of the mesh. For the advection part of the equation for
b we have used the positive semi-discretization proposed in [5]
with van Leer’s limiter. However, we have used a slightly different approximation of second order at the boundary points
for the x−component of the advection velocity v(t, x, y) =
κcx (t, x, y) since the one proposed in [5] has only order 1.

10

m,m+1

As a consequence, F (B, C) = (Fij )i=1,j=1 , G(B, C) =
m,m+1

(Gij )i=2,j=1 , with

-4

10

-5

10

3

Fij = Fija (B, C) + Fijr (B, C) + Fijx (B) + Fijy (B)
| {z } | {z } |
{z
}

4

10

10
FCN

advection

Figure 1: Angiogenesis without cell diffusion, m = 100

To semi-discretize this model a uniform spatial mesh of width
h = 1/m is considered, xi = (i−1)h, yj = (j −1)h, with different number of mesh points for b and for c, i.e., we consider
the approximations
Bij = b(t, xi , yj ),

1 ≤ i ≤ m,

1≤j ≤m+1

Cij = c(t, xi , yj ),

2 ≤ i ≤ m,

1≤j ≤m+1

so we get an autonomous ODE-system (4) of dimension N =
2m2 + m − 1, where




B
F (B, C)
w=
, f (w) =
C
G(B, C)
m,m+1

m,m+1

with B = (Bij )i=1,j=1 , C = (Cij )i=2,j=1 .

reaction

dif f usion

Gij = Grij (B, C) + Gxij (C) + Gyij (C)
| {z } |
{z
}
reaction

dif f usion

Therefore, the Jacobian matrix can be naturally split in four
terms, J = ∂f /∂w = J a + J r + J x + J y , so we use for our
methods (5) the AMF-matrix
I − θτ J˜ = (I − θτ J r )(I − θτ J x )(I − θτ J y )
and the Jacobian J a is not actually computed. Moreover, due
to the block-diagonal form of the matrices J r , J x , J y , the computation of the linear systems of dimension N in our methods
is reduced to the solution of systems of dimension m or m + 1
at most.

0
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Figure 2: Angiogenesis without cell diffusion, m = 200

10

3

10

FCN

Figure 3: Angiogenesis with diffusion ε = 10−3 , m = 100
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Figure 4: Angiogenesis with diffusion ε = 10−3 , m = 200

In Figures 1–4 we compare the global error in the weighted
L2 −norm at the end point of the time interval against the number of derivative functions (FCN) evaluated in the whole integration, obtained when the four codes are run for nine tolerances, Tol=10−2 , 10−2.5 , 10−3 , . . . , 10−6 . The global error is
calculated by using the reference solution obtained with the integrator DOPRI853 [4], [9] with a very stringent tolerance of
the error (Tol=10−14 ).
It can be seen in those Figures that for tolerances from 10−2 to
10−4 when ε = 0 the GV02 method is the best since the other
methods are incapable of finishing the integration because they
lose the positivity of the concentration values. However, both
W3-RK3a schemes are more efficient than the other two for
tolerance values less than 10−4 in all cases. On the other hand,
when cell diffusion is present, although the W3-RK3a are the
best ones it can be observed some irregularities when Tol=10−5
due probably to the fact that the proposed error estimate for
these schemes must be improved on this problem.

Z0 if |x − 1/2| ≤ 1/6 and |y − 1/2| ≤ 1/6 and Z(x, y) = 1
otherwise, represents the atomic mass number to reflect inhomogeneities in the material. In the experiments two different
cases, Z0 = 1 for an homogeneous material, and Z0 = 10
for a non-homogeneous one, are presented. The initial values are constant, E(0, x, y) = 10−5 and T (0, x, y) = 10−5/4 ,
and homogeneous Neumann conditions for T at the boundary and for E at y = 0, 1 are imposed [14, 16]. Moreover,
for E mixed boundary conditions at the other boundaries are
considered, which are E/4 − Ex /(6σ) = 1 at x = 0, and
E/4 + Ex /(6σ) = 0 at x = 1.
The solution in T consists of a steep front moving to the right
and E is for the most part almost equal to T 4 , except near the
front where it is slightly larger with a steeper profile that is
much more pronounced in case of a non-homogenous material
(see e.g. [16, p. 762-763], [7, p.1457]).
The spatial discretization is performed on cell centered grids
(xi , yj ) = ((i − 1/2)h, (j − 1/2)h) with mesh width h =
1/m for 1 ≤ i, j ≤ m ([14, 16]), by applying secondorder central conservative differences. Then approximations
to Eij = E(t, xi , yj ), Tij = T (t, xi , yj ) are obtained and a
semi-discrete non-autonomous ODE of dimension N = 2m2
need to be solved (see the details in [14, p.441-443] and [8].
This system has the form


E
0
w = freac (t, w) + fdif f (w), w =
T

m
where E = (Eij )m
i,j=1 , T = (Tij )i,j=1 and freac and fdif f
store the discretization of the reaction and the diffusion parts
of the PDE respectively.

Since this ODE is non-autonomous, the methods (5) must be
adapted. In this case we use a similar technique to the one proposed in [14, p. 399], rewriting this ODE in the augmented
autonomous form that includes the t−variable.
-2

10

ROS1AMF3
GV02
W3-RK3a1
W3-RK3a2

-3

10

6.2

Radiation-diffusion problem [16, p. 762]
-4

This PDE is an idealization of non-equilibrium radiation diffusion in a material. It has two strongly nonlinear diffusion equations with a highly stiff reaction term. The evolution of the dependent variables E (energy) and T (temperature) is modelled
by

L2-global error

10

-5

10

-6

10

-7

(17)

Et (t, x, y) = ∇ · (D1 ∇E) + σ(T 4 − E)
Tt (t, x, y) = ∇ · (D2 ∇T ) − σ(T 4 − E),

with t ∈ [0, 3], (x, y) ∈ Ω = (0, 1)2 . Here, D1 =
−1
(3σ + |∇E|/E) , σ = (Z(x, y)/T (t, x, y))3 , D2 =
5/2
κT (t, x, y) , κ = 0.005, and |∇E| denotes the Euclidean
norm of ∇E (spatial gradient of E). The function Z(x, y) =

10

-8

10

3

10

4

10
FCN

5

10

Figure 5: Radiation-diffusion, Z0 = 1, m = 100
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Figure 6: Radiation-diffusion, Z0 = 1, m = 200
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Figure 7: Radiation-diffusion, Z0 = 10, m = 100

In this problem the exact Jacobian matrix results
(18)

y
x
J = ∂f (tn , wn )/∂w = Jreac + Jdif
f + Jdif f

-2

10

y
x
Jdif
f , Jdif f

-3

10

L2-global error

where Jreac = ∂freac /∂w and
are the corresponding Jacobian matrices to the diffusion discretization in
the x and y directions, respectively. However, as it was seen
in [8], due to the complexity of the PDE problem, the may
x
trices Jdif
f , Jdif f are quite difficult to be computed exactly.
Then, under certain simplifications, these matrices are approxx
ˆy
imated by Jˆdif
f , Jdif f respectively. Consequently, an alternative splitting for the exact Jacobian (18) is

ROS1AMF3
GV02
W3-RK3a1
W3-RK3a2
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-6

10

J = J0 + J1 + J2 + J3
y
x
J1 = Jreac , J2 = Jˆdif
J3 = Jˆdif
f,
f
y
y
x
ˆx
ˆ
J0 = (Jdif
f − Jdif f ) + (Jdif f − Jdif f )

-7

10

4
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10
FCN

and we use for our W-methods (5) the AMF-matrix J˜ such that
I − θτ J˜ =

3
Y

Figure 8: Radiation-diffusion, Z0 = 10, m = 200
(I − θτ Jj ).

j=1

The matrix J0 is not computed in practice and the other terms
Jj (j = 1, 2, 3) are block-diagonal matrices with very simple
structures, i.e. blocks of order two in case of J1 , and blocktridiagonal matrices of order m for J2 and J3 .
As in the case of the angiogenesis problem, we have computed
a reference solution of the ODE system, but in this problem
we used the code DOPRI5 [3, 9] with a stringent tolerance.
We present the comparison between the global error in the
weighted L2 −norm at the end point of the time interval and
the number of derivative functions evaluated in the Figures 5-8
for the same range of tolerances Tol=10−2 , 10−2.5 , . . . , 10−6 .

Since in this problem the positivity is not as important as in
the previous one, the GV02 method performs generally worse
than the others. It must be taken into account that this scheme
has error constant (15) greater than 3 whereas for ROS1AMF3
it is approximately 0.56, for W3-RK3a-1 is 0.3 and 0.13 for
W3-RK3a-2.
Regarding the ROS1AMF3 and the W3-RK3a methods on this
problem, it can be seen that W3-RK3a-1 is the best in almost all
cases. However, for certain stringent tolerances when m = 200
the code W3-RK3a-2 gives better results, but the difference is
not significant.
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Conclusions

We have proposed two families of second-order three-stage Wmethods with two different underlying ERK methods. In [6]
the importance of the choice of these underlying methods is
shown on taxis-reaction-diffusion models, as the angiogenesis problem above, in order to keep the positivity of the splitting method. Nevertheless, our experiments reveal that the order also plays a relevant role in its behaviour, mainly when
the problem includes highly stiff reaction terms too, as in the
radiation-diffusion case. On the other hand, we have presented
a way of selecting W-methods which try to combine both properties, the monotonicity and the accuracy, and provide new efficient methods as the W3-RK3a-1 scheme.
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On the construction of
Hermite-Birkhoff-Taylor-Runge-Kutta schemes
D. Navalón∗ and L. Rández∗

Abstract— A new embedded pair of explicit Hermite-Birkhoff-Taylor-Runge-Kutta methods of orders 5(4) with five stages for
the numerical integration of initial value problems is developed. For the optimization of such a pair a trade-off between accuracy,
improved stability properties is taken into account. Several numerical tests show the performance of the new pair when compared
with the well-known Dormand and Prince one.
Keywords: Hermite-Birkhoff-Taylor-Runge-Kutta methods, embedded pairs.

1

with γi , ci , bi , aij real coefficients defining the method.

Introduction

In Butcher’s notation [2], the above explicit HBTRK method is
represented by:

In this paper, the class of explicit Hermite-Birkhoff-TaylorRunge-Kutta methods for solving initial value problems is considered. This class of numerical schemes use the first derivative as in Runge-Kutta methods and the second derivative as
in Taylor methods. In each step, the second derivative is evaluated only at the initial point of the interval. These methods
are useful when the computation of the second derivative, in a
exact way or using an automatic differentation software has a
similar computational cost than the derivative function.
The aim of this work is to give a formal analysis of the order
conditions for this type of schemes like Runge-Kutta methods.
Moreover, simplifying assumptions are used in order to reduce
drastically the large number of the set of non-linear equations.

0
c2
c3
..
.

0
γ2
γ3
..
.

0
a21
a31
..
.

0
a32
..
.

cs

γs

as1

γ0

b1

as2

0
..
.
...

as,s−1

0

b2

...

bs−1

bs

(1)

y = f (t, y(t)),
y(t0 ) = y0 ,

(4)

m

t ∈ (t0 , T ), y ∈ R ,

(3)

Pi−1

yn+1 = yn + h

j=1

Ps

γ0

bT

B(a, y) = y +

X hρ(τ )
a(τ )F (τ )(y)
σ(τ )

where T is the set of (rooted) trees τ , σ is the symmetry coefficient and ρ is the order of the tree τ respectively and F (y) is
an elementary differential.
The main result of the theory of B-series is due to Butcher [1]:
S
T HEOREM 1 Let a : T {∅} → R be a mapping satisfying
a(∅) = 1. Then if B(a, y) is a B-serie, hf (B(a, y)) is again a
B-serie B(a0 , y) where a0 (∅) = 0, a0 (•) = 1, and

aij f (tn + cj , h, Yj ) + h2 γi yn00 ,

j=1 bi f (tn

A

τ ∈T

The intermediate stages that define the method are given for
each i = 1, . . . , s by:
Yi = yn + h

Γ

For the analysis of the order, we consider an autonomous problem y 0 = f (y). It is worth to note that each stage is a B-serie

where f : Rm+1 → Rm is sufficiently differentiable. By
adding the trivial equation t0 = 1, the problem 1 can be transformed into an autonomous one, but increasing the dimension
by one.

(2)

c

with A ∈ Rs×s , Γ, b, c ∈ Rs .

We consider the IVP
0

≡

a0 (τ ) = a(τ1 ) · . . . · a(τk )
+ ci , h, Yi ) + h2 γ0 yn00 ,

for τ = {τ1 , . . . , τk }.
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In this way, the function Φ(τ ) can be defined as Φ(∅) = 0,
Φ(•) = 1, and
Φ(τ ) = Φ(τ1 ) · . . . · Φ(τk )
for τ = {τ1 , . . . , τk }.
The main difference between the B-series of the i-stage of a
RK and HBTRK is the term h2 γi y 00 . This term is associated to
the tree and then by applying Theorem 1, the coefficient associated to this tree is Ac + Γ. Note that in RK schemes, Γ = 0
and therefore this class of methods reduce to Runge-Kutta ones
when γi = 0, ∀i.
T HEOREM 2 The HBTRK method has order p if and only if
b> Φ(τ ) =

1
, f or ρ(τ ) ≤ p,
γ(τ )

where γ(τ ) = ρ(τ )γ(τ1 ) . . . γ(τk ).
In Table (1) we show the order conditions up to fourth-order.
Table 1: Order conditions for HBTRK methods
F (τ )

b> Φ(τ )

1

f

b> e = 1

2

0

ff

b c + γ0 = 1/2

3

f 0f 0f

b> (Ac + Γ) = 1/6

3

f 00 (f, f )

b> c2 = 1/3

4

f 000 (f, f, f )

b> c3 = 1/4

4

f 000 (f, f, f )

b> (c · (Ac + Γ)) = 1/8

ρ(τ )

4

τ

000

f (f, f, f )

>

>

2

b Ac = 1/12

ing hypothesis
(5)

f 0f 0f 0f

c2
c3
c3
, Ac2 =
− 2 e2 ,
2
3
3

being e2 = (0, 1, 0, . . . , 0)> .
To obtain a high-quality pair, we take s = 5 stages, and
we solve the system of the set of fifth-order order conditions
with the simplifying hipothesis (5). Obviously, b2 = 0 and
γ2 = c22 /2. Solving sequentially (5) and the set of order conditions relative to the bushy trees
b> e = 1, b> c + γ0 =

1
1 > i
, b c =
, i = 2, . . . , 4
2
i+1

for bi and γ0 , imposing the order conditions b> A2 (Ac + γ) =
1
1
>
5! and b A(c · (Ac + γ)) = 40 we get a family of fifthorder methods depending on the free parameters γ5 and ci ,
i = 2, . . . , 5.
To construct the fourth-order embedded solution of the pair
5(4), we have at our disposal a sufficient number of b̂ parameters, therefore the FSAL technique [5] will not be used.
P ROPOSITION 4 The stability function of an explicit HBTRK
is given as

−1
R(z) = 1 + zb> (I − zA)
e + z 2 Γ + z 2 γ0
and in our case, it can be explicitely written by
R(z) = 1 + z +

z3
z4
z5
(2c2 − 1)c3 z 6
z2
+
+
+
+
2
6
24 120
720(c2 − c3 )

For the optimization of the methods, a compromise between
accuracy and stability properties is taken into account. A set of
c A
“optimal” parameters leads to the high-order scheme
bT
0

0

1
8
5+r
10
5−r
10

1
8
−565−241r
150
965−299r
150
37
− 3 + 18r

1
4

Ae = c, Ac + Γ =

1
12

b> A(Ac + Γ) = 1/24

64
75 (5

+ 2r)

32
2175 (−565 + 199r)
32
87 (55 − 63r)

0

69−30r
29
−545+271r
58

5+r
2

5
12

5
12

and
The following result follows from the analysis of the tall trees:

C OROLLARY 3 The maximum obtainable order for an explicit HBTRK is s + 1.
In order to manipulate the set of large number of non-linear
equations, it is convenient to introduce the so-called simplify-

>

1 −115 − 49r 115 − 41r −4 + 9r
,
,
,
γ0 = 0, Γ = 0,
128
300
300
6

and in figure 2 we plot the stability domain for our scheme
comparing it against the fifth-order approximation of the Dormand and Prince scheme. For the sake of comparison, the k · k2
norm of the coefficients of the elementary differentials in the
leading term of the local error expansion of the formula of high
order in our approximation is 2.59 × 10−4 and 3.99 × 10−4 for
the Dormand and Prince one.

1
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Short title

2

Numerical experiments

HBRK54
DP54

−2

Example. The rigid solid equations
y10 = (α − β)y2 y3
y20 = (1 − α)y3 y1
y30 = (β − 1)y1 y2 ),

y(0) = (0, 1, 1)> ,
√1 ,
1.51

−3

−4

max global error

Here we present the results obtained on a representative numerical problem and we compare the behavior of the new methods
developped against the embedded pair 5(4) of Dormand and
Prince. The criterion used is the classical test of the maximum
global error in the solution over the whole integration interval.

−5

−6

−7

t ∈ [0, 20],

−8

−9

100

200

300

400

500

600

700

800

nfcn

√0.51 .
1.51

β = 1−
The exact solution is
with α = 1 +
given by:
√
>
y(t) =
1.51 sn(t, 0.51), cn(t, 0.51), dn(t, 0.51)

Figure 2: Efficiency plot for the solid rigid problem. Continuous line HBTRK, dashed line Dormand & Prince

We have integrated this problem implementing both methods in
a variable step mode with tolerances tol = 10−i , i = 3, . . . , 8.
In figure 2 we show the efficiency plot (global error vs. number
of functions evaluations) for each considered method.

From the numerical results obtained in several problems and
particularly in the problem presented in this paper, it follows
that the new pair HBTRK5(4) is usually more efficient than the
Dormand and Prince pair.

where sn, cn, dn are the Jacobi’s elliptical functions.
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Efficient strong stability preserving
IMEX Runge–Kutta methods
I. Higueras∗

Abstract— Space discretization of some time dependent partial differential equations gives rise to ordinary differential equations
containing additive terms with different stiffness properties. For the numerical solution of these problems we can use IMplicitEXplicit (IMEX) Runge–Kutta methods. Often the exact solution of these problems has properties (e.g., positivity, monotonicity
for some norm, semi–norm, etc.) that are relevant in the context they appear, and therefore it is important to transfer them to the
numerical solution. In such cases, we should use strong stability preserving (SSP) methods, in some contexts known as TVD
methods. Furthermore, other times the problems have properties that vary when time evolves, or they contain parameters that,
with different choices, the features of the problem change. In these cases, it is important to use robust SSP schemes able to
perform the numerical simulation in an efficient way. In this paper we give two robust second order SSP IMEX Runge–Kutta
methods recently constructed in [13] and we show their efficiency for two problems in the context of simulations in astrophysics
and financial mathematics.
Keywords: IMEX Runge–Kutta, Strong stability preserving, SSP, total variation diminishing, TVD, double–diffusive convection,
stellar convection and pulsation, Black-Scholes

1

where the internal stages Ui are given by

Introduction

We consider initial value problems for ordinary differential
systems (ODEs) of the form

(1)

du
(t) = f (u(t)) + f˜ (u(t)) ,
dt
u(t0 ) = u0 ,

(3)

(2)

un+1 = un + h

i=1

∗ Departamento

bi f (Ui ) + h

aij f (Uj ) + h

s
X

ãij f˜(Uj ) .

j=1

The numerical solution of problem (1) with an explicit scheme
is completely inefficient due to the stiff terms, whereas implicit
methods cannot be used because of the complexity of the problem. Thus, methods (A, b) and (Ã, b̃) are chosen with the aim
to integrate efficiently system (1) with low computational cost.
For example, if f represents the non-stiff part of the system and
f˜ the stiff part of it, an explicit method can be used for f and
an implicit one for f˜. Additive Runge–Kutta methods combining implicit and explicit schemes are known in the literature as
IMplicit-EXplicit (IMEX) Runge–Kutta methods [1, 16, 20].

t ≥ t0 ,

Given the initial value problem (1), we can use additive Runge–
Kutta methods to solve it. An s-stage additive Runge–Kutta
method is defined by two s × s real matrices A = (aij ) and
Ã = (ãij ), and two real vectors b = (bj ), b̃ = (b̃j ) ∈ Rs .
From un , the numerical approximation of the solution u(t) at
t = tn , we obtain un+1 , the numerical approximation of the
solution at tn+1 = tn + h from
s
X

s
X
j=1

where t0 ∈ R, u0 ∈ Rm , f and f˜ are continuous functions
from Rm to Rm with different stiffness properties. Such systems often arise from the space discretization of time dependent PDEs by the method of lines [1, 5, 16, 20, 21, 26].

s
X

Ui = un + h

IMEX Runge–Kutta methods have been studied from different
points of view by many authors and at this moment there are
many results available in the literature as well as many IMEX
Runge–Kutta schemes [1, 16, 20]. However, in some contexts,
e.g. simulations in hydrodynamics, some of the available methods fail to give a numerical solution with physical meaning or
they do not perform properly because they are not able to integrate the problem with reasonable step sizes.
Often the exact solution of these problems has properties (e.g.,
positivity, monotonicity for some norm, semi–norm, etc.) that

b̃i f˜(Ui ) ,

i=1
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are relevant in the context they appear due to their physical meaning, and therefore it is important to transfer them to
the numerical solution. In such cases, we should use strong
stability preserving (SSP) methods, in some contexts known
as total variation diminishing (TVD) methods. See, e.g.,
[4, 6, 7, 9, 10, 11, 23, 24]. See too [8] and the references
therein.
Furthermore, in many applications, the problems that arise
share the following characteristics:
• they have properties that vary when time evolves, and
usually there are different regimes during the numerical
simulation,
• they contain parameters that, with different choices, the
features of the problem change.

Following [21], for IMEX Runge–Kutta schemes we will use
the denomination SSPk(s, σ, p), where s and σ are the number
of stages of the implicit and explicit schemes, respectively, k is
the order of the SSP explicit method, and p is the order of the
IMEX Runge–Kutta scheme. Thus method (4) will be named
SSP2(2,2,2) scheme.
However, although SSP2(2,2,2) scheme
√ with γ = 0.24 is more
efficient than the one with γ = 1−1/ 2 on the tested problems
in [15], it is not A-stable and it also lacks some other interesting
properties. For this reason, in [12, 13] new schemes with different requirements are constructed. Depending on their properties, each scheme is labelled with the letters ‘L’, ‘S’, ‘P’, ‘U’,
‘M’ with the following meanings:
‘L’: the implicit method is L–stable;
‘S’: the stability region for the explicit part contains an
interval on the imaginary axis;

Thus, instead of using optimal methods with regard to a given
property, it is more efficient to use numerical schemes that
combine different ones. In this way, such robust schemes will
probably integrate efficiently a wide class of problems.

‘P’: the amplification factor g for the implicit method
is always positive;

In this paper we give two robust second order SSP IMEX
Runge–Kutta methods recently constructed in [13, 15] and we
show their efficiency for two problems in the context of simulations in astrophysics and financial mathematics. For details
see [13, 15] and [14].

‘M’: the IMEX Runge–Kutta method has a nontrivial
region of absolute monotonicity.

The rest of the paper is organized as follows. In section 2
we give the coefficients IMEX Runge–Kutta methods and we
briefly summarize some of their properties. In sections 3 and 4
we show the performance of the methods shown in section 2.

2

Robust SSP IMEX Runge–Kutta methods

In this section, we show some robust SSP IMEX Runge–
Kutta methods from the literature and the ones constructed in
[13, 15].
First, we consider the SSP IMEX Runge–Kutta method [21]

(4)

0

0

0

γ

γ

0

1

1

0

1−γ

1 − 2γ

γ

A

1
2

1
2

1
2

1
2

Ã

√
For γ = 1 − 1/ 2, method (4) is a second order IMEX SSP
scheme whose implicit method is L-stable. In [15] different
properties of scheme (4) (linear stability, strong stability properties, dissipativity analysis, error constants, etc.) are studied
in terms of γ, and the value γ = 0.24 is chosen to yield the
most efficient integrator. For details, see [15].

‘U’: the IMEX Runge–Kutta method features uniform
convergence;

Property ‘S’ is associated with a stable integration of the hyperbolic advection terms (see [18]).
Property ‘P’ is directly related to the step size restrictions associated with the dissipativity of the spatial discretization [25]
and should prevent spurious oscillations of the numerical solution.
Property ‘U’ refers to uniform convergence for problems of the
form
1
y 0 = f (y) + g(y) ,
ε
with ε  1, that have been studied in [2]. More precisely,
methods with property ‘U’ satisfy the condition b̃t Ã−1 c = 1
obtained in [2].
Property ‘M’ refers to strong stability preserving properties
of the IMEX scheme [11]. In particular, for IMEX Runge–
Kutta methods with property ‘M’, the implicit and the explicit
methods should be SSP, that is, the Kraaijevanger’s coefficient
[17, 4, 9], (also known as the radius of absolute monotonicity or the SSP coefficient [23, 24]) should be non trivial (for
details, see [11]). We remark that, for some IMEX Runge–
Kutta methods, the implicit and explicit schemes are SSP but
the IMEX method is not SSP (it does not have property ‘M’)
because the region of absolute monotonicity is trivial. This is
the case for the second order 3-stage IMEX Runge–Kutta from
[21] considered in [11, Example 1].
√
With this notation, scheme (4) with γ = 1 − 1/ 2 is named
SSP2(2,2,2)–LM scheme, and the one with γ = 0.24 is named

93

Efficient SSP IMEX Runge–Kutta methods
SSP2(2,2,2)–PM scheme.
One of the methods constructed in [12, 13], named
SSP2(3,3,2)–LSPUM, is the following one,

(5)

0

0

0

0

5
6
11
12

5
6
11
24

0

0

11
24

0

24
55

1
5

4
11

A

2
11
289
462
751
924

Ã

2
11
205
462
2033
4620

0

0

2
11
21
110

0
2
11

24
55

1
5

4
11

For scheme (5), the explicit and implicit methods have been
constructed to obtain an IMEX method with all the properties
(L, S, P, U, M). Another method constructed in [12, 13], named
SSP2(3,3,2)–LPUM, has the following coefficients,

(6)

0

0

0

0

1
2

1
2
1
2

0

0

1
2

0

1
3

1
3

1
3

1
A

2
11
69
154
67
77

Ã

2
11
41
154
289
847

0

0

2
11
42
121

0
2
11

1
3

1
3

1
3

In this case, the explicit Runge–Kutta method is the optimal 3stage second order SSP explicit Runge–Kutta method [17], and
an implicit method has been coupled to it to get some properties. More precisely, method (6) has not the ‘S’ property, and
this allows to deal with methods such that some intervals (stability interval and the interval where the stability function is
nonnegative) and the SSP coefficient are larger than ones of
scheme (5). Specific values for the corresponding properties
for each method can be seen in [13, Table 1 and Figures 1-3].
Methods (5)-(6) were constructed in the context of numerical
simulations in astrodynamics but, as we will see later on, they
may also be useful for many other problems.

3

Numerical simulations in astrophysics

In [12, 13, 15] models of flow and radiative transport inside
stars are considered, and some simulations with different time
stepping methods are performed. The problems considered are
advection–diffusion equations of the form (1) such that explicit
time stepping methods are extremely inefficient whereas fully
implicit schemes cannot be used due to the complexity of the
problem. Thus, IMplicit EXplicit methods are required. In
the simulations done, there is a diffusion dominated phase followed by an advection dominated one. Thus the numerical
methods should be able to deal with these two regimes, and
the transition from the first one to the second one should be
done efficiently.
However, not all the robust methods form the literature are able
to deal with this situation.
As reported in [12, Section 4.3], a second order 3-stage IMEX
Runge–Kutta from [21] (see too [11, Method (3.19)]) was used

as time stepping method in a numerical simulation. For this
IMEX Runge–Kutta method, both Runge–Kutta schemes are
SSP but the IMEX method is not SSP. With this method, the
numerical simulation during the diffusive phase did not have
any problem but, in the transition to the advection–dominated
phase, the step size was dropped to small values and the simulation had to be terminated. After this failure, next, the SSP
IMEX Runge–Kutta method from [11, Example 1] was used,
and the numerical simulation run without any problem. The
IMEX scheme in [11, Example 1] was obtained from the one
in [21] by modifying some coefficients in the implicit scheme.
The modifications in [11, Example 1] were done to transform
the IMEX Runge–Kutta method in [21] into an SSP IMEX
Runge–Kutta scheme.
Nevertheless, some other robust non–SSP schemes, like
ARK3(2)4L[2]SA proposed in [16], could solve the problem
but they required step sizes similar to the ones needed for explicit Runge–Kutta methods; therefore, they are not efficient
schemes to integrate these problems.
We refer to [12, Section 4.3] for some other numerical simulations with non–SSP methods that show the convenience of
using IMEX SSP methods for the efficient time integration of
astrophysical simulations.
Next, we show the computational cost of some numerical simulations done with the hydrodynamics code ANTARES [19] on
the Vienna Scientific Cluster 1 on 64 CPUs. For implementation details, see [15]. More information on these simulations
can be seen in [12, 15, 13].
In the first simulation, we considered Prandtl number P r =
0.1, a Lewis number Le = 0.1, a modified Rayleigh number Ra∗ = 1.6 · 105 and a stability parameter Rp = 1.1. In
this paper we show the computational cost for the optimal explicit 2-stage second order Runge–Kutta scheme
√ [17], named
SSPRK(2,2), and scheme (4) for γ = 1 − 1/ 2 and γ = 0.24.
In Table 1 we show the computational time, the number of steps
and the mean step size (in seconds) ∆tmean over the first 200
sound crossing times (scrt); we also show the mean step size
(∗)
∆tmean (in seconds) over the first 80 scrt [15, Tables 8, 9].
Method
SSPRK(2,2)
IMEX SSP2(2,2,2)
√
γ = 1 − 1/ 2
IMEX SSP2(2,2,2)
γ = 0.24

(∗)

Time
7:17:32
6:04:54

No.steps
287 788
92 492

∆tmean
3.62
11.28

∆tmean
3.71
11.56

4:41:15

63 586

16.40

19.44

Table 1: Computational time, number of steps and mean step
size (in seconds) ∆tmean over the first 200, and mean step size
(∗)
(in seconds) ∆tmean over the first 80 scrt [15, Tables 8, 9].
We observe that the second order explicit scheme SSPRK(2,2)
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method is quite inefficient, requiring a small step size and a
high computational time. A larger step size can be used when
IMEX SSP2(2,2,2) method are used. √However, for IMEX
SSP2(2,2,2) scheme with γ = 1 − 1/ 2, the computational
time is not reduced significantly, and much better results are
obtained when the specially chosen value γ = 0.24 is used.
In the second simulation we consider Prandtl number P r =
0.05, a Lewis number Le = 0.05, a modified Rayleigh number
Ra∗ = 1.6 · 105 and a stability parameter Rp = 1.15. Observe
that these values are different from the ones considered in the
previous simulation. In this paper we show the numerical results for the first order method SSP1(1,1,1), that is a combination of explicit and implicit Euler schemes [13, method (56)],
SSP2(2,2,2) method with γ = 0.24, and schemes (5)-(6) .
In Table 2 we show the computational time, the mean step size
(in seconds) and the starting CFL coefficient ∆tmean over the
first 80 scrt [13, Table 4].
Method
SSP1(1,1,1)–
LPM

Time
09:36:12

∆tmean
1.15

CFLstart
0.05

we have used the following methods: implicit Euler, CrankNicolson, Rannancher with 2 iterations and SSP2(3,3,2)–
LSPUM. On the following, whenever we refer to Rannancher
method, we refer to it when 2 iterations are done.
Observe that implicit Euler, Crank-Nicolson, Rannancher
methods are fully implicit methods whereas SSP2(3,3,2)–
LSPUM is an IMEX scheme.
Reference solutions for the numerical solution and the greeks
have also been computed and they are shown with dashed line
in the graphics. For details, see [14].
We consider first the case σ = 0.8, together with the initial
condition [3, Section 4.4.3]
U (S, 0) = max{100 − S, 0} .
In Figures 1, 2, 3 and 4 we show the numerical solution and the
greeks ∆ = US and Γ = USS obtained with the implicit Euler
method, Crank-Nicolson, Rannancher method with 2 iterations
and SSP2(3,3,2)–LSPUM scheme, respectively, near S = 100.
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16
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Table 2: Computational time, mean step size (in seconds) and
CFLstart over the first 80 scrt [13, Table 4].
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We observe that the first order scheme SSP1(1,1,1) is very inefficient. Method SSP2(2,2,2) with γ = 0.24 improves considerably the computational time allowing a large mean time
step. The best numerical results are obtained with SSP(3,3,2)–
LPUM method. For the simulations done, it seems that larger
intervals (stability interval, the interval where the stability
function is nonnegative) and constants (SSP coefficient) are
more relevant than the ‘S’ property.
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Figure 1: Numerical solution. From top to bottom and from
left to right: implicit Euler, Crank-Nicolson, Rannancher and
SSP2(3,3,2)–LSPUM schemes

Black-Scholes equation

In this section we consider the Black-Scholes equation [22]
σ(Γ)2 2
S USS + rSUs − rU ,
2

where S represents underlying asset price (S ≥ 0), r is the
risk-free interest rate and σ(Γ) is the volatility of the action. In
this context, the greeks ∆ (US ) and Γ (USS ) play an important
role. Furthermore, usually non smooth initial conditions are
imposed.
For the numerical simulations we consider r = 0.1, Smax =
400 and time to expiry 0.25 years. For the time integration
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Figure 2: Greek ∆ = US . From left to right: implicit Euler
and Crank-Nicolson schemes
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Figure 4: Greek Γ = USS . From top to bottom and from
left to right: implicit Euler, Crank-Nicolson, Rannancher and
SSP2(3,3,2)–LSPUM schemes
We see that, for implicit Euler method, as expected, the numerical solution as well as the greeks are smooth. Crank-Nicolson
gives oscillations for Γ near S = 100 whereas Rannancher
method removes these oscillations. However, SSP2(3,3,2)–
LSPUM scheme provides a smooth numerical solution and the
greeks do not show any oscillation.
However, a detailed study of the errors gives that the best
solution is obtained with the IMEX Runge–Kutta method
SSP2(3,3,2)–LSPUM. These errors are shown in Figures 5 and
6.

130

140

Figure 6: Errors for the numerical solution and the Greeks.
From left to right: Rannancher and SSP2(3,3,2)–LSPUM
schemes

where K1 = 90 and K1 = 100, and we consider the worst case
for an investor with a long position in the option

2
 σmax
if Γ ≤ 0 ,
2
σ(Γ) =
 σ2
min if Γ > 0 ,
where we have taken σmin = 0.15 and σmax = 0.25.

In Figures 7, 8 and 9 we show the numerical solution obtained
with the implicit Euler method, Crank-Nicolson, Rannancher
method and SSP2(3,3,2)–LSPUM scheme, respectively, near
S = 100.
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Figure 5: Errors for the numerical solution and the Greeks.
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Figure 7: Numerical solution. From top to bottom and from
left to right: implicit Euler, Crank-Nicolson, Rannancher and
SSP2(3,3,2)–LSPUM schemes
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Special Session 2
Analysis of mathematical models applied to epidemiological processes
Mathematical modeling is a powerful tool for the development of research in applied sciences
in the field of health: biomedicine, epidemiology, etc. When a bacterium or a virus in a population appears causing infection, the disease progression is analyzed by dynamic models that
represent the growth of the different classes in which the population is distributed, for example,
susceptible infected population, and the recovered population, leading to analyze whether the
disease will be eradicated, or otherwise, will remain endemic or produce a pandemic.
Usually, these models are described by differential equations, difference equations or contact
network. Matrix analysis techniques, control theory and network theory, play an important role
in the development of epidemiological models.
In this special session some of these methods will be presented in order to give an overview
of some different approaches and therefore certain different mathematical tools that are useful to
address a problem describing the evolution of infectious disease are presented.
For instance, if the structure of infectious disease contact is modeled by a network of contacts,
the epidemiological process can be studied using network theory. In particular, given that the
responses of human behavior have a significant impact on the spread of epidemics, you can add
another network that incorporates preventive responses that can be taken by individuals. This
second network that models the information, has the same set of nodes that the contact network.
This approach leads to epidemic analysis models in which the epidemic threshold is expressed as
a function of the overlap of the two networks.
In this session the study of epidemiological processes under the focus of control theory will
also be addressed. Obtaining the equilibrium points (one free of disease and the other the point
where the disease is endemic) and its local stability of an epidemic model in discrete time domain
obtained by the discretization of a model set in continuous time. Besides the study of positivity,
this research proposes the design of a control law (signal vaccination) with the aim of eradicating
infectious disease of the host population. This vaccination signal is based on control theory developed for linearization of a nonlinear open loop system. In some infectious disorders, infection
is not directly through contact with an infected individual, but by contact with environmental
wastes. Consideration of environmental infection is done via a discrete model and can undertake
the study of the number of basic playback, around the endemic stability point and the control of
the evolution of the disease.
Another field of work that allows the development of the study of epidemiological processes
is the theory of matrices. The special structure of the coefficient matrix of the model allows to
draw spectral properties and conclusions obtaining in this way certain valuable information on
the epidemiological process. For example, you can consider an age-structured model where the
probability of infection may depend or not on the age of the infecting individual or susceptible to
be infected. Their study involves a matrix analysis of the transition matrices and infection.
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Analysis of a discrete-time SEIR epidemic model under a
periodic impulsive vaccination
S. Alonso-Quesada∗ , M. De la Sen∗ and A. Ibeas†

Abstract— This paper deals with a discrete-time epidemic model obtained from the discretization and normalization of a
continuous-time SEIR epidemic one. Such a model describes the transmission of an infectious disease among a time-varying host
population. The model assumes mortality from causes related to the disease. An analysis about the positivity of the model and
the stability of its equilibrium points is included. A periodic impulsive vaccination is designed based on the proposed normalized
discrete-time model in order to eradicate the propagation of the disease or, at least, reduce its effects within the host population.
The existence of an asymptotically stable periodic solution is proved under such an impulsive vaccination.
Keywords: SEIR epidemic model, equilibrium points, positivity, stability, periodic impulsive vaccination.

1

Introduction

The use of mathematical models to describe the propagation of
epidemic diseases within a host population has been broadly
carried out for several decades [1, 2]. Such models can be used
to predict the evolution of the spreading of the disease. These
predictions impulse to take measures in order to modify the
disease transmission dynamics when the spreading evolution
shows a tendency of the infectious disease to become endemic
within the host population. Such measures can consist of the
application of vaccination strategies, quarantines, campaigns
on the communication channels to make the population take
behavior patterns to prevent contagious and so on [3, 4, 5]. In
this way, the propagation of the infectious disease can be reduced within the host population and, eventually, the illness
can be extinguished. Several vaccination techniques have been
proposed in the literature: constant, impulsive, time-varying to
cite but a few [6, 7, 8]. The value of the vaccination function
can depend on the model variables. In such a case, the vaccination consists of a feedback control law [9].
A great variety of models has been used to study the propagation of infectious diseases. An important kind of such models
is referred as the class of compartmental models. Such models
split the total population in different categories depending of
the status of the individuals with respect to the infection. One
of the models of this type is the known SEIR epidemic model.
Such a model splits the population in four categories: susceptible (S), exposed (E), infectious (I) and recovered (R) by immunization subpopulations. The total population of the model
can be considered as a constant if the mortality caused by the

infectious disease and/or the disease time duration are sufficiently small so that such an assumption be acceptable. Otherwise, a time-varying population has to be considered to study
properly the dynamics of the infectious disease. Such a model
can be analyzed in the continuous-time domain as well as the
discrete-time one. In the later case, the disease can be modeled directly in the discrete-time domain or the discrete-time
model can be derived from a discretization of the continuoustime one.
In this paper, an analysis of a SEIR discrete-time epidemic
model with time-varying population is carried out. Such a
model is obtained from a discretization and, a posterior, normalization of an original continuous-time SEIR model. The
purpose of the discretization is not that the discrete-time model
has a behavior closed to that of the continuous-time one but the
obtention of a discrete-time model based on the continuoustime one. The normalization process reduces the complexity of
the model for analysis purposes since one of its variables can be
simplified. The analysis includes the proof of the positivity of
the discrete-time model and the local and global stability of its
disease-free equilibrium point. Moreover, a periodic impulsive
vaccination law is applied to avoid the persistence of the illness
within the host population. The existence of a disease-free periodic solution and its stability are proved under the application
of such a vaccination strategy.

∗ Departamento de Electricidad y Electrónica, Facultad de Ciencia y Tecnología, Campus de Leioa, Universidad del País Vasco/Euskal Herriko Unibertsitatea,
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The discrete-time SEIR epidemic model

The discrete-time model to be analyzed is obtained from the
discretization and normalization of a continuous-time SEIR
epidemic model with a time-varying population. Such a model
is described by the following differential equations:

Ṡ(t) = −µS(t) + ωR(t) − β S(t)I(t)


N (t) + νN (t)


S(t)I(t)
Ė(t) = −(µ + σ)E(t) + β N (t)
(1)

˙ = −(µ + γ)I(t) + σE(t)
 I(t)


Ṙ(t) = −(µ + ω)R(t) + γ(1 − ρ)I(t)

where S(t), E(t), I(t) and R(t) denote, respectively, the subpopulations of susceptible, exposed, infectious and recovered
by immunization. The exposed subpopulation is composed by
individuals which are infected but they do not present symptoms of the disease and they do not transmit the disease after contacting with a susceptible individual. On the contrary,
the infectious individuals have symptoms of the infection and
they can transmit the disease to susceptible individuals by direct contact. All the parameters in the model (1) are supposed
strictly positive. Namely, µ denotes the mortality rate from
causes not related to the infectious disease, ν the birth rate, β
the disease transmission rate, ω the losing immunity rate, σ the
transition rate from the exposed to the infectious subpopulation (or σ −1 the latent period which is an individual within the
exposed subpopulation category), γ the recovery rate (or γ −1
the infection period which is an individual within the infectious
subpopulation category) and ρ ∈ [0, 1) the mortality rate from
causes related to the infectious disease. If ρ=0 means that there
is not mortality from causes related to the disease and there is
only mortality from natural causes. The larger ρ is the more the
mortality associated to the infectious disease is. The subpopulations can be included as the components of a state vector x(t),

T
namely, x(t) = S(t) E(t) I(t) R(t)
. The dynamics of the whole population N (t) = S(t) + E(t) + I(t) + R(t)
can be obtained by summing up all the equations in (1). Such
an operation leads to:
(2)

Ṅ (t) = (ν − µ)N (t) − ργI(t)

The discrete-time epidemic model is obtained from the equations (1) by applying the transformation law:
(3)

ẋi (t) =

xi,k+1 − xi,k
h

f or

i ∈ {1, 2, 3, 4}

By either summing up the equations in (4) or applying the discretization law (3) to (2) one obtains the dynamics of the whole
population for the discrete-time SEIR epidemic model, which
is given by:
(5)

Nk+1 = [1 + (ν − µ)h]Nk − ργhIk

The following assumption about the the sampling period used
for the discretization of the model (1) is going to be taken into
account to derive the positivity of the model as the nature of
epidemic models requires.
Assumption 1: The sampling period h is chosen sufficiently
small such that h[µ + M ax{σ, γ, ω, β}] < 1.
For analysis purposes, the complete model (4) can be simplified by considering a normalized discrete-time SEIR epidemic
model. Such a model is obtained from the definition of the
normalized subpopulations as:
(6)
Ek
Ik
Rk
Sk
; ek =
; ik =
; rk =
sk =
Nk
Nk
Nk
Nk
By applying the variables change of (6) in (4) it follows that:

sk+1 = f (ik ){[(1 − (µ + ω)h]sk − ωh(ek + ik )−



−βhsk ik + (ν + ω)h}
(7)
e
=
f
(i
){[1
− (µ + σ)h]ek + βhsk ik }

k+1
k


ik+1 = f (ik ){[1 − (µ + γ)h]ik + σhek }

1
with f (ik ) = 1+(ν−µ)h−ργhi
, where (5) and the fact that
k
sk + ek + ik + rk = 1 ∀k ∈ Z0+ have been taken into account.

2.1

Positivity of the discrete-time SEIR model

The following result about the positivity of (4) is proved.
T HEOREM 1 Assume that the sampling period h satisfies
Assumption 1. Then, the model (4) is positive provided that
its initial condition is non-negative, i.e., S0 > 0, E0 > 0,
I0 > 0 and R0 > 0.
Proof: The induction method is used in the proof. Assume that
Sk , Ek , Ik , Rk > 0 for some arbitrary k ∈ Z+ . Then:
(8)

Sk+1 > [1 − (µ + β)h]Sk + ωhRk + νhNk

where h is the sampling period used for the discretization process and xi,j the value of the i-th component ofSthe vector x
at the sampling instant jh with j ∈ Z0+ ≡ Z+ {0}. In this
way, one obtains:

from the first equation of (4) since NIkk 6 1. Then, Sk+1 > 0
from Assumption 1. Furthermore, the same conclusion can be
deduced for Ek+1 , Ik+1 and Rk+1 by using, respectively, the
second, third and forth equations of (4) and taking into account
that ρ ∈ [0, 1).

(4)

R EMARK 2 The positivity of the model (4) implies that the
normalized subpopulations sk , ek , ik , rk ∈ [0, 1] ∀k ∈ Z0+
provided that S0 , E0 , I0 and R0 are non-negative.


Sk+1 = (1 − µh)Sk + ωhRk − βh SNk Ikk + νhNk



Ek+1 = [1 − (µ + σ)h]Ek + βh SNk Ikk

I
= [1 − (µ + γ)h]Ik + σhEk

 k+1
Rk+1 = [1 − (µ + ω)h]Rk + γ(1 − ρ)hIk
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3

Equilibrium points of the discrete-time nor- where I3 denotes the third order identity matrix and:
malized SEIR model


The equilibrium points of the model are obtained from introducing the conditions sk+1 = sk = s∗, ek+1 = ek = e∗ and
ik+1 = ik = i∗ in (7) and resolving for s∗, e∗ and i∗. In
this way, a disease-free equilibrium point defined by sdf e = 1,
edf e = 0 and idf e = 0 is obtained. i.e, all population remains
as susceptible in such an equilibrium. Moreover, the model potentially presents three endemic equilibrium points where the
infectious subpopulations are the solutions of the equation:
a3 i∗3 + a2 i∗2 + a1 i∗ + a0 = 0

(9)
where:

(10)


a3 = (ργ)2 (β − ργ)




 a2 = ργ[(ργ − β)(2ν + σ + γ + ω) + ργν]
a1 = (β − ργ)[(ν + γ)(ν + σ + ω) + σω]−


−ργν(2ν + σ + γ + ω)



a0 = (ν + ω)[(ν + σ)(ν + γ) − σβ]

The solutions of (9) are only valid if they are real and i ∈ [0, 1]
as the nature of epidemic models requires. A solution with i∗
outside such a domain implies that at least one of the subpopulations of the model is strictly negative at the endemic equilibrium point. Obviously, such a solution has not sense in the context of epidemic models. Furthermore, T heorem 1 guarantees
that ik ∈ [0, 1] ∀k ∈ Z0+ so i∗ = limk→∞ {ik } ∈ [0, 1]. Once
a valid solution for i∗ ∈ [0, 1] is obtained from (9), namely
iend , the proportion of susceptible, exposed and recovered subpopulations at such an endemic equilibrium point are obtained
from:

1
 eend = σ (ν + γ − ργiend )iend
ν+ω−ω(iend +eend )
send = ν+ω+(β−ργ)iend
(11)

rend = 1 − send − eend − iend
∗

3.1

Stability of the disease-free equilibrium point

The dynamics of the model (7) around the disease-free equilibrium point is described by means of the following equation:
(12)

zk+1 = Jdf e zk
T
T
where zk = s̃k ẽk ĩk
= sk − 1 ek ik
denotes the vector of small deviations of the variables sk , ek and
ik around the disease-free equilibrium point and
 1−(µ+ω)h
(ργ−ω−β)h 
−ωh
(13)


Jdf e = 

1+(ν−µ)h

0
0

1+(ν−µ)h
1−(µ+σ)h
1+(ν−µ)h
σh
1+(ν−µ)h

1+(ν−µ)h
βh
1+(ν−µ)h
1−(µ+γ)h
1+(ν−µ)h




is the Jacobian of (7) around such a point. The stability of (7)
around the disease-free equilibrium point depends on the magnitude of the eigenvalues of such a Jacobian. Such eigenvalues
are calculated by solving the roots of the polynomial:
(14)

λI3 − Jdf e

= 0 ⇔ (λ − b2 )(λ2 − b1 λ + b0 ) = 0

(15)



 b2 =
b1 =


 b0 =

1−(µ+ω)h
1+(ν−µ)h
2−(2µ+σ+γ)h
1+(ν−µ)h
1−(2µ+σ+γ)h+[(µ+σ)(µ+γ)−σβ]h2
[1+(ν−µ)h]2

Such eigenvalues λi , for i ∈ {1, 2, 3}, depend on the parameters of the epidemic model by the following expressions:

 λ1 = 1−(µ+ω)h
1+(ν−µ)h
√
(16)
2
 λ2,3 = 2−[2µ+σ+γ± (γ−σ) +4βσ]h
2[1+(ν−µ)h]
where λ2 and λ3 are associated, respectively, with the sign "+"
and "-". The following theorem establishes the local stability of the normalized epidemic model around the disease-free
equilibrium point.

T HEOREM 3 Assume that the sampling period h is sufficiently small suchpthat Assumption 1, h(µ − ν) < 1 and
h(2µ + σ + γ + (γ − σ)2 + 4βσ) < 2 are satisfied. Then,
the disease-free equilibrium point of the model (7) is locally
asymptotically stable if the infection transmission rate satisfies
the condition β < β0 = σ1 (ν + σ)(ν + γ).
Proof: The eigenvalues λi , for i ∈ {1, 2, 3}, of the Jacobian
(13) are all strictly positive assuming that h is chosen such that
the conditions of this theorem are fulfilled. Then, 0 < λ1 < 1
for any positive values of the parameters ν, µ and ω. Moreover,
0 < λ2 < λ3 so the condition for |λi | < 1, ∀i ∈ {1, 2, 3}, is:
(17)

p
2 − [2µ + σ + γ − (γ − σ)2 + 4βσ]h
<1
2[1 + (ν − µ)h]

By direct calculations, such a condition is guaranteed if the infection transmission rate satisfies that β < β0 .
R EMARK 4 The condition β < β0 for the local asymptotic
stability of the model (7) around its disease-free equilibrium
σβ
point can be equivalently written as R = (ν+σ)(ν+γ)
< 1
where R is referred to the effective reproductive number.
The following theorem establishes the global stability of the
normalized epidemic model around the disease-free equilibrium point.
T HEOREM 5 Assume that the sampling period h is sufficiently small such thatp
Assumption 1, h(µ + ργ − ν) < 1
and h(2µ + σ + γ + (γ − σ)2 + 4βσ) < 2 are satisfied.
Also, assume that ν + ω > ργ. Then, the disease-free equilibrium point of the model (7) is globally asymptotically stable if the infection transmission rate satisfies the condition
β < β1 = σ1 (ν + σ − ργ)[ν + γ(1 − ρ)].
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Proof: One obtains, from (7), that:
(18)
!



1−(µ+σ)h
βh
ek
ek+1
1+(ν−µ−ργ)h
1+(ν−µ−ργ)h
6
1−(µ+γ)h
σh
ik
ik+1
1+(ν−µ−ργ)h

1+(ν−µ−ργ)h

since Assumption 1 implies that sk , ik ∈ [0, 1] as it is derived
from T heorem 1. Consider the auxiliary system:
(19)
!
x̄k+1 =

1−(µ+σ)h
1+(ν−µ−ργ)h
σh
1+(ν−µ−ργ)h

βh
1+(ν−µ−ργ)h
1−(µ+γ)h
1+(ν−µ−ργ)h

x̄k = Ax̄k

By direct calculations, one obtains that the eigenvalues of A
are:
p
2 − [2µ + σ + γ ± (γ − σ)2 + 4βσ]h
0
(20)
λ1,2 =
2[1 + (ν − µ − ργ)h]
where λ01 corresponds to the sign "+" and λ02 to "-". It follows
that 0 < λ01 < λ02 < 1 if β < β1 and the sampling period satisfies Assumption 1 together with the additional assumptions of
this theorem. As a consequence, the system (19) has a unique
equilibrium point at the origin which is globally asymptotically
stable. Then, x̄k = Ak x̄0 and limk→∞ {x̄k } = 0. By applying
the comparison principle to (18) and (19), it follows that:


ek
(21)
6 x̄k ∀k > 0
ik

T
provided that e0 i0
6 x̄0 . Then, limk→∞ {ek } =
limk→∞ {ik } = 0. As a consequence, there exists an integer
k0 such that ek < e and ik < i ∀k > k0 for some arbitrary
small positive real constants e and i . Then, it follows that:
(22)

sk+1 6

[(1 − (µ + ω)h]sk + (ν + ω)h
(1 + (ν − µ − ργi )h

∀k > k0 from the first equation of the model (7). From iteration of (22), it follows that:
(23)

sk 6

nk1 s0

+ n2

k−1
X
i=0

ni1 = nk1 s0 + n2

1 − nk1
1 − n1

1−(µ+ω)h
(ν+ω)h
where n1 = 1+(ν−µ−ργ
and n2 = 1+(ν−µ−ργ
. Note
i )h
i )h
that n1 ∈ (0, 1) in view of assumptions h(µ + ργ − ν) < 1
Pk−1
1−nk
and ν + ω > ργ so that i=0 ni1 = 1−n11 . Then, one obtains
n2
ν+ω
that limk→∞ {sk } = 1−n
= ν+ω−ργ
from (23). Finally,
1
i
the arbitrarily smallness of i implies that limk→∞ {sk } =
1. The facts that limk→∞ {sk } = 1 and limk→∞ {ek } =
limk→∞ {ik } = 0 establish that the disease-free equilibrium
point of the model (7) is globally asymptotically stable.

R EMARK 6 The condition β < β1 for the global asymptotic stability of the model (7) around its disease-free
equilibrium point can be equivalently written as R0 =
σβ
(ν+σ−ργ)[ν+γ(1−ρ)] < 1. Note from T heorems 3 and 5 that

β1 6 β0 (or R 6 R0 ) so that the global asymptotic stability of
the disease-free equilibrium point implies its local asymptotic
stability while the contrary is not true. Note, also, that β1 = β0
(or R = R0 ) if ρ = 0, i.e, if there is not mortality related to the
infectious disease. In such a case, the condition for the local
and global asymptotic stability is the same.

3.2

Stability of the endemic equilibrium point

The dynamics of the model (7) around each potential endemic
equilibrium point is described by means of the equation:
(24)

yk+1 = Jend yk

T
where yk = sk − send ek − eend ik − iend
denotes
the vector of small deviations of the variables sk , ek and ik
around the corresponding endemic equilibrium point and


j11 j12 j13
(25)
Jend =  j21 j22 j23 
0 j32 j33
is the Jacobian of (7) around such a point with
(26)

j11 = [1 − (µ + ω + βiend )h]f (iend )




 j12 = −ωhf (iend )



 j13 = {[(ργ − β) − (β(ν − µ) + ργ(µ + ω))]send −



 −ργωheend + [ργν − ω(ν − µ − ργ)]h − ω}hf 2 (iend )



 j21 = βhiend f (iend )
j22 = [1 − (µ + σ)h]f (iend )


j23 = {β[1 + (ν − µ)h]send + ργ[1 − (µ + σ)h]eend }




hf 2 (iend )




j
=
σhf
(iend )

32



j
=
[1
+
(ν − 2µ − γ)h − (µ + γ)(ν − µ)h2 +
 33


+ργσh2 eend ]f 2 (iend )

The stability of the model (7) around each endemic equilibrium
point depends on the magnitude of the eigenvalues of such a
Jacobian. On the contrary to the study about the local stability of the model (7) around the disease-free equilibrium point,
a detailed analysis of the local stability around each potential
endemic equilibrium point, as a function of the parameters of
the model (7), is not reachable because of the complexity of the
expressions for the eigenvalues of (25) as functions of such parameters. However, the following remark can be deduced from
the positivity of the model (4).

R EMARK 7 The disease-free equilibrium point of the model
(7) is locally asymptotically stable if R < 1 or, equivalently, if
β < β0 . In such a case, the infection disease disappears from
the host population, i.e., the exposed and infectious subpopulations converge asymptotically to zero from an initial condition
near the disease-free equilibrium point. Otherwise one of
the following facts can happen: (i) the susceptible, exposed,
infectious and recovered subpopulations converge to their corresponding values, obtained from (9) and (11), associated with
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an endemic equilibrium point being locally asymptotically
stable if the corresponding Jacobian (25) has all eigenvalues within the open unit circle in the complex plane or (ii)
the susceptible, exposed, infectious and recovered subpopula
tions oscillate within the region D = { sk ek ik rk ∈
rk ∈ [0, 1] and sk + ek + ik + rk = 1}
R40+ sk , ek , ik ,S
with R0+ ≡ R+ {0}.

4

Impulsive vaccination

The application of a vaccination strategy has to be considered
whenever the propagation of an infectious disease leads to its
persistence within the host population. In this context, a periodic impulsive vaccination is proposed in order to modify the
dynamics of the model (7) such that the impact of the disease
within the host population be reduced. Such an impulsive vaccination is defined as:

by taking into account the first equation of the model (7). By
recursion, one obtains that the solution of (29) between two
consecutive vaccination sampling instants is:
(30)

(27)

∀k = np

where n ∈ N, p denotes the period of the impulsive vaccination, i.e. the number of samples between any two consecutive
vaccination instants and θ ∈ (0, 1). In this way, a proportion
of population is suppressed from the susceptible subpopulation
and added to the recovered one at such vaccination sampling
instants. In this sense, note that rk+ = rk + θsk ∀k = np
since the sum of the normalized subpopulations has to be 1 at
the vaccination sampling instants. Then, the equations of the
model (7) remain inalterable at the sampling instants kh, with
k 6= np, and the equation (27) completes the model under such
an impulsive vaccination. The following result motivated by
the existence of a disease-free equilibrium point for the model
(7) is established.
T HEOREM 8 Assume that the sampling period h is sufficiently small such that h(µ − ν) < 1 and Assumption 1 are
satisfied. Then, an infection-free periodic solution exists for
which ek = ik = 0 ∀k ∈ Z0+ . Moreover, such a solution is
globally asymptotically stable with the normalized susceptible
subpopulation given by:
(28)

s̃k = ak−np s∗ + b

k−np−1
X

ai

i=0

for np < k 6 (n + 1)p where a =
(1−θ)b Pp−1 i
and s∗ = 1−(1−θ)a
p
i=0 a .

1−(µ+ω)h
1+(ν−µ)h ,

b=

(ν+ω)h
1+(ν−µ)h

Proof: Assuming ek = ik = 0 ∀k ∈ Z0+ the dynamics of the
normalized susceptible subpopulation is given by:
(
k +(ν+ω)h
sk+1 = [(1−(µ+ω)h]s
∀k 6= np
1+(ν−µ)h
(29)
+
sk = (1 − θ)sk
∀k = np

+b

k−np−1
X

ai

i=0

for np < k 6 (n + 1)p where
is the initial condition for
such a time interval. The second equation of (29) leads to the
following stroboscopic map:
(31)
p−1
X
p +
s+
=
(1−θ)s
=
(1−θ)(a
s
+b
ai ) , f (s+
(n+1)p
np
np )
(n+1)p
s+
np

i=0

The potential equilibrium points of (31) are obtained from
+
adding the condition f (s+
np ) = snp to such a map. In this
way, one obtains a unique equilibrium point given by:
(32)

 +
 sk = (1 − θ)sk
e+ = ek
 +k
ik = ik

sk =

ak−np s+
np

s∗ = f (s∗ ) =

p−1
(1 − θ)b X i
a
1 − (1 − θ)ap i=0

The stroboscopic map f (u) is a strictly increasing function
d
since du
[f (u)] = ap (1 − θ) > 0 and the function g(u) =
d
f (u) − u is strictly decreasing since du
[g(u)] = −(1 − ap ) −
p
θa < 0. Such results are derived since θ ∈ (0, 1) by definition
and a ∈ (0, 1) in view of the assumptions about the sampling
period h. Then, the stroboscopic map (31) fulfills that:
• f (s∗ ) = s∗

• If 0 < u < s∗ then f (u) < f (s∗ ) = s∗ , since f (u) is
a strictly increasing function, and g(u) = f (u) − u >
g(s∗ ) = 0, since g(u) is a strictly decreasing function.
Then, 0 < u < f (u) < f (s∗ ) = s∗ .
• If s∗ < u then f (u) > f (s∗ ) = s∗ , since f (u) is a
strictly increasing function, and g(u) = f (u) − u <
g(s∗ ) = 0, since g(u) is a strictly decreasing function.
Then, u > f (u) > f (s∗ ) = s∗ .
Such results about the stroboscopic map imply that its equilibrium point s∗ is globally asymptotically stable [10]. Then, the
periodic solution (28) is globally asymptotically stable.
R EMARK 9 The period of the periodic solution (28) coincides
with the period p of the impulsive vaccination.
T HEOREM 10 Assume that the model parameters satisfy that
ν +ω > ργ and the sampling period h p
is sufficiently small such
that h(µ+ργ −ν) < 1, h(2µ+σ+γ + (γ − σ)2 + 4βσ) < 2
and Assumption 1 are fulfilled. Then, the disease-free periodic solution (28) is globally attractive if the parameters p and
θ of the impulsive vaccination fulfill the following condition:
p

(33)

[1−(µ+ω)h]
θ [1+(ν−µ−ργ)h]
p −[1−(µ+ω)h]p >

with R0 defined in Remark 6.

>

(ν+ω)(R0 −1)+ργ
ν+ω−ργ
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Proof: By combining the first equation of the model (7) with
the impulsive vaccination (27) one obtains that:

sk+1 6 c1 sk + c2
∀k 6= np
(34)
s+
=
(1
−
θ)s
∀k = np
k
k
from taking into account that sk , ek , ik ∈ [0, 1] where c1 =
(ν+ω)h
1−(µ+ω)h
1+(ν−µ−ργ)h ∈ (0, 1) and c2 = 1+(ν−µ−ργ)h > 0 from the
assumptions about the model parameters and the sampling period. Consider the impulsive system defined as:

xk+1 = c1 xk + c2
∀k 6= np
(35)
x+
=
(1
−
θ)x
∀k = np
k
k
By following similar steps to those carried out in T heorem 8
such a system has a periodic globally stable solution given by:
x̃k = ck−np
x ∗ + c2
1

(36)

k−np−1
X
i=0

sk 6 ck−np
snp+ + c2
1

(37)

k−np−1
X

Pp−1
i=0

ci1 . By

ci1

i=0

for np < k 6 (n + 1)p. From (34)-(37) there exists an integer
k1 such that sk 6 x̃k < x̃k + 0 for np < k 6 (n + 1)p provided that snp+ = x∗ for k > k1 and where 0 is an arbitrarily
small positive real number. By direct calculations, it follows
that:
sk <

(38)

6

p
k−np
c2 [1−cp
)]
1 +θ(c1 −c1
(1−c1 )[1−(1−θ)cp
1]
p
c2 (1−c1 )
(1−c1 )[1−(1−θ)cp
1]

+ 0

+ 0 = s̄

for np < k 6 (n + 1)p, by taking into account that

Pq

i
i=0 c1 =
p
k−np
because of c1 ∈ (0, 1) and then c1 − c1
6 0 for
1−cp
ν+ω
1
k 6 (n + 1)p. Note that s̄ = ν+ω−ργ 1−(1−θ)cp + 0
1

1−cq+1
1
1−c1

np <
can be made smaller than 1 with an appropriate choice of the
vaccination parameters p and θ. On the other hand, from the
second and third equations of the model (7) one obtains that:




ek+1
ek
(39)
6B
ik+1
ik
where:
(40)

B=

1−(µ+σ)h
1+(ν−µ−ργ)h
σh
1+(ν−µ−ργ)h

βs̄h
1+(ν−µ−ργ)h
1−(µ+γ)h
1+(ν−µ−ργ)h

∀k > k2 , where d1 (1 ) =

1−(µ+ω)h
1+(ν−µ−ργ1 )h

(ν+ω)h
1+(ν−µ−ργ1 )h

ci1

(1−θ)c2
for np < k 6 (n + 1)p where x∗ = 1−(1−θ)c
p
1
operating recursively, from (34), it follows that:

where λ001 corresponds to the sign "+" and λ002 to "-". It follows
that 0 < λ001 < λ002 if the sampling period satisfies Assumption
1 together with the additional assumptions of this theorem.
Furthermore, it follows that λ002 < 1 if the pair (p, θ) is chosen such that the condition (33) is satisfied, which implies that
= R10 . In such a case one can deduce
s̄ 6 (ν+σ−ργ)[ν+γ(1−ρ)]
σβ
that limk→∞ {ek } = limk→∞ {ik } = 0 by following the same
steps that those used to prove T heorem 5. As a consequence,
there exists an integer k2 > k1 such that ik < 1 and ek < 2
∀k > k2 for some arbitrary small positive real numbers 1 and
2 . Now, from the first equation of (7), it follows that:

sk+1 6 d1 (1 )sk + d2 (1 ) ∀k 6= np
(42)
s+
∀k = np
k = (1 − θ)sk

!

since sk ∈ [0, s̄) and ik ∈ [0, 1]. By direct calculations the
eigenvalues of B are:
p
2 − [2µ + σ + γ ± (γ − σ)2 + 4βσs̄]h
00
(41)
λ1,2 =
2[1 + (ν − µ − ργ)h]

< c1 ∈ (0, 1) and

d2 (1 ) =
> 0 from assuming that 0 < 1  1
since it is arbitrarily small. By using similar steps to those used
to derive (38) from (34), one obtains from (42) that:
(43)
d2 (1 ){1 − dp1 (1 ) + θ[dp1 (1 ) − dk−np
(1 )]}
1
sk <
+ 0
p
[1 − d1 (1 )][1 − (1 − θ)d1 (1 )]
for np < k 6 (n + 1)p and k > k2 . Also, from the first
equation of the model (7), it follows that:

sk+1 > m1 (1 )sk + m2 (1 , 2 ) ∀k 6= np
(44)
s+
∀k = np
k = (1 − θ)sk
[1−(µ+ω+β1 )h]
< c1 ∈ (0, 1)
1+(ν−µ)h
[(ν+ω(1−1 −2 )]h
=
> 0 from assuming that
1+(ν−µ)h
0 < 2 6 1 since they are arbitrarily small. By

∀k > k2 , where m1 (1 ) =

and m2 (1 , 2 )
0 < 1 6 1 and
using similar steps to those used to derive the expression (38)
from (34), one obtains from (44) that:
(45)
m2 (1 , 2 ){1 − mp1 (1 ) + θ[mp1 (1 ) − mk−np
(1 )]} 0
1
sk >
−0
[1 − m1 (1 )][1 − (1 − θ)mp1 (1 )]
for np < k 6 (n + 1)p and k > k2 with 00 being a sufficiently
small positive real number. Finally, it follows that:
(46)
k−np
(0)]}
d (0){1−dp (0)+θ[dp
1 (0)−d1
limk→∞ {sk } = 2 [1−d11 (0)][1−(1−θ)d
+ 0 = s̃k
p
(0)]
1

for np < k 6 (n + 1)p from (43) and (45) by taking into account that m1 (0) = d1 (0) = a, m2 (0, 0) = d2 (0) = b, with a
and b being those defined in T heorem 8, and the fact that 0 ,
1 , 2 and 00 are arbitrarily small positive real numbers.
R EMARK 11 The expression (33) is a sufficient condition to
establish the global attractivity of the disease-free periodic solution. Such a conclusion is derived from the inequality (37)
used in the proof of T heorem 10. Furthermore, one can define
a modified effective reproductive number given by:
(47)

Rmod (θ, p) = R0

(ν + ω)(1 − cp1 )
(ν + ω − ργ)[1 − (1 − θ)cp1 ]
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where c1 is that defined in the proof of T heorem 10. In this
way, if the parameters θ an p of the impulsive vaccination are
chosen such that Rmod < 1 then disease-free periodic solution
is globally attractive. However, a disease-free periodic globally attractive solution does not imply that the parameters of
the impulsive vaccination satisfy that Rmod < 1 since it is a
sufficient condition, but not necessary.

5

are applied while the population persists if a periodic impulsive vaccination is carried out. In this sense, the application of
such a vaccination strategy avoids that the population abruptly
decreases by the effect of a disease with a significant mortality.
The time evolution of the subpopulations and the normalized
subpopulations are shown in F igures 2 and 3, respectively,
when no control actions are applied.

Simulation results
900

Sk
Ek

800

Ik
Rk

700

600

Model subpopulations

An example based on an influenza epidemic in Brazil in 1918
[11] is considered to illustrate the theoretical results presented
in the paper. An initial population of N (0) = 1000 habitants is
used. Such an epidemics can be described by the SEIR model
(1) with the parameter values: ν = 7.1429·10−5 per day (p.d.),
µ = 5 · 10−5 p.d., β = 0.5143 p. d., ω = 0.1 p.d., σ = 0.0714
p.d., γ = 0.2 p.d. and ρ = 0.0464. The initial conditions for
the subpopulations are given by: S(0) = 900, E(0) = 60,
I(0) = 30 and R(0) = 10. Such a model has been discretized
with a sampling period h = 1/12 days to obtain the discretetime model (4) used in the simulations. The use of this model
instead of the normalized model (7) lets us to observe the time
evolution of the total population. Two sets of simulation results
are presented to compare the time evolution of the populations
in two different situations, namely: (i) when no vaccination
control actions are applied and (ii) under a periodic impulsive
vaccination based on that described in Section 4. The time
evolution of the total population is displayed in F igure 1 in
the two aforementioned situations.
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Figure 2: Evolution of the model subpopulations without vaccination.
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Figure 1: Evolution of the total population with and without
vaccination.

One can see that the host population tends to the extinction due
to the mortality associated to the infection if no control actions

Figure 3: Evolution of the normalized subpopulations without
vaccination.

F igure 3 shows that the normalized model (7) presents a sta-
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ble endemic equilibrium point where the normalized subpopulations are send = 0.3804, eend = 0.3015, iend = 0.1082 and
rend = 0.2099 which are obtained from (9) and (11). Such a
result is coherent with the fact that the disease-free equilibrium
point of the model is unstable since the effective reproductive
number is R = 2.5679, i.e. it is larger than 1. However, such
an information is not relevant since the population disappears
when no control actions are applied as one observes in F igure
1. F igure 4 shows the evolution of the normalized subpopulations when a periodic impulsive vaccination is applied. The
parameters of such a vaccination are θ = 0.8 and p = 7 days.
One can see that exposed and infectious normalized subpopulations tend to zero as time goes to infinity. Furthermore, the
susceptible and removed by immunity normalized subpopulations present an oscillatory behavior of the same period that
the impulsive vaccination once a stationary regime is reached
(after 250 days approximately). In such a regime the normalized susceptible subpopulation oscillates between the values
[0.1121, 0.5606] which correspond with the values of s∗ in
(32) and s∗ /(1 − θ). The normalized removed by immunity
subpopulation oscillates between the values [0.4394,0.8879] as
one can see in F igure 4. The modified effective reproductive
number (47) associated to this periodic impulsive vaccination
is Rmod = 1.7998. Although such a parameter is larger than
one the disease-free periodic impulsive solution is attractive because of T heorem 10 establishes a sufficient condition, but not
necessary, for the attractivity of such a solution, see Remark
11.
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Preventive behavioural responses and information
dissemination in network epidemic models
D. Juher∗ and J. Saldaña∗

Abstract— Human behavioural responses have an important impact on the spread of epidemics. To deal with them, some epidemic models consider that individuals are aware of the risk of contagion and adopt preventive responses when they learn about
the existence of the disease. If awareness is assumed to be transmitted from individual to individual, the information dissemination can be thought to spread over a second network where links are defined according to a certain type social relationship
(friends, acquaintances, etc.), with the same set of nodes as the contact network. Here we present a simple model for epidemic
spreading with awareness defined on a two-layer network which includes the overlap between these two layers as a parameter.
This formulation leads to an expression of the epidemic threshold as a function of the network overlap.
Keywords: Epidemic modelling, multilayer networks.

1

Introduction

Human behavioural responses have an important impact on the
spread of epidemics. One way to include them into epidemic
models is to consider individuals who are aware of the risk of
contagion and adopt preventive responses when they get informed about the existence of the disease. Some models include a new class of individuals, the so-called aware or alerted
ones, and derive the corresponding equations for the transmission of the disease and recovery (see, for instance, [7] and references therein). More sophisticated models consider specific
features of the information transmission process. For example, in contrast to disease transmission, the quality of information passed on to other people decreases at each transmission
event. This leads to more complex models with several classes
of aware individuals (see [3]). On the other hand, the routes of
information transmission do not need to be the same as those
for the spread of a disease. In this case, information dissemination is modelled by means of a second network, with the same
set of nodes as the contact network but with a distinct set of
links, over which information spreads.
In a more general context, the simultaneous spread of awareness and infectious diseases is an example of interacting
spreading processes taking place on multilayer networks.
Other examples are competitive viruses propagating in a host
population where each virus has different routes of transmission, i.e., a distinct network for propagation (see [4, 11]). In
such an instance, the interaction among virus species is determined by the type of competition existing between them (ex-

clusive, reinforcing, weakeing, etc.) when they coincide in the
same host. A challenging issue related to these processes is
to elucidate the effect of the cross-layer interrelation on the
dynamics of simultaneous propagation of contagious agents.
Some analytical results relating different features of the adjacency matrices of a two-layer network have been recently obtained in [11].
Following the studies of the impact of network overlap on the
coexistence of competing viral agents in [3, 4, 9], we derive a
simple mean-field epidemic model defined on a two-layer network where the overlap between the two layers appears as a
parameter of the model equations. This fact allows to express
the basic reproduction number R0 as a function of the overlap
of the two networks and, hence, to derive a simple analytical
expression of the epidemic threshold which involves the network overlap. Certainly, the overlap between two layers offers
an incomplete description of the cross-layer interrrelation but,
in addition to degree-degree correlations between layers, is a
basic statistical descriptor of its topology. Finally, model’s predictions are tested against the output of stochastic simulations
of epidemic spreading carried out in continuous time on partially overlapped networks generated using the so-called network configuration model and a cross-rewiring algorithm.

2

An SIS epidemic model defined on a two-layer
network

As usual in epidemic modelling, we describe the spread of infectious diseases on populations by classifying their individu-
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als into two classes or compartments. Here we consider the
class of susceptible (S) individuals and the class of infectious
(I) ones. The routes of transmission of some infectious diseases, in particular those infections that are sexually transmitted, reveal that a suitable description of populations must take
into account the network A of physical contacts among individuals, with nodes representing individuals and links corresponding to physical contacts along which disease can propagate. On
the other hand, it seems natural to assume that the probability
of getting infected through an infectious contact S-I depends
on the awareness state of the susceptible individual. In such a
case, a second network B over which information about the infection state of individuals circulates can be considered. This
dissemination network has the same set of nodes as the one
of physical contacts but, in contrast, it has a different set of
links representing, for instance, relationships with friends and
acquaintances. So, if two individuals, one susceptible and the
other infectious, are connected to each other on both networks,
we assume that the transmission rate βc of the disease though
a physical contact between them will be smaller than the standard transmission rate β. The reason is that susceptible individuals have information on the health state of their infected
partners and adopt preventive measures in order to diminish
the risk of infection.
Under this scenario, we derive a mean-field susceptibleinfectious-susceptible (SIS) epidemic model which implicitly
assumes the spread of both information and an infectious agent
over a two-layer network. Following the standard modelling
approach of sexually transmitted diseases in which the variance
in the number of contacts (sexual partners) is a basic ingredient
[1], individuals are classified according to their infection state
and their number of physical contacts. So, the model will take
into account the network layer A of physical contacts in terms
of its degree distribution pA (k) = Nk /N where Nk is the number of individuals having degree k. Analogously, the dissemination network (network layer B) is described by its degree
distribution pB (k). A key assumption of the model will be the
existence of a uniform (but not complete) overlap between the
links of both layers, which means that the probability of finding two connected nodes in both networks does not depend on
their degrees. A pair of such nodes is said to share a common
link, although the connections are of different nature.
In each layer, no degree-degree correlation is assumed, i.e.,
neighbours in each layer are randomly sampled from the population according to the so-called proportionate mixing of individuals [2]. Therefore, in each layer, the probability P (k 0 |k)
that a node of degree k is connected to a node of degree k 0 is independent of the degree k and it is given by the fraction of links
pointing to nodes of degree k 0 , i.e., P (k 0 |k) = k 0 p(k 0 )/hki [2].
So, the expected degree of a node reached through a randomly
chosen link, i.e., the expected degree of a neighbour in a population with proportionate mixing, is hk 2 i/hki. On the other
hand, let Ik denote the number of infectious nodes of degree
k in network layer A. Although the links are unordered pairs
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of connected nodes by definition, let us consider that every link
{u, v} gives rise to two oriented links u → v and v → u. Then,
the probability that a randomly chosen oriented link of A leads
to an infectious node is given by the fraction of oriented links
in A pointing to infectious nodes, that is,
1 X
1 X
k Ik =
k ik
ΘI =
hkA iN
hkA i
k

k

where hkA i is the average degree in A, and ik := Ik /N is the
fraction of nodes that are both infectious and of degree k in A.

Now, let LA , LB , and LA∩B be the number of links of A, B,
and common links, respectively. Then the probability pB|A
that a randomly chosen link of A, an A-link, connects two
A∩B
. Similarly,
nodes that are also connected in B is pB|A = LL
A
LA∩B
pA|B = LB is the probability that a randomly chosen B-link
is a common link to both networks. With all these quantities,
the epidemic spreading is described in terms of the following
system of differential equations for the number of infectious
nodes of degree k in layer A:
dIk
= k(1 − pB|A )β Sk ΘI + k pB|A βc Sk ΘI − µIk
dt
where Sk = Nk − Ik is the number of susceptible nodes of
degree k in layer A, β is the transmission rate through a noncommon infectious link, and βc is the transmission rate through
a common infectious link.
(1)

The first term in the rhs of equation (1) is the rate of creation
of new infectious nodes of degree k in A by infections through
links that only belong to layer A, whereas the second term is
the rate of creation of new infectious nodes from transmissions
through common links. The last term accounts for the recoveries of infectious nodes, which occur at a recovery rate µ. Here
hkA ipB|A is the expected number of common oriented links.
Therefore, since this number is the same regardless the network we use to compute it, the following consistency relationship must follow:
(2)

hkA ipB|A = hkB ipA|B .

Now let us express pB|A and pA|B in terms of the overlap α,
A∩B
which is defined as α := L
LA∪B where LA∪B is the set of links
of the union network A ∪ B. It follows that pB|A can be expressed in terms of α as:
pB|A

LA∩B
LA∩B LA∪B
=
LA
LA∪B LA
LA + LB − LA∩B
= α
LA


hkB i
= α 1+
− pB|A .
hkA i
=

From this relationship it follows that


hkB i
α
.
(3)
pB|A = 1 +
hkA i 1 + α

111

An epidemic model with behavioural responses defined on a two-layer network

Uppn introducing (3) into Eq. (1), α appears as a new model
parameter. In terms of the fraction ik of nodes that are both
infectious and of degree k, the model reads
 

k
hkB i
dik
(4)
=
β 1−
α
dt
1+α
hkA i

 
hkB i
+ βc 1 +
α (pA (k) − ik ) ΘI − µik .
hkA i
This equation corresponds to the standard SIS model for heterogeneous populations with proportionate mixing, but with an
averaged transmission rate which depends on α.

which corresponds to the initial growth rate of the epidemic
(cf. [1, 10] for α = 0). From this expression we get that λ1
decreases with α when βc < β.

3

2

R0



hkA i
α
and, also, that pA|B = 1 +
. Note that, as exhkB i 1 + α
pected, pB|A and pA|B fulfil relationship (2).

1

Remarks:
1. If hkB i > hkA i, the non-negativity of the factor multiplying β is guaranteed because the overlapping α is
bounded from above by
α=

hkA i
hkA iN
LA∩B
=
≤
LA∪B
hkA iN + hkB iN − hkA iN
hkB i

because LA∩B ≤ LA = hkA iN/2. An upper bound
for the maximum overlap coefficient is then given by
min{hkA i, hkB i}/ max{hkA i, hkB i}. Note that, since
the factor α/(1 + α) in (3) is increasing in α, when
hkA i ≤ hkB i it follows that pB|A ≤ 1 whereas, for
hkA i > hkB i, we have pB|A ≤ hkB i/hkA i < 1. An
improved upper bound for α is derived in [8].
2. If βc = β or α = 0, the previous equation reduces to
the classic SIS-model, as expected, because awareness
plays no role in the infection spread. If α = 1, we actually have one network and again Eq. (4) reduces to the
SIS-model but now with β replaced with βc .
In order to assess the impact of the network overlap on the initial epidemic growth, we linearise system (4) about the diseasefree equilibrium i∗k = 0 ∀k and obtain that the elements of the
Jacobian matrix J ∗ evaluated at this equilibrium are
β0 (α) 0
kk pA (k) − µδkk0
hkA i
 


 
hkB i
Bi
where β0 (α) := β 1 − hk
α
+
β
1
+
c
hkA i
hkA i α / (1 +
∗
Jkk
0 =

α) and δkk0 is the Kronecker delta. Since the eigenvalue of
0
the matrix
P (kk2 pA (k)) with the largest real part is equal to
2
hkA i = k k pA (k) (with an eigenvector whose components
vk are proportional to kpA (k)), it follows that the dominant
eigenvalue of J ∗ is
λ1 =

2
hkA
i
β0 (α) − µ,
hkA i

0
0

0.2

0.4

overlap (α)

Figure 1: R0 of the mean-field SIS model as a function of the
overlap α between network layers. Parameters values: µ = 1,
2
i = 600, and hkB i = 50.
β = 0.1, βc = 0.005, hkA i = 20, hkA
For these mean degrees, α ∈ [0, 2/5].

We can also measure the initial epidemic growth in terms of
the basic reproduction number R0 , i.e., the average number of
secondary infections caused by a typical infectious individual
at the beginning of an epidemic in a wholly susceptible population [2]. Interpreting β0 (α) as an averaged transmission
rate weighted by the overlap coefficient α and recalling that
2
i/hkA i is the expected degree of a neighbour in a populahkA
tion with proportionate mixing, R0 is given by
R0

=
=

2
hkA
i β0 (α)
hkA i µ
 

2
hkA
i
hkB i
β 1−
α
hkA i(1 + α) µ
hkA i

 
hkB i
+βc 1 +
α .
hkA i

Therefore, as λ1 , R0 is a decreasing function of the overlap
coefficient between the two layers as long as βc < β. This
expression of R0 is, indeed, a straightforward extension of the
one obtained in [1] for heterogeneous populations and STDs.
Figure 1 shows this relationship when layer A has a degree distribution with mean degree hkA i = 20 and mean square degree
2
hkA
i = 600. Note that there is no quantity related to the variance of the degree distribution of network B (as, for instance
2
hkB
i) in the expression of R0 . This fact reflects the asymmetry
of the roles of both networks in the disease propagation.
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Stochastic simulations

0.6

i(t)

0.4

We test the accuracy of the model by comparing the numerical
integration of equations (4) with the output of stochastic simulations. It is worth noting that, in the derivation of (4), we have
assumed that the edge overlap over the whole network layers is
uniform. So, networks with dissimilar topological features will
not satisfy such a hypothesis and, hence, they are not suitable
to check the model.

In simulations, the number of nodes is N = 5000, pA (k) is
a power law (pA (k) = Ck −3 ), and pB (k) is a Poisson distribution of expected degree hkB i = 25 (Figure 2), or an exponential distribution of the same expected degree (Figure 3).
In order to avoid the degree-degree correlations within a layer
that appear when very high degrees are present in the degree sequence generated from a power law distribution, we normalize
p(k) to have a minimum degree kmin and a maximum degree
given by the cut-off kc (N ) = kmin N 1/2 . This value is defined
as the degree above which one expects to find at most one node
in the network. This expression of kc (N ) leads to the normalγ−1
ization constant C = (γ − 1)kmin
N/(N − 1) and an expected
degree hki = 2kmin N/(N − 1) ≈ 2kmin .
The numerical integration of (4) is performed with an initial
condition given by ik (0) = 0.1pA (k) ∀ k, which corresponds
to uniformly infect 10% of nodes, the same initial fraction of
infected nodes as the one used in stochastic simulations. Moreover, the integration is carried out by feeding the model with
the empirical degree distribution obtained from the degree sequence of layer A. The reason for not using the theoretical distribution p(k) is that, when the variance of p(k) is large (i.e., in
highly heterogeneous networks), there can be noticeable differences among distinct finite samples of p(k). In particular, this
is the case with respect to the values of the highest degrees in
the generated degree sequences, which have a noticeable impact on the epidemic dynamics.
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Since we are interested in the overlap α as a critical parameter for the epidemic dynamics, we generate two-layer networks
of a given size N by using the configuration model from two
empirical degree sequences that are obtained from two distributions pA (k) and pB (k) with similar variances. Then, in order
to have networks with a prescribed degree of overlap, we use
an algorithm based on a selective cross-rewiring of two pairs of
connected nodes. The cross-rewiring is done if it increases the
overlap between layers (see [8] for details of the algorithm and
properties of the resulting overlap). Finally, for several values of α, we perform continuous-time stochastic simulations
on these networks based on the Gillespie’s algorithm.

0.2

0.2

0
0

6

12

time
Figure 2: Fraction of infectious nodes averaged over 10 runs
of stochastic simulations carried out on a two-layer network of
size N = 5000 for α = 0.2 (top), and 0.56 (bottom). In both
panels, pA (k) ∼ k −3 with kmin = 10 (hkA i = 20), and layer
B has a Poisson degree distribution
of hkB i = 25. Dashed
P
line shows the prevalence ( k ik ) predicted by the SIS model.
Initial fraction of infected nodes: 10%. Parameters: µ = 1,
β = 0.1, and βc = 0.03.

4

Discussion

The derivation of the model is based on the hypothesis of a
uniform distribution of the overlap over the set of nodes. This
means that those nodes with high degrees in layer A have the
same fraction of overlapped links than those with lower degrees. Clearly, this will not be the case if there is a large asymmetry between the degree distributions. One can observe the
differences when layer A, the one over which physical contacts
occur, has a power-law degree distribution whereas dissemination layer B has a Poisson degree distribution. In particular, when both degree distributions have similar mean degrees,

An epidemic model with behavioural responses defined on a two-layer network
those nodes with the highest degrees in layer A only have a
small fraction of overlapped links because of the low variance
of the Poisson distribution. This amounts to an underestimation of the epidemic prevalence by the mean-field SIS model
(4) because those nodes acting as a superspreaders in layer A
have proportionally much less contacts with a low transmission
rate (see Figure 2). In contrast, by increasing the variance of
the degree distribution of layer B, disease transmission is reduced and the epidemic evolution is closer to the one predicted
by the the mean-field model (see Figure 3).

113

Stochastic simulations confirm that, when the mean-field assumptions are met, the proposed mean-field SIS model is suitable for modelling two interacting contagious processes like
epidemic spreading and awareness dissemination. As it is usually the case for mean-field models, the analytical predictions
of the SIS model is not accurate close to the epidemic threshold R0 (α) = 1 (not shown here). However, when the overlap
coefficient is not so close to its critical value, the predicted relationship between prevalence and network overlap shows a good
agreement with stochastic simulations.
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Be-CoDiS: A deterministic mathematical model to predict
the risk of human diseases spread between countries.
Application to the 2014-15 Ebola Virus Disease epidemic.
B. Ivorra∗, D. Ngom† and Á. M. Ramos∗

Abstract— Ebola virus disease is a lethal human and primate disease that currently requires a particular attention from the international health authorities due to important outbreaks in some Western African countries and possible spread to other continents,
which has already occurred in the USA, the UK and Spain. Regarding the emergency of this situation, there is a need of development of decision tools to assist the authorities to focus their efforts in important factors to eradicate Ebola. In particular,
mathematical modelling can help to predict the possible evolution of the Ebola outbreaks and to give some recommendations
about surveillance. In this work, we propose a novel spatial and temporal model, called Be-CoDiS (Between-Countries Disease
Spread), to study the evolution of human diseases between countries. The goal is to simulate the spread of a particular disease
and identify risk zones worldwide. The main interesting characteristics of Be-CoDiS are the consideration of the migratory flux
between countries and control measure effects and the use of time dependent coefficients adapted to each country. First, we focus
on the mathematical formulation of each component of the model. Next, in order to validate our approach, we consider various
numerical experiments regarding the 2014-15 Ebola epidemic. In particular, we study the ability of the model in predicting the
EVD evolution at 30 days and until the end of the epidemic. A free Matlab version of the Be-CoDiS model can be downloaded
here: http://www.mat.ucm.es/momat/software.htm
Keywords: Epidemiological modelling, Compartmental deterministic model, Ebola Virus Disease.

1

Introduction

In this work (a full version is available in [2]), we present a
first version of a new deterministic spatial-temporal epidemiological model, called Be-CoDiS (Between-Countries Disease
Spread), to simulate the spread of human diseases in a considered area. This model is inspired from a previous one,
called Be-FAST (Between Farm Animal Spatial Transmission),
which focuses on the spread of animal diseases between and
within farms. The major original ideas introduced by Be-FAST
were: the study of both within and between farms spread,
the use of real database and dynamic coefficients calibrated
in time according to farms characteristics (e.g., size). This
model was deeply detailed in [1] and validated on various real
cases, such as Classical Swine Fever in Spain. Be-CoDiS is
based on the combination of an Individual-Based model (where
countries playing the role of the individuals), simulating the
between-country interactions (here, people movement) and disease spread, with a compartmental model (ODEs), simulating the within-country disease spread. We observe that the

model coefficients are calibrated according to the country indicators (e.g., economic situation). At the end of a simulation,
Be-CoDiS returns outputs referring to outbreaks characteristics (e.g., epidemic magnitude). The principal characteristic of
our approach is the consideration of the following effects at the
same time: people movement between countries, control measure effects and dynamic coefficients fitted to each country.
Then, we aim to validate Be-CoDiS by applying it to the current case of the Ebola Virus Disease (EVD) [4]. EVD is a
lethal human and primates disease that causes important clinical signs, such as haemorrhages, fever or muscle pain. The
fatality percentage is evaluated to be within 25% and 90% depending on the sanitary condition of the patient and the medical treatment. The 2014-15 EVD outbreak started in December 2013 in Guinea and spread to Liberia, Sierra Leone, Mali,
Senegal, Spain, United Kingdom and the USA. From an epidemiological point of view, the EVD can be transmitted between natural reservoirs (e.g., bats) and humans due to the contact with animal carcass. The most common way of EVD hu-
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man transmission is due to contacts with blood or bodily fluids
from an infected person (including dead persons).
Starting from this particular context, we study the behaviour of
our model in predicting the possible spread of EVD worldwide
considering short time intervals (30 days) . In order to validate
our approach, results obtained by Be-CoDiS are compared to
historical data (e.g., [4]). We point out that most of the parameters used by our model are calibrated for African countries
and few data are available about the behaviour of EVD in other
countries. Thus, some empirical hypothesis are needed and a
sensitivity analysis of Be-CoDiS regarding those parameters is
done.

2

Epidemiological characteristics of Ebola
Virus Disease

When a person is not infected by EVD, it is categorized in the
Susceptible state (denoted by S). If a person is infected, then
they passes successively through the following states (see [3]):
Infected (denoted by E): The person is infected by EVD but
they cannot infect other people and has no visible clinical signs
(i.e., fever, hemorrages, etc.). The mean duration of a person
in this state is 11.4 days (range of [2,21] days) and is called
incubation period. Then, the person passes to the infectious
state.
Infectious (denoted by I): The person can infect other people and start developing clinical signs. The mean duration is
5 days (range of [0,10] days) and is called infectious period.
After this period, an infectious person is taken in charge by
sanitary authorities and we classify them as Hospitalized.
Hospitalized (denoted by H): The person is hospitalized and
can still infect other people, but with a lower probability. The
mean duration in this sate is 4.5 days (see [3]). Actually, it
has been observed in practice that those patients can still infect
other people with a probability 25 times lower than infectious
people (see [4]). On the one hand, after a mean duration of
4.2 days (range [1,11] days), a percentage of the hospitalized
persons, between 25% and 72.8% (depending on the sanitary
services of the country), die due to the EVD clinical signs and
pass to the Dead state. On the other hand, after a mean duration of 5 days, the persons who have survived to EVD pass
to the Recovered state. We point out that state H does not
include hospitalized persons which cannot infect other people
any more. This last category of persons is included in the recovered state explained below. The mean of the total number of
days that a EVD patient stays in hospital (from hospitalization
to hospital discharge) is estimated to be Co =11.8 days (range
[7.7,17.9] days).
Dead (denoted by D): The person has not survived to the
EVD. It has been observed in previous Ebola epidemics, that
cadavers of infected persons can infect other people until they

are buried. The probability to be infected by this kind of contact is the same as that of being infected by contact with infectious persons. Indeed, the daily number of contacts of a
cadaver with persons is lower than that of an infectious person
but, the risk of EVD transmission due to contacts with cadavers is larger than the risk due to contacts with infectious persons
(see [3]). After a mean period of 2 days (this could be different
for some countries) the body is buried.
Buried (denoted by B): The person is dead because of EVD.
Its cadaver is buried and they can no longer infect other people.
Recovered (denoted by R): The person has survived the EVD
and is no longer infectious. They develop a natural immunity
to EVD. Since it has never been observed a person who has
recovered from Ebola and contracted the disease again during
the period of time of the same epidemic, it is assumed that they
cannot be infected again by Ebola.
Once an EVD infected person is hospitalized, the authorities
apply various control measures in order to control the EVD
spread (see [4]):
Isolation: Infected people are isolated from contact with other
people. Only sanitary professionals are in contact with them.
However, contamination of those professionals also occur (see
[3]). Isolated persons receive an adequate medical treatment
that reduces the EVD fatality rate.
Quarantine: Movement of people in the area of origin of an
infected person is restricted an controlled (e.g., quick sanitary
check-points at the airports) to avoid that possible infected persons spread the disease.
Tracing: The objective of tracing is to identify potential infectious contacts which may have infected a person or spread
EVD to other people.
Increase of sanitary conditions: The funerals of infected cadavers are controlled by sanitary personal in order to reduce
the contacts between the dead bodies and susceptible persons.

3

General description of the model

At the beginning of the simulation, the model parameters are
set by the user (for instance, the values considered for EVD are
described in Section 4.1). At the initial time (t = 0), only susceptible people live in the countries that are free of the disease,
whereas the number of persons in states S, E, I, H, R, D and
B of the infected countries are set to their corresponding values. Then, during the time interval [0, Tmax ], with Tmax ∈ IN
being the maximum number of simulation days, the withincountry and between-country daily spread procedures are applied. If at the end of a simulation day t all the people in all the
considered countries are in the susceptible state, the simulation
is stopped. Else, the simulation is stopped when t = Tmax .
Furthermore, the control measures are also implemented and
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they can be activated or deactivated, when starting the model,
in order to quantify their effectiveness to reduce the magnitude
and duration of a EVD epidemic.

tions
dS(i,t)
dt



= − S(i, t) mI (i, t)βI (i)I(i, t)


+mH (i, t)βH (i)H(i, t) /N P (i, t)


S(i,t)

−

Within-Countries disease spread: The dynamic disease
spread within a particular contaminated country i is modeled
by using a deterministic compartmental model (see [1]). We
assume that the people in a country are characterized to be in
one of those states, described in Section 2: Susceptible (S),
Infected (E), Infectious (I), Hospitalized (H), Recovered (R),
Dead (D) or Buried (B). For the sake of simplicity we assume
that, at each time, the population inside a country is homogeneously distributed (this can be improved by dividing some
countries into a set of smaller regions with similar characteristics). Thus, the spatial distribution of the epidemic inside a
country can be omitted.

N P (i,t)


+µn (i) S(i, t) + E(i, t) + I(i, t)
+H(i, t) + R(i, t)
+
−

=



P
P



i6=j

mtr (j, i, t)τ (j, i)S(j, t)

i6=j

mtr (i, j, t)τ (i, j)S(i, t),

S(i, t) mI (i, t)βI (i)I(i, t)



+mH (i, t)βH (i)H(i, t) /N P (i, t)

(1)

Under those assumptions, the evolution of S(i, t), E(i, t),
I(i, t), H(i, t), R(i, t), D(i, t) and B(i, t), denoting the number of susceptible, infected, infectious, hospitalized, recovered,
dead and buried persons in country i at time t, respectively, is
modeled by the following system of ordinary differential equa-

mD (i,t)βD (i)D(i,t)

−µm (i)S(i, t)

dE(i,t)
dt

Between-Countries disease spread: The disease spread between countries is modeled by using a spatial deterministic
Individual-Based model (see [1]). Countries are classified in
one of the following states: free of disease (F ) or with outbreaks (O). We assume that at time t country i is in state O
if I(i, t) + H(i, t) ≥ 1 (i.e., there exist at least one infected
person in this country), else it is in state F . In this work we
consider that the flow of people between countries i and j at
time t (i.e., persons traveling per day from i to j at time t), is
the only way to introduce the disease from country i, in state O,
CO
to country j. To do so, we consider the matrix (τ (i, j))N
i,j=1 ,
−1
where τ (i, j) ∈ [0, 1] is the rate of transfer (day ) of persons
from country i to country j, which is expressed in % of population in i per unit of time. Furthermore, we assume that only
persons in the S and E sates can travel, as other categories are
not in condition to perform trips due to the importance of clinical signs or to quarantine. Moreover, due to control measures
in both i and j countries, we assume that those rates can vary
in time and are multiplied by a function denoted by mtr (i, j, t).





S(i,t)

+



mD (i,t)βD (i)D(i,t)
N P (i,t)

−µm (i)E(i, t)
+
−

P
P

i6=j

mtr (j, i, t)τ (j, i)Xfit (E(j, t))

i6=j

mtr (i, j, t)τ (i, j)Xfit (E(i, t))

−γE Xfit (E(i, t)),
dI(i,t)
dt
dH(i,t)
dt

= γE Xfit (E(i, t)) − (µm (i) + γI )I(i, t),

= γI I(i, t) − µm (i) + (1 − ω(i))γHR

+ω(i)γHD H(i, t),

dR(i,t)
dt

=

dD(i,t)
dt

= ω(i)γHD H(i, t) − γD D(i, t),

dB(i,t)
dt

= γD D(i, t).

(1 − ω(i))γHR H(i, t) − µm (i)R(i, t),
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where: i ∈ {1, . . . , NCO },

of application of those control measures.

NCO ∈ N is the number of countries,

System (1) is completed with initial data S(i, 0), E(i, 0),
I(i, 0), H(i, 0), R(i, 0), D(i, 0) and B(i, 0) given in [0, +∞);
for i=1,.., NCO .

N P (i, t) = S(i, t) + E(i, t) + I(i, t) + H(i, t) + R(i, t) +
D(i, t) + B(i, t) is the number of persons (alive and also died
or buried because of EVD) in country i at time t,
µn (i) ∈ [0, 1] is the natality rate (day−1 ) in country i: the
number of births per day and per capita,

4

Application to the 2014-15 Ebola case

Xfit (x) = x if x ≥ fit , Xfit (x) = 2x − fit if (fit /2) ≤ x ≤
fit , and 0 elsewhere, with fit ≥ 0 (small tolerance parameter),

We are now interested in validating our approach by considering the Ebola epidemic currently occurring worldwide. The
advantage of this case is that some real and simulated data are
now available and, thus, we are able to compare our model outputs with the information available in the literature (see [4]).
To this aim, we first explain in Section 4.1 how to estimate the
model parameters for the EVD. Then, we present the results
and discuss them in Section 4.2.

ω(i) ∈ [0, 1] is the disease fatality percentage in country i: the
percentage of persons who do not survive the disease,

4.1

µm (i) ∈ [0, 1] is the mortality rate (day−1 ) in country i: the
number of deaths per day and per capita (or, equivalently, the
inverse of the mean life expectancy (day) of a person),

N P (i, 0) ∈ N: Total number of persons alive and also died or
buried because of EVD at time t = 0,
βI (i) ∈ R+ is the disease effective contact rate (day−1 ) of a
person in state I in country i: the mean number of effective
contacts (i.e., contacts sufficient to transmit the disease) of a
person in state I per day before applying control measures,
βH (i) ∈ R+ is the disease effective contact rate (day−1 ) of a
person in state H in country i,
βD (i) ∈ R is the disease effective contact rate (day
person in state D in country i,
+

−1

Be-CoDiS parameters estimation for EVD

Some of the parameters used in the simulations presented in
Section 4.2, have been found in the literature [5] and in the
daily reports on the Ebola evolution available online (see [4]).
Despite the effort to use the maximum amount of robust parameters as possible, due to lack of information of the behavior of
Ebola out of Africa, some of them have been estimated using
empirical assumptions. This part should be clearly improved
as soon as missing information is available.
We now detail each kind of parameter by its category.

) of a

γE , γI , γHR , γHD , γD ∈ (0, +∞) denote the transition rate
(day−1 ) from a person in state E, I, H, H or D to state I, H,
R, D or B, respectively: the number of persons per day and
per capita passing from one state to the other (or, equivalently,
the inverse of the mean duration of one of those persons in state
E, I, H, H, or D, respectively),

4.1.1

Country indicators

We use the following data regarding country i:
TMPi (t) ∈ R: Mean temperature (o C) at day t.
DENi ∈ R+ : Population density (persons/km2 ).

mI (i, t), mH (i, t), mD (i, t) ∈ [0, 1] (%) are functions representing the efficiency of the control measures applied to nonhospitalized persons, hospitalized persons and infected cadavers respectively, in country i at time t to eradicate the outbreaks. Focusing on the application of the control measures,
which in the EVD consists in isolating persons/areas of risks
and in improving sanitary conditions of funerals, we multiply the disease contact rates (i.e., βI (i), βH (i) and βD (i)) by
decreasing functions simulating the reduction of the number
of effective contacts as the control measures efficiency is improved. Here, we have considered
the functions mI(i, t) =


GNIi ∈ R+ : Gross National Income per year per capita
(US$.person−1 .ye-ar−1 ). We remind that the Gross National
Income is an indicator of the economy of the country: the total
domestic and foreign output claimed by residents of a country.

where κi ∈ [0, +∞) (day−1 ) simulates the efficiency of the
control measures (greater value implies lower value of disease
contact rates) and λ(i) ∈ R ∪ {+∞} (day) denotes the first day

All those data have been freely obtained for year 2013 from
the following World Data Bank website: http://data.
worldbank.org.

mH (i, t) = mD (i, t) = exp

− κi max(t − λ(i), 0) ,

SANi ∈ R+ : The mean Health expenditure per year per capita
(US$.person−1 .year−1 ). This is an economical indicator of the
sanitary system of a country given by the amount of money
inverted by public and private institutions (national or international) in the sanitary system of the country.
MLEi ∈ R+ : The mean life expectancy (days).
µn (i) ∈ [0, 1].

Be-CoDiS: A model to predict the risk of human diseases spread between countries.

4.1.2

Initial conditions

We have considered the initial conditions for our system (1)
corresponding to the state of the EVD epidemic at several dates
reported in [4].
In [4], only the cumulative numbers of reported cases (i.e., persons who have ever been in state H) and deaths (i.e., a person in state D or B) in each country i at date t, denoted by
NRC(i, t) and NRD(i, t), are given for dates starting on March,
23rd 2014. Thus, taking into account the characteristics of the
EVD presented in Section 2, we estimate the amount of persons
in states E, I, H, R, D and B at t = 0 as follows:
Since the main duration in state H is 4.5 days, we compute
H(i, 0) by considering the number of reported cases that are
alive at time t = 0 minus the number of reported cases that are
alive 4.5 days before H(i, 0) = (NRC(i, 0) − N RD(i, 0)) −
(N RC(i, −4.5) − N RD(i, −4.5)) .

Since the main duration in state D is 2 days, we
 compute
D(i, t) as D(i, 0) = N RD(i, 0) − N RD(i, −2) ).

Since the main duration in states E, I and H is 11.4, 5 and
11.4
T H(i, 0)
4.5 days, respectively, we consider E(i, 0) =
4.5
5
and I(i, 0) =
T H(i, 0), where T H(i, 0) = N RC(i, 0) −
4.5
N RC(i, −4.5)) is the total number of persons who have ever
been in state H any of the last 4.5 days.
The number of recovered persons R(i,0) is given by R(i, 0) =
N RC(i, 0) − N RD(i, 0) − H(i, 0) . The number
 of buried
cadaver B(i, 0) is B(i, 0) = N RD(i, 0)−D(i, 0) . The number of susceptible persons S(i, 0) is S(i, 0) = N P (i, 0)
 −
E(i, 0) − I(i, 0) − H(i, 0) − R(i, 0) − D(i, 0) − B(i, 0) .

All these numbers are rounded to the nearest integer.

4.1.3

Human Migration flow rate τ (i, j)

This information, regarding the 2005-2010 human migratory
fluxes between countries, was taken from the free database
available in http://www.global-migration.info.
The original data, denoted by τ̃ (i, j), represent the number of
persons who moved from country i to country j from 2005 to
2010. We set τ (i, j) = τ̃ (i, j)/(5 · 365 · N P (i, 0)), which
represents the percentage of persons in country i who move to
country j per day.

4.1.4

EVD and Control measures characteristics

The following parameters are assumed to be well studied due
to several data sets available about the current 2014-15 Ebola
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outbreak. Using data from Sections 2 and 4.1.1, we estimate
the following parameters for our model:
µm (i) = 1/MLEi (day−1 )
SANi
SANi
+ 0.73(1 −
)mI (i, t),
maxi (SANi )
maxi (SANi )
as we know that, for this particular epidemic, the EVD fatality percentage oscillate between [25,73]%, depending on the
quality of the sanitary service (see [5]) and the maximum fatality rate has been decreased with the application of the control
measures.
ω(i) = 0.25

γE = 1/11.4 (day−1 ), γI = 1/5 (day−1 ), γHR = 1/5
(day−1 ), γHD = 1/4.2 (day−1 ), γD = 1/2 (day−1 ).
βI (i): Here we have computed our own rates by using a regression method considering three particular sets of data associated
with the evolution of the EVD epidemic in Guinea, Liberia and
Sierra Leone (see [4]). Since for the other countries (especially
the non African ones), this value remains unknown (due to the
lack of data), we have performed an empirical non linear regression to estimate βI (i) and obtained that:
 DEN

 DEN 
i
i
= aβ arctan rβ
+ bβ + cβ ,
βI rβ
GNIi
GNIi

with aβ = 0.2574 (day −1 ), bβ = −2.2026 (non-dimensional),
cβ = 0.3515 (day−1 ) and rβ = 8.7223 (non-dimensional).

βH (i) = βI (i)/26 (day−1 ), since the probability of being
infected by contact with persons in state H is 26 times lower
than the probability of being infected by contact with persons
in state I, as explained in Section 2,
βD (i) = βI (i) (day−1 ), since the probability of being infected
by contact with persons in state D is the same as the probability of being infected by contact with persons in state I (see
Section 2).
λ(i): It is the first day t such that H(i, t) ≥ 1 for all countries
except for Guinea, Liberia, Mali, Nigeria and Sierra Leone.
For these countries, intensive control measures were not applied right after the apparition of the first person in state H, but
some time later (as reported in [4]). Thus, in the simulations
presented in Section 4.2, we considered for these countries a
reported delay between the detection of the first EVD case and
the application of the control measures.
κi : In order to fit κi , we used data from Guinea, Sierra Leone
and Liberia. Moreover, here, we considered mtr (i, j, t) =
mI (i, t)mI (j, t). We obtained that
 SAN

 SAN 
i
i
= aκ arctan rκ
+ bκ + cκ ,
κ̄ rκ
DENi
DENi

where aκ = 0.0292(day −1 ), bκ = −7.2086 (nondimensional), cκ = 0.0404 (day−1 ) ∈ R and rκ = 4.9661
(non-dimensional).
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5

Numerical experiments

We are interested in checking the validity of the EVD epidemic evolution predicted by our model. In particular, we
want to check its ability to generate good predictions when
considering short time intervals (Tmax ≤30 days). To this aim,
we run system (1) with Tmax =29 days from November 9th ,
2014 to December 7th , 2014, with the model parameters introduced in Section 4.1 and the initial conditions obtained by
using the methodology presented in Section 4.1.2.
Date
Country
Total cases
Total deaths
Guinea
Liberia
Sierra Leone
Mali

23-11-2014
BC
Real Er
16107 15935
1
5654
5689
1
2193
2134
3
7275
7168
2
6626
6599
1
12
8 50

07-12-2014
BC
Real
Er
17521 17942
2
6059
6388
5
2494
2292
9
7465
7719
3
7519
7897
5
16
8 100

Table 1: Cumulative numbers of cases predicted by Be-CoDiS
(BC), real observed data reported in [4] (Real) and percentage
error done with the model (Er) on November 23th , 2014 and
December 7th , 2014 for countries affected by EVD at those
dates. We also report the cumulative number of deaths.

Conclusions

In this work, we have presented the formulation of a new
spatial-temporal epidemiological model, called Be-CoDiS,
based on the combination of a deterministic Individual-Based
model (modelling the interaction between countries, considered as individual) for between country spread with a deterministic compartmental model, based on ordinary differential
equations, for within-country spread. The main characteristics
of this model are the combination of the effects of the migratory flux between countries and control measures and the use
of dynamic model coefficients. The model has been validated
considering the current 2014-15 EVD epidemic.
Considering the short time interval validation experiment, the
model reproduces in a reasonable way the real epidemic evolution. Those results seems to indicate the validity of our approach. However, we highlight the current limitation of our
approach: simplified assumptions in the mathematical model,
lack of precision in some data and the use of empirical assumptions. Those parts should be improved in the future.
A full version of this work (including experiments for long time
intervals) is available in [2] and a free Matlab version of the
Be-CoDiS model can be downloaded here:
http://www.mat.ucm.es/momat/software.htm
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On the equilibrium points in a process of indirect
transmission
B. Cantó∗, C. Coll∗, M. J. Pagán†, J. Poveda†, and E. Sánchez∗

Abstract— In this paper we develop a mathematical model to describe the spread of Salmonella among hens, whose structures
have been determined by an external agent and its effects on the hens. In particular, we have focused on deterministic approaches
to analyze the prevalence of Salmonella in an industrial hen house. We prove the existence of a disease-free equilibrium point
and an endemic equilibrium point. The analysis of the stability property is related to the value of the basic reproduction number,
R0 . The infection will experience extinction if R0 < 1 and the endemic equilibrium is feasible if R0 > 1.
Keywords: Epidemiology models, salmonella bacteria, equilibrium points, stability, basic reproduction number.

1

Introduction

Salmonella strains are one of the major causes of Food Poisoning (FP). Foods are the vehicle of transmission of numerous
ubiquitous serotypes of pathogenic Salmonella to animals and
humans. This is turning into a growing public health problem in industrialized countries. The source of food contamination can be endogenous (food from the animal itself such
meat) or exogenous (which taking place during processing,
transport or storage, [19]. Egg and its byproducts, poultry,
milk and dairy products, red meats and seafood are carriers of
zoonotic Salmonella. These food products can be responsible
for important FP. However, vegetables and fruits are increasingly involved in FP due to environmental contamination, see
[4, 16, 18, 22]. According to the annual report of Epidemiological Surveillance of Communicable Diseases issued by the
National Epidemiological Surveillance Network; In 2011, 271
Salmonella outbreaks were reported in Spain, with 2861 sick
people and 7 deaths. More than half of them were caused by
Salmonella enteritidis (85% of outbreaks) followed by S. typhimurium (10%), [7].
Strategies against endogenous (decreasing the prevalence of infections in cattle) and exogenous transmission mechanisms (respecting temperature/time ranges as bacterial growth factors)
are vital in order to prevent these outbreaks, see [3, 8, 20].
One the important cause of Salmonellas infection is through of
eggs. The consumption of contaminated products derived from
them is one of the most common causes that lead to disease in
humans. In this paper we focus our attention in the study of the
disease in a population of laying hens. We analyze as evolve

the salmonellas outbreaks when the indirect transmission from
the residues in the henhouse is considered.
The use of Dynamic Mathematical Models of Disease
(MMDE) provide a tool to: 1) improve understanding of the
phenomena implicated in different transmission circumstances
in order to prevent future outbreaks, 2) assist in objective decision making directed at control or eradication of FP and 3)
evaluate the effectiveness of the monitoring programs implemented.
Deterministic models are represented by differential equations
or difference equations and therefore have associated equilibrium points. The behavior of the system solution in a neighborhood of a point of equilibrium, i.e., stability or not, allows us to deduce whether the disease will disappear, will be
endemic or it will grow creating a pandemic. Usually, epidemiologic models of dynamic of a disease are classified according to the dynamics that govern their classes: SusceptibleInfected models SI, SIS, Susceptible-Infected-Recovered models SIR, and variants, SEIR, SVIR, etc., see for instance [12].
In [2, 6, 10, 14, 15, 21, 24, 26] mathematical models in order to
analyze the Salmonella disease in a henhouse are showed and,
in [1] the amount of bacteria in the henhouse is also considered.
It is well-known that the parameter R0 , called basic reproduction number, is the most important indicator used in the SI-SIR
models, since it is a threshold to determine the stability of equilibrium without infection (disease-free equilibrium: DFE) (see
[5, 9, 13, 17, 23, 25]). In this work, we are going to found this
threshold parameter when the infection is through the residues
in the henhouse instead of by direct contact with an infected
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individual.

2

A Salmonella transmission mathematical
model

In a model of spread salmonella disease in a henhouse we consider the following conditions:

The growth of bacteria in the henhouse is dependent on the
amount of infected waste produced by the infected individuals
and the life of existing bacteria hens. Therefore, a new equation should be considered
(3)
where

• The infected hens remains in the henhouse and the bacteria produced by these hens can infect others of them.
• In each stage, the cage is closed and only the dead animals are replaced.
• Hen population is always kept constant.
The population in the henhouse is distributed in susceptible and
infected individuals. We consider that the transmission of this
disease occurs by contact with residues found on the floor of
the coop.
Salmonellas bacteria can be found in a significant percentage
in waste and excrement produced by infected hens. It is interesting to consider infection by contact with these residues
instead of considering the transmission by direct contact with
infected individuals. Then, at each step t, the susceptible population is infected with an infection probability proportional to
the amount of bacteria in the henhouse, that is, c(t) = cB(t),
where B(t) is the amount of bacteria in the henhouse at time
t and c is the exposition rate. Hence, the number of new infected individuals is c(t) by the number of susceptible individuals S(t). The model is given by

S(t + 1)

=

I(t + 1)

=

pS(t) − cB(t)S(t) + µ(t)N

qI(t) + cB(t)S(t),

B(t + 1) = sB(t) + βI(t),

• s is the survival rate of the bacteria.
• β is the rate of the bacteria produced by an infected hen.
Considering the three equations we obtain the following mathematical model representing the dynamics of indirect infection
in the henhouse

(4)

S(t + 1)

=

B(t + 2)

=

+βcB(t)S(t).

It is a second order discrete-time nonlinear system which
relates the evolution of the susceptible population with the
amount of the bacteria in the henhouse.
As the equilibrium points x? = (S ? , B ? ) satisfy
S?
(5)

B

S(t + 1)
S

N = S(t + 1) + I(t + 1) = pS(t) + qI(t) + µ(t)N,
the replacement of individuals µ(t)N satisfies µ(t)N = (−p+
q)S(t) + (1 − q)N obtaining the system
(1)

S(t + 1)

=

(2)

I(t + 1)

=

qS(t) − cB(t)S(t) + (1 − q)N
qI(t) + cB(t)S(t).

?

B(t + 2)

• q is the survival rate of the infected population
and N is the total population and µ(t) the percentage of new
population. Adding these equations and considering that the
population in the henhouse is constant equal to N , that is
N = S(t) + I(t) for all t ≥ 0,

= qS ? − cB ? S ? + (1 − q)N

?

=

(q + s)B ? − qsB ? + βcB ? S ? ,

if we linearize the system (4) around of the equilibrium point
x? and consider the translation x̂ = (Ŝ(t) B̂(t))T = (S(t) −
S ? B(t) − B ? )T we obtain

where
• p is the survival rate of the susceptible population

qS(t) − cB(t)S(t) + (1 − q)N

(q + s)B(t + 1) − qsB(t) +

B

?

=

qS(t) − c(B ? S ? + S ? (B(t) − B ? ) +
+B ? (S(t) − S ? ) + (1 − q)N

= qS ? − cB ? S ? + (1 − q)N
=
=

(q + s)B(t + 1) − qsB(t) + βc(B ? S ? +
+S ? (B(t) − B ? ) + B ? (S(t) − S ? )
(q + s)B ? − qsB ? + βcB ? S ? ,

that is,
Ŝ(t + 1)

=

B̂(t + 2)

=

q Ŝ(t) − c(S ? B̂(t) + B ? Ŝ(t))

(q + s)B̂(t + 1) − qsB̂(t) +
+βc(S ? B̂(t) + B ? Ŝ(t)).

This second order linear system is equivalent to the following
first order discrete-time linear system expressed in matrix form
ŷ(t + 1) = Aŷ(t)
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where

and

3

(N, 0) considered in above Subsection and the equilibrium
point






Ŝ(t)
ŷ(t) =  B̂(t + 1) 
B̂(t)

q − cB ?
βcB ?
A=
0

0
q+s
1

(Se , Be ) = (


−cS ?
βcS ? − qs  .
0

Stability of equilibrium points

This equilibrium point yields to Ie = N − Se constitutes the
endemic equilibrium point of the system (1)-(3), (Se , N −
β
Se ,
(N − Se ).
1−s
Note that from the condition (7)

cβN
<
(1 − q)(1 − s)
cβN
− (1 − q) <
(1 − s)

We understand that the equilibrium points are the points where
the state of the system is not changing. For that, it is important
know if the trajectory solution of the system tends to the equilibrium point, it is remain in a neighborhood or it is away from
the equilibrium point.

3.1

Disease free equilibrium point

In this case, from the second equation in (5) we have the point
free of bacteria, (S ∗ , B ∗ ) = (N, 0), and consequently free of
disease, I ? = 0. To linearize the system around the disease free
equilibrium point we obtain that the system is approximate by
ŷ(t + 1) = Af ŷ(t)
where

q
Af =  0
0

−cN
βcN − qs 
0

Note that in the last two equations the bacteria variable is independent of the susceptible individuals variable. To study how
it evolves the amount of bacteria in the henhouse it is sufficient
consider these last two equations.
(6)

 

B̂(t + 1)
B̂(t + 2)
q + s cβN − qs
=
1
0
B̂(t)
B̂(t + 1)
{z
}
|

0

then, we can assure that the dynamic of the system evolves
to the disease free equilibrium point if there not exists the endemic equilibrium point.
If there exists the endemic equilibrium point (Se , Be ) then we
linearize around of it and we have the approximate discrete linear system
ŷ(t + 1) = Ae ŷ(t)



0
q+s
1

1

cβ
(N − Se ) = cBe < 0
(1 − s)

where


(1 − q)(1 − s) β
(1 − q)(1 − s)
,
(N −
)).
cβ
1−s
cβ



q − cBe
βcBe
Ae = 
0

0
q+s
1


−cSe
βcSe − qs  .
0

The stability or otherwise of this matrix enables us to establish
if the disease remains endemic or a pandemic occurs. That is,
if ρ(Ae ) < 1 , the trajectory ŷ(t) is asymptotically stable to
zero and here, the trajectory of the solution of the initial system tends to the point (Se , Ie , Be ). Otherwise, if ρ(Ae ) > 1
the system solution away from the endemic point growing the
infected population.

X

This system is asymptotically stable if ρ(X) < 1, denoting by
ρ(·) the spectral radius of a matrix. Checking the eigenvalues
of the matrix X we obtain
p
q + s ± 4βcN + (q − s)2
λ=
2

and it can be proved that
(7)

3.2

|λ| < 1 if and only if

cβN
< 1.
(1 − q)(1 − s)

Endemic equilibrium point

In the first Section we have obtained the equations (5). We have
two solutions: the disease free equilibrium point (Sf , Bf ) =

4

Basic reproduction number

Now we are going to introduce the concept of the basic reproduction number in our model of indirect transmission of the
disease.
When a mathematical model represents the dynamic of a infection process and it involves the susceptible and infected populations, the parameter, denoted by R0 , is called the basic reproduction number. The basic reproduction number is a measure
or indicator to know whether the disease will be disappear altogether or non. It is well known that R0 = ρ(F (I − T )−1 being
the evolution of infected population by I(t + 1) = (T + F )I(t)
where T is the transition matrix and F is the infection matrix.
In our case, the goal is obtain a parameter that quantifies the
transmission potential of the disease but using the rates of
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transmissibility through of the bacteria produced by the infected individuals.
In our model the infected variable I(t) have been displaced by
the bacteria variable B(t) using the equation (3). If we have
the following change of the variables (B(t + 2) B(t + 1))T =
P (I(t + 1) B(t + 1))T with


s
1
− 
P = β
β
0
1
we obtain that the matrix X is similar to


q cN
Y = P XP −1 =
β s
which has the same eigenvalues to X.

Observe that we can decompose the matrix Y in two matrices
which we denote by T and F .




q 0
0 cN
T =
, F =
.
0 s
β 0

It is known that the condition ρ(Y ) = ρ(T + F ) < 1 it is
equivalent to ρ(F (I − T )−1 ) < 1, see for instance [11]. In this
case
s
cβN
−1
ρ(F (I − T ) ) =
.
(1 − q)(1 − s)
Under the condition given in (7) we can assure that the system
(6) is asymptotically stable to 0 and consequently the initial
system tends to the disease free equilibrium point (Sf , Bf ) =
(N, 0). That is the infected individuals disappear if and only if
ρ(F (I − T )−1 ) < 1.
It is important note that the matrix Y = T +F is the coefficient
matrix of the system involving both infected and bacteria variables instead to the SI or SIR models where only is involved
the infected variable.
In order to introduce the concept of basic reproduction number for our indirect transmission model we give the following
explanation.
Let I(0) be an initial infected individual and B(0) the initial
bacteria in the waste at this time. These bacteria produce new
infected hens. From the system around of the disease free equilibrium point with matrix coefficients T and F we have the
following evolution of the I(t) and B(t)
I(1)

= qI(0) + cN B(0)

B(1)

= sB(0) + βI(0)

I(2)

= qI(1) + cN B(1) = q 2 I(0) + qcN B(0) +
+cN sB(0) + cN βI(0)

B(2)
..
.

= sB(1) + βI(1) = s2 B(0) + sβI(0) +
+βqI(0) + βcN B(0)
..
.

Looking the terms obtained at time t = 2, we have the following interpretation of them.
- q 2 I(0): it represents infected population at the time 0
surviving at time 2.
- qcN B(0) : it represents infected population from the initial bacteria at the time 1, surviving at time 2.
- cN sB(0): it represents new infected population at time
2 from the initial bacteria.
- cN βI(0): it represents new infected population at time
2 which is infected from bacteria produced by initial infected individuals.
- s2 B(0): it represents bacteria population of the time 0
surviving at time 2.
- sβI(0): it represents bacteria population from initial infected individuals at the time 1, surviving at time 2.
- βqI(0): it represents new bacteria population provided
by survivors initial infected individuals.
- βcN B(0): it represents new bacteria population derived
from individuals infected from bacteria of the initial infected individuals.
We define the following parameters:
• R0 (I) is the expected number of secondary infected individuals produced by a primary bacteria.
• R0 (B) is the expected number of secondary bacteria
produced by a primary infected individual.
According to these concepts and the above analysis we have
done on the evolution of populations of infected and bacteria
we have that the new infected individuals from B(0) and the
new bacteria from I(0) are given by

t=1
t=2
t=3
t=4
..
.

New infected
population from B(0)
cN B(0)
scN B(0)
s2 cN B(0)
s3 cN B(0)
..
.

New bacteria
population from I(0)
βI(0)
βqI(0)
βq 2 I(0)
βq 3 I(0)
..
.

Then,
• The expected number of secondary infected individuals
cN
produced by a primary bacteria R0 (I) , is
.
1−s
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• The expected number of secondary bacteria produced by
β
a primary infected individuals R0 (B), is
.
1−q
That leads to introduce the concept of the basic reproduction
number of the indirect transmission model given by (1-3) as
s
p
βcN
.
R0 = R0 (I)R0 (B) =
(1 − q)(1 − s)
Note that we could give an approximation to the probability
cB(t) estimating the maximum possible amount of bacteria in
the henhouse. The maximum amount of bacteria which can be
produced in the henhouse is obtained when all population is infected. In this case, from the equation (3) we can consider that
the maximum amount of accumulated bacteria would come to
βN
. And then, in this case, the infection probability
be b =
1−s
cβN
, which can be interpreted as the infecwill be σ = cb =
1−s
tion rate by contact with a bacteria when
r the maximum amount
σ
.
of bacteria is present. Then, R0 =
1−q
According with the above results about the equilibrium points
of the indirect transmission model and the threshold on the
population obtained in (7) we can establish the following
proposition.

survival rate of the susceptible population p
survival rate of the infected population q
rate of the bacteria produced by an infected hen β
survival rate of the bacteria s

0.9
0.7
102
0.85

and the following particular cases
Case (1)
Case (2)

exposition rate c
exposition rate c

10−6
2.10−6

In the case (1), we have
R0 (I) = 2.10−3 , R0 (B) =

1 3
10
3

and R0 = 0.816 < 1, in fact σ = 0.2 and σ + q < 1. Thus,
the infection tends to disappear. The hen population is stable
around the disease free equilibrium point (300, 0).
However, in the case (2) we have
R0 (I) = 4.10−3 , R0 (B) =

1 3
10
3

and the basic reproduction number R0 = 1.154 > 1, in fact,
σ = 0.4 and σ +q > 1. Then, the infection grows. There exists
the endemic equilibrium point (Se , N − Se ) = (225, 75) with
an accumulated amount of bacteria Ce = 5.104 .

P ROPOSITION 1 The salmonellas outbreaks from the
residues in the henhouse represented by the indirect transmission model given by (1)-(3) develops as follows

In the case (2), the hen population is asymptotically stable to
the point (225, 75) being the eigenvalues of the matrix Ae :
{0.97, 0.7, 0.47}.

• The bacteria population in the henhouse disappears if
and only if σ + q < 1. That is, if σ + q < 1 the infection does not grow and the hen population tends to
the disease free equilibrium point (N, 0).

Note that in both cases the expected number of secondary bacteria produced by a primary infected individual R0 (B), is the
1
same 103 but the expected number of secondary infected in3
dividuals produced by a primary bacteria in the second case is
greater than in the first case.

• If σ + q > 1 the infection grows. There exists the enβ
demic equilibrium point (Se , N − Se ,
(N − Se ))
1−s
and the hen population can be asymptotically stable to
the point (Se , N − Se ) or the infected population can
grow producing a pandemic.
Next we have an example.
E XAMPLE 2 Consider a henhouse with a fixed population. At
each time the population is replenished with new susceptible
hens. We consider similar estimated data used in other works,
for instance [1], and we analyze the evolution of the infectious
process depending of the exposition rate. This is an academic
example in order to illustrate the results obtained.
Consider a henhouse with a population N = 300 with the following values of the parameters:
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Analysis of infections in seasonal epidemiological models
B. Cantó∗, C. Coll∗ and E. Sánchez∗

Abstract— In this paper, we focus on the role of the basic reproduction number, which is one of the most important parameters
in epidemiological modelling. It is defined as the average number of people infected when an infected individual enters a
susceptible population. Different expressions for the basic reproduction number are given in the literature. The main aim of the
present study is to give a novel approach of R0 for discrete-time periodic epidemic models involving age structures. We give an
explicit expression for R0 . In this expression is involved the spectral radius of a collection of matrices. We establish its threshold
property, which imply that the disease invade a susceptible population if R0 > 1. Finally, we illustrate the theoretical results
with a seasonal SIR model and we compare our parameter with the traditional definitions of the basic reproduction number given
in the literature.
Keywords: Basic reproduction number, epidemic model, spectral radius, discrete-time system, nonnegative periodic matrix,
seasonal epidemic.

1

senting seasonality.

Introduction

Many epidemics exhibit seasonality. Some examples appear
when temporal patterns in human activity, as the start of the
school year, or the effects of weather on the population, are
considered. Obtaining a mathematical model that fits the epidemic process serves as a point of departure for adding realistic complications step by step and for exploring what happens
when disease does act. When the disease can be influenced by
seasonally fluctuations it is useful to introduce periodic parameters in the design of the model. There are different techniques
for solving such models, in particular, in [3] the differential
transformation method to solve a model that describes several
epidemics with seasonal is used.
Usually, an epidemic is treated as a discrete event. The associated model assumes that the chain of infection and recovery
is described as happening in discrete time steps, where each
step is the interval between an individual acquiring infection
and passing it on to the next infected. Discrete-time epidemic
models have been studied by many authors [1, 7, 10]. The
basic reproduction number, R0 , of the infection is introduced
to quantify the transmission potential of a disease and it gives
information on transmissibility and contact rates. In discretetime population models R0 is also referred to as the net reproductive rate [9, 11]. There are several studies reported in
[4, 5, 8, 15] which use periodic parameters for modelling seasonal diseases. In most of these papers, the basic reproduction
number concept given to models with constant coefficients has
been generalized to systems with periodic coefficients repre-

The SIR model is a well-known epidemiological model used in
the study of several diseases. In this work we study the reproduction number and the stability of the N -periodic SIR model
with three states where each state is subdivided in m compartments depending on the age: Susceptible individuals Si , number of individuals not yet infected or susceptible to the disease,
Infected individuals Ii and Recovered individuals Ri at the ith age compartment ,for i = 1, . . . , m. We assume that the size
of the population remains constant to N . At this end, at time
k, we consider that an entry of new individuals proportional to
the size of the population β(k)N to S1 state is added.
Denote by pi , qi and ri the survival rate of the Si , Ii and Ri individuals, respectively. Furthermore, the parameters σi , µi and
νi denote the rate of individuals becoming Si / Si+1 , Ii / Ii+1
and Ri / Ri+1 , respectively (σi < pi , µi < qi , νi < ri ).
The proportion of susceptible individuals infected at time k is
Ii (k)
represented by the exposition rate αi
and the rate of inN
fected individuals becoming recovered individual is denoted by
γi (·). In our model this parameter is considered variable. Finally, i and δi are the rate of susceptible individuals and the
rate of infected individuals at i-th compartment becoming infected individuals and becoming recovered individuals at i + 1th compartment, for i = 1, . . . , m, respectively. Specifically
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for m = 3 we have the following structured epidemic model
S1 (k + 1)

=

S2 (k + 1)

=

S3 (k + 1)

=

I1 (k + 1)

=

I2 (k + 1)

=

I3 (k + 1)

=

R1 (k + 1)

=

R2 (k + 1)

=

R3 (k + 1)

=

I1 (k)
S1 (k) + β(k)N
N
I2 (k)
(p2 − σ2 )S2 (k) − α2
S2 (k) + σ1 S1 (k)
N
I3 (k)
p3 S3 (k) − α3
S3 (k) + σ2 S2 (k)
N
(q1 − γ1 (k) − µ1 )I1 (k) +
I1 (k)
(1 − 1 )α1
S1 (k)
N
I1 (k)
(q2 − γ2 (k) − µ2 )I2 (k) + 1 α1
S1 (k) +
N
I2 (k)
+(1 − 2 )α2
S2 (k) + µ1 I1 (k)
N
I2 (k)
S2 (k) +
(q3 − γ3 (k)))I3 (k) + 2 α2
N
I3 (k)
+α3
S3 (k) + µ2 I2 (k)
N
(r1 − ν1 )R1 (k) + (1 − δ1 )γ1 (k)I1 (k)
(p1 − σ1 )S1 (k) − α1

(r2 − ν2 )R2 (k) + δ1 γ1 (k)I1 (k) +
+(1 − δ2 )γ2 (k)I2 (k) + ν1 R1 (k)

r3 R3 (k) + δ2 γ2 (k)I2 (k) + γ3 (k)I3 (k) +
+ν2 R2 (k)

where γi (k), i = 1, 2, 3, is the rate of infected individuals becoming recovered individuals. In this model we consider seasonality in the recovered individuals since some diseases are
more easily recovered in a season that in other, for instance,
in dependence of the weather, the rate of recovered individuals
of a disease can be greater in summer than in winter. Thus,
γ(k + N ) = γ(k) and we have an N -periodic epidemic model
of period N .
Note that
β(k)N = N −

3
X
i=1

pi Si (k) −

3
X
i=1

qi Ii (k) −

3
X

ri Ri (k)

i=1

holds since the size of the population remains constant to N
for all k. Then, this model has a disease-free equilibrium point
Pf = (S1f , S2f , S3f , 0, 0, 0, 0, 0, 0) being
S1f

=

S2f

=

S3f

=

N (1 − p2 + σ2 )(1 − p3 )
K
σ1 N (1 − p3 )
K
σ1 σ2 N
,
K

where K = (1 − p2 + σ2 + σ1 )(1 − p3 ) + σ2 σ1 .
If we linearize around this point we obtain a linear approximation of the initial system. Since the evolution of the disease
depends on the infected individuals, the system used in this paper is the following

I(k + 1) = (T (k) + F )I(k)
where
T (k)
 =
q1 − γ1 (k) − µ1
µ1
=
0

and

0
q2 − γ2 (k) − µ2
µ2



with fi =

(1 − 1 )f1

1 f1
F =
0
αi f
S , i = 1, 2, 3.
N i

0
(1 − 2 )f2
2 f 2


0

0
q3 − γ3 (k)

0
0 ,
f3

In this paper, we analyze a compartmental periodic epidemic
model which describes the temporal behavior of an infected
disease. For this, an infected individual is introduced into the
population and it is studied the time evolution of the infected
group. The idea is to find an expression for new infections
generated by an infected individual. For doing this, we define
a new parameter R̄0 (which is related to the basic reproduction
number) for a discrete-time periodic system. We give some results to show how it can aid in the interpretation of observed
trends and we provide a method to investigate the stability of
periodic epidemic models. Finally, the results are applied to a
discrete periodic SIR model presented in this introduction.
From now on, we use the following notation. A matrix M (·)
is said to be periodic of period N , or briefly N –periodic if
M (k + N ) = M (k) , k ∈ Z. A matrix M is called nonnegative if all its entries are nonnegative and it is denoted by
M ≥ 0. A matrix M is stable (also referred to as Schur stable or convergent) if all its eigenvalues lie in the open unit disk
of the complex plane, that is, ρ(M ) < 1, where ρ(·) denote
the spectral radius of a matrix. Finally, an nN × nN diagonal matrix M with block-diagonal entries Mi , i = 1, . . . , N is
denoted by diag(M1 , . . . , Mn ).

2

On invariant formulations of an N -periodic
model

Consider a discrete-time epidemic model with seasonality
which can be represented by means of the following N periodic linear system
x(k + 1) = T (k)x(k) + B(k)u(k), k ≥ 0,
where T (k) ≥ O is the matrix associated with the transmission of diseases and B(k) ≥ O is the matrix associated with
the new infections, that is, x(k) represents the infected individuals at time k and u(k) an input the new infected individuals. As we consider the process with a periodic behavior, then
T (k + N ) = T (k) and B(k + N ) = B(k) for all k ∈ Z, and
N the period.
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Defining
ΦT (k, k0 ) =

k−1
Y

i=k0

The ICAS and the N -periodic system are asymptotically stable if and only if ρ(Te ) < 1, [14].
T (k0 + k − 1 − i), k > k0 ; ΦT (k, k) = In ,

where In is the identity matrix of size n, we have for each
s = 0, 1, . . . , N − 1, the matrix Ts = ΦT (s + N, s), called
the monodromy matrix, whose characteristic polynomial is independent of s. These matrices play an important role in the
control theory of N -periodic linear discrete-time systems. In
fact, it is known that the N -periodic system has associated N
invariant systems, [13], given by
xs (k + 1) = Ts xs (k) + Bs us (k), s = 0, 1, . . . , N − 1,
where

In the next section, we will use the next generation method, introduced by [9], to obtain the basic reproduction number, R0 .
In this method, R0 is defined as the spectral radius of the next
generation operator in matrix notation. In this way we give
some definitions and results on matrices and spectral radius.
In [12] some results on the Perron-Frobenius theory are given.
In particular, when T is a nonnegative matrix, then ρ(T ) is a
positive eigenvalue of T with a corresponding nonnegative Perron vector and when T + F is irreducible, with ρ(T ) < 1 and
F is a nonzero nonnegative matrix, then ρ(F (I − T )−1 ) > 0.

3
xs (k) = x(kN + s)
Ts = ΦT (s + N, s)
N −1
Bs = row [ΦT (s + N, s + 1 + j)B(s + j)]j=0 .

This invariant formulation is called N -Invariant Systems
(N IS). Note that the number of invariant systems is equal to
N , but the size of matrices Ts does not increase. Usually,
the stability of a dynamic system is related to the stability of
its state coefficient matrix. In particular, it is known that the
N -invariant systems and the N -periodic system are asymptotically stable if and only ρ(Ts ) < 1.
On the other hand, it is possible to associate another invariant formulation to the N -periodic system called Invariant Cyclically Augmented System (ICAS). For that, let rb (k)
= col [r (k) , r (k + 1) , . . . , r (k + N + 1)] be and define
z (k) = Mnk−1 x
b (k)
k
ue (k) = Mm
u
b (k) ,

where Mj is a weakly cyclic matrix of index N with all
nonzero blocks equal to the identity matrix Ij , that is,


O I(N −1)j
Mj =
, j > 0.
Ij
O
Using this notation, the invariant formulation to the N -periodic
system called Invariant Cyclically Augmented System (ICAS),
[14] is defined as
z(k + 1) = Te z(k) + Be ue (k)

Te =

O
T (0)
diag (T (1) , · · · , T (N − 1))
O

The basic reproduction number, denoted by R0 , quantifies the
transmission potential of a disease and it gives information on
transmissibility and contact rates. From now on, we suppose
that the matrix B(k) is an invariant matrix B(k) = B and
that news infected individuals are given from the system state
as u(k) = F x(k). Now, the infection matrix is BF and the
N -periodic system can be considered as a closed-loop system
given as follows
x(k + 1) = E(k)x(k),
with E(k) = T (k) + BF , T (k) ≥ 0, B ≥ 0 and F ≥ 0.
The N IS and ICAS invariant formulations of this system are,
respectively, given by
xs (k + 1) = Es xs (k),

Es = Ts + Bs Fs

z(k + 1) = Ee z(k),

Ee = Te + Be Fe ,

where Fs = col[F ΦE (s + j − 1, s)]N
j=1 and Fe has the same
structure as matrix Te .
Assuming that the system free of inputs is asymptotically stable, that is, ρ(Ts ) < 1, we need to known measures or indicators that give information on the stability of the new monodromy matrix Es = Ts + Bs Fs . An approach of concept of
basic reproduction number by the N -periodic system leads us
to define it as the basic reproduction number of its N IS formulation, that is,
Rs0 = ρ(Bs Fs (I − Ts )−1 ), s = 0, 1, . . . N − 1.

where


The basic reproduction number



is a weakly cyclic matrix of index N and Be is a block diagonal
matrix, whose ith diagonal block is B (i) .
Note that in this formulation we have only one system but the
size of the matrix Te increases significantly, becoming nN .

In this way, we can find the work of Cushing and Ackleh, [8].
Another way is to define this parameter using its ICAS, that is,
Re0 = ρ(Be Fe (I − Te )−1 ).

This method is used by authors as Bacaër and Gomes, [4, 5].
From the fundamental idea underlying in the concept of basic
reproduction number, our goal is to define a different measure,
which helps us in the study of a threshold property associated
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to the stability of the system, that is, a measure to indicate us
the eradication or not of the disease in a future time.
We consider an initial time s, s = 0, 1, . . . , N − 1, the initial
state x(s) and the solution of the N -periodic system given by
x(pN + s) = ΦE (pN + s, s)x(s),
at time k = pN + s, p ≥ 1. Note that we are interested in individuals who are infected directly from the infected individual
x(s), so we focus on the next term of the solution
(1)

BF T (k − 2) . . . T (s)x(s) =
= BF ΦT (N + s − 1, s)Tsp−1 x(s), p ≥ 1.

The rest of the terms of the solution give us infected individuals from others states: BF x(s), BF T (s)x(s),. . ., etc. Then,
collecting all terms of (1) for p ≥ 1 and since ρ(Ts ) < 1 we
obtain
X
Tsp−1 = L(s)(I − Ts−1 ) = M (s).
BF ΦT (N + s − 1, s)
{z
}
|
L(s)

P ROPOSITION 2 The collection of all infections accumulated
during the lifespan of the population from the initial infected
state z(0) at time k = pN, p ≥ 1 in ICAS is equal to the collection of all directly infected accumulated from {x(s), s =
0, 1, . . . , N − 1} considered in (1) .
Proof. From definition of its coefficient matrices we can obtain
the following relation
Me = Be Fe TeN −1 (I − TeN )−1 =
= diag(M (1) . . . M (N − 1) M (0)).
−1
Hence, Me z(0) = diag(M (s)x(s))N
s=0 , and from this the assertion follows.

This fact and Definition 1 motivate us to introduce the following definition.

p≥1

Therefore the matrices collection {M (s), s = 0, 1, . . . , N −1}
shows the distribution of all infections accumulated during
the lifespan of the population from the initial infected states,
{x(s), s = 0, 1, . . . , N − 1} considered in (1).

Note that if N = 1, we have an invariant system, T (k) = T ,
for all k ≥ 1 and the above collection is reduced to the matrix
M = BF (I − T )−1 , which is the matrix involved in the concept of the basic reproduction number of an invariant system,
R0 = ρ(BF (I − T )−1 ). This fact motivates us to consider, in
the N -periodic case, the spectral radius of the matrices M (s).
D EFINITION 1 Given the N -periodic system, for each s =
0, 1, . . . , N − 1, we define the s-basic reproduction number as
R0 (s) = ρ(M (s)).
Now, we fix our attention in the corresponding term to the directly infected individuals from the infected individual z(0) at
time k = pN in ICAS, z(pN ) = EepN z(0). Then, collecting
all terms for p ≥ 1 and since ρ(TeN ) < 1 we have Me z(0)
being
Me = Be Fe TeN −1 (I − TeN )−1 .
The state of ICAS at time k = pN is
z(pN ) = MnpN −1 x
b (pN ) = EepN z(0),

where z(0) = Mn−1 x
b (0) is the initial state, and from the definition of its coefficient matrices we obtain
Me = diag(M (1) . . . M (N − 1) M (0)).

This motivates the following result on the relationship between
this collection of infected individuals obtained using ICAS and
the collection of obtained from the initial infected individuals
considered in (1).

D EFINITION 3 Given the N -periodic system, we define the
reduced reproduction number as
R̄0 = ρ(Me ) = max{R0 (s), 0 ≤ s ≤ N − 1}.
R EMARK 4 Note that, the parameter R̄0 is a new threshold
measure to study the eradication or not of the disease since it
provides information on all infections accumulated from the
initial infected state z(0) at time k = pN, p ≥ 1 of the ICAS
formulation. Determining the parameter R̄0 offers some advantage over computing Re0 = ρ(Be Fe (I − Te )−1 ). This is
mainly due to the structure of the matrices involved in the definitions. Obtaining both parameters need of calculating the inverse of a matrix, but for parameter R̄0 the involved matrix
is block-diagonal. So, it seems that implementing R̄0 incurs
lower order of complexity than implementing Re0 .
Now, suppose E(s) irreducible for all s = 0, 1, . . . , N − 1.
Thus, the matrix M (s) is nonzero, then R0 (s) > 0, and hence
R̄0 > 0. Our interest is focused on obtaining information on
the stability of the closed-loop system by means of the new
indicators R0 (s) and R̄0 . That is, we are going to study relations between them and the spectral radius of the monodromy
matrices involved in the process Ts and Es . Next, we give the
following results.
P ROPOSITION 5 For s = 0, 1, . . . , N − 1, suppose that Ps =
Ts + L(s) is irreducible, Ts ≥ 0, ρ(Ps ) = rs and ρ(Ts ) < 1.
Then ρ(Ts + L(s)/R0 (s)) = 1 and one of the following relations holds
rs = R0 (s) = 1 or 1 < rs < R0 (s) or 0 < R0 (s) < rs < 1.
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Proof. For s = 0, 1, . . . , N − 1, as Ts ≥ 0 and ρ(Ts ) < 1
then I − Ts is an M-matrix, (I − Ts )−1 ≥ 0 and hence
M (s) ≥ 0. There exists an eigenvector, ysT of M (s) corresponding to R0 (s), that is, ysT M (s) = R0 (s)ysT , then from
definition of M (s) we have
ysT L(s) = R0 (s)ysT (I −Ts ) and ysT (Ts +L(s)/R0 (s)) = ysT .
On the other hand, as R0 (s) > 0, the matrix Ts + L(s)/R0 (s)
is irreducible and so, ρ (Ts + L(s)/R0 (s)) = 1.
If R0 (s) = 1, then rs = R0 (s) = 1.
If R0 (s) > 1,
Ts + L(s)/R0 (s) < Ts + L(s) < R0 (s)Ts + L(s)
and hence, 1 < rs < R0 (s).
If R0 (s) < 1,
Ts + L(s)/R0 (s) > Ts + L(s) > R0 (s)Ts + L(s)
and hence, 1 > rs > R0 (s).
P ROPOSITION 6 If R̄0 ≥ 1 then the following relations hold:
(a) There exists s, s = 0, 1, . . . , N − 1, such that Ts + L(s)
is unstable.
(b) The N -periodic system is unstable.
Proof. (a) Suppose that, for all s, s = 0, 1, . . . , N − 1,
ρ(Ts + L(s)) < 1. Then, I − Ts − L(s) is an M-matrix and
(I − Ts − L(s))−1 ≥ 0. It is straightforward that
(I − L(s)(I − Ts )−1 )−1 = I + L(s)(I − Ts − L(s))−1 .
And thus, (I − L(s)(I − Ts )−1 )−1 ≥ 0. Then, I −
L(s)(I − Ts )−1 is an M-matrix. Hence, ρ(L(s)(I − Ts )−1 ) =
ρ(M (s)) < 1, for all s = 0, 1, . . . , N − 1 and R̄0 < 1.
(b) From (a), there exists s such that ρ(Ts + L(s)) ≥ 1. In
order to know if the N -periodic system is stable or unstable,
we use its N IS where Es = Ts + Bs Fs . By construction of Bs
and Fs , we have
Es = Ts + Bs Fs ≥ Ts + L(s),
and so, ρ(Es ) ≥ ρ(Ts + L(s)) ≥ 1, since they are nonnegative
matrices. Then, the N -periodic system is not stable.
Note that the condition R̄0 < 1 is not sufficient to establish the
stability of the N -periodic system.
To illustrate the application of the theoretical formulas for the
basic reproduction number we include the following Example.

4

Application to a SIR model

We are interesting in a structured model which presents seasonality with three different compartments. More specifically,
we consider two season such that the recovery rate is different
in the two seasons: γi (0) and γi (1), for each i-th compartment
with i = 1, 2, 3.
To illustrate the theoretical results obtained in the previous section we consider an academic example. For this, we assume
that individuals of all compartments have the same the survival
rate, that is, pi = p, qi = q, ri = r, i = 1, 2, 3, and also they
have the same rate to move from one compartment to another,
that is, the same rate of individuals of compartment i becoming
to the compartment i + 1.
In this case, from definition of the matrices T (k) and F , taking
p = q = 0.95 and σ = µ =  = 0.01, we obtain that the
reduced reproductive number R̄0 is the maximum of
{R0 (s), s = 0, 1},
being R0 (s) the spectral radius of M (s), that is,
R0 (s) = max {

α1 (0.7 − 0.8γ1 (s))
,
0.116 + 0.94(γ1 (s + 1) + γ1 (s)) − γ1 (s + 1)γ1 (s)
α2 (0.116 − 0.137γ2 (s))
,
0.116 + 0.94(γ2 (s + 1) + γ2 (s)) − γ2 (s + 1)γ2 (s)
α3 (0.026 − 0.027γ3 (s))
}.
0.097 + 0.95(γ3 (s + 1) + γ3 (s)) − γ3 (s + 1)γ3 (s)

We consider a disease such that the exposition rate is greater
in the younger individuals, for instance, α1 = 0.5, α2 = 0.2
and α3 = 0.3. And we suppose a low recovery rate which is
best in one of the seasons, for instance γ1 (0) = 0.05, γ2 (0) =
γ3 (0) = 0.1 and γ1 (1) = 0.2, γ2 (1) = γ3 (1) = 0.5. Then,
R̄0 = max {R0 (0), R0 (1)} = max{0.894, 1.075}.
Note that the use of our indicator R̄0 = 1.075 > 1 allow us to
ensure that the periodic system is unstable and thus, the disease
persists. We can make this assertion without computing the
matrices Be Fe (I − Te )−1 and Bs Fs (I − Ts )−1 . In this case,
according we use the ICAS or N IS formulation with N = 2,
we obtain Rs0 = 2.467 s = 0, 1, and Re0 = 2.196. ).
R EMARK 7 Note that in the above example we clarify the difficulties in the use of the usual definition of the basic reproduction number for seasonal diseases when the diseases persist. In
this case, R̄0 is easy to compute since this reproduction number
is reduced to use the first stage of the process.
If R̄0 > 1 then we can decide a policy of seasonal vaccination.
The vaccination rate is determined by the indicators R0 (s),
since the values of them allow us to establish different vaccination rates at each season.
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Hence, you should avoid computing the basic reproduction
number associated with the N IS formulation or the indicator associated with the ICAS for two reasons: we have to do
more calculations, we would have to build all matrices that are
part of the definition of these parameters, and moreover, using
Rs0 , s = 0, 1, or Re0 we have the same rate vaccination in all
seasons, which involves buying a larger number of vaccines.
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Numerical evaluation of the energy efficiency of an open
joint ventilated façade in Southern Spain
A. Domínguez-Delgado∗, A. Diánez-Martínez∗, C. Domínguez-Torres†, J. Iñesta-Vaquera‡

Abstract— In this work a numerical evaluation of the energy performance of an open joint ventilated façade under climatic
conditions of Southern Spain is made. Results from CFD computation show that the combined effect of the shading of the
external wall and the ventilation by the natural convection into the air gap achieve a significative reduction of the heat load
during the summer period and a reduction in global energy consumption to get internal comfort in the building when compared
with an unventilated one, although the rate of energy savings achieved is relatively sensitive to the combination of environmental
conditions. We conclude that for the whole year, the use of the studied ventilated façade provides a global energy saving up to
13% when compared with the use of a standard non-ventilated façade within the orientation and climatic conditions framework
considered.
Keywords: Passive architecture, ventilated façade, energy-efficient building, CFD, FEM.

1

Introduction

Over the last years, interest in the development of passive systems for heating and cooling has experienced a remarkable rise
because of the need to decrease the energetic costs in the thermal conditioning of buildings.

In this work we study the thermodynamic behavior of an open
joint ventilated façade during actual operating conditions in
Southern Spain and we compare its year-long energy balance
to an standard unventilated one.
Specifically, we consider the climatic typical values during a
year for the city of Seville.

In hot climates, the main advantage attributed to ventilated
façades is the reduction of cooling load for the building climatization. This reduction is achieved by the combination of two
factors: ventilation induced by natural convection in the ventilated chamber and the protection from solar radiation provided by the external layer of the façade. This way, ventilated
façades, if well designed, can significantly reduce the energetic
demand for cooling, especially in situations of high solar irradiation.

The numerical simulation of the air flow has been performed
by using the Navier-Stokes equations for thermodynamic flows
and numerical simulations have been carried out with a 2D Finite Element approach by using the FreeFem++ software ([3]).

Previous studies show that the energy efficiency of this type
of façade depends strongly on the local weather conditions.
Thereby some authors, ([1],[2]), describe the energetic efficiency decline of these façades when the ambient temperature
is high, together with a reduction of the benefits of its use in
winter due to the penalization that ventilated façades produces
in order to take advantage of the solar irradiation. Both situations are found in the studied climatic context. So a careful evaluation of the energy efficiency for this kind of façades
when compared with standard non ventilated façades must be
done in order to determine the suitability of their use in terms
of energy efficiency.

2

The opaque open-joint ventilated façade

The studied ventilated façade falls into the category of opaque
open-joint ventilated façades. Basically it has been modeled as
a two-dimensional system with a composite inner wall and an
outer layer, creating between both surfaces an air gap.
The inner wall consists of successive layers of gypsum, brick
and insulation from inside to outside Figure 1. The external
coating is made of ceramic slabs of dimensions 0.33 × 0.66
m. Between the slabs there are vertical and horizontal joints of
0.005 mm.
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Figure 1: Schematic section of the Ventilated Façade

!

Figure 2: Heat Transfer in the Ventilated Façade
The air gap has a width of 0.04 m and it extends from the floor
to the roof of the building, along the entire façade. Communication with the external environment takes place through openings located between the slabs, according to the considered
geometry.
Dimensions and physical characteristics of the different layers
which make up the studied façade are described in Table 1.

3

The physical model

In this section a generic description of the physical problem
involving the heat transfer and the movement of the air mass
in the open joint ventilated façade (OJVF) is developed. In
the system made up by the ventilated façade, the three basic
mechanisms of heat transfer are present: radiation, convection
and conduction. Specifically, the heat transfer in the façade is
determined by:

The thermal behaviour of the ventilated façade can be summarized as follows: at daylight hours the external layer receives
the solar radiation, direct, diffuse, and reflected by the environment, basically by the ground. Part of this radiation is absorbed and part is reflected. Moreover, throughout the day it
takes place a thermal long-wave radiative exchange among the
external layer, the ground, the environment and the sky. Simultaneously the external surface of the outer layer exchange heat
by convection with the circulating external air flow whose temperature is determined by the ambient temperature and the heat
convective exchange with the surface of the ground in front of
the façade. These results in a heat flow by conduction through
the outer wall.
Inside the duct radiative exchange between the two surfaces of
the channel as well as convective heat transfer between these
surfaces an the air flow take place.

• Radiative heat exchange between the two surfaces which
delimit the ventilated channel.

The air flow speed through the ventilated chamber is conditioned by the natural convection phenomenon which takes
place inside the chamber and by the air flow through the openings of the façade, which in turn is influenced by the speed of
the exterior air and even by this air temperature. Additionally,
the velocity of the external air determine the convective heat
transfer between the external surface of the outer layer and the
ambiance air. These external convective heat transfer is also
influenced for the heat transport made by air circulation that is
conditioned by the temperatures of the air entrance, the ground
surface and the outer layer.

• Convective heat exchange between the surfaces of the
ventilated channel and the air flowing inside it.

The heat transfer is completed with the coduction through the
inner wall and with the heat transfer at the room side where

• Heat gain on the outer slab due to solar irradiation.
• Heat exchange by radiation between the outer surface
and the environment .
• Heat exchange by convection between the outer surface
and the ambient air.
• Heat transfer by conduction through the outer slab.
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Layer

Description

1( Ext.)
2
3
4
5 (Int.)

Ceramic slabs
Air (ventilation duct)
Insulation
Perforated bricks
Plastering

Thickness
(m)
0.01
0.1
0.03
0.12
0.001

Density
(kg/m3 )
2800
1.184
40
1800
1800

Specif.heat
(J/(kgK) )
1000
1005
1674
840
831

Conductivity
(W/(mK) )
3.5
0.0255
0.029
0.52
0.81

Table 1: Thermophysical characteristics of the Ventilated Façade

there is convection with the air inside and radiation with the
others walls and objects in the room.

the hypothesis of ideal gases, where Ta is the ambiance air
temperature.

In order to establish the physical model, it is necessary to take
in consideration that air flowing in the interior channel removes
or adds heat to the walls of the channel at a rate fundamentally
determined by the air flow speed through the chamber and by
the difference of temperatures between the channel walls and
the air.

Concerning to the air flow, the condition of non-slip velocity is
imposed on all the solid surfaces; in the air inlet to the computational domain the velocity and the temperature of the air
is fixed; we take slip condition at the top of the computional
domain and finally free outflow. Boundary values for temperature on the building and ground surfaces are the results of the
calculation made in each time step, as it is described in 4.3.

Therefore the equations that describe the air flow, the equation for energy transport by the air flow, and the heat transfer
equations through the walls, slabs and ground must be solved
in every time step. Likewise the radiative exchanges must be
computed each time step in order to approximate adequately
the heat transfer through the façade.

4
4.1

Mathematical formulation.
Equations that govern the fluid

The governing equations for the fluid are the termodynamic
Navier-Stokes equations with a Boussinesq approximation for
the buoyancy. This equations can be written as::
- Conservation of momentum:
(1)

~ +U
~ · ∇U
~ − ∇ · (ν∇U
~ ) + ∇p = ~b
∂t U

- Continuity:
~ = 0,
∇·U

(2)
-Conservation of energy:
(3)

~ · ∇T − α∆T = 0
∂t T + U

~ = (u, v), the velocity for the direcwhere the unknows are U
tions x and y respectively; p the pressure and T the temperature
of the fluid. The cinematic viscosity and the thermal diffusivity
of the air are ν and α respectively. Finally


0
~
(4)
b =
−gβ(T − Ta )
represents the force of buoyancy due to natural convection, being g the gravitational acceleration and β the coefficient of thermal expansion that can be approximated by β = 1/Ta under

4.2

Thermal conduction through the wall, slabs and
ground

Heat conduction through the inner wall is modeled by the equation
(5)

∂T
− ∇ · (α∇T ) = 0
∂t

where the diffusivity coefficient α takes a value corresponding
to each material of the various layers of the wall. The same
equation is used for thermal conduction through the outer slab
where now α is the thermal difussivity of the slab material.
For the slabs and the insulating surface facing the duct, boundary conditions are given by the energy balance equation
corresponding to each surface as it is explained in 4.3. For the
inner layer of the mass wall the boundary condition is imposed
with a fixed indoor temperature and a combined convectionradiation heat transfer coefficient of 8 W/m2 K taken from several energy building standars.
Thermal conduction through the ground is governed by the
same equation (5), with a diffusivity coefficient
α = 0.5 10−6 m2 /s
as it is recommended in ([4]). The boundary conditions for the
ground are: the monthly average 4 m deep temperature provided by the climatic files from Energy Plus and at the ground
surface again the energy balance equation given in 4.3.

138

A. Domínguez-Delgado, A. Diánez-Martínez, C. Domínguez-Torres, J. Iñesta-Vaquera

4.3

radiation heat flux emitted by each face i is

Energy balance at the exterior surfaces

For the external surfaces of the outer slab and the ground the
energy balance is:
(6)

k

∂T
+ Qc,ext + QSW + QLW = 0
∂n

where k is the conductivity of the slab or soil and Qc,ext is the
convective heat flux betwen the surface and the air flow. This
flux is given by
Qc,ext = hc (T − Ta )

with Ta the reference air temperature, T the surface temperature and hc the convective heat transfer coefficient described in
4.5. Finally, QSW and QLW represent respectively the balance
of radiative flux of solar origin and the balance of thermal longwave radiation on the surfaces whose calculation is explained
in 4.3.1 and 4.3.2.

4.3.1

Solar radiative flux balance

Let i = 1 . . . N be the index of the triangle faces on the exterior surfaces. The balance of the radiative flux of solar origin
for every face i is
QSW
= −αis · (Iib + Iid +
i

(7)

N
X

JjSW Fi,j ),

where i and Ti are the emissivity and temperature [K] of the
face i.
In order to evaluate the long-wave radiation exchange with the
ambiance, we have considered surrounding objects 50 m away
from the ventilated façade with height equal to the façade and
a emissivity of 0.85, typical for non-metallic surfaces. For this
surrounding we consider a surface temperature equal to the ambiance air temperature.
So, the relative contribution of the downwelling radiation on
the ventilated façade depends of the fractional part the sky occupies in the field of view of the façade.
Therefore we have four sources of thermal long-wave radiation: the outer slabs, the ground, the ambiance and the sky. We
consider now a total of N + 2 surfaces. The first N surfaces
are the above described faces of the outer slabs and ground. To
these faces, we add the N + 1 face as the corresponding to the
ambiance and the N + 2 corresponding to the sky.
These way, the balance of the flux of long-wave radiation on
the face i, for i = 1, . . . , N + 2, it is given by

[W/m2 ],

j=1

(10)

where Iib , Iid are the incident direct and diffuse solar radiation
on the face i. αis and JiSW are respectively the solar absorptivity and the solar radiosity of the face i and finally Fi,j is the
view factor based on i, between faces i and j, ([5]).
The values of the radiosity are calculated by solving the system
(8)

EiLW = i σTi4

(9)

QLW
= JiLW −
i

N
+2
X

JjLW Fi,j , [W/m2 ],

j=1

where JiLW is the long-wave radiosity of the face i and finally
Fi,j is the view factor.
The values of the long-wave radiosity JiLW are calculated by
solving the system

As · Js = Es ,

with
1 − ρs1 F1,1
 −ρs2 F2,1
=

···
−ρsN FN,1


ASW

−ρs1 F1,2
1 − ρs2 F2,2
···
−ρsN FN,2

···
···
···
...


−ρs1 F1,N
s
−ρ2 F2,N 


···
s
1 − ρN FN,N

(11)
with

ALW =



SW

J


=


J1SW
J2SW
···
SW
JN



,



E

SW


=


ρs1 (I1b
ρs2 (I2b

I1d )
I2d )



+

+


···
s
b
d
ρn (IN + IN )

ALW · JLW = ELW ,






1 − ρ1 F1,1
−ρ2 F2,1
..
.
−ρN +2 FN +2,1

where ρsi is the solar reflectance of face i.
Long-wave radiative flux balance

The long-wave radiative flux balance between the external surfaces, the ambiance and the sky is calculated using the StefanBoltzmann’s law. For the outer slab and ground, the long-wave


J1LW
 J2LW 

=
 ··· ,
LW
JN +2


JLW

4.3.2

−ρ1 F1,2
1 − ρ2 F2,2
..
.
−ρN +2 FN +2,2

···
···
···
···

−ρ1 F1,N +2
−ρ2 F2,N +2
..
.
s
1 − ρN +2 FN +2,N +2








E1LW
 E2LW 

=
 ··· 
LW
EN +2


ELW

Where ρi is the long-wave reflectance of the face i and EiLW
LW
is computed by using (9). For the sky, ρN +2 , EN
+2 and TN +2
are described in5.
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4.4

Energy balance on the duct surfaces

The energy balance for the surfaces into the duct is:
(12)

∂T
+ Qc,duct + QLW = 0
k
∂n

being now k the conductiviy of the different materials that
make up the surfaces facing the duct. Qc,duct is the convective heat transfer of the surfaces to the air flowing into de duct
and QLW is the long-wave radiative flux balance among the
surfaces conforming the duct.
The radiative exchange QLW is calculated following the same
guidelines developed in 4.3.2. Now the surfaces sources of
thermal long-wave radiation are the external surface of the insulating layer, the internal faces of the slabs, the floor at the
bottom of the duct, and the sky at the top. Also the ventilation
openings must be taken into account for the global balance of
the long-wave radiation into the duct.
To calculate Qc,duct we observe that previous numerical computations ([2]) show that mean velocity of the flow does not
exceed 0.5 m/s into the duct. This implies a Reynolds number around 1200 and a laminar behavior of the air flow into the
duct. So, the usual Gnielinsky correlation often used to determine the convective heat transfer coefficient in ducts for fully
developed turbulent flows is non indicated.
Instead we do a direct calculation of Qc,duct as it is showed
by Zhai et al.([6]). This way we computed the convective heat
transfer by
Qc,duct = kair (T − Tair (xp ))
where kair is the air conductivity, Tw is the surface temperature
and xp is the nearest grid knot to the surface. To have a good
approximation of the heat transfer between the surfaces of the
duct and the air flow, the grid must have some knots inside the
thermal laminar boundary layer of the flow. In order to achieve
this, it is enough that the distance dxp from xp to the surface
verifies
(13)

For the ground horizontal surface we used the correlations
based on Jurges’s wind tunnel measurements ([10]). The correlation is as follows:
hc,ext = 4.1Vloc + 5.8,

5

[W/m2 K].

Estimation of the downward long-wave radiation of the sky

Total sky irradiance onto surfaces on Earth includes the shortwave radiation from the Sun and the thermal long-wave radiation from the sky. Solar shortwave radiation takes place
only during daylight hours, but thermal donwelling radiation
is present throughout the whole day. So, although this radiation is normally named nocturnal radiation, it takes place even
during daylight hours. Thereby, building exterior surface temperatures cannot be calculated accurately if the sky long-wave
radiation is not considered ([11]). In fact, the sky can be used
as a heat sink for building radiating surfaces in such a way that
if the emitted radiation of a surface exceeds the absorbed radiation, the surface will cool down.
The downward long-wave radiation of the sky, Qsky , is usually
aproached by using two different concepts: "sky emissivity" or
"effective sky temperature".
The effective sky temperature, Tsky , is defined as the temperature of the sky when supposing that sky emites long-wave radiation as a blackbody. This way Qsky can be computed as
(14)

4
QLW
sky = σTsky ,

where σ is the Stefan-Boltzmann constant.
The other way, sky is assumed to act as a grey body having the
temperature equal to the absolute ambiance air temperature Ta
and with a global sky emissivity sky . So, Qsky can be computed as
(15)

Qsky = sky σTs4 ,

dxp < δ

where δ is the thickness of thermal boundary layer for natural
convection ([7]). For the geometry considered and the mean
velocity found, we used a size mesh of 0.001 in the x direction
in the duc so that (13) is verified.

4.5

proposed by Liu and Harris ([9]) for vertical façades. Here Vloc
is the velocity measured 0.5 m away from the wall surface.

Convective heat transfer coefficients

Convective heat transfer coefficient (CHTC) for external building surfaces, hc,ext , is essential in order to calculate heat gains
and losses from building façades to the ambiance air. Following the recomendations of Mirsadeghi et al. ([8]) for low rise
buildings, we have considered the value
hc,ext = 6.31Vloc + 3.32,

[W/m2 K]

Both effective sky temperature and sky emissivity depend on
several factors, but the most significant ones are outdoor temperature, relative humidity of the environment and cloud cover.
The effect of cloud cover on downwelling long-wave radiation
is complex. Essentially, clouds absorb outgoing IR radiation
and emit thermal IR radiation to a temperature higher that emitted by a clear sky. Thus, a cloudy day thermal downwelling sky
irradiance can increase over 34% regarding the sky irradiance
of a clear sky.
Walton ([12]) and Clark et al. ([13]) estimated that sky emissivity sky of a cloudy sky can be approximated by
sky = (.787 + .764 ln(

224
35
28
Tdp
))(1 + 4 n − 4 n2 + 5 n3 )
273
10
10
10
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where Tdp is the absolute dewpoint temperature and n is the
opaque sky cover in tenths.

8
8.1

6

Studied façade features.

The considered ventilated façade is placed in a building of
5.05 m height with South orientation. The external coating
consists of 15 ceramic slabs of dimensions described belove.
The Spanish Technical Building Code ([14]) points out that
ventilated air gap width should be between 30 and 100 mm for
ventilated façades. Although some authors ( [1]) point out that
the optimum energy efficiency ventilated façade is achieved for
a camera about 15 cm in width, we stick to the values set by the
Technical Code and the studied ventilated façade has a chamber 4 cm in width.
Inside the air gap an aluminium structure support the slabs.
This structure is composed of vertical profiles that coincide
with the vertical joints blocking their aperture to the external
ambiance. So the effective air circulation between external
ambiance and the gap is carried out through the horizontal openings.
Dimensions and thermophysical characteristics of the studied
façades are listed in Table 2.
For the external surface of the outer layer, an absorptivity value
of solar radiation equal to 0.3 is considered. The emissivity
coefficient of the two surfaces of the external layer has been
taken as 0.9 and for the inner wall surface facing the ventilated chamber, the emissivity coefficient has been taken equal
to 0.8. The ground in front of the façade is composed of small
stones block light colored and an absorptivity value of 0.5 and
an emissivity of 0.9 have been considered for it . These values are taken according to the technical specifications for the
materials considered ( [14], [15]).

7

Climatic conditions

We have considered a set of environmental conditions that
try to reproduce the most yearly relevant features in southern
Spain. These conditions are characterized by high temperatures as well as by relatively high levels of radiation during
daytime hours in summer and moderate temperatures in winter. Winds usually are not strong but can range from absolute
calm to a relatively moderate wind, which may significantly increase the heat sensation in the hot season. In this work only a
wind velocity equal to 1 m/s has been considered for the sake
of brevity. Some effects of different wind velocities on the
energetic performance of the ventilated farcades are showed in
([16])
The climatic data used in the computation are been taken from
the Energy Plus weather data. For the typical day of every
month, hourly values of solar radiation, ambient temperature
and donwelling radiation are been used.

Numerical Simulation
Computational domain

For the numerical solution of the set of equations describing
the problem, we have started from a two-dimensional computational domain that includes both the ventilated façade and a
wide region outside it, in order to adequately simulate air flows
in the front and top of the building containing the façade.
The incoming region in the front of the studied façade is 10 H
wide, and the height of the considered computational domain
is 4 H , where H is the height of the ventilated façade. This domain has been meshed by using triangular elements to perform
a discretization of the problem by the Finite Element Method
(FEM).

8.2

Numerical resolution

The numerical resolution of the equations (1)-(2)-(3) is made
by using mixed a P2 − P1 Finite Element approximation for
the velocity and pressure and a P1 approximation for the temperature.
The equations of heat transfer through the inner wall, the outer
layer and ground have been solved by a P1 Finite Element
approximation.
For the temperature on the solid surfaces, the borders conditions are chosen from the energy balance equations as it is described in 4.3. In each time step the radiative balance on the
surfaces is calculated and then the balance energy on the solid
surfaces is used to get the border conditions for the temperature.

9

Results.

The results from the numerical simulation show the qualitative
behavior expected for ventilated façades. Thus, higher levels of
solar radiation and outside temperature correspond to a higher
heat flux inside the dwelling and a lower heat flux into de building than for the unventilated façade (NVF) is obtained.
Furthermore important on the energy performance of the
façade they are the role of the radiation reflected from the
ground and the downwelling radiation from the sky on the energy performance of the OJVF.
Computations show that for every month the higher slabs reach
lower temperatures than slabs located at the bottom. We have
considered two floors in the building to estimate the influence
of this fact in the heat transfer to both floors. In the following
figures we can observe the differences between the heat flux
into each floor. In Figures 3, 4, 5, 6 and 7, the hourly flux into
the two floors of the building are showed for typical monts of
Winter, Spring, Summer and Autumn.
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In these figures it can be observed the most important factor in
the heat transfer through the façade is the ambient temperature
combined with the radiative influence.
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Figure 6: Heat flux through the Ventilated Façade in August

Figure 3: Heat flux through the Ventilated Façade in January
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Figure 4: Heat flux through the Ventilated Façade in April
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Figure 7: Heat flux through the Ventilated Façade in October
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Figure 8: Monthly heat transfer into the building [kWh], for
OJVF and NVF
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Figure 5: Heat flux through the Ventilated Façade in June
Another important fact observed is the time lag between the
maximum of the heat flux into the building and the maximun
of the ambient temperature and solar irradiation. This lag can

In Figure 8 the monthly flux into the building is showed. For all
months in the cold season the heat transfer through the OPVJ
to outside is less than through the NVF. Also it is shown in this
figure that heat gain for all months in the hot season is less for
the OJVF than for the NVF.
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Finally, in Figure 9 we can see the yearly global energy behavior for both façades. In the heating season the OJVF reduces
the heat loss about a 5% when compared with the NVF. In the
cooling season the reduction of heat gain is about a 34%. This
implies a yearly saving reduction of about a 13% for the OJVF
when is compared to the standard NVF.
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Figure 9: Whole year energy balance for OJVF and NVF
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Thermofluid-dynamic analysis of ventilated façades.
Energy and Buildings, 42 (2010), 1148-1155.

Conclusions

A numerical code for simulating the energetic performance of
a ventilated façade has been developed. The code has been
used to draw conclusions about the thermodynamic behaviour
of a specific ventilated façade, comparing its efficiency with
another non-ventilated façade for all the months of the year

[6] Z . Zhai, Q. Chen, Numerical determination and treatment of convective heat transfer coefficient in the coupled
building energy and CFD simulation Building and Environment, 36 (2004), 1000-1009.
[7] H. Schlichting, K. Gersten, Boundary-Layer Theory.
Springer, (2000).
[8] M. Mirsadeghi, D. Costola, B. Blocken, J.L.M. Hensen,
Review of external covective heat transfer coefficient
models in building energy simulation programs: Implementation and uncertainty Applied Thermal Engineering,
56 (2013), 134-151.
[9] Y. Liu, D.J. Harris, Full-scale measurements of convective coefficient on external surface of a low-rise building
in sheltered conditions. Building and Environment, 42
(2007), 2718-2736.

From the results it can be concluded that the studied ventilated façade has a better behavior in terms of energetic efficiency compared to non-ventilated façade. The considered
ventilated façade can provide energy savings rate about 13%
for the whole year. In summer this saving rate can reache the
34%.

[10] W. Jurges, Heat Trasfer at a plane wall. GesundheitsIngenieur, 19 (1924).

We conclude that under climatic conditions in southern Spain,
the use of the studied ventilated façade allows a major reduction of the heat load of the building in relation to a nonventilated façade with the same construction features and provides an significant reduction of the yearly energetic comsuption too.

[12] G.N. Walton, Thermal Analysis Research Program Reference Manual. NBSSIR 83-2655. National Bureau of
Standards, (1983), p. 21.
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Reduced Basis Methods. Application to thermal
resolution into the walls
T. Chacón Rebollo∗, M. Gómez Mármol∗ and I. Sánchez Muñoz†

Abstract— In this paper, we build a reduced order model to compute the heat transfer within the walls of a room, for a realistic
range of heat transmission coefficients. We perform a local reduction of dimension in some zones of the walls that allows to
build a reduced model in just a 3D domain around the corners of the wall. We then build a Reduced Basis model for this reduced
model. We reduce the computational time by a factor of 25, for rather rough grids.
Keywords: Heat equation, eco-efficient buildings, Reduced basis method, finite element method.

1

Introduction

This work is the initial part of a project about numerical modeling of the thermo-aeraulic coupling for eco-efficient indoor
design of building. We want to study this problem, because a
large part of the domestic energy consumption is required by
heating and cooling. Consequently it is very important to design energy-saving eco-efficient buildings. However, the accurate computation of the temperature in buildings is quite costly
due to the complex structures of the buildings, the coupling
air-walls and the long physical time intervals of computation
(typically, one year). We are analyzing wether a way to overcome these difficulties is the use of Reduced Order Models
(ROM), that conveniently designed may reduce the computational times by several order of magnitudes.
We focus on the reducer order modeling of the heat transmission within the walls of a building. We consider an initial
model problem: The heating/cooling of a room. We solve the
heat transfer equations in a domain formed by the walls, roof
and ground for heat transfer coefficients ranging within realistic values. The heat transmission between air and walls is
modeled by Newton’s law of cooling, where the main parameter is the heat transfer coefficient.
We solve this problem by means of a particular ROM, the reduced basis (RB) method. In addition, we perform a local reduction of dimension in some zones of the walls by assuming
that the heat flow is 1D (or 2D in the junction of two walls), in
the normal direction (or plane). This is a common simplification in thermal engineering. This allows to perform a reduced
modeling in just a 3D domain around the corners of the wall,
where the aforementioned 2D solutions play the role of Dirich-

let boundary conditions. We apply the reduced basis method to
this reduced model. We obtain reductions in a factor of around
25 of the computational time, for rather rough grids.
The structure of paper is the following: in section 2 we present
the position of problem to solve, in section 3 we introduce the
RB method, in section 4 we apply the RB method to our problem, and finally in section 5 we present some numerical tests.

2

Position of Problem

We consider the domain three-dimensional Ω formed by eight
walls, the boundary of this domain has twelve parts which correspond to the inside and outside of the room.
Mathematically, the problem is the following

(1)


 −∆T = f, in Ω,
∂T
= αi (T − Ti ),
 −
∂η

on Γi ,

i = 1, . . . , 12

where αi are the heat transfer coefficients (parameters of the
problem) and Ti are known and represent the indoor and outdoor temperatures. Experimentally it is known that these parameters take values ranging form 2 to 20.
Our goal is the computation of the temperature into the walls
depending on the heat transfer coefficients.
To simplify the problem, thermal engineers assume that on the
center is one-dimensional, on the joint between two walls is
two-dimensional and n the corners the temperature has a performance three-dimensional.
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At first, we make several simulation in order to decide the 1D,
2D and 3D zones and we decompose the total domain in the
sum of domains in which the behavior is different. Next we
define the strategy for coupling between the problems with distinct dimensions.

Γ6

In the 1D zones we calculate the analytical solution. After, we
consider the two-dimensional zones, each one of these zones
has six boundaries, on four of them we have the original boundary conditions but two of them correspond to intersections with
the one-dimensional zones. In these two boundaries we impose
the Dirichlet conditions equal to the one-dimensional solution
and then we solve these two-dimensional problems. Analogously we make the coupling between two and three dimensional problems. Then, we have nine boundaries and three of
them are common to the two-dimensional zone, then on these
boundaries we consider Dirichlet conditions equal to the two
dimension solution.

Γ4

Γ3
Γ2
Γ5
Γ1
Figure 2: 2D-Domain Ω2 .

The 2D and 3D are resolved by reduced basis methods.
The domains are determined as follow. We take Ω a room with
rectangular form then we make some simulations and we determine where approximately the behavior change, the domains
are the presented in figures 1 and 2 for 3D and 2D, respectively.
We denote by Ω2 and Ω3 the domains in 2 and 3 dimensions
respectively.

Now we define the equations and the boundary conditions for
the three dimensional problem.
The problems in one dimension:

 −T 00 = f, in (a, b),
−T 0 = αi (T − Ti ), on a,
(2)

−T 0 = αk (T − Tk ), on b;

where i, k are two index between 1, . . . , 12.

If there is not external source, f = 0, then (2) can be solved
analytically, and the unique solution is:
T (w) = C1 w + C2 ,
with C1 and C2 constants that depend on data
a, b, αi , αk , Ti , Tk and w represents the direction which can
be x, y or z. If f 6= 0 then we resolve the problem (2) numerically by finite difference for example.

Γ7
Γ1

Γ6

Γ4
Γ5
Γ3
Γ9

The problems in two dimension: The domain where we are
going to solve can be seen in figure (2). Boundaries Γ5 and
Γ6 are the intersections with the zones of dimension one, then
on these boundaries we have Dirichlet condition equal to the
solution of one-dimensional problem, which are denoted by g5
and g6 .
The problem is the following:

Γ2
Γ8
Figure 1: 3D-Domain Ω3 .

(3)


−∆T = f, in Ω2 ,

 ∂T
= αi (T − Ti ), on Γi ,
−

 ∂η
T = gj , on Γj , j = 5, 6

i = 1, . . . , 4

Analogously, we define the three-dimensional problem. The
boundaries where we have Dirichlet conditions are Γ1 , Γ2 and
Γ5 (see figure 1).
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The problem to solve is:

(4)

3


−∆T = f, in Ω3 ,

 ∂T
= αi (T − Ti ), on Γi , i = 4, . . . , 9
−

 ∂η
T = gj , on Γj , j = 1, . . . , 3

Reduced basis methods

The main idea is to solve the problem for some representative
parameters and obtain solution of problem for any parameter
as a combination of them.
Therefore, the method consists in two stages. In the stage 1,
called offline, we choose the parameters and solve the problems
for those parameters, in the second stage, online, we solve the
problem for any parameter by Galerkin method using as basis
the previous functions.

The functions uN (µn ), 1 ≤ n ≤ Nmax are often called
snapshots and are obtained by solving the FE problem for µn ,
1 ≤ n ≤ Nmax . We expect to well approximate any solution
uN (µ) for some µ ∈ D in terms of relatively few snapshots.
However, we must ensure that we can choose a good combination of them, for that we choose these snapshots in an optimal
way. The strategy to build the set SN will be explain in Section
3.3.

3.2

Galerkin projection. Online

For our particular class of equations is it appropriate to use
Galerkin projection to solve de problem. Given µ ∈ D, find
N
N
uN
such that
N (µ) ∈ XN ⊂ X
a(uN
N (µ), v; µ) = f (v),

(5)

∀v ∈ XNN .

We obtain the classical optimality result:
N
k|uN (µ) − uN
N (µ)k|µ ≤ inf k|u (µ) − wk|µ

In the practice the number of parameters chosen is very small
and then to solve the problem for any parameter is very fast.

N
w∈XN

1/2

and ((w, v))µ = a(w, v; µ).

A detailed development of this method can be found in [3] for
example. Now, we present the reduced basis method for elliptic
problem.

where k|wk|µ = ((w, w))µ

3.1

We now considerate the discrete equations associated with the
Galerkin approximation (5). First at all, we apply the GramScmidth process with respect to the (·, ·)X inner product to
snapshots, uN (µn ), 1 ≤ n ≤ Nmax . Then the RB solution
can be expressed as:

Elliptic case. Offline

We consider the following problem: Given µ ∈ D ⊂ Rd , find
u(µ) ∈ X (Ω) such that
a(u(µ), v; µ) = l(v),

∀v ∈ X (Ω),

where Ω is a bounded domain in Rd (for d=2 or 3), X = X (⊗)
is a Hilbert space; a(·, ·; µ) and f (·; µ) are the bilinear, coercive, continuous and linear, continuous forms, respectively,
associated with the PDE.
We assume that we are given a FE approximation space X N
of dimension N . Hence, the FE discretization of problem is as
follows: given µ ∈ D, find uN (µ) ∈ X N such that
a(uN (µ), v; µ) = f (v),

∀v ∈ X N .

We then introduce, given a positive integer Nmax , an associated sequence of approximation spaces: for N = 1, . . . , Nmax ,
XNN is a N -dimensional subspace of X N ; In order to define
these spaces, we introduce a master set of selected parameter
points µn ∈ D, 1 ≤ n ≤ Nmax and then we define, for
given N ∈ {1, . . . , Nmax },
SN = {µ1 , . . . , µN },
and the associated spaces
XNN = span {uN (µn ), 1 ≤ n ≤ N }.

If the spaces XNN are chosen suitably this inequality allow us
to deduce the convergence of the method.

uN
N (µ) =

(6)

N
X

am ϕm .

m=1

Taking v = ϕk , 1 ≤ k ≤ Nmax in (5) and using (6), we obtain
the RB equations
(7)

N
X

am a(ϕm , ϕk ; µ) = f (ϕk ),

m=1

3.3

∀k = 1, . . . , Nmax .

Greedy algorithm

We now explain the strategy used for the construction of the
Reduced Basis spaces XNN .
First, we take µ1 ∈ D and compute uN (µ1 ), then define
S1 = {µ1 },

X1N = span {uN (µ1 )}.

For N equal 2 until Nmax we use the following recurrent procedure: know
SN −1 = {µ1 , . . . , µN −1 },
and

N
N
1
N
N −1
XN
)},
−1 = span {u (µ ), . . . , u (µ
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we choose µN as:
µN = arg max ∆N −1 (µ)
µ∈D

where ∆N −1 is a posteriori estimator for the error kuN (µ) −
N
uN
N −1 (µ)kX . In order to calculate the new parameter µ , we
use the descent method with projection on D. In the computation, we take as descent method the gradient and for the 1D step
we apply the Armijo’s rule. When µN is already calculated we
obtain uN (µN ) and then

d=

If we solve the problem (3) by Galerkin projection using as
basis the functions calculated in the offline stage, the Dirichlet boundaries conditions are no homogeneous. Then a linear
combination of them does not satisfy the boundary conditions
unless that Dirichlet conditions are zeros. Instead, first we consider T = u + G, where G is a lifting and u is solution of
a convenient problem with homogeneous Dirichlet conditions.
In particular, we choose a lifting such that both problem are
uncoupled. So,

−∆G = 0, in Ω2 ,

 ∂G
= αi G, on Γi , i = 1, . . . , 4
−
(8)

∂η

G = gj , on Γj , j = 5, 6
and


−∆u = f, in Ω2 ,

 ∂u
−
= αi (u − Ti ), on Γi ,

 ∂η
u = 0, on Γj , j = 5, 6.

Z

Ω2

and
l(v) =

Z

∇ϕj ∇ϕk ,

Ci =

Z

Γi

ϕj ϕk , ∀i = 1, . . . , 4,

Ω2

∇u∇v +

fv +

4
X
i=1

αi

f ϕk ,

di =

Ω2

Z

Γi

Ti ϕk , ∀i = 1, . . . , 4.

In the online stage, we construct the problem (7) which corresponds to a linear system of N equations with N unknowns,
where the system matrix and second member are

A=B+

4
X
i=1

5

αi Ci ,

b=d+

4
X

αi di .

i=1

Numerical Test

We assume that Ω is a room with rectangular form and dimensions 3m x 6m x 3m and the width of the wall is 0.3m. For
these dimensions we have made some simulations and we have
determined that approximately the behavior change occurs at
0.85 m.

5.1

Z

4
X

αi

Z

Ti v.

i=1

Z

i = 1, . . . , 4

This last problem is solved by the method RB. For that, let
the space X (Ω2 ) = {u ∈ H 1 (Ω2 ) / u = 0 on Γ5 ∪ Γ6 } and
µ = (α1 , . . . , α4 ). Define the forms
a(u(µ), v, µ) =

Z

Ω2

Application of RB

We want to apply the RB method to solve the problems (3)
an (4), the development is similar in both cases, we explain
only the method in dimension two because the notation is more
clear.

(9)

B=

N
N
N
N
XN
= XN
−1 ∪ span {u (µ )}.

SN = SN −1 ∪ {µN },

4

For the offline stage, we choose a FE space and using Greedy
algorithm we build SN and XNN . As the forms a and l have
dependency affine with respect to the parameters, in this stage
we calculate the functions ϕi , for i = 1, . . . , N and we store
for the online stage the following matrix and vectors:

uv,

Γi

Γi

It is clear that a is bilinear, symmetric, coercive and continuous form on X (Ω2 ) × X (Ω2 ) and l is linear and continuous on
X (Ω2 ).

2D problem

In this test we compare the resolution of problem (3) by FE element P1 and RB method. We want to compare the CPU times
and we calculate the error between both solutions in L2 (Ω2 )
and H 1 (Ω2 ) norms. For that, we consider a triangulation of
Ω2 with 22.892 nodes.
In the offline stage we determine the basis functions using
this mesh to compute uN (µn ) for each µn . The value N , dimension of RB space, is calculated following the stop test: if
d(uN (µk+1 ), XkN ) < 1.e−8 then N = k, where d(u, V ) is the
distance of u to the space V . For this problem N = 10, in the
figure 3, we can see some basis functions for the homogeneous
problem.

147

Reduced Basis Methods. Application to thermal resolution into the walls

Figure 3: Some basis functions.

The CPU times are 3s and 0.2s for FE element and RB respectively, we have a profit of 15 %. In the figure 4 we show the
solutions obtained.

Figure 5: 2D coupled problem. Up: FE solution. Down: RB
solution.

5.3

3D problem

In this test we make the same test as for the 2D problem. We
want to compare the CPU times and we calculate the error between both solutions in L2 (Ω3 ) and H 1 (Ω3 ) norms. For that,
we consider a triangulation of Ω3 with 8261 nodes and 4200
tethahedron. For this problem N = 15.
The CPU times are 0.5s and 0.02s for FE element and RB respectively, we have a speed up of 25, the improvement is larger
than for the 2D problem because the 3D mesh is rought. In the
figure 6 we show the solutions obtained.

Figure 4: Left: FE solution. Right: RB solution.

For these solutions the relative errors are:
kuN (µ) − uN
N (µ)kL2 (Ω2 ) ' 0.00099,
kuN (µ) − uN
N (µ)kH 1 (Ω2 ) ' 0.01478.
If we observe these errors there is a difference about 1.4 % in
H 1 (Ω2 ) norm and 0.09 % in L2 (Ω2 ) norm, we can ensure that
the RB method provides a good solution.

5.2

2D problem coupled with 1D problem

In figure 5 we present a comparison between the solution obtained by FE element in the total domain 2D and the solution
obtained by coupling 2D-1D problems.

Figure 6: 3D problem. Left: FE solution. Right: RB solution.

For these solutions the relative errors are:
kuN (µ) − uN
N (µ)kL2 (Ω3 ) ' 0.000639,
kuN (µ) − uN
N (µ)kH 1 (Ω3 ) ' 0.00911.

In this case these errors have a difference about 0.9 % in
H 1 (Ω3 ) norm and 0.06 % inL2 (Ω3 ) norm , and the solution
of the RB method is accurate.

148

5.4

T. Chacón, M. Gómez Mármol and I. Sánchez Muñoz

3D problem coupled with 2D and 1D problems

Finally, in figure 7 we see different perspectives of the solution
obtained by coupling 3D-2D problems.
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Determining efficient routes of ecotourism in nature
parks under environmental constraints
E. Barrena∗, G. Laporte†, F. A. Ortega‡ and M. A. Pozo§

Abstract— The main objective of the Nature Parks is to preserve the diversity and integrity of biotic communities for present
and future use. Additionally, the Nature Parks can contribute to invigorating the sustainable development and culture heritage
of its neighboring regions, as well as to strengthening the environmental education for visitors by means of direct experiences
along touristic tours. From this double point of view, ecotourism is gaining acceptance as a tool for sustainable development
since income of visitors to protected areas can contribute significantly to support the economy of protected areas and rural communities. This article proposes different methodologies for determining efficient routes of ecotourism where the main objective
is the maximization of the cultural transmission experienced by the visitors along the path traveled. The developed models are
formulated by using integer linear programming and its potential applicability is illustrated in the context of the Doñana National
Park (Spain).
Keywords: Tourism decision support, Arc Routing Problems, Generalized traveling salesman problem.

1

Introduction

In recent years there has been a veritable explosion of tourist
itineraries in every corner of the planet. A lot of classic tourist
proposals centered on the local visit of a specific destination
have evolved towards other more dynamic formulas where interactive journeys, that highlight certain remarkable aspects
along routes, are suggested to the traveler ([7]).
In the design and implementation of these routes it usually offers to the clients a pathway where a specific category of heritage predominates: cultural, archaeological, historical, artistic or natural. Additionally, in order to differentiate it from
other proposals in the same segment, new attractions (as natural monuments, literary heroes, movie studios, architectural
paradigms, etc.) are incorporated along the route. ([17]) lists
several thematic routes in Spain, which have been consolidated
in the tourism market because of their interest from different
perspectives: gourmet, wine, literature, film, history, geology,
etc. Additionally, that document details how the introduction
of legends, myths and fictional characters are able to improve
the marketing of the tourism product.
The recognition of the scenic value of roads emerged in U.S.A.
during the 20s of the XX century. Following approval of the

Act Scenic Byways in the U.S.A. Congress in 1989, fortysix U.S.A. states conducted initiatives of landscape protection
which concluded in the creation of the National Scenic Byways Program ([18]). The requirements of a road to get the
recognition needed to become a member of the National Scenic
Byways Program (NSB), are basically two: that path must contain at least one of six intrinsic qualities (scenic, recreational,
natural, cultural, historical or archaeological) and, moreover,
its territorial extension must cover more than one state. The
All-American Roads designation is even more elitist, since it is
assumed that the route contains attractions of all these qualities
with a degree of uniqueness sufficient to constitute by itself a
tourist destination ([8]). In November 2010, there were 120
members of NSB registered in the U.S.A. and 31 routes cataloged of All-American Roads that satisfied the above requirements.
Outside North America we also found a large number of tourist
itineraries, national or international, which base their appeal on
the scenic beauty of a route, additionally supplemented with
cultural and anthropological aspects (traditional architecture,
folklore, marketing of natural products, handicrafts, etc.). Although the list is extensive everywhere, let us cite as examples:
the Camino de Santiago in Europe ([20]), the Turquoise Trail
in New Mexico ([25]) and the Red Interlagos in Chile ([15]).
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Following this trend, in recent years we are witnessing around
the world to a progressive increase in the number of visitors to
protected areas, which is a good indicator of general interest
that suggest such locations as a place of leisure. The combination of rural and natural attractions is the basis of a large number of recreational and tourist activities that, if they are planned
and rigorously managed, can generate economic, social and
cultural profits for the local population. The nature tourism
is a strategy that has emerged in these protected areas and their
surroundings, with the dual aim of supporting the conservation
of nature and at the same time create income opportunities for
those communities who live in rural areas ([32]).
Last years we are witnessing in Spain to a progressive increase
in the number of visitors to protected areas, which is a good
indicator of the general interest in natural areas as a place of
leisure and, at the same time, this fact represents an opportunity for developing an active environmental education along
nature trails designed for such purpose. The Doñana region,
scenario of this research, is located in the area near the mouth
of the Guadalquivir River, in the provinces of Huelva, Seville
and Cadiz (Figure 1). It comprises a large area of marsh with
lagoons and streams, and moreover, dunes, pine forests, shrubs
and grasses and a rich and varied agriculture.

Figure 1: Doñana region and these different ecosystem types.

Since 1978, about 50,000 hectares are protected under the denomination of National Park. Doñana was declared a Biosphere Reserve in 1981 and, in 1994, a World Heritage Site.
Doñana is also part of the list of Wetlands of International
Importance (Ramsar Convention), since this area represents
a strategic scale in the migratory bird transit between Europe
and Africa ([1]). Tourism inside and around the Doñana National Park plays an important role in spreading the image that
projects the region internationally and in the economic development of the area. Doñana receives over 400.000 visitors each
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year. Essentially, the main purpose of these visits is to provide
interpretation services in environmental and sustainability education and other recreational activities managed by the park
administration, all by service concessions. The number of visitor centers and information points has increased dramatically
in recent years and currently Doñana suffers a certain level of
saturation in this type of tourism facilities ([36]).
([24]) define the term ecotourism as responsible travel to natural areas that conserves the environment and improves the welfare of local people. The tourist destinations which consist of
visiting a natural environment have increased worldwide, focusing the interest in those places that have known to save the
environment enough attractive for becoming into paradigms of
certain biotopes. Ecotourism routes are possibly one of the
best tools to achieve greater sensitivity and awareness of environmental values in the population, especially in school age,
since its putting into practice also can serve to strengthen and
develop knowledge in subjects related to the environment. A
basic objective of ecotourism experiences should be the facilitation of education and learning and, subsequently, the changing of attitudes and beliefs towards those that are considered
more environmental and ecological. Simultaneously, it is also
important to assess both the direct and indirect, short- and longterm effects of tourist use on the natural environment ([27]).
Unplanned tourism activities, or poorly managed, can cause
short-term negative impacts on the environment and mediumlong term in surrounding rural communities, squandering the
benefits for which they were designed ([26]). There is extensive literature describing the negative impacts of ecotourism
that claims the development of a framework in which the ecotourism actions are evaluated in order to protect the environment from detrimental impacts ([9]). The purpose of this article is not to develop a new system of indicators to measure
the environmental damage due to routes (despite these having
been reasonably traced), but the incorporation of optimization
tools for determining efficient paths, such that the subsequent
assessments through indicators offer acceptable results due to
the successful methodology used in the design of those routes.
In practice, the circuits around Natural Parks are commonly of
circular shape, starting and finishing in a center for the environmental interpretation ( ([10]); ([19]) ). The length of itinerary
should not exceed a certain threshold such that its realization
doesn’t represent a great effort for people nor the ecosystem become affected. The circular routes must flow through different
sites, since this fact facilitates the transmission of new knowledge, watching and learning new things step by step. The route
design should also incorporate a high level of biodiversity. The
optimal number of stops for including comments to the visitors
is usually near to five, and the duration of each stop should not
exceed 10-15 minutes in order to maintain the attention. Travel
time may be increased when people move on foot (hiking in silence) to reach an additional destination that can’t be accessed
using a motorized vehicle.

Determining efficient routes of ecotourism in nature parks under environmental constraints
On the other hand, the optimal location of a cycle in a graph is
prevalent in areas such as transport and telecommunications
and the basis for formulating this problem is commonly inspired in the well-known Travelling Salesman Problem (TSP).
([23]) classified the problems of locating cycles in two main
categories: problems of Hamiltonian tours, where all the
vertices of the graph must necessarily be visited, and nonHamiltonian problems, where only a subset of vertices must
be visited along the cycle.
Arcs Routing Problems (ARP) consist of finding the least-cost
route through some edges or arcs of a graph, being subject to
certain restrictions ( ([12])). The Orienteering Problem (OP;
([35])) is the problem of finding a tour maximizing the collected profit and such that the travel cost does not exceed a
given value. The Tourist Trip Design Problem (TTPD) can be
perceived as a variant of the orienteering problem on a directed
graph in which a path is determined such that it maximizes the
utility value derived from the selection of places to be visited
without violating budget constraints ( ([33]) ). This model has
already been successfully applied in the field tourism in order to calculate personalised walking routes in historic cities
( ([34]), ([31]), ([29]) ) and bicycle itineraries ([30]).
The Orienteering Tour Problem (OTP) is a specific version
where the start and end nodes of the tour are identical ([28]).
Following this idea of imposing a circular shape in the solutions, the Bus Touring Problem (BTP), introduced by ([11])
consists of determining the optimal subset of tourist sites to
be visited and scenic routes to be traversed between a start and
end points that coincide, such that the total attractiveness of the
tour can be maximized for a given constraints on the total touring time, cost and/or total distance traveled. The sites and road
segments of the geographical region (i.e., vertices and arcs of
the graph) are weighted with a non-negative value of attractiveness that denotes the amount of pleasure derived from visiting,
respectively, a tourist site or traversing a scenic road segment.
Both models OTP and TSP, once adapted its formulation to
making decisions based on the selection of heterogeneous arcs,
will provide a methodological support for the construction of
solutions to the problem of designing eco-tourism routes, particularly in environmentally protected areas like National Park
of Doñana (Huelva, Spain).
The paper is now organized as follows. Section 2 describes adequate models that can be applied in order to determining efficient routes, showing the different objectives and constraints
which are considered. In Section 3 the previous models are
redefined in order to fit the specific context of a Natural Park.
Finally, Section 4 details the paper’s main conclusions.

2

Selecting adequate models for our proposal

As was above mentioned, the main objective of this research
is to develop a methodology that generates optimal routes for
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visiting natural areas with a high degree of protection, by assuming that the routes must be effective from the viewpoint
of visibility and transmission of information in relation to the
existing ecosystems and their diversity. Since the perception
of landscape is formed through serial images, the structure of
feasible solutions should be treated abstractly as closed paths
(cycles) through the set of arcs of a graph and, additionally, the
optimality condition will be attained by the maximum value of
a linear function that accumulates the utility perceived by the
observer along the whole route, section by section.
There are not many articles in which the assessment the designed route is carried out on the basis of accumulating the
benefit derived of traveling along their arcs, instead of visiting
their nodes. In fact, some relevant contributions have already
been previously cited:

• ([13]), ([4]), ([3]) and ([2]) propose models that maximize the total utility of the built routes, without violating
the vehicle capacity nor the time limit.

• ([11]) determine a transport route attractive in a tourist
area.

• ([30]) provide an heuristic model to optimize the planning of cycling in East Flanders.

• ([29]) obtain personalised itineraries for each tourist that
include a series of activities to carry out sorted in time.
A practical application of the developed Tourist Support
System is tested in the Autonomous Region of Andalusia.

Assume initially that the territory under analysis is divided
into polygonal areas in which the prevalence of a particular
ecosystem type (monochrome area) has been identified. Subsequently, we can conclude that the underlying space to be investigated is a union of monochromatic polygons (Figure 2).

152

E. Barrena, G. Laporte, F. A. Ortega and M. A. Pozo
anteeing a full visibility from the each edge towards the interior of its corresponding cells (Figure 3). Another reason for
splitting into triangular cells the territory under consideration
is the existence of interesting sites that would deserve their
inclusion as potential destinations along the itinerary. Such
sites must be incorporated as vertices in the final triangulation.Subsequently, we assume that the territory under analysis
is already divided into monochromatic triangular areas. Edges
which determine the territorial fragmentation can be associated
to a single ecosystem or a couple of ecosystems, if such edges
were the boundary between both habitats.

Figure 2: A division of Doñana territory according to the different ecosystem types.

Recall that the number of significant features that are required
in order to a road can be a member of NSR program is six
(specifically: archaeological, cultural, historic, natural, recreational, and scenic qualities). This same level of variety offers
Doñana in terms of territorial biodiversity, because six are their
identified habitats (cluster): dunes, beach, bank, forest, bushes,
marsh. If the observation made by the visitor of the different
biotopes would be exclusively concentrated in the nodes of the
graph, the design objective of the route could be defined as determining a minimum cost tour containing at least one vertex
from each cluster (ecosystem). Following this idea, the GTSP
model turns out to be useful for designing cyclical paths where
one instance at least of the existing ecosystems must be collected along the journey.

2.1

Formulating the GTSP

The Generalized Traveling Salesman Problem (GTSP; ([22]))
is a variation of the well known Traveling Salesman Problem,
where the set of nodes is grouped into clusters and the objective
is to find a minimum cost Hamiltonian Tour passing through at
least one node from each cluster. The GTSP and its variants
may arise in real-life applications such as computer operations,
manufacturing logistics, distribution of goods by sea to the potential harbors ([21]). An integer linear programming model
to formulate the GTSP follows.
Let G = (V, E) be a graph, where V = {v1 , v2 , . . . , vn } is
the set of vertices and E = {e = (vi , vj ) : vi , vj ∈ V, i 6= j}
is the set of feasible edges interconnecting pairs of vertices. Set
V is partitioned into m disjoint clusters V = V1 ∪V2 ∪· · ·∪Vm .
A nonnegative cost ce ≥ 0 is associated with each edge e ∈ E
and it is assumed that the triangle inequality for distance between nodes on G is satisfied.
Once fixed one vertex vi ∈ V , we denote by δ(i) = {(vi , vj ) :
vj ∈ V, i 6= j} the set of edges incident with that node.
Figure 3: A triangular fragmentation of territory hosting the
dune ecosystem.

If terrain elevations reduced visibility inside a polygon, it could
be split in different sub-polygons (or triangular cells) for guar-

Two families of variables are used in the model:
xe : binary variable that equals 1 if and only if edge e is in
the solution path. In another case, takes value 0.
Consistently with this notation, x(δ(i)) represents the
sum of values xe for the edges e ∈ δ(i).
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yi : binary variable which equals 1 if and only if vertex vi is
in the solution. Otherwise, takes value 0.
A nonnegative cost ce ≥ 0 is associated with each edge e ∈ E
and it is assumed that the triangle inequality for distance between nodes on G is satisfied.

min

(1)

X

2.2
ce xe

subject to:
x(δ(i)) = 2 yi ; vi ∈ V

(3)
x(δ(S)) ≥ 2(yi + yj − 1);
∀S ⊂ V, 2 ≤| S |≤ n − 2, vi ∈ S, vj ∈ V \ S
(4)
(5)
(6)

P

vi ∈Vh

yi ≥ 1;

Formulating the GOTP

Assume that the set of edges E can be subdivided in m different
clusters: E = E1 ∪ E2 ∪ · · · ∪ Em

e∈E

(2)

However, if the utility perceived by the user is not due to the
visit to a point but by the travelling along one path, the optimization model is clearly different because the objective must
now be addressed to maximizing the profit captured by the traveler along the cycle, which must logically restricted in terms of
total length (cost, travel time, time of invasion inside the park).

h = 1, . . . , m

xe ∈ {0, 1}

e∈E

yi ∈ {0, 1}

vi ∈ V

Objective (1) minimizes the cost of the cycle to go. Constraints
(2) establish the requirement that each node has exactly one input edge and one output edge. Inequalities (3) are connectivity
constraints which specify that each cut separating two vertices
already visited vi and vj must be crossed at least twice. Inequalities (4) force that every vertex subset Vh must be visited
at least once. Constraints (5) and (6) make explicit the binary
nature of the decision variables in the Integer Linear Programming model.
The tour in Figure 4 is of minimum cost and contains at least
one vertex from each cluster (different nodes have been assigned to the same cluster if they are instances that correspond
to the same ecosystem).

The condition of forcing the cycle to contain at least one edge
belonging to each of the groups in question can be achieved by
incorporating the following restrictions:
P

(7)

e∈Eh

xe ≥ 1; h = 1, . . . , m

This ensures that the model generates solutions where all the
diversity of groups is present. Consistent with the nomenclature coined in the literature, we will refer to this model as the
Generalized Orienteering Tour Problem, introduced by ([5]).
Nonnegative parameters Sij ≥ 0 represent the profit obtained
by the traveler when traversing each edge. In assessing these
parameters, features of visibility and the intensity of its attractions will be taken into account.
X

max

(8)

Sij xij

(i,j)∈E

subject to:
(9)

(10)

X

(i,j)∈E

cij xij ≤ Cmax

x(δ(i)) = 2 yi ; vi ∈ V

(11)
x(δ(S)) ≥ 2(yi + yj − 1);
∀S ⊂ V, 2 ≤| S |≤ n − 2, vi ∈ S, vj ∈ V \ S
(12)

(13)

X

(i,j)∈Eh

xij ≥ 1

xij ∈ {0, 1}

h = 1, . . . , m

(i, j) ∈ E

Figure 4: A GTSP-solution applied to Doñana Natural Park.
(14)

yi ∈ {0, 1}

vi ∈ V
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The objective (8) maximizes the utility of the design cycle. The Type 5 aij ∈ Ak ; i.e., this arc has ecologica interest since the
itinerary runs ecosystem k. Node vj deserves a visit.
condition (9) prevents that the cost exceeds a maximum value.
Constraints (10) establish the requirement that each node has at
least one input edge and one output edge, if vertex vi is in the Each arc a has also the following quantitative parameters:
ij
solution. Inequalities (12) force that every edge cluster must be
visited at least once.
cij is the time spent in traversing arc aij ∈ A.
In ([16]) it is demonstrated that the TSP is NP-hard, which
cj is the time spent in visiting vertex j.
means that the exact resolution procedures computing time
consuming and, therefore, it is necessary to design heuristic
pij is the profit perceived by travelers when crossing arc
algorithms for solutions in large real cases. The new model
aij ∈ A (pij ∈ [0, 1]).
GOTP is consequently NP-hard also because the above scheme
can be reduced to the general TSP when m = n and restriction
pj is the profit acquired by travelers when visiting vertex j
(9) is relaxed.
(pj ∈ [0, 1]).
To get an idea of the level of complexity inherent to this model,
imagine six ecosystems scattered throughout the Nature Park
and represented with 3 instances of dune biotope, 4 of scrub, 2
of beach, 1 of marsh, 2 of bank and 3 of forest. A route that allows to visiting at least one instance of each ecosystem would
be able to be configured in all of these multiple ways:
Option number =

3

(3 + 4 + 2 + 1 + 2 + 3)!
= 378378000
3! · 4! · 2! · 1! · 2! · 3!

Reformulating the problem

Eight different options for each arc can be found according to
the possibilities of being zero or not the last three parameters
(cj , pij , pj ).
The idea of using graph transformations to solve our routing
problem is inspired in ([6]). The first step of this transforma(1) (2)
(8)
tion consists of generating virtual arcs aij , aij , . . . , aij , in
accordance with the characteristics of the segment and the final vertex of real arc aij ∈ A. For these new virtual arcs, it
is necessary to redefining values for the parameters of cost and
profit in accordance with the type of arc under consideration.

Note that, as was previously pointed out, profit (special interest
for the traveler) could be located both along arcs as at vertices.
Type 0 c0ij = cij ; p0ij = 0.
Therefore, a new reformulation of the context is required.
Let G = ({O} ∪ {D} ∪ V, A) be a graph, where V =
{v1 , v2 , . . . , vn } is the set of vertices, O and D are special
vertices called respectively origin and destination that represent
starting and ending points in the tour. Moreover, A = {aij =
(vi , vj ) : vi ∈ {O} ∪ V, vj ∈ {D} ∪ V, vi 6= vj } is the
set of feasible directed arcs interconnecting pairs of vertices.
Assume set A to be partitioned into m + 1 disjoint clusters,
A = A0 ∪ A1 ∪ · · · ∪ Am , where A0 is the set of arcs without
ecological interest for tourism and Ak is the set of arcs where
ecosystem i can be observed (k = 1, . . . , m).
Each arc aij can belong to six categories:
Type 0 aij ∈ A0 ; i.e., this arc has none tourist interest along the
path (including the final node vj ).
Type 1 aij ∈ A0 , but there exists a point of tourist interest at
node vj that doesn’t deserve a visit with stopping.

Type 1 c1ij = cij ; p1ij = pj .
Type 2 c2ij = cij + tj ; p2ij = pj .
Type 3 c3ij = cij + tr ; p3ij = 0.
Type 5 c4ij = cij ; p4ij = pij .
Type 5 c5ij = cij + tj ; p5ij = pij + pj .
Here, tr is the time spent during relaxing at vertex vj and tj is
the time required for visiting the monument located at vertex j.
In this way, the original Generalized Orienteering Tour Problem (GOTP) on G can be transformed into an equivalent directed Generalized Travelling Salesman Problem (GTSP) on a
new graph H of virtual arcs.

Type 2 aij ∈ A0 , although there exists an aspect of tourist interest at node vj that deserves a thorough visit.

Finally, Arc Routing Problem instances can be efficiently transformed into Node Routing problems, as has been recently developed by ([14]).

Type 3 aij ∈ A0 , but there exists a facility for relaxing travelers
at node vj .

4

Type 4 aij ∈ Ak ; i.e., this arc has ecologica interest since the
itinerary runs ecosystem k. Node vj doesn’t deserve a
visit.

The existing models used for optimally locating cycles in a
graph can be applied in order to determine efficient routes of
ecotourism in Nature parks. Efficiency must be interpreted as

Conclusions

Determining efficient routes of ecotourism in nature parks under environmental constraints

155

the maximization of profit collected by the visitors. By means
of graph transformations there is the possibility of using tools
for solving Node Routing Problems into Arc Routing Problmes
instances.

[14] Foulds, L., Longo, H., Martins, J., A compact transformation of arc
routing problems into node routing problems. Annals of Operations Research 226 (2015), 177–200.
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Building and surroundings. Thermal coupling
E. A. Rodríguez∗, F. J. Sánchez∗, A. Catalán∗, A. Rincón†, J. M. Rojas Fernández‡,
C. Galán‡, E. D. Fernández-Nieto§ and G. Narbona-Reina§

Abstract— Energy building performance can be different according to outdoor conditions or urban environment, at the same time
that this last assess, buildings are also affected by the building envelope, as obvious consequence of the thermal and Aeraulic
coupling existing between the indoor and outdoor conditions in buildings. Thus, in this coupling is fundamental to typify the
transmission phenomenon through the building envelope. Doing this, it is possible to estimate transmission heating losses and
gains and also the superficial temperatures of the envelope. In order to assess the transient behaviour of the building envelope it
is necessary to develop a predictive model, precise enough, to be integrated in a simulating tool. Detailed and multidimensional
models, based in numerical methods, like Finite Element Method (FEM), has a high precision, but its complexity imply resources
consumption and computational time, too high to be integrated in these kind of tools. On the contrary, simplified methods are
good enough because they are simple and fast, with an acceptable precision in almost all the situations. The present work is
focused: (a) Firstly, to develop a simplified RC-network model. The aim of the model is to characterize and to implement with
precision the behaviour of a wall in a simulating software tool based on urban environment, (b) secondly, to express in form
of equivalences, the different indoor and outdoor excitations that can exist in the building envelope, and (c) finally, to calibrate
the simplified model through its characteristic parameters. For a homogeneous wall and two types of excitations, it has been
obtained the characteristic parameters of the model that represent the better adjustment to the real wall. In a first step, it has
been obtained the results of the proposal model and a reference model based on FEM, in terms of wall external surface heat
flow. Results of both models have been compared, and the resultant characteristic parameters of the model have been obtained
through an optimisation method. Results for the wall and for the excitations under analysis show: (1) Characteristic longitude
ec, or capacitive node position, it is determined according to a certain value of Fo equal to 2 for both excitations, this value
remains constant in time, (2) useful wall thickness, on the contrary, vary as time function, according to a logarithmic law for both
excitations, although this function is different depending on the considered excitation, (3) using a constant excitation, coefficients
from the previous logarithmic function depends on the range of the excitation, while these are practically independent of the lineal
excitation gradient.
Keywords: Building and surroundings thermal coupling, RC-network model, Urban environment modelling.

1

Introduction

Energy building performance can be different according to outdoor conditions or urban environment, at the same time that
this last assess, buildings are also affected by the building envelope, as obvious consequence of the thermal and Aeraulic
coupling existing between the indoor and outdoor conditions
in buildings [1]-[4]. This Aeraulic coupling can be quantified
in the next terms:
• Ventilation and infiltration (from outdoor). It is the main
reason for this coupling, and it is function of the temperature and velocities of the outdoor air.

• Transmission heating losses and gains through the building envelope, it also depends on the same variables than
the previous therm.
• Winter and Summer solar protections (respectively). The
different components of the solar radiation, diffuse,
beam and reflected, have an impact in buildings. This
radiation leads to gains that counteract losses in Winter
and have the opposite effect in Summer, the radiation effect reflects like thermal loads.
• Heating dissipation capacity provoked by the radiant exchange with the sky and the environment. Buildings
exchange heating with the urban environment with the
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cgalan@us.es
§ Departamento de Matemática Aplicada I, Universidad de Sevilla, E.T.S. Arquitectura, 41012 Sevilla (SPAIN). Email: edofer@us.es, gnarbona@us.es

157

158

E. A. Rodríguez et al.
long-wave radiation, this exchange depends on the superficial temperatures and the can led to losses or gains.
On the contrary, the sky exchange, function of the sky
temperature and the superficial temperatures of the envelope, always means losses.

Thus, in this coupling is fundamental to typify the transmission phenomenon through the building envelope. Doing this,
it is possible to estimate transmission heating losses and gains
and also the superficial temperatures of the envelope. In order
to assess the transient behaviour of the building envelope it is
necessary to develop a predictive model, precise enough, to be
integrated in a simulating tool.
Detailed and multidimensional models, based in numerical
methods, like Finite Element Method (FEM), has a high precision, but its complexity imply resources consumption and
computational time, too high to be integrated in these kind of
tools. On the contrary, simplified methods are good enough
because they are simple and fast, with an acceptable precision in almost all the situations. Most of the previous models
developed, used by tools like EnergyPlus [5], TRNSYS [6],
LIDER [7], CALENER [8], ENVI-met [9], are based in very
well-known methods, e.g heat transfer function method, which
requires Finite Difference Method (FDM), leads to a high
computational cost [10, 11]. Other tools, e.g CitySim [12], use
simplified methods, like RC-network [11]. Nevertheless, this
RC-network method has a high uncertainty level that exists
when an specific façade it is characterized through its characteristic parameters.

Figure 1: Proposed model RCR

The proposed simplified model is displayed on the figure 1. As
shown in the next section, This model is equivalent to a RCnetwork model of the figure 2.

Figure 2: Rd-network model

Thus, this section is focused on the resolution of the RCnetwork model. Applying energy balance in the capacitive
node, we have:
C

The present work is focused:
1. To develop a simplified RC-network model. The aim of
the model is to characterize and to implement with precision the behaviour of a wall in a simulating software
tool based on urban environment.
2. To express in form of equivalences, the different indoor
and outdoor solicitations that can exist in the building
envelope.
3. To calibrate or to characterise the simplified model
through its characteristic parameters.

2

Developing the model

The problem is the conduction heat transfer through the building façades. Assuming transient one-dimensional problem:
∂ 2 T (t)
1 ∂T (t)
=
α ∂t
∂x2
Where:

k
α=
ρ Cp

dT (t)
Teq (t) − T (t)
=
dt
Req

Where C = ρCp e∗ . Then,
dT (t) 1
1
+ T (t) = Teq (t)
dt
τ
τ
Where τ = C Req .
Multiplying both side equations by et/τ results:
1
dT (t) t/τ 1
e + T (t)et/τ = Teq (t)et/τ
dt
τ
τ
From
 dT (t)
d
1
T (t)et/τ =
et/τ + T (t)et/τ
dt
dt
τ

results

Integrating

 1
d
T (t)et/τ = Teq (t)et/τ
dt
τ

h
it Z
T (t)et/τ =
0

So finally
(1)

1
T (t) = e−t/τ
τ

Z

0

0

t

t

1
Teq (t)et/τ dt
τ

Teq (t)et/τ dt + T (0)e−t/τ
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It can be written as follows
Z t
Z t−∆t
Z
Teq (t)et/τ dt =
Teq (t)et/τ dt +
0

0

Therefore:
t

Teq (t)et/τ dt

t−∆t

Thus,
(2)

1 −t/τ
e
(I1 + I2 ) + T (0)e−t/τ
τ

T (t) =

where
Z
I1 =

t−∆t

Teq (t)et/τ dt

and

I2 =

0

Z

t

Teq (t)et/τ dt.

T (t − ∆t) =

1
1 − 1 (t−∆t)
e τ
I1 + T (0)e− τ (t−∆t)
τ

Multiplying both sides equations by τ1 e−t/τ results:
∆t
t
1 −t/τ
e
I1 = T (t − ∆t)e− τ − T (0)e− τ
τ

Solving I2 . Assuming linear solicitation in each simulation
time-step, the integer can be approximated as:

∼
Where

Z

∗

t =t

Teq (t∗ )et

t∗ =t−∆t
Z t∗ =t

∗

/τ

dt∗

 ∗
a + b(t∗ − (t − ∆t)) et /τ dt∗

t∗ =t−∆t

Teq (t) − Teq (t − ∆t)
. Thus
∆t

I2 ∼ a + b(t∗ − (t − ∆t)) I21 + bI22

t∗ =t

et

∗

/τ

dt∗

and I22 =

t∗ =t−∆t

Z

t∗ =t

∗

t∗ et

/τ

dt∗ .

h ∗ it
I21 = τ et /τ

t−∆t



t−∆t
= τ et/τ − e τ

On the other hand, the I22 integer is solved by parts. It yields
Z t
h
it
∗
∗
I22 = t∗ τ et /τ
−
τ et /τ dt∗
=



τ
T (t) ∼ Teq (t) + ∆t
Teq (t − ∆t) − Teq (t)
h

i −∆t
τ
+ T (t − ∆t) − Teq (t − ∆t) + ∆t
(Teq (t − ∆t) − Teq (t)) e τ

Equivalent indoor and outdoor solicitations in
the building envelope

T1,1 (t) − T1 (t) T1,2 (t) − T1 (t)
Teq1 (t) − T1 (t)
+
+ Q̇1 (t) =
R1,1
R1,2
Req1


T1,1 (t) T1,2 (t)
R1,1 + R1,2
Teq,1 (t) − T1 (t)
+
+Q̇1 (t)−
T1 (t) =
R1,1
R1,2
R1,1 R1,2
Req,1
and therefore Req1 =

R1,1 R1,2
R1,1 +R1,2 ,

t∗ =t−∆t

Solving I21 :

(3)

And finally,

The next condition is imposed

Teq (t∗ ) = a + b(t∗ − (t − ∆t))

Z



−∆t
1 −t/τ
e
I2 ∼ (a − bτ ) 1 − e τ
+ b∆t
τ
Thus, from (2):


−∆t
−∆t
T (t) ∼ T (t − ∆t)e τ + (a − bτ ) 1 − e τ
+ b∆t

2.1

with a = Teq (t − ∆t) and b =

I21 =

Then,

So



1
1
I1 = T (t − ∆t) − T (0)e− τ (t−∆t) τ e− τ (t−∆t)

=

−∆t
−∆t
1 −t/τ
e
bI22 = bt − bτ − b(t − ∆t)e τ + bτ e τ
τ




−∆t
−∆t
1 −t/τ
e
I2 ∼ a−b(t−∆t) 1−e τ +b(t−τ )−b(t−∆t−τ )e τ
τ

So,

where

By other hand, simplyfing from equation (3),

t−∆t

Solving I1 . On the one hand, it can be written from equation
(1),

I2



1 −t/τ
1
e
I2 ∼ e−t/τ a − b(t − ∆t))I21 + bI22 ,
τ
τ



 

t−∆t
1
1 −t/τ
a−b(t−∆t) I21 = e−t/τ a−b(t−∆t) τ et/τ −e τ
e
τ
τ
and




−∆t
1 −t/τ 
a − b(t − ∆t) I21 = a − b(t − ∆t) 1 − e τ
e
τ

h

t−∆t

t∗ τ et

∗

/τ

− τ 2 et

∗

/τ

t−∆t
it

t−∆t

Teq1 (t) = Req1




T1,1 (t) T1,2 (t)
+
+ Q̇1 (t) .
R1,1
R1,2

And for the same reason Req2 =
Teq2 (t) = Req2



R2,1 R2,2
R2,1 +R2,2 ,


T2,1 (t) T2,2 (t)
+
+ Q̇2 (t) .
R2,1
R2,2

This system can be simplified even more:
∗
Req1
= Req1 + R1 ;

∗
Req2
= Req2 + R2
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Finally, under the next condition,
Teq (t) − T (t)
Teq1 (t) − T (t) Teq2 (t) − T (t)
+
+ Q̇(t) =
∗
∗
Req1
Req2
Req
results:
Req =
Teq (t) = Req

∗
∗
Req1
Req2
∗ + R∗ ,
Req1
eq2

!
Teq1 (t) Teq2 (t)
+
+ Q̇(t) .
∗
∗
Req1
Req2

The heat fluxes in both surfaces can be obtained from
Q̇s1 (t) =

T (t) − Teq1 (t)
;
∗
Req1

Q̇s2 (t) =

T (t) − Teq2 (t)
.
∗
Req2

The adjustment or calibration of these parameter to obtain
those values that have a better approximation to the wall behaviour depends on different factors as follows: the kind of
wall (homogenous or multilayer), wall weight (light, medium
or heavy) and the solicitation type .The present work is limited to study what free parameter values are characterized with
precision, the wall behaviour under a constant solicitation and
standard linear solicitation. For a multilayer wall, it is proposed to do the equivalence to a homogenous wall equivalent
[10]. The façade under study has a thickness e = 33 cm and its
thermal conductivity, density and specific heat are respectively:
k = 0.3316 W/mK, ρ = 957.6 kg/m3 y Cp = 985.5 J/kgK.
Type solicitations considered are mentioned in table 1.

And the surfaces temperatures
Q̇s1 (t) =

T (t) − Teq1 (t)
T (t) − Ts1 (t)
=
;
∗
Req1
R1

thus,
Ts1 (t) = T (t) −
and for the same reason,

Constant
Linear


R1 
T
(t)
−
T
(t)
,
eq1
∗
Req1


R2 
Ts2 (t) = T (t) − ∗
T (t) − Teq2 (t) .
Req2

3

Type of solicitation

Simplified model characterisation through its
characteristic parameters

The proposed parameters that characterise the simplified model
are three:
1. Total thermal resistance, which in aP
general form, for n
i=n
layers, can be expressed like R = i=1 ei /ki , where
ei and ki , are thickness and thermal conductivity of each
layer, respectively. This value is fixed and, thus, it does
not represent a degree of freedom when model is calibrated.
2. Position of condenser or capacitive node through wall
thickness in relation to the surface of interest. This value
is enclose between 0 and the total wall thickness. It is a
free parameter to be determined.
3. Wall capacity value C. This capacity can P
be expressed,
i=j−1
in a general form, for n layers, like C = i=1 Ci +
∗
ρj Cpj ej , where j represents the last useful layer, counting from the surface of interest, referred to the effect of
the wall thermal inertia, and where e∗j represents the truly
useful thickness of the last layer j. C value is enclose between 0 and the total storage capacity of the wall, meaning, if every single layer of the wall counts in the wall
inertia characterization. Thus, it is a free parameter to
determine.

Solicitation (◦ C)
External surface
Teq1 (t) = 20
Teq1 (t) = (m/∆t)t

Solicitation (◦ C)
Internal surface
Teq2 (t) = 20
Teq2 (t) = 20

Table 1. Standard solicitation.
For the constant solicitation is imposed a temperature greater
than 0 ◦ C in external surface and 0 ◦ C for the internal surface,
both of them remain constant during all the simulation time.
In the linear solicitation it has been imposed a linear variation of the external temperature through time simulation with
a constant gradient for the period, and with an initial value of
0 ◦ C. Reference model which characterizes the real wall behaviour has been developed with ANSYS APDL tool, using
FEM. Once both models are compared, in terms of wall external surface heating flow, and using an optimization model,
the free parameters of the proposal model have been adjusted
for the different solicitation described. The capacitive node
position, ec , has been obtained through the Fourier number,
F o = (α∆t)/e2c , whereas the useful thickness, referred to
thermal inertia, e∗ , it has been determined from the existent
relation between this useful thickness and the capacitive node
position, meaning, from the ratio e∗c = e∗ /ec .

4

Results and discusion

Constant Solicitation
Three different solicitation has been established with the purpose of calibrate the characteristic parameters of the suggested
model and in function of the amplitude A (mm). Results are
shown in the table 2 for the values a = 0.02A + 6.72 and
b = 0.17A − 53.6.
Excitation (◦ C)
External surface
Teq1 (t) = 10
Teq1 (t) = 20
Teq1 (t) = 30

Excitation (◦ C)
Internal surface
Teq2 (t) = 0
Teq2 (t) = 0
Teq2 (t) = 0

Fo

e∗c (m)

2

a ln t + b
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Table 2. Characteristic parameters for constant solicitation.
Characteristic length ec , or capacitive node position, it is determined according to a certain value of F o equal to 2 for
both solicitations, this value remains constant in time. On the
contrary, parameter e∗c , which characterizes the wall thermal
inertia vary in a time function according to a logarithmic law
and in which it coefficients linearly depends on the excitement
gradient.
Linear Solicitation
Three different solicitation has been established with the aim of
calibrate the characteristic parameters of the suggested model
and in function of the gradient. Results are shown in the table
3.
Excitation (◦ C)
External surface
Teq1 (t) = (1/∆t)t
Teq1 (t) = (2/∆t)t
Teq1 (t) = (3/∆t)t

Excitation (◦ C)
Internal surface
Teq2 (t) = 0
Teq2 (t) = 0
Teq2 (t) = 0

Fo

e∗c (m)

2

0.9 ln t − 5.2

Table 3. Characteristic parameters for linear solicitation.
Characteristic length ec , or capacitive node position, it is determined according to a certain value of F o equal to 2 for both solicitations, this value remains constant in time. On the contrary,
parameter e∗c , which characterizes the wall thermal inertia vary
in a time function according to a logarithmic law and in which
it coefficients, for this solicitation, are practically independent
from the solicitation gradient. Thus, it is observed that for the
wall and the solicitations under analysis, the capacitive node
position remains constant in time, and the useful wall thickness
depends on a time logarithmic function for both solicitations.
In both cases the capacitive node position is corresponded with
a F o value equal to 2.

5

Conclusions

Energy building performance can be different according to outdoor conditions or urban environment, at the same time that
this last assess, buildings are also affected by the building envelope, as obvious consequence of the thermal and Aeraulic
coupling existing between the indoor and outdoor conditions
in buildings. Thus, in this coupling is fundamental to typify
the transmission phenomenon through the building envelope.
Doing this, it is possible to estimate transmission heating losses
and gains and also the superficial temperatures of the envelope.
In order to assess the transient behaviour of the building envelope it is necessary to develop a predictive model, precise
enough, to be integrated in a simulating tool. Detailed and multidimensional models, based in numerical methods, like Finite
Element Method (FEM), has a high precision, but its complexity imply resources consumption and computational time, too

high to be integrated in these kind of tools. On the contrary,
simplified methods are good enough because they are simple
and fast, with an acceptable precision in almost all the situations.
The present work is focused:
• To develop a simplified RC-network model. The aim of
the model is to characterize and to implement with precision the behaviour of a wall in a simulating software
tool based on urban environment.
• To express in form of equivalences, the different indoor
and outdoor solicitations that can exist in the building
envelope.
• To calibrate or to characterize the simplified model
through its characteristic parameters.
For a homogeneous wall and two types of solicitations, it has
been obtained the characteristic parameters of the model that
represent the better adjustment to the real wall. In a first step, it
has been obtained the results of the proposal model and a reference model based on FEM, in terms of wall external surface
heat flow. Results of both models have been compared, and
the resultant characteristic parameters of the model have been
obtained through an optimization method.
Results for the wall and for the solicitations under analysis
show:
• Characteristic lengthe ec , or capacitive node position, it
is determined according to a certain value of F o equal
to 2 for both solicitations, this value remains constant in
time.
• Useful wall thickness e∗c , on the contrary, vary as time
function, according to a logarithmic law for both solicitations, although this function is different depending on
the considered solicitation.
• Using a constant solicitation, coefficients from the previous logarithmic function depends on the range of the
solicitation, while these are practically independent of
the linear solicitation gradient.
It is necessary to mention that the present work suggests a
dynamic adjustment for the characteristic parameters of the
model and, specifically, it is the parameter that characterizes
the thermal inertia or the wall storage capacity which vary with
the simulation time, according to the considered solicitation.
For future developments, it is proposed to increase the study
taking into account different types of walls, multilayer walls,
different wall weights and generic solicitations that belong to
several climatic severities.
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Potential energy savings in air-conditioning building
systems, due to the improvement of outdoor air
F. J. Sánchez∗, E. A. Rodríguez∗, A. Rincón†, J. M. Rojas Fernández‡,
C. Galán‡, E. D. Fernández-Nieto§ and G. Narbona§

Abstract— In Mediterranean countries, air-conditioning in buildings can represent up to 80% of their total energy consumption
and for this reason most of the energy saving policies are focused to the improvement of the efficiency of these facilities. On the
other hand, the relationship between the building and its outdoor space determine both the energy consumptions of the HVAC
system and the energy saving potential by the improvement due to microclimatic changes. This relationship can be grouped in
three main groups: influence on the energy needs, on the ventilation thermal loads and on the HVAC system efficiency. This
paper presents an overview of these dependencies putting emphasis on those variables able to generate a microclimatic change.
A case study is also presented for a real building and real measurements coming from an experimental campaign. In order to
quantify the expected energy savings, only the effects over the reduction of ventilation thermal loads and the improvement of the
HVAC efficiency have been taking into consideration. The results show an expected savings of approximately 9% regardless of
the climate in which the building is located.
Keywords: Thermal building performance, Energy saving potential, Microclimatic changes.

1

Introduction

The thermal performance of a certain building and its Heating Ventilation and Air-Conditioning system (HVAC system)
is in close relation with the outdoor conditions of its surroundings. There is a thermo-aeraulic coupling between both indoor
and outdoor spaces that can be expressed in terms of several
physics phenomena like: entrance of exterior air (ventilation
and infiltration), heat transmission through the building envelope, alteration of the long-wave radiation exchange, and reduction of the solar access. All of these outdoor variables determine the building thermal loads and finally they are the main
responsible of the energy needs in the HVAC system.
The way in which the outdoor conditions can determine the
energy needs of a building depends mainly on three building
parameters like: the building design (layout, compactness factor and window to wall ratio), the insulation level (thickness of
opaque insulation, and window transmittance), and the thermal
inertia (energy storage capacity).
On the other hand, the building (typically a big group of buildings) can modify, at the same time, the outdoor conditions giv-

ing to a Microclimatic change. The best known example of
this is called the Urban Heat Island phenomena and it has been
studied by many researchers [1], [2], [3]. This is an undesirable
effect in summer conditions since higher air temperatures can
be found in an urban context in comparison to a rural one.
The present paper put special emphasis on the study of this relationship in those cases in which this microclimatic change
can be useful for air-conditioning purposes. In the traditional
Mediterranean architecture one of the most interesting ones are
the so-called patio [4].
In both cases, positive and negative effects on the energy consumptions of HVAC systems have been studied by many researchers, reflecting that the building to the outdoor space
conditions can be relationship can be grouped in three main
groups: influence on the energy needs, on the ventilation thermal loads and on the HVAC system efficiency [5], [6], [7], [8].
Although the mutual influence building-surroundings has been
deeply study and it has been documented through many experimental campaigns, the way in which this influence can be assessed is still very complicated. Complex software tools have
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to be used, firstly to quantify the microclimatic change (ENVIMET [9]) and then to assess the influence on the building
energy needs or even the HVAC consumptions. Examples of
these software tools are the Building Energy Performance simulation tools (BEPs), like ESP-r [10], Energy Plus [11], DOE-2
[12] or TRNSYS [13], and in Spain LIDER [14], CALENER
[15] and CE3 [16].

The computational model to calculate all the previous phenomena are very complex due to the coupling among them through
the surfaces temperatures [21]. Some of the most recognisable software tools dealing with the study of outdoor spaces
are: ENVI-met [22], DesignBuilder [23], TOWNSCOPE [24]
or GREENCANYON [25].

Finally, is very convenient, on one hand, to put emphasis on
the important of the assessment of the energy consumptions
due to HVAC system as a crucial starting point for a good evaluation of the potential savings [17][18], on the other hand to
keep in mind that in Mediterranean countries, air-conditioning
in buildings can represent up to 80% of their total energy consumption and for this reason most of the energy saving policies
are focused to the improvement of the efficiency of these facilities [19][20].

2
2.1

Analysis of the building ð surroundings cou- Figure 1: Description of Heat and Mass Transfer Between the
Buildings.
pling
2.1. Building environment

The study of the interaction between a certain building and its
surroundings has to take into consideration many and complex
phenomena, most of them coupled through their own equations.
These phenomena are:
• The access to the solar radiation that can be modified by
the urban context due mainly to shadows provided by
obstacles, but also due to mutual reflections. This is the
only phenomena that is not a function of the following
ones.
• The modification of the long-wave radiation exchange
among all the outdoor surfaces, an specially, the reduction of loses due to the reduction of the sky view factor.
This heat exchange depends on 2 group of variables: the
surfaces temperatures and their view factors.
• The convection between the outdoor air and the external
surfaces which is a proportional to the air to surface difference of temperatures and the so-called air convective
film coefficient. The last one strongly depends on the air
movement pattern.
• The entrance of undesirable air into the building which
is known as infiltration. In this case the main variable responsible of this phenomena is again the air movement
pattern around the building.
• The presence of heat sources like cars, external airconditioning units, etc.

2.1.1

A brief description of the theoretical basis of each
sub-model.

Conduction through walls is typically modelled through the use
of an equivalent wall composed by a layer of massive material,
concrete, that accounts for the inertia of the wall and a layer of
insulation. This equivalent wall has the same global heat transfer coefficient of the actual one, and the same transient thermal
behaviour. The advantage of an equivalent wall in comparison
with the actual one is that the coefficients of its representative
transfer function can be obtained using correlations based on
a little number of parameters, like for instance the insulation
layer position. This sub-model considers three different positions of the insulation layer: inside, outside, or centred. Then,
the transient heat flux by conduction through walls can be obtained for the time step t, as follows [26]:
qsconduction (t) = a0 Ts (t) + a1 Ts (t − 1) + a2 Ts (t − 2)
−C − d1 qsconduction (t − 1).
where a0 , a1 , a2 , C, and d1 , are the coefficients of the transfer function, and can be obtained through correlations, as it has
been explained. The whole process to obtain these coefficients
is based in a finite difference method.
The ground conduction is also modelled using a transient onedimensional approach on the conductive heat transfer phenomena of the ground. As in the case of wall conduction, an assumption has been made in order to obtain correlations for the
calculation of the coefficients of a transfer function. This assumption consists in the consideration that the ground is composed by two layers of different materials: one is bare ground,

Potential energy savings in air-conditioning building systems, due to the improvement of outdoor air
and the other one is selected by the user among a data base with
many materials. The objective of the model is to represent the
thermal behaviour of the ground, with an expression of the heat
flux useful to make the coupling with the other models.
The ground temperature can be represented with a high accuracy into the addition of two periodical waves, with yearly
and daily periods respectively. This allows solving the problem using superposition. As the calculations are realised only
for a design day, the heat flux corresponding to the effect of the
yearly fluctuation can be considered as a constant that can be
calculated using the mean yearly fluctuation of the ground surface temperature (MYF). The second term is due to the daily
fluctuation, and provides a time dependence calculation. Then,
the ground temperature can be calculated as the solution of
the superposition of a daily solution in transient state and the
yearly one in Ôsteady stateÕ, as it has been shown in figure 2.
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proved model of Elnahas M. and Williamson T. [27] which is
given by the equation:
I(t) = Idir (t)(1 − P SA(t)) + Idif f (t)SV F +
X
i

Idir+dif (t)(1 − αi )FiA .

Where:
• P SA(t): partial shaded area of the surface.
• I(t): mean hourly total solar radiation incident on the
surface (W/m2 ).
• Idir (t): hourly mean unobstructed direct solar radiation
(W/m2 ).
• Idif (t): hourly mean unobstructed diffuse solar radiation on a horizontal plane.
• Idif +dir (t): hourly mean direct and diffuse solar radiation.
• F : view factor for two surfaces.
• α: solar absorptivity of the surface.
• SV F : sky view factor for the surface.

Figure 2: Superposition of Daily Solution in Transient State
and the Yearly one in ‘Steady State ’.

The depths, at which daily and yearly fluctuations are supposed
to be negligible, are marked in the plot with dashed lines. In
both graphs typical curves representing the minimum, medium
and maximum values have been also drawn.
The heat flux by conduction through the ground can be calculated then using the following equation:

conduction
qsi
(t) = a0 Tsi (t) + a1 Tsi (t − 1) + a2 Tsi (t − 2)
conduction
−C − d1 qsi
(t − 1) + ∆qannual .

where a0 , a1 , a2 , C, and d1 , are the coefficients of the transfer function, and can be obtained through correlations, as it has
been explained.
The short wave solar irradiance absorbed by the surfaces of the
urban canyon can be calculated multiplying the total solar radiation incident on those surfaces, by the absorption coefficient
(α). On the other hand, the total solar radiation (direct, diffuse
and reflected) incident on each surface is calculated by the im-

In this equation, the incoming diffuse radiation is assumed to
be isotropic and the first reflection is only included as it is very
difficult to model multiple reflections. The direct radiation has
to be previously calculated for the specific solar altitude.
For the calculation of the air movement, two models are normally used: the best one is based on a Computational Fluid
Dynamics (CFD model), and in other cases a zonal model is
used.

2.2

Influence on the building energy needs: Infiltration and building envelope transmission.

The energy balance on a building space determines the energy
needs of heating or cooling, depending on the sign of the equation gains - losses. Two terms in this equation are directly connected to the outdoor space:
• Infiltration. Energy losses or gains due to the entrance
of an undesirable current of air through cracks and openings in the external faa̧de. The amount of air that goes
from the surroundings to the building is a function of the
pressure coefficients, this is, directly depends on the outdoor air movement.
• Building envelope transmission. It is the heat transfer
phenomena which occurs firstly by convection from the
outdoor air to the external building surfaces, and then
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by transmission to the interior ones. It is proportional
to the difference of temperature and the convection heat
transfer coefficient. Again, the last one depends on the
outdoor air movement.

A detail study of the thermal loads of the building required a
big computational effort and in most cases a transient treatment. This paper is focused on the other two sources of coupling, and for this reason no longer explanation are given in
this section.

2.3

Influence on the building energy needs: Ventilation.

As well as in the case of the infiltration, the ventilation is again
an entrance of outdoor air, but in this case is a known and desirable current. The effect on the energy balance for space cooling purposes is very important since the amount of air that is
required should be high. In the following sections this effect is
quantified.

2.4

The performance curves of these chillers can obtained curves
manual CALENER-GT. These curves are applied to calculate
the power and EER team on current operating conditions according to the following equations (1) and (2).

(2)

P OT = P OTN OM · P OTN OMT

EER = EERN OM · 1 /ERRT∗ · ERRRCP

where:
P OT : Cooling power in real operational conditions. [kW]
P OTN OM : Nominal power in EUROVENT standard conditions. [kW]
P OTN OMT : Corrector Factor for the nominal power as a function of the temperature.
EER: EER in real operational conditions.
EERN OM : EER in EUROVENT standard conditions.
EERT∗ : EER inverse as a function of the temperature.
EERRCP : EER corrector factor by partial load.
On the other hand, P OTN OMT ,

EERT∗

and EERRCP can be

P OTN OMT = a + b · T1 + c · T12 ,

(3)
(4)

EERT∗ = a + b · T1 + c · T12 + d · T2
+e · T22 + f · T1 · T2 ,

EERRCP = a + b · RCP + c · RCP 2

(5)

+d · (T2 − T1 ) + d · (T2 − T1 )2 + f · RCP · (T2 − T1 ).
where:
T1 : Cold water temperature supply [◦ F]
T2 : Condenser water temperature supply [◦ F]
RCP : Relation of the partial load
As a matter of example, the following values has been used for
the case study presented bellow.

P OTN OMT
EERT∗
EERRCP

Influence on the building energy needs: HVAC
condenser unit performance.

The set of subsystems of a building should consist of an air
handling unit (AHU) and fan coils for the cold water supply.
Both of them are connected with common or own chillers for
which a typical energy efficiency ratio (EER) is 3.5. The hours
of operation of the equipment varies from one building to other,
but in the case of tertiary used, could be fix from 8am to 20pm
.

(1)

determine by:

P OTN OMT
EERT∗
EERRCP

Coefficients
a
b
0.573439 0.019197
0.469711 -0.003615
0.048122 0.695734
e
f
0.006287 0.000051
0.000455 -0.000001

d
0.000088
0.000039
0.234939
g
-0.000105
0.000021

Table I. System performance curves(*)

3
3.1

Assessment of potential savings from experimental results
Assessment of the energy needs

In order to use a simple example as case study, a large tertiary
building has been simulated using the software CE3. As one of
the results of the simulation, hourly cooling demands has been
obtain under the following assumptions:
• Climate of Málaga, Spain.
• Occupancy level: 10m2 /person, with a sensible heat of
79W/person.
• Lighting: 4,4W/m2 .
• Appliances: 15W/m2 .
The hourly and weekly distribution schedule has been fixed to
100% from 8h to 20h from Monday to Friday.
After simulation the energy cooling demand is 71.4 kWh/m2 year.

Potential energy savings in air-conditioning building systems, due to the improvement of outdoor air
Total chillers power [kW]
Treated area [m2 ]

1200
9384
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the combined effect that reducing the burden of ventilation and
condensation favorable conditions have on the seasonal consumption and savings potential seasonal shown bellow:

Table II. HVAC system

3.2

Due to
ventilation

Experimental results

A real and occupied building was used for the experimental campaign along 2014 summer. It was an hotel placed in
Málaga, Spain, with a high occupancy level during the period
of study. Three kind of sensors were used:
- Air temperatures. Placed inside the patio and over it.
- Surface temperatures.
- Wind velocity sensors.

Figure 3: Hotel patio. (a) inside, (b) exterior view.

The placement of sensor were previously decided by CFD simulations, trying to get the most important points to define the
air movement.

6.77

Seasonal savings [%]
Due to the
Combined
improvement of
effect
condenser thermal
conditions
2.86
9.63

Table III. Seasonal assessed savings
On the one hand, we must bear in mind that the temperature
reductions only occur between 10h and 18h, not microclimatic
changes occurring in the rest of the building occupancy hours.
Moreover, only at certain times of seasonal period reductions
are temperatures around 5 ◦ C, this value being lower in most
of the period. Furthermore, the maximum daily temperature
reduction is obtained at some time between 10h and 18h, being
lower in the remaining hours. All this contributes to a reduction potential of seasonal savings. In this regard, the use of
passive cooling techniques as effectively to reduce the outside
temperature to the building, as may be the evaporative cooling,
seasonal would increase the potential savings.

5

Conclusions

Microclimatic changes brought around buildings for its immediate surroundings, have different effects on the energy performance of the same. As for conditioning systems are concerned, these effects can be evaluated in terms of performance
and therefore energy consumption.
In this paper the expected savings assessed in energy consumption conditioning systems as a result of the favourable microclimate generated in transitional spaces of buildings, from the
experimental data obtained from measurements made in courts
of buildings in the city of Málaga, Spain.

Figure 4: CFD simulations. (a) CFD model, (b) Velocity vectors.

4

Results and discussion

Next, the results of the effect on seasonal consumption and potential seasonal savings are , on the one hand , favorable conditions of condensing systems are shown , and secondly, reducing
the ventilation load when air is taken in these conditions . Also,

First, using a simulation, the results are obtained in the energy consumption of the building conditioning systems for two
climate zones taking into account the outside air conditions.
Secondly, we have obtained the results of power consumption
when air conditions generated in these spaces are utilized. Finally, the results of both simulations were compared and the
expected savings in energy consumption quantified conditioning systems.
A potential saving of about 9% when favourable conditions
around the building induced by their immediate environment
advantage is obtained. The relative weight of the effect of
reducing the burden of ventilation has the potential of saving
season is 7%, while the relative weight of the effect they have
favourable conditions condensation is 2%. This highlights the
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importance of favourable ventilation conditions have on consumption and savings potential seasonal.
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Microclimate simulations by Freefem++ for efficient
Architecture design
J. M. Rojas Fernández∗, E. D. Fernández-Nieto † and C. Galán Marín∗

Abstract— The interaction between the buildings and the atmospheric phenomena produce microclimates in its nearby environment, characterized by air characteristics that differ from the outside average. These characteristics depend, among other factors,
on its architecture. A certain building design can modify greatly the temperature in these spaces in a natural way. This is the
case of courtyards, where there have been monitored air temperatures one quite lower the exterior ones during the summer in hot
and temperate climates like the Mediterranean one [1]. To understand and to quantify this effect allows a building design to take
advantage of it in an effective way improving the building’s energy efficiency. But the physical complexity of the phenomenon
and its strong interaction with formal design, has prevented its controlled use in architecture till now. The present study confronts the problem by means of a proper collaboration among mathematicians, engineers and architects. In this sense this makes
more accessible the big potentiality of the free code FreeFem++ mathematical tool to develop the numerical simulations of these
microclimates proposing its simple integration with the proper architecture and engineering software. Therefore, to confront the
problem, the use and the integration of these programs: AutoCAD R , SketchUp R , FreeFem++ and ParaView will be proposed.
Keywords: Applied mathematics, Architecture, finite element method.

1

Introduction

To achieve to understand, quantify and apply in the building
design the described microclimatic phenomenon, it is necessary:
1. The possibility of a rapid three-dimensional geometries
elaboration by means of proper architecture CAD software.
2. A precise but simple meshing of this geometry.
3. A direct introduction of this meshed geometry in numerical simulations software based on Freefem++.
4. Its later analysis by means of proper engineering software.
Thus the efforts will be optimized so that every knowledge area
provides the best of its specialty. The goal is to be able to use
this tool for real construction of more efficient buildings in an
operative and professional way.
Following this strategy, the activity of the project PATIO TEP7985 [2], project of research excellence of the government of

Andalusia, it integrates knowledge of these three fields (engineering, mathematics and architecture) belonging to two universities (University of Seville, University of Cadiz). The research studies the quantification of the phenomenon in order
to take advantage from its performance. The energy save is
obtained if the courtyard’s air is introduced mechanically in
the air conditioning system, improving the installation performance and therefore the energy efficiency of the buildings [3].
Understanding and quantification of the phenomenon requires
a powerful simulation tool that provides accurate calculation,
flexibility and transparency: powerful enough to calculate the
Navier-Stokes equations to define the behaviours of the fluid
mechanics coupled with those equations that define thermodynamic behaviours; with sufficient flexibility so that the model
can be modified according to the adjustments needed when
comparing them to the physical reality; and transparency to enable understanding of the mathematical model of the physical
processes.
These characteristics are typical of the open source code methods used in science. Although applying them to real situations
requires such tools to have a level of usability that allows the
complex geometric data in real architectural situations to be entered and meshed quickly and easily. If the architectural form is
the key factor in this microclimate then the architect must study

∗ Departamento de Construcciones Arquitectónicas, Universidad de Sevilla, E.T.S. Arquitectura, 41012 Sevilla (SPAIN). Email: juan.rojas.fer@gmail.com,
cgalan@us.es
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this environment carefully and apply the knowledge acquired.
However, usability is more a feature of commercial programs
than those developed in the scientific field. Open source code
and usability are usually incompatible, and the lack of the latter
means that the knowledge generated in the course of an investigation cannot be put to best use by professional architects when
designing and studying strategies to improve energy efficiency
in real buildings.

2

The proposed method

Based on what we have described so far, we propose specific
tools for each part of the simulation (pre-process, process and
post-process) for the execution of this method. For constructing the geometry, we propose the programs for drawing, design
and 3D construction most widely used among technicians. For
the meshing, we recommend GMESH. The pre-process is the
building of the geometry and the meshing. For the process, the
nucleus of the calculation of the numerical simulation via the
finite elements method, we propose Freefem++. And for the
post-process, in other words the visualization and analysis of
the results, we suggest the ParaView program.

2.1

Assisted drawing programs

There are many assisted drawing tools on the market for 3D
constructions, and the two most widely used are AutoCAD R
and SketchUp R . AutoCAD R is the main commercial CAD
program for computer-assisted design but SketchUp R is becoming the preferred program of use for quick and intuitive
geometric 3D constructions as its basic version is free. Both
are standard tools in architecture and engineering faculties.
As we emphasise in this article, the aim is to involve in the
method those who best understand each part of the investigation: the pre-process (constructing and understanding 3D
forms). To understand the science of the processes of interaction between the forms and the physical medium, as in the case
of microclimates, we consult experts who understand physical
media and forms. And to understand the forms means acquiring a better understanding of the characteristics of 3D objects
and, consequently, of the three-dimensional physical phenomena they cause. This is true of the flow patterns that are so vital
to the study of microclimates [6].
So, to achieve this we need to study the bridges that link the
CAD programs already discussed to Freefem++.

2.2

File exchage

After studying the import and export compatibilities of the
various programs, we propose using the IGES format (whose
file have extension *.igs) between drawing programs and the
GMESH meshing, and the MESH format (whose file have extension *.mesh) between GMESH and Freefem++.
IGES (Initial Graphics Exchange Specification) is a neutral

data format that enables the digital exchange of information
between computer-assisted design (CAD) systems. Despite
the emergence of STEP, IGES continues to be the most widely
used standard format for exchanging 3D graphics files.

2.3

AutoCAD R

The Autodesk program is widely used in universities and architectural and engineering companies in many countries. Its
official website offers ample information on the program’s features and a downloadable test version [5].
Thanks to the utility of the IGES format, the AutoCAD R 2012
version exports directly to IGES although this option does not
appear by default in the export dialogue box. You have to deploy the submenu "other formats" in the "export" option to locate it.

2.4

SketchUp

Although the AutoCAD R program is the most popular, it has
two major drawbacks that led us to search for possible alternatives.
Although the program is made specifically for CAD drawing,
constructing three-dimensional volumes with this tool is not
fast or intuitive. It is difficult to outline a volume and modify
the finished geometry quickly. By contrast, AutoCAD R offers
considerable accuracy, and final projects are normally drawn
up using this program.
However, the nature of the study in this investigation does not
require mathematical precision. What is important is that the
architectural spaces and their microclimate features are not affected by alterations in millimetres to their dimensions since
the details of the architecture and the spaces are normally defined in centimetres. A meshing that generates a mesh of 10
to 30 cm is usually sufficient for the dimensional accuracy
needed.
What is more important is the speed at which 3Ds can be constructed, something which AutoCAD R lacks. To boost the potential of the study at the heart of this research requires constant
experimentation with various geometries that can be quickly
put together, thus enabling comparisons and decision-making
on its formal design.
A good alternative is the much-used program for constructing
3D objects, SketchUp. It is simple and fast, the models can be
easily modified and the SketchUp Make version is free (this is
the basic version but sufficiently sophisticated for this study).
Information about the program and downloading can be found
on the official website [6].
So, the proposal is to use SketchUp to build geometries quickly
and simply and then export them in the IGES format, which
GMESH can read, and continue the method described above.
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The SketchUp Make export options do not include exporting in IGES format, but the SketchUp community on internet has developed a plugin that enables this [7]. The “igesexport.rb”export file is copied in the Tools folder of SketchUp
15 which is in the program files. The option to export the solid
is found in the program tools’ submenu under the name “IGES
export”.

2.5

ParaView

a)

For the presentation and analysis of the results (post-process)
we also consider using another program designed specifically
for this task, ParaView. This is an open source multiplatform
tool for data analysis developed by the Los Alamos National
Laboratory of the U. S. Department of Energy in collaboration
with Kitware Inc. [8].
After performing the simulation calculation process in
Freefem++, the results can be exported from Freefem++ to a
VTK library ((whose file have extension *.vtk) and read by
ParaView, which provides the user with ample scope to analyse the data [9].

2.6

b)

An example of process application

c)

Figure 1: Diagram of the method proposed
d)
In synthesis, the method proposed is the following: the geometry is drawn using AutoCAD R or SketchUp R and exported in
the IGES format and read in GMESH. This program is used
for meshing the volume generated as it is made specifically to
carry out this task. The mesh is then exported as MESH. All
this constitutes the pre-process. Freefem++ reads the mesh format (*.mesh) and this program is then used to make the calculation (process). The results are presented and analysed (postprocess) by exporting the results from Freefem++ to a *.vtk
library. These results files are read by the ParaView program
where they can be easily studied and analysed, and then exported to other data presentation formats (fig. 1).
A simple example can illustrate this by entering in Freefem++
a mesh of a room measuring 3x3x3m with a 1x1m window in
the middle of the two walls facing each other. The first step is
to construct the geometry in SketchUp R (fig. 2).

Figure 2: Construction of a geometry in SketchUp R

This type of sketch is one of the simplest systems available
for constructing volumes, allowing us to try out various forms
with different thermodynamic behaviours. The volume can be
modified at any time by stretching one of the sides with the
push-pull tool; this is an example of the program’s flexibility
enabling the volume to be modified quickly when searching
for a form that generates a different microclimate.
The line tool lets us trace reference lines on the sides. The
lines on a plane that delimit one area of a side of a solid in
SketchUp R defines a region that is different from that plane
(fig. 2c). We can identify this feature by clicking on the zone
and observing the shadowed area, and this can be stretch, cut
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or coloured separately from the rest of the plane. This quality
is very interesting because the program automatically identifies the region, labelling it so that it can then be recognized as a
numerical model. The IGES format uses numbers to automatically identify each of the regions generated.
So now we export the geometry to IGES using the plugin we
have placed in the tools menu (fig. 3a). When dealing with
more complex geometries, we check that only one group has
been created in order to ensure the exportation is done correctly. It is also important to remember that GMESH does not
import files stored on lower levels (subfiles inside subfolders).
It is advisable to temporarily shift the *.igs export files to the
desktop to import them from GMESH without problem.
Next step is to open the GMESH program and the *.igs file
is imported. This is done by opening the File menu, selecting
Open and locating the *.igs file on a level close to the desktop (fig. 3b). When we import the file nothing appears in the
window, which means it is not very intuitive. This happens because the geometry elements of the “Geometry”dialogue box
remain closed by default. You have to open the “Tool”menu,
select “Option”, then “Geometry”and mark the elements that
you wish to visualize (fig. 3c).
It is important to check that, as in our example (fig. 3c), there
are labels for the points, vertices, and differentiated sides and
regions within the sides. These labels are fundamental so that
the regions can be identified and assigned different contours in
Freefem++.
Now the 3D meshing can be done. This is done by opening the
“Mesh” menu and clicking on 3D (in red in the figure). After a
few seconds for processing due to the complexity and volume,
the first meshing then takes place. As in the previous case, the
data which appear are confusing as you only see the labels that
correspond to the mesh nodes. You have to return to “Option”
and select “Mesh” and mark the elements of the mesh you wish
to see (fig. 3d). In “Mesh”, it is important to be able to visualize the lines, the sides and the vertices of the sides (2D mesh in
sides) in order to check that the elements have different colours.
We then select “Lines”, “Surface Edges” and “Surface Faces”,
by which we ensure that the program has separated and correctly labelled the different sides and the different regions of
the same sides.

a)

b)

c)

d)

e)

f)
Figure 3: Exporting the geometry in the *.igs format from
SketchUp R
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We check that a 3D mesh has been done in the volume
by selecting “Tool”, “Option”, “Mesh”and marking “Volume
Edges”(fig. 3e).

method to the study of fluid dynamics in the room is showed.
We apply the Navier-Stokes equation for a three-dimensional
space.

Now we can proceed to optimize and refine the mesh, first by
clicking on “Optimize 3D (Netgen)”, which is marked in red
(fig. 3f). By clicking on it once, a slight repositioning of the
mesh’s tetrahedrons occurs. Another click produces the same
effect but this time it is less perceptible. If we continue clicking, we notice that the alterations become smaller and smaller
until the mesh no longer changes. At this point maximum optimization has been reached, thanks to the program’s Netgen
module.
If we need the mesh to be even finer, we can use the “Refine by
Splitting” option. Unlike the previous example only a single
click is normally necessary, as the mesh grows considerably in
density (fig. 3f). A second click for this geometry could make
the mesh very dense, with too many polygons to enable calculation in Freefem++ in reasonable time. A third click would
produce a mesh impossible to calculate. At this point we notice that GMESH has no option to “undo”. If we make a wrong
calculation in refining the mesh and we make it too dense, we
have to go back and start again by importing the *.igs geometry. However, this process is quite quick so miscalculating is
not such an important error.
To export the mesh for Freefem++ we select “File” and “Save
As”, and in the menu that appears with different import formats we choose *.mesh (fig. 4a). It is important not to confuse
it with the *.msh native format that GMESH uses to save the
meshes by default. Freefem++ cannot read the *.msh format,
only *.mesh. And although we have selected the *.mesh format in the option menu the file still has the *.igs extension, so
we need to attach the new extension manually.
A *.mesh file has been created and now which we can save on
any subdirectory level in the computer. If we have Freefem++
installed, it can be read without problem.
And with Freefem++ installed on the computer, we can import the mesh from Freefem++ by writing the following lines
of code:

mesh3 malla=readmesh3("room1.mesh ");
plot(malla);
This is saved as *.edp, placing the mesh file “room1.mesh” in
the same directory as *.edp. When executing the edp we observe that the mesh has been read by Freefem++, as appears
in fig. 4b. The meshing and labelling are correct, so we can
proceed to the nucleus of the process.
In the process or calculation phase, an application of the

a)

b)
Figure 4: Mesh made in GMESH and imported in Freefem++
with geometry constructed in SketchUp R

In the Freefem++ code, we write the commands to read the
mesh, the commands to solve these equations and the commands to resolve save each iteration in a *.vtk library.
We then use the ParaView tool to open the *.vtk library. This
program allows us to analyse pressure values, speed vectors
and current lines, among other results of the simulation. It also
helps us to visualize and understand its distribution and evolution within the three-dimensional space. This is vital for understanding the specific structures that emerge and which are the
results of the interaction between the physical properties of the
fluid in motion and the form of the space in which it moves. In
other words, the design of the space modifies these structures.
So, being able to see them more clearly enables us to produce
an architectural design that best fits these characteristics.
Fig. 5a shows the meshing of our example in ParaView, and fig.
5b a display of the simulation results representing the streams
lines.
Thus we have got what we intended to achieve at the start of
this work. The use of specific programs optimized for each of
the processes. In particular the coherent use of programs that
are powerful and comfortable to use when constructing 3D geometries which are compatible with the other programs used in
the various processes, as well as programs that can offer better
3D interpretation of the results.
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This path both leads itself to interdisciplinary collaboration between architects, mathematicians and engineers while maintaining the use of the tools that are most appropriate for each
of these fields of knowledge. Beside this enhances the overall
quality of the work as each phase is controlled by the specialist
in each area. This is a good procedure to improve the knowledge of the phenomenon, producing a design process more responsive to the requirements of eco-efficient building.
a)
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Special Session 4
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Effective Boundary Conditions for Compressible Flows
over a Rough Surface: Isothermal case
G. Deolmi∗, W. Dahmen∗ and S. Müller∗

Abstract— Effective boundary conditions for compressible Navier-Stokes equations are presented to model the effect of a rough
surface on some macro-scale quantity. Thus, prohibitively expensive computations resolving small-scale geometric structures
can be avoided by solving an effective problem with effective boundary conditions imposed on a virtually smooth boundary. The
multiscale model relies on an upscaling strategy based on homogenization techniques. It generalizes previous works by Achdou
et al. [1], Jäger and Mikelic [16, 17], Friedmann et al. [13, 14] for incompressible fluids and Deolmi et al. [9] for compressible
fluids. For proof of concept the steady, laminar, subsonic flow over a flat plate with partially embedded periodic roughness is
considered for isothermal walls. The results are compared with computations on a rough domain.
Keywords: Homogenization; upscaling strategy; effective boundary conditions; Navier wall law; compressible flow.

1

Introduction

From nature it is well-known that microstructures on surfaces
can significantly reduce drag. For instance, the skin of a shark
exhibits small-scale structures that makes the shark one of the
fastest hunters in the sea [21]. This has been confirmed by
experiments conducted in oil channels to study biological surfaces, e.g., shark-skin replicas, hairy surfaces such as seal fur,
[4, 5, 15], obtaining significant drag reduction. Engineers are
aiming to mimic this effect for economical and ecological reasons in practical applications such as aviation. In [20, 24] it
has been reported that the overall drag of airfoils and aircraft
can be reduced by riblets depending on the riblet spacing. For
flight tests of an Airbus 320 drag reduction was observed, see
[22], but not as significant as for experiments in wind tunnels
and oil channels, respectively.
To gain a deeper insight in the underlying physical mechanisms of drag reduction simulations are performed that complement experimental investigations. Since resolving the microstructures requires a high resolution, numerical simulations
are very expensive and are only feasible for small configurations. For a real application such as an airfoil the computational cost will be prohibitively high and a simulation will not
be feasible in spite of an ever increasing computer power. To
deal with this type of problems we thus need model reduction
concepts such as homogenization techniques [6, 18, 23], (heterogeneous) multiscale modeling [11, 12] or multiscale finite
element methods [10] that allow us to quantify the influence of
small-scale effects on the resolved macroscopic scale without

resolving small-scale structures. Typically, these concepts need
to be adapted to the problem at hand, i.e., for a given concrete
application the main task is to derive an appropriate upscaling
strategy.
Here we are particularly interested in an upscaling strategy
where the micro-scale effect of a rough surface is modeled
by means of effective boundary conditions given on a virtually
smooth wall. For the derivation of these conditions the exact
solution of the original problem on the rough domain is expanded in a zeroth order solution depending only on the macroscale and an upscaling term that depends on macro-scale and
micro-scale variables to compensate for the discarded microscale effects in the zeroth order solution. Note that this ansatz
differs from classical perturbation theory [19]. Plugging this
asymptotic expansion into the original problem the so-called
cell problem can be derived to determine the upscaling function. Typically, this problem is a much simpler problem. From
the asymptotic expansion at an artificial smooth wall located
on top of the roughness we deduce the effective boundary conditions or Navier wall laws [8] by means of a Taylor expansion
in wall normal direction at the rough wall. Here the mean of
the solution of the cell problem enters as effective constant. Finally, the effective problem is solved on the smooth domain
with the effective boundary conditions.
We are particularly interested in compressible flows over a
rough surface for high Reynolds numbers. In [9] we already
derived a similar upscaling strategy combining ideas from
Achdou et al. [1] as well as Jäger and Mikelic [16, 17].
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The paper is organized as follows: first of all, in Section 2 we
summarize for the compressible Navier-Stokes equations the
derivation of the effective boundary conditions by means of
homogenization techniques. For proof of concept, in Section 3
we investigate steady, laminar, subsonic flow of a perfect gas
over an isothermal wall with embedded periodic roughness. Of
particular interest is the skin friction coefficient and the drag
coefficient that serve as a measure for the quality of the effective model compared to simulations performed on the rough
domain. In Section 4 we summarize our results and conclude
with an outlook on future work.

2

Mathematical Formulation

We are interested in the simulation of the flow over a rough domain Ω ⊂ Rd with  characterizing the roughness height. For
simplicity we consider a rectangle (d = 2) where the roughness is located at the bottom of its boundary ∂Ω . For vanishing roughness  weobtain the smooth domain Ω0 ⊃ Ω , where
Γ tends to Γ0 := x ∈ Ω0 , x2 = 0 , as depicted in Figure 1.

Figure 2: Roughness element: macro-scale (top) and microscale (bottom).

Figure 1: Boundaries on macro-scale domain Ω .
These domains refer to the so-called macro-scale variables
x ∈ Rd . Furthermore, the roughness is assumed to be periodic, i.e., Γ is composed of periodic roughness elements with
height , see Figure 2 (left). These are referenced by discrete
points x̄P ∈ Γ0 and fixed period s1 > 0:
(1)

n
h
s1
s1 io
R(x̄P ) := x ∈ Ω , x1 ∈ x̄P,1 −  , x̄P,1 + 
.
2
2

By means of the micro-scale variables
(2)

y :=

x − x̄P
,


∀ x ∈ R(x̄P )

any roughness element is related to the cell domain Y :=
{y(x) , x ∈ R(x̄P )}, see 2 (right), with Lipschitz boundary ∂Y . Due to periodicity it is the same for all roughness
elements.

The flow field in the rough domain Ω is assumed to be compressible and time-independent. Thus, it is characterized by
the steady compressible Navier-Stokes equations composed of
the balance laws for mass, momentum and total energy. In case
of a perfect gas these can be equivalently written in primitive
quantities u := (ρ, u, p):
(3)

(u · ∇)ρ + ρ∇ · u

1
1
L(u) := 
 (u · ∇)u + ρ ∇p − ρRe ∇ · σ
(u · ∇)p + γp(∇ · u) + γ−1
Re ((σ · ∇) · u + ∇ · q)

for density ρ, velocity u = (u1 , . . . , ud )T , pressure p. The
viscous stress tensor σ and the heat flux q for an isentropic
Newtonian fluid are defined by
2η
γκ
(4) σ = − (∇ · u)I + η(∇u + (∇u)T ), q = − ∇T,
3
Pr
where we have used Fourier’s law. Here η and κ denote the dynamic shear viscosity coefficient and the heat conductivity coefficient, respectively, both assumed to be constant, and T the
temperature. Furthermore γ denotes the ratio of specific heats
at constant pressure and volume. The system (3) is closed by
the thermal equation of state for a perfect gas
(5)

p = ρRT

with R the specific gas constant.
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The flow is characterized by the Reynolds number Re and the
Prandtl number P r. Note that throughout this work we will use
dimensionless quantities.
In this paper we assume that the flow field satisfies the following assumptions.
H YPOTHESIS 2.1
(i) The flow ispsubsonic, i.e., the Mach number M := |u|/c
with c := γp/ρ the sound speed is less than one in the
flow field.
(ii) The flow is laminar, i.e., the Reynolds number is smaller
than 5 × 105 .
Note that condition (i) ensures smoothness of the flow field,
i.e., there are no shocks.
In view of Hypothesis 2.1, we impose at the various boundary
portions of Ω , see Figure 1, subsonic free-stream conditions
ρ∞ , p∞ , u∞ = (u∞ , 0)T with M∞ < 1 at the inflow boundary Γin , far-field conditions at the upper boundary Γf ar , subsonic outflow conditions with pressure pout at Γout and at the
rough wall Γ we impose no-slip conditions where the wall is
assumed to be isothermal:
(6)
∂p
ρ = ρ∞ ,
u = u∞
on Γin ,
∂n = 0,
∂ρ
∂n



∂ρ
∂n

= 0,

p = p∞ ,

= 0,

p = p∞ ,

ρ = ρwall ,

∂p
∂n

= 0,

on Γf ar ,

u = u∞
∂ u
=0

on Γout ,

u = 0

on Γ .

∂n

For the adiabatic case we refer to [9].
Since the conditions on the inflow Γin , far field Γf ar and outflow boundaries Γout , respectively, will not be affected by
the upscaling strategy, we summarize for convenience these
boundary conditions for the respective boundary portions as
B̄in (u ) = 0, B̄f ar (u ) = 0, B̄out (u ) = 0 .
We denote all of them with the operator B̄:
B(u ) = 0 .

(7)

Correspondingly, at Γ the isothermal boundary conditions
read
Biso (u ) = 0.

(8)

Then the exact problem reads
(9)

L(u )

Biso (u )


B(u )

=

0 in Ω ,

=

0 on Γ ,

=

Figure 3: Two-dimensional domains on the macro-scale: rough
domain Ω (top), smooth domain Ω0 (middle) and effective domain Ωσ (bottom).
Since solving the exact problem (9) requires resolving the
roughness, computations would be very expensive or might
be non-feasible due to the computational cost. Therefore, it
is of interest to find an approximate solution that reduces the
computational load to an acceptable level but captures the effect of the roughness on the solution without resolving it.
This so-called effective problem is defined on an effective domain Ωσ ⊂ Ω , Figure 3 (bottom), with smooth boundary
Γσ := {x ∈ Ω , x2 = σ} located on top of the roughness Γ :
(10)



0 on Γ ⊂ ∂Ω \Γ .

L(uef f )

B ef f (uef f )
ef f

B(u

)

=

0

in Ωσ ,

=

0

on Γσ

=

0

on Γ ⊂ ∂Ωσ \Γσ .

180

G. Deolmi, W. Dahmen and S. Müller

In the effective problem we have to choose an appropriate
smooth effective boundary Γσ on top of the roughness, i.e.,
σ > 0, and so-called effective boundary conditions B ef f defined on Γσ . To derive these conditions we proceed in five
steps.
Step 1: Asymptotic expansion of truth solution. The starting point is an asymptotic expansion of the solution u of problem (9) in terms of powers in :
(11)

u (x) = u0 (x) + u1 (x) + O(2 ) ,

u0 = (ρ0 , u0 , p0 ) ∈ Rd+2 and u1 = (ρ1 , u1 , p1 ) ∈ Rd+2 .
This expansion is assumed to exist for any x ∈ R(x̄P ) ⊂ Ω
close to the rough surface, i.e., dist(x, Γ )  1. Here u0 will
be referred to as zeroth order solution. As explained later it is
typically the solution of a simplified problem on Ω0 , see Figure
3 (middle).

parallel to the flat wall Γ0 . Thus, there is flow only in streamwise direction, i.e.,
(14)

u0 (x) = (u01 (x), 0)T ,

Now we plug the asymptotic expansion (11) and the upscaling
function (12) into the exact problem (9). Since the micro-scale
variable y is related to the macro-scale variable x according to
(2), the derivatives of the upscaling function with respect to the
macro-scale variable read:
1 ∂u0i
∂ k βi x − x̄P
∂ k u1i
(x) =
(x̄P )
(
),

∂xk
|k| ∂x2
∂y k
Pd
k ∈ Nd0 , |k| := j=1 kj , i = 1, . . . , d + 2. Then from (3) we
obtain the so-called cell problem:
(15)
(u0 · ∇y )φ̃ + ρ0 ∇y · χ̃ = 0 ,

η
∆y χ̃+ 13 ∇y (∇y · χ̃) ,
ρ0 (u0 · ∇y )χ̃ + ∇y π̃ =  Re
(u0 · ∇y )π̃ + γp0 ∇y · χ̃

Step 2: Ansatz for upscaling function. In contrast to classical perturbation theory [19], we assume that the upscaling
function u1 depends on both the macro-scale variable x and the
micro-scale variable y = (x − x̄P )/. More precisely, each
component of u1 is the product of the following two terms
(12)

u1i (x)

x − x̄P
∂u0i
),
(x̄P )βi (
=
∂x2


x ∈ R(x̄P ) ,

where the so-called cell functions β = (φ, χ, π) ∈ Rd+2 are
assumed to be sufficiently smooth in the cell domain Y . In the
following we will use
the scaled quantities, definedas fol also
∂ρ0
∂p0
∂ u0
lows (φ̃, χ̃, π̃) := ∂x
(x̄
P )φ, ∂x2 (x̄P )χ, ∂x2 (x̄P )π . This
2
ansatz is motivated by a Taylor expansion of the zeroth order
function u0 at x ∈ Γ around its projection on Γ0 , cf. [9]. Note
that opposite to previous work the cell functions βi are scaled
differently for each variable ui to account for different physical
units. In [1, 9, 13, 14, 16, 17] all cell functions are scaled by
∂u01 /∂x2 (x̄P ).
Step 3: Derivation of closing conditions: zeroth order problem and cell problem. So far, the functions u0 and u1 are not
explicitly given. We now have to find appropriate closing conditions such that the expansion (11) holds true. For this purpose
first of all we define the so called zeroth order solution u0 , that
is the solution of the following system of equations:
(13)

L(u0 )

=

0 in

Ω0 ,

=

0 on

Γ0 ,

B(u0 )

=

0 on

Γ ⊂ ∂Ω0 \Γ0 .

B(u0 )

Observe that the zeroth order problem corresponds to the flow
over a flat plate. Due to Hypothesis 2.1 the solution is determined by a laminar boundary layer. In particular, the flow is

∂u02
(x) = 0 x ∈ Ω0 .
∂x2

=

γκ
1
 Re P r ρ0

∆y π̃ −

p0
ρ0 ∆y φ̃

Analogously we derive the boundary conditions of the cell
problem: since in (6) Dirichlet boundary conditions are applied for the velocity u and the density and Neumann conditions for the pressure p , respectively, the following boundary
conditions are applied on W , see Figure 2:

(16)

χ̃(y) = −y2

(17)

∂u01
(x̄P )e1 ,
∂x2

φ̃(y) = −y2

∂ρ0
(x̄P ) ,
∂x2

and
∂ π̃
(y) = 0 ,
∂ny

(18)

where ny is the normal derivative to W in y. Since the roughness is assumed to be periodic, we impose periodic boundary
conditions in streamwise direction, i.e.,
(19)

χ̃,

φ̃,

π̃

are

s-periodic on Γper .

As can be concluded from Figure 7, the cell functions converge
to some constant values for y2 → ∞. Moreover, it can be verified numerically that the means at some line y2 = const does
not depend on the position for y2 > 1, cf. [9]. This motivates
the following assumption:
H YPOTHESIS 2.2 The cell functions φ̃, χ̃ and π̃ converge for
y2 → ∞ in the following sense: defining for the y2 -cross sections Γyup2 = {y ∈ Y : y 2 = y2 } with y2 ≥ 1, then the means
are constant for v ∈ {χ̃, φ̃, π̃}, i.e.,
Z
1
(20)
vdγ = hvi = const f or y2 ≥ 1
|Γyup2 | Γyup2
and the functions are converging uniformly to the mean, i.e.,
lim kv|Γyup2 − hvik∞ = 0 .

y2 →∞

.
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Note that the cell problem and the zeroth order problem are intertwined. Opposite to previous work [1, 13, 14, 16, 17] u0 enters the cell problem. In [9] it was numerically verified that for
our flow range the zeroth order solution cannot be discarded
because it significantly affects the effective coefficients and,
thus, the effective problem.
Then the effective problem reads

Step 4: Effective problem.
(21)

L(uef f ) = 0 in

The exact and the smooth effective domains Ω and Ωσ are
sketched in Figure 5. In order to keep the computational cost
for the computation on the rough domain in our test case affordable, the roughness is located only in a small region Γ of
the lower boundary, where the part Γ0 of the the wall before
and after Γ is flat. To capture the leading edge of the boundary layer we extend the domain where on Γslip we impose slip
conditions

Ωσ

with boundary conditions

ρ = ρ∞ ,

B̄in (uef f ) = 0, B̄f ar (uef f ) = 0, B̄out (uef f ) = 0 ,

and effective boundary conditions on Γσ
(22)
∂uef f
∂pef f
uef f (x) = ∂x1 2 (x) (σ + hχ1 i) e1
∂x2 (x) = 0,
ρef f (x) = ρwall +

∂ρef f
∂x2

(x) (σ + hφi) .

Here the effective constants hχ1 i and hφi are determined by the
solution of the cell problem as
hχ1 i = hχ̃1 i/(∂u01 /∂x2 (x̄P )),

hφi = hφ̃i/(∂ρ0 /∂x2 (x̄P )) .

Step 5: Choice of σ. So far we assumed that σ ≥  and
σ = O() holds. To perform computations we finally need
to specify σ because it explicitly enters the effective problem
by means of the effective boundary conditions (10). For this
purpose, we consider the error introduced between the exact
solution u and the effective boundary conditions on Γσ . As
detailed in [9], a reasonable choice for σ is
(23)

3

σ=.

(24)

p = p∞ ,














u1 = u∞ , 








∂u2

=0 
∂n

on Γslip

instead of no-slip conditions.
The flow field is characterized by the Reynolds number Re∞ =
5 · 105 . In the viscous stress tensor and the heat flux, see equation (4), the dynamic viscosity coefficient and the heat conductivity coefficient are chosen as η = 1 and κ = 1, respectively.
The gas is assumed to be air, thus we use P r = 0.72 for the
Prandtl number and γ = 1.4 for the ratio of specific heats and
R = 0.4 for the specific gas constant.
The free-stream conditions are determined by the free-stream
Mach number M∞ = 0.3

Numerical Results

For an application we consider a two-dimensional laminar, subsonic flow over a rough surface, where the roughness is assumed to be periodic. For an illustration of the roughness element defined in [9] see Figure 4. The roughness height  and
the spacing s1 are chosen as  = 6.25 × 10−4 and s1 = 10,
respectively.

Figure 4: Sketch of one roughness element.

ρ∞ = 1,
u∞ = (1, 0)T ,
p∞ =

1
.
2 γ
M∞

The zeroth order solution (13) is approximated using the van
Driest similarity solution, cf. [2, 9]. In the isothermal case we
assume that the temperature at the wall coincides with the temperature in the far field, i.e., Twall = T∞ . The flow quantities
in wall-normal direction for different dimensionless positions
on the flat plate x1 = 0.25, 0.5, 1 in streamwise direction are
depicted in Figure 6, cf. [9].
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prescribe the following boundary conditions:
 η

(25)
∇χ̃ − π̃I n = 0, ∇φ̃ · n = 0 on Γup .
 Re
This choice is motivated by the weak formulation of the cell
problem, as described in cf. [9]. The resulting cell problem is
solved using the finite element software package deal.II, cf. [3].
Since the zeroth order problem enters the cell problem as a parameter, in principle, we should solve several cell problems for
different macro-scale positions x1 . However, in the roughness
domain the cell problem does not change significantly. Therefore we solve only one cell problem where the zeroth order
solution is determined approximately at x1 = 1 in wall-normal
direction by means of van Driest’s similarity solution, see Figure 6. In Figure 7 χ̃1 and φ̃ are sketched.
The constants hχ̃1 i and hφ̃i are defined by (20) as the means
on Γup of χ̃1 and φ̃, respectively. It was verified numerically
that they are independent of the position of Γup , cf. [9]. The
corresponding values of the effective constants are recorded in
the following table.
hχ1 i
−0.797781

hφi
−0.727617

Figure 5: Test case: exact domain Ω (top) and effective domain Ωσ (bottom).

Figure 6: Boundary layer solution in wall-normal direction
for several dimensionless positions in streamwise direction
x1 = 0.25, 0.5, 1 on the flat plate: streamwise velocity u1
(left), density ρ (middle), temperature T (right).

To solve the cell problem (15), (16), (18), (17), (19) numerically we cut the unbounded domain Y in wall-normal direction, introducing a fixed cross section Γup , cf. [9]. On Γup we

Figure 7: Solution of the cell problem: χ̃1 (top) and φ̃ (bottom).
The effective problem (21), (22) is discretized using the finite volume solver QUADFLOW [7] solving the compressible

Effective Boundary Conditions for Compressible Flows over a Rough Surface: Isothermal case
Navier-Stokes equations for density, momentum and total energy. Note that for subsonic flow this is equivalent to solving
the quasi-conservative system (3) for the primitive quantities.
The effective problem is solved in the effective domain, see
Figure 5, with σ = , where on Γ0,σ we put the effective coefficients in the effective boundary conditions (22) to zero. On
Γslip,σ we impose (24). In addition, we compute the solution
of the exact problem (9) on the rough domain, referred to as direct numerical simulation (DNS) where the roughness is fully
resolved by the discretization.
The DNS and the effective solution are computed using different discretizations. To resolve the roughness in the rough domain we locally need a discretization much smaller than . On
the other hand, for the effective problem on the smooth domain
a much coarser discretization is sufficient. For comparison we
also compute the zeroth order problem that correspond to a flat
plate.
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streamwise direction x1 in the x1 -x2 -plane
cf =

τw
,
0.5 ρ∞ u2∞

where the wall shear stress τw is defined by
(27)
 



∂u1
∂u2
∂u1
∂u2
τw := µ n1 t1
+ t2
+ n2 t1
+ t2
∂x1
∂x1
∂x2
∂x2
with n = (n1 , n2 )T the normal vector to the wall and
(t1 , t2 ) = (n2 , −n1 ) if n2 ≥ 0 and (t1 , t2 ) = (−n2 , n1 ) otherwise.

First of all, in order to investigate the modeling error we compare the streamwise velocity component in streamwise direction, cf. Figure 8 (top). This picture shows that the effective
solution improves the flat plate approximation and it can be
considered a good approximation of the averaged DNS solution. For the density and the temperature, cf. Figure 8 (middle,bottom) the agreement is not as good. For the configuration
at hand, the flow field is almost incompressible and isothermal, i.e., these quantities show a small variation and are hardly
affected by the wall roughness. Therefore, the relative error
is much smaller for these quantities than for the velocity and,
thus, the modelling error has a stronger influence on the absolute values.
In order to compare the effective and the exact solution in the
boundary layer we introduce the wall shear stress τw and the
wall shear velocity uτ corresponding to the flat plate
(26)

τw := η∞

∂u01
∂x2

,

uτ :=

Γ0

r

τw
.
ρ∞

Then we define the dimensionless wall distance x+
2 and the dimensionless streamwise velocity u+
1 by
x+
2 :=

uτ
x2 ,
ν∞

u+
1 :=

u1
,
uτ

where ν∞ := η∞ /ρ∞ denotes the kinematic viscosity coefficient. By means of these quantities the streamwise velocity
profile in the boundary layer can be plotted with respect to dimensionless wall units, cf. Figure 9. The vertical lines in the
picture indicate the position of Γσ (lower boundary in the effective domain) and Γup (upper boundary in the cell domain).
Note that there is a good agreement between the effective solution and the exact solution.
Finally we consider the skin friction coefficient defined in

Figure 8: Streamwise direction: velocity u1 (top), density ρ
(middle) and temperature T (bottom).
Note that the expression (27) for the wall shear stress on Γσ reduces to the formula (26) on Γ0 . In Figure 10 the skin friction
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is plotted on Γ , Γ0 , Γσ in case of the exact problem, the zeroth
order problem and the effective problem, respectively.
From the skin friction coefficient we compute the total aerodynamic drag coefficient
H
1
(p − p∞ ) (n1 cos(α) + n2 sin(α)) −
cD = |Γ|
Γ
cf (t1 cos(α) + t2 sin(α)) dA,
where α denotes the angle of attack that is zero for our computations. The values are listed in the following.

Finally we discuss the efficiency of the effective solution in
comparison to the DNS. For this purpose we summarize the
number of cells used in the discretizations.
DNS
Effective
flat plate

795234
106483
83572

We note that the computational load for the DNS is significantly higher than for the effective solution, because the roughness requires a much finer grid near the boundary Γ than for
Γσ .

4

Conclusions

We presented effective boundary conditions to model the effect of a rough surface thus avoiding to resolve the small scale
geometric structures. This concept generalizes previous work
by Achdou et al. [1], Jäger and Mikelic [16, 17], Friedmann et
al. [13, 14] and Deolmi et al. [9].
The numerical results showed that the effective computations
give a significantly better approximation of the DNS solution
than the flat plate solution, i.e., the upscaling improves the zeroth order approximation at significantly lower computational
costs.
Figure 9: Streamwise velocity u1 in wall normal direction.

Since the cell problem is intertwined with the zeroth order solution, in principle, we have to solve the cell problem whenever
we evaluate the effective boundary conditions when solving the
effective problem. To avoid this we may determine for the solution of the cell problem a parameter-dependent representation where we apply, for instance, reduced basis methods in a
precomputation state.
So far our investigations are restricted to steady state problems. In the future we also will account for time-dependent
problems to investigate drag reduction at airfoils by means of
high-frequency surface waves actuated in spanwise direction.

Acknowledgements

Figure 10: Skin friction coefficient.
DNS
Effective
flat plate

1.158508 · 10−3
1.158952 · 10−3
1.228566 · 10−3

We note that the effective solution gives a much better approximation of the DNS solution than the flat plate solution.

This work has been performed with funding of the German
Research Council (DFG) within the DFG Research Unit FOR
1779 by grant DA 117/22-1 and the DFG Collaborative Research Center SFB-TR-40.

References
[1] Y. Achdou, O. Pironneau, F. Valentin, Effective boundary conditions
for laminar flows over periodic rough boundaries, J. Comp. Phys., 147,
187–218, 1998.
[2] J.D. Anderson, Hypersonic and high temperature gas dynamics,
McGraw-Hill Series in Aeronautical and Aerospace Engineering, 1989.

Effective Boundary Conditions for Compressible Flows over a Rough Surface: Isothermal case

[3] W. Bangerth, R. Hartmann, G. Kanschat, deal.II — a general-purpose
object-oriented finite element library, ACM Trans. Math. Softw., 33(4),
24/1–24/27, 2007.
[4] M. Bruse, D.W. Bechert, J.G.T.V. der Hoeven, W. Hage, G. Hoppe,
in Near-wall turbulent flows, Experiments with conventional and with
novel adjustable drag-reducing surfaces, R.M. So, C.G. Speziale,
B.E. Launder (eds.), Elsevier, Amsterdam, The Netherlands, 719–738,
1993.
[5] D.W. Bechert, M. Bruse, W. Hage, R. Meyer, Biological surfaces and
their technological application — laboratory and flight experiments on
drag reduction and separation control , AIAA paper 97-1960, 1997.
[6] A. Bensoussan, J.L. Lions, G. Papanicolaou, Asymptotic analysis for
periodic structures, North-Holland, Amsterdam, 1978.
[7] F. Bramkamp, Ph. Lamby, S. M}uller, An adaptive multiscale finite volume solver for unsteady and steady state flow computations,
J. Comp. Phys., 197(2), 460–490, 2004.
[8] J. Casado-Diaz, E. Fernandez-Cara, J. Simon, Why viscous fluids adhere to rugose walls: a mathematical explanation, J. Differential Equations, 189, 526–537, 2003.
[9] G. Deolmi, W. Dahmen, S. M}uller, Effective boundary conditions for
Compressible Flows over Rough Surface, Math. Models Methods Appl.
Sci., 25, 1257–1297, 2015.
[10] Y. Efendiev, T.Y. Hou, Multiscale Finite Element Methods: Theory and
Applications, Springer, 2009.
[11] W. E, B. Engquist, The heterogeneous multiscale methods, Commun. Math. Sci. 1(1), 87–132, 2003.
[12] W. E, B. Engquist, The heterogeneous multi-scale method for homogenization problems, in Multiscale Methods in Science and Engineering,
89–110, Lecture Notes Comput. Sci. Eng., Vol. 44, Springer, Berlin,
2005.
[13] E. Friedmann, The optimal shape of riblets in the viscous sublayer,
J. Math. Fluid Mech., 12, 243–265, 2010.

185

[14] E. Friedmann, T. Richter, Optimal Microstructures Drag Reducing
Mechanism of Riblets, J. Math. Fluid Mech., 13, 429–447, 2011.
[15] M. Itoh, S. Tamano, R. Igushi, K. Yokota, N. Akino, R. Hino, S. Kubo,
Turbulent drag reduction by the seal fur surface, Phys. Fluids, 18,
065102, 2006.
[16] W. Jaeger, A. Mikelic, On the roughness-induced effective boundary
conditions for an incompressible viscous flow, Journal of Differential
Equations, 170, 96–122, 2001.
[17] W. Jaeger, A. Mikelic, Couette flows over a rough boundary and drag
reduction, Commun. Math. Phys., 232, 429–455, 2003.
[18] V. Jikov, S. Kozlov, O. Oleinik, Homogenization of differential operators and integral functionals, Springer, Berlin, 1995.
[19] J. Kevorkian, J.D. Cole, Perturbation methods in applied mathematics,
Applied Mathematical Sciences, Vol. 34. New York-Heidelberg-Berlin:
Springer-Verlag, 1981.
[20] S.-J. Lee, Y.-G. Jang, Control of flow around a NACA 0012 airfoil with
a micro-riblet film, J. Fluids Struct., 20, 659–672, 2005.
[21] W.-E. Reif, A. Dinkelacker, Hydrodynamics of the squamation in fast
swimming sharks, Neues Jahrbuch f}ur Geologie und Paläontologie Abhandlungen, 164, 184–187, 1982.
[22] J. Szodruch, Viscous drag reduction on transport aircraft, AIAA paper
91-0685, 1991.
[23] L. Tartar, The general theory of homogenization. A personalized introduction, Lecture Notes of the Unione Matematica Italiana, 7. SpringerVerlag, Berlin; UMI, Bologna, 2009.
[24] P.R. Viswanath, Aircraft viscous drag reduction using riblets, Prog.
Aerosp. Sci., 38, 571–600, 2002.

P ROCEEDINGS OF THE XXIV C ONGRESS ON D IFFERENTIAL E QUATIONS AND A PPLICATIONS
XIV C ONGRESS ON A PPLIED M ATHEMATICS
Cádiz, June 8-12, 2015, pp. 187–191

Analysis of a Steady Flow Through a Cascade of Profiles
with an Arbitrarily Large Inflow
T. Neustupa∗

Abstract— The paper deals with a mathematical model of a viscous stationary incompressible flow through a cascade of profiles. The problem for the Navier-Stokes system is formulated in a domain corresponding to one spatial period of the cascade.
We consider several types of boundary conditions on various parts of the boundary (the inflow, the artificial lower and upper
boundaries, the profile, the outflow). We solve the problem with an arbitrarily large inflow into the turbine. We formulate the
“artificial” boundary condition on the outflow (the modification of the so called do–nothing condition) which enables us to prove
the existence of a weak solution for any inflow.
Keywords: Navier–Stokes equations, existence of a weak solution, Cascade of profiles, natural outlet boundary condition, large
inflow .

1

Introduction

The theoretical and numerical study of flow through cascades
of profiles plays an important role in the analysis of aerodynamical properties of blade rows of compressors, turbines and
other various blade machines. The flow through the blade
machine is in general three-dimensional, but wind tunnel experiments show that one can also use an appropriate twodimensional model. Moreover, the experiments confirm that
due to the spatial periodicity of the cascade, it is reasonable to
assume that the flow is also spatially periodic. Consequently,
the mathematical model can be formulated in a domain representing one spatial period of the region around the profile
cascade. (See e.g. [3], [4] or [5] for more details.) We denote
such a 2D domain, corresponding to one spatial period, by Ω.
(See Fig. 1.)
The stationary flow of a viscous incompressible Newtonian
fluid is described by the Navier–Stokes equation and the equation of continuity:
(1)
(2)

(u · ∇)u + ∇p = ν ∆u + f ,
div u = 0,

∂Ω = Γi ∪ Γo ∪ Γw ∪ Γ− ∪ Γ+ . The curve Γi represents
the inlet (i.e. the part of boundary where the fluid enters the
region around the profile cascade), Γo is the outlet (where the
fluid leaves the region around the profile cascade), Γw is the
boundary of the profile, and finally Γ+ and Γ− form the (artificially chosen) upper and lower parts of the boundary of Ω.
The spatial period in the x2 –direction is denoted by τ . (Thus,
Γ− coincides with Γ+ if it is shifted by τ in the x2 –direction.)
While Γi and Γo are the line segments, Γ− and Γ+ are assumed
to be simple smooth curves. The length of domain Ω in the x1 –
direction is denoted by d. We assume that the profile Γw is of
the class C 2 and the boundary ∂Ω is Lipschitz-continuous.
We consider Dirichlet’s boundary conditions on Γi and Γw :
(3)

u = g

on Γi ,

(4)

u = 0

on Γw ,

and the conditions of periodicity on Γ− and Γ+ :
(5)

in Ω,

(6)

in Ω.

Here, u = (u1 , u2 ) denotes the velocity of the fluid, p is the
pressure, ν is the kinematic viscosity (it is assumed to be a
positive constant), and f a specific a volume force. As the parts
of the boundary of Ω are of different nature, we impose different boundary conditions on these parts. Concretely, we assume that the boundary of Ω consists of five disjoint curves:

(7)

u(x1 , x2 + τ ) = u(x1 , x2 )

for (x1 , x2 ) ∈ Γ− ,

∂u
∂u
(x1 , x2 + τ ) = − (x1 , x2 ) for (x1 , x2 ) ∈ Γ− ,
∂n
∂n
p(x1 , x2 + τ ) = p(x1 , x2 )

for (x1 , x2 ) ∈ Γ− .

Finally, as the curve Γo also represents an artificially chosen
part of the boundary, and the velocity profile on Γo is therefore
not known in advance, we consider the following “artificial”
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Figure 1: Figure 1: One spatial period of the profile cascade
boundary condition on Γo :
(8)

−ν

1+ξ
∂u
+ pn −
(u · n)− u = h
∂n
2

on Γo .

Where ξ is positive constant. The superscript “−” denotes the
negative part (i.e. (u · n)− = −u · n if u · n < 0, otherwise
(u · n)− = 0). Thus, the inequality (u · n)− > 0 is satisfied
only in the case of a “backward flow” on Γo . The boundary
condition (8) is a modification of the so called “do–nothing”
condition
(9)

−ν

∂u
+ p n = 0,
∂n

introduced and used e.g. by Heywood, Ranacher and Turek in
[9]. (See also [8].) Since condition (9) does not enable us to
control the amount of kinetic energy in Ω if a backward flows
appears in Γo , Bruneau and Fabri proposed in [2] the condition
(10)

−ν

∂u
1
+ p n − (u · n)− u = 0,
∂n
2

as a natural modification of (9). Condition (8), contains, in
comparison to (10) the correction in the nonlinear part. The
effect of the correction is that now one can derive a priori estimates of a solution in the case of an arbitrarily large inflow
g. The conditions (5)–(7) appear in the classical formulation

of the problem. The weak formulation uses only condition (5),
see e.g. [4], because conditions (6) and (7) are already implicitly involved in the weak formulation. Of other works where
the authors treat Navier-Stokes problems with artificial boundary conditions of similar types, we cite e.g. [13], [12], [10] and
[11].
The weak solvability of the problem (1)–(8) (with condition
(10) instead of (8)) was analyzed in our paper [4] under the
assumption that the function g (i.e. the inflow to Ω) is “sufficiently small” in the norm of the space H s (Γi ) for some
s ∈ ( 21 , 1]. The reason is that we construct a special extension
g∗ of function g from Γi to Ω and we need that the function g∗
is in some sense “small enough” in comparison to the viscosity
of the fluid. The problem is analogous to the question of solvability of the steady Navier–Stokes boundary value problem in
a multiply connected domain, with non–zero prescribed fluxes
through the components of the boundary – this problem is (except some cases with special geometries, see e.g. [1], [14] and
[15]) also so far solved under the assumption that the fluxes
are “sufficiently small”, see e.g. [7] for the detailed explanation, while the existence of a weak solution in the case of the
“large” prescribed fluxes is open. In [5] we were concerned
with the solvability of non-stationary viscous flow with boundary conditions (3) – (7) and (10) without the assumption of the
smallness of g.
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Flow with an Arbitrarily Large Inflow
In this paper, we present a new approach which enables us
to prove the existence of a weak solution to the stationary
boundary-value problem (1) – (8) for the function g arbitrarily large. This is very important because the velocity on the
inflow to the turbine is usually very large in real flows.

2
2.1

The weak formulation of the boundary–value
problem
Function space V and the weak formulation of
the boundary–value problem.

We denote the planar vector functions and spaces of such functions by boldface letters. We use the function space

V

:=



w ∈ W1,2 (Ω); div w = 0 a.e. in Ω,

w = 0 on Γi ∪ Γw , w satisfies (5) .
Since functions from V are equal to zero on a “sufficiently
large” part Γi ∪ Γw of the boundary of Ω, one can verify that
Z
(v, w)V :=
∇v : ∇w dx
Ω

is a scalar product in V. The norm in V, induced by this scalar
product, is denoted by k . kV .
Multiplying formally equation (1) by function v ∈ V, integrating in Ω, applying the integration by parts and using the
boundary conditions (3)–(8), we obtain the integral identity
Z

Ω

+



Z


ν∇u : ∇v + (u · ∇)u · v dx


1
(1 + ξ) (u · n)− u + h · v dl =
Γo 2

Z

Ω

f · v dx.

If f is assumed to belong to the dual space V0 to V and h belongs to the dual space W−1/2,2 (Γo ) to W1/2,2 (Γo ) then it is
appropriate to consider
R the dualities hfR, viΩ and hh, viΓo instead of the integrals Ω f · v dx and Γo h · v dl. Thus, we
obtain
Z


(11)
ν∇u : ∇v + (u · ∇)u · v dx
Ω

+

Z

Γo

1
(1 + ξ) (u · n)− u · v dl
2

+hh, viΓo = hf , viΩ .
Here, h . , . iΩ denotes the duality between the elements of V0
and V and h . , . iΓo denotes the duality between the elements

of W−1/2,2 (Γo ) and W1/2,2 (Γo ). (This is natural because the
trace of v on Γo , which is also denoted by v, is in W1/2,2 (Γo ).)
Now, we call the weak solution of the problem (1)–(8) a
divergence–free function u ∈ W1,2 (Ω), satisfying the boundary conditions (3)–(5) in the sense of traces and also satisfying
(11) for all test functions v ∈ V. In order to legalize this
definition, one can assume that u is a “smooth” weak solution. Then, applying the backward integration by parts, it can
be shown that there exists an appropriate pressure p so that the
pair (u, p) forms a classical solution of (1)–(8).

3

Existence of a weak solution to the problem
(1)–(8)

Let us at first recall the result from [6, Sec. 3] on the special
extension of function g from Γi to Ω: if g ∈ Ws,2 (Γi ) (for
some s ∈ ( 21 , 1]), such that g(A0 ) = g(A1 ), and  > 0 are
given then there exists c1 and an extension of g to Ω such that
a) kgkW1,2 (Ω) ≤ c1 kgkWs,2 (Γi ) ,

b) g satisfies the condition of periodicity (5) in the
x2 –direction,
c) g = (Φ/τ ) e1 in a neighbourhood of Γo and
Z
(12)
(z · ∇)g · z dx ≤  k∇zk2V
Ω

for all z ∈ V.
Here, e1 is a unit vector in the x1 direction and Φ denotes
the
R velocity flux Rthrough the line segment Γo , i.e. Φ :=
u · n dS = Γo u1 dx2 . Note that (12) is an analogue
Γo
of the so called Leray–Hopf inequality, see [7]. Although the
extension is denoted by g∗∗ in [6], here we rather denote the
extended function by g for the sake of simplicity. The principle
idea is to construct such an extension that it coincides with the
straight constant flow (Φ/τ ) e1 in the major part of Ω with the
exception of a narrow stripe along Γi and a small neighborhood
of Γw .
The solution of the problem (1)–(8) can now be expressed in
the form u = g + z, where z ∈ V is the new unknown function. Substituting this form of u to (11) we obtain
(13)
Z

Ω



ν ∇(g + z) : ∇v + (g + z) · ∇ (g + z) · v dx
1+ξ
+
2

Z

Γo

−
(g + z) · n (g + z) · v dl + hh, viΓo

= hf , viΩ .
This equation should be satisfied for all test functions v ∈ V.
The fundamental issue in the proof of existence of function z,
satisfying (13), is an a priori estimate of z. In order to derive
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the a priori estimate, we formally use (13) with v = z. We
obtain:
(14)
Z
Z

2
ν∇g : ∇z dx + ν kzkV +
(g + z) · ∇ (g + z) · z dx
Ω

Ω

1+ξ
2

+

Z

Γo

−
(g + z) · n (g + z) · z dl + hh, ziΓo

= hf , ziΩ .
The first term on the left hand side of (14) can be simply estimated:
Z
(15)
ν∇g : ∇z dx ≥ −δ kzk2V − C(δ) kgk2W1,2 (Ω) ,
Ω

where δ is an arbitrary positive number. The sum of the two
remaining integrals on the left hand side of (14) can be treated
as follows:
(16)
Z
Ω


(g + z) · ∇ (g + z) · z dx
+
=

Z

Z

Γo



+
+
Z

Ω

+

1+ξ
2
1+ξ
2

Z

Γo

Z

Γo

Z

Γo

1 2
(g + z) · n
|z| dl
2

Γo

− 

(g + z) · n
(1 + ξ) g · z + ξ |z|2 dl.

The first integral on the right hand side of (16) can be estimated
by means of (12):
Z

(17)
(g + z) · ∇ g · z dx
Ω

=

Z

Ω

≥ −2

(1 + 2ξ)(1 + ξ)2 3
|g|
ξ2

if |z| < (1 + ξ) |g|/ξ. Taking also into account that g =
(Φ/τ ) e1 , we have
Z
− 

1
(18)
(g + z) · n
(1 + ξ) g · z + ξ |z|2 dl
2 Γo

(g · ∇)g · z dx +

Z

Ω


(z · ∇ g · z dx

≥ −kgkL4 (Ω) kgkW1,2 (Ω) kzkL4 (Ω) −  kzk2V
≥ −C kgk2W1,2 (Ω) kzkV −  kzk2V
≥ −2 kzk2V − C() kgk4W1,2 (Ω) .

In order to estimate the last integral on the right hand side
−
of (16), one needs to consider that (g + z) · n
≥ 0 and

(1 + 2ξ)(1 + ξ)2
|Φ|3 .
τ 2 ξ2

Substituting from the inequalities (15)–(18) to (14), we get
−δ kzk2V − C(δ) kgk2W1,2 (Ω)
+ ν kzk2V − 2 kzk2V − C() kgk4W1,2 (Ω)
−

−
(g + z) · n |z|2 dl

(g + z) · ∇ g · z dx
1
2


1 + ξ  h (1 + ξ)2 2
(1 + ξ)2 2 i
|g|
≥ − |g| +
|g|
|g| + ξ
ξ
ξ
ξ2

−
(g + z) · n g · z dl



Z

if |z| ≥ (1 + ξ) |g|/ξ and
− 

(g + z) · n
(1 + ξ) g · z + ξ |z|2


≥ − |g| + |z| (1 + ξ) |g| |z| + ξ |z|2

≥ −

−
(g + z) · n (g + z) · z dl

(g + z) · ∇ g · z dx +

Ω

≥

1+ξ
2

(1 + ξ) g · z + ξ |z|2 ≥ 0 if |z| ≥ (1 + ξ) |g|/ξ. Thus, we have
− 

(g + z) · n
(1 + ξ) g · z + ξ |z|2 ≥ 0

(1 + 2ξ)(1 + ξ)2
|Φ|3
τ 2 ξ2

≤ khkW−1/2,2 (Γo ) kzkW1/2,2 (Γo ) + kf kV0 kzkV
≤ δ kzk2V + C(δ) khk2W−1/2,2 (Γo ) + C(δ) kf k2V0 .
Choosing δ =  = 81 ν, we finally obtain
(19)

ν
kzk2V ≤ C(δ) kgk2W1,2 (Ω)
2
+ C() kgk4W1,2 (Ω) +

(1 + 2ξ)(1 + ξ)2
|Φ|3
τ 2 ξ2

+ C(δ) khk2W−1/2,2 (Γo ) + C(δ) kf k2V0 .
This estimate enables us to prove the existence of a solution z
of (13). Thus, we can formulate the theorem:
T HEOREM 1 Suppose that g ∈ Ws,2 (Γi ) (for some s ∈
( 21 , 1]) satisfying g(A0 ) = g(A1 ), h ∈ W−1/2,2 (Γo ) and
f ∈ V0 are given. Then the problem (1)–(8) has a weak solution.
Note that the solution can be expressed in the form v = g + z,
where g is the extension from Γi to Ω described at the beginning of this section and function z ∈ V satisfies estimate (19).

Flow with an Arbitrarily Large Inflow

4

Conclusion

The main result of this paper is represented by Theorem 1 on
the existence of a weak solution to stationary, viscous, incompressible flow through a cascade of profiles in the case of arbitrarily large inflow velocity. At the outlet, a special outflow
boundary condition is used. This condition together with a special extension of the inflow velocity onto the whole domain
enables one to control the flux of the kinetic energy through
the outlet in the case of a backward flow and to obtain a priori
estimates which are necessary for the proof of the solvability
of the problem. The considered condition (8) is a fundamental step and generalization of the idea from the paper [6]. My
idea is that the parameter ξ "geometrically" express how fast
the additional term starts to react to possible backward flow.
Naturally, there arise a series of further interesting questions,
e.g. up to which extent is a solution of the considered flow
problem physically reasonable and admissible, what influence
on the solution has the exact position of the artificial boundary
Γo , etc. Some answers can be obtained by means of numerical
simulations, which we actually prepare.
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[10] S. Kračmar, J. Neustupa Modelling of flows of a viscous incompressible
fluid through a channel by means of variational inequalities. ZAMM 74,
1994, 6, 637–639.
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Cyclicity of nilpotent centers
with homogeneous nonlinearities
I. A. García∗, D. S. Shafer†

Abstract— In this work we extend techniques based on computational algebra for bounding the cyclicity of nondegenerate
centers to the family of nilpotent centers of planar polynomial vector fields with homogeneous nonlinearities. We obtain an
upper bound on the cyclicity in the cubic family and in a broad subclass of the quintic family. In some cases we also prove that
the bounds are sharp.
Keywords: Cyclicity, limit cycle, nilpotent center.

1

bound the cyclicity of centers.

Introduction

An isolated singularity p0 of a polynomial family of planar vector fields Xλ (parametrized by its coefficients λ ∈ RM ) is said
to be monodromic if for every sufficiently short line segment Σ
with one endpoint at p0 a Poincaré first return map Π : Σ → Σ
is defined by the induced local flow associated to X . When
the (Jacobian) linear part DX (p0 ) of X at p0 is nonzero it is
well known that Π is an analytic diffeomorphism, hence p0 is
either a focus or a center. Introducing a coordinate
P h on Σ, we
can expand Π in a Taylor series Π(h; λ) = h + i≥1 vi (λ)hi .
The coefficients vi (λ) ∈ R[λ] are called Poincaré-Lyapunov
quantities.
The cyclicity of p0 is the maximum number of small amplitude
limit cycles that can be made to bifurcate from p0 under small
perturbation of the parameters λ of the family.
When the singularity p0 is nondegenerate (det(DX (p0 )) 6=
0) and monodromic then the eigenvalues of DX (p0 ) have
nonzero imaginary part. In this case, the Poincaré-Lyapunov
Theorem states that p0 is a center if and only if X admits a
local analytic first integral of a particular form. Since X is
polynomial, this characterization of centers leads to a sequence
of polynomials {ηj }j∈N ∈ R[λ] called the focus quantities in
such a way that Xλ∗ has a center at p0 if and only if ηj (λ∗ ) = 0
for all j ≥ 1. The set of systems with a center at the origin
thus corresponds to an affine variety, the center variety, in the
λ-space. The focus quantities are much easier to work with
than the Poincaré-Lyapunov quantities. They can be computed
efficiently and algorithmically, and are related to the PoincaréLyapunov quantities in such a way that, exploiting techniques
of computational algebra, they can in some cases be used to
∗ Departament
† Mathematics

The goal of this work is to extend this approach to the study
of the cyclicity of centers in the nilpotent case, that is, when
DX (p0 ) has both eigenvalues zero but is not itself zero. The
family of systems for which we succeed are those of the form
ẋ = y + P2m+1 (x, y), ẏ = Q2m+1 (x, y), where P2m+1 and
Q2m+1 are homogeneous polynomials of degree 2m + 1 in x
and y. To the best of our knowledge this is the first systematic method for obtaining an upper bound on the cyclicity of
all elements of a broad class of nilpotent centers at once. In the
following sections we present a summary of the work [8].

2

Some preliminaries and background

By an affine change of coordinates and a time rescaling an analytic system with a nilpotent singularity can be placed in the
form
(1)

ẋ = y + R(x, y),

ẏ = S(x, y),

where R and S are analytic functions near the origin without
constant or linear terms.
The following theorem of Andreev characterizes analytic systems (1) for which the origin is monodromic.
T HEOREM 1 ([4]) For an analytic system of the form (1)
with an isolated singularity at the origin let y = F (x) be
the unique solution of y + R(x, y) = 0 such that F (0) =
F 0 (0) = 0 and let f (x) = S(x, F (x)) and ϕ(x) = (∂R/∂x +
∂S/∂y)(x, F (x)). Let a 6= 0 and α ≥ 2 be such that
f (x) = axα +· · · . When ϕ is not identically zero let b 6= 0 and
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β ≥ 1 be such that ϕ(x) = bxβ + · · · . Then the origin of (1) is
monodromic if and only if α = 2n − 1 is an odd integer, a < 0,
and one of the following conditions holds: (i) ϕ(x) ≡ 0; (ii)
β ≥ n; or (iii) β = n − 1 and b2 + 4an < 0.
D EFINITION 2 The Andreev number n of a monodromic singular point at the origin of system (1) is the integer n ≥ 2 given
in Theorem 1.
The composition of the changes of variables, first (x, y) 7→
(x, y − F (x)), then (x, y) 7→ (ξ x, −ξ y) with ξ =
(−1/a)1/(2−2n) , when applied to (1) preserve its Andreev
number n and the integer β and place (1) in the form
(2)

ẋ
ẏ

= y(−1 + P (x, y)),
= fˆ(x) + y ϕ̂(x) + y 2 Q(x, y),

not an easy task because we have to calculate quadratures of
functions involving generalized trigonometrical functions like
Rθ p
Sn σ Csq σ dσ. For more details, see for example [1, 7]
0

It is easy to check that, for polynomial systems (2) parameterized by the set of admissible coefficients λ ∈ RM , the
Poincaré-Lyapunov quantities vi (λ) are polynomials in R[λ]
provided that β ≥ n.
D EFINITION 4 The Bautin ideal B of a polynomial family (2)
parametrized by its coefficients λ is the ideal B = hvi (λ) : i ∈
Ni generated by the Poincaré-Lyapunov quantities.
D EFINITION 5 The minimal basis of a finitely generated ideal
I with respect to an ordered basis B = {f1 , f2 , f3 , . . . } is the
basis MI defined by the following procedure:
(a) initially set MI = {fp }, where fp is the first non-zero
element of B;
(b) check successive elements fj , starting with j = p + 1,
adjoining fj to MI if and only if fj 6∈ hMI i, the ideal
generated by MI .

where P (0, 0) = 0, fˆ(x) = x2n−1 + · · · with n ≥ 2 and either
ϕ̂(x) ≡ 0 or ϕ̂(x) = b̂ xβ + · · · , b̂ a positive constant times b,
and fˆ and ϕ̂ play the roles of f and ϕ in Theorem 1.
Now we introduce the generalized polar blow–up (x, y) 7→
(r, θ) defined by Lyapunov in [9]
(3)

x = r Cs θ,

y = rn Sn θ

where Cs θ and Sn θ are the generalized trigonometrical
functions defined as the solution of the Cauchy problem
θ
dCs θ
= −Sn θ, dSn
= Cs2n−1 θ with initial condition
dθ
dθ
(Cs(0), Sn(0)) = (1, 0). The change (3) embeds a neighborhood of the origin into a cylinder C = {(r, θ) ∈ R × S 1 } with
|r| sufficiently small and S 1 = R/T Z where T is the minimal period of both Cs θ and Sn θ. A system (2) with Andreev
number n is transformed by (3) into an ordinary differential
equation over C of the form
(4)

dr
= F(r, θ),
dθ

where F(r, θ) is an analytic function on C and F(0, θ) ≡ 0 for
all θ ∈ S 1 .
We define for (2) the Poincaré first return map Π(h) =
Ψ(T ; h), where Ψ(θ; h) is the unique solution of the differential equation (4) that satisfies Ψ(0; h) = h. Π is an analytic
diffeomorphism defined in a neighborhood of h = 0. Periodic
orbits near the origin correspond to zeros of the displacement
map d(h) = Π(h) − h.
D EFINITION 3 The Poincaré-Lyapunov quantities for a monodromic singularity at the origin of system (1) are the coefficients P
vi of the Taylor expansion of the displacement map
d(h) = i≥1 vi hi .

P
i
Writing Ψ(θ; h) =
i≥1 Ψi (θ)h , we get v1 = Ψ1 (T ) − 1
and vi = Ψi (T ) for i ≥ 2. The computation of the vi is

Since all the ideals of interest to us lie in a poynomial ring over
a field by the Hilbert Basis Theorem they are finitely generated,
hence admit a unique minimal basis.
In terms of the minimal basis {vi1 , . . . , vik } of the Bautin ideal
B the displacement can be expressed in the form
d(h; λ) = vi1 (λ)[1+ψ1 (h, λ)]hi1 +· · ·+vik (λ)[1+ψk (h, λ)]hik ,
from which the following cyclicity bound theorem can be derived by a repeated application of a Rolle’s Theorem kind of
argument. See, for example, [10].
T HEOREM 6 Suppose that the minimal basis of the Bautin
ideal B = hvi : i ∈ Ni in R[λ] is {vi1 , . . . , vir } and that
λ∗ is such that vi (λ∗ ) = 0 for all i ∈ N. Then for the system
in family (1) that corresponds to parameter value λ = λ∗ the
cyclicity of the center at the origin, with respect to perturbation
within the family (1), is at most r − 1.

3

Homogeneous nilpotents

We now specialize to systems of the form
(5)

ẋ = y + P2m+1 (x, y), ẏ = Q2m+1 (x, y),

where P2m+1 and Q2m+1 are homogeneous polynomials of
degree 2m + 1 in x and y. An application of Theorem 1 shows
that the singularity of (5) at the origin is monodromic if and
only if Q2m+1 (1, 0) < 0. After a linear change of coordinates
and time-rescaling we can always assume that P2m+1 (1, 0) =
0 and Q2m+1 (1, 0) = −1. We take as the parameter λ the
coefficients of the polynomials P2m+1 and Q2m+1 after these
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transformations have been done. In the language of Theorem
1, we get that (5) possesses Andreev number n = m + 1 and
that β = 2m ≥ n.
Let Xλ = (y + P2m+1 (x, y; λ))∂x + Q2m+1 (x, y; λ)∂y be the
vector field associated to (5).
T HEOREM 7 ([2, 5]) There exists a formal series
X
(6)
W (x, y; λ) = (m + 1)y 2 +
W2(km+1) (x, y; λ),
k≥1

where Wj is an homogeneous polynomial of degree j in x and
y, such that
X
(7)
Xλ (W ) =
fk (λ)xK(k) ,
k≥1

where K(k) := 2(k + 1)m + 2 and fk ∈ R[λ]. The
formal series W is uniquely determined once the values of
W2(km+1) (0, 1; λ) are fixed. Moreover, the origin is a center
for system (5) with λ = λ∗ if and only if fk (λ∗ ) = 0 for all
k ≥ 1.
D EFINITION 8 The polynomials fk ∈ R[λ] defined in (7) taking W2(km+1) (0, 1; λ) = 0 are called focus quantities of family
(5).

4

The main theoretical results

A straightforward consequence of Theorem 7 is the following.
T HEOREM 9 The origin is a nilpotent center of the polynomial system (5) if and only if there is a local analytic first
integral H(x, y) which can be selected to have the expansion
H(x, y) = y 2 + · · · .
The following theorem describes the relationship between the
generalized Lyapunov quantities and the focus quantities for
family (5).
T HEOREM 10 Let Ik = hf1 , . . . , fk i ⊂ R[λ] be the ideal
generated by the first k focus quantities of family (5). Then
there exist positive real numbers wk such that:
(i) v1 = v2 = · · · = vm = 0 and vm+1 = w1 f1 ;
(ii) for k ∈ N with k ≥ 1:
v(2k−1)m+j ∈ Ik for j =
v(2k+1)m+1 − wk+1 fk+1 ∈ Ik .

2, 3, . . . , 2m and

An immediate consequence of Theorem 10 is
B = hv(2k−1)m+1 : k ∈ Ni = hfk : k ∈ Ni.
In particular, if {vk1 , . . . , vkr } and {fj1 , . . . , fjs } are minimal
bases for B then r = s and kq = (2jq − 1)m + 1. Then finally
we obtain a cyclicity bound result solely in terms of the focus
quantities.

T HEOREM 11 Let fk be the focus quantities for (5) and let
{fj1 , . . . , fjs } be the minimal basis of the Bautin ideal B. Suppose that for parameter value λ = λ∗ the singularity of (5) at
the origin is a center. Then its cyclicity with respect to perturbation in (5) is at most s − 1.
In order to implement Theorem 11 we must have a computationally feasible method for obtaining (at least in some cases)
the minimal basis of the Bautin ideal. We summarize how to
do so both when the Bautin ideal B is radical and when it is
not.
For a field k we denote by V(I) = V(g1 , . . . , gr ) the variety
of an ideal I = hg1 , . . . , gr i in k[x1 , . . . , xn ], the set of common zeros in k n of all elements of I when they are viewed as
functions from k n into k.
T HEOREM 12 Let B be the Bautin ideal associated to a polynomial family (5) and suppose {fj1 , . . . , fjr } is the minimal
basis of an ideal Ijr ⊆ B for which the equality of varieties
V(B) = V(Ijr ) holds in CM . If Ijr is radical then B = Ijr ,
hence by Theorem 11 the cyclicity of any center at the origin
in (5) is at most r − 1.
When the center problem has already been solved
p in the sense
that we know that V(B) = V(Ijr ) but Ijr 6= Ijr one can
obtain an upper bound on the cyclicity in some subset of the
center variety as follows. It is based on some ideas from [6].
T HEOREM 13 Let B be the Bautin ideal associated to a polynomial family (5) and suppose {fj1 , . . . , fjr } is the minimal
basis of an ideal Ijr ⊆ B for which the equality of varieties
V(B) = V(Ijr ) holds in CM . Suppose a primary decomposition of Ijr can be written as Ijr = R ∩ N where R is the
intersection of the ideals in the decomposition that are prime
and N is the intersection of the remaining ideals in the decomposition. Then for any system of family (5) corresponding to
λ∗ ∈ V(B) \ V(N ), the cyclicity of the center at the origin is
at most r − 1.
R EMARK 14 It is worth emphasizing here that for ideals I
and J in R[λ] it is possible that V(I) = V(J) in RM yet
V(I) 6= V(J) in CM . Thus when using Theorem 12 and Theorem 13 it is important to know if an equality V(B) = V(Ijr )
that that is known to hold in RM also holds in CM . For if it
does then the Strong Hilbert
Nullstellensatz
which applies and
√
√
we may conclude that I = J.

5

Some applications

Some applications of the developed theory are now presented.
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positive multiplicative constants

The cubic case

Consider the cubic case (m = 1) of (5), that is, the family

(8)

ẋ =

y + Ax2 y + Bxy 2 + Cy 3 ,

ẏ

−x3 + P x2 y + Kxy 2 + Ly 3 .

=

In 1953 Andreev ([3]) showed that the origin is a center for (8)
if and only if P = B + 3L = (A + K)L = 0.
By means of a computer algebra system such as Maple or
Mathematica we find that up to a positive multiplicative constant the first three focus quantities are
f1

= P,

f2

=

f3

= −60AB − 66BK − 120AL − 138KL + 30A2 P

3B + 9L − 3AP − 4KP,

−45CP + 61AKP + 23K 2 P + 25BP 2 + 50LP 2 .

Letting fek0 denote the reduction of fk0 modulo the ideal generated by the previous fk (i.e., the remainder of fk0 upon division
by a Gröbner basis of that ideal),
fe2 = B + 3L,

fe3 = (A + K)L.

Hence the center variety for (8) is V(B) = V(f1 , fe2 , fe3 ).
Actually, we can decompose V(B) into the union of the two
irreducible components as V(B) = V(J1 ) ∪ V(J2 ), where
J1 = hP, A + K, B + 3Li and J2 = hP, B, Li.
Viewing (8) as a system on C2 with parameter λ in C6 we
can use this decomposition of V(B) to show that V(B) =
V(f1 , fe2 , fe3 ) holds over C. Since hf1 , fe2 , fe3 i is radical we
know that {f1 , fe2 , fe3 } is the minimal basis of B and get the
upper bound in the following theorem.
T HEOREM 15 A sharp upper bound for the cyclicity of any
center at the origin in family (8) is two.
Sharpness follows from the known possibility of producing two
cycles.

5.2

The quintic case

We consider the quintic case (m = 2) of (5) given by the following polynomial family
(9)ẋ
ẏ

= y + Ax4 y + Bx3 y 2 + Cx2 y 3 + Dxy 4 + Ey 5 ,
= −x5 + Qx4 y + Kx3 y 2 + Lx2 y 3 + M xy 4 + N y 5 .

Reducing the focus quantities fk modulo the ideal Ik−1 defined by Ik−1 =< fj : 1 ≤ j ≤ k − 1 >, i.e., computing
its remainder fek with respect to a Gröbner basis of that ideal
with respect to a convenient monomial order, we obtain up to

f1
fe2
fe3
fe4
fe5
fe6

=

Q,

=

B + L,

=

3D + 4AL + 2KL + 15N,

=

−3DK + 2CL + 4LM + 12AN − 9KN,

=
=

−DM + 2CN − M N,
−L2 (D + 5N ).

Let I6 =< f1 , fe2√
, fe3 , fe4 ,√fe5 , fe6 >. We find that the primary
decomposition of I6 is I6 = J1 ∩ J2 where
J1

=

< B, D, L, N, Q >

J2

=

< Q, 2A + K, B + L, C + 2M, D + 5N > .

In [11] it is proved that the origin is a center if and only if all
the generators of either J1 or J2 vanish, that is, that the center
variety is V(B) = V(J1 ) ∪ V(J2 ). But I6 is not a radical
ideal. We have verified that
fej ∈ I6 for j = 7, . . . , 11.

On the other hand, we also have proved that there are points
in each of the two irreducible components of the center variety
from where five limit cycles can bifurcate. These facts lead to
the following conjecture. By global upper bound we mean a
single number that is an upper bound that applies to all centers
in the family.
C ONJECTURE : A sharp global upper bound for the cyclicity of
any center at the origin in family (9) is five.
In any case, using Theorem 13 we can establish a global upper
bound on the cyclicity for a large subset of the center variety. We note that the ideal N in the following theorem satisfies
N ⊃ J1 so that V(N ) ⊂ V(J1 ) ⊂ V(B).
T HEOREM 16 Let N denote the prime ideal
N

= < B, D, Q, L, N, 2ACK + CK 2 − 4A2 M +
K 2 M + C 2 + 4CM + 4M 2 > .

Then for any system in the family (9) corresponding to a parameter value λ lying in V(B) \ V(N ) the cyclicity of the
center at the origin is at most five.
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Time domain coupling of finite and boundary elements
M. Hassell∗ and F. J. Sayas∗

Abstract— We study a coupling scheme for the scattering of transient acoustic waves by bounded inhomogeneous obstacles in
a homogeneous field in two or three dimensions. The wave is discretized within the bounded obstacles using finite elements.
The exterior wave is reduced to two boundary unknowns, and is then reconstructed using Kirchhoff’s formula. We impose two
continuity conditions on the boundary of the scatterer and include an additional condition on the boundary unknowns. This
results in a symmetric boundary integral formulation using four retarded boundary integral operators. Space discretization on the
boundary is done using Galerkin boundary elements. Discretization in time of the retarded boundary integral operators is carried
out using Convolution Quadrature based on the implicit trapezoid rule. Finite element time stepping is also accomplished with
the implicit trapezoid rule. We provide some numerical examples to demonstrate the method.
Keywords: boundary elements, finite elements, Convolution Quadrature, transparent boundary conditions.

1

Introduction

There has been much work in the field of integral methods for
time domain acoustics in the last 30 years. Transient acoustics has applications to underwater sonar, exploration geophysics, and aerospace, where their associated integral formulations originated in the mid-1980s [4, 5]. The use of coupled
BEM and FEM allows for the simulation of scattering by nonhomogeneous penetrable obstacles in a homogeneous medium.
In particular, the coupled scheme exhibits the benefits of both
methods: bounded inhomogeneous inclusions are easily handled by a finite element discretization, and the unbounded homogeneous environment is reduced to equations set on the
boundary of the obstacle. The retarded potential representation is an exact formula for the scattered wave in the exterior
homogeneous domain and avoids having to place an artificial
boundary with corresponding absorbing boundary conditions
or with a perfectly matching layer. While these are cheaper and
easier options when the goal is the simulation of what happens
close to the obstacle, boundary integral formulations have the
advantage of dealing with the exact physical behavior (there
are no artificial non-physical reflections) and thus allowing for
multiple scatterers with large separation in-between and observations of the scattering in the far-field. There has been
much work on imposing transparent boundary conditions for
the wave equation in the time domain. Some of the schemes
impose the exact boundary conditions on an special artificial
boundary, such as a ball ([2, 14, 16, 25]), or a local approximate absorbing boundary condition [12, 11] on a convex artificial boundary. Perfectly matched layers [9] are also a popular
option. The authors of [8] note that many of these methods fail
∗ Department

when the domain is non-convex, or may fail to be competitive
in complex geometries. We note that, our emphasis being in
scattering problems, we are interested in situations with multiple objects and far away observations.
The time discretization of the retarded boundary integral operators and retarded potentials can be handled in a number
of ways. Two applicable methods are the Galerkin in space
and time method [15] and using Convolution Quadrature (CQ)
[23, 24] combined with Galerkin BEM in space . The full
Galerkin and CQ methods have a theoretical basis that supports
their stability and convergence when used to treat appropriate
convolution equations. There are other schemes for handling
the convolution equations that appear, but analysis demonstrating their stability and convergence is scarce. We will use CQ
for our time discretization in this paper. CQ is a method of
discretizing convolution equations that uses the Laplace transform of the retarded integral operators with time-domain readings of data to produce time-domain solutions to convolution
equations and forward convolutions.
The coupling of boundary and finite elements for steady-state
or time-harmonic problems has a long history. There are twoequation formulations due to Martin Costabel and Houde Han
[10], [17] and one-integral equation formulations from Claes
Johnson and Jean-Claude Nédélec [20, 27]. One-equation couplings are simpler but lose symmetry in the formulation; even
if the associated operator is self-adjoint, the variational formulation is not. Their stability depends on an adequate balance
between the material properties in the interior and exterior domains, and there are still many open questions about their performance when a sudden drastic change of material properties
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occurs at the coupling interface. Symmetric or two-equation
formulations rely on an energy principle, which means that
they are always stable, at the price of involving all four integral
operators associated to the problem. Time-harmonic problems
present other challenges due to the occurrence of resonances
[19]. In this paper we will adopt a two-equation three-field
formulation that has the advantage of keeping the BEM and
FEM routines well separated and not involving integral operators acting on FEM unknowns or data.

Scattering problem. Let

1
H∆
(Ω+ ) :=
u ∈ H 1 (Ω+ ) : ∆u ∈ L2 (Ω+ ) ,

There has been success using a one-equation coupling with volume integral methods in the time domain [13], but there is not
yet a theoretical basis for this method. We will use here a
three-field coupling formulation that is valid on general Lipschitz domains. The transmitted field in the obstacle is discretized by finite elements, and the exterior field is reduced
to two unknowns defined only on the boundary of the obstacle. The exterior wave is then reconstructed using the retarded
single- and double-layer acoustic potentials. The formulation
presented here uses four retarded boundary integral operators,
which results in a symmetric system of equations. There has
relatively little previous work showing the stability and convergence of time-domain coupling of BEM and FEM for the
wave equation; only [21], [8] and [1]. There is an example of
BEM-FEM coupling for transient electromagnetic waves [3]
that provides several variational formulations and establishes
stability and convergence analysis for their methods.

(1)

2

Statement of the problem

Geometric setting. Let Ω− ⊂ Rd be the union of a finite collection of open sets with disjoint closures. Each of these sets is
assumed to be a Lipschitz domain (so that we can define trace
operators and normal derivatives in the Sobolev sense) with a
connected boundary (the domain does not contain any hole).
On the boundary Γ := ∂Ω− we consider the outward pointing unit normal vector field ν. The connected and unbounded
exterior domain will be denoted Ω+ .

Hκ1 (Ω− )

:= {u ∈ H 1 (Ω− ) : ∇ · (κ∇u) ∈ L2 (Ω− )}.

1
We will seek u(t) : [0, ∞) → H∆
(Ω+ ) × Hκ1 (Ω− ) satisfying
for all t ≥ 0

ü(t) = ∆u(t)

in Ω+ ,

c−2 ü(t) = ∇ · (κ∇u)(t) + f (t)

in Ω− ,

κ∇u(t) · ν =

∂ν+ u(t)

JγuK := γ − u − γ + u,

J∂ν uK := ∂ν− u − ∂ν+ u.

Upper dots will be used to denote time differentiation u̇ =
d
dt u(t), be it in a strong sense (when u(t) takes values on a
Sobolev space for every t), or in the sense of vector-valued distributions. The asterisk will be loosely used for operators that
can be understood in a very weak sense as causal convolutions
of an operator-valued distribution with a function-valued distribution.

+ ∂ν u

inc

(t)

on Γ,

as well as vanishing initial conditions at t = 0. The material
coefficients κ and c are variable in space but constant in time.
Specifically κ can be a symmetric and uniformly positive definite matrix with coefficients in L∞ (Ω− ) and c ∈ L∞ (Ω− )
is strictly positive. The source term f : [0, ∞) → L2 (Ω− )
does not belong to the scattering problem, but allows us to deal
simultaneously with some propagation problems. With the introduction of retarded potentials for the representation of u in
Ω+ , this part of the solution will be naturally extended by zero
to negative times and the language of functions of time with
values in a Sobolev space and vanishing initial conditions will
evolve to one of Sobolev-space-valued distributions of the time
variable which are causal, i.e., which vanish for negative times.
We will not be very precise in this respect. The mathematical
background for this can be found in [28].

3
3.1

Three-field formulation
Retarded potentials

We will now introduce the single- and double-layer retarded
acoustic potentials in two and three dimensions. For the moment being, let us write all functions as functions of d + 1
variables. Assume that λ, φ : Γ × R → R are causal densities,
λ(·, t) = 0,

Notation. The L2 (Ω− ) inner product will be denoted
(·, ·)Ω− , while angled brackets h·, ·iΓ will be used for the L2 (Γ)
inner product, as well as for its extension to the duality product of H ±1/2 (Γ). The trace and normal derivatives from the
exterior/interior are denoted by γ ± and ∂ν± . For a function u
defined on both sides of Γ, we will define

on Γ,

γ − u(t) = γ + u(t) + γuinc (t)

φ(·, t) = 0

∀t ≤ 0.

In two dimensions, the retarded single-layer potential is defined
for all x ∈ R2 \ Γ by
1
(S ∗ λ)(x, t) :=
2π

Z Z
Γ

0

t−|x−y|

λ(y, τ )
p
dΓy dτ.
(t − τ )2 − |x − y|2

The retarded double-layer potential involves a delay and a
memory term:
(D ∗ φ)(x, t)
Z
φ(y, t − |x − y|)
:=
Ψ(x, y, t − τ )dΓy
|x − y|
Γ
Z Z t−|x−y|
φ(y, τ )
−
Ψ(x, y, t − τ )dΓy dτ,
2 − |x − y|2
(t
−
τ
)
Γ 0
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where

(x − y) · ν(y)
p
.
Ψ(x, y, t) :=
2π t2 − |x − y|2

In three dimensions, the single-layer potential is the mathematical representation of the strong Huygens’ principle, as a superposition of delayed spherical waves originated on the surface
Γ:
Z
λ(y, t − |x − y|)
(S ∗ λ)(x, t) :=
dΓy .
4π|x − y|
Γ
The double-layer potential
Z
(D ∗ φ)(x, t) := φ̇(y, t − |x − y|)Ψ(x, y)dΓy
Γ
Z
φ(y, t − |x − y|)
Ψ(x, y)dΓy
+
|x − y|
Γ

involves a time derivative of the density φ and the static dipole
Ψ(x, y) :=

(x − y) · ν(y)
4π|x − y|2

In a weaker sense, we assume that λ : R → H −1/2 (Γ) and
φ : R → H 1/2 (Γ) are causal, and we understand S ∗ λ and
D ∗ φ as H 1 (Rd \ Γ)-valued functions of the t variable. These
definitions can be made completely rigorous in the sense of
vector-valued distributions using Laplace domain techniques
[4], [5], [28]. A different approach, directly in the time domain, can be given in the three dimensional case [22].
Retarded potentials are causal solutions of ü = ∆u in Rd \ Γ.
They also satisfy the complementary jump relations
Jγ(S ∗ λ)K =

0,

Jγ(D ∗ φ)K =

−φ,

J∂ν (S ∗ λ)K =

λ,

J∂ν (D ∗ φ)K =

0.

Kirchhoff’s formula is the representation formula of the solutions of the causal transient wave equation via the retarded potentials acting on the Cauchy data of the solution on the boundary. It is, in fact, a consequence of a very general statement:
1
given a causal H∆
(Rd \ Γ)-valued solution of
ü = ∆u
(this equation is understood in the sense of distributions with
values in L2 (Rd \ Γ)), we can write
u = S ∗ J∂ν uK − D ∗ JγuK.

If we only consider the wave equation to hold in the exterior
domain Ω+ , we can always assume that u ≡ 0 in Ω− and thus
obtain
u = −S ∗ ∂ν+ u + D ∗ γ + u.
If we copy the classical integral definitions of the retarded potentials in the latter formula, we obtain the classical rendering
of Kirchhoff’s formula that can be found in Physics textbooks
since time immemorial.

3.2

Retarded boundary integral operators

The retarded layer potentials are characterized by the jumps of
the Cauchy data across the boundary Γ where they are generated. The side averages define four integral operators:
V ∗λ

:=

Kt ∗ λ

:=

K∗φ
W ∗φ

=
:=
:=
=

1 +
2 γ (S
±

∗ λ) + 12 γ − (S ∗ λ)

γ (S ∗ λ),

1 +
1 −
2 ∂ν (S ∗ λ) + 2 ∂ν (S ∗ λ),
1 −
1 +
2 γ (D ∗ φ) + 2 γ (D ∗ φ),
− 21 ∂ν+ (D ∗ φ) − 12 ∂ν+ (D ∗ φ)
−∂ν± (D ∗ φ).

The operators of convolution with V and K are the single- and
double-layer retarded boundary integral operators, convolution
with Kt is the transpose retarded double-layer operator, and
convolution with W is the hypersingular operator for the wave
equation. The meaning of the transposition (and its notation
with the superscript t) in the definition of Kt ∗ λ is not immediately apparent, since this is not a traditional adjoint operator
in the space-and-time variables, but only in the space variables.
This will be clear in the integral forms below.
When considered as functions of 3 + 1 variables defined on Γ,
the first three operators admit the integral expressions valid for
x ∈ Γ (for smooth enough densities and on smooth points of
Γ)
Z
λ(y, t − |x − y|)
(V ∗ λ)(x, t) =
dΓy
4π|x − y|
Γ
for the single layer operator,
Z
(K ∗ φ)(x, t) = φ̇(y, t − |x − y|)Ψ(x, y)dΓy
Γ
Z
φ(y, t − |x − y|)
Ψ(x, y)dΓy
+
|x − y|
Γ

for the double layer operator, and
Z
t
(K ∗ φ)(x, t) = φ̇(y, t − |x − y|)Ψ(y, x)dΓy
Γ
Z
φ(y, t − |x − y|)
+
Ψ(y, x)dΓy
|x − y|
Γ
for the transposed double-layer operator. The hypersingular
operator admits a representation as an integro-differential operator. If ∇Γ denotes the tangential derivative operator and
divΓ is the tangential divergence, W ∗ φ may be written as
(W ∗ φ)(x, t) = −divΓ (V ∗ ∇Γ φ) + Vν ∗ φ̈,
where V ∗ ξ is the application of the operator single layer operator to the components of the vector valued density ξ and
Z
ϕ(y, t − |x − y|)
(Vν ∗ ϕ)(x, t) =
ν(x) · ν(y)dΓy .
4π|x − y|
Γ

206

M. Hassell and F. J. Sayas

Using the jump relations of the potentials, the definitions of the
retarded integral operators, and Kirchhoff’s formula, it follows
that for every causal solution of the exterior wave equation, we
can write
1 +
2γ u
1 +
2 ∂ν u

= K ∗ γ + u − V ∗ ∂ν+ u,

= −W ∗ γ + u − Kt ∗ ∂ν+ u.

For reasons we will see shortly, we will write the latter two
identities in the following unconventional form
(2)
(3)

3.3

V ∗ ∂ν+ u − 21 γ + u − K ∗ γ + u =

1 +
2 ∂ν u

−γ + u

+ Kt ∗ ∂ν+ u + W ∗ γ + u =

The coupled system is derived as follows. For the interior equation, we use an H 1 (Ω− )-based primal variational formulation
and we substitute
(κ∇u) · ν =

+ ∂ν u

inc

= λ + ∂ν u

.

We thus obtain the variational equation
(4)

(c−2 ü(t), v)Ω− + (κ∇u(t), ∇v)Ω− − hλ(t), γviΓ

= (f (t), v)Ω− + h∂ν uinc (t), γviΓ
1

∀v ∈ H (Ω− ),

∀t ≥ 0.

The first Calderón identity is used in its peculiar form (2) substituting the right hand side by the transmission condition
γ + u = γ − u − γuinc = φ − γuinc .
This leads to the causal convolutional equation
(5)

γu + V ∗ λ −

1
2φ

inc

− K ∗ φ = γu

.

Equation (5) has to be read carefully. The trace appearing in
the left-hand-side is the (interior) trace of the unknown u that
appears in (4). This unknown is only defined in [0, ∞). We
can then: (a) understand that γu has been extended by zero
to negative times; (b) restrict (5) to the positive time-interval
(0, ∞). Both options are mathematically equivalent. The system is closed using (3) as an additional non-local (in space and
time) boundary condition
(6)

1
2λ

u(0) = 0

+ Kt ∗ λ + W ∗ φ = 0.

The boundary-field formulation of (1) is then the search for
u : [0, ∞) → H 1 (Ω− ) and for causal λ : R → H −1/2 (Γ) and

u̇(0) = 0.

Let us emphasize that the initial conditions for λ and φ are
given in the form of a causality conditions (vanishing values
for negative times) and that γu is implicitly given the same
treatment in (5).
The exterior solution is finally recovered using the boundary
unknowns and Kirchhoff’s formula
u|Ω+ = D ∗ φ − S ∗ λ.

3.4

We will take as unknowns in the boundary field formulation
to be u = u|Ω− , λ = ∂ν+ u and φ = γ + u. The boundary
unknowns will be causal functions (distributions) λ : R →
H −1/2 (Γ) and φ : R → H 1/2 (Γ). Their values at negative
times are used in the retarded potentials and integral operators.
The interior unknown (simply denoted u) will be a function
u : [0, ∞) → Hκ1 (Ω− ) with vanishing initial values.

inc

(7)

0.

Boundary-field formulation

∂ν+ u

φ : R → H 1/2 (Γ) satisfying equations (4), (5), and (6), and
homogeneous initial conditions

Transfer functions for the integral operators

One way of analyzing the system (4)-(6) requires the introduction of Laplace transforms and the analysis in the resolvent set
(Laplace domain). It so happens as well that the use of Convolution Quadrature (CQ) techniques for the time-discretization
of these equations will also require the definition of the the
transfer operator associated to the equations , i.e., we need
to understand the Laplace transform of these equations. This
Laplace transform will be defined in the right half of the complex plane
C+ := {s ∈ C : Re s > 0}

We have been using convolutional notation for operators: properly speaking, if L{·} denotes the Laplace transform for causal
tempered vector- or operator-valued distributions, we are always in situations where
L {A ∗ φ} (s) = L {A} (s)L {φ} (s) = A(s)Φ(s).
We will call A(s) the transfer function associated to the operator of convolution with A. The transfer functions associated to
the single-layer and double-layer potentials for the wave equation in three dimensions are
Z
e−s|x−y|
(S(s)λ)(x) =
Λ(y)dΓy
Γ 4π|x − y|

and

(D(s)φ)(x) =

Z

Γ

Ψ(x, y) (1 + s|x − y|)

e−s|x−y|
φ(y)dΓy .
|x − y|

Notice in the kernels of these integral operators that we can formally see the Laplace transform of the fundamental solutions
in the time domain. For the single layer potential we recognize


δ(t − |x − y|)
e−s|x−y|
L
=
,
|x − y|
|x − y|
and for the double layer potential


δ(t − |x − y|)
L
δ̇(t − |x − y|) +
|x − y|
= (1 + s|x − y|)

e−s|x−y|
.
|x − y|
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In two dimensions the transfer functions of the potentials are
given by
Z
i
(1)
H (is|x − y|)λ(y)dΓy ,
(S(s)λ)(x) =
4 Γ 0
Z
s
(x − y) · ν(y)
(1)
(D(s)φ)(x) =
H (is|x − y|)
φ(y)dΓy ,
4 Γ 1
|x − y|
(1)

Hα being the Hankel function of the first kind and order α.
We now give the transfer functions for the retarded boundary
integral operators in the three dimensional case: the singlelayer operator
(V (s)λ)(x) =

Z

Γ

−s|x−y|

e
λ(y)dΓy ,
4π|x − y|

Z

e−s|x−y|
(K(s)φ)(x) =
Ψ(x, y) (1 + s|x − y|)
φ(y)dΓy ,
|x − y|
Γ
the transpose (not the adjoint, which would have s in lieu of s)
double-layer operator
(Kt (s)λ)(x) =

Γ

P0 (Ω− ) ⊂ Vh ,

Ψ(y, x) (1 + s|x − y|)

e−s|x−y|
λ(y)dΓy ,
|x − y|

and, finally, the integro-differential (or regularized) form of the
hypersingular operator
2

that is, constant functions (understood as one constant per connected component) have to be members of the FEM and discontinuous BEM spaces.
The semidiscrete method seeks
uh : [0, ∞) → Vh
and causal
λh : R → Xh ,

= (f (t), v h )Ω− + h∂ν uinc (t), γviΓ

(8)

∀v h ∈ Vh (Ω− ),

Γ

e−s|x−y|
ν(x) · ν(y)φ(y)dΓy
4π|x − y|

and V(s) = diag(V(s)).

4
4.1

Discretization

uh (0) = 0,

(9)

and non-local boundary conditions coming from the integral
equations (5)-(6):

µh , γuh − V ∗ λh − 21 φh + K ∗ φh Γ
= µh , γuinc

(10)

1 h
2λ

Γ

,

∀µh ∈ Xh

+ Kt ∗ λh + W ∗ φh , ϕh

Γ

= 0 ∀ϕh ∈ Yh .

Note that (10) uses the trace γuh in a causal convolution equation that takes place in the entire real line. As we did in (5), we
just assume that γuh (t) = 0 for t < 0. The exterior component
of the solution is then defined by postprocessing the densities
with the layer potentials

that is, using Kirchhoff’s formula.

For spatial discretization, we use a Galerkin method with: (a)
standard continuous Lagrange Pk finite elements on a shaperegular triangulation of Ω− for the interior variable u; (b) discontinuous Pk−1 elements on the inherited partition of Γ, to
approximate λ = ∂ν+ u; (c) and continuous Pk boundary elements for the discretization of φ = γ + u.
The method can be explained in quite abstract terms, not even
requiring the domain to be a polygon/polyhedron that has been
triangulated. We thus consider three sequences of finite dimensional subspaces
Xh ⊂ H −1/2 (Γ),

u̇h (0) = 0,

uh |Ω+ = D ∗ φh − S ∗ λh ,

Semi-discrete formulation

Vh ⊂ H 1 (Ω− ),

∀t ≥ 0,

with vanishing initial conditions

(11)

written in terms of
(Vν (s)φ)(x) =

φh : R → Yh

satisfying

W(s) = −divΓ V(s)∇Γ + s Vν (s),
Z

P0 (Γ) ⊂ Γ,

(c−2 üh (t), v h )Ω− + (κ∇uh (t), ∇v h )Ω− − hλh (t), γv h iΓ

the double-layer operator

Z

For technical reasons, we require

Yh ⊂ H 1/2 (Γ).

We can write the last two equations in the nicely condensed
form

γuh − V ∗ λh − 21 φh + K ∗ φh
∈ Xh◦
1 h
2λ

+ K t ∗ λ h + W ∗ φh

∈ Yh◦

where we have made use of the polar spaces
n
o
Xh◦ :=
ξ ∈ H 1/2 (Γ) : hµh , ξiΓ = 0 ∀µh ∈ Xh ,
n
o
Yh◦ :=
η ∈ H −1/2 (Γ) : hη, ϕh iΓ = 0 ∀ϕh ∈ Yh .
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CQ approximation of the integral equations

To discretize the time convolutions equations (10)-(11) we apply Convolution Quadrature based on an implicit A-stable multistep method. This first requires the matrix description of (10)(11). We introduce bases of the discrete spaces on the boundary: {Mi : i = 1, . . . , J} ⊂ Xh and {Nj : j = 1, . . . , L} ⊂
Yh . The transfer function associated to the Galerkin semidiscretization of the single layer operator can be identified as the
J × J matrix with entries
Z Z
e−s|x−y|
dΓx dΓy ,
V(s)i,j :=
Mi (x)Mj (y)
4π|x − y|
Γ Γ
and depending on the Laplace domain variable s. Similarly, the
double layer operator is identified with the J × L matrix
Z Z 
Mi (x)Nj (y)Ψ(x, y)
K(s)i,j :=
Γ

Γ

e−s|x−y| 
(1 + s|x − y|)
dΓx dΓy .
|x − y|

The transposed double layer potential is associated to the transpose (not conjugate transpose) matrix K(s)t . The hypersingular operator involves L × L matrices
Z Z
e−s|x−y|
dΓx dΓy
Wi,j (s) :=
∇Γ Mi (y) · ∇Γ Mj (x)
4π|x − y|
Γ Γ
Z Z
+ s2
Ni (x)Nj (y)
Γ

Γ

e−s|x−y|
ν(x) · ν(y)dΓx dΓy .
4π|x − y|

We will also need the J × L matrix
Z
Ii,j =
Mi (x)Nj (x)dΓx ,
Γ

as well as a matrix that takes care of the interaction of traces
of Finite Element functions (elements of Vh ) with elements
of Xh . To do that we introduce a basis for Vh , {Φi : i =
1, . . . , N } and the discrete trace J × N matrix
Z
Gi,j :=
Mi (x)Φj (x)dΓx .
Γ

Convolution Quadrature can be explained as the substitution
of continuous-in-time causal convolutions by discrete convolutions using a time-stepping method in the background. We start
by choosing a constant time-step κ > 0 and by considering
tn = nκ,

n ≥ 0.

We then choose a multistep method and the quotient of its generating polynomials p(ζ). For instance, for the implicit trapezoidal rule approximation, this is given by
p(ζ) = 2

1−ζ
.
1+ζ

We then produce a sequence of operators (matrices) by Taylor
expanding the transfer functions
∞
X

V(κ−1 p(ζ)) =

Vn ζ n ,

n=0
∞
X

K(κ−1 p(ζ)) =

Kn ζ n ,

n=0
∞
X

W(κ−1 p(ζ)) =

Wn ζ n .

n=0

We will be looking for approximations
RJ 3 λhn
L

R 3

RN 3

φhn
uhn

≈ λh (tn ) ∈ Xh ,

≈ φh (tn ) ∈ Yh ,
≈ uh (tn ) ∈ Vh ,

where we identify coefficients of basis expansions of discrete
functions with the discrete functions themselves.
We then read equations (10)-(11) in the time-steps, sampling
the data at those time values. The convolution equation (10) is
discretized as
Guhn +

n
X

m=0

Vn λhn−m − 12 It φn −

n
X

Ktn φhm−n = uinc
n ,

m=0

n ≥ 0,

J
where uinc
n ∈ R is the column vector with elements
Z
Mi (x)uinc (x, tn )dΓx .
Γ

The convolution equation (11) becomes
h
1
2 Iλn

+

n
X

m=0

Kn λhn−m +

n
X

m=0

Wn φhm−n = 0,

n ≥ 0.

Before we show how the fully discrete convolution equations
are coupled with a time-stepping method for the interior problem, we explain how to reconstruct the exterior solution based
on the discrete densities. Since the reconstruction formula
(Kirchhoff’s formula) involves causal convolutions again, we
will use CQ for its full discretization. The process is very similar to the one we have outlined before. We start with semidiscrete versions of the transfer functions associated to the potentials. In this case, the discretization happens only on the boundary and we can consider the semidiscretization as a function of
the parameters s ∈ C+ and x ∈ Ω+ , with values in RJ in the
case of the single layer potential
Z
e−s|x−y|
dΓy ,
Sh (s, x)j :=
Mj (y)
4π|x − y|
Γ
and in RL for the double-layer potential
Z
e−s|x−y|
h
D (s, x)j :=
Nj (y)Ψ(x, y)(1 + s|x − y|)
dΓy .
|x − y|
Γ
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We then obtain continuous-in-space discrete-in-time approximations of uh |Ω+ with the causal discrete convolution formula
uhn (x) :=

n
X

m=0

where

Dhm (x)φhn−m −

Sh (κ−1 p(ζ), x) =
Dh (κ−1 p(ζ), x) =

∞
X

n=0
∞
X

n
X

Shm (x)λhn−m ,

m=0

Shn (x)ζ n ,
Dhn (x)ζ n .

n=0

When we say continuous-in-space, we do not mean that the
Galerkin-in-space semidiscretization is not taken into account
(we are still dealing with a fully discrete method) but that the
sequence of approximations at the time steps tn are actually
functions defined on Ω+ and not on nodes of a grid or on a
triangulation.

4.3

Fully discrete coupled model

We have already chosen a basis for the space Vh . This basis
brings along vector representations for uh and for the tested
data, and matrix representations for the associated operators.
Let us then introduce the mass and stiffness matrices (both of
them N × N ):
Mi,j := (c−2 Φi , Φj )Ω− ,

Qi,j := (κ∇Φi , ∇Φj )Ω− .

The source term f and the normal derivative of the incident
wave are associated to RN -valued functions of the time variable, with entries
Z
fih (t) := (f (t), Φi )Ω− , ∂ih (t) :=
∂ν uinc (x, t)Φi (x)dΓx .
Γ

The semidiscrete interior problem is thus translated into an implicit second order linear differential equation
(12) Müh (t)+Quh (t)−Gth λh (t) = f h (t)+∂ h (t),

t ≥ 0,

with vanishing initial conditions. Note that we have identified uh (t) ∈ RN with uh (t) ∈ Vh and λh (t) ∈ RJ with
λh (t) ∈ Xh . We finally use a time-stepping method on the
same time-mesh (with constant time-step κ) to discretize (12).
While, in theory, many options are available (implicit or explicit) full justification for many of the choices is still missing.
The use of the same implicit multistep method that we used
to generate the CQ discretization of the integral equations can
be analyzed. This is the choice we will use in our numerical
experiments.

P0 × P1 BEM on the partition of Γ that is inherited from the
triangulations. Source terms f are taken equal to zero, while
c = 1 and κ is equal to the identity matrix. A false incident
wave is created so that the exact solution in the interior is a
given plane wave and the exterior solution is a given cylindrical wave.
The errors reported are L2 (Ω− ) and H 1 (Ω− ) for the interior wave, L2 (Γ) errors for trace and normal derivatives, and
pointwise errors for the potentials evaluated on the points
(±1, ±1) ∈ Ω+ at time t = 2. The simulation is run from
t = 0 to t = 2 using M time steps. The number N in the
table is the dimension of the Finite Element space. Roughly
speaking, we have a method of the second order in time and in
space, except when we measure an H 1 norm, where order of
convergence is limited by the first order of the FEM space in
this norm.
N
177
545
1857
6785
25857

M
20
40
80
160
320

L2 (Ω− )
1.1273e-01
3.5062e-02
9.3583e-03
2.3723e-03
5.9490e-04

H 1 (Ω− )
4.1721e-01
1.6180e-01
6.2016e-02
2.7322e-02
1.3143e-02

Trace
1.5934e+00
1.8233e-01
5.2040e-02
1.4453e-02
4.2045e-03

Normal Deriv.
1.2428e-01
3.8663e-02
1.0153e-02
2.6102e-03
6.5737e-04

Potentials
1.2453e-01
7.2901e-03
2.5938e-03
5.7294e-04
1.4550e-04

In Figure 1 we show six snapshots of a plane wave interacting
with four small squares. Spatial discretization is carried out
with P3 finite elements and P3 × P2 boundary elements. The
simulation is run from t = 0 to t = 4 using 200 time steps. The
material parameters for the top left and bottom right squares are
κ = diag(4, 1/4). The top right and bottom left squares have
material parameters κ = diag(2, 1/2). To accelerate the computation we use the all-steps-at-once CQ method described in
[6] and a reduction-to-the-boundary technique [18] that eliminates the Finite Element solution from the coupled formulation.
The simulation ran on 16 processors in parallel for two hours.
This includes both computing the solution and postprocessing
the potentials at all the points needed to produce the plot of the
exterior solution.

6

Conclusions

In this paper we have explored a three-field symmetric coupling scheme for the scattering of waves by non-homogeneous
anisotropic penetrable obstacles, as well as its FEM-BEM discretization. The method demonstrates the advantages of each
of the boundary and finite element methods.
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V-States for the SQG equation
A. Castro∗

Abstract— We will show the existence and the regularity of V-States solutions for the Surface Quasi-Geostrophic equation.
Keywords: V-States, Surface quasi-geostrophic, Crandall-Rabinowitz.

1

Introduction

The Surface Quasi-Geostrophic equation (SQG) is a model of
geophysical origin which was proposed by P. Constantin, A.
Majda and E. Tabak [2] as an scalar model of the 3D-Euler
equation and is given by the expressions
∂t θ + u · ∇θ = 0
u = ∇⊥ ψ
1

ψ = (−∆)− 2 θ

By looking to the velocity in this expression is easy to see that
2D Euler is more regular that SQG. In fact, global existence of
strong solutions for 2D Euler is well known.
The proof of existence of V-states for SQG is an application
of a Crandall-Rabinowitz theorem as in [3] but introducting a
new space to handle the more singular structure of the velocity.
Also we will discuss the regularity of these solutions and the
existence of V-states for the interpolations

.

The existence of local strong solutions and the global existence
of L2 -weak solutions is well known. However, the behaviour
for long time of strong solutions is not well understood and
very few results are known in this direction.
In this talk we will present the proof of the existence of a particular type of global weak solutions usually named V-states.
A V-states is a patch whose evolution consists of a global and
constant rotation. Since the SQG equation is a transport equation if we start with an initial data given by a patch, i.e.,


1 x ∈ Ω0
θ0 (x) =
0 x ∈ Ωc0

where Ω0 is a bounded and simply connected domain with
smooth boundary, the solution will be also a patch of the form


1 x ∈ Ω(t)
θ0 (x, t) =
.
0 x ∈ Ω(t)c

∂t θ + u · ∇θ = 0
u = ∇⊥ ψ
α
ψ = (−∆)− 2 θ

with 0 < α < 2.
This is a work in collaboration with D. Córdoba and Javier
Gómez-Serrano.
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Then a V-states is a patch solutions in which the domain Ω(t)
is a rotation of Ω0 with constant angular velocity $.
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Finite time blow-up for the incompressible
Navier-Stokes equations with a free boundary
F. Gancedo∗

Abstract— In this manuscript we consider weak solutions of the inhomogeneous Navier-Stokes equations with variable viscosity.
Both, the density and the viscosity functions, are given by steps functions taking constant values in complementary connected
open sets. It models the evolution of incompressible fluids with different constant densities and viscosities. We study the one
fluid case, where the density and viscosity are equal to zero in one of the moving sets. We show finite time blow-up for this
system. The singularity is a splash-type: a smooth fluid boundary collapses due to two different particles evolve to collide at a
single point. This is the first example of a singularity formation for a Navier-Stokes system.
Keywords: Navier-Stokes equations, incompressible fluid, free boundary, blow-up, splash singularity

1

Introduction

In this manuscript we show the frame for the problems consider
in the talk “Finite time blow-up for the incompressible NavierStokes equations with a free boundary" in the special session
Evolution models with nonlocal terms: theory and numerical
approximation organized by María López-Fernández (Gran
Sasso Science Institute, L’ Aquila, Italia) and Ángel Durán
Martín (Universidad de Valladolid) at XIV CEDYA conference. We will explain the main results and some of the ingredients in their proof. For full details see preprint [1], with A.
Castro, D. Córdoba, C. Fefferman and Javier Gómez-Serrano
as coauthors.
We consider the dynamics of fluids governed by the NavierStokes equations given by
(1)

(ρu)t + u · ∇(ρu) = ∇ · (−Ip + µS(u)).

Above u = u(x, t) is the velocity of the fluid depending on
time t ≥ 0 and position x ∈ R2 , ρ(x, t) is the density, p(x, t)
is pressure and µ(x, t) viscosity. The matrix S(u) is the symmetric stress tensor S(u) = ∇u + (∇u)∗ with I the identity
matrix. We use the symbol * to denote the transpose of a matrix. The fluid is incompressible
(2)

∇ · u = 0,

and the density satisfies the conservation of mass equation
(3)

(4)

(ρ, µ)(x, t) =



(ρin , µin ) x ∈ Ω(t),
(ρex , µex ), x ∈ R2 \ Ω(t).

Those constants represent the density and viscosity of each
fluid that occupy the sets Ω(t) and R2 \ Ω(t), respectively. The
main concern is about the dynamics of the free boundary of the
fluids, which is parameterized by the curve z(α, t) as follows:
∂Ω(t) = {z(α, t) = (z1 (α, t), z2 (α, t)) : α ∈ R}.
In that way, finding the domain Ω(t) is part of the problem.
Above the curve z(α, t) is 2π-periodic: z(α +2π, t) = z(α, t).
The free boundary is smooth and satisfies the chord-arc condition
(5) |z(α, t) − z(α − β, t)| ≥ CA(t)|β| for α, β ∈ [−π, π].
Here, CA(t) > 0 is the chord-arc constant. The parametrization of the interface has no physical meaning, and it can be
picked to simplify our analysis. We always assume that the
initial velocity is in L2
Z

ρt + ∇ · (uρ) = 0.

The main questions that we are interested are related with the
study of the dynamics of the interface given by two immiscible
∗ Departamento

fluids of different nature. That we are dealing with two different fluids is reflected in the configuration of ρ(x, t) and µ(x, t),
which are discontinuous functions with constant values in two
complementary connected sets Ω(t) and R2 \ Ω(t);

|u(x, 0)|2 dx < ∞,

the finite energy and physically relevant case.
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Weak formulation of the system

Due to the discontinuity of the functions ρ and µ, it is possible to understand the system in a weak sense as follows.
Let ϕ be a vector field, and ζ a function such that ϕ, ζ ∈
Cc∞ ([0, T ) × R2 ), both considered as test functions. We assume that (1),(2) and (3) are satisfied, multiply by the tests and
integrate by parts to obtain
(6)
Z TZ
[ρu · (ϕt + u · ∇ϕ) + (pI − µS(u)) : ∇ϕ]dxdt
0
R2
Z
+
ρ(x)u0 (x)ϕ(x, 0)dx = 0,
R2

Z

(7)

0

(8)

Z

T

0

(9)

Z

T

0

Z

R2

Z

R2

T

Z

R2

P ROPOSITION 3 Assume that (ρ, µ) is given by (4) and the
functions u, p are regular in the interior of Ω(t) and R2 \ Ω(t).
Furthermore, assume that the exterior and interior velocities
and pressures exist. If (u, p, ρ, µ) is a weak solution of incompressible Navier-Stokes then (1), (2) and (3) are satisfied in a
classical way in the interior of Ω(t) and R2 \Ω(t). Furthermore,
on the free boundary ∂Ω(t), the following identities hold.
(10) uex (z(α, t), t) · zα⊥ (α, t) = uin (z(α, t), t)) · zα⊥ (α, t).
(11)
(12)

ρ(ζt + u · ∇ζ)dxdt +

ρ0 (x)ζ(x, 0)dx = 0,

µ(ζt + u · ∇ζ)dxdt +

Z

µ0 (x)ζ(x, 0)dx = 0.

R2

(pex (z(α, t), t)I − µex S(uex )(z(α, t), t))zα⊥ (α, t) =
(pin (z(α, t), t)I − µin S(uin )(z(α, t), t))zα⊥ (α, t).

u · ∇ζdxdt = 0,
Z

uin (z(α, t), t) · zα⊥ (α, t) = zt (α, t) · zα⊥ (α, t).

The first equation gives continuity for the normal velocity and
shows that the evolution of the contour is well defined. The
second identity is the dynamics condition for the free boundary: it moves with the velocity of the fluid. Finally, the third
equation states the continuity of the stress tensor in the normal
direction through the interface.

R2

Above the symbol : is used to denote scalar product row by
row in the matrices. The last identity is given to assure that µ
is given by a step function as in (4). Next we give the following
definition.
D EFINITION 1 Let u ∈ L∞ (0, T ; L2 ) ∩ L2 (0, T ; H 1 ), ρ, µ ∈
L∞ (0, T ; L∞ ) and p given in a distributional sense. We say
that (u, p, ρ, µ) is a weak solution of incompressible NavierStokes if (6,7,8,9) is satisfied for any ϕ, ζ ∈ Cc∞ ([0, T ) × R2 ).
Next we define the exterior and interior velocities and pressures. For z(α, t) the parametrization we take an orientation
such that the normal vector zα⊥ points inside R2 \ Ω(t). Then
D EFINITION 2 Let u and p be given by functions. We define
the exterior and interior velocities and pressures uex , uin , pex ,
pin respectively as follows
uex (z(α, t), t) = lim u(z(α, t) + zα⊥ (α, t), t),
→0+

uin (z(α, t), t) = lim+ u(z(α, t) − zα⊥ (α, t), t),
→0

p (z(α, t), t) = lim+ u(z(α, t) + zα⊥ (α, t), t),
ex

→0

p (z(α, t), t) = lim+ u(z(α, t) − zα⊥ (α, t), t).
in

→0

We say that the exterior and interior velocities and pressures
exist if there exist above limits.
In particular we can obtain the following result.

3

Main result and some ingredients of the proof

The blow-up result we show below is given in the one-fluid
case. That is, the density and viscosity at the exterior domain
are zero: ρex = µex = 0. We prove that initial data z(α, 0) satisfying (5) and evolving with the Navier-Stokes equation violate the arc-chord condition at a finite time Ts = Ts (z(α, 0)) >
0. The curve z(α, t) remains regular but there exists a point
xs ∈ R2 such that xs = z(α1 , Ts ) = z(α2 , Ts ) for α1 6= α2 .
No meaningful regular solution of Navier-Stokes exists after
the time Ts . The singularity is produced by two different particles on the contour of the fluid that collide at a single point.
We call it splash singularities.
T HEOREM 4 There exists a family of solutions of the NavierStokes system that remains smooth inside Ω(t) for times t ∈
[0, Ts ) but forms a splash singularity at time Ts .
Next, let me explain briefly the arguments to prove the splash
singularity formation. In order to exhibit this scenario it suffices to find a solution that makes sense as a splash at time
Ts . But at the splash time the evolution equations are not approachable. In order to get around this issue, it is possible to
transform the problem into a new contour dynamics equation
with a conformal map P . We can transform the equations with
P given by a square root in complex variables whose discontinuity branch passes though the collision point xs . We call this
new equations P (N-S). For t ∈ [0, Ts ) a priori we can recover
Navier-Stokes from P (N-S), however at the time Ts P (N-S)
makes sense due to the fact that we remove the splash in the
new equations. In P (N-S) there is no self-intersecting points
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of the interface. Then the new problem consists in getting a local existence result in P (N-S) for t ∈ [0, Ts ] that gives splash
for Navier-Stokes. One we get the local existence result, the
velocity at t = Ts has to be chosen in such a way that the
collision point separates and the curve satisfies the arc-chord
condition for t < Ts for the original Navier-Stokes problem.
We pick an initial contour z l (α, 0) for Navier-Stokes with one
pointwise collapse as a splash. We transform this initial contour with P and use it as initial datum for P (N-S). Next we
have to be able to get a stability result for P (N-S) which does
not depend on the arc-chord condition for z l (α, 0) but it may
depend on the arc-chord condition of the contour of P (N-S).
We denote this solution by P (z l (α, t)). Due to the transformation, the arc-chord constant for P (z l (α, t)) is going to be big.
We obtain a result of the form
kP (z(α, t)) − P (z l (α, t))k
≤ C(t)kP (z(α, 0)) − P (z l (α, 0))k
≤ C(t)kz(α, 0) − z l (α, 0)k
where z(α, 0) is a z l (α, 0) perturbation, P (z(α, t)) is the P (NS) solution with P (z(α, 0)) as initial datum, C(t) is a controlled constant and k · k is an appropriate norm. We have

to pick an initial velocity for z l (α, 0) showing that the two
branches on the interface with the common intersection point
are going to cross as time goes forward. Next we take an initial datum z(α, 0) which is a small perturbation of z l (α, 0) but
without pointwise intersection. Due to the time of existence for
P (N-S) is independent of the smallness of kz(α, 0) − z l (α, 0)k
we can conclude that, due to the fact that z l self-intersects at a
point, there exists a finite time such that z has to break down
with a splash singularity.
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Integral equations for 1D transient wave propagation
P. Joly∗ and J. Rodríguez†

Abstract— In the present work we are interested in the resolution of the transient wave equation in unbounded domains including
localized heterogeneities assumed to be contained in a bounded sub-domain Ω− . In this situation it is natural to use a formulation
based on integral equations [5] in Ω+ (the complementary set of Ω− ), a volume formulation in Ω− (directly based on the
underlying partial differential equation) and a coupling formula [1] to obtain a global formulation being equivalent to the original
problem. This work aims to discuss different (Petrov-) Galerkin space-time variational formulations of the integral equations in
the simplified framework of the 1D transient wave equation.

1

Introduction

Let us consider the following one dimensional transient wave
propagation problem
ρ−1 c−2 pt − vx
ρvt − px

(1)

= f,

(x, t) ∈ R × R+ ,

=

(x, t) ∈ R × R+ ,

0,

p|t=0

= p0 ,

v|t=0

= v0 ,

Finally, for any function ϕ defined over R, with (eventually)
different traces from Ω− and Ω+ , the jump and mean operators
are defined by (this notation will be also used for the normal
traces)

[ γϕ]] := γϕ− − γϕ+ ,

x ∈ R,

x ∈ R.

Ω− = (a, b) and Ω+ = R \ [a, b],
and it is assumed that
c = c0 ,

∀ x ∈ Ω+ ,

(2)

and
−

sup(f ) ⊂ Ω × R

+

and

sup(u0 ) ∪ sup(u1 ) ⊂ Ω .

For any function ϕ defined over R, the following notation is
introduced ϕ± = ϕΩ± . Furthermore, for any (smooth enough)
function ϕ± defined over Ω± , the trace and normal trace operators are defined by

∗ POEMS,

γν ϕ± := ϕ±
|Γ · ν.

−
ρ−1 c−2 p−
t − vx

=

f,

(x, t) ∈ Ω− × R+ ,

ρvt− − p−
x

=

0,

(x, t) ∈ Ω− × R+ ,

p−
|t=0

=

p0 ,

x ∈ Ω− ,

=

v0 ,

−2 +
+
ρ−1
0 c0 pt − vx

=

0, (x, t) ∈ Ω+ × R+ ,

ρ0 vt+ − p+
x

=

0, (x, t) ∈ Ω+ × R+ ,

−
v|t=0

−

The common boundary between Ω+ and Ω− (in this case,
reduced to two points) is denoted by Γ = {a, b} . Let ν
be the unit normal vector to Γ pointing towards Ω+ (that is,
ν(a) = −1, ν(b) = 1).

γϕ± := ϕ±
|Γ ,


1
γϕ− + γϕ+ .
2

In this way, the problem we want to solve can be rewritten as a
transmission problem between two sub-domains

The computational domain is split in two parts

ρ = ρ0 ,

{{γϕ}} :=

x ∈ Ω− ,

and

(3)

(completed with homogeneous initial conditions) systems that
are coupled through the following transmission conditions
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(4)
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γp+

=

γp− ,

x ∈ {a, b},

γν v +

=

γν v − ,

x ∈ {a, b}.

Both, the (volumetric) forcing terms and the initial conditions
are zero in Ω+ , domain where the coefficients are assumed to
be constant. For this reason it is natural to use a numerical
method based on integral equations in Ω+ . However, these
methods would not be applicable in Ω− due to the non-constant
coefficients. In the bounded region, a resolution based on the
method of lines (combined with a finite difference integrator)
directly applied to the partial differential equation (2) would be
preferred.
These two strategies can be merged with coupling formulas
based on the transmission conditions (4) and that should ensure
the stability and accuracy of the global discretization procedure
(see [1, 3, 4]).
In this work we will focus on the space-time variational formulations of the integral equations used for the resolution in Ω+ .

2

Integral operators

In this section, the integral operators that will allow to reformulate the exterior problem (3) are defined. To do so, it is
useful to introduce an auxiliary wave propagation problem on
Ω+ ∪ Ω− × R+ . For any pair of causal (i. e. they vanish for
negative times) functions (λ, µ) defined on Γ × R+ , we set the
problem of finding (pλ,µ , v λ,µ ) such that
−2 λ,µ
ρ−1
− vxλ,µ
0 c0 pt

(5)

ρ0 vtλ,µ

pλ,µ
x

=

0,

−
= 0,
 λ,µ 
γp
= −λ,


γν v λ,µ
= µ,

(x, t) ∈ R × R+ ,

(6)

{{γν v λ,µ }}

=: K t (µ) − W (λ).

The analytical expressions of the operators can be easily obtained. Introducing the notation λc (t) := λ(c, t) and µc (t) :=
µ(c, t) where c ∈ {a, b}, the solution of the auxiliary problem

K(λ)(b, t)

=

1
− λb (t − c−1
0 |b − a|),
2
1
− λa (t − c−1
0 |b − a|).
2

1
= − µb (t − c−1
0 |b − a|),
2
1
K t (µ)(b, t) = − µa (t − c−1
0 |b − a|),
2

K t (µ)(a, t)
(11)
and finally
(12)

(x, t) ∈ Γ × R+ ,

=: V (µ) + K(λ),

=

In the other hand, the operator K t is given by

(x, t) ∈ R × R ,
(x, t) ∈ Γ × R+ ,

K(λ)(a, t)
(10)

+

with vanishing initial conditions. Under suitable assumptions
on the data (λ, µ) this system has an unique solution that might
have different traces. The integral operators V , K, K t and W
are introduced through the following identities
{{γpλ,µ }}

is given by (s(·) denotes the sign function)
c0 ρ0
(7)
µa (t − c−1
pλ,µ (x, t) =
0 |x − a|) +
2
c0 ρ0
µb (t − c−1
0 |x − b|) −
2
s(x − a)
λa (t − c−1
0 |x − a|) +
2
s(x − b)
λb (t − c−1
0 |x − b|),
2
and
1
(8)
λa (t − c−1
v λ,µ (x, t) =
0 |x − a|)−
2c0 ρ0
1
λb (t − c−1
0 |x − b|)−
2c0 ρ0
s(x − a)
µa (t − c−1
0 |x − a|)−
2
s(x − b)
µb (t − c−1
0 |x − b|).
2
In consequence, the operator V is given by
(9)
ρ 0 c0
ρ0 c0
V (µ)(a, t) =
µa (t) +
µb (t − c−1
0 |b − a|),
2
2
ρ0 c0
ρ 0 c0
µa (t − c−1
µb (t),
V (µ)(b, t) =
0 |b − a|) +
2
2
while the operator K is defined by

W (λ)(a, t)

=

W (λ)(b, t)

=

3

1
1
λa (t) −
λb (t − c−1
0 |b − a|),
2ρ0 c0
2ρ0 c0
−1
1
λa (t − c−1
λb (t).
0 |b − a|) +
2ρ0 c0
2ρ0 c0

Integral equations for the exterior solution

In this section we obtain an equivalent formulation of (3)
(equations for (p+ , v + )) using the integral operators previously
introduced. Let us consider (e
p, ve) the extension by zero of
the exterior solution. It is clear that (e
p, ve) = (pλ,µ , v λ,µ ) for
+
+
λ = γp and µ = −γν v . In consequence,
(13)

1 +
γp
2
1
γν v +
2

= −V (γν v + ) + K(γp+ ),

= −K t (γν v + ) − W (γp+ ),
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integral equations that could replace (3) and be used to compute (γp+ , γν p+ ). The exterior solution could be computed at
any point x ∈ Ω+ using the representation formulas (7) and
(8).

4

(18)

e
bω,t ((µ, λ), (e
µ, λ))

Γ

−

where

Bilinear forms associated to the operators

In order to obtain bilinear forms associated to the integral
operators having good properties, we start by deriving energy estimates for the auxiliary problem (5). Let us introduce
ω : R+ −→ R+ a (weight) function of time. The second
equation of the system is multiplied by v λ,µ ω and integrated in
space over R \ Γ to obtain1
Z
Z
1
ρ0 v λ,µ vtλ,µ ω dx +
vxλ,µ pλ,µ ω dx =
2 Ω1 ∪Ω2
Ω1 ∪Ω2
Z
 λ,µ λ,µ 
v p
ω dγ,

:=

bVω,t (µ, µ
e) :=

(19)

bK
e) :=
ω,t (λ, µ

(20)

t

e
bK
ω,t (µ, λ) :=

(21)

e
bW
ω,t (λ, λ)

(22)

:=

Z tZ
0

Γ

0

Γ

Z tZ
Z tZ
0

Γ

0

Γ

Z tZ

bVω,t (µ, µ
e) + bK
e)
ω,t (λ, µ

t
W
e
e
bK
ω,t (µ, λ) + bω,t (λ, λ),

V (µ) µ
e ω dγ ds,

K(λ) µ
e ω dγ ds,

e ω dγ ds,
K t (µ) λ
e ω dγ ds.
W (λ) λ

From (17) we deduce that, in order to get positivity (and eventually coercivity) of the bilinear form (18), the weight ω should
be a (strictly) decreasing function.

where we have integrated by parts the second term. Next, the
first equation in (5) is multiplied by pλ,µ ω and integrated in
Let us assume that t ≤ T . Then, usual choices for the weight
space over R \ Γ to get
ω are:
Z
Z
1 λ,µ λ,µ
1
λ,µ λ,µ
p pt ω dx −
vx p ω dx = 0.
2 Ω1 ∪Ω2 ρ0 c20
Ω1 ∪Ω2
• ω0 (s) = 1. Since the weight is constant in this case (17)
Adding the last two equations one gets
becomes


Z
1 λ,µ λ,µ
1
(23)
bω0 ,t ((µ, λ), (µ, λ)) = E(t).
p pt + ρ0 v λ,µ vtλ,µ ω dx =
2 Ω1 ∪Ω2 ρ0 c20
(14)
Z


In consequence, with this choice, the bilinear form is
γν v λ,µ γpλ,µ ω dγ.
Γ
positive but, as it will be shown later, it can not be coercive for t large enough.
Using the identity, valid for any pair of functions defined on Γ,
[ f g]] = [ f ] {{g}} + {{f }}[[g]],

combined with the jump conditions in (5) and the definition of
the integral operators (6), the following identity is obtained
(15) Z
Z h


λ,µ
λ,µ
γν v γp
ω dγ =
(V (µ) + K(λ)) µ −
Γ

(24)

i
(K t (µ) + W (λ)) λ ω dγ.

from (15) and (14) one gets
bω,t ((µ, λ), (µ, λ)) = E(t)ω(t) −

Z

t

E ω 0 ds,

bω1 ,t ((µ, λ), (µ, λ)) = E(t)e−ηt +
Z t
η
E(s) e−ηs ds.
0

Γ

Introducing the acoustic energy associated to the auxiliary
problem by


Z
1
1
λ,µ 2
λ,µ 2
(16) E(t) =
|p | + ρ0 |v | dx,
2 ω1 ∪ω2 c20 ρ0

(17)

• ω1 (s) = e−ηs with η > 0. Since ω 0 (s) = −ηeηs <
0, ∀s ∈ R+ , the energy identity (17) becomes

Notice that if η is too small, the second term on the estimate becomes small. In the limit case, when η = 0,
then ω1 (s) = ω0 (s). In the other hand, if η is too large,
the estimate might become useless in practice since, for
moderate values of t, the exponential term would become very small. It is advised to consider η ∝ 1/T .
• ω2 (s) = T ∗ − s with T ∗ > T . For this case one gets
(25)

0

where the bilinear form bω,t (·, ·) is defined by
1 Let

f be a function defined over Γ = {a, b}, it is convenient to introduce the following notation

bω2 ,t ((µ, λ), (µ, λ)) = E(t)(T ∗ − t) +
Z t
E(s) ds.
0

Z

Γ

f dγ =

X
c∈{a,b}

f (c).
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• ω3 (t, s) = a + t − s with a > 0. This choice, rather
similar to ω2 (s) provides
Z t
(26) bω3 ,t ((µ, λ), (µ, λ)) = E(t)a +
E(s) ds.

P ROPOSITION 1 Let (µ, λ) be a pair of smooth enough causal
functions defined on Γ × R+ . Then
bω0 ,t ((µ, λ), (µ, λ)) ≥ 0.

0

Notice that this weight depends on the final integration
time.

Using the expressions for the integral operators in (9), (10),
(11) and (12) one gets the following expressions for the corresponding bilinear forms
Z
ρ0 c20 t h
V
(27)
µa (s)e
µa (s) + µb (s)e
µb (s)
bω,t (µ, µ
e) =
2
0
+ µb (s − c−1
µa (s)
0 |b − a|)e
i
+ µa (s − c−1
|b
−
a|)e
µ
(s)
ω(s) ds,
b
0

(28)

(29)

(30)

Z
1 th

λb (s − c−1
µa (s)
0 |b − a|)e
i
+ λa (s − c−1
µb (s) ω(s) ds,
0 |b − a|)e

bK
e) = −
ω,t (λ, µ

2

t
1
e
bK
ω,t (µ, λ) = −
2

0

1
2ρ0 c20

0
c−1
0 |b

ea (s)
− a|)λ
i
e
− λa (s − c−1
0 |b − a|)λb (s) ω(s) ds.
− λb (s −

5

ea (s) + λb (s)λ
eb (s)
λa (s)λ

Positivity and coercivity results for bω0 ,t

Among all the considered bilinear forms (see (18) for the general definition and page 219 for the weights definition and corresponding estimates)
bωi ,t (·, ·), i ∈ {0, 1, 2, 3},

the one that has weaker positivity estimates is bω0 ,t since it
only involves the energy of the auxiliary problem at the final
time (the term involving the integral in [0, T ] of the energy vanishes; see (23)). Nevertheless, in practice, is this bilinear form
the most commonly used. For this reason we will now focus
on the study of this bilinear form.
For any smooth enough function ψ defined on Γ × [0, t] =
{a, b} × [0, t], we introduce
kψk2L2 (Σt ) := kψa k2L2 ([0,t]) + kψb k2L2 ([0,t]) .

One has the following general positivity result and L2 ([0, T ])coercivity result for t small enough:

there exists a constant C > 0

Proof: The positivity of the bilinear form is given by (23). Nevertheless, it is interesting to provide another proof of the result
that directly uses the expressions for the bilinear form. Let us
introduce the notation
bω0 ,t ((µ, λ), (µ, λ)) = I(µ, λ) + J(µ, λ),
with
(31)

0

Z th

|b−a|
c0 ,



bω0 ,t ((µ, λ), (µ, λ)) ≥ C kµk2L2 (Σt ) + kλk2L2 (Σt ) .

Z th

e
µb (s − c−1
0 |b − a|)λa (s)
i
eb (s) ω(s) ds,
+ µa (s − c−1
|b
−
a|)
λ
0

e
bW
ω,t (λ, λ) =

Moreover, if 0 < t <
such that

Z

ρ0 c20 t  2
I(µ, λ) =
µa (s) + µ2b (s) ds +
2
0
Z t

1
2
2
λ
(s)
+
λ
(s)
ds,
a
b
2ρ0 c20 0

and
(32)

J(µ, λ) =

ρ0 c20
2

Z th
0

µb (s − c−1
0 |b − a|)µa (s)

i
+ µa (s − c−1
|b
−
a|)µ
(s)
ds
b
0
Z th
1
λb (s − c−1
−
0 |b − a|)λa (s)
2ρ0 c20 0
i
+ λa (s − c−1
|b
−
a|)λ
(s)
ds
b
0
Z th
1
−
λb (s − c−1
0 |b − a|)µa (s)
2 0
i
+ λa (s − c−1
0 |b − a|)µb (s) ds
Z
1 th
µb (s − c−1
+
0 |b − a|)λa (s)
2 0
i
+ µa (s − c−1
|b
−
a|)λ
(s)
ds.
b
0
If t < |b−a|
c0 , J(µ, λ) = 0 since all the integrals involve terms
with delay that vanish due to causality. In consequence,
bω0 ,t ((µ, λ), (µ, λ)) = I(µ, λ),
and one gets the L2 ([0, T ])-coercivity result with
C = min



ρ0 c20
1
,
2 2ρ0 c20



.
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In order to obtain the positivity result for an arbitrary time,
J(µ, λ) is rewritten as (the notation τ = c−1
0 |b − a| is introduced)
J(µ, λ) =

Z t q
0

+

ρ0 c20
2

q

Z t q
0

µa (s) + √

ρ0 c20
2 µb (s

1
2ρ0 c0

− τ) − √

ρ0 c20
2 µb (s)

q


λ
(s)
a
2

ρ0 c20
2 µa (s

+√

1
λb (s
2ρ0 c20

1
λb (s)
2ρ0 c20

− τ) − √



Using both results we get (where ξ = (µ, λ))
(35)

Z
q
i2
1 t h ρ0 c20
1
√
µ
(s)
−
λ
(s)
ds
a
a
2
2ρ0 c20
2 t−τ
Z
q
i2
1 t h ρ0 c20
µb (s) − √ 1 2 λb (s) ds
+
2
2ρ0 c0
2 t−τ
Z t hq


1
ρ0 c20
µ
(s)
+
µ
(s
−
τ
)
+
a
b
2
2 0

i2
+ √ 1 2 λa (s) − λb (s − τ )
ds
2ρ0 c0
Z q

1 t h ρ0 c20 
µb (s) + µa (s − τ )
+
2
2 0

i2
+ √ 1 2 λb (s) − λa (s − τ )
ds,

bω0 ,t (ξ, ξ) =

− τ ) ds

1
λa (s
2ρ0 c20


− τ ) ds.

Using the identity
(33)

ab =

1
1
1
(a + b)2 − a2 − b2 ,
2
2
2

the last expression for J(µ, λ) can be transformed into
1
J(µ, λ) =
2

Z t hq
0

+√

−
−
+

−
−

ρ0 c20
2

1
2ρ0 c20

Z q
1 th

2






µa (s) + µb (s − τ )

i2
ds
λa (s) − λb (s − τ )

i2
λa (s) ds
2

ρ0 c0
√1
2 µa (s) +
2ρ0 c0
2 0
Z t−τ hq
i2
1
ρ0 c20
1
√
ds
λ
(s)
µ
(s)
−
b
b
2
2
2ρ0 c0
2 0
Z t hq


1
ρ0 c20
µ
(s)
+
µ
(s
−
τ
)
b
a
2
2 0

i2
ds
+ √ 1 2 λb (s) − λa (s − τ )
2ρ0 c0
Z q
i2
1 t h ρ0 c20
µb (s) + √ 1 2 λb (s) ds
2
2ρ0 c0
2 0
Z t−τ hq
i2
1
ρ0 c20
µa (s) − √ 1 2 λa (s) ds.
2
2ρ0 c0
2 0

Next we use the identity
1
1
a + b = (a + b)2 + (a − b)2 ,
2
2
2

(34)

2

to obtain
Z q
1 th

leading to the positivity.
For t large enough, the bilinear form bω0 ,t (·, ·) is no longer
L2 ([0, t])-coercive. We have the following result (the proof is
based on Theorem 2.1 on [2]):
P ROPOSITION 2 Assume that t > |b−a|
c0 , then there exists non
2
4
vanishing (µ, λ) ∈ [L ([0, t])] such that
bω0 ,t ((µ, λ), (µ, λ)) = 0.
More precisely, the quadratic form
h
i4
(µ, λ) ∈ L2 ([0, t]) −→ bω0 ,t ((µ, λ), (µ, λ)) ∈ R+ ,
has a infinite dimensional kernel.
Proof: For the sake of simplicity let us assume that ρ0 = c0 =
1 and that t = N L for some integer N > 0 (where we have
introduced the notation L = |b − a|). From (35) one gets
bω0 ,t (ξ, ξ) =
+

ρ0 c20
2 µa (s)

i2
λ
(s)
ds
a
2

+√1
2ρ0 c0
2 0
Z t hq
i2
2
1
ρ0 c0
1
√
+
µ
(s)
−
λ
(s)
ds
a
a
2
2ρ0 c20
2 0
Z q
i2
1 t h ρ0 c20
+
µb (s) + √ 1 2 λb (s) ds
2
2ρ0 c0
2 0
Z t hq
i2
1
ρ0 c20
+
µb (s) − √ 1 2 λb (s) ds.
2
2ρ0 c0
2 0

I(µ, λ) =

2ρ0 c0

+

1
4
1
4

Z

NL

(N −1)L

h

µa (s) − λa (s)

N
−1 Z (k+1)L
X
k=0

kL

h

i2

h
i2
+ µb (s) − λb (s) ds

µa (s) + µb (s − τ )+
i2
λa (s) − λb (s − τ ) ds

N −1 Z
1 X (k+1)L h
µa (s − τ ) + µb (s)+
4
k=0 k L
i2
λb (s) − λa (s − τ ) ds.

A change of variable allows to write all the integral in the in-
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terval [0, L] leading to
Z
i2 h
i2
1 Lh
xN −1 − zN −1 + yN −1 − uN −1 ds
bω0 ,t (ξ, ξ) =
4 0
Z N −1
i2
1 LXh
xk + yk−1 + zk − uk−1 ds
+
4 0
k=0
Z L NX
−1 h
i2
1
xk−1 + yk + uk − zk−1 ds,
+
4 0
k=0

For any ak ∈ L2 ([0, L]) and bk ∈ L2 ([0, L]), k ∈ {0, . . . , N −
1} and using (37) to define xk , yk , zk and tk we obtain
through (36) a (eventually non-vanishing) (µ, λ) such that
bω0 ,t ((µ, λ), (µ, λ)) = 0. Furthermore, the kernel of bω0 ,t (·, ·)
is isomorphic to L2 ([0, L])2(N −1) .
R EMARK 3 Similar results to those presented in propositions
(1) and (2) for the three dimensional case can be found in
Proposition 2.2 and Remark 2.2 in [1].

where we have introduced the notation
(36)

xk

:= µa (s + kL),

yk

:= µb (s + kL),

zk

:= λa (s + kL),

tk

:= λb (s + kL).
P ROPOSITION 4 Let (µ, λ) be a pair of smooth enough causal
functions. Then the following equality holds

If we set
x−1

= y−1

=

z−1

=

t−1

=

0,

xN

=

=

zN

=

tN

=

0,

yN

(38)

one finally gets
1
bω0 ,t (ξ, ξ) =
4
+

1
4

Z

0

Z

0

N h
LX

xk + yk−1 + zk − tk−1

k=0

N h
LX
k=0

xk−1 + yk + tk − zk−1

i2

i2

i2
1 Xh
xk + yk−1 + zk − tk−1 +
4
k=0
h
i2
xk−1 + yk + tk − zk−1 .

The next step is to compute the kernel of Q. Introducing the
notation
uk

= xk + zk ,

vk

= t k + yk ,

ak

= yk − t k ,

bk

= xk − zk ,

the quadratic form can be written as follows
N

=

vk ,

∀ k ∈ {0, . . . , N }.

Setting aN = 0 and bN = 0 and considering ak and bk , k ∈
{0, . . . , N − 1} as parameters, the following expressions for
xk , yk , zk and tk are found
(37)

e ds.
bω0 ,s ((µ, λ), (e
µ, λ))

Numerical results

In this section, the bilinear forms presented in section 4 are
discretized and numerically analyzed. For a given final integration time T , we consider a uniform partition {n ∆t}N
n=0 of
the interval [0, T ] with time step ∆t = T /N . Next, a piecewise
constant approximation of the functions µ and λ is considered
(it will be denoted by µ∆t and λ∆t ). Considering the basis
o
n
B = η1/2 , . . . , ηN − 21

formed by the characteristic functions associated to each interval In+ 12 = [n∆t, (n+1)∆t], the bilinear forms bωi ,T (·, ·) can
be represented by a matrix that we will denote by B. In order
to check the L2 ([0, T ]) coercivity of the different formulations,
let M be the matrix that represent the L2 (Σt ) scalar product.


1
B + Bt Ξ = λM Ξ,
2

In consequence, Q(x, y, z, t) = 0 if and only if
bk−1

t

Then we compute all the eigenvalues of the following generalized eigenvalue problem

i2
1 Xh
Q(x, y, z, t) :=
uk + ak−1 +
4
k=0
h
i2
vk + bk−1 .

= uk ,

Z

0

6
ds.

N

Q(x, y, z, t) :=

e = a bω ,t ((µ, λ), (e
e +
bω3 ,t ((µ, λ), (e
µ, λ))
µ, λ))
0

ds

Then we introduce the quadratic form Q : RN +1 × RN +1 ×
RN +1 × RN +1 −→ R defined by

ak−1

The bilinear forms bω0 ,t and bω3 ,t are strongly related through
the following result:

xk

=

1
2 (ak−1

+ bk ),

yk

=

1
2 (bk−1

+ ak ),

zk

=

1
2 (ak−1

− bk ),

tk

=

1
2 (bk−1

− ak ).

for T ∈ {0.5, 5.0, 10.0} and ∆t ∈ {0.125, 0.0125}. In all
cases Ω− = (0, 1), ρ0 = 1.0 and c0 = 1.0. We also compute
the minimum eigenvalue λmin , the maximum eigenvalue λmax
and the ratio between them λmax /λmin .
It is worthwhile noting that, even if the profile of the matrices B will be the same regardless the considered bilinear
forms bωi ,T (·, ·), i ∈ {0, 1, 2, 3}, only the one obtained with
bω0 ,T (·, ·) provides a 4 × 4-block Toeplitz matrix. This leads
to a (direct) save in storage and computational time.
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• In Table 1 are presented the results for bω0 ,t (·, ·). We
observe that for T = 0.5, all the eigenvalues are 0.5 (as
claimed by Proposition 1). When T > 1.0, the presence
of elements in the kernel, makes that λmin = 0 while
λmax = 1. The ratio λmax /λmin becomes infinity. In
Figure 1 all the eigenvalues for T = 10 and ∆t = 0.0125
are represented. The infinite dimensional kernel (approximated by a finite dimensional space) mentioned in
Proposition 2 is perfectly visible.

∆t

λmin

λmax

λmax /λmin

0.5

0.125

0.5

0.5

1.0

0.5

0.0125

0.5

0.5

1.0

5.0

0.125

0.0

1.0

5.0

0.0125

0.0

1.0

∞

10.0

0.125

0.0

1.0

10.0

0.0125

0.0

1.0

∞
∞
∞

Table 1: Eigenvalues for (B + Bt ) Ξ = 2 λ M Ξ computed with
bω0 ,T (·, ·).

1
0.9
0.8
0.7
0.6

Eigenvalue

• In Table 2 are represented the results for bω1 ,t (·, ·) for
η = 1/10. We observe that both λmin and λmax are
rather similar for a given T and different values of ∆t.
The dependence on T of the ratio λmax /λmin seems to
be linear. In Figure 2, in blue, all the eigenvalues for
T = 10, ∆t = 0.0125 and η = 1/10 are represented.
When the parameter η is not properly chosen, the ratio
between the largest and the smallest eigenvalues might
significantly increase. In dashdot green we represent
η = 1/100 (the ratio between the largest and the smallest
eigenvalues is 437.6 compared to 98.6 with η = 1/10).
Note that this plot is similar to the one in Figure 1 (in
the limite case η = 0, the bilinear forms bω0 ,T (·, ·) and
bω3 ,T (·, ·) coincide). In dashed red we represent η = 1
(in this case λmax /λmin = 47022.3).

T

0.5
0.4
0.3

• In Table 3 we represent the results for bω3 ,t (·, ·) for
a = 1. Once again, we observe that, for a given T , the
results are rather similar regardless the value of ∆t. The
value for λmin seems to be rather independent of T and
λmax seems to increase linearly with T .

0.2
0.1
0

500

1000

1500
n

2000

2500

3000

Figure 1: Eigenvalues for (B + Bt ) Ξ = 2 λ M Ξ computed
with bω0 ,T (·, ·).

• Finally we consider the matrix B associated to the bilinear form

(39)

∆t

N
X

k=1

g
bω0 ,k∆t ((µ∆t , λ∆t ), (g
µ∆t , λ
∆t )) +

g
a bω0 ,N ∆t ((µ∆t , λ∆t ), (g
µ∆t , λ
∆t )).

T

∆t

λmin

λmax

λmax /λmin

0.5

0.125

0.4786

0.49689

1.0382

This matrix should be an approximation of the one obtained with the bilinear form bω3 ,T (·, ·) due to (38).

0.5

0.0125

0.47591

0.49969

1.05

5.0

0.125

0.015626

0.92347

59.099

Notice that the matrix corresponding to this bilinear form
can be obtained applying elementary operations by rows
to the matrix corresponding to bω0 ,T . In Table 4 we
present the results for this choice. The results are very
similar to those obtained for bω3 ,t (·, ·) (see Table 3). In
Figure 4 all the eigenvalues for this new formulation are
represented (to be compared with Figure 3).

5.0

0.0125

0.015538

0.92867

59.7677

10.0

0.125

0.0094775

0.92347

97.4378

10.0

0.0125

0.0094243

0.92867

98.5402

Table 2: Eigenvalues for (B + Bt ) Ξ = 2 λ M Ξ computed with
bω1 ,T (·, ·) and η = 1/T ∗ with T ∗ = 10.
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0.9
0.8
0.7

Eigenvalue

0.6
0.5

T

∆t

λmin

λmax

λmax /λmin

0.5

0.125

0.5625

0.75

1.3333

0.5

0.0125

0.50625

0.75

1.4815

5.0

0.125

0.19695

5.2625

26.7203

5.0

0.0125

0.19164

5.2625

27.4608

0.4

10.0

0.125

0.19695

10.2562

52.0763

0.3

10.0

0.0125

0.19164

10.2562

53.5194

0.2
0.1

500

1000

1500
n

2000

2500

3000

Table 4: Eigenvalues for (B + Bt ) Ξ = 2 λ M Ξ computed with
(39) and a = 1.

Figure 2: Eigenvalues for (B + Bt ) Ξ = 2 λ M Ξ computed
with bω1 ,T (·, ·), T = 10 and ∆t = 0.0125. In solid blue
η = 1/10 = 1/T (λmax /λmin = 98.5), in dashed red η = 1
(λmax /λmin = 47022.3) and in dashdot green η = 1/100
(λmax /λmin = 437.6).

10
9
8

Eigenvalue

7
6
5
4
3

T

∆t

λmin

λmax

λmax /λmin

0.5

0.125

0.53125

0.71875

1.3529

0.5

0.0125

0.50312

0.74688

1.4845

5.0

0.125

0.19412

5.2001

26.7888

5.0

0.0125

0.19131

5.2562

27.4748

10.0
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Second-order numerical integration
of a size-structured cell population model
with equal fission
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Abstract— In this work we present a second-order numerical method, based on the integration along the characteristic curves,
for the approximation of the solution to a population model describing the evolution of a size-structured cell population with
equal fission. This method is used to approximate the stable size distribution of the model.
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1

Introduction

Structured population models describe the evolution of a population by means of the individuals’ vital properties (growth,
fertility, mortality, etc.) which depend on individual physiological characteristics (structuring variables such as age or size).
Structured models in cell populations dynamics were considered for the first time in the sixties (see, for example, [6, 9]).
However, this subject has been developed rapidly [14, 10, 15].
When reproduction occurs by fission it seems appropriate to
take into account the size of individuals (by which we mean
any relevant quantity, like weight, satisfying a physical conservation law).

methods provide a valuable tool to obtain such information.
In the case of general structured population models, many numerical methods have been proposed to solve them (see [1, 2]
and references therein). In the case of cell population balance
models different techniques have been used (see, for example,
the works of Mantzaris et al. [11, 12, 13]).
In this work we present a second-order characteristics method,
developed and analyzed in [4], based on the discretization of
the integral representation of the solution to the problem along
the characteristic curves. Second-order methods maintain a
good compromise between the required smoothness of the vital
functions based on realistic biological data and the efficiency
of the numerical schemes.

One of the most important issues in the modelization is whether
or not exists a stable size distribution, and many efforts were
directed towards describing the most general models will still
exhibit a stable type distribution property [5].
Here we consider a model for the growth of a size-structured
cell population reproducing by fission into two identical daughters proposed by Diekmann et al. [8].
In general, physiologically structured population models are
difficult to solve. Although theoretical properties of the models
such as existence, uniqueness, smoothness of solutions, longtime behaviour (with the study of steady states and their stability) could be studied without a solution expression, the knowledge of their qualitative or quantitative behaviour in a more
tangible way is sometimes necessary. Therefore, numerical

2

The model

In the size-structured cell population model proposed by Diekmann et al. [8], the reproduction is given by the fission of the
cell in two equal parts. In this model, cell does not divide until
it reaches a minimal size a > 0. This means that there is a
positive minimum cell-size a2 . On the other hand, there must
be a maximal size, normalized to 1, at which point every cell
might divide or die. It is also supposed that the environment is
unlimited and all possible nonlinear mechanisms are ignored.
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The problem is given by a conservation law
(1)
ut (x, t) + (g(x) u(x, t))x = −µ(x) u(x, t)
−b(x) u(x, t) + 4 b(2 x) u(2 x, t),

a
< x < 1, t > 0,
2

a boundary condition
(2)

u

a 
, t = 0,
2

t > 0,

and an initial size distribution
(3)

u(x, 0) = ϕ(x),

a
≤ x ≤ 1.
2

The independent variables x and t represent size and time, respectively. The dependent variable u(x, t) is the size-specific
density of cells with size x at time t and we assume that the
size of any individual varies according to the following ordinary differential equation
(4)

dx
= g(x).
dt

The nonnegative functions g, µ and b represent the growth,
mortality and division rate, respectively. These are usually
called the vital functions and define the life history of the individuals. Note that all of them depend on the size x (the internal structuring variable). Here, we should note that the term
4 b(2 x) u(2 x, t) is interpreted as zero whenever x ≥ 21 . We
perform this feature with the use of functions u and b extended
with the value zero on the interval [1, 2]. Condition (2) reflects
that cells with a size less than a2 cannot exist and is a consequence of the fact that cells only divide after the minimal size
a > 0.
In accordance with accepted biological point of view, there
exists a maximum size. This means that cells will divide
or die with probability one before reaching it. To this end,
if µ and b are positive and bounded functions, we consider
a growthR function, introduced by Von Bertalanffy, satisfying
x
ds
limx→1 a/2 g(s)
= +∞. Note that if g is a continuous


function defined in a2 , 1 then this hypothesis implies that
g(1) = 0. Moreover, the solution to the problem must satisfy u(1, t) = 0, t > 0, because we suppose that initially there
are no cells of maximum size [7].

3

Numerical method

In [3], two useful first-order schemes were proposed to obtain
the solution to (1)-(3). It is known that low-order of convergence would produce a lack of efficiency which could be reduced with higher order methods. However, the smoothness
of the solution to (1)-(3) is not as high as these last schemes
demand. Thus, second-order methods present a good balance:
they enhance the efficiency even with a lack of regular data.
In [4], we develop a novel characteristics method based on the
discretization of the integral representation of the solution to

the problem along the characteristic curves. This procedure
was previously used in [3] for this problem, obtaining a valuable first-order method, but now, in order to obtain a secondorder scheme, we consider a different discretization of the integral representation to the solution.
Therefore, we define µ∗ (x) = g 0 (x) + µ(x) + b(x) and denote by x(t) = x(t; t∗ , x∗ ) the characteristic curve of the equation (1) which takes the value x∗ at the time instant t∗ . It is the
solution to the following initial value problem

 d x(t) = g(x(t)), t > t ,
∗
dt
(5)

x(t∗ ) = x∗ .
In this way, the solution to (1) is given by
(6)
Rt ∗
u(x(t), t) = u(x∗ , t∗ ) e− t∗ µ (x(τ )) dτ
Rt ∗
Rt
+4 t∗ e− τ µ (x(s))ds b(2x(τ ))u(2x(τ ), τ )dτ, t ≥ t∗ .

Note that, in this new layout, we have to solve two types of
problems: the integration of the equation that defines the characteristic curves (5) and the solution to equations (6) which
provides the solution to the problem along the characteristics.
We use discretization procedures in order to solve them.

We consider the numerical integration of model (1)-(3) along
the time interval [0, T ]. Thus, given a positive integer N , we
T
define k = N
and introduce the discrete time levels tn = n k,
0 ≤ n ≤ N . We begin with the integration of (5) which provides the grid on the space variable (size) of the method. This
grid is nonuniform and invariant with time because the growth
rate function is, explicitly, independent of the time variable.
However, note that it depends on time implicitly conditioned on
cell size. It is usually called the natural grid [1]. In this work,
we approximate such a grid by using a second-order scheme
for the numerical integration of (5): the modified Euler method
providing
x0 = a2 ,
xj+1 = xj +

k
2

(g(xj ) + g(xj + kg(xj ))) , 0 ≤ j ≤ J − 1.

Integer J represents the index of the last grid point computed at
the size interval and is chosen in order to satisfy the condition
1 − xJ ≤ K k, with K a suitable constant (we refer to [1] for
further details). Note that the points (xj , tn ) and (xj+1 , tn+1 ),
0 ≤ j ≤ J − 1, 0 ≤ n ≤ N − 1, belong to the same numerical characteristic curve. Finally, we fix the last grid point
xJ+1 = 1.
Then, denoting unj = u(xj , tn ), 0 ≤ j ≤ J + 1, 0 ≤ n ≤ N ,
let Ujn be a numerical approximation to unj . We propose a onestep method in order to obtain it. Therefore, starting from an
approximation to the initial data (3) of the problem, for example, the grid restriction of the function ϕ, the numerical solution at a new time level is described in terms of the previous
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one. Such a general step is obtained by means of the following
second-order discretization of (6). For 0 ≤ n ≤ N − 1,
(7)

∗
∗
k
n+1
n
Uj+1
= e− 2 (µ (xj )+µ (xj+1 )) Ujn + 2 k b(2 xj ) Ū2·j
n+1
+2 k b(2 xj+1 ) Ū2·(j+1)
,

Obviously, the approximating values at the minimum and maximum sizes are
n+1
U0n+1 = UJ+1
= 0.

The numerical procedure seems to be implicit. However, if we
compute the approximations at the new time level tn+1 downn+1
n+1
wards (that is, first UJ+1
using (8), then Uj+1
from J − 1 to
n+1
0 using (7), and finally U0 using (8)), it results in an explicit
procedure. The reason is that the right hand side values in (7)
corresponding to the time tn+1 are either zero or previously
computed.
Assuming that the vital function g, µ and b and the solution u
are sufficiently smooth, we show the second-order convergence
of the numerical method [4].

4

R1

u(x, t)

≈ u∗ (x).

u(x, t) dx
a/2

So, from the numerical solution computed by (7)-(8), and approximating the integral on the left hand size of (10) by means
of the composite trapezoidal rule, we can describe the evolution of the frequency of the cell volume distribution, which
approaches the stable size distributions as

(11)

Ujn

PJ

xj+1 −xj
j=0
2

n
Ujn + Uj+1

 ≈ Uj∗ .

In the simulation we consider the minimum size at which a
cell divides as a = 14 . We suppose that there is no cellular
death, therefore µ(x) = 0, and we choose the size-specific
growth rate as g(x) = 0.1 (1 − x). The size-specific division
rate function is

b(x) =


0, if




x∈

1

1
8, 4



,

φb (x)


 g(x) 1 − R x φb (s) ds , if
1/4

x∈

1



4, 1

,

where we have considered that each cell has a stochastically
predetermined size at which fission has to occur, which is given
by a probability density φb [14]. In this case

Numerical experiments

In [4] we shown the robustness of the numerical method (7)-(8)
in different situations. Here we present the results obtaining
with one of the test problems presented in [3] in order to study
its stable size distribution u∗ (x).
Note that
(9)

(10)

j = 0, . . . , J − 1.

n+1
n
In the previous expression, Ū2·j
and Ū2·(j+1)
, represent approximations to the solutions at sizes 2 xj and 2 xj+1 (not included in the discrete grid), and times tn and tn+1 , respectively. So, in order to keep the second order, we compute them
by linear interpolation based on the nearest grid points. More
m
precisely, for the computation of Ū2·l
, approximation to the som
lution at 2 xl , and time t , first we look for the index M so
that xM −1 < 2 xl ≤ xM . Thus:
(
m
U m −UM
−1
m
(2 xl − xM −1 ), if 2 xl < 1,
UM
+ xM
m
−1
−x
M
M −1
Ū2·l =
0, if 2 xl ≥ 1.

(8)

From (9) we can write

u(x, t) ≈ C eσ t u∗ (x),

Z

1

u∗ (x) dx = 1,

a/2

where σ is the Malthusian parameter (intrinsic rate of natural increase). Both u∗ (x) and σ do not depend on the initial
condition and only the constant C depends on ϕ. In [8], Diekmann et al. proved the existence of a stable size distribution if
g(2x) < 2 g(x). Here we compute an approximation to the stable size distribution by using the numerical solution obtained
with the numerical method.

φb (x) = λ



 x − 14 3 , if
 459

9
4096 − 4

x−

x∈

13 2
16

1

5
4, 8



,

+16 x −


13 4
16

, if x ∈

5



8, 1

,

and λ = 81920
3159 . Finally, we have considered different initial
conditions, but we present the results obtained in this simula3
3
tion with ϕ(x) = x − 18 (1 − x) .

We have carried out an extensive numerical experimentation
with different final-times T and step-sizes k. We observe that
T = 200 produces a sufficiently long time simulation in order
to provide the stable size distribution by means of (11). For the
step-size k = 0.01 we obtain the stable size distribution presented in Figure 1, and the value of the Malthusian parameter
σ = 0.061392. The computed value C associated to the grid
restriction of the initial data ϕ is C = 0.002694.
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Second-order numerical integration
of a size-structured cell population model
with asymmetric division
O. Angulo∗, J. C. López-Marcos† and M. A. López-Marcos†

Abstract— In this work we present a second-order numerical method, based on the integration along the characteristic curves,
for the approximation of the solution to a population model describing the evolution of a size-structured cell population with
asymmetric division. This method is used to approximate the stable size distribution of the model.
Keywords: Size-structured population, cell population models, asymmetric division, numerical methods, characteristics method.

1

Introduction

Structured population models describe the evolution of a population by means of the individuals’ vital properties (growth,
fertility, mortality, etc.) which depend on individual physiological characteristics (structuring variables such as age or size).
Structured models in cell populations dynamics were considered for the first time in the sixties (see, for example, [6, 9]).
However, this subject has been developed rapidly [14, 10, 15].
When reproduction occurs by fission it seems appropriate to
take into account the size of individuals (by which we mean
any relevant quantity, like weight, satisfying a physical conservation law).
One of the most important issues in the modelization is whether
or not exists a stable size distribution, and many efforts were
directed towards describing the most general models will still
exhibit a stable type distribution property [5].
Here we consider a model for the growth of a size-structured
cell population reproducing by fission into two daughter cells
based on that one proposed by Ramkrishna [16].
In general, physiologically structured population models are
difficult to solve. Although theoretical properties of the models
such as existence, uniqueness, smoothness of solutions, longtime behaviour (with the study of steady states and their stability) could be studied without a solution expression, the knowledge of their qualitative or quantitative behaviour in a more
tangible way is sometimes necessary. Therefore, numerical

methods provide a valuable tool to obtain such information.
In the case of general structured population models, many numerical methods have been proposed to solve them (see [1, 2]
and references therein). In the case of cell population balance
models different techniques have been used (see, for example,
the works of Mantzaris et al. [11, 12, 13]).
In this work we present a second-order characteristics method,
based on the numerical scheme developed and analyzed in [4]
for the symmetric division case. It is based on the discretization of the integral representation of the solution to the problem
along the characteristic curves. Second-order methods maintain a good compromise between the required smoothness of
the vital functions based on realistic biological data and the efficiency of the numerical schemes.

2

The model

We consider a nonnegative minimum cell-size xm and a maximal size, normalized to 1, at which point every cell might divide or die. We suppose the cell does not divide until it reaches
a minimal size a, so 0 ≤ xm ≤ a < 1. We also assume that
the environment is unlimited and all possible nonlinear mechanisms are ignored.
The problem is given by a conservation law
(1)
ut (x, t) + (g(x) u(x, t))x = −µ(x) u(x, t) − b(x) u(x, t)
R1
+2 x b(s) P (x, s)u(s, t) ds,
xm < x < 1, t > 0,
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a boundary condition
(2)

u (xm , t) = 0,

t > 0,

and an initial size distribution
(3)

u(x, 0) = ϕ(x),

xm ≤ x ≤ 1.

The independent variables x and t represent size and time, respectively. The dependent variable u(x, t) is the size-specific
density of cells with size x at time t and we assume that the
size of any individual varies according to the following ordinary differential equation
(4)

dx
= g(x).
dt

The nonnegative functions g, µ and b represent the growth,
mortality and division rate, respectively. These are usually
called the vital functions and define the life history of the individuals. Note that all of them depend on the size x (the internal structuring variable). The dispersion of sizes at division
amongst the two daughter cells (unequal division) is defined in
terms of the partitioning function P (x, y), a probability density
function which gives the distribution of the size of a daughtercell x when the size of the mother is equal to y. It satisfies the
following conditions:
R1
P (x, y) dx = 1,
P (x, y) = P (y − x, y),
xm
(5)
P (x, y) = 0, x ≥ y.
In an extreme case, if two daughter cells from a a mother cell
are always identical (equal fission), the partitioning function
reduces to the Dirac delta function P (x, y) = δ(x − y/2), obtaining the model proposed by Diekmann et al. [8].
In accordance with accepted biological point of view, there
exists a maximum size. This means that cells will divide
or die with probability one before reaching it. To this end,
if µ and b are positive and bounded functions, we consider
a growthR function, introduced by Von Bertalanffy, satisfying
x
ds
limx→1 xm g(s)
= +∞. Note that if g is a continuous
function defined in [xm , 1] then this hypothesis implies that
g(1) = 0. Moreover, the solution to the problem must satisfy u(1, t) = 0, t > 0, because we suppose that initially there
are no cells of maximum size [7].

3

Numerical method

In [3], a useful first-order scheme was proposed to obtain the
solution to a generalization of (1)-(3) when the vital functions
involved in the problem depends on an abiotic environment that
changes with time. The method proposed in that work was
based on the discretization of the ordinary differential equations that satisfies the solution along the characteristic curves.
It is known that low-order of convergence would produce a
lack of efficiency which could be reduced with higher order

methods. However, the smoothness of the solution to (1)-(3) is
not as high as these last schemes demand. Thus, second-order
methods present a good balance: they enhance the efficiency
even with a lack of regular data.
In [4], we developed a novel characteristics method based on
the discretization of the integral representation of the solution
to the problem along the characteristic curves for the equal fission model. Here we present an adaptation of this method to
the more general asymmetric division case.
Therefore, we define µ∗ (x) = g 0 (x) + µ(x) + b(x) and denote by x(t) = x(t; t∗ , x∗ ) the characteristic curve of the equation (1) which takes the value x∗ at the time instant t∗ . It is the
solution to the following initial value problem

 d x(t) = g(x(t)), t > t ,
∗
dt
(6)

x(t∗ ) = x∗ .
In this way, the solution to (1) is given by
(7)
Rt ∗
u(x(t), t) = u(x∗ , t∗ ) e− t∗ µ (x(τ )) dτ
Rt ∗
Rt
R1
+2 t∗[ e− τµ (x(s))ds x(τ ) b(σ)P (x(τ ), σ)u(σ, τ )dσ]dτ,
t ≥ t∗ .

Note that, in this new layout, we have to solve two types of
problems: the integration of the equation that defines the characteristic curves (6) and the solution to equations (7) which
provides the solution to the problem along the characteristics.
We use discretization procedures in order to solve them.
We consider the numerical integration of model (1)-(3) along
the time interval [0, T ]. Thus, given a positive integer N , we
T
define k = N
and introduce the discrete time levels tn = n k,
0 ≤ n ≤ N . We begin with the integration of (6) which provides the grid on the space variable (size) of the method. This
grid is nonuniform and invariant with time because the growth
rate function is, explicitly, independent of the time variable.
However, note that it depends on time implicitly conditioned on
cell size. It is usually called the natural grid [1]. In this work,
we approximate such a grid by using a second-order scheme
for the numerical integration of (6): the modified Euler method
providing
x0 = a2 ,
xj+1 = xj +

k
2

(g(xj ) + g(xj + kg(xj ))) , 0 ≤ j ≤ J − 1.

Integer J represents the index of the last grid point computed at
the size interval and is chosen in order to satisfy the condition
K0 k < 1 − xJ ≤ K1 k, with K0 and K1 suitable constants
(we refer to [1] for further details). Note that the points (xj , tn )
and (xj+1 , tn+1 ), 0 ≤ j ≤ J − 1, 0 ≤ n ≤ N − 1, belong
to the same numerical characteristic curve. Finally, we fix the
last grid point xJ+1 = 1.
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Then, denoting unj = u(xj , tn ), 0 ≤ j ≤ J + 1, 0 ≤ n ≤ N ,
let Ujn be a numerical approximation to unj . We propose a onestep method in order to obtain it. Therefore, starting from an
approximation to the initial data (3) of the problem, for example, the grid restriction of the function ϕ, the numerical solution at a new time level is described in terms of the previous
one. Such a general step is obtained by means of the following
second-order discretization of (7). For 0 ≤ n ≤ N − 1,
(8)


∗
∗
k
n+1
Uj+1
= e− 2 (µ (xj )+µ (xj+1 )) Ujn +kQjk (b·Pj ·Un )
j+1
+k Qj+1
· Un+1 ),
k (b · P

j = 0, . . . , J − 1.

In the previous expression, Qlk (V) represents a quadrature rule
to approximate the integral over the interval [xl , 1], 0 ≤ l ≤ J
of the function with grid values V = [V0 , . . . , VJ+1 ]. In this
work, we consider the composite trapezoidal quadrature rule,
that is
J
X
xj+1 − xj
(Vj + Vj+1 ) .
Qlk (V) =
2
j=l

Notations b, Pl and Um , represent the vectors with components [b(x0 ), . . . , b(xJ+1 )], [P (xl , x0 ), . . . , P (xl , xJ+1 )] and
m
[U0m , . . . , UJ+1
], respectively. Finally, products b · Pl · Um ,
0 ≤ l ≤ J, 0 ≤ m ≤ N must be interpreted component-wise.
Obviously, the approximating values at the minimum and maximum sizes are
n+1
U0n+1 = UJ+1
= 0.

(9)

The numerical procedure seems to be implicit. However, if we
compute the approximations at the new time level tn+1 downn+1
n+1
wards (that is, first UJ+1
using (9), then Uj+1
from J − 1 to
n+1
0 using (8), and finally U0 using (9)), it results in an explicit
procedure. The reason is that the right hand side values in (8)
corresponding to the time tn+1 are either zero or previously
computed.

4

Numerical experiments

We have checked experimentally the numerical method. Here
we present the results obtaining with one of the test problems
presented in [3] in order to study its stable size distribution
u∗ (x).
Note that
(10)

σt

u(x, t) ≈ C e

∗

u (x),

Z

1

u∗ (x) dx = 1,

xm

where σ is the Malthusian parameter (intrinsic rate of natural
increase). Both u∗ (x) and σ do not depend on the initial condition and only the constant C depends on ϕ. In [8], for the
equal fission case, Diekmann et al. proved the existence of a
stable size distribution if g(2x) < 2 g(x). Here we compute

an approximation to the stable size distribution by using the
numerical solution obtained with the numerical method.
From (10) we can write
(11)

R1

u(x, t)

xm

u(x, t) dx

≈ u∗ (x).

So, from the numerical solution computed by (8)-(9), and approximating the integral on the left hand size of (11) by means
of the compite trapezoidal rule, we can describe the evolution of the frequency of the cell volume distribution, which
approaches the stable size distributions as
Ujn
≈ Uj∗ .
Q0k (Un )

(12)

In the simulation we consider the minimum cell-size xm = 0,
and the minimum size at which a cell divides as a = 41 . We
suppose that there is no cellular death, therefore µ(x) = 0, and
we choose the size-specific growth rate as g(x) = 0.1 (1 − x).
The size-specific division rate function is



0, if x ∈ 0, 14 ,



b(x) =
1 
φb (x)


 g(x) 1 − R x φb (s) ds , if x ∈ 4 , 1 ,
1/4
where we have considered that each cell has a stochastically
predetermined size at which fission has to occur, which is given
by a probability density φb [14]. In this case




 x − 14 3 , if x ∈ 14 , 58 ,
φb (x) = λ

4


 459 9
13 2
+16 x − 13
, if x ∈ 58 , 1 ,
4096 − 4 x − 16
16
and λ =

81920
3159 .

As in [3], the partitioning function is taken as

P (x, y) =

1
1
β(40, 40) y

 39 
39
x
x
1−
,
y
y

where β(x, y) is the classical Euler beta function. Finally, we
have considered different initial conditions, but we present the
results obtained in this simulation with



 0, if x ∈ 0, 81 ,
ϕ(x) =
 x − 1 3 (1 − x)3 , if x ∈  1 , 1 .
8
8

We have carried out an extensive numerical experimentation
with different final-times T and step-sizes k. We observe that
T = 200 produces a sufficiently long time simulation in order
to provide the stable size distribution by means of (12). For the
step-size k = 0.01 we obtain the stable size distribution presented in Figure 1, and the value of the Malthusian parameter
σ = 0.061519. The computed value C associated to the grid
restriction of the initial data ϕ is C = 0.002695.
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Figure 1: Numerical stable size distribution. T = 200.
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Linear Volterra equations. Applications in satellite image
classification
E. Cuesta∗, and C. Quintano†

Abstract— Every year southern Europe and particularly Spain is affected by lot of wildfires which cause the lost of wide areas
of natural heritage. Accurate mapping of affected areas is a crucial tool for a precise forest damage evaluation, and the subsequent actions: regeneration, maintenance, and preventing new wildfires. To this end much or less sophisticated classification
methodologies have been considered from Moderate Resolution Imaging Spectroradiometer (MODIS) accurate satellite imagery.
A new classification methodology has been recently proposed by the authors. In fact, non–local linear evolutionary equations of
Volterra type have been considered at pre–processing stage, which means that pre–processed satellite images are now classified
rather than the original ones themselves. A noticeable noise reduction is then performed, and a reduction of the perturbations
caused by the texture of vegetation variety is yielded as well. A classification improvement accuracy is therefore yielded.
Several experiments highlighting the improvement of classification accuracy reached by our methodology, and other fields of
application of this procedure which are being studied at present, will be shown and discussed in this work.
Keywords: Volterra equations, Classification, Non–Local Filtering, Burned Areas, MODIS.

1

Introduction

Mapping wildfires affected areas by means of field works is
actually advocated to be replaced by more sophisticated and
effective methodologies based on accurate classification methods for satellite images.
In spite of our work has been evaluated with damages caused
by wildfires in Spain, mainly due to their specials features, i.e.
few and large fires, the methodology described here is useful
as well for others environments (areas affected by forest fires
of similar type, e.g. most of Mediterranean countries, see [1]).
Therefore for accurate mapping of such a kind of burned areas, the fires pattern suggested the used of a coarse spatial such
as MODIS sensor provides. To the best of our knowledge the
first approach to filtering based pre–processed classification [3]
considered a naive fractional model at the filtering stage, now
however a more sophisticated non–local model is considered.

vironment Monitoring Index (GEMI), and Enhanced Vegetation Index (EVI). Finally, the special features of burned areas
reflectance led us to consider some additional specifically designed inputs: Normalized Burn Ratio (NBR), Burned Area
Index (BAI), and Burned Area Index adapted to MODIS bands
(BAIM).
A more detailed description and motivation of these choices
can be found in [2] and references therein.
Mapping methodology we proposed here for wildfires burned
areas basically consists in two steps:

Let us briefly describe the inputs (images/data) we are considering in our methodology. The fundamentals inputs, so-called
spectral bands, are four bands directly provided by MODIS
lying between the Near and Short–Wave InfraRed (NIR and
SWIR respectively) within a range of the spectrum 0.7µm and
3µm. Furthermore the contrast between two of these spectral
bands led to define more appropriated inputs where the green
vegetation is predominant, now so-called vegetation indexes:
Normalized Difference Vegetation Index (NDVI), Global En∗ Department

1. First a non–local linear evolutionary PDEs based filtering is applied to the inputs. At this stage we intend to reduce at most the influence of noise (e.g. atmospheric effects), texture (e.g. different types of vegetation with different reflectances), information lost (e.g. due to satellite
transmission),...in order to improve as much as possible
the accuracy of the classification carried out at the following stage.
2. At the second stage, a convenient classification algorithm is considered. In fact, since this is not the main
issue of this work a classical unsupervised algorithm already existing in the literature, with inter–class euclidean
distance has been actually chosen.
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Several and very different approaches to map burned areas
have been already considered in the literature both, in mono–
temporal and bi–temporal framework. However a deep discussion about them is far away of the scope of this work, and so
we refer the readers again to [5] and references therein.
Our contribution is twofold, on the one hand the proposal of
a new methodology as described above, and on the other hand
his evaluation in practical cases, with special regards to spanish
areas recently affected by forest fires.
The paper is organized as follows. After an introductory Section 1, we devote Section 2 to the mathematical background.
Section 3 and 4 are devoted to the numerical results and the
final discussion respectively.

2
2.1

Mathematical background
Continuous model

The filtering at pre–processing stage has been carried out by
means of a non–local linear evolutionary equation
Z t
(1) u(t) = u0 +
K(t − s)u(s) ds, 0 < t ≤ T,
0

of convolution type, where u0 , and u : (0, T ) → RN ×M stand
for the original N × M image/input , and the evolved initial
image/input at time level t respectively, both of them vector–
arranged. The memory of the process is handled by means of
the matrix–valued convolution kernel

where K(t) = (kp,q (t))1≤p≤N,1≤q≤M . Notice that boundary
conditions comes implicitly in K.
This choice is motivated by the fact that (1) has already provided very good results in image filtering/restoration [4, 5].
Moreover, the well–posedness of (1) is guaranteed under very
weak assumptions [10], in particular the existence of the
Laplace transform of the kernel is enough to get existence and
uniqueness of solution. This is a crucial matter but not only
from a theoretical point of view but also from a practical point
of view because the good behavior of a temporal discretization
of (1) is strongly related to the well-posedness of the problem.
Finally such great freedom of choice of the kernel allows one a
good adaptability of the model to different instances.
To be more precise, is this work the choice of the convolution
kernel K is based on the diffusion properties of scalar fractional integral equations in image processing [6]. In fact in this
work we set
K(t) = diag{kp,q (t)},

where kp,q (t) =

u(t) = u0 +

tαp,q −1
,
Γ(αp,q )

and 1 < αp,q < 2, for 1 ≤ p ≤ N, 1 ≤ q ≤ M . Notice that
αp,q stands for the viscosity parameter associated to the pixel

Z

t

0

kp,q (t − s)u(s) ds,

0 < t ≤ T.

Roughly speaking the viscosity parameters αp,q are chosen according to the following criteria: αp,q = 1 provides a 1D
parabolic equation, this is strongly diffusive, therefore pixels
expected to be removed (noised) will be associated with values
of αp,q close to 1; On the contrary αp,q = 2 provides a 1D
hyperbolic equation, this is conservative, therefore pixels expected to be preserved will be associated with values of αp,q
close to 2; intermediate stages will be associated with intermediate values of αp,q .
More sophisticated choices of the convolution kernel, not necessarily of fractional type but within the framework of well
posed problems, allowed us to improve practical results in image processing/restoration [5]. Just mention as an example a
generalization of (2) where the order of integration αp,q is not
constant, on the contrary αp,q = αp,q (t) depends on time.
Classical space–scale properties in the context of PDEs and
image processing have been proved in [5] for a large family of
non–local models of type (1).

2.2

K : (0, +∞) → MN ×M ,

(2)

(p, q). The problem (1) is now understood as a pixel–by–pixel
image processing, i.e. a model where each pixel (p, q) evolves
according to a scalar integral equation of fractional order αp,q
in the sense of Riemann–Liouville

Discrete model

A wide sort of numerical methods are at our disposal to discretize (1), however since the order of convergence does not
a relevant matter in that field of applications, we finally chosen a backward Euler based convolution quadrature [7, 8, 9]
which enjoies very good stability properties, and at the same
time his implementation turns out to be quite easy. Moreover,
that discretization inherits certain properties of the continuous
equation (1) as for example the positivity of the initial data [9],
crucial property in the framework of signal/image processing
and hard to find in the specialized literature.
Typically, a numerical discretization of (1) reads as
un = u0 +

n
X
j=0

Qn−j uj ,

1 ≤ n ≤ N,

where un stands for the approximation to u(tn ), at time level
tn = nh, 1 ≤ n ≤ N , and h = T /N . Moreover Qn stand
for n-th matrix–valued convolution quadrature weight, defined
in terms of h, and the convolution kernel K. In the case of
convolution quadrature methods Qn is defined by means of the
generating function associated to the underlying method, in our
case to the backward Euler method [7, 9].

235

Linear Volterra equations. Applications in satellite image classification

3

Input
Non-L.
Gauss.

Results

The evaluation of our methodology has been performed in four
areas of the Autonomous Community of Castilla y León (located in Central Spain). In fact, the areas considered have been
recently and severely affected by forest fires: 1.- 17th July 2004
in Zamora; 2.- 2.- 6th August 2008 in Segovia; 3.- 31th July
2008 in Burgos; and 4.- 24th August – 2th September 2008 in
Zamora.
In the evaluation of results has been taken into account several
aspects:
1. The criteria one may adopt to set the memory term (convolution kernel) in (1) according to the inputs are gonna
be treated.
2. Since the order of convergence is not crucial in this
framework as we said, the influence of the numerical
methods considered to discretize (1) has not actually
been analyzed, however the parameters of the discretization have shown that final results can be affected. We are
talking about the final time of the time interval where the
model is being considered, the time step size of the temporal discretization, or the time step where the results
seem to be the best (roughly speaking optimal).

EVI
1.2%
-

GEMI
8.1%
-30%

BAI
25%
11.8%

BAIM
30%
-

NBR
9.1%
-

We can observe in Table 3 that accuracy rates improvement (we
only considered data with statistical significance, i.e. κ > 0.8)
if compared with non pre–processed inputs (first row), and with
Gaussian filtering based pre–processed inputs (second row), is
anyhow noticeable. In spite of not all results have been so
good, the improvement tendency is rather well reflected in Table 3.
In addition it has also been observed that most of our best results have been reached for the final time T = 0.6. On the
contrary not clear tendency can be deduced from the best results related to the time step, length time step, or number of
initial re–classifications. Let us highlight anyhow that in spite
of this and in view of all our experiments, not great variations
of the optimal results in terms the mentioned parameters have
been yielded.

4

Discussion and future works

3. Related to the classification stage, rather than the classification algorithm, we suggested at this stage two levels:
An initial classification in several classes, then a second classification (re–classification) in two classes (re–
classes), burned and un–burned, for each of the initial
classifications. According to the observed tendency for
the number of classes and re–classes we found the best
possible outcome.

The proposed methodology has provided a noticeable improvement of the classification accuracy of burned area in most of
study areas and with most of reference indexes considered in
comparison with not pre–processed classification. But even
compared with the results obtained with a Gaussian filtering
based pre–processing our results turned out to be much more
accurate in most of cases.

4. The evaluation of results has been carried out by means
of several rates: Matrix error; kappa statistic (κ); inter–
classes normalized index; and McNemar test. Moreover,
our results have been compared with the classification
of the original inputs, and Gaussian filtering based pre–
processed inputs.

This methodology has been demonstrated very efficient applied
also to the estimation of areas damaged by mining activity
(work in preparation). In that case the analysis of reflectance
reveals changes with respect to the vegetation reflectance, and
therefore some others reference indexes must considered. Well,
also in this case our methodology led us to noticeable improvements of the classification accuracy.

Because the volume of data managed in these experiments is
quite large (more that 35,000 images analyzed and several indexes for each), and the results assessment has been quite thorough and delicate, we will briefly highlight here the most relevant data of our study keeping so in the scope and extend of
this work.
Let us consider here the κ index as reference index to measure the improvement of accuracy, and the third study case area
(Burgos) as the prototype example (see Table 3).
Tab. 3: Study area of Burgos

Let us notice that in many practical applications the main drawback of non–local models is the computational cost. However
we have observed in the experiments carried out that our best
results have been reached for small final times T , and with no
more that one hundred time steps. We concluded that the run
time has never been a limiting factor in this metodology.
More sophisticated diffusion models (also non–linear) are under study at present in the framework of image classification,
some of them closely related to edges and conners detection. In
addition, we also keep in mind the use of more accurate numerical methods, as for example finite volumen methods, which
can lead us to obtain more efficient and faster implementations.
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Special Session 7
Homogenization of Elliptic Equations
The Theory of Homogenization dates back to the late sixties, it has been very rapidly developed during the last two decades, and it is now established as a distinct discipline within
mathematics.
Composites are materials that have inhomogeneities on length scales that are much larger than
the atomic scale (which allows us to use the equations of classical physics at the length scales of
the inhomogeneities) but which are essentially homogeneous at macroscopic lenght scales.
Composite materials (e.g. fibered, stratified, crystalline, porous,...) play an important role in
many branches of Mechanics, Physics, Chemistry and Engineering.
The main problem is to determine macroscopic effective properties (for example heat transfer,
elasticity, electric conductivity, magnetic permeability, flow, etc.) of strongly heterogeneous
multiphase materials. A common feature in such problems is that the governing equations involve
rapidly oscillating functions due to the heterogeneity of the underlying material, i.e. the physical
parameters (such as conductivity, elasticity coefficients,...) are discontinuous and oscillate very
rapidly between the different values characterizing each of the components.
These rapid oscillations render a direct numerical treatment very hard or even impossible.
Therefore one has to do some kind of averaging or asymptotic analysis. We may think to get
a good approximation of the macroscopic behavior of such a heterogeneous material by letting
the parameter ?, which describes the fineness of the microscopic structure, tend to zero in the
equations governing phenomena such as heat conduction and elasticity. It is the purpose of
homogenization theory to describe these limit processes, when ? tends to zero.
More precisely, homogenization deals with the asymptotic analysis of Partial Differential
Equations of Physics in heterogeneous materials with a periodic structure, when the characteristic
length ? of the period tends to zero.

Special Session 8
Hyperbolic PDEs: Numerical Methods and Applications
A significant number of phenomena arising in different scientific areas can be modeled by
first-order hyperbolic PDEs systems: geophysical flows, gas dynamics, acoustics and so on. Typically, such systems arise from neglecting diffusive or dispersive terms in the equations, which
are of higher order but relatively smaller than the convective first order terms. Obtaining good
numerical approximations to solutions of such systems is crucial, since analytical solutions are
usually unavailable because of the nonlinear nature of the equations.
Due to the development of solution discontinuities in nonlinear hyperbolic systems, numerical
methods for approximate solution must possess certain characteristics. In this special section a
series of works will be presented dealing on different aspects of design and analysis of such
numerical schemes, with special emphasis on obtaining conservation and high order properties.
Also applications of such schemes to certain problems based on real systems will be shown.
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Finite difference WENO and Adaptive Mesh Refinement
techniques for Vlasov-Maxwell equations
A. Baeza∗, S. Labrunie†, P. Mulet∗ and F. Vecil‡

Abstract— Plasma physics plays an important role in nuclear fusion research. In order to make a tokamak reactor operative, one
of the problems to overcome is how to heat the plasma inside the reactor chamber up to a suitable temperature (of the order of
108 K) so as to favor the fusion reactions between deuterium and tritium atoms. One possible strategy is the use of a laser wave,
called pump wave, penetrating into the plasma and transferring part of its energy thanks to the Compton scattering phenomenon.
With our work, we want to give a contribution to the numerical simulations for such a situation.
Keywords: Adaptive Mesh Refinement; WENO; High-Resolution Shock-Capturing; Vlasov-Maxwell; laser-plasma interaction

1

Introduction

The proper setting for the description of the laser-plasma interaction would be the use of a 3D Vlasov-Maxwell system:
the evolution of the electrons density inside the plasma, statistically described at mesoscopic level by f(t, x, p), being t the
time variable, x the position and p the momentum, is given by
the 3D (collisionless) Vlasov equation
∂f
∂f
∂f
+ v(p) ·
− e(E + v(p) ∧ B) ·
=0
∂t
∂x
∂p
which states that the electrons travel under the ballistic motion
with relativistic velocity v(p) and that they are driven by the
Lorentz force F := −e(E + v(p) ∧ B), e being the positive
unitary charge, E the electric field and B the magnetic field,
which are computed through the set of four Maxwell equations
in vacuum

(1)

∂B
= −curl(E)
∂t
∂E
e
= c2 curl(B) + j
∂t
ε0
e
div(E) =
(%ext − %)
ε0
div(B) = 0

where ε0 is the vacuum dielectric constant, c is the speed of
light,
Z
%(t, x) = f(t, x, p) dp
Z
j(t, x) = v(p) f(t, x, p) dp
are moments of the distribution function f, related to the charge
and current density due to the electrons by multiplication by
−e and %ext is the volume density of the immobile ion (protons) background used to neutralize the plasma
Z
Z
(2)
%(t, x) dx = %ext (x) dx.

The magnetic field B, as it is solenoidal (div(B) = 0), admits a vector potential A such that B = curl(A). Then, by
Faraday’s law,


∂A
curl
+E =0
∂t

which yields the existence of a scalar potential Φ such that
∂A
∂Φ
∂t + E = − ∂x . Therefore we have:
(3)

E=−

∂A ∂Φ
−
,
∂t
∂x

B = curl(A)

completed by the Coulomb gauge div(A) = 0.
Remark that the phase space is (x, p), i.e. position and momentum, rather than (x, v), i.e. position and velocity; plasma’s
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† Institut Élie Cartan (Mathḿatiques), Université Henri Poincaré Nancy 1 B.P. 239, 54506 Vandoeuvre-lès-Nancy cedex (France).Email: labrunie@iecn.unancy.fr
‡ Laboratoire de Mathématiques Université Blaise Pascal - Clermont-Ferrand 2 UMR 6620 - CNRS Campus des Cézeaux B.P. 80026 63171 Aubière (France)
Email: francesco.vecil@gmail.com

241

242

A. Baeza, S. Labrunie, P. Mulet and F. Vecil

electrons travel with velocities close to that of light, thus they
have to be considered relativistic, which means that v and p
are no more one multiple of the other by a scalar factor, rather
v=

m
p
v,
,p = q
2
mγ
1 − |v|
c2

where the Lorentz factor is
γ=

r

1+

|p|2
,
m2 c2

m being the electron mass and c the speed of light. Note that
from the relativistic expression of p we recover, in the regime
|v|  c, the classical p = mv.
The 3D Vlasov-Maxwell system is numerically too costly to
simulate, because it is a 6D problem in the phase space (x, p).
Therefore, we take into account the following simplifying assumptions [4]:

Maxwell system:
(4)
∂f
∂f
∂f
+ v(p)
+ F (x)
= 0,
F = − (E + AB)
∂t
∂x
∂p
∂E
= η −2 j
∂t
∂A
= −E,
∂t
∂B
∂E
+
=0
∂t
∂x
∂E
∂B
+
= η −2 A%
∂t
∂x
Z
Z
p
,
% = f dp,
j = v(p)f dp
v(p) = p
1 + p2

which we shall solve for (t, x, p) ∈ [0, +∞[×[0, 1] × R, endowed with periodic borders for the x-dimension to enforce
mass conservation. The relationship between E, B, A is:

(5)
• The pump wave is polarized in the y-direction: A =
(0, A, 0).
• We reduce the dimensionality of the Vlasov equation
from 3D to 1D (2D in the phase space), by neglecting
the effects of the laser wave in the directions y and z because, there, the heating effect is much slower than in the
direction of propagation x: A = A(t, x), Φ = Φ(t, x),
f(t, x, p) = f (t, x, px )δ(py − eAy (t, x))δ(pz ), where δ
denotes Dirac’s delta.
• We switch from the fully-relativistic character to the
quasi-relativistic approximation, which consists in using
the approximation:

γ=

r

e2 A2y
p2
1 + 2x 2 + 2 2 ≈
m c
m c

r

1+

p2x
m2 c2

in the Vlasov equation and in the current density and
γ = 1 elsewhere.
We will henceforth denote:
E := Ex , E := Ey , p := px , j := jx , A := Ay , B := Bz ,
where all these functions are functions of x.
Putting all these assumptions together and performing an adimensionalization, for which, in particular, m = 1, c = 1, the
system object of our study is the 1D quasi-relativistic Vlasov-

E =−

∂A
∂t

and

B=

∂A
.
∂x

Although we use Ampère’s law to evolve E, we need Gauss’
law for E(t, x, y, z) = (E(t, x), E(t, x), 0) to get
(6)

∂E
= div(E) = η −2 (%ext − %).
∂x

We suppose that a proportion 1−α of the electrons are thermalized at a (dimensionless) cold velocity vcold , while the remaining proportion α are hot with (dimensionless) velocity vhot
G(p) = (1 − α) Gcold (p) + α Ghot (p),
where we have split the Maxwellian G(p) into a cold part
Gcold (p), described by a classical Gaussian, and a hot part
Ghot (p), described by a Jüttner distribution:


2
exp − 2 vp2
cold
Gcold (p) = √
2π vcold
 √

1+p2 −1
exp − v2
hot
!
Ghot (p) = Z
p
1 + p2 − 1
exp −
dp
2
vhot
R
We shall introduce a fluctuation for the initial density
%(0, x) = 1 + ν cos (2π kpla x) ,
ν=q

ε vcold (0.6 kpla )
2

2
1 + 3 vcold
(0.6 kpla )
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for some spatial frequency kpla . Consequently, a fluctuation is
also introduced for the Maxwellian, hence, all in all, the initial
distribution function reads
f (0, x, p) = %(0, x) · G(p − ε vcold cos (2π kpla x)).
We have to give initial values to the magnetic magnitudes that
are not consistent to the electron distribution f (t, x, p):
A (0, x) = A0 sin (2π kpump x) ,
B (0, x) = 2π A0 kpump cos (2π kpump x) ,
E (0, x) = A0 ω0 cos (2π kpump x) ,
for constants A0 , kpump , ω0 and where the relation between A,
B and E at the initial time is given by (5), assuming that prior
to the interaction A (t, x) = A0 sin (2π kpump x − ω0 t).
We assume a constant %ext = 1, which is used to neutralize the
plasma (2). With this and (6) we obtain
Ex (0, x) = η −2 (1 − %) = −η −2 ν cos (2π kpla x) ,
whose integration yields
ν
sin (2π kpla x) ,
E(0, x) = −
2πkpla η 2
where we have imposed that it have zero average, so the scalar
potential function is periodic.

2

Finite difference WENO schemes

The equations
∂E
∂B
+
=0
∂t
∂x
∂E
∂B
+
= η −2 A%
∂t
∂x
are equivalent to
∂(E ± B) ∂(E ± B)
±
= η −2 A%.
∂t
∂x
We use the notation, U ± = E ± B, so that B = 12 (U + − U − ),
and:


w = f E A U− U+ ,


Gx (w) = vf 0 0 −U − U + ,


Gp (w) = F f 0 0 0 0 ,


H[w] = 0 η −2 j[f ] −E η −2 A%[f ] η −2 A%[f ] ,

where F := −(E + AB) is the Lorentz force. System (4) can
thus be compactly written as:
(7)

∂t w + ∂x Gx (w) + ∂p Gp (w) = H[w].

The Jacobian matrices of the fluxes have eigenvalues v, 0, ±1
and 0, F , respectively.
For the solution of (7) we consider a discretization of [0, 1] ×
[−pmax , pmax ] defined by the points {(xi , pj )}, (i, j) ∈ F :=
{1, . . . , Nx } × {1, . . . , Np } that represent cell
 centers and are
defined as xi = i − 21 hx , pj = j − 12 hp where hx =
1/Nx , hp = 2pmax /Np . The cell boundaries are given by
h
xi+ 12 = xi + h2x , pj+ 12 = pj + 2p for 0 ≤ i ≤ Nx and
0 ≤ j ≤ Np .
Since B = ∂x A, the ponderomotive force AB verifies
Z

0

1

(AB)(x)dx =

A2 (1) A2 (0)
−
= 0,
2
2

since A is 1-periodic. This constraint is enforced in the discretization by correcting the ponderomotive force as follows:
\ = Ai B i −
(AB)
i

Nx
X

Aj Bj ,

j=1

so that for w ∈ RNx ×Np ×5 , Gp (w) ∈ RNx ×Np ×5 is given by:
h
i
\ )fi,j 0 0 0 0 .
Gp (w)i,j = −(Ei + (AB)
i
We follow Shu and Osher’s technique [11] to obtain high order finite difference schemes from finite differences of reconstructions of fluxes. Let R± be upwind-biased reconstructions
(WENO5 in this work). Taking into account the upwind direction of the fluxes, for instance, the approximate computation of
∂(v(p)f )(xi ,pj )
is as follows:
∂x
\ ) 1 − (v(p)f
\) 1
(v(p)f
∂(v(p)f )(xi , pj )
i+ 2 ,j
i− 2 ,j
≈
∂x
∆x


+

R
v(p
)f
v(pj ) > 0
j
i−2:i+2,j

\
(v(p)f )i+ 1 ,j = 0
v(pj ) = 0
2


 −
R v(pj )fi−1:i+3,j
v(pj ) < 0.

Since WENO reconstructions are homogeneous of degree 1,
the common coefficient v(pj ) can be extracted from the reconstruction, where we have used matlab notation for index
ranges.
Likewise the computations of the other nonzero flux derivatives
is approximated by the following numeric fluxes:
(F\
(x)f )i,j+ 1 − (F\
(x)f )i,j− 1
∂(F (x)f )(xi , pj )
2
2
≈
∂p
∆p


+

Fi > 0
Fi R fi,j−2:j+2
\
(F (x)f )i,j+ 1 = 0
Fi = 0
2



−
Fi R fi,j−1:j+3
Fi < 0
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−) 1
− ) 1 − (−U
\
\
(−U
∂(−U − )(xi )
i− 2
i+ 2
≈
∂x
∆x


−
−
− ) 1 = R− − U −
\
(−U
Ui−1:i+3
i−1:i+3 = −R
i+

e x,tn1 and G
e p,tn 1 (see [1]). The scheme is subject
for some G
i+ 2 ,j
i,j+ 2
to a CFL constraint for stability:
(11)

2

d
d
+
+
U
∂(U + )(xi )
i+ 12 − U i− 12
≈
∂x
∆x

+
+
d
+
U i+ 21 = R Ui−2:i+2

j[f ](t, xi ) =

Z

j=1

≈e
j[fe]i (t) = hp

j=1

The spatial discretization of problem (7) therefore reads as:

L(w)i,j = −
bx 1
G
i+ ,j
2

bp 1
G
i,j+ 2

wi,j = [wi,j,1 , . . . , wi,j,5 ]T ,

bx 1
bx 1 − G
G
i− ,j
i+ ,j
2

2

hx

−

e i,j ,
+H
bx 1
= [G
=

bp 1
bp 1 − G
G
i,j−
i,j+
2

2

hp

T
bx
i+ 2 ,j,1 , . . . , Gi+ 12 ,j,5 ] ,

for approximations wi,j (t) ≈ w(t, xi , pj ) and it can be solved
using an appropriate ODE solver. In this paper, we use the third
order TVD Runge-Kutta scheme proposed in [11]:

 w(1) = wn + ∆tL(wn ),
(9)
w(2) = 43 wn + 14 w(1) + 14 ∆tL(w(1) ),
 n+1
w
= 31 wn + 23 w(2) + 23 ∆tL(w(2) ),

n
n
where we have denoted wn = (wi,j
)i,j for wi,j
≈ wi,j (tn ) ∈
5
R . The RK time step can be written in conservation form as:

(10)

− ∆t

e x,tn1 − G
e x,tn1
G
i+ ,j
i− ,j
2

2

hx

e p,tn 1 − G
e p,tn 1
G
i,j+
i,j−
2

2

hp

Adaptive mesh refinement

The AMR algorithm combines local grid refinement in the
space-momentum discretization with time refinement. The former allows for arbitrary resolution by means of the definition
of a set of overlapping grids corresponding to increasing resolution levels, and the last by using time steps proportional to
the grid resolution. Time refinement has been incorporated to
other adaptive schemes as well (see e.g. [2]).
To this aim and analogously to Section 2 we define L + 1discretizations by xli = (i − 12 )hlx , plj = −pmax + j − 21 hlp ,
0 ≤ l ≤ L, with hlx = N1l , hlp = N1l , Nxl = 2l Nx0 and
x

bp 1 , . . . , G
b p 1 ]T ,
[G
i,j+ 2 ,1
i,j+ 2 ,5

wn+1 = wn − ∆t


kF k∞
+ spec.rad.(H 0 ) < CF L.
hp

ve(pj )fi,j (t),

and give the spatial discretization of H[w]:
(8)


e i,j (t) = 0,η −2e
H
ji (t),−Ei (t),η −2 Ai (t)e
%i (t),η −2 Ai (t)e
%i (t) .
0
wi,j
(t) = L(w(t))i,j ,

+

Adaptive mesh refinement (AMR) [3] is based in the reduction
of the overall number of applications of the integration algorithm. This approach makes AMR especially tailored for its
combination with high order methods as the integration algorithm is by far the most time consuming part of the algorithm.

v(p)f (t, xi , p)dp

R
Np
X

hx

∞

fei,j (t)

R

Np
X

 kv(p)k

The formation of discontinuities and small scale features in the
solutions of hyperbolic systems of equations naturally leads to
the necessity of combining fine grids with high order methods
to be able to properly resolve such small scale phenomena. The
drawback of this approach is obviously the prohibitive computational cost of such an approach even for massively parallel
computers. Most practical numerical methods for the solution
of hyperbolic systems of equations include local grid adaptation in one form or another because it allows to keep under
control the computational cost of the algorithm. Among them
are multiresolution algorithms [5], moving mesh methods [12]
and approximations on unstructured meshes [7].

The discretizations of %[f ], j[f ] are performed by the midpoint
quadrature rule for approximations fei,j (t) ≈ f (t, xi , pj ):
Z
%[f ](t, xi ) =
f (t, xi , p)dp
≈ %e[fe]i (t) = hp

3

∆t

e tn
+H
i,j

p

Npl = 2l Np0 for given values Nx0 and Np0 that correspond to the
sizes of the coarsest grid. We will refer to the complete grid at
level l by its indices Fl := {1, . . . , Nxl } × {1, . . . , Npl }. Recall
that cells at a given grid are obtained from the subdivision of
cells of the immediately coarser grid in 4 parts of equal size.
The AMR algorithm selects the parts of the domain that need
to be refined up to a certain resolution level, according to some
criteria. A mesh or grid Gl at resolution level l is therefore
defined as a subset of Fl so that the set {G0 , . . . GL } compose
what is known as a grid hierarchy. Some restrictions are imposed to the grid hierarchies. The main one is that the meshes
are nested, i.e., Ωl (Gl ) ⊆ Ωl−1 (Gl−1 ) for 1 ≤ l ≤ L, where
Ωl (Gl ) is the union of the cells indexed by elements of Gl . We
additionally require Ω0 (G0 ) = [0, 1] × [−pmax , pmax ].
As time evolves the solution changes and so do the meshes. We
will consequently denote by Gltl the mesh that corresponds to
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the resolution level l and time tl . Each mesh is endowed with
tl
a numerical solution, denoted by wltl = (wl,i,j
)(i,j)∈G tl , for
l

tl
point-value approximations wl,i,j
≈ w(xli , plj , tl ). For fixed t
t
t
we denote w = (wl ), 0 ≤ l ≤ L. The AMR algorithm relies of three basic building blocks: integration, which evolves
a given grid up to the next time step; projection, that gives coherence to the multiple numerical solutions that might co-exist
in different resolution levels; and adaptation, which allows for
an evolution of the grid according to the solution features. We
briefly describe next these three processes. We refer to [1] and
references therein for further details.

The application of the aforementioned processes is organized
in a way such that each resolution level can be integrated independently of each other to some extent. The integration algorithm has been already described in Section 2. and is applied
to each grid with time steps proportional to their grid sizes. A
simple way to ensure the CFL stability for all grids is to select
the time step ∆t0 for the coarsest grid by 11 computed on wt ,
i.e., take
1
.
∆t0 <
kv(p)k∞
kF k∞
+
h0x
h0p
with the inf-norm taken on the elements of wt and then taking
∆tl = ∆t2l−1 for 1 ≤ l ≤ L. On the other hand, let us remark
that the integration of a grid Gltl and associated solution wltl
up to time tl + 2∆tl involves two updates of size ∆tl which
require numerical boundary conditions at a band surrounding
Ωl (Gltl ) (resp. Ωl (Gltl +∆tl )) which are obtained by interpolatl
tl
tl +2∆tl
tl +2∆tl
tion from (wl−1
, Gl−1
) and (wl−1
, Gl−1
), which have
been computed in previous steps as explained below.

In these expressions, the additional subindex l − 1, l that appears in the notation of (10) denote the level in the grid hierare x,tl 1 ∈ R5 .
chy, so that, for instance, G
l,2i+ ,2j
2

This projection implies the following discrete form of conservation: if
1
1 X tl
tl−1
wl,2i+α,2j+β
wl−1,i,j
=
4
α,β=0

then
tl−1 +∆tl−1
wl−1,i,j

1
1 X tl +2∆tl
=
wl,2i+α,2j+β .
4
α,β=0

The last point is the update of the meshes, that must adapt to
the flow features. The adaptation of each refinement level is
performed by discarding the present grid and creating a new
one according to an specified refinement criteria. In this way,
coarsening is not directly performed on refined areas, but implicitly obtained by not refining.
Many refinement criteria has been described in the literature.
Methods based on estimations of the local truncation error were
used in the first descriptions of AMR [3, 14]. As the computational cost of these methods is too high simpler methods were
developed, essentially based on local detectors of interesting
flow features, mainly steep gradients [10] but also others like
vorticity [8].

A more recent proposal which we use in this work consists on
selecting for refinement those cells whose associated numerical
solution cannot be accurately predicted by interpolation from
the coarser level, thus ensuring that values at cells not refined
When all grids have been evolved from a time instant t up to
at some level can be accurately predicted from coarser values.
t + ∆t0 there exist multiple solutions wherever the grid has
This last approach can be complemented with a detection of
been refined. Despite each grid will gather its own numerical
deep gradients so that shock formation can be detected from
solution it it necessary to ensure some form of inter-grid consteepened data. Finally, a certain number of extra cells are
servation. Our approach consists on the following correction
added forming a band around each marked cell. The goal of
of the solution between each pair of consecutive levels: the sothese extra cells is to refine cells adjacent to singularities, in the
lution at the coarser level is corrected according to
spirit of [10, 6] and to ensure that interpolation from coarse to


fine grids is done using smooth data. We use three extra cells in
∆tl−1 ee x,tl−1
ee x,tl−1
tl−1 +∆tl−1
tl−1
wl−1,i,j
= wl−1,i,j − l−1 Gl−1,i+ 21 ,j − Gl−1,i− 12 ,j our experiments. The adaptation procedure is performed from
hx


fine to coarse resolution levels to ensure grid nestedness.
∆tl−1 ee p,tl−1
ee p,tl−1
ee tl−1
− l−1 Gl−1,i,j+ 21 − Gl−1,i,j− 21 + ∆tl−1 H
l−1,i,j
Note that the solution for the fine grid can suffer from a loss
hp
of conservation in the cells where interpolation is used. The
with
successive application of interpolation and projection can, in
1
1
theory, result in a spurious variation in the total mass observed
1 X X e x,tl +s∆tl
ee x,tl−1
Gl−1,i+ 12 ,j =
Gl,2i+ 1 ,2j+β
in the coarsest grid, the only one where it can be measured.
2
4 s=0
β=0
Conservation in the interpolation step can be ensured by sev1
1
eral means if it is deemed as necessary. In our experiments, the
1 X X e p,tl +s∆tl
ee p,tl−1
Gl−1,i,j+ 12 =
Gl,2i+α,2j+ 1
mass variations observed in our experiments are negligible.
2
4
s=0 α=0
1

1

1

tl−1
X X X t +s∆t
e
l
e l−1,i,j = 1
e l
H
H
l,2i+α,2j+β .
8 s=0 α=0
β=0

As a summary we show in Figure 1 a recursive pseudo-code
that shows the classical organization of the integration, projection and adaptation procedures so that a call to amr(G, 0)
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updates the input grid hierarchy for a time step of the coarsest
grid.
Function amr(G:grid hierarchy, l:integer)
integrate(Gl )
if(l < L − 1)
for k = 1 until 2
amr(G, l + 1)
end for
t
project(Gl+1
)
t
adapt(Gl+1
)
end if
end function
Figure 1: A recursive algorithm, to update level ` and finer of
a grid hierarchy G = {G0 , . . . , GL−1 }, for one time step of the
grid Gl . We omit the time superindex for simplicity.
For the computation of approximations to the global quantities
% and j we proceed as follows: For l = 0, . . . , L and x ∈ [0, 1],
let
Il (t, x) = {(ix , ip ) ∈ Glt /x ∈ [xlix − 1 , xlix + 1 ]},
2

alized system that have been taken as:

η=

3
,
10π

kpla = 2,
2.5
,
ω
r0
15
,
vcold =
511
√
2
ε=
,
10
A0 =

kpump = 4
q
ω0 = η −2 + (2πkpump )2
α = 0.05,
r
100
vhot =
,
511

pmax = 8.

We have used resolutions N x = 400, Np = 400. The evolution of this system shows vortices appearing close to the main
flow, as shown in Figures 2, 3 that correspond to several stages
in the simulation. Remark that the scale has been adjusted so
as to show the small values producing the vortices (filamentation). The results are coherent with those reported in [13]. The
AMR implementation is currently being tested and the solver
tuned so as to produce a full set of results and performance
benchmarks that will be reported in a future work.

2

If we denote πp (x, p) = p, then we set
pl (t, x) = ∪j∈Il (t,x) πp (cj,l ),
where cj,l = Ωl (j) is the cell labeled by j at the level l of the
grid hierarchy. By the nesting property of the grid hierarchy,
pl (t, x) ⊆ pl−1 (t, x) and p0 (t, x) = [−pmax , pmax ], therefore
%(t, x) =

Z

pmax

f (t, x, p)dp =

−pmax

+

L−1
XZ
l=0

Z

f (t, x, p)dp

pL (t,x)

f (t, x, p)dp.

pl (t,x)\pl+1 (t,x)

Each of the integrals appearing in these expressions can be approximated by the midpoint rule and interpolations in (t, x)
space from the available data.

4

t = 10

t = 20

Results for the QR Vlasov-Maxwell

We present a preliminary result for the quasi-relativistic 1D
Vlasov-Maxwell equations obtained with the solver described
in this work applied on a fixed grid. The problem statement is
completed by fixing the constants involved in the adimension-

t = 60
Figure 2: Results of the simulation of the laser-plasma interaction, Nx = Np = 400.
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[2] M. Bendahmane, R. Bürger, R. Ruiz-Baier, and K. Schneider. Adaptive
multiresolution schemes with local time stepping for two-dimensional
degenerate reaction-diffusion systems. Applied Numerical Mathematics, 59:1668–1692, 2009.
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2006.
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t = 300
Figure 3: Results of the simulation of the laser-plasma interaction, Nx = Np = 400.

5

Conclusions and future plans

An adaptive numerical method for the solution of the quasirelativistic 1D Vlasov-Maxwell system has been presented. By
incorporating the Ampère equation to the system the equations
can be formulated as an evolutionary system that can be interpreted as a system of conservation laws with source term. A
numerical method that takes advantage of the particular structure of this system has been described and an initial test has
been performed obtaining results coherent with previous experience. The combination of the method with the AMR algorithm has been described and its complete implementation and
testing are part of the current and future work.
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Minimally implicit Runge-Kutta methods for hyperbolic
equations with stiff source terms
I. Cordero-Carrión∗ and M. A. Aloy†

Abstract— The Relativistic Resistive Magnetohydrodynamic equations are a hyperbolic system of partial differential equations
used to describe fluid dynamics in presence of strong magnetic fields with a finite (but potentially large) conductivity when the
velocities involved are close to speed of light. In the case of a finite high-conductivity regime, the term proportional to the
conductivity is a potentially stiff source term, and cannot be handled with standard explicit time integration methods. Some
possibilities considered in the literature add iterative loops computationally expensive and with no guarantee of convergence.
We propose an alternative class of methods which we name Minimally Implicit Runge-Kutta methods. These methods avoid the
development of numerical instabilities without increasing the computational costs in comparison with explicit methods, need no
iterative extra loop, the analytical inversion of the implicit operator is trivial and the several stages can actually be viewed as
stages form explicit Runge-Kutta methods with an effective time-step. We test these methods with two different one-dimensional
test beds in different conductivity regimes, and show that our second-order schemes satisfy the theoretical expectations.
Keywords: Hyperbolic equations, stiff source terms, implicit Runge-Kutta methods.

1

and Φ and Ψ are two scalar potentials controlling the evolution
of div(B) and div(E), respectively.

Introduction

The Relativistic Resistive Magnetohydrodynamic (RRMHD)
equations are a hyperbolic system of partial differential equations used to describe fluid dynamics in the presence of strong
magnetic fields with a finite (but potentially large) conductivity
when the velocities involved are close to speed of light. All the
ingredients included in these equations are necessary to model
scenarios such as compact stars or relativistic jets. The physical or primitive variables are (Φ, B i , Ψ, E i , q, ρ, , v i ), where
B i is the magnetic field, E i is the electric field, Φ and Ψ are
two scalars used to keep under control the constraints on the
divergence of both the magnetic and electric fields, q is the
charge, ρ is the rest-mass density,  is the specific internal energy and v i is the flow velocity field.
This hyperbolic system can be written as a set of evolution
equations corresponding to the conservation of rest-mass, momentum, energy, magnetic flux and electric charge. In addition to this conserved variables, Komissarov [5] has extended
the system by two extra scalar potentials which control de
evolution of the solenoidal constrain for the magnetic field
and the divergence of the electric field. The conserved varii
i
i
ables of this
√ system are (Φ, B , Ψ, E , q, (ρW ), e, P ), where
W = 1/ 1 − v 2 is the Lorentz factor, e = ρhW 2 − p −
ρW + (E 2 + B 2 )/2, h is the specific enthalpy, p is the pressure, E 2 = E i Ei , B 2 = B i Bi , P i = ρhW 2 v i + (E × B)i
∗ Departamento
† Departamento

A schematic structure of this system is given by:
(1) ∂t E j
∂t Y

j
= SE
− σ W [E j + (v × B)j − E l vl v j ],

= SY ,

where Y denotes the set of all the conserved variables except
j
the electric field, SE
and SY contain the corresponding fluxes
and non-stiff source terms of the evolution equations, and σ is
the conductivity of the system. In the ideal limit, σ → ∞ and
the electric field can be expressed in terms of the rest of the
primitive variables, so that the corresponding evolution equation for the electric field is therefore not included in the system of evolved equations. In the case of a finite and highconductivity, the term proportional to σ becomes potentially
a stiff source term.
The numerical evolution of the equations with non-stiff source
j
terms SE
and SY can be carried out with a TVD explicit
Runge-Kutta (RK) method. In the high-conductivity regime,
an alternative method has to be used instead to deal with the
stiffness of the source term in the evolution equation of E. One
possibility is the use of a semi-analytic integration of the stiff
source terms (and/or the scalar fields), together with a Strangsplitting scheme [5], but then the order of convergence of the
numerical scheme reduces to first-order due to the fact that the
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kernel of the relaxation operator is non-trivial and corresponds
to a singular matrix in the linear case.

method with an effective time-step in the following way:

A very interesting option to numerically evolve this hyperbolic
system with stiff source terms is the use of implicit-explicit
(IMEX) RK methods [2, 3, 8, 9], as in the case of [10]. The
problems arising in this case are, on one hand, the degradation to first or second-order for a range of values of σ, and, on
the other hand, the unclear update of the variables when the
primitive variables cannot be explicitly coined in terms of the
conserved ones. The second point steams from the fact that
the Lorentz factor and the velocity components appear in the
stiff source terms; the updated values of these quantities are
needed to update the electric field but, in general, the whole set
of conserved variables (including the electric field) are needed
to recover the velocity components. In [10] this fact was overcome by the addition of an iterative loop over the electric field,
which is computationally expensive, and there is no guarantee
of convergence to physically acceptable values.

(3)

We present here an alternative class of methods to the previous
ones, which we name Minimally Implicit RK (MIRK) methods, to avoid numerical instabilities due to the presence of stiff
terms without increasing the computational costs in comparison with explicit methods. The MIRK methods reduce to the
optimal TVD explicit RK methods of Shu & Osher [11] for
j
the SE
and SY operators, and implicitly evolve the stiff source
terms as we explain in next section; the proposed strategy needs
no iterative loop over the electric field, the analytical inversion
of the implicit operator is trivial and the several stages can actually be viewed as stages from explicit RK methods with an
effective time-step.

where |n and |n+1 denote the non-updated and updated value
of the corresponding expression, respectively, ãij denotes the
coefficients of the Butcher matrix associated to the explicit RK
method, aijl , bij are the coefficients associated to the implicit
part of the method, and ∆t is the time-step.

(2)

(4)

Y (1) = Y |n ,

(E k )(1) = E k |n ,
Y (i) = Y |n + ∆t

i−1
X
j=1

(E k )(i) = E k |n +
(5)

+

(j)

ãij SY ,

i−1
∆t X
k (j)
ãij (SE
)
1 + Ωi j=1

i−1
∆t X
aijl (−σ̄)(l) (E k )(j) , i = 2, . . . , s + 1,
1 + Ωi
j,l=1

(6)

Ωi = ∆t

(7)

(s+1)

i−1
X

bij σ̄ (j) ,

j=1

(8)

Y

= Y |n+1 ,

k (s+1)

(E )

= E k |n+1 ,

We point out that all the terms in the right-hand side of the
equations are evaluated in time levels of the algorithm that have
already been computed, in other words, the time update of the
conserved variables is explicit. Singularly, the updated values
of the electric field depend upon already known values of it
and of the primitive variables. This particularity of the MIRK
schemes is very useful for the RRMHD system, since it avoids
the need of performing a double iterative procedure to recover
the primitive variables from the conserved ones. This is a clear
advantage over the usage of RK-IMEX schemes to deal with
the stiffness of the RRMHD system (e.g., [10]).

2.1

First-order method

The first-order MIRK method corresponds to s = 1 in the previous expressions, with all coefficients zero except for

2

Derivation of the minimally implicit Runge(9)
Kutta methods

In order to derive the MIRK methods, by construction we impose that they must recover the optimal TVD explicit RK methj
ods for the SE
and SY operators. We also consider updated and
non-updated values of the electric field in the evaluation of the
stiff source term in Eq. (1), but only non-updated values of the
velocity field and Lorentz factor. In order to simplify the notaj
tion, we define σ̄ = σ W . From now on, SE
will include also
the term −σ W [(v × B)j − E l vl v j ].
The proposed method can be written as an usual explicit RK

ã21 = a211 = 1, b21 = (1 − c1 ),

(1 − c1 ) 6= 0, and c1 being a real coefficient to be determined
below. With this set of coefficients, the new method provides
bounded values to all the conserved variables, even in the limit
σ̄  1. After linearization of the non-stiff source terms, we
study the matrix which updates the values from one time-step
to the next one. Linear stability is satisfied when the absolute
value of all the eigenvalues of this matrix are bounded by 1. In
particular, linear stability implies that the absolute value of the
determinant of the matrix that updates the values of the conserved variables from one timestep to the next one, |M∆t |, is
also bounded by 1. This necessary (not sufficient) condition restricts the range of the coefficients very efficiently and allows
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to find values for the coefficient(s) very close to the optimal
ones. Under the hypothesis that |M∆t | is bounded by 1 when
the stiff source terms are neglected, it can be checked that the
choice c1 = 0 yields a determinant of M∆t also bounded by
1 when the stiff source terms are included, for ∆t sufficient
small. The final expression of the method for this optimal value
of the coefficient can be written as:
(10)
(11)

Y |n+1 = Y |n + ∆t SY |n ,
 k

∆t
S − σ̄E k |n .
E k |n+1 = E k |n +
1 + ∆t σ̄|n E

After linearization of the non-stiff source terms, we focus again
on the condition |M∆t | < 1. We find two possible sets of
2
1)
values for the coefficients. If we choose c2 = (1−c
2c1 , we
have to restrict to c1 < 0 or 0.67 < c1 < 0.75. We find by
numerical experimentation that only the region c1 < 0 gives
stable results, with the optimal value for c1 located around
−0.1. If we consider the case c1 = 0, we have to restrict to
−1 < c2 < −0.5. After numerical experimentation we find
that the optimal value for c2 is located around −0.97. Values
of both coefficients below zero are favored, and all the options
have to be verified numerically.

We note that the factor

∆t
,
1 + ∆t σ̄|n
can be regarded as an effective time step, that decreases in magnitude as σ̄ increases. Indeed, in the ideal limit, Eq. (11) yields
E k ' −(v × B)k .

2.2

Second-order method

The second-order MIRK method corresponds to s = 2 in the
general expression of Sect. 2. Following the same prescription as in the first-order method, i.e., imposing that the method
recovers the optimal TVD second-order explicit RK method
when stiff source terms are neglected, all coefficients are zero
except for
ã21 = a211 = 1, b21 = (1 − c1 ), ã31 = ã32 = 1/2,

a311 = c1 /2, a321 = (1 − c1 )/2, a312 = 1/2,

3

Numerical results

The MIRK methods described in the previous sections have
been implemented in the MRGENESIS code [1, 6, 7]. In order to compute the numerical fluxes we employ a Local LaxFriedrichs approximate solver [5], in which the states left and
right to each interface are obtained by a second-order monotone central (MC) reconstruction of primitive variables.
In order to test the newly proposed MIRK schemes, we have
considered two different one-dimensional tests, each of which
proves a different regime of conductivities and, hence, different degrees of stiffness of the RRMHD system. In all the tests
considered in the next sections, we assume that the equation of
state is that of an ideal gas with a fixed adiabatic index γ.

(12) b32 = (c1 /2 − c2 ),

(1−c1 ) 6= 0 6= (c1 /2−c2 ). If the values of the conserved variables (E i , Y )|(n) are bounded at the time step n, this method
guarantees that the values (E i , Y )|(n+1) ) will also be bounded,
even when σ̄  1.
In order to save RAM memory and improve on computational
efficiency, the second-order MIRK scheme can be rewritten as:
(13)

(14)
(15)

Y |(1) = Y |n + ∆t SY |n ,

E k |(1) = E k |n
 k

∆t
S − σ̄E k |n ,
+
1 + ∆t (1 − c1 )σ̄|n E
1
Y |n+1 = [Y |n + Y |(1) + ∆t SY |(1) ],
2
E k |n+1 = E k |(1)

[−1 + ∆t σ̄(1 − c1 )]
|(1) (E k |(1) − E k |n )
2[1 + ∆t σ̄(c1 /2 − c2 )]
∆t
k
+
|(1) [SE
− σ̄E k ]|(1) .
2[1 + ∆t σ̄(c1 /2 − c2 )]

+
(16)

Written in this form, the second-order MIRK scheme does not
need any extra memory storage as compared with an optimal
explicit second-order RK TVD scheme.

3.1

Self-similar current sheet

Komissarov [5] proposed a test to prove the resistive regime in
which σ ' 100, i.e., relatively far away from the ideal limit.
This is the so-called self-similar current sheet, where we have
a magnetic field B = (0, B(x, t), 0), the magnetic pressure is
much smaller than the gas pressure and B(x, 0) changes sign
within a thin current layer. Except for the magnetic field, the
rest of the primitive variables are set to be constant in the whole
domain: p = 50, ρ = 1, γ = 4/3, E = 0, v = 0 and σ = 100.
This test has an analytic (self-similar) solution for t > 0 of the
form
(17)

B(x, t) = B0 erf



(x − x0 )
2

r 
σ
,
t

where B0 = 1, x0 = 1.5, and the initial time is set to t = 1.
We employ 200 computational cells to cover the domain [0, 3].
We let the system to evolve until t = 10 and compare our results with the analytic solution in Fig. 1. As can be observed,
there is basically no difference between the numerical and the
analytical solutions.
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Though there is no exact solution in the RRMHD regime for
circularly polarized Alfvén waves, in the limit of very large
conductivity, Eqs. (18) and (19) are approximately satisfied.
Thus we compute the evolution from the initial state and until
the train of waves completes one period. In the ideal limit, the
solution should be identical to that in the initial state and we
expect that if σ  1, also the resistive solution shall be quite
similar to the initial one. For this test we fix γ = 2, k = 2π
B02 = 4/3, p = ρ = ηA = 1, which leads to a period T = 2,
and an Alfvén speed vA = 1/2.
Figure 2 shows the comparison of the analytic versus the numerical solutions with different resolutions. It is evident that
our numerical solution lies on top of the analytic one, even for
very moderate resolutions.

Nx = 200
Nx = 100
Nx = 50
Analytic

1.0

By

0.5

Figure 1: Comparison of the numerical and the analytical solution of the self-similar current sheet. The numerical solution (symbols) has been computed employing the second-order
MIRK scheme with c1 = −0.1 and c2 = −0.97383794,
CFL=0.7 and Nx = 200. The analytic solution (dashed lines)
is computed according to Eq. (17). The initial time t = 1 and
the final time t = 10 are displayed with black and red colors,
respectively.

3.2

Circularly polarized Alfvén waves

A second one-dimensional test that proves the ideal limit assuming a very large value for the conductivity is considered
by Palenzuela et al. [10]. This test was originally proposed
by Del Zanna et al. [4] and has an exact solution in ideal Relativistic Magnetohydrodynamics. The solution describes the
propagation of large amplitude Alfvén waves along a uniform
background magnetic field with strength B0 , in a domain with
periodic boundary conditions. In the ideal limit, the vx = 0,
and the exact solution reads:
(18) (By , Bz ) = ηA B0 (cos [k(x − vA t)], sin [k(x − vA t)]) ,
vA
(19) (vy , vz ) = − (By , Bz ),
B0

0.0
-0.5
-1.0
-0.50

-0.25

0.00
x

0.25

0.50

Figure 2: Comparison of numerical solutions of the circularly
polarized Alfvén waves test for different resolutions, Nx =
50, 100 and 200 (in orange, red and black, respectively). The
numerical solution has been computed employing the secondorder MIRK scheme with c1 = −0.1 and c2 = −0.97383794,
and CFL=0.1.

3.3

Order of convergence

We have also performed a number of convergence tests employing as reference the one dimensional problems at hand,
varying the value of the second-order MIRK coefficients, c1
and c2 . In Fig. 3 we display the L1 -norm errors for the By
component of the magnetic field as a function of the resolution.
The precise definition of the error for a given test including Nx
uniform cells reads:

Nx
where Bx = B0 , k is the wave vector, ηA is the wave ampliL X
y
(21)
Error
=
|Biy − B(ref),i
|,
tude, and vA is the relativistic Alfvén speed, that in this case
Nx
Nx i
is


s

2 −1 where L is the domain size, and B y

2
2
2B0
2ηA B0
(ref),i is a numerical solu2
vA
=
1+ 1−
. tion computed at sufficiently high resolution to be considered
2
2
2
2
h + B0 (1 + ηA ) 
h + B0 (1 + ηA ) 
y
as a reference solution. In our case, B(ref),i
is computed with
(20)
Nx = 3200.
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-3.0

p=1

-2.5

-3.5

-4.0

log10(Error)

log10(Error)

p=1

p=2

-3.0

-4.5
p=2

-3.5

-5.0

(c1=-0.1, c2=-1.5)
(c1=0.0, c2=-0.9)

(c1=-0.1, c2=-6.05)

-5.5
2.0

(c1=-0.1, c2=-0.97)
(c1=0.0, c2=-0.85)

(c1=-0.1, c2=-0.97)
(c1=0.0, c2=-0.90)

2.5

3.0

3.5

log10(Nx)

Figure 3: Comparison of L1 -norm errors (defined in Eq. 21)
for the B y component of the magnetic field in the self similar
current sheet test. The different line styles correspond to different choices of the parameters c1 and c2 of the second-order
MIRK scheme (see legends). All the numerical tests have been
computed with CFL=0.7 and σ = 102 . As a reference, we add
two solid lines showing a theoretical evolution of the error as in
a first-order scheme (p = 1) and in a second-order one (p = 2).

We find that our second-order MIRK scheme converges to a bit
more than second-order for the self-similar current sheet test
for a relatively large range of coefficients c1 and c2 (Fig. 3).
The order of convergence is slightly smaller than 2 (p = 1.83)
for c1 = −0.1 and c2 = (1 − c1 )2 /(2c1 ) = −6.05 and a bit
larger than 2 (p = 2.19) for c1 = 0 and c2 = −0.9. Thus,
in the limit of moderate conductivity the method performs as
expected.
In Fig. 4 we display the L1 -norm errors for the By component
of the magnetic field as a function of the resolution.

2.0

2.5

3.0
log10(Nx)

3.5

Figure 4: Same as Fig. 3 but for the test of large amplitude circularly polarized Alfvén waves. The different line styles correspond to different choices of the parameters c1 and c2 of the
second-order MIRK scheme (see legends). All the numerical
tests have been computed with CFL=0.1 and σ = 106 . For
clarity, we do not include the case c1 = 0, c2 = −0.97383794,
since it basically lies on top of the case c1 = −0.1, c2 =
−0.97383794.
We observe that at low resolution and for very high conductivity values, σ = 106 , the second-order schemes have an order
of convergence closer to first-order than to second-order. However, as the resolution increases, we find that the order of the
method evolves towards the nominal second-order of the algorithm. We also find by numerical experimentation that the best
values of the second-order MIRK coefficients lie in the range
−0.1 ≤ c1 ≤ 0, and −1 < c2 < −0.85. We believe that the
difference between the theoretical and numerical order of convergence are triggered by the very large conductivity, which not
only increases the stiffness of the system of equations, but also
introduces severe looses of accuracy as a result of the very dif-
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ferent orders of magnitude among different variables in arithmetic operations (e.g., to compute the electric currents).

(Generalitat Valenciana, grant Prometeo-II/2014/069).
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Conclusions

We propose here a new kind of RK methods, named minimally
implicit RK methods, to numerically evolve some systems of
hyperbolic equations with stiff source terms. As a first target
for the new MIRK methods, we have considered the numerical evolution of the RRMHD equations as a motivation of the
development of the methods. However, we foresee applications to other systems of hyperbolic equations with stiff source
terms.
MIRK methods recover the optimal TVD explicit RK algorithm when the stiff source terms are neglected. They have
a very simple analytical inversion of the implicit operators included to deal with the stiff source terms, and their structure
can be viewed as an explicit RK method with an effective timestep.
Currently, one dimensional numerical test problems have been
considered, but we are working on their application to multidimensional scenarios.
MIRK methods present some advantages in comparison with
the well-known IMEX RK methods: CPU time saving, RAM
memory saving and accuracy; these properties have to be explored in more detail. We also seek to compare our methods
with Strang-splitting ones.
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Weakly dispersive shallow water flows:
an efficient implementation using
a finite-volume finite-difference scheme
C. Escalante∗, T. Morales† and M. J. Castro∗

Abstract—
A second-order well-balanced hybrid finite-volume finite-difference numerical scheme for approximating the conservative form
of two 1D Boussinesq type systems is presented. The advective fluxes as well as the geometrical source term are discretized
by means of a second order path-conservative well-balanced finite volume scheme, while the dispersive terms are discretize
by means of compact finite difference scheme. Moreover, the numerical models have been applied to experimental test cases
comparing the two Boussinesq type models and the nonlinear shallow water equations (NSWE) bringing to light that, despite
the NSWE can be sufficient to predict the general characteristics of propagating waves, Boussinesq type models provided more
accurate results for highly dispersive waves over increasing water depths.
Keywords: shallow-water, dispersive, path-conservative, finite-volume, finite-difference, Boussinesq, solitary waves, wave breaking.

1

Introduction

In recent years, mathematical and numerical modeling of free
surface flows in real domains has been one of the most active
research fields in coastal engineering, where the development
of mathematical models for the simulation in near-shore zones
as well as in deeper waters, have been some of the main research fronts. The main difficulties concerning with those simulations are, among others, the treatment of wave breaking,
transitions between sub and supercritical flows, improvement
of frequency dispersion, accurate numerical treatment of natural topographies and wetting/drying processes.
Depth averaged models and, in particular, the nonlinear
shallow-water system is probably the most popular. Written
in conservative form, for mass and momentum, the 1D-NSWE
reads as the following hyperbolic system of conservation laws
with source terms

(1)

(

ht + qx = 0,

qt +

q2
h

+ 12 gh2



x

= ghHx − τ

where subscripts x and t denote partial derivatives with respect
to space and time, h(x, t) = η(x, t) + H(x) is the total water
depth, with η(x, t) the free surface elevation and H(x) the bed
∗ Dpto.

topography function; u(x, t) is the horizontal depth-averaged
velocity, and it is related with the mass-flow q by the relation
q = u h; g is the gravitational constant and τ the friction viscous dissipation term. The system (1) is completed adding initial conditions
h(x, 0) = h0 (x), q(x, 0) = q0 (x)
where h0 and q0 are given functions on R, as well as boundary
conditions.
Nevertheless, NSWE are not appropriate for deep (or moderated) waters simulations where frequency dispersion effects
may become more important than nonlinearity. For this purpose, Boussinesq type models obtained from the pioneering research of Peregrine [10], take into account the effect of vertical
acceleration in the integrated motion equations. These models introduce dispersive terms and are more suitable in water
where dispersion begins to have an effect on the free surface.
Madsen-Sørensen [7] and Nwogu [9] that are two of the most
well-known Boussinesq type models that improve Boussinesq
equations to cover a wide range of the coastal area (i.e. from
intermediate to shallow waters) are presented. The two approaches have dispersion characteristics closely relating to linear wave theory leading to a dispersion relation that can be
interpreted as a Padé approximant of the exact dispersion relation, giving a more accurate representation of the phase and
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group velocities in intermediate waters. Moreover, these models can be extended to cover the dynamics of the surf zone, by
considering some mechanisms of wave breaking.

2

Dispersive equations models

Madsen-Sørensen and Nwogu models could be used for irregular wave propagation on a slowly varying bathymetry from
deeper to shallow waters. Both models are derived under the
2
A
 1, µ2 = H
the assumptions that  = H
L2  1 and
S = µ2 = O(1), being A a typical wave amplitude, L the characteristic wavelength and H the characteristic water depth, and
both produce accurate results for weakly non-linear and weakly
dispersive water waves.

2.1

φ = za

 za
2


uxx + (Hu)xx ,

ϕ = ht φ − uψc

and za = −0.531H, where 0.531 is an optimum value used so
that the dispersion properties of the system approximate those
defined by linear wave theory.
Similarly, system (3) written in conservative form read as:
Wt + Fc (W)x + Tp (W, H) + SD (W, H) + τ = 0
where W =



h
q + hφ



and SD =



−ψc
ϕ



.

Again, the Manning empirical formula is used here.

Madsen and Sørensen’s model

The equations derived by Madsen and Sørensen are (see [7]):
(
ht + qx = 0,

2
(2)
qt + qh + 12 gh2 − ghHx + τ = ψ

3

Numerical schemes

In this section we briefly describe the numerical scheme that
we use to discretize both models. Following [6] and taking
into account that both models could be split into two parts:
where
one corresponding to the non-linear shallow water system in
 2

1
1
3
ψ = B + 3 H qxxt +BgH ηxxx +HHx 3 qxt + 2BgHηxx conservative form, and the other corresponding to the high order dispersive terms, we have developed an efficient secondand B is a free parameter to be chosen to improve the disper- order well-balanced numerical method, which combines finite1
sion properties of the system. A value of B = 21
is used here. volume and finite-difference schemes. The hyperbolic part of
the system is discretized using a PVM path-conservative finiteSystem (2) can be rewritten in vector conservative form:
volume method [4], and the dispersive terms with compact finite differences. The resulting ODE system is discretized using
a TVD Runge-Kutta method [5].
Wt + Fc (W)x + Tp (W, H) + SD (W, H) + τ = 0
x


h
is the vector of the new variables,
q+ψ
q

with ψq = − B + 31 H 2 qxx − HHx 13 qx .

where W =



 2 T
T
Tp = (0 ghηx ) contains the pressure terms, Fc = q qh


0
the convective flow, τ the friction term and SD =
,
ψη
being ψη = − (ψ + ψq ) .
Here, the Manning empirical formula is used to parametrize
the friction term, that is, τ = ghSf , where Sf = n2 hu|u|
4/3 .

2.2

3.1

As usual in finite volume schemes, we consider a finite volume
cell Ii = [xi−1/2 , xi+1/2 ] of dimension ∆x and let define
1
Wi (t) =
∆x

x

where
h 2
za
ψc =
2 −


2

H
6

Huxx + za +


H
2

H (Hu)xx

i

x

,

Z

W(x, t)dx,

Ii

the cell average of the solution at cell Ii at each time t.
A first order path-conservative PVM scheme similar to HLL
that we have used here reads as follows (see [4] for more details):

Nwogu’s model

The equations derived by Nwogu are written in conservative
form as follows (see [9]):
(
ht + qx = −ψ
 c ,2

(3)
(q + hφ)t + qh + 12 gh2 − ghHx + τ = ϕ

Finite Volume discretization for the NSWE

Wi (t) = Wi (t) −


1  −
+
Di+1/2 (t) + Di−1/2
(t) ,
∆x

where, relaxing notation



1
ηi+1 − ηi
±
Di+1/2
=
(1 ± α1 ) Ri+1/2 ± α0
qi+1 − qi
2
and
Ri+1/2 = Fc (wi+1 )−Fc (wi )+Tp,i+1/2 (wi , wi+1 , Hi , Hi+1 ),
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3.3

 2 T
q
,
Fc (w) = q
h

wi = (hi qi )T ,

Tp,i+1/2 (wi , wi+1 , Hi , Hi+1 ) = 0 ghi+1/2 (ηi+1 − ηi )

T

The parameters α0 and α1 are defined in terms of the fastest
and slowest wave speeds as follows:
α0 =

SR |SL | − SL |SR |
,
SR − SL

α1 =

|SR | − |SL |
,
SR − SL

where
q

p 
SL = min ui+1/2 − ghi+1/2 , ui − ghi ,


SR = max ui+1/2 +
being
hi+1/2

q

ghi+1/2 , ui+1 +

p



ghi+1 ,

and, in particular for the Madsen-Sørensen model,





1
(ψq )i = − B +
3

hi (t)
qi (t) + (ψq (t))i





As pointed in [6], Nwogu or Madsen and Sørensen cannot be
used when shock waves appears or, in very shallow flows and
in those cases nonlinear shallow-water system should be used.
In this work we have adopted a breaking mechanism similar
to [6], where both models collapse onto NSWE, matching locally from a dispersive model to the NSWE discretized with
finite volumes, and exploiting shock-capturing capabilities of
the FV approach. The main idea of this procedure is to identify the bores present in the simulation and to check which of
them are breaking and non-breaking bores. For that purpose, a
global criteria that characterizes the physical properties of each
bore is used. More details can be found in [6].
Finally, we consider the wet/dry treatment described in [2] in
regions with emerging bottom topographies.

p
√
ui h1 + ui+1 hi+1
hi + hi+1
p
=
, ui+1/2 =
,
√
2
hi + hi+1

Wi (t) =

Breaking Wave’s mechanism

,

1
Hi2 (qxx )i − (HHx )i (qx )i
3

4

Test cases

In this section, we consider two different test cases. In the first
one, we check the ability of the scheme to preserve solitary
waves and in the second one, a comparison with a laboratory
experiment is performed.

4.1

Solitary wave propagation

The propagation of a solitary wave over a long distance is a
standard test of the stability and conservative properties of numerical schemes for Boussinesq-type equations.
A solitary wave propagates at constant speed and without
change of shape on a horizontal bottom. An approximated expression of a solitary wave for the previous systems is given
by
"r

#
r
3A
g
(x − ct) , u(x, t) =
η(x, t),
4H 3
H

The second order in space is obtained following [3] by combining the reconstruction operator MUSCL (see [8]) with the
PVM type scheme presented above.

η(x, t) = ASech

3.2

where A is the amplitude and c =
propagation velocity.

Finite Difference discretization for the dispersive
terms

p

gH(A + H) is the wave

In order to recover the mass-flow at the new time step q n+1 , a
tridiagonal lineal system should be solved. That can be easily
done by Thomas algorithm.

The models are applied to simulate the propagation of a solitary
wave over a constant depth H = 0.45 m. and A = 0.045 m. in
a wave channel of length 550 m along the x direction. The domain is divided into 12000 cells along the x axis. The wave
propagates until 200 sec, with a courant number of 0.4 as
in [11]. We take g = 9.81 m/s2 . Outflow boundary conditions are used, and the initial conditions are computed using
the above expressions for η and u.

Finally, the time discretization is performed using the second
order TVD Runge-Kutta method (see [5]). Therefore the resulting scheme is second order accurate in space and time, and
the usual CFL restriction should be considered.

Figures 1 and 2 show after some time, that wave’s shape
has not change and propagates constantly. Moreover, it can
be seen that the numerical wave shape and speed are in very
close agreement with the analytical solution.

In order to obtain a fully discrete scheme, Wi (t) should be approximated. Here we use second order finite differences, taking
into account that, the cell averages are second order approximation of the point values at the center of the cells.
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η/H

0.008 m. and the bathymetry is defined by the expression:
0.06
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3x − 21
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Figure 1: Simulation with Madsen-Sørensen’s model at T =
0, 50, 100, 150, 200 s.

t= 200

x ∈ [0, 6]
x ∈ [6, 8]

x ∈ [8, 11]

x ∈ [11, 20]

We set u(x, 0) = 0 and η(x, 0) = 0 as initial condition. The
boundary conditions are, free outflow at x = 20 and the evolution of the free surface at x = 0 is imposed using the data
provide in the experiment at S0 . The courant number is set to
0.9 and g = 9.81 m/s2 . Figures 4 and 5 show the time series
of the evolution of the free surface at points S1 , . . . , S6 . Observe that dispersive models are able to capture accurately the
wave amplitudes in all the locations, where it is not the case if
the NSWE is used.

0.10

S1

0.020

0.08

0.020

0.010

0.015
0.010

0.000

η

η

0.005
0.06

η/H

−0.005

0.000
−0.005

−0.020

−0.015

−0.010
5

10

0.04

15

20

S3

0.020

442

444

446

x − ct

5

10

15

−0.015

20

S5

15

20

S6

0.005

0.000

η

η

10

0.010

0.005

0.000

−0.005

−0.005

−0.010

−0.010
5

10

15

−0.015

20

5

10

Figure 4: Comparison of data time series (red) and the simulated ones (blue) with the NSWE at S1 , S2 , . . . , S6

Periodic Waves over a Submerged Bar
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An experiment of plunging breaking periodic waves over a submerged bar of Beji and Battjes [1] is considered here. The numerical test is performed in a unidimensional channel with an
trapezoidal obstacle submerged. Waves in the free surface are
measured in S0 , S1 , . . . , S6 stations (3).
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Figure 2: Shape comparison at T = 200 s. Red analytic and
blue simulate.
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Figure 3: Sketch of the topography and layout of the wave
gauges

Figure 5: Comparison of data time series (red) and simulated ones (blue) with the Madsen-Sørensen equations at
S1 , S2 , . . . , S6

The unidimensional domain [0, 20] is discretized with ∆x =

Similar results are obtained with the Nwogu’s model.
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5

Conclusions

In this work, we have considered two different models incorporating dispersive effects in the propagation of waves in a
homogeneous, inviscid and incompressible fluid along a onedimensional channel.
The resulting scheme, which combines a finite volume pathconservative for the underlying hyperbolic system and finite
differences for discretization of dispersive terms, simulates
accurately the propagation of solitary waves, preserving the
shape for large integration times.
Comparison with experimental data is also presented in a onedimensional channel. This experiment demonstrates the need
to incorporate dispersive effects to capture faithfully waves in
the vicinity of the continental shelf.
From a computational point of view, both models were implemented in CPU, present same computational effort that it’s not
higher than 2.2 times 1D-NSWE CPU computational effort.
Extension to two-dimensional domains is in progress. A first
version of that implemented in CPU has been performed. At
present, a more efficient GPU’s implementation is being carried out.
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Efficient GPU implementation of a two waves TVD-WAF
method for the two-dimensional one layer Shallow Water
system and its validation for tsunami forecasting
M. J. Castro∗, J. M. González-Vida†, J. Macías∗, S. Ortega∗ and M. de la Asunción∗

Abstract—
The numerical solutions of Shallow Water Equations are useful for applications related to the simulation of geophysical flows
that usually take place in large computational domains and sometimes could require faster than real time calculation. In this work
we present an efficient GPU-based implementation of a first order HLL method and a two-waves TVD-WAF one. In particular,
the reformulation of WAF numerical flux and the improved definition of the flux limiter allows us to obtain a more robust solver
in situations like wet/dry fronts. Finally, some numerical tests are presented showing the accuracy of this scheme on the Tohoku,
2011 mega-tsunami scenario.
Keywords: finite volume schemes, WAF scheme, Shallow Water equations, GPU, CUDA, tsunami modelling.

1

Introduction

In this work we present an efficient implementation of HLL and
WAF methods applied to the two-dimensional Shallow Water
Equations (SWE) with topography.
The numerical solution of SWE is useful for several applications related to geophysical flows, such as the simulation of
rivers, dam-breaks, floods, tsunamis, etc. The simulation of
these phenomena in real geometries produce very long lasting
simulations in big computational domains and could even require real time calculation. Moreover, in the case of tsunami
simulations, faster than real time (FTRT) simulations could be
very useful for Early Warning Systems.
Therefore, parallel versions of accurate and efficient numerical
solvers for high performance platforms are needed to be able
to deal with these simulation scenarios in reasonable times.
Modern Graphics Processing Units (GPUs) offer hundreds of
processing units optimized for massively performing floating
point operations in parallel and have shown to be a costeffective way to obtain a substantially higher performance in
the applications related to SWE [14, 8, 20, 3, 4] due to the high
exploitable parallelism which exhibits the numerical schemes
to solve SWE.
Currently most of the proposals to simulate shallow flows on

GPUs are based on the CUDA programming model. A CUDA
solver for one-layer system based on the first order Roe scheme
is described in [1] to deal with structured regular meshes. The
extension of this CUDA solver for two-layer shallow water system is presented in [2]. There also exist examples of implementations in CUDA of high order schemes to simulate onelayer systems [8, 27, 19] and of implementations of first-order
schemes for one and two-layer systems on triangular meshes
[14, 3].
Concerning the numerical schemes, a first order HLL and a
two-waves WAF scheme for solving the two-dimensional SWE
have been considered here. More precisely, We extend here
to two-dimensional problems the well-balanced HLL method
proposed in [18] for the one-dimensional SWE with pollutant and topography. Other possible well-balanced extension
of HLL method for SWE can be derived using the hydrostatic
reconstruction proposed in [5]. The 2D extension is defined
by using the property of invariance by rotation of the SWE.
Thus, at each edge of the mesh, a 1D projected SWE equation
with a transport equation is considered. For this 1D problem
the unknowns are the height of the water column, the normal
discharge and the tangential discharge, that it is transported by
the flow. Then, a 1D numerical HLL flux as the one defined in
[18] is used.
Finally a natural extension to two-dimensional problems of the
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two-waves WAF method proposed in [17] has also been carried
out. WAF method is a second order TVD method proposed by
E. Toro in [30]. The second order accuracy is obtained by averaging the solution of a Riemann problem considered at each
interface. To approximate this solution the HLL flux is considered. As it is well known, due to Godunov’s theorem, linear
schemes with high order accuracy generate spurious oscillations near large gradients of the solution. To avoid this problem, the WAF method is used with a flux limiter function, getting a non-linear TVD scheme of second order accuracy. If the
limiters are set to zero the HLL method is achieved. In [31]
and [32] Toro presents the application of WAF method for the
homogeneous Shallow Water and Euler equations. An extension to multidimensional systems was performed by Billet and
Toro in [6]. In [22] a WAF method is presented for the twodimensional SWE with topography. The well-balanced property is obtained in this case by applying a different technique
suggested by Bradford and Sander in [7]. This technique allows to preserve water at rest but present a loss of accuracy for
large wave run-up.
The extension of the WAF method that we proposed here is
also defined using again the property of invariance of rotation
of the SWE, using the WAF flux introduced in [17] to approximate the 1D problems. In fact, a new reformulation of the
numerical flux that it is equivalent to the one given in [17] has
been considered here that allows us to obtain a more robust
solver in situations like wet/dry fronts. Nevertheless, the WAF
method thus defined is not second order of accuracy, but it produces as accurate results as the second order HLL scheme (see
[4]) with a better computational performance.
This work is organized as follows: next section describes the
SWE and the property of invariance by rotations. Section 3
presents three finite volume schemes to solve the SWE. Numerical experiments concerning the validation of the presented
scheme in the Tohoku 2011 megatsunami are shown and analyzed in Section 4. Finally, some conclusions are drawn in
Section 5.

2

Equations

The motion of a layer of homogeneous non-viscous fluid is
supposed here to be governed by the SWE, formulated under
the form of a conservation law with source terms or balance
law:

(1)

∂F1
∂F2
∂U
+
(U ) +
(U )
∂t
∂x
∂y
∂H
∂H
= S1 (U )
+ S2 (U )
+ S1F (U ) + S2F (U ),
∂x
∂y

T
h qx qy
with U =
, where h(x, t) and q(x, t) =
(qx (x, t), qy (x, t)) are, respectively, the thickness and the

mass-flow of the layer at the point x ∈ D ⊂ R2 at time t, and
they are related to the velocities u(x, t) = (ux (x, t), uy (x, t)),
by the equality: q(x, t) = u(x, t)h(x, t), i = 1, 2; g is the
gravity and H(x), the depth function measured from a fixed
level of reference.
F1 (U ) =
F2 (U ) =





qx

qx2
1
+ gh2
h
2

qy

qx qy
h

qx qy
h

qy2
1
+ gh2
h
2

T

T

,
.

Sk (U ), k = 1, 2 are the source terms related to the variation of
the bathymetry:
gh(2 − k) gh(k − 1)

0

Sk (U ) =

T

, k = 1, 2.

Finally, SkF (U ), k = 1, 2 parameterize the friction term. Here,
Manning friction law is used:
SkF (U )

=



0

n2 kukux
−gh(2 − k)
h4/3

n2 kukuy
−gh(k − 1)
h4/3

where k = 1, 2, being n the Manning coefficient.
Let us define the Jacobians matrices of the fluxes Fk , k = 1, 2,
∂Fk
Jk (U ) =
(U ). Let η = (ηx , ηy ) be an arbitrary unit vec∂U
tor and let us define A(U, η) = J1 (U )ηx + J2 (U )ηy . The
eigenvalues of A(U, η) are given by
λ1 = u · η −

p
p
gh, λ2 = u · η, λ3 = u · η + gh.

Let us also remark that the system 1 verifies the property of
invariance by rotations. Effectively, let us define


1
0
Tη =  0 ηx
0 −ηy


0
ηy  ,
ηx

and let us denote Fη (U ) = F1 (U )ηx + F2 (U )ηy , S(U ) =
(S1 (U ), S2 (U )) and S F (U ) = (S1F (U ), S2F (U )) then
Fη (U ) = Tη−1 F1 (Tη U ),
(2)

Tη S(U ) · η = S1 (Tη U ),

Tη S F (U ) · η = S1F (Tη U ).

Moreover, it is easy to check that Tη U verifies the system
(3)
∂t (Tη U ) + ∂η F1 (Tη U ) = S1 (Tη U )∂η H + S1F (Tη U ) + Qη⊥ ,

where Qη⊥ = Tη −∂η⊥ Fη⊥ (U )+S(U )·η ⊥ ∂η⊥ H +S F (U )·

⊥
η .

T

,
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where

Numerical Schemes

To discretize 1 the computational domain D is decomposed
into subsets with simple geometry, called cells or finite volumes: Vi ⊂ R2 . Here, structured meshes are used and therefore rectangular cells whose edges are parallel to the Cartesian
axes are considered. Let us denote by T the structured mesh,
and by N V the number of cells.
Given a finite volume Vi , |Vi | will represent its area; Ni =
(xi , yi ) ∈ R2 its center; Ni the set of indexes j such that Vj
is a neighbour of Vi ; Eij the common edge of two neighbouring cells Vi and Vj , and |Eij | its length; ηij = (ηij,x , ηij,y )
the normal unit vector at the edge Eij pointing towards the cell
Vj ; dij the distance between Ni and Nj . Let us remark that
dij = ∆x if ηij is horizontal and dij = ∆y if it is vertical. Uin
is the constant approximation to the average of the solution in
the cell Vi at time tn provided by the numerical scheme:
Z
n ∼ 1
U (x, tn ) dx.
Ui =
|Vi | Vi

3.1

HLL scheme

where

RS ij = F(Uηij ,j ) − F(Uηij ,i ) − Sij (Hj − Hi ),
with Sij (Hj − Hi ) =

∆t X
HLL −
|Eij |Fij
(Uin , Ujn , Hi , Hj )
|Vi |
j∈Ni

HLL −
Fij
(Uin , Ujn , Hi , Hj )

The coefficients αij,0 and αij,1 are defined by

T

.

SR,ij |SL,ij | − SL,ij |SR,ij |
,
SR,ij − SL,ij
|SR,ij | − |SL,ij |
=
,
SR,ij − SL,ij

αij,0 =
(6)
αij,1

where SR,ij (respectively SL,ij ) is an approximation of
the fastest (respectively slowest) wave of the 1D system
3. Here we use the approximation proposed by Davis in
[16]:
SL,ij = min(λmin,i , λmin,ij ),
SR,ij = max(λmax,j , λmax,ij ),

where λmin,l√= uηij ,l − cl and λmax,l = uηij ,l + cl
ghl and uηij ,l = qηij ,l /hl , l = i, j;
with cl =
λmin,ijp= uij − cij and λmax,ij = uij + cij , where
cij = g(hi + hj )/2 and
p
√
uηij ,i hi + uηij ,j hj
p
uij =
.
√
hi + hj

3. Let us define

Uηij = [h qηij ]T = Tηij (U )[1,2] ,

ij
Φ−
= (Φ−
ηij )[1] uη ⊥ ,
η⊥

(8)

ij

⊥

Uηij
= Tηij (U )[3] ,
⊥ = q · η
where U[i1 ,··· ,is ] is the vector defined from vector U , using its i1 -th, . . . , is -th components.
2. Let
the 1D HLL flux associated to the 1D one layer
shallow-water system defined using the 1-st, 2-nd equations of system 3 where the term Qηij
⊥ has been neglected
(see [18] for more details):
Φ−
ηij

−
Φ−
ηij = Dij (Uηij ,i , Uηij ,j , Hi , Hj ) + FC (Uηij ,i ),

where FC (Uηij ,i )

=



qηij ,i

−
Dij
(Uηij ,i , Uηij ,j , Hi , Hj ) is given by

(5)

hi + hj T
(Hj − Hi ),
2

hj − Hj − (hi − Hi ) qηij,j − qηij,i

DU ij =

is defined as follows:

1. Let us define

0 g

F(Uηij ) = F1 (Tηij U )[1,2] and

(7)

Taking into account the property of invariance by rotations (see
[33]), the extension to two dimensional domains of the first order HLL scheme defined in [18] can be written as
(4) Uin+1 = Uin −
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qη2ij ,i
hi

T

−
Dij
(Uηij ,i , Uηij ,j , Hi , Hj )
1
= (RS ij − (αij,0 DU ij + αij,1 RS ij ))
2

and

ij

where uij
is defined as follows
η⊥
ij

(9)

uij
⊥
ηij

=

(

⊥
ui · ηij

if (Φηij )[1] > 0

⊥
uj · ηij

otherwise

Let us remark that Φ−
is the numerical flux associated
η⊥
ij

to the 3-rd equation of system 3 where, again, the term
Qηij
⊥ has been neglected. Its derivation has been done
following the main ideas of the HLLC method for the
shallow water system introduced in [18] as qηij
⊥ can be
seen as a passive scalar that is advected by the flow.
−

−

HLL
HLL
4. Finally, Fij
is defined by Fij
= Tη−1
Fij− ,
ij
where
h
i
−
−
−
⊥
Fij− = (Φηij )[1] (Φηij )[2] Φηij
.
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R EMARK 1 Note that qηij
⊥ can be seen as a passive scalar that

where

Thus, Fij−

is advected by the flow.
can be interpreted as s HLLC
(Harten-Lax-van Leer-Contact, see [33]) numerical flux associated to the 1D system (3).
R EMARK 2 The numerical flux introduced in [18] and the one
presented here are equivalent, but they are not written in the
same form. Here, we have rewritten the HLL flux as a fluxdifference scheme instead of using its standard writing. The
main reason is that flux-difference schemes are easier to correct for dealing with wet/dry fronts and, from the computational point of view, they usually require less computational
effort.

3.2

Two-waves TVD-WAF scheme

Let us consider now the natural extension of the two-waves
TVD-WAF method introduced in [17] to 2D domains using
the method of lines. WAF schemes were first introduced by
Prof. E. Toro in [30] in the framework of conservative systems.
They are second order accurate for one dimensional conservative systems but its extension to multidimensional problems by
the method of lines is no more second order. Nevertheless,
WAF method provides as good results as a multidimensional
second order scheme with less computational effort as we will
show in the numerical test Section. The expression of the twowaves TVD-WAF method that we use here is the following
(10)
∆t X
W AF −
Uin+1 = Uin −
|Eij |Fij
(Uin , Ujn , Hi , Hj )
|Vi |

φ(x) =

x(1 + x)
,
1 + x2

and rL,ij is defined by
rL,ij =
where

pmin,L
pmax,L

pmin,L =



min(|eij |, |eij,L |)
min(|eij |, |eij,R |)

if SL,ij > 0
if SL,ij <= 0

pmax,L =



max(|eij |, |eij,L |)
max(|eij |, |eij,R |)

if SL,ij > 0
if SL,ij <= 0

and

where eij = hj − Hj − (hi − Hi ), eij,L = hi − Hi − (hi,L −
Hi,L ) and eij,R = hj,R −Hj,R −(hj −Hj ), where hi,L (respectively hj,R ) and Hi,L (respectively Hj,R ) are the water height
and bottom topography corresponding to cell Vi,L (respectively
Vj,R ) shown in Figure 1. The parameter β is set to d3ij .

j∈Ni

−

W AF
where Fij
(Uin , Ujn , Hi , Hj ) is defined as
−

HLL
Fij
(Uin , Ujn , Hi , Hj )

following the four steps previously enumerated, where the only
differences between them are located in step two and three.
More precisely in step two, the coefficients αij,k , k = 0, 1 in 5
are now defined by
(11)
SL,ij SR,ij
αij,0 = (Lij (SL,ij , χL,ij ) − Lij (SR,ij , χR,ij )
SR,ij − SL,ij
αij,0 =

Lij (SR,ij , χR,ij )SR,ij − Lij (SL,ij , χL,ij )SL,ij
,
SR,ij − SL,ij

where
Lij (S, χ) = sign(S)(1 − χ) +

∆t
χ S.
dij

χL,ij (equally χR,ij ) is defined by

(12)

χL,ij =



1
φ(rL,ij )

if pmax,L < β
otherwise

Figure 1: Stencil of the WAF method for a vertical edge

Finally, let us now define uij
in 8 by
η⊥
ij

⊥
ηij

⊥
ηij

uj ·
+ ui ·
uij
⊥ =
ηij
2


1
∆t ∗ ⊥
−
⊥
⊥
−
sign((Φηij )[1] )(1 − χ⊥ ) +
uij χ
(uj · ηij
− ui · ηij
),
2
dij

where



u∗ij = sign (Φ−
ηij )[1] |uij |,

⊥
⊥
and χ⊥ is defined as χL,ij by setting eij = uj · ηij
− ui · ηij
,
⊥
⊥
⊥
⊥
eij,L = ui · ηij − ui,L · ηij , and eij,R = uj,R · ηij − uj · ηij
and using u∗ij instead of SL,ij .
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R EMARK 3 Note that if χL,ij = χR,ij = χ⊥ = 0, then,
the two-waves TVD-WAF scheme previously described exactly coincides with the HLL scheme given in Section 3.1.
R EMARK 4 As in the previous section, the two-waves TVDWAF numerical flux introduced in [17] and the one presented
here are equivalent, but they are not written in the same form.
Here, we have rewritten the TVD-WAF flux as a flux-difference
scheme instead of using its standard writing.

4

Validation of the model: Tohoku, 2011

In [4] this numerical scheme was compared against some test
problems as the circular dam break problem or a 2D oscillating
lake where the dry/wet effects were important. Results showed
that this TVD-WAF method is not second order accuracy but
it produces almost the same numerical results being computationally faster than the second order HLL method,. This reformulation of the TVD-WAF method allowed us to obtain a fast
and accurate solver, very well suitable for GPU implementation
and robust in situations where the dry/wet fronts are important.
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evation is compared with de-tide real data provided by DART
(Deep-ocean Assessment and Reporting of Tsunami) buoys. In
the near field and along the coastline, both coastal GPS buoys
(NOWPHAS -Nationwide Ocean Wave information network
for Ports and HArbourS-) and inundation areas are compared.
The initial conditions considered in this work were water at
rest in the whole domain and the initial free surface position,
provided by the NCTR (NOAA Center for Tsunami Research,
U.S.A.), obtained by tsunami data inversion (see [26]). In order to compute the numerical solutions, three meshes were
used: a global mesh covering the whole Pacific Ocean (see
Figure 2) with 4 arc-min resolution (with 7, 430, 699 cells 2581 × 2879-) where bathymetric data provided by the NCTR
were used. Two refined meshes with 2 arc-min and 1 arc-min
resolution and 29, 722, 796 (5162 × 5758) and 118, 891, 184
cells (10394 × 11516) were also used in order to study the convergence and computational speed-up of the numerical model.

Recently, an adaptation of this method was implemented in the
numerical model adopted by the Italian CAT (Centro di Allerta
Tsunami) (see [23]). In order to use a numerical code for real
applications, the model must verify not only analytical tests but
also real cases tests as for instance the tests proposed in [29].
More recently, the Tohoku (Japan) mega-tsunami of 2011 is
the real tsunami event with more data ever recorded. This fact
makes that currently, tsunami numerical models are being validated against benchmark problems using Tohoku, 2011 real
scenario recorded data at several locations around the Pacific.

Figure 3: NOWPHAS GPS buoys location

Figure 2: Global domain considered with initial condition

A typical validation test consists on some comparisons in both
far field and near field areas. In the far field, free surface el-

In Figures 4 and 3 the locations of DART and NOWPHAS
buoys used for comparisons are depicted. The main interest
of these comparisons is to analyze if the numerical solution
is able to capture the arrival time and amplitudes of the main
waves. Some DART and NOWPHAS representative buoys
were selected and comparisons between the numerical free surface level and the de-tide signal from real data were compared.
In Figure 5, DART 21413, 21419 and 52402 buoy signals are
compared with the numerical solution for the three mesh resolutions. All these time series are in good agreement with the
arrival times and amplitudes of the main waves. Nevertheless, depending on the selected buoy, the numerical solution
can over-estimate (Fig. 4a, 4b) or under-estimate (Fig. 4c) the
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is able to capture the arrival time of the main waves although
the amplitude is always under-estimated in these cases.

real solution.

(a) NOWPHAS 202

Figure 4: DART buoys locations
(b) NOWPHAS 205

(a) DART 21413

(c) NOWPHAS 803

Figure 6: Numerical vs measured sea level in selected NOWPHAS GPS buoys

(b) DART 21419

Concerning the inundation stage, we use a version of this numerical scheme that implements nested meshes techniques. In
Figure 7 the ambient grid (a 32 arc-sec resolution mesh with
5,739,118 cells) and three 2 arc-sec resolution nested meshes
are shown. Subgrid 3 has 7,966,567 cells, Subgrid 2 has
6,079,951 cells and Subgrid 3 has 8,818,841 cells.

(c) DART 52402

Figure 5: Numerical vs measured sea level in selected DART
buoys
Comparisons with the NOWPHAS buoys are more difficult to
achieve. In the near field we can find areas where the water
depth varies from kilometers to tens of meters in short range areas. Therefore, either better mesh resolution or nested meshes
techniques should be required in order to be able to provide
results with enough quality. Anyway, some comparisons are
depicted in Figure 6. We can observe that the numerical model

Figure 7: Location of nested meshes
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The initial conditions for this simulation are the same used before. Three locations were selected each in one of each nested
mesh. From north to south: Rikuzentakata, Ishinomaki and
Sendai.
In Figures 8, 9 and 10, real inundation areas are shaded in red
and blue colors. Red shaded areas represent forest and agricultural lands while blue shaded areas represent built-up areas.
The extension of the numerical experiment inundated areas are
delimited by a solid blue line.

Figure 10: Inundation map in Rikuzentakata

Figure 8: Inundation map in Ishinomaki

Good results can be observed in Figures 9 and 10 for Sendai
and Rikuzentakata, while larger discrepancies for the inundation area are found for the Ishinomaki area (Figure 8), where
the numerical extension of the inundation is in general larger
than the real one. It must be taken into account that the topographic data considered in this work has not enough resolution to contain buildings and artificial obstacles that could be
important in some areas to prevent the advance of water and
inundation on adjacent areas. More topographical resolution
should be considered in order to be able to have a better representation of the real dry areas. Nevertheless, numerical results
show the robustness and accuracy of this model.

5

Figure 9: Inundation map in Sendai

Conclusions

In this work first we present a reformulation of a first order
HLL method and a two-waves TVD-WAF. The application to
the two-dimensional SWE is done using its property of invariance by rotation. Then, at each edge of the mesh, a 1D projected SWE is considered. This technique is specially suitable
for GPU implementation. This two dimensional TVD-WAF
method is not second order of accuracy, but it is faster than the
second order HLL method, providing almost the same numerical results ([4]). This reformulation of the TVD-WAF method
and an improved definition of the flux limiters allows us to
obtain a fast and accurate solver, well suitable for GPU implementation and more robust in situations like wet/dry fronts.
Finally, a validation of the model is presented for the Tohoku,
2011 megatsunami. Several comparisons in the far and near
field are showed. The numerical model provides good quality
results in the different tests performed.
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WENO schemes for multi-dimensional multiphase flow
in porous media
R. Bürger∗, F. Guerrero†, M. C. Martí‡ and P. Mulet§

Abstract— A derivation of a numerical technique based on finite-difference WENO schemes for the simulation of multidimensional multi-phase flow problems in vertical equilibrium in a homogeneous porous medium is provided. The key idea
in the numerical technique proposed is to define a compatible discretization for the fluxes of the convective term in order to
maintain their divergence-free character not only on the continuous scale but also on the discrete scale, assuring the conservation
of the sum of the concentrations through time evolution.
The one-dimensional numerical technique is derived in detail for the case of neglected capillarity effects. Numerical results
obtained with one-dimensional and two-dimensional standard tests on multi-phase flow in a homogeneous porous medium are
shown.
Keywords: WENO schemes, porous media, numerical methods, multiphase flow.

1

add the former equations we get:

Porous media flow

In this work we consider a multiphase flow through a rigid, homogeneous porous medium with no internal sources or sinks,
assuming incompressibility and neglecting mass transfer between phases.
Denote by ui (x, t), i = 1, . . . , N , x ∈ Ω = (0, 1) , t ∈ R ,
the concentration (or saturation) of the i-th phase, ρi its density
and g the gravity acceleration. Then Darcy’s law yields that the
flux of the i-th phase is given by
d

(1)

+

fi = λi (ui )(ρi g − ∇pi ),

where pi is the phase pressure and λi (ui ) ≥ 0 is the relative
mobility of the i-th phase, so the continuity equations of all
phases can be written as
(2) 0 =

∂ui
+ div (λi (ui )(ρi g − ∇pi )) ,
∂t

i = 1, . . . , N.

These equations are supplemented with initial conditions and
known normal fluxes at the boundary, fi (x, t)·n = qi (x, t), for
x ∈ ∂Ω, with n denoting the unit normal vector to the boundary pointing outwards Ω. In this paper we will use qi = 0.
The assumption that the fluid occupies
the whole pore space
P
yields that the saturations satisfy i ui = 1. Therefore, if we

0=
If
P

P

∂

P

i

∂t

ui

+ div

N
X
i=1

!

λi (ui )(ρi g − ∇pi ) .

i ui (x, 0) = 1, ∀x ∈ Ω, then we deduce that
ui (x, t) = 1, ∀x ∈ Ω, t ∈ R+ if and only if
!
N
X
(3)
0 = div
λi (ui )(ρi g − ∇pi ) .
i

i=1

The equations in (2) and (3) form a system of N + 1 equations
in the 2N unknowns ui , pi , i = 1, . . . , N , but they can be reduced to N equations in the 2N − 1 unknowns u1 , . . . , uN −1 ,
p1 , . . . , pN if we take into account that (3) is equivalent to
u1 + · · · + uN = 1, assuming that initially this holds. Therefore, N − 1 additional equations have to be supplied in order
to solve the equations above.
We introduce the capillarity pressures p̄1 , ..., p̄N −1 as the pressure differences with respect to a reference phase, which we
take to be the N th phase:
(4)

p̄i = pN − pi ,

i = 1 . . . , N − 1,

assuming that the capillarity pressures are modeled as functions of the saturations, p̄i = p̄i (ui ).
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Then, by this assumption, (3) can be written as
(5)

0 = div

N
X
i=1

λi (ui )(ρi g − ∇pN + ∇p̄i (ui ))

− div (λ(u)∇pN )) = −
N
X

N
X
i=1

!

div (λi (ui )ρi g) −

div (λi (ui )p̄0i (ui )∇ui )

i=1

where we define
λ(u) =

N
X

λi (ui ),

u = (u1 , . . . , uN ).

i=1

With appropriate boundary conditions for pN , the elliptic equation (5) can be solved for pN , thus entailing a functional relation pN [u].

Specifically, let us impose a uniform Cartesian computational
mesh (to be detailed below) on Ω and, for i = 1, . . . , N ,
d

z
}|
{
vi (t) ∈ Rm × · · · × m

is a d-dimensional matrix containing approximations of the
sought solution at the mesh points xj , j ∈ Nd , vj (t) ≈
ui (xj , t). Let Dh [v] be a data-dependent discretization of −div
(like that provided by finite-difference WENO schemes), i.e., a
linear operator:
d
Dh [v] : Rm×···×m → Rm×···×m .

Since the adjoint operator of −div is ∇, if Dh [v] ≈ −div, then
the discretization that we propose for ∇ = (−div)∗ is Dh [v]∗
d
Dh [v]∗ : Rm×···×m → Rm×···×m .

Since g 7→ Dh [v]g is linear, the argument that led us to (7)
would yield a compatible spatial semi-discretization:

In 1D, (5) can be explicitly solved as
∇pN =

N
X
λi (ui )
i=1

λ(u)

(8)
(ρi g + ∇p̄i (ui ))

i

thus yielding a system of conservation laws for the concentrations ui , i = 1, . . . , N :
0=
(6)


∂ui
+ div λi (ui ) ρi g
∂t
N
X

λj (uj )
−
(ρj g + ∇p̄j (uj )) + ∇p̄i (ui ) .
λ(u)
j=1

In [3] it was proved that the diffusive part of (6) is parabolic
and the convective part may have non-hyperbolic regions. In
that paper, the authors used WENO schemes for the convective
part to deal with the steep gradients that may appear during the
process and Nonlinearly Implicit IMEX schemes for the diffusive part to overcome the severe stability restrictions associated
with explicit schemes for parabolic equations.
We will henceforth assume zero capillarity pressures, i.e., p̄i =
0, so (5) is written for p := pN as:
(7)

− div (λ(u)∇p)) = −

0 = vi0 (t) − Dh [v]f˜i
f˜i = λi (v)(ρi g − Dh [v]∗ ph ) ≈ fi
X
X
0=(
vi (t))0 − Dh [v]
f˜i ,

N
X

div (λi (ui )ρi g) .

i=1

In this article we are interested in using finite-difference
WENO schemes to solve equation (2), using a compatible discretization for the fluxes fi that preserves the divergence-free
character of the numerical fluxes, i.e, we require equation (3) to
be satisfied also in the discrete scale. This property is necessary
if one wants to assure that the conservation
of the concentration
P
holds during time evolution, i.e, i ui (x, t) = 1, ∀t ≥ 0.

i

where
vi = (vi,j (t)), with vi,j (t) ≈Pui (xj , t), j ∈ Nd . If
P
+
i vi,j (0) = 1, then we deduce that
i vi,j (t) = 1, ∀t ∈ R
if and only if
X
(9)
0 = Dh [v]
f˜i
i

and

(10)

Dh [v]Λ(v)Dh [v]∗ ph =

X

Dh [v]λi (v)ρi g,

where we abuse notation denoting by p the d-dimensional matrix that approximates the function p on the computational
mesh. Here we have used theP
notation Λ(v) for a diagonal
matrix such that (Λ(v)q)j = ( i λi (vi,j ))qj , understanding
that λ and λi act in a pointwise manner on their matrices arguments. Now, (10) is a data-dependent discretization of (7), with
a matrix which is symmetric and positive semidefinite (since
the elements in the diagonal of Λ(v) are non-negative). The
goal of this work is to use an ODE solver to solve (8) together
with the elliptic equation.
Since there are more details that have to be taken into account,
for instance, upwinding and numerical viscosity, we detail in
the next section the operator form in a one-dimensional setting.

2

One-dimensional porous media flows

We consider a uniform grid on [0, 1] defined by the cell centers
xj = j − 12 h, j = 1, . . . , m, with cell boundaries given by
xj+ 12 = xj + h2 , where h = 1/m is the uniform grid spacing,
so that 0 = x 12 , 1 = xm+ 12 .
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In order to obtain high-order finite-difference conservative
schemes for the approximate solution of (2), we use Shu and
Osher’s technique [7], for which the conservation property of
the spatial discretization is obtained by flux reconstructions.
The flux reconstruction we consider is the Weighted Essentially Non Oscillatory reconstruction [4, 6]. To avoid the
phase dependence on the weights in the WENO reconstructions, we propose to use weights based on component-wise
global smoothness indicators of v and not of split fluxes (see
[5]).
With these considerations, the numerical flux of a componentwise finite-difference WENO scheme is given by
fˆi,j+ 12 =

(11)

X

+ ˜+
γl,j
fi,j+l

+

− ˜−
γl,j
fi,j+l ,

and (12), (11), the numerical flux can be written as:
zi = Γ+ Λi (ρi ge − ∇+ p) + Γ− Λi (ρi ge − ∇− p)
(13)

+ α(Γ+ − Γ− )vi ,

zi = g(Γ+ + Γ− )Λi ρi e − (Γ+ Λi ∇+ + Γ− Λi ∇− )p
+ α(Γ+ − Γ− )vi ,

where we have introduced the matrices Γ± = Γ±
h [v] whose
nonzero entries are given by
Γ±
j,j+l =

1 ±
γ , j = 1, . . . , m − 1, l ∈ S, j + l ∈ {1, . . . , m}
2 l,j

(we have taken into account that fˆi,m+ 21 = 0), and the diagonal
matrix Λi = Λi [v] with Λi [v]j,j = λi (vi,j ).

l∈S

±
γl,j

with
= γl± (vS+j ), where, for the WENO5 scheme, S =
−
{−2, . . . , 3} and γ3+ = γ−2
= 0, the rest of the coefficients being linear combinations of the corresponding WENO5 weights
computed on vS+j = (vj−2 , . . . , vj+3 ):
1 +
w
3 0
7
1
+
γ−1
= − w0+ − w1+
6
6
11
5
w+
γ0+ =
w0+ + w1+ + 2
6
6
3
1
5
γ1+ = w1+ + w2+
3
6
1 +
+
γ2 = − w2
6

+
γ−2
=

γ3+ = 0

−
γ−2
=0

1
−
γ−1
= − w0−
6
1
5
γ0− = w1− + w0−
3
6
11
5
w−
γ1− =
w2− + w1− + 0
6
6
3
7 − 1 −
−
γ2 = − w2 − w1
6
6
1 −
−
γ3 = w 2
3

±
+
with wl,j
being the WENO5 weight functions wl,j
=
+
−
−
wl (vj+l−2 , vj+l−1 , vj+l ), wl,j = wl (vj+l−1 , vj+l , vj+l+1 ).
Since fˆi, 12 = fˆi,m+ 12 = 0, we assume that near the bound±
aries the WENO weights are computed such that γl,j
= 0 for
j+l ∈
/ {1, . . . , m}.

In (11) we employ a Lax-Friedrichs flux splitting:

(12)


1
±
f˜i,j
= λi (vi,j )(ρi g − ∇±
j p) ± αvi,j ,
2
±
∇±
p
=
∇h [v]±
λi,j = λi (vi,j )
j
j p = (∇h [v] p)j ,
∇h [v]±
j
0

(i.e.,
is the j-th row of ∇h [v] ) with α satisfying
α ≥ |λ(f (v))|, and where the linear operator p 7→ ∇h [v]± p
remains to be determined.
±

We introduce the following further notation: µ, λ, e ∈ Rm ,
Dm ∈ Rm×m .
X
X
µj = g
λi,j ρi , λj =
λi,j , ej = 1, j = 1, . . . , m
i

Dm

i


−1 0 0 . . .
 1 −1 0 . . .
1
..........
= 
h
 0 . . . 1 −1
0 ... 0 1


0
0

.

0
0

With this notation, (13) and z0 = zm = 0, the action of the
operator Dh [v] ≈ −div on f˜i is described as follows:
(Dh [v]f˜i )j = −

fˆi,j+ 21 − fˆi,j− 21
h

=

zj−1,i − zj,i
,
h

Dh [v]f˜i = Dm zi = gDm (Γ+ + Γ− )Λi ρi e
(14)

− (Dm Γ+ Λi ∇+ + Dm Γ− Λi ∇− )p
+ αDm (Γ+ − Γ− )vi ,

so that equation (9) corresponds to:
X
0 =Dh [v]
f˜i
i

0 =Dm (Γ+ + Γ− )µ

− (Dm Γ+ Λ∇+ + Dm Γ− Λ∇− )p
+ αDm (Γ+ − Γ− )e,

where we have taken into account that
(Γ+ − Γ− )e = 0, we finally obtain:
(15)

P

i

vi = e. Since

(Dm Γ+ Λ∇+ + Dm Γ− Λ∇− )p = Dm (Γ+ + Γ− )µ.

If we require that the matrix of this system be symmetric and
positive semidefinite then we should take

With the notation
zj,i = fˆi,j+ 21 ,

zi = z:,i ,

(16)

T
∇± = ∇± [v] = Γ± [v]T Dm
.
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To summarize, our spatial semidiscretization of the problem,
in vector/matrix form, is:
(17)
 0
+
−
T
 vi = bi [v] − Ai [v]p[v] + α(∇ [v] − ∇ [v]) vi
X
X
Ai [v], b[v] =
bi [v],
 A[v]p[v] = b[v], A[v] =
i

i

where

+

T

+

−

T

−

Ai [v] = ∇ [v] Λi [v]∇ [v] + ∇ [v] Λi [v]∇ [v]
bi [v] = gρi (∇+ [v] + ∇− [v])T Λi [v]e.

3

Two-dimensional porous media flows.

In this section we present the ideas for a two-dimensional extension of the scheme introduced in Section 2. We show the
results obtained with the component-wise Lax-Friedrichs numerical flux. The development of the scheme using WENO
scheme is still in progress.
For simplicity, we assume a Cartesian mesh (xi , yj ) on Ω =
(0, 1)2 , with xi = yi = (i − 12 )h, i = 1, . . . , m, h = 1/m. Let
us denote fi = (fix , fiy ), g = (0, −g) = (g x , g y ):
fis = λi (ui )(ρi g s −

∂p
),
∂s

s = x, y.

The system A[v]p[v] = b[v] can be shown to correspond to the
normal matrices of a system with matrix
 +
1
∇ [v]Λ 2
,
1
∇− [v]Λ 2

Denote by αx , αy upper bounds of the eigenvalues of (f x )0 and
(f y )0 , respectively.

therefore it always has solutions. Since the rank of Dm is
m − 1, this system has multiple solutions. If the diagonal entries of Λi [v] are strictly positive, it can be shown that
A[v]q = 0 ⇒ Ai [v]q = 0, so the scheme does not depend on a
precise solution of A[v]p = b[v].

From an m × m matrix v, we define m2 × m2 matrices
Γx,± , Γy,± , whose nonzero entries are given by:

The final fully discrete scheme is obtained applying an appropriate ODE solver. Here we use Euler’s method for
WENO1 reconstructions or Shu and Osher’s TVD RungeKutta 3 method [7].

2.1

We order the nodes in (Cartesian) row major order, i.e., the
node (xi , yj ) is at the (i, j) := (j − 1)m + i place.

Γ[v]x,±

(18)

(j,k),(j+l,k)

Γ[v]y,±

(j,k),(j,k+l)

for l ∈ S such that j + l, k + l ∈ {1, . . . , m}. The twodimensional extension of the proposal in (16) is

LF schemes

To get some more insight on the previous exposition, we show
what a WENO1 (i.e., Local Lax-Friedrichs scheme when combined with the Euler ODE solver) would be. The reconstruction corresponds to S = {0, 1} and γ0+ = γ1− = 1 and
γ1+ = γ0− = 0, so the Γ± = Γ±
h [v] matrices do not depend
on v and are given by:




1 0 ... 0
0 1 ... 0
0 1
0 0
0 . . .
1 . . .
 −

1
1
+



.
........
........
Γ = 
,Γ = 


2
2
0 . . . 0
0 ... 1
0
1
0 ... 0
0
0 ... 0
0

In this case, the matrix of (15) is:

λ1
−λ 1
...
 −λ2 1 λ 1 + 2λ 3
3
−λ

2
2
2
2
1 
.
.
..
..
A=− 2
h 

−λM − 23 λM − 21 + λM − 32

0
...
−λM − 12
λ +λ

0
..

.
−λM − 21
λM − 21






,




where λj+ 21 = j 2 j+1 . Since the the sum of each row is 0,
the matrix is singular, as expected. If λj+ 21 > 0 for any j, then
setting p1 = 0 and solving equations 2, . . . , m yields a unique
easily computable solution.

1 ±
γ (vS+j,k )
2 l
1
= γl± (vj,S+k ),
2
=

T
∇x,± [v] = Γx,± [v]T (Im ⊗ Dm
)
T
∇y,± [v] = Γy,± [v]T (Dm
⊗ Im )
 x,± 
∇ [v]
∇± [v] =
∇y,± [v]

(19)

and the spatial semi-discretization for vi;(j,k) (t) ≈ u(xj , yk , t)
is given by:
 0
vi =bi [v] − Ai [v]p[v]












+
−
T αx vi

+
(∇
[v]
−
∇
[v])


αy vi







A[v]p[v] = b[v],
(20)



X



A[v] =
Ai [v],




i





X



b[v] =
bi [v],


i

where

Ai [v] =

X

X

sign=± var=x,y

bi [v] = ρi

X

∇var,sign [v]T Λi [v]∇var,sign [v]

X

sign=± var=x,y

g var ∇var,sign [v]T Λi [v]e.
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with Aj , B j being m × m matrices of the form:

with the diagonal m2 × m2 matrix Λi [v] given by:
Λi [v](j,k),(j,k) = λi (vi;j,k ).
As in the one-dimensional case, the systems for the pressure
have multiple solutions. We use multigrid techniques to approximate their solutions.

3.1

LF schemes

As in Section 2.1 we show what a WENO1 scheme (LaxFriedrichs plus Euler ODE solver) would be. Again, the reconstruction corresponds to S = {0, 1} and γ0+ = γ1− = 1 and
γ1+ = γ0− = 0.
When applying this to (18) we obtain that:
Γx,± [v] = Im ⊗ Γ± [v]

(21)

Γy,± [v] = Γ± [v] ⊗ Im ,

with Γ± given in Section 2.1.
Substituting these expressions in (19) and using the mixedproduct property of a Kronecker product, we obtain:
(22)



aj11
−aj
 12

 0
j
A =


 0
0

−aj12
aj22
−aj23

0
...
0
−aj23 . . .
0
aj33 . . .
0
.......................
...
. . . . . . ajm−1,m−1
...
. . . . . . −ajm−1,m

0
0
0







,


j
−am−1,m 
ajmm

and
 j
−b11
 0

 0
Bj = 


 0
0

0
0
...
0
−bj22
0
...
0
0
−bj33 . . .
0
......................
...
. . . . . . −bjm−1,m−1
...
... ...
0

0
0
0
0
−bjmm






,




All the components ajpq , bjpq in these matrices are positive combinations of the relative mobilities λi (vi;j,k ).

T
∇x,± [v] = (Im ⊗ Γ± [v])T (Im ⊗ Dm
)
T
T
= (Im
⊗ Γ± [v]T )(Im ⊗ Dm
)
T
T
= Im
Im ⊗ Γ± [v]T Dm
T
= Im ⊗ Γ± [v]T Dm
.

4

and analogously for ∇y,± [v].

4.1

Numerical results
One-dimensional experiments

So we can summarize both results as:
(23)

T
∇x,± [v] = Im ⊗ Γ± [v]T Dm
= Im ⊗ ∇ ±
1D ,
T
∇y,± [v] = Γ± [v]T Dm
⊗ Im = ∇±
1D ⊗ Im .

±
where we denote ∇±
1D for the ∇ of (16)

These equations are the two-dimensional version of the condition shown in (16) to ensure that the matrix of the system
A[v]p[v] = b[v] in (20) be symmetric and positive semidefinite.
In this case, the matrix Ai [v] obtained has the following structure by blocks:

(24)



A1
B 1

0
Ai [v] = 


0
0

B1
A2
B2

0 ...
0
B2 . . .
0
A3 . . .
0
.................
. . . . . . . . . Am−1
. . . . . . . . . B m−1

0
0
0






,


B m−1 
Am

To test the numerical results obtained with the newly developed scheme, we consider the same test problem as in [2, 3],
which may correspond to a simulation that might be associated
to a problem involving water filtration in a vertical column of
porous soil containing oil, gas and water. The initial conditions
for the simulation are as follows:

(1, 0, 0),
0 ≤ x ≤ 0.5;
u = (u1 , u2 , u3 ) =
(0.2, 0.2, 0.6), 0.5 < x ≤ 1.0.
The subindices 1, 2 and 3 refer to water, gas and oil respectively.
As it can be appreciated in Figures 1, 2 and 3 the numerical solutions obtained when using the WENO5 scheme and m = 512
are very close to the reference solution, which has been computed using the algorithm developed in [2, 3] with m = 2048.
The numerical solutions obtained using Lax-Friedrichs scheme
are more diffusive, as we expected. The oscillatory behavior showed by the numerical solutions obtained with WENO5
scheme can be alleviated by reducing the ratio k/h.
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4.2

Two-dimensional experiments

To test our two-dimensional Lax-Friedrichs scheme we propose the next experiment. The initial conditions for water saturation u1 on the domain Ω are:
(25)

u1 (x, y) =



1
0.2

(x, y) ∈ [0.25, 0.75] × [0.5, 1]
(x, y) ∈
/ [0.25, 0.75] × [0.5, 1].

and, correspondingly, gas saturation is u2 (x, y) = 1−u1 (x, y).
Figure 4 show the evolution over time given by our twodimensional Lax-Friedrichs scheme.
Figure 1: Water saturation numerical solution for the test problem at time T = 1.0, m = 512, k/h = 0.5.

The global behavior of the numerical solution seems to be
physically correct: water flows downwards and gas upwards,
with a widening of the region dominated by water saturation as
time increases.

5

Conclusions

In this paper we have presented a numerical scheme that uses
finite-difference WENO schemes for the simulation of multidimensional multi-phase flow problems in vertical equilibrium
in a homogeneous porous medium. We have presented the
derivation of the scheme in the one-dimensional case using
WENO-based Lax-Friedrichs numerical fluxes and we have
presented some numerical results to show that the behavior of
the numerical solutions obtained with WENO-based fluxes is
physically correct and less diffusive than the numerical results
obtained with Lax-Friedrichs numerical fluxes.

Figure 2: Gas saturation numerical solution for the test problem at time T = 1.0, m = 512, k/h = 0.5.

We have presented a two-dimensional extension of the scheme
using Lax-Friedrichs numerical fluxes. Although the numerical results seem to be physically correct, there are some aspects
that need to be improved: the computation time needed to obtain the numerical solutions needs to be diminished to test the
scheme with finer meshes and we have to determinate the appropriate values for the numerical viscosities, αx and αy in the
Lax-Friedrichs splitting, for both f x and f y fluxes.
The extension of the scheme to deal with non-zero capillarity
pressures and the construction of a two-dimensional scheme
with WENO-based fluxes is currently under investigation.
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Figure 4: Left: Evolution over time of the water saturation for the test problem at different times (from up to down: T = 0 and
T = 0.3), m=256, k/h = 0.1. Right: Evolution over time of the water saturation for the test problem at different times (from up
to down: T = 0.6 and T = 0.9), m=256, k/h = 0.1.
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Idempotent Morphological Dilations
N. Madrid∗

Abstract— In this paper we show that idempotence is an interesting property to be considered on dilations and erosions because
determines a subclass that conserves most important relations between those mathematical morphology operators. Specifically,
we show that to each idempotent dilation we can associate an idempotent erosion forming an adjoint pair. Moreover, we study in
what cases opening and closings can be obtained by means of idempotent dilations and erosions.

1

Introduction

Mathematical Morphology was introduced originally by Serra
in 1964 for the analysis of Black and White images. Subsequently, in the literature there are approaches that generalize
the operators of Mathematical Morphology to deal with gray
scale images [6], color images [1], fuzzy environments [3], and
general algebraic environments [7]. This work focus in the latter environment.
Morphological operators defined in the algebraic approach are
define by means properties, conversely to the other approaches,
where such an operators are defined by mean of a substructure
(e.g. by a join/intersection of sets in black&white mathematical morphology). The advantage of the the algebraic approach
is that by requiring only few properties, we can generalize most
important properties of morphological operators in other approaches. Moreover, the algebraic morphological operators
cover a wide number of approaches, like Fuzzy Transforms
[5] or Fuzzy Concepts Lattices [4]. Therefore, we can consider subclasses of morphological algebraic operators to cover
some approaches in a more specific way. In [7] a kind of invariance by translations (or in a more general way, by transformation forming a group structure) is included in the algebraic operators. To the best of our knowledge, this is the only
approach of algebraic mathematical morphology considering
subclases of operators. Here, we study an interesting subclass
of morphologic operators, the idempotent ones. It is worth to
note that idempotence for dilation only has sense in the algebraic approach, since in the other mathematical morphology
approaches, the only idempotent dilation is the identity. Specifically, we show that idempotent dilations is an interesting class
of algebraic operators and that in totally ordered lattices, such
a subclass is able to represent every morphological filter.
The notions of opening and closing were introduced at first in
the framework of topological spaces, later extended to the lat∗ Institute
1 see

tice of parts of a set and finally to complete lattices (for further
details we refer to [2, Chapter V]). One of the most known
ways to define openings and closings is by using morphological operators. Perhaps is due to the fact that, as Serra showed
in [6, Chapter 1], every opening and closing can be generated
by combining morphological erosions and dilations.
However, although specific studies of openings and closings
has been done[7], for the best of our knowledge none of them
are aimed to find a minimal sets of dilations and erosions to
generate all openings and closings. For example, it is well
known that every bijective dilation and its respective erosion by
adjointness1 defines the same opening and closing: the identity.
Finding a minimal set of dilations holding extra-properties and
capable of generating the set of openings and closing is really
useful from a theoretical point of view.
The structure of the paper is given as follows. In Section 2 we
present the notions and theorems we use to prove our results.
Subsequently, in Section 3 we show our main results. Finally
in Section 4 we present conclusions and future works.

2

Preliminaries

Let us start by recalling the notions of erosions and dilation.
D EFINITION 1 [7] Let (L1 , ≤1 ) and (L2 , ≤) be two complete
lattices. A mapping ε : L1 → L2 is called an erosion if for all
X ⊆ L1 we have ε(inf X) = inf x∈X ε(x). Respectively, a
mapping δ : L2 → L1 is called a dilation if for all Y ⊆ L2 we
have: δ(sup Y ) = supy∈Y δ(y)
So, roughly speaking, every erosion commutes with infimum
and so does dilation with supremum. The notion of adjoint
pair determines a pretty relation between erosions and dilations. Let us recall that a pair (ε, δ) of mappings ε : L1 → L2
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and δ : L2 → L1 between complete lattices form an adjoint
pair if and only if for every x ∈ L1 and y ∈ L2 we have
y ≤ ε(x)

if and only if

δ(y) ≤ x

The use of the same letters than in the Definitions 1 is not casual, since there exists a certain (and very well known) equivalence between both notions. On the one hand, if (ε, δ) is an
adjoint pair, then, ε is an erosion and δ is a dilation. On the
other hand, the converse can be written in the following sense:
T HEOREM 2 [7] Let ε : L1 → L2 be an erosion (resp. dilation δ : L2 → L1 ). Then there exists exactly one dilation
δε : L2 → L1 (resp. erosion εδ : L1 → L2 ) such that (ε, δε )
(resp. (εδ , δ)) forms an adjoint pair. Specifically, such a dilation (resp. erosion) can be determined by the expression:
δε (y) = inf{z ∈ L2 | y ≤ ε(z)}

resp. εδ (x) = sup{z ∈ L1 | δ(z) ≤ x}
for every y ∈ L2 (resp. for every x ∈ L1 ).



the lattice of subsets of L closed by supremum [6, 7]. Let us recall that a subset X ⊆ L is closed by supremum (resp. by infimum) if for all family of elements Y ⊆ X we have sup Y ∈ X
(resp. inf Y ∈ X). Such isomorphism is giving by means of
the set of invariance.
D EFINITION 5 Given a mapping ψ : L → L the set of invariance of ψ is defined as Inv(ψ) = {x ∈ L | ψ(x) = x}.
T HEOREM 6 [7] The set of invariance of every opening (resp.
closing) is closed by supremum (resp. infimum). Conversely,
given two sets A, B ⊆ L closed by supremum and infimum respectively, the mappings αA , γB : L → L defined by αA (x) =
sup{y ∈ A | y ≤ x} and γB (x) = inf{y ∈ B | x ≤ y}
are the only opening and only closing respectively such that
Inv(α) = A and Inv(β) = B.
Perhaps one of the most known ways to define openings and
closings is by using erosions and dilations. An interesting relationship between dilations, erosions, openings and closings is
given by the following result. Let us recall that the image of
a mapping ψ : L1 → L2 is given by Im(ψ) = {ψ(x) | x ∈
L1 } ⊆ L2 .

The notation used in Theorem 2 is used hereafter to denote
dilations and erosions related by adjunction. Note that as consequence, every erosion and dilation is monotonic, i.e., x ≤ y
implies δ(x) ≤ δ(y) for all x, y ∈ L2 .

T HEOREM 7 [7] Let (ε, δ) be an adjoint pair, then δ ◦  is the
unique opening such that Inv(δ ◦ ) = Im(δ) and  ◦ δ is the
unique closing such that Inv( ◦ δ) = Im().

C OROLLARY 3 Every dilation (resp. erosion) is monotonic.

3

The notions of opening and closing [2, 7] are defined as follows.
D EFINITION 4 Let L be a complete lattice and let ψ : L → L
a mapping. We say that ψ is:
• monotonic if x ≤ y implies ψ(x) ≤ ψ(y) for all
x, y ∈ L.
• idempotent if ψ(ψ(x)) = ψ(x) for all x ∈ L.
• extensive if x ≤ ψ(x) for all x ∈ L.
• anti-extensive x ≥ ψ(x) for all x ∈ L.
• an opening if it is monotonic, idempotent and antiextensive.
• a closing if it is monotonic, idempotent and extensive.
Hereafter we use the greek letters α and γ to denote opening
and closings respectively. Note that the set of openings (resp.
closings) is a lattice structure with respect to the point-wise
ordering induced by L. Moreover, one of the most important
properties of the lattice of openings is that it is isomorphic to

Idempotent dilations

As we said in Introduction, this work focus on idempotent dilations, i.e., diulations δ such that δ 2 = δ ◦ δ = δ. Hence,
hereafter in this paper we need to restrict to dilations with the
same lattice in the domain and codomain. The first result shows
that idempotence in morphological operators determines an interesting subclass of morphological operators. Specifically, it
shows that the erosion associated to every idempotent dilation
is idempotent as well.
P ROPOSITION 8 Let δ : L → L be an idempotent dilation.
Then, the respective erosion associated to δ by adjunction, εδ ,
is idempotent.
Proof. We know by Theorem 2 that the structure of εδ is:
εδ (x) = sup{z ∈ L | δ(z) ≤ x}.

Therefore, we need to prove that:

εδ (x) = sup{z ∈ L | δ(z) ≤ x} =
sup{z ∈ L | δ(z) ≤ sup{z ∈ L | δ(z) ≤ x}} = εδ (εδ (x))

That is equivalent to show that, fixed x ∈ L, the sets
and

A = {z ∈ L | δ(z) ≤ x}
B = {z ∈ L | δ(z) ≤ sup{z ∈ L | δ(z) ≤ x}}
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are equal. Let us consider firstly z ∈ A and let us show that
z ∈ B. As z ∈ A, then δ(z) ≤ x. By idempotence of δ we
have that δ(δ(z)) ≤ x. Thus, δ(z) ∈ {z ∈ L | δ(z) ≤ x}
and therefore δ(z) ≤ sup{z ∈ L | δ(z) ≤ x}. In other words,
z ∈ B.
Conversely, let us assume that z ∈ B, then δ(z) ≤ sup{z ∈
L | δ(z) ≤ x}. By monotonicity of δ we have that
δ 2 (z) ≤ δ(sup{z ∈ L | δ(z) ≤ x}),
by idempotence and definition of dilation we have
δ(z) ≤ sup{δ(z) ∈ L | δ(δ(z)) ≤ x}
= sup{δ(z) ∈ L | δ(z) ≤ x}.

Therefore, there is z 0 ∈ L such that δ(z 0 ) ≤ x and δ(z) ≤ δ(z 0 )

that implies, δ(z) ≤ x. In other words, z ∈ A.
In the rest of this section we deal with the following question:
given an opening α, is there any idempotent dilation δ such that
α = δ ◦ δ ? The following result shows that on totally ordered
lattices, the answer of such a question is yes.
T HEOREM 9 Let L be a totally ordered lattice and let α : L →
L be an opening. Then, there exists an idempotent dilation
δ : L → L such that α = δ ◦ δ .
Proof. Let us consider the mapping γ(x) = inf{y ∈ Inv(α) |
x ≤ y} and let us show that δ : L → L, given by the expression:

α(x) if γ(x) ∈
/ Inv(α)
δ(x) =
(1)
γ(x) if γ(x) ∈ Inv(α)
is the dilation verifying α = δ ◦ δ . Note, first of all, that if
x ∈ Inv(α) then δ(x) = x, since in such a case we always
have γ(x) = x. Moreover, if x ∈
/ Inv(α) then, we have either γ(x) = x or γ(x) 6= x. In the first case we have that
δ(x) = α(x) 6= x and in the second case, since γ(x) 6= x
and α(x) 6= x, δ(x) 6= x as well. So, if we prove that δ is a
dilation, by applying Theorem 7 we would conclude the proof,
since Im(δ) = Inv(α).
To prove that δ is a dilation, we need to prove previously
the monotonicity of δ. So let x, y ∈ L such that x ≤ y.
If γ(x) = γ(y) then there are not z ∈ Inv(α) such that
x < z < y, therefore δ(x) = δ(y). If γ(x) < γ(y) then there
are three straightforward cases, namely: γ(x), γ(y) ∈ Inv(α);
γ(x), γ(y) ∈
/ Inv(α); and γ(x) ∈
/ Inv(α), γ(y) ∈ Inv(α). If
γ(x) ∈ Inv(α) and γ(y) ∈
/ Inv(α), then, by definition of γ,
there exists z ∈ Inv(α) such that x ≤ z < y. That implies
that δ(x) = γ(x) ≤ z ≤ α(y) = δ(y).
Let us prove now that δ is a dilation, that is, that for every
X ⊆ L, we have supx∈X δ(x) = δ(sup(X)). Let us distinguish cases:

• Let us assume firstly that sup(xi ) ∈
/ Inv(α). Then, as
Inv(α) is closed under supremum, there exists Y ⊆ X
such that y ∈
/ Inv(α) for all y ∈ Y , sup Y = sup X
and verifying [inf Y, sup Y ] ∩ Inv(α) = ∅. The equality
[inf Y, sup Y ] ∩ Inv(α) = ∅ implies that there exist c ∈ L
such δ(y) = c for all y ∈ Y according to the definition
given in equation (1). Note that δ(sup X) = δ(sup Y ) = c
as well. Moreover, as L is totally ordered, δ monotonic and
sup Y = sup X we have supy∈Y δ(y) = supx∈X δ(x). Hence
δ(sup X) = c = supy∈Y δ(y) = supx∈X δ(x)
• Let us assume secondly that sup X ∈ Inv(α) and that
there exists Y ⊆ X such that y ∈ Inv(α) for all y ∈ Y
and sup Y = sup X. So we have δ(sup X) = δ(sup Y ) =
supy∈Y y = supy∈Y δ(y) = supx∈X δ(x)
• Finally, let us assume that sup(xi ) ∈ Inv(α) but the previous case does not hold. Then there exists Y ⊆ X such
that y ∈
/ Inv(α) for all y ∈ Y , sup Y = sup X and verifying that the interval (inf Y, sup Y ) and Inv(α) are disjoint. The equality (inf Y, sup Y ) ∩ Inv(α) = ∅ implies that
δ(y) = γ(y) = sup X for all y ∈ Y according to the definition of δ and γ. Therefore δ(sup X) = δ(sup Y ) = sup X =
supy∈Y δ(y) = supx∈X δ(x)

Let us continue by exposing that, in general terms, no every
opening can be obtained directly by means of idempotent dilations.
E XAMPLE 10 Let us a consider the complete lattice given by
the following Hasse diagram and the opening α defined below:

 ⊥
a
α(x) =

x

if x = b
if x = d
otherwise.

Firstly, it is easy to check that α is actually an opening. Secondly, note that α is not a dilation, since α(sup{d, c}) =
α(f ) = f but sup{α(d), α(c)} = sup{a, c} = c. Finally, let
us assume by reductio ad absurdum that there exists an idempotent dilation δ such that α = δ ◦ δ . Then, by Theorem 7,
we know that Im(δ) = Inv(α). Moreover, as δ is idempotent,
δ(x) = x for all x ∈ Inv(α). Thus, on the one hand we have
sup{c, δ(d)} = sup{δ(c), δ(d)} = δ(sup{c, d}) = δ(f ) = f ,
and on the other hand sup{e, δ(d)} = sup{δ(e), δ(d)} =
δ(sup{e, d}) = δ(g) = g. But the only element x ∈ L
such that sup(c, x) = f and sup(e, x) = g is x = d. So
δ(d) = d, which contradicts that Im(δ) = Inv(α). Summarizing, there is not any idempotent dilation δ defined on L such
that α = δ ◦ δ .
In the rest of this section we present some results establishing
sufficient conditions to ensure that one opening can be obtained
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from an idempotent dilation. The first of them is given on the
context of cartesian products of lattices. We use the notation
Ln = L ×.(n).. ×L.
P ROPOSITION 11 Let L be a totally ordered lattice and let
αi : L → L be an opening for each i ∈ {1, . . . , n}. Then the
opening α : Ln → Ln given by
α(x1 , . . . , xn ) = (α1 (x1 ), . . . , αn (xn ))

can be obtained from a corresponding idempotent dilation
δ : Ln → Ln by α = δ ◦ δ .
Proof. The result can be obtained easily as a consequence of
Theorem 9.

The second result is given on the context of finite lattices.

4

Conclusions and Future Work

In this paper we have provided three theoretical results. The
first of them shows that, in totally ordered lattices, every opening can be defined in terms of an idempotent dilation. The second and third give some condition to ensure that specific openings can be obtained form idempotent dilations. Moreover, all
obtained results can be easily rewritten in terms of closings.
As a future work we want to obtain a subset of dilations, by
imposing extra properties, able to define the set of openings on
a lattice. Moreover, we want to apply that ”hypothetical" result
to compare the inverse F -transforms on a complete lattice [5]
with its set of openings and closings.
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Reducing concept lattices by cuts
Ma Eugenia Cornejo†, Jesús Medina‡ and Eloísa Ramírez-Poussa∗

Abstract— Study strategies to reduce the size of concept lattices is fundamental in formal concept analysis, when they preserve
the main information of the relational database.
This paper presents several properties of the useful fuzzy-attributes, in the general fuzzy case of multi-adjoint concept lattices,
and provides one mechanism in order to reduce the size of concept lattices without losing or modifying important information.
One important property is that the reduced concept lattice is a sublattice of the original one. Moreover, interesting properties of
this mechanism are studied.
Keywords: Formal concept analysis; fuzzy sets; irreducible elements; concept lattice reduction.

1

Introduction

One of the most important theories for extracting information
from databases is Formal Concept Analysis (FCA), which has
become a powerful tool for machine learning, software engineering and information retrieval.
Specifically, it is a tool for extracting pieces of information
from databases containing a set of attributes A and a set of
objects B together with a relation between them R ⊆ A × B.
These pieces of information are called concepts, which can be
hierarchized to obtain concept lattices.
Usually, the sets of attributes and objects are very large, and
building the concept lattice is very complex.
Attribute reduction is an important step in reducing the computational complexity to obtain concept lattices and it is widely
studied in the classical case [1, 2, 3, 4].
In fuzzy formal concept analysis, the attribute reduction is
more complicated and it is studied in [5, 6]. One of the advantages of this mechanism is that the original concept lattice
is preserved, which turn out sometime to disadvantage when
the obtained concept lattice is very big and unreadable. Hence,
other mechanisms, based on specific and argued philosophies,
need to be studied in order to decrease the size of the concept
lattice.
For example, the use of hedges (truth stressers operators) in the
concept-forming operators [7, 8, 9, 10]. Granular computing
provides another methodology for this problem [11].

new general approach to formal concept analysis, in which the
philosophy of the multi-adjoint paradigm was applied to the
formal concept analysis, in order to provide a general framework that could conveniently accommodate different fuzzy approaches given in the literature.
This paper presents a mechanism in order to reduce the size
of multi-adjoint concept lattices, which is based on a cut value
given by the user. This method uses a characterization of the
meet-irreducible elements by fuzzy-attributes [6] and improves
several aspects of another recent introduced method [14, 15].
From this reduction, a sublattice of the original concept lattice is obtained (called α-cut concept lattice), which implies
that the original concepts are not modified and the most representative knowledge is preserved and, in order to obtain the
concepts of the reduced concept lattice from the initial decomposition in meet-irreducible elements and the threshold, the
original concept lattice does not need to be distributive as it
is needed for the methodology based on an irreducible α-cut
concept lattice [15].

2

This first section presents a summary with some necessary definitions and results in order to make the paper self-contained.
D EFINITION 1 Given a lattice (L, ), such that ∧, ∨ are the
meet and the join operators, and an element x ∈ L verifying

Multi-adjoint concept lattices were introduced in [12, 13] as a
† Department
‡ Department

Preliminary notions

1. If L has a top element >, then x 6= >.
2. If x = y ∧ z, then x = y or x = z, for all y, z ∈ L.
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we call x meet-irreducible (∧-irreducible) element of L. Condition (2) is equivalent to
20 . If x < y and x < z, then x < y ∧ z, for all y, z ∈ L.
Hence, if x is ∧-irreducible, then it cannot be represented as
the infimum of strictly greatest elements. A join-irreducible
(∨-irreducible) element of L is defined dually.
The following notions and properties are associated with lattice
theory and they will be used later.
D EFINITION 2 Let (L, ) be a lattice and ∅ 6= M ⊆ L. Then
(M, ) is a sublattice of (L, ), if for each a, b ∈ M we have
that a ∨ b ∈ M and a ∧ b ∈ M .
In this paper, the mechanisms proposed to reduce the size of
multi-adjoint concept lattices are defined in a general fuzzy
setting which provides a great flexibility, the multi-adjoint concept lattice framework. Next, we recall this fuzzy concept lattice, which was introduced in [12].
The basic operators considered to define the concept-forming
operators are adjoint triples.
D EFINITION 3 Let (P1 , ≤1 ), (P2 , ≤2 ), (P3 , ≤3 ) be posets
and & : P1 × P2 → P3 , . : P3 × P2 → P1 , - : P3 × P1 → P2
be mappings, then (&, ., -) is an adjoint triple with respect
to P1 , P2 , P3 if:
(1)

x ≤1 z . y iff x & y ≤3 z iff y ≤2 z - x

where x ∈ P1 , y ∈ P2 and z ∈ P3 . The condition (1) is also
called adjoint property.
The following example presents a particular adjoint triple obtained from the product t-norm, when a finite regular partition
of the unit interval is considered.
E XAMPLE 4 Given m ∈ N, the set [0, 1]m is a regular partition of [0, 1] in m pieces, for example [0, 1]2 = {0, 0.5, 1}
divides the unit interval in two pieces.
A discretization of the product t-norm is the operator
&∗P : [0, 1]20 × [0, 1]8 → [0, 1]100 defined, for each x ∈ [0, 1]20
and y ∈ [0, 1]8 as:

d100 · x · ye
x &∗P y =
100
where d _ e is the ceiling function and whose residuated implications .∗P : [0, 1]100 × [0, 1]8 → [0, 1]20 , -∗P : [0, 1]100 ×
[0, 1]20 → [0, 1]8 are defined as:
z .∗P y

=

b20 · min{1, z/y}c
20

z -∗P x

=

b8 · min{1, z/x}c
8

where b _ c is the floor function.
Hence, the triple (&∗P , .∗P , -∗P ) is an adjoint triple and the operator &∗P is straightforwardly neither commutative nor associative. Similar adjoint triples can be obtained from the Gödel
and Łukasiewicz t-norms.
In the concept lattice environment, we need to consider that
(P1 , ≤1 ) and (P2 , ≤2 ) are complete lattices.
D EFINITION 5 A multi-adjoint frame L is a tuple
(L1 , L2 , P, &1 , . . . , &n ) where (L1 , 1 ) and (L2 , 2 ) are
complete lattices, (P, ≤) is a poset and, for all i = 1, . . . , n,
(&i , .i , -i ) is an adjoint triple with respect to L1 , L2 , P .
A multi-adjoint context can be defined from a multi-adjoint
frame.
D EFINITION 6 Let (L1 , L2 , P, &1 , . . . , &n ) be a multiadjoint frame, a context is a tuple (A, B, R, σ) such that A and
B are non-empty sets (usually interpreted as attributes and objects, respectively), R is a P -fuzzy relation R : A × B → P
and σ : A × B → {1, . . . , n} is a mapping which associates
any element in A × B with some particular adjoint triple in the
frame.
A
From now on, we will denote as LB
2 and L1 the set of mappings g : B → L2 and f : A → L1 , respectively. On these sets
a pointwise partial order can be considered from the partial orA
ders in (L1 , 1 ) and (L2 , 2 ) providing to LB
2 and L1 the
B
structure of complete lattice. Abusing notation, (L2 , 2 ) and
(LA
1 , 1 ) are complete lattices whose orderings are given by
the following relation: g1 2 g2 if and only if g1 (b) 2 g2 (b)
(f1 1 f2 if and only if f1 (a) 1 f2 (a), respectively), for
A
all g1 , g2 ∈ LB
2 and b ∈ B (for all f1 , f2 ∈ L1 and a ∈ A,
respectively).

Once we have fixed a multi-adjoint frame and a context for
A
that frame, the concept-forming operators ↑σ : LB
2 −→ L1 and
B
B
A
↓σ
A
: L1 −→ L2 can be defined, for all g ∈ L2 , f ∈ L1 and
a ∈ A, b ∈ B, as
(2)
(3)

g ↑σ (a)
σ

f ↓ (b)

=
=

inf{R(a, b) .σ(a,b) g(b) | b ∈ B}

inf{R(a, b) -σ(a,b) f (a) | a ∈ A}

These operators form a Galois connection [12]. Hereon, we
σ
will write ↑ and ↓ instead of ↑σ and ↓ , respectively.
The next technical result recalls several well-known properties
A
of the Galois connection theory with respect to ↑ : LB
2 −→ L1
↓
A
B
and : L1 −→ L2 .
A
L EMMA 7 ([16]) Given X ⊆ LB
2 and Y ⊆ L1 , the following
expressions are satisfied
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1.
2.
3.
4.

W

W

V

V

f ∈Y

f ↓ 2

↑
g∈X g 1

f ∈Y

f↓ =

↑
g∈X g =

V

V

W

W

f ∈Y

f

g∈X g

f ∈Y

f

g∈X g

↓

in Figure 1 and has 18 concepts listed below.

↑

↓

↑

With respect to the multi-adjoint concepts, they are defined as
A
↑
pairs hg, f i satisfying that g ∈ LB
2 , f ∈ L1 and that g = f
↓
↑ ↓
and f = g; with ( , ) being the Galois connection defined
above. The fuzzy subset of objects g (resp. fuzzy subset of
attributes f ) is called extension (resp. intension) of the concept
and the extension set (resp. intension set) is denoted as Ext(M)
(resp. Int(M)).
A
Given g ∈ LB
2 (resp. f ∈ L1 ), the generated concept from g
↑↓ ↑
(resp. f ) is hg , g i (resp. hf ↓ , f ↓↑ i) and so, the extension of
the least concept containing to g is g ↑↓ .

C0
C1
C2
C3
C4
C5
C6
C7
C8
C9
C10
C11
C12
C13
C14
C15
C16
C17

= h{0.2/b1 , 0.7/b2 , 0.0/b3 }, {1.0/a1 , 1.0/a2 }i
= h{0.2/b1 , 0.8/b2 , 0.0/b3 }, {0.8/a1 , 1.0/a2 }i
= h{0.2/b1 , 0.7/b2 , 0.5/b3 }, {1.0/a1 , 0.0/a2 }i
= h{0.2/b1 , 1.0/b2 , 0.0/b3 }, {0.7/a1 , 1.0/a2 }i
= h{0.2/b1 , 0.8/b2 , 0.6/b3 }, {0.8/a1 , 0.0/a2 }i
= h{0.3/b1 , 1.0/b2 , 0.0/b3 }, {0.6/a1 , 1.0/a2 }i
= h{0.2/b1 , 1.0/b2 , 0.7/b3 }, {0.7/a1 , 0.0/a2 }i
= h{0.4/b1 , 1.0/b2 , 0.0/b3 }, {0.5/a1 , 1.0/a2 }i
= h{0.3/b1 , 1.0/b2 , 0.8/b3 }, {0.6/a1 , 0.0/a2 }i
= h{0.5/b1 , 1.0/b2 , 0.0/b3 }, {0.4/a1 , 1.0/a2 }i
= h{0.4/b1 , 1.0/b2 , 1.0/b3 }, {0.5/a1 , 0.0/a2 }i
= h{0.6/b1 , 1.0/b2 , 0.0/b3 }, {0.3/a1 , 0.8/a2 }i
= h{0.5/b1 , 1.0/b2 , 1.0/b3 }, {0.4/a1 , 0.0/a2 }i
= h{0.7/b1 , 1.0/b2 , 0.0/b3 }, {0.2/a1 , 0.7/a2 }i
= h{0.6/b1 , 1.0/b2 , 1.0/b3 }, {0.3/a1 , 0.0/a2 }i
= h{0.8/b1 , 1.0/b2 , 0.0/b3 }, {0.2/a1 , 0.6/a2 }i
= h{1.0/b1 , 1.0/b2 , 0.0/b3 }, {0.2/a1 , 0.5/a2 }i
= h{1.0/b1 , 1.0/b2 , 1.0/b3 }, {0.2/a1 , 0.0/a2 }i

The next definition introduces the notion of concept lattice in
this framework.
D EFINITION 8 The multi-adjoint concept lattice associated
with a multi-adjoint frame (L1 , L2 , P, &1 , . . . , &n ) and a context (A, B, R, σ) is the set

C16

C15

A
↑
↓
M = {hg, f i | g ∈ LB
2 , f ∈ L1 and g = f, f = g}

in which the ordering is defined by hg1 , f1 i
hg2 , f2 i if and only if g1 2 g2 (equivalently f2 1 f1 ).

C17



C13

C14

C11

C12

C9

C10

C7

C8

C5

C6

C3

C4

C1

C2

The ordering defined above provides to M the structure of a
complete lattice. The details can be seen in [12].
E XAMPLE 9 The considered framework is L = (L, , &∗P ),
where L = [0, 1]10 is a regular partition of [0, 1] in 10 pieces
and &∗P is the product conjunctor defined on L, see [17] for
more details. The fixed context is (A, B, R, σ), with A =
{a1 , a2 }, B = {b1 , b2 , b3 }, R : A × B → L given by Table 1,
and σ is constantly &∗P .
Table 1: The definition of the relation R of Example 9.
R
b1
b2
b3
a1
a2

0.2
0.5

0.7
1

0.5
0

The Hasse diagram of the concept lattice (M, ) is presented

C0

Figure 1: The Hasse diagrams of the concept lattice (M, )
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Now, the characterization of the ∧-irreducible elements
of a multi-adjoint concept lattice presented in [6, 18]
will be recalled. For that, we will fix a multi-adjoint
concept lattice (M, ) related to a multi-adjoint frame
(L1 , L2 , P, &1 , . . . , &n ), a context (A, B, R, σ), and the following specific family of L1 -fuzzy subsets of A.
D EFINITION 10 For each a ∈ A, the fuzzy subsets of attributes φa,x ∈ LA
1 defined, for all x ∈ L1 , as

x
if a0 = a
0
φa,x (a ) =
⊥1 if a0 6= a
will be called fuzzy-attributes, where ⊥1 is the minimum element in L1 . The set of all fuzzy-attributes will be denoted as
Φ = {φa,x | a ∈ A, x ∈ L1 }.
Note that it is possible that there exist φai ,xi , φaj ,xj ∈ Φ, such
that ai = aj , with xi 6= xj . See Example 11 in [6] for more
details.
A first relation among a general fuzzy subset f ∈ LA
1 and the
fuzzy-attributes φa,f (a) ∈ LA
is
given
by
the
following
result.
1
L EMMA 11 ([6]) For all f ∈ LA
1 , we have that f =
W
φ
.
a,f
(a)
a∈A

The ∧-irreducible elements are concepts generated by fuzzyattributes and no more concepts can be meet-irreducible elements. This feature of the ∧-irreducible elements of a multiadjoint concept lattice was provided in [6] and it is shown in
the following theorem.
T HEOREM 12 ([6]) The set of ∧-irreducible elements of M,
MF (A), is formed by the pairs hφ↓a,x , φ↓↑
a,x i in M, with a ∈ A
and x ∈ L1 , such that
^
φ↓a,x 6= {φ↓ai ,xi | φai ,xi ∈ Φ, φ↓a,x ≺2 φ↓ai ,xi }

and φ↓a,x 6= g> , where > is the maximum element in L2 and
g> : B → L2 is the fuzzy subset defined as g> (b) = >, for all
b ∈ B.

3

P ROPOSITIONV13 Let g be the extension of a concept of M
such that g = i∈I φ↓ai ,xi , where {hφ↓ai ,xi , φ↓↑
ai ,xi i | i ∈ I} ⊆
MF (A). Then,
^ ↓
g=
φa,g↑ (a)
a∈A

W
Proof. By Lemma 11 we obtain that g ↑ = a∈A φa,g↑ (a) and,
applying the monotonicity of ↓ and Lemma 7(3), we have that
_

↑ ↓

g = (g ) =

φa,g↑ (a)

a∈A

!↓

=

^

φ↓a,g↑ (a)

a∈A


The following result states that the values corresponding to the
fuzzy-attributes of MF (A), which define g, are smaller than
those given by g ↑ .
P ROPOSITION 14 Given g ∈ LB
2 , the extension of a concept
of M, and a family {hφ↓ai ,xi , φ↓↑
i ∈ MF (A) | i ∈ I} such
a
i ,xi
V
that g = i∈I φ↓ai ,xi . The inequality xi 1 g ↑ (ai ) holds, for
all i ∈ I.
Proof. From g =
of inequalities
_

i∈I

V

(1)

φai ,xi 1

i∈I

_

i∈I

φ↓ai ,xi , we obtain the following chain

(2)

φ↓↑
ai ,xi 1

^

φ↓ai ,xi

i∈I

!↑

= g↑

where (1) holds because (↑ , ↓ ) is a Galois connection and (2) is
given by Lemma 7(2). In addition, by the definition of φai ,xi ,
we have that
_
_
φai ,xi (a) =
xi
i∈I

i∈Ia

where Ia = {i ∈ I | ai = a}.
S Note that, I is the disjoint
union of these sets, that is I = a∈A Ia . Taking into account
the previous inequality, we can conclude that
_
xi0 1
xi 1 g ↑ (ai0 )
i∈Iai

0


Fuzzy-attributes generating ∧-irreducible el- for each i0 ∈ I, which proves the result.
ements
From the proposition above and the monotonicity of the oper-

Several properties about the meet-irreducible elements of a
multi-adjoint concept lattice generated from a fuzzy-attribute
will be presented in this section.
The following technical property will play an important role
in the proofs of the main results of this paper. Moreover, it
will be used to prove other interesting properties in this section. Specifically, it shows how the extensions of the concepts
can be obtained from the fuzzy-attributes.

ator ↓ , the next corollary is straightforwardly obtained.

C OROLLARY 15 Each extension
of a concept of M, which
V
can be written as g = i∈I φ↓ai ,xi , with hφ↓ai ,xi , φ↓↑
ai ,xi i ∈
MF (A), satisfies the following property:
φ↓ai ,g↑ (ai ) 2 φ↓ai ,xi
for all i ∈ I.
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It is clear that φ↓↑
ai ,xi (ai ) = xi does not hold in general,
that is, the closure of a fuzzy-attribute with respect to a may
strictly increase the original value associated with a. If we consider Example 9, we can observe that the concept C16 satisfies
↓
↓↑
the equality C16 = hφ↓a2 ,0.5 , φ↓↑
a2 ,0.5 i = hφa2 ,0.4 , φa2 ,0.4 i and
↓↑
0.4 6= φa2 ,0.4 (a2 ) = 0.5.
However, this equality holds if the element xi is the value given
by the intension of the corresponding fuzzy subset of objects g,
as the following proposition shows.
P ROPOSITION 16 Let g ∈ LB
2 be a fuzzy subset of objects.
Then, the following equality holds
φ↓↑
(a) = g ↑ (a)
a,g ↑ (a)
Proof. From the Galois connection properties, we obtain:
↑

g (a)

= φa,g↑ (a) (a)

Now, given a0 ∈ A, the other inequality follows from
Lemma 7(2), Proposition 13 and the Galois connections properties:
_ ↓↑
φ↓↑
(a ) 1
φa,g↑ (a) (a0 )
a0 ,g ↑ (a0 ) 0
1

^

φ↓a,g↑ (a)

a∈A

=

g ↑↓↑ (a0 )

=

g ↑ (a0 )

!↑

(a0 )

which finishes the proof.

Applying the previous result to the particular fuzzy subset
φ↓ai ,xi , the following corollary is obtained.
ai ,φ↓↑
ai ,xi (ai )

Moreover, xi0 1 g ↑ (a), for all a ∈ K and i0 ∈ Ia = {i ∈ I |
ai = a}.
S
Proof. We will consider the partition I = a∈A Ia , where
Ia = {i ∈ I | ai = a}, and the set K = {a ∈ A | Ia 6= ∅}.
Given ak ∈ K, for all i ∈ Iak , we have that ai = ak
and, by Proposition 14, xi 1 g ↑ (ai ) = g ↑ (ak ). By Definition 10 and the monotonicity of the operator ↑ we obtain that
φ↓ak ,g↑ (ak )  φ↓ai ,xi and by the infimum property the following
V
inequality φ↓ak ,g↑ (ak )  i∈Ia φ↓ai ,xi holds.

Finally, from the previous inequality and Proposition 13, we
obtain the following chain of inequalities.
^ ↓
^ ↓
^ ^
g =
φa,g↑ (a) 2
φak ,g↑ (ak ) 2
(
φ↓ai ,xi )
ak ∈K

a∈A

=

^

ak ∈K i∈Iak

φ↓ai ,xi

i∈I

= g

Moreover, from the inequalities xi 1 g ↑ (ai ) = g ↑ (ak ), for
all ak ∈ K and i ∈ Iak , we obtain the extra statement.




C OROLLARY 17 The equality φ↓ai ,xi = φ↓

a∈K

k

1 φ↓↑
(a)
a,g ↑ (a)

a∈A

hφ↓ai ,xi , φ↓↑
ai ,xi i ∈ MF (A) for all i ∈ I. Then, there exists a
subset K ⊆ A where |K| ≤ |I|, such that
^ ↓
g=
φa,g↑ (a)

holds,

for all hφ↓ai ,xi , φ↓↑
ai ,xi i ∈ MF (A) and ai ∈ A.

As a consequence, for all x ∈ L1 such that xi 1 x 1
↓
↓
↓
φ↓↑
.
↓↑
ai ,xi (ai ), we have that φai ,xi = φai ,x = φ

In general, the decomposition presented in this proposition is
not necessarily formed by ∧-irreducible elements of the lattice.
The following example illustrates a case in which φ↓ak ,g↑ (ak ) ,
with ak ∈ A, is not the extension of a ∧-irreducible element.
E XAMPLE 19 Let us consider the lattice (L, ) with the
Hasse diagram depicted in Figure 2, a multi-adjoint frame
(L, , &G ), the Gödel conjunctor &G with respect to L and the
context (A, B, R, σ), such that A = {a1 }, B = {b1 , b2 , b3 },
R : A × B → L is the relation defined in the table of Figure 2,
and σ is a constant mapping.

ai ,φai ,xi (ai )

Hence, this result provides a simplification in order to compute
the extensions of the fuzzy attributes. Taking into account Example 9, we observe that 0.1 1 φ↓↑
a2 ,0.1 (a2 ) = 0.5, therefore
we know that φ↓a2 ,0.1 = φ↓a2 ,0.2 = φ↓a2 ,0.3 = φ↓a2 ,0.4 = φ↓a2 ,0.5 .
Consequently, we only need to compute the extension of the
fuzzy-attribute φa2 ,φ↓↑ (a2 ) to obtain the concept C16 .
a2 ,0.1

The next proposition enriches Proposition 13, comparing the
construction introduced in this result with the construction of
the concepts from the ∧-irreducible elements.
P ROPOSITION 18 Given g, the extension
V of a↓ concept of
M, which can be expressed as g =
i∈I φai ,xi , where

R
a1

b1
y

b2
y

b3
z

t
•
@
@

@• z
y•
@
@
@•
x
Figure 2: The relation R of Example 19 and the Hasse diagram
of (L, )
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The considered framework and context provide the concept lattice (M, ) depicted in Figure 3, which has the following 4
concepts:
C0
C1
C2
C3

h{y/b1 , y/b2 , z/b3 }, {t/a1 }i
h{y/b1 , y/b2 , t/b3 }, {z/a1 }i
h{t/b1 , t/b2 , z/b3 }, {y/a1 }i
h{t/b1 , t/b2 , t/b3 }, {x/a1 }i

=
=
=
=

All these concepts are related to the following fuzzy-attributes:
hφ↓a1 ,t , φ↓↑
a1 ,t i
hφ↓a1 ,z , φ↓↑
a1 ,z i
hφ↓a1 ,y , φ↓↑
a1 ,y i
hφ↓a1 ,x , φ↓↑
a1 ,x i

=
=
=
=

C0
C1
C2
C3

In Figure 3, we can see that the ∧-irreducible elements of
(M, ) are C1 and C2 .
C3
•
@
@

@• C2
C1 •
@
@
@•
C0

4

The α-cut concept lattices

This section provides a new mechanism in order to reduce the
size of a multi-adjoint concept lattice, conserving the information given in the considered database. In this case, instead of
d
considering M
F (A)α as in [15], the procedure considers all
the fuzzy attributes φa,x with a representative value for the attribute a, that is, they might not be ∧-irreducible elements.
Therefore, given a value α, we will consider the concepts
whose fuzzy-attributes φa,x satisfy that α 1 x, that is, we
regard the following set:

Fα (A) = {hφ↓a,x , φ↓↑
a,x i ∈ M | α 1 x}
In the following, the definition of α-cut of M is presented,
which is obtained from the infimum of the elements of Fα (A)
together with the greatest element in (M, ).
D EFINITION 21 Given α ∈ L1 , the set Mα , defined as:
{hg, f i ∈ M | g =

Figure 3: Hasse diagram of (M, )

^

i∈I

φ↓ai ,xi , with hφ↓ai ,xi , φ↓↑
ai ,xi i ∈ Fα (A)}

↑
together with the top element hg> , g>
i, is called α-cut of M.

Now, as we have commented above, if we consider the extension of the concept C0 , that is g = φ↓a1 ,t . In particular, we
have that g ↑ (a1 ) = φ↓↑
a1 ,t (a1 ) = t. Following the decomposition given in Propositions 13 and 18, since we only have one
attribute, we obtain:
^ ↓
g=
φak ,g↑ (ak ) = φ↓a1 ,g↑ (a1 ) = φ↓a1 ,t
ak ∈K

and φ↓a1 ,t is not related to a ∧-irreducible element.

The following result is the application of Theorem 12 to the
concept lattice Mα .
P ROPOSITION 22 The set of ∧-irreducible elements of Mα ,
Mα (A), is formed by the pairs hφ↓a,x , φ↓↑
a,x i in Mα , with a ∈ A
and x ∈ L1 , such that
φ↓a,x 6=

Finally, the next technical result is presented.
P ROPOSITION 20 Given {xn | n ∈ N } ⊆ L1 , where N is an
index set. We have that
^
φ↓a,xn = φ↓a,W
xn

^

{φ↓ai ,xi | φ↓ai ,xi ∈ Ext(Fα (A)), φ↓a,x ≺2 φ↓ai ,xi }

and φ↓a,x 6= g> , where > is the maximum element in L2 ,
g> : B → L2 is the fuzzy subset defined as g> (b) = >, for
all b ∈ B and Ext(Fα (A)) is the set of the extensions of the
concepts that belong to Fα (A).

n∈N

n∈N

Proof. This property is obtained from Lemma 7(3):
!↓
^
_
↓
↓
φa,xn =
φa,xn
= (φa,∨n∈N xn ) = φ↓a,∨n∈N xn
n∈N

n∈N



The properties above are themselves important in frameworks
in which fuzzy-attributes are used, as the next one will highlight.

Clearly, the size of the concept lattice of Mα is reduced when
the value of α is increased.
The following theorem shows that Mα forms a complete lattice when we consider the ordering defined in M restricted to
Mα .
T HEOREM 23 For each α ∈ L1 , if Mα is an α-cut of M,
then (Mα , ) is a sublattice of (M, ).
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Proof. The proof is straightforwardly given from the definition
of Mα .


From both inequalities, we can conclude that g 2 gα .

C OROLLARY 24 Let (Mα , ) be the α-cut of (M, ), we
have that Ext(Mα ) ⊆ Ext(M) and Int(Mα ) ⊆ Int(M).

It remains to be proven that gα is the least extension of a concept of Mα which contains g. For that, we consider
V the extension g0 of a concept of Mα expressed as g0 = i∈I φ↓ai ,xi ,
where {hφ↓ai ,xi , φ↓↑
ai ,xi i ∈ Mα (A) | i ∈ I}, satisfying g 2 g0 .
Now, we will prove that gα 2 g0 .

A similar development can be made for join-irreducible elements.

Since g 2 g0 we have that g0↑ (a) 1 g ↑ (a), for all a ∈ A,
then φa,g↑ (a) 1 φa,g↑ (a) and therefore φ↓a,g↑ (a) 2 φ↓ ↑ ,

As a consequence of this theorem, the next result holds.

From the previous results we note that, given α ∈ L1 , the
main properties satisfied by the irreducible α-cut mechanism
cα ), introduced in [15], are also verified by the α-cut mech(M
anism (Mα ), that is, the size of the original concept lattice has
been reduced by a subset of concepts without adding new concepts, and the concept lattice can easily be obtained from the
∧-irreducible elements as usual.
cα does not hold
Next, we will show that the disadvantage in M
in Mα . Specifically, we will prove that the generated concept from a subset of objects can efficiently be computed from
fuzzy-attributes.
First of all, the following result is needed.

Proof. Straightforward from Proposition 14.



The following result states that the least extension of a concept in a α-cut concept lattice Mα can straightforwardly be
obtained from the least extension in the original concept lattice M, avoiding the necessity of (M, ) being a distributive
lattice.
T HEOREM 26 Given g ∈ LB
2 and α ∈ L1 , the least extension
of a concept of Mα that contains g is
^
gα =
φ↓a,g↑ (a)
a∈A
α1 g ↑ (a)

Proof. VWe have that g 2 g ↑↓ , where g ↑↓ can be written as
g ↑↓ = a∈A φ↓a,g↑ (a) , from Proposition 13. Also, g ↑↓ 2 gα

holds since {φ↓a,g↑ (a) | a ∈ A, α 1 g ↑ (a)} ⊆ {φ↓a,g↑ (a) | a ∈
A} and so
φ↓a,g↑ (a)

=

a∈A

(

^

φ↓a,g↑ (a) )

a∈A
α1 g ↑ (a)

2

^

a∈A
α1 g ↑ (a)

φ↓a,g↑ (a)

^

Due to Propositions 18 and 25, we can ensure
there
V that
↓
exists a subset K ⊆ A, such that g0 =
i∈I φai ,xi =
V
↓
and α 1 g0↑ (ak ), for all ak ∈ K. There↑
ak ∈K φ
ak ,g0 (ak )
since g0↑ (a) 1

fore,
ing inclusion:

g ↑ (a), for all a ∈ A, we have the follow-

K ⊆ {a ∈ A | α 1 g ↑ (a)}
which provides that
^
^ ↓
^ ↓
gα =
φ↓a,g↑ (a) 2
φak ,g↑ (ak ) 2
φ
a∈A
α1 g ↑ (a)

ak ∈K

ak ∈K

ak ,g0↑ (ak )

= g0

P ROPOSITION 25 Given α ∈ L1 and an extension g of a concept of Mα , the inequality α 1 g ↑ (ai ) holds, for all i ∈ I.

^

a,g0 (a)

0

for all a ∈ A.

(

^

a∈A
α1 g ↑ (a)

φ↓a,g↑ (a) )

Thus, we conclude that gα 2 g0 .



Next, we will present another example which shows two different α-cuts of a multi-adjoint concept lattice and analyses the
obtained reductions.
E XAMPLE 27 From the framework of Example 9, we will
consider a pair of examples of α-cuts of M, assuming α = 0.4
and α = 0.7.
In this case, in order to build the concept lattice (M0.4 , ), we
consider the fuzzy-attributes φa,x ∈ Φ satisfying that α 1 x,
which generate the ∧-irreducible elements of M0.4 . Hence, we
take into account the following extensions of fuzzy-attributes:
{φ↓a1 ,0.4 , φ↓a1 ,0.5 , φ↓a1 ,0.6 , φ↓a1 ,0.7 , φ↓a1 ,0.8 , φ↓a1 ,1.0 , φ↓a2 ,0.5 ,
φ↓a2 ,0.6 , φ↓a2 ,0.7 , φ↓a2 ,0.8 , φ↓a2 ,1.0 }

Figure 4 shows the reduced concept lattice (M0.4 , ) on the
left. Note that the concept C11 is a ∧-irreducible element of
M0.4 , although it is not in M. This is due to C14 has been
removed by the cut α. Hence, new ∧-irreducible elements can
arise in any α-cut.
The second considered concept lattice is (M0.7 , ) and the assumed elements to build the 0.7-cut are:
{φ↓a1 ,0.7 , φ↓a1 ,0.8 , φ↓a1 ,1.0 , φ↓a2 ,0.7 , φ↓a2 ,0.8 , φ↓a2 ,1.0 }
The concept lattice (M0.7 , ) is depicted on the right side of
Figure 4. In this case, C11 and C9 , which are associated with
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φ↓a2 ,0.8 and φ↓a2 ,1.0 , respectively, are ∧-irreducible elements of
M0.7 , and they are not ∧-irreducible elements of M.

The next example considers the context given in Example 19 to
show the reduction provided by this mechanism in a non-linear
environment.

C17

E XAMPLE 28 Considering α = z, the α-cut of M will be
given. Taking into account Definition 21, the lattice (Mz , )
↓
↓↑
is built from the set Fz (A) = {hφ↓a1 ,z , φ↓↑
a1 ,z i, hφa1 ,t , φa1 ,t i}
together with the top element hφ↓a1 ,x , φ↓↑
a1 ,x i, as Figure 5 shows.

C16

C15

C3 •
C13

C1 •
C11

C12

C17

C0 •
C9

C10

C13

C7

C8

C11

Figure 5: Hasse diagram of (Mz , )

C5

C6

C9

C6

C3

C4

C3

C4

C1

C2

C1

C2

C0

C0

Note that, the concept C2 does not appear in the lattice because
the fuzzy-attribute φa1 ,y from which C2 is obtained, does not
satisfy the condition imposed by the value α = z. It is worth
emphasizing that the concept C0 remains in the lattice since,
in this occasion, not only the ∧-irreducible elements have been
considered. Moreover, the concept C0 becomes a ∧-irreducible
element of Mz , whereas it was not in the lattice M.

5

Conclusions and further works

Figure 4: The Hasse diagrams of (M0.4 ,) (left) and the concept lattice (M0.7 ,) (right)

This paper has introduced one strategy in order to reduce the
size of multi-adjoint concept lattices with advantageous properties. The main one is that each reduced concept lattice is
a sublattice of the original one and so, the initial information
given by the concepts is neither altered nor modified and the
most relevant knowledge is considered.

Moreover, in this concept lattice, since the concepts
C8 , C10 , C12 , C14 , C15 and C16 have been removed by the
value of α, the concepts C5 and C7 have also been removed,
since they are not obtained by fuzzy-attributes and the ∧irreducible elements that provide these concepts in M have
been removed.

Moreover, we have shown that, to the best of our knowledge,
the proposed reduction mechanism is one of the most general
ones based on preserving the most representative initial concepts with respect to the cut value given by the user.

Now, if we consider the extension of C5 , that is, the fuzzy subset g ∈ LB
2 , defined as g(b1 ) = 0.3, g(b2 ) = 1, g(b3 ) = 0, and
we want to obtain the least concept that contains g, Theorem 26
can be applied.
g0.7 =

^

φ↓a,g↑ (a) = φ↓a2 ,1.0

a∈A
0.71 g ↑ (a)

which is the extension of C9 . Therefore, the least concept in
M0.7 that contains g is C9 .

In the future, we will apply the existing reduction in the literature to real-life applications, analyze the obtained results
and explain the advantages of each one. Furthermore, we will
study the use of the reduction method in the attribute implication framework [19].
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From Tag Cloud to Concept Cloud
J. L. Castro∗ and M. Romero∗

Abstract— In this paper, we present a tag recommender system designed to create a conceptually extended folksonomy. It also
provides an overview of the content by means of a concept cloud representation, with the aim to facilitate users to explore the
conceptually extended folksonomy and to quickly identify which are the most important concepts in the domain.
Keywords: Tag recommendation, Tagging systems and Tag cloud.

1

Introduction

The emergence of the Web 2.0 has changed the classical
paradigm relating to the generation of content, where web administrators were responsible of such task. Currently, web contents (wikis, blogs, videos, photos. . . ) are produced by the
whole user community. In this context, the process of tagging
or social tagging has become a popular strategy to overcome
the previously commented issues, improving the organization,
description, browsing and retrieval of web objects. It is currently employed by several well-known social websites, like
Bibsonomy1 , Delicious2 , or Flickr3 . Tagging process could be
defined as a text annotation method for labelling web resources
with free-from user-defined keywords or keyphrases, the socalled tags, that represent the topics of each resource. Users are
free to choose any tag in order to label their resources subjectively, allowing an effective categorization of the web objects.
The set of tags used by the user community to label a set of resources forms a taxonomy of tags, known as folksonomy[5, 2].
Tag recommender systems have been developed to assist the
user in the task of tagging. These systems usually suggest to
a particular user a subset of tags of the complete tag space in
order to annotate a particular resource. After the recommendation, the user is able to freely select which tag or tags he prefers
to label the resource. The usual scheme is depicted in Figure 1.
We will propose a tag recommender system able to create a
multi-domain conceptually extended folksonomy from scratch,
without the necessity of a prior knowledge. In order to avoid
the necessity of a prior tag space or the construction of domain
ontology, we employ a combination of a multi-domain dictionary built from Wikipedia and a set of heuristic rules to detect
conceptual tags. The dictionary of concepts is used to allow the

identification of the semantic of terms, instead of being used as
controlled vocabularies. Additionally, the heuristic rules enhance the process allowing the extraction of meaningful terms
that might not be taken into account in the dictionary.

2

System overview

The system can perform from an automatic way (without any
supervision) to a social scheme (users are in charge of select which tags are or are not related to the corresponding resources). The set of selected tags are employed to generate a
conceptually extended folksonomy, and to provide users with a
tag cloud overview of the main conceptual tags of the domain.
The information extraction process is divided in two different
steps. First, the most relevant candidate tags are found from
the textual fields of the available set of resources, and a weight
is assigned to each one in function of statistical and semantic
features of candidates. Although some features are extracted
considering the whole dataset, the system performs at document level. As part of the process, candidates are automatically linked to the resources, and to an additional knowledge
base (Wikipedia articles). By means of a Wikipedia-based dictionary of concepts [4] and some natural language processing
techniques, we are able to handle the morphological variations
and synonymy of the terms. After that, if the system works
automatically, the top-k candidates with higher weight are included as valid tags. Despite the fact that user validation is
not obligatory, the automatic extraction of noisy tags may provoke the same negative effects that we are trying to prevent
with this methodology (lose of focus, disorientation problems
. . . ). Therefore, if the social/collaborative scheme is chosen,
the candidate tags are presented to the user in order to vali-

∗ Dep. of Computer Science and Artificial Intelligence, Research Center for Information and Communications Technologies, University of Granada (Spain)
Email: castro@decsai.ugr.es, manudb9@gmail.com
1 http://www.bibsonomy.org
2 http://delicious.com
3 https://www.flickr.com
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Figure 1: Tag recommendation scheme
date them. In the last step, a feedback weighting process is
carried out. When a candidate is validated, the weights of the
rest of candidates are adapted in function of some syntactic
and semantic features. Second, the system works without any
supervision to provide users with an overview of the domain
content. A tag cloud representation shows the main conceptual
tags concerning each resource of the domain. Figure 2 shows
the proposed system architecture. In the following subsections,
the functionality and implementation of the main modules are
detailed.

2.1

Tag Extraction module

During the first stage, the tag extraction module works to obtain
a weighted list of candidate tags, related to the set of available
resources.
The candidate tags are extracted (and linked) from the textual
fields of the each document in the dataset. Considering a given
document of the dataset, the tag extraction module employs
syntactic patterns to detect the meaningful terms in the sentences. See 1
1-gram

2-gram

3-gram

4-gram

N

N+N
A+N

N+N+N
A+N+N
A+A+N
N + SP + N

N + 3-gram pattern
A + 3-gram pattern
N + SP + 2-gram pattern

Table 1: Linguistic patterns used to recognize candidate concepts

with the name of a Wikipedia concept or its synonyms in
the previous step.
partialW ikiConceptci Boolean variable. true if ci matches
partially with the name of a Wikipedia concept or its synonyms, if any concept was linked to it in the previous
step4 .
docF reqci Relative frequency of ci in the document set.
(1)

docF reqci =

numDocs(ci )
· 100
|N |

where numDocs(ci ) obtains the number of documents
containing ci , and |N | is the total number of resources.
To calculate the frequency, the algorithm considers all
the terms associated to ci : misspellings, morphological
variations, and synonyms if it is the case. The individual
frequency of each term of the conceptual candidate tag
is additionally stored for a subsequent process related to
the generation of the tag cloud (see Subsection 2.3).
corpusF reqci Relative frequency in a multi-domain corpus
of ci . The frequency is calculated considering the number of Wikipedia articles in which the candidate appears.
Each term of the candidate is matched against the content of all the Wikipedia articles. Only the higher value
is kept for the whole candidate.
(2)

corpusF reqci =

wikiF req(ci )
· 100
|W |

where wikiF req(ci ) obtains the number of Wikipedia
articles containing ci , and |W | is the total number of
Wikipedia articles.
numW ordsci Number of words of ci .

Afterwards, a domain-independent and efficient heuristic strategy weights the candidate tags. First of all, the module extracts
the following statistical and semantic features for each candidate ci :
wikiConceptci Boolean variable. true if ci exactly matched
4 The

To establish a weight wi for a candidate ci , a number of heuristic rules are applied
Firstly, the presence of the candidate in the dictionary of concepts is assessed. Wikipedia is a proven well-built dictionary,
storing a long number of articles of all kind of topics. An exact

synonyms of the concept are not added to the candidate if wikiConceptci is false
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Figure 2: TRCloud architecture overview
match between the candidate and any article’s title (or its synonyms) guarantees that the term has enough importance to be
considered in a multi-domain scenario. Therefore, a increase
of IN CR_W 1 is added to the tag’s weight. Additionally, if
the whole term is partially contained in any concept, a lower
increment (IN CR_W 2) is added to its weight.
Secondly, the level of specificity of a term is taken into account. As more words contains a single term, more descriptive
is it. This is due to additional words tend to add additional information. For example, the term ’network’ for itself is generic
enough to be a tag in many domains. However, if we consider
’neural network’, or moreover ’artificial neural network’, the
possible domains are greatly bounded. Hence, the weights for
multi-word candidates are slightly increased in function of the
number of words that it contains (IN CR_E2 to IN CR_E4).
Thirdly, we handle the frequency in the documents of candidate tags. The module measures the membership degree of ci
with respect to a fuzzy variable that defines the level of intensity of the relative document frequency. The fuzzy variable is
modelled with three fuzzy sets, attending to the level in which
a term has low frequency (LDF ), high frequency (HDF ) and
very high frequency (V HDF ) with respect to the document
dataset. The fuzzy sets take into account the mean value of
the relative document frequencies (meand f ), the mean deviation value of the relative document frequencies (mdd f ) and
the maximum value of relative document frequencies (maxf )
considering all the candidates (Figure 3). More formally, we
defined a fuzzy variable named “intensity of relative document
frequency”, with three sets of linguistic values T = {LDF, HDF,
VHDF}
Finally, the algorithm computes the frequency of the candidate
within an external multi-domain corpus (Wikipedia). Similarly
to the previous step, a set of fuzzy variables measuring the
depth of use of a term in the language (or in a multi-domain
corpus) is modelled. Due to we cannot equally compute the
frequency of a 1-gram and a 4-gram (since specific terms tend
to occur less than generic terms), we model four fuzzy vari5 Since

ables reflecting low frequency (LCF1 to LCF4 ) or high frequency (HCF1 to HCF4 ) in the corpus, taking into account
only 1-grams, 2-grams, 3-grams or 4-grams in each case. For
example, for the "intensity of relative corpus frequency” fuzzy
variable for 1-grams we have
and the rest of fuzzy variables for 2-grams, 3-grams and 4grams follow the same model. The corpusF reqci acts as input
of the two membership functions for low or high frequency of
the corresponding fuzzy variable5 ). The obtained value ranged
between [0,1] is multiplied by IN CR_CF , and it is added to
wi . In addition, if the candidate does not occur in any source of
the external corpus, the weight is decreased in DECR_N CF .
Although a less frequent term tends to be more important in
specific domains, it is unlikely that it does not occur in the
whole content of Wikipedia.
Concluding, the system computes a weight for each candidate
tag and produces an ordered list that is sent to the tag recommendation module. If the candidate is linked to a concept, the
system chooses the concept title as representative for such candidate. If it is not the case, the term of the candidate with higher
frequency in the given document is selected.
Finalizing, when a new document is included in the dataset, the
process is the same.

2.2

Tag recommendation module

The tag recommendation module has two main goals. First,
it presents the selected tags to the user. If the collaborative
scheme is applied, the tags are displayed as candidates, and the
user has the responsibility to choose the most appropriate. In
contrast, if the process is automatic, the top-n candidates are
displayed as valid tags. In any case, when a tag is picked as
valid, both the tag and the resource linked to it are included in
the conceptually extended folksonomy. Additionally, the module adapts the weights of the rest of the candidates in function
of syntactic and semantic features.
The algorithm in charge of adapting the weight of a candidate

a candidate tag can store various synonyms, all terms are evaluated independently, and the maximum resulting value is kept.
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Figure 3: “Intensity of relative document frequency” fuzzy variable

Figure 4: “intensity of relative corpus frequency” fuzzy variable for 1-grams
when a tag is selected operates with some of the features calculated in the previous stage. Given a selected tag st and a
candidate tag cti , four different rules are checked in order to
adapt the weight of the candidate.
First of all, a rule measuring the relation of st and cti within
the Wikipedia corpus is considered. In the previous stage, each
candidate tag was linked to the set of Wikipedia articles whose
title exactly matched with it. The candidate cti is searched in
the content of the articles linked to st. For example, if we consider the candidate tag “semantic web” extracted in the previous example, the terms “RDF” or “OWL” are contained in
the Wikipedia article corresponding to it. If the search is successful, the relative corpus frequency of cti (calculated in the
previous stage) is used as input of the fuzzy linguistic variables
“intensity of relative corpus frequency”.
The second rule checks if the candidate tag is a syntactic specification of the selected tag. Given the lists of terms of cti
and st, the algorithm checks if any of the terms of st is a substring of any of the terms of cti . For example, given a selected tag Â´neural network”, the candidate tag “artificial neural network” would satisfy the rule. In that case, the factor
IN CR_REL_SP C is added to awi .

Similarly, the third rule tests if any of the terms of cti is a syntactic generalization of any of the terms of st. Following the
previous example, a tag Â´neural network” is a generalization
of “artificial neural network”. Thence, if any term of cti is a
substring of a term of st, the factor IN CR_REL_GEN is
added to awi .
The final rule also operates with the terms of cti and st. The
set of single words belonging to each term of cti is compared
against the set of single words belonging to each term of st. If
there exists a term of cti and a term of st sharing a same word,
both cti and st are considered similar (for example, “fuzzy
logic” and “fuzzy variable” tags). It should be pointed out
that stopwords are removed from the terms. If the rule is satisfied, the weight of the candidate is increased by the factor
IN CR_REL_SIM . The process is performed for every candidate tag.

2.3

Overview generation module

The overview generation module is in charge of creating a tag
cloud representation of the domain. The tags already selected
as valid by the users summarize the content of the documents
in the system. Therefore, users are able to explore the main
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concepts of the domain and to access the documents linked to
each tag. The overview generation module performs in two different stages: tag selection, and tag cloud visualization. In this
work, we mainly focus on the tag selection stage. Visualization
layouts, and other related aspects, falls below the boundaries of
this research. We employ the tag selection algorithm designed
in our previous work in [3].
the representation of the tag cloud is defined in basis of the
principles depicted in [1]. Those tags with higher utility score
will present higher font sizes and font weights. The disposition
in the layout is aleatory. In Figure 5 an example is shown.
When a user clicks on one tag, the system retrieves the resources referenced by it. The number of terms belonging the
conceptual tag is also displayed next to each one. If a user
points in such number, the interface changes to display the different terms of the tag. The terms also present a font size variation, attending to its independent document frequency. As
more times a term is referenced in the resource set, as higher
font size it presents. The interface showing the different terms
of the conceptual tag “web ontology language” is shown in Figure 6. This fact allows users to gain knowledge about the domain under consideration. The user not only will be able to
know the different terms regarding to a same concept, but also
will see the usual ways to call it in the domain.

3

formation about a given topic. A task consists of an information request and the corresponding answer, both formulated in
HTML. In Figure 8 we show some examples of proposed tasks.
Concretely, the course counts with 1686 questions and 1605
tasks. From them, 100 questions and 100 tasks had been randomly selected to be part of this experiment.

3.2

In Table 2, the average values for the usual metrics are shown.
As it could be seen, our method reaches a good level of performance (F-mseaure = 62.07%), with a relatively high precission
(73.34%) and a lower recall (54.00%). This is a expected results since the number of recommended tag is lower than the
average number of manually annotated tags. Nevertheless, the
tag recommendation algorithm give priority to obtain few suitable tags instead of obtaining a large number of tags that might
need more focus on its validation. The results are good enough
considering that the tags are detected without any prior controlled vocabulary.

Performance

Experiences with the system

In this section, we discuss the quality of our proposal in basis of a set of experimental tests. The performance of the tag
extraction module is evaluated by applying our algorithm on
a dataset of textual resources. Additionally, we comment the
evaluation the tag selection procedure related to the tag cloud
representation of the folksonomy. Finally, we examine the impressions of the users involved in this experiment about the
proposed TRCloud.

3.1

Dataset

The evaluation process has been carried out over a dataset of resources belonging to the undergraduate course “Artificial Intelligence” in the Computer Engineering degree in the University
of Granada. From September 2011, this course has employed
a methodology centred on the generation of learning resources
by the students. Consequently, this is a suitable scenario to test
the collaborative construction of the folksonomy, due to the
great amount of created resources.
The learning resources can be classified in two types: questions
and tasks. On the one hand, questions are typical questionnaire
exercises defined in GIFT format6 including multiple-choice,
true-false, short answer, matching and numerical items. Some
examples of GIFT questions are presented in Figure 7. On
the other hand, tasks are considered to be any request of in6 The

Experimental evaluation

Method

%Precission

%Recall7

%F-measure

TRCloud
TF-IDF

73.34
43.33

54.00
30.33

62.07
35.68

Table 2: Evaluation of recommended tags for the course resources

4

Conclusions and Future Work

In this work, we have presented a tag recommender system able
to create a conceptually extended folksonomy from scratch,
operating in multi-domain scale and without the necessity of
a prior knowledge. Simultaneously to the tag recommender
functionality, the system obtains the knowledge about the domain in a collaborative approach. The conceptually extended
folksonomy can be seen as a multi-level conceptual cloud. The
extracted tags are a set of multi-terms representing concepts
of the domain. It also provides an overview of the content by
means of a tag cloud representation, with the aim to facilitate
users to explore the conceptually extended folksonomy and to
quickly identify which are the most important tags in the domain. First experiments evidence that our system obtain a good
performance, being tested on a set of resources belonging a
high education course. Additionally, a satisfaction questionnaire was completed by a set of users, revealing that they felt
comfortable with the system, and that it was useful to extract
tags and to represent the content of the domain.

GIFT (General Import Format Technology) format was created by the Moodle community to import and export questions.
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Figure 5: Tag cloud representation

Figure 6: Interface for the individual tag “web ontology language”

Figure 7: Example of GIFT questions
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Efficient representation of mathematical functions for
applications
J. Moreno-Garcia∗, L. Jimenez-Linares† and L. Rodriguez-Benitez†

Abstract— Some computer applications does not need to obtain numbers with a large precision as result of the execution of basic
mathematical functions. So, it can be said that in some situations computers obtain larger precisions than needed. Furthermore,
in some occasions the domain of the variables in a computer is bigger than the one required by a software developer. In this
paper, a technique to approximate basic mathematical functions is proposed. This method bases its operation in the use of splines
of order 0 and splines of order 1. In this first approach to the proposed approximation technique the experimentation has been
oriented to compare it with the implementation of basic functions in the libraries math.h y fdlibm in the programming language
C. Once finished the experimentation phase it could be considered the results as encouraging.
Keywords: Function approximation, basic mathematical functions, programming libraries.

1

2

Introduction

Nowadays, from modern and powerful computing systems to
low level resources micro-controllers must implement a complete set of basic mathematical functions like sin(x), cos(x),
ex or log(x). There are several ways of implementing such
functions and there exist recent approaches that allows to consider this topic of interest. New developments must find an
equilibrium between precision and efficiency in terms of velocity of execution and use of computer resources.
A classical rule in computing is that the bigger the precision
is the longer the execution time is. That is because when the
programmer does not need a large precision, just a subdomain
in the domain of the variable, there are methods capable to obtain better execution times than the classical implementations
for these functions.
In this work, a method is proposed to improve efficiency in
execution time when a lower precision in the results of mathematical functions are needed. More concretely, a set of values
are stored in memory and then the results of some functions
are approximated using splines of order 0 or 1 [1]. The paper
is organised as follows: first, the different techniques of approximation and their way of operation are detailed in Section
2. Later in Section 3 the proposed method is described exhaustively and in Section 4 the results of the different experiments
are shown. Finally, conclusions and future works are detailed
in Section 5.

Background

In theory of approximation of functions of a real variable i.e.
a continuous function f (x), one of the mathematical analysis
technique more commonly used for this purpose is the polynomial functions of order n (Equation 1) [2]. Such polynomial
function minimises the quadratic error, like it is shown in Equation 2.

(1)

(2)

p∗ (x) = p∗0 + p∗1 x + p∗2 x2 + . . . + p∗n xn

 Z




a

w(x)(f (x) − q ∗ (x))2 dx =
b
Z a


 min
w(x)(f (x) − q ∗ (x))2 dx
n
p∈P

b

where w(x) is a real function determining domain
values of the variable x where a higher or lower
precision is required.
Another example is related to the use of Taylor series of a function f (x) in a point a (Equation 3). This allows to approximate
the function around a given point a by means of Equation 4.
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∞
X

f (n)
(x − a)n
n!
n=0

(3)

(4)

f (x) =

∞
X
f (n) (a)
(x − a)n
n!
n=0

If a is equal to 0 the approximation is done by means of
Maclaurin series as it is shown in Equations 5 and 6. In this
case for functions ex and sin(x), respectively. For example,
these series are the approximations implemented in the library
math of the Atmel AVR microcontrollers in Arduino platforms.
[3, 4].

(5)

(6)

∞
X
x2
xn
=1+x+
+ ...
ex =
n!
2!
n=0

sin(x) =

∞
X
(−1)n 2n+1
x3
x5
x
=x−
+
− ...
(2n + 1)!
3!
5!
n=0

Additionally to the above approximations a fast scheme for
evaluating a polynomial such as Horner’s method [5] is included (Equation 7), where the polynomial evaluation of pn (x)
is finally computed as bn .

(7)

b0
b1
...
bi
...
bn

=
=
=
=
=
=

pn
pn−1 + b0 ∗ x
...
pn−i + bi−1 ∗ x
...
p0 + bn−1 ∗ x

Then, the evaluation of a polynomial of order n is obtained by
means of n additions and n multiplications.
Another example is the approximation of the function sin(x)
implemented in the library fdlibm [6, 7]. Such approximation
uses the first six terms of its Maclaurin Series (Equation 6)
computed by means of six additions and six multiplications.
Then, it gets an improvement in execution time with a large
precision.

3

Approximation of functions

The programming languages incorporates mathematical functions requiring arguments. Usually, these parameters are numbers defined over the domain of a variable and they must have

a data type. The mathematical function must provide an output for every value in the variable domain. Anyway, lots of
applications work over a domain that can be smaller i.e. they
operates over a sub-domain of the domain of the variable. In
these situations, it is possible to use splines in order to generate an approximation of the function over such sub-domain.
In this proposal, splines of order 0 and 1 are selected. That is
because they need the lowest execution time to generate an approximation and if there is a sufficient number of points such
approximation can result in a good approximation.
Let’s suppose it can be defined np sampling points, x0 . . . xnp
over a sub-domain X0 ∈ X, where X is the variable domain
and X0 is the sub-domain where the spline is to be used. Equation 8 shows the expressions that define the spline functions of
order 0 and 1.

(8)


S0 (x)
x ∈ [x0 , x1 )




x ∈ [x1 , x2 )
 S1 (x)
.
.
S(x) =


.
.



Snp (x) x ∈ [xnp −1 , xnp )

where Si (x) is ci in the spline function of order 0
and mi ∗ x + bi in the spline of order 1.
In this work we propose to store in main memory the subset of
points used to define the spline function and to use the spline
function of order 0 or 1 to compute the output value of the
approximated function. This approach is only applicable in
sub-domains delimited by the operational values dinf y dsup .
This values must be determined before the system initialization
where dinf < dsup . For values x ∈
/ [dinf , dsup ] the proposed
technique of approximation must be replaced by the one available in the native programming language:
i f ( d _ i n f >=x)&&(x< d _ s u p ) {
/ / f u n c t i o n approximation proposed
} else {
/ / The n a t i v e f u n c t i o n i s u s e d
}

Now, the proposed method to approximation sin(x) function
is detailed by means of an example. Let np = 16, dinf = 0
and dsup = 2π and consider the assumption of equally spaced
intervals in order to simplify. Then, it is obtained:
• The size of the interval is tp =

dsup −dinf
np

.

• The list of points is x0 = 0, x1 = x0 + tp , . . . , xn =
x0 + (tp ∗ np ) = 2π.
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• The output value for the input value x satisfying xa <
x < xa+1 is ma ∗ x + ba where ma is the slope of the
line that passes through the points xa y xa+1 .
Table 1 shows the values to be stored for points from x0 to x16
and the returned values for each one of them, where each pair
xa : va represents the output value va obtained for the input
value xa .
Table 1: Stored values in main memory when: np = 16,
dinf = 0 y dsup = 2π
x0 0.000:0.000
x9 3.534:-0.383
x1 0.393:0.383 x10 3.927:-0.707
x2 0.785:0.707 x11 4.320:-0.924
x3 1.178:0.924 x12 4.712:-1.000
x4 1.571:1.000 x13 5.105:-0.924
x5 1.963:0.924 x14 5.498:-0.707
x6 2.356:0.707 x15 5.890:-0.383
x7 2.749:0.383 x16 6.283:0.000
x8 3.142:-0.000

field of programming. Furthermore, one of its main advantages is the good execution times that make it to be considered
as one of the fastest programming languages [9]. The tests are
done using different libraries and different operating systems
such as Linux (Xubuntu 14.04 LTS) and Microsoft Windows
7. The computer used in tests is an Intel Core(TM)2 Duo CPU
E7500@2.93GHzx2 with 3.46 GiB of RAM Memory (32 bits).
The experiments consist of implementing a program that calls
repeatedly some mathematical functions in order to know the
execution speed. The program is basically a loop within a call
to the implemented approximation function. Then, first tests
are oriented to compare the approximation proposed against
the C libraries math.h and fdlibm. More concretely, function
sin(x) from math.h and fdlibm against an approximation with
this parameters: np = 256, dinf = 0 and dsup = 2π. Three
experiments have been done, each of them with 10 sets of runs
calling the approximation function 1000000 times with a random value passed as argument to the sin function. Table 2
shows the results for each one of the ten runs of this test for
the Linux system. Linux and Windows programs implemented
for this experiment are available in [10].
Table 2: First 10 runs of test sin in Linux
math
Exec
math
spline0
spline0 %
E1
59.842000 22.659000
37.8647
E2
59.812000 22.652000
37.8720
E3
59.825000 22.650000
37.8604
E4
59.844000 22.646000
37.8417
E5
59.887000 22.646000
37.8146
E6
59.838000 22.657000
37.8639
E7
59.825000 22.652000
37.8638
E8
59.848000 22.650000
37.8459
E9
59.811000 22.650000
37.8693
E10
59.834000 22.651000
37.8564
−−
f d mean spli mean % mean
mean 59.836600 22.651300
37.8553

1
splines 1
math
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Figure 1: Comparison between the function sin(x) and the
spline function of order 1 using a domain of sixteen values in
the sub-domain [0, 2 ∗ π]

Figure 1 shows graphically the comparision between the function sin(x) and the function approximation generated using a
spline of order 1 with N p = 16.

4

Tests

Programming language C [8] has been selected to test the proposed method. That is because is one of the most used in the

Now a more detailed description for tests in Windows 7 and
Linux is done in Sections 4.1 and 4.2. Later in Section 4.3 the
different metrics to measure the error of the proposed method
are presented. Finally, Section 4.4 details some conclusions
about the experimentation.

4.1

Tests over Linux

The first test compares the use of a spline of order 0 against
the library math.h. For this purpose, it has been implemented a
program called timeMATH.c available in [10], furthermore this
software implements the spline of order 1 as shown below. Table 3 shows the obtained results, more concretely each one of
the averages for the three sets of 10 runs. In all tables the two
first rows are measured in milliseconds, while the last row in-
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dicates the division of math (or f dlibm) between spline0 (or
spline1). It can be observed how the execution times are very
similar, For example, using f dlibm such times are 59.836600,
59.847300 and 59.845100 milliseconds. One possible interpretation of these data is that the operating system has very little
influence on the results. Also, it is observable how the results
for spline of order 0 are better that those related to the library
math.h.
Next experiment uses an spline of order 1. These results are
compared with those obtained using the library math.h. In Table 4 the results of the experiment are shown. In a similar way
than the previous experiment, the execution times for each one
of the approximations are very similar and they are better than
those using math.h.
Table 3: Comparison between math.h and spline of order 0 using Linux
Test 1
Test 2
Test 3
math
59.836600 59.847300 59.845100
spline0
22.651300 22.656100 22.652000
math
%
37.8553
37.8565
37.8511
spline0

Table 4: Comparison between math.h and spline of order 1 using Linux
Test 1
Test 2
Test 3
math
59.834600 60.099900 60.148000
spline1
26.049600 26.301700 26.176900
math
%
43.5360
43.7633
43.5208
spline0

From these two tests it can be concluded that the execution
times are lower that those obtained using the library math.h.
The proposed method with a spline of order 1 uses only the
43.6067% of the time required by math.h to execute the function sin while a spline of order 0 reduced this percentage to the
37.8543%. Then, it can be consider an important reduction in
execution times.
Table 5: Comparison between fdlibm and spline of order 0 using Linux
Test 1
Test 2
Test 3
f dlibm
27.104300 27.103800 27.105000
spline0
20.609800 20.605800 20.610300
f dlibm
76.0389
76.0255
76.0387
spline0 %

Now, the proposed method using a spline of order 0 is compared with the use of the library fdlibm. The tests are similar
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than those described above and Table 5 shows the obtained results. Now, in Table 6 the results using a spline of order 1 are
shown. In both experiments, the results are better than those
obtained using the library f dlibm.
Table 6: Comparison between fdlibm and spline of order 1 using Linux
Test 1
Test 2
Test 3
f dlibm
27.096100 27.101900 27.107200
spline1
23.715200 23.946700 23.800300
f dlibm
%
87.5226
88.3580
87.8007
spline0

Analysing the results, it can be stated that using a spline of order 1 the execution times are reduced about a 13% of the time
needed to find a solution using the library fdlibm, while related
to the spline of order 0 time is reduced a 57%.

4.2

Tests over Windows 7

The same set of experiments have been run in the same computer with a different operating system, Windows 7. In Table 7
and Table 8 the comparisons of the proposed technique using
splines of order 0 and order 1 to compute sin(x) with respect
to the use of the library math.h are shown, respectively.
Table 7: Comparison between math.h and spline of order 0 using Windows 7
Test 1
Test 2
Test 3
math
92.000000 93.500000 93.800000
spline0
12.500000 10.900000 15.300000
math
%
13.5870
11.6578
16.3113
spline0

Table 8: Comparison between math.h and spline of order 1 using Windows 7
Test 1
Test 2
Test 3
math
93.500000 95.200000 93.600000
spline1
14.200000 15.600000 12.600000
math
%
15.1872
16.3866
13.4615
spline0

Analysing the results, it can be stated that execution times using math.h over the Windows platform are higher than using Linux. Nevertheless, the execution times of our approach
is reduced. Then, the execution times are even better in this
experiments with respect to the results obtained using the libraries. More concretely, using a spline of order 1 it requires a
15.0% of the execution time needed by sin(x) under Windows
7 (94.1%). Using a spline of order 0 it is reduced to a 13.8%.
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Table 11: Error estimation
np
Spline 0
Spline 1
32
0.070665 0.056658
64
0.035500 0.031998
128 0.017790 0.016915
256 0.008904 0.008686
512 0.004456 0.004401
1024 0.002229 0.002215
2048 0.001115 0.001111
4096 0.000557 0.000557

Table 9: Comparison between fdlibm and spline of order 0 using Windows 7
Test 1
Test 2
Test 3
f dlibm
18.700000 17.200000 18.700000
spline0
15.600000 14.000000 15.500000
f dlibm
%
83.4225
81.3953
82.8877
spline0

Table 10: Comparison between fdlibm and spline of order 1
using Windows 7
Test 1
Test 2
Test 3
f dlibm
18.800000 20.100000 17.200000
spline1
15.500000 17.200000 15.600000
f dlibm
82.4468
85.5721
90.6977
%
spline0

Now, the results of the use of splines of order 0 and 1 to approximate the function sin(x) are compared with the results
obtained by the library fdlibm executing such function. They
are shown in Tables 9 and 10). On the contrary to math.h,
the function execution times belonging to fdlibm are similar in
both operating systems. The reason of this is that it is used
a low level fdmlib implementation and it must be compiled for
both platforms separately, justifying this similarity in execution
times.

4.3

Estimation error tests

Now, a test to estimate the error is detailed in this section.
This test checks the error executing the function approximation technique using as input arguments for the function approximated 1000 values equally distributed over the interval
[0, 2π] for different values of np . These results are compared
with those obtained using the library fdlibm. The error of this
library is only 1 ulp (Unit of Least Precision) for most of the
implemented functions, so it must be remarked its great precision.
Table 11 shows the average error estimated for such 1000 numbers using the splines of order 0 and the splines of order 1,
respectively. It can be concluded from these results that error
using splines of order 0 are greater than those using splines of
order 1. Furthermore, the greater the value of np is, the lower
the error is and the lower is the error difference between splines
of order 0 and splines of order 1. Even, being np = 4096, the
error for each spline is the same.

4.4

Discussion

From the results of the tests it can be concluded that function
sin in math.h is lower over Windows 7 than over Linux. Nevertheless, the function in fdlibm obtains similar execution times
in both systems. Furthermore, sin function of fdlibm is much
faster than the one in math.h in both operating systems. More
concretely, the execution time is decremented about a 50%.
The two proposals, splines of order 0 and splines of order 1,
obtain better execution times for sin(x) of the library math.h
in both operating systems. Over Linux the time is decreased
a 62.1% using a spline of order 0 and using a spline of order
1 is a 56.5%. In Windows 7 the improvements are a 86.1%
and a 85.0% for the splines of order 0 and the splines of order
1, respectively. With respect to the fdmlib implementation, the
improvements are 24.0% and a 12.2% for both splines, while
for Windows 7, these are a 17.4% and a 13.7%, respectively.
Once compared the results of the two approximations the
splines of order 1 obtains better results in every test. It is obvious because a spline of order 1 always obtains a better approximation than another of order 0. Anyway, the difference
is not very relevant as it can be observed in Table 11 when np
increases its value.

5

Conclusions and future works

In this work, it is proposed the use of splines of order 0 and
splines of order 1 to approximate basic mathematics functions
like sin(x). This technique needs to store in main memory the
numbers defining the mathematical function. Main memory is
a limited resource in some devices like the Arduino platform.
But, it could be established a tradeoff between memory consumption and error rate to use the proposal in a great variety of
hardware platforms.
In this paper, the results of approximating the function sin(x)
have been compared to those obtained by the implementations
of such function in the libraries math.h y fdlibm. Better execution times have been reached in all tests, some of them constitute a considerable improvement in time. Although, the results
are encouraging the tests must be extended in order to evaluate
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the behaviour of the proposed technique approximating other
basic mathematical functions.
As future works, we must extend the tests to validate the proposal. Another possibility is to make better approximations
removing the assumption of using equally distributed values in
the intervals. In most cases, this method of selection of the
values is not the best in order to decrease the approximation
error.
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On the definition of fuzzy adjunction
I. P. Cabrera∗, P. Cordero∗, F. García-Pardo∗ and M. Ojeda-Aciego∗

In [3], we studied the definition of suitable orderings to generate adjunctions over an unstructured codomain. Given a mapping f : A → B from a (pre-)ordered set A into an unstructured set B, we studied the problem of defining a suitable
(pre-)ordering relation on B such that there exists a mapping
g : B → A so that (f, g) forms an adjunction between (pre)ordered sets. We later introduced [2] the notion of fuzzy adjunction in a straightforward way, as follows:
Let A = (A, ρA ), B = (B, ρB ) be fuzzy posets, and two mappings f : A → B and g : B → A. The pair (f, g) forms a fuzzy
adjunction between A and B, denoted (f, g) : A
B if, for
all a ∈ A and b ∈ B, ρA (a, g(b)) = ρB (f (a), b) holds.
Although, in principle, it might seem that the term fuzzy adjunction is not fully justified, since both mappings are crisp. In
this draft we study the most convenient notion of fuzzy mapping to be used in this context.
We consider a residuated lattice L = (L, ∨, ∧, >, ⊥, ⊗, →)
as the underlying fuzzy framework. An L-fuzzy set X is a
mapping from the universe set, say A, to the lattice L. A
fuzzy binary relation on A is a fuzzy subset of A × A, that
is R : A × A → L, and it is said to be reflexive if R(a, a) = >
for all a ∈ A; ⊗-transitive if R(a, b) ⊗ R(b, c) ≤ R(a, c) for
all a, b, c ∈ A; symmetric if R(a, b) = R(b, a) for all a, b ∈ A.
D EFINITION 1 [1] A fuzzy relation R on A is said to be a
fuzzy equivalence relation if it is a reflexive, transitive and
symmetric fuzzy relation on A. Moreover, it is said to be a
fuzzy equality if R is a fuzzy equivalence relation satisfying
that R(a, b) = > implies a = b, for all a, b ∈ A.
Let ≈A be a fuzzy equivalence relation on A. A fuzzy binary relation ρA : A × A → L is said to be ≈A -reflexive if
(a1 ≈A a2 ) ≤ ρA (a1 , a2 ) for all a1 , a2 ∈ A. It is said to be ⊗≈A -antisymmetric if ρA (a1 , a2 ) ⊗ ρA (a2 , a1 ) ≤ (a1 ≈A a2 )
for all a1 , a2 ∈ A.
A fuzzy order with respect to ⊗ and ≈, shortly ⊗-≈A fuzzy
order, is a fuzzy binary relation that is ≈A -reflexive, ⊗-≈A antisymmetric, and ⊗-transitive.

Let ≈A and ≈B be fuzzy equivalence relations on the sets
A and B, respectively. A mapping µ : A × B → L is said
to be compatible wrt ≈A and ≈B if, for all a1 , a2 ∈ A and
b1 , b2 ∈ B, the following condition holds:
(a1 ≈A a2 ) ⊗ (b1 ≈B b2 ) ⊗ µ(a1 , b1 ) ≤ µ(a2 , b2 )
With the previous definitions, a reasonable approach to the
fuzzified notion of adjunction would be the following:
D EFINITION 2 Let A = (A, ≈A , ρA ) and B = (B, ≈B , ρB )
be two fuzzy ordered sets. Let f : A → B and g : B → A
be two mappings which are compatible with ≈A and ≈B . The
pair (f, g) is said to be a fuzzy adjunction between A and B if
(a1 ≈A a2 ) ⊗ ρA (a2 , g(b)) ≤ ρB (f (a1 ), b)
(b1 ≈B b2 ) ⊗ ρB (f (a), b1 ) ≤ ρA (a, g(b2 ))

for all a, a1 , a2 ∈ A and b, b1 , b2 ∈ B.
T HEOREM 3 Let A = (A, ≈A , ρA ) and B = (B, ≈B , ρB ) be
two fuzzy ordered sets. Let f : A → B and g : B → A be
two mappings which are compatible with ≈A and ≈B , respectively. Then, the pair (f, g) is a fuzzy adjunction between A
and B if and only if ρA (a, g(b)) = ρB (f (a), b) for all a ∈ A
and b ∈ B.
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Multilattices and residuated multilattices:
generalizing the lattice theory
I. P. Cabrera∗, P. Cordero∗, G. Gutiérrez∗, J. Martínez∗ and M. Ojeda-Aciego∗

Abstract— This work is devoted to residuated operation in the framework of multilattices. After we recall the existing relation
between filters, homomorphisms and congruences in the framework of multilattices; we introduce the notion of residuated
multilattice and further study the notion of filter, which has to be suitably modified so that the results in the first section are
conveniently preserved also in the residuated case.
Keywords: hyperalgebra, pocrim, multilattices, residuation, logic.

1

Introduction

The algebraic study of logical systems has a prominent role in
artificial intelligence, in that such systems are usually modeled
as partially ordered sets together with some operations reflecting the properties of the connectives. More generally, algebraic
methods are often used in formalism to handle uncertainty or
related notions [27]. The algebraic notion of hyperstructure
arises as well as an interesting theoretical tool when considering topics such as non-determinism, or reasoning handling of
uncertain information [18, 15, 9, 14].
On the other hand, residuation has been studied as a mathematical entity since 1930s; however, its interest as a research topic
has been recently increased because of the fact that residuated
lattices have been identified as the algebraic structures underlying substructural logics [21, 26, 23], but it has application in
different fields, such as network calculus [19], or in algebraic
structures used in soft constraint satisfaction problems [4], or
when considering the fuzzy extensions of crisp formalisms,
for instance, description logic [12], or formal concept analysis [2, 1, 17]. Current research conducted on residuated lattices
shows them as suitable structures to represent roughness [28];
other authors have focused on residuated frames as a valuable
tool for solving both algebraic and logical problems; in another approach, residuation in a broad sense has been studied
in relation with quantum structures [20, 29] and, furthermore,
operations failing associativity, commutativity are used as underlying carrier to generalized residuated structures [16].
In this work we focus on new theoretical developments and
links between the residuation and the hyperstructure called
multilattice [24, 10], in the line of recent work done of bilattices [22]. Multilattices, introduced by Benado [3] and con∗ Universidad

trariwise to bilattices (which include two different orderings),
are defined on just one order relation, and it is the requirement
of the existence of suprema and infima what is relaxed. Much
more recently, Cordero et al [24] proposed an alternative algebraic definition of multilattice which is more closely related
to that of lattice, allowing for natural definitions of related
structures such that multisemilattices and, in addition, is better
suited for applications; for instance, Medina et al [25] developed a general approach to fuzzy logic programming based on
a multilattice as underlying set of truth-values for the logic.
Continuing with our general study of algebraic hyperstructures [7], in [11], we present the following contributions:
firstly, we start with the notion of filter in a multilattice, and
present its relation to homomorphisms and congruences; then
we move to residuated multilattices and consider the most adequate notion of filter (as the appropriate generalization of deductive system in a residuated multilattice), prove that the set
of filters of a residuated multilattice is a complete lattice, and
study again the relation between the filters, homomorphisms
and congruences; moreover, the main properties of residuated
multilattices are stated and proved. It is worth to note that
all the inequations involving implications in the framework of
residuated lattices have a generalized counterpart, in a residuated multilattice, which greatly resembles approximation by
a rough set, again suggesting a potential relation to results in
[28].
In this presentation, we focus on the residuated operation in the
framework of multilattices. Firstly, we recall the existing relation between filters, homomorphisms and congruences in the
framework of multilattices; then, introduce the notion of residuated multilattice and further study the notion of filter, which
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has to be suitably modified so that the results in the first section
are conveniently preserved also in the residuated case.

2

D EFINITION 4 An algebraic multisemilattice is an idempotent commutative m-associative hyperalgebra (M, ·) that satisfies the comparability laws.

Multilattices

Given (M, ≤) a partially ordered set (henceforth poset) and
B ⊆ M , a multi-supremum of B is a minimal element of the
set of upper bounds of B and multisup(B) denote the set of
multi-suprema of B. Dually, we define the multi-infima which
will be denoted multinf(B).
D EFINITION 1 A poset, (M, ≤), is a join-multisemilattice
if for all a, b, x ∈ M with a ≤ x and b ≤ x, there exists
z ∈ multisup({a, b}) such that z ≤ x.
Dual property defines the concept of meet-multisemilatice.
A multilattice is a poset (M, ≤) which is a meet and a joinmultisemilattice.
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• The poset in the figure is a meetmultisemilattice but not a joinmultisemilattice.
• Any finite poset is a multilattice.
• The set of chains with the substring relation is a multilattice.
• The set of circles in the euclidean plane is a multilattice.

In the same way that occurs in the lattice theory, there exists an
algebraic counterpart of these definitions.
D EFINITION 3 Let A be a non-empty set and · : A × A → 2A
be a hyperoperation. The hyperalgebra (A, ·) is is said to be:
• Idempotent: if aa = a, for all a ∈ A.
• Commutative: if ab = ba, for all a, b ∈ A.
• Associative: if (ab)c = a(bc), for all a, b, c ∈ A.
• Left m-associative: if ab = b implies (ab)c ⊆ a(bc), for
all a, b, c ∈ A.
• Right m-associative: if bc = c implies a(bc) ⊆ (ab)c,
for all a, b, c ∈ A.
• m-associative: if it is left and right m-associative.
• Comparability laws: if, for all a, b, c, d ∈ A:
(C1 ) c ∈ ab implies that ac = c and bc = c.

(C2 ) c, d ∈ ab and cd = d imply that c = d.

In [24] we prove that both definitions of multisemilattice, ordered and algebraic definitions, are equivalent. Specifically,
given an ordered multisemilattce, a join-multisemilattice is
built by considering the hyperoperation atb = multisup{a, b}
and, conversely, from a join-multisemilattice, the natural ordering defines an ordered multisemilattice.
D EFINITION 5 Let t and u be hyperoperations in M , the
pair (t, u) is said to have the property of absorption if for
all a, b ∈ M the following conditions hold:
(i) a u c = a for all c ∈ a t b
(ii) a t c = a for all c ∈ a u b
As a consequence of the absorption property, we have that
a u (a t b) = a and a t (a u b) = a when a t b 6= ∅ and
a u b 6= ∅.
D EFINITION 6 An algebraic multilattice (M, t, u), is a set
M with two hyperoperations t and u satisfying the absorption
property and such that (M, t) and (M, u) are multisemilattices.
A multilattice (M, t, u) is full if a t b 6= ∅ and a u b 6= ∅ for
all a, b ∈ M .
In [24] we also prove that both definitions of multilattice.
Moreover, the presence of associativity collapses lattice and
multilattice definitions.
T HEOREM 7 Let (M, t, u) be a full multilattice. The following conditions are equivalent:
(i) t is associative.
(ii) u is associative.
(iii) (M, t, u) is a lattice.
These algebraic structures have been widely studied. Thus, for
example, congruence rations and homomorphism have been
studied in[7], filters and ideals are studied in [11], in [8], these
results have been extended to fuzzy set theory and, in [9, 10],
coalgebraic characterizations of them are provided.
There exist several ways to give a definition of filter. Now,
we introduce the one which is more suitable for extending the
classical results about congruences and homomorphisms.
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Multilattices and residuated multilattices
D EFINITION 8 Let (M, t, u) be a multilattice. A non-empty
set F ⊆ M is said to be a filter if the following conditions
hold:
1. i, j ∈ F implies ∅ 6= i u j ⊆ F .

A residuated multilattice is a hyperalgebra (M, t, u, , →, >)
such that (M, t, u) is a multilattice and (M, ≤, , →, >) is a
pocrim where ≤ is the natural ordering on the multilattice.
R EMARK 12
1. Observe that, as a consequence of the definition of
pocrim, > is the top element in the multilattice. To ease
notation, from now on, every residuated multilattice will
be denoted just by M , when no confusion arises.

2. i ∈ F implies i t a ⊆ F for all a ∈ M .
3. For all a, b ∈ M , if (a t b) ∩ F 6= ∅ then a t b ⊆ F .
T HEOREM 9 The set of filters in a full multilattice is a complete lattice with the inclusion ordering.

3

2. Notice that every residuated multilattice is full: for all
a, b ∈ M we have that a, b ≤ > and, therefore, a t b 6=
∅. Furthermore, a b ≤ a, and a b ≤ b, hence
a u b 6= ∅.

Residuated multilattices: algebraic structures

Residuation has a prominent role in the algebraic study of logical systems, which usually are modeled as partially ordered
sets together with some operations reflecting the properties of
the connectives. This section is related to the use of residuated
implication in the framework of multilattices as a useful tool
for fuzzy logic reasoning.
Although the most used structure in this context is that of
residuated lattice, there are reasons for weakening some of its
properties, thus leading to a more general class of algebraic
structures for computation. A commonly considered algebraic
structure is that of partially ordered commutative residuated integral monoid [5].
D EFINITION 10 A tuple A = (A, ≤, , →, >) is said to be
a partially ordered commutative residuated integral monoid,
briefly a pocrim, if the following properties hold:
1. (A, , >) is a commutative monoid with neutral element
>.
2. (A, ≤) is a poset with maximum >.
3. the operations and → satisfy the adjointness condition,
that is, for every a, b, c ∈ A,
a

c ≤ b if and only if c ≤ a → b

A pocrim A is said to be a residuated lattice if (A, ≤) is a
lattice.
In this section we focus on the translation of the main properties of residuated lattices, as those introduced in [13], by using
residuated multilattices. To begin with, we should define what
such a term means:
D EFINITION 11 A residuated multilattice is a pocrim
whose underlying poset is a multilattice. If, in addition, there
exists a bottom element, the residuated multilattice is said to be
bounded.

3. Any finite poset is actually a multilattice, hence the only
proper examples of pocrims not multilattices have to be
infinite.
In the rest of the section, we will focus on the relation between
residuated multilattices and Heyting algebras.
D EFINITION 13 A residuated lattice in which
coincides
with the meet operation is said to be a Heyting algebra.
T HEOREM 14 ([11]) Any idempotent residuated multilattice
is a Heyting algebra.
Usually, the so-called natural ordering relation is considered in
connection to an algebraic structure with a binary operation :
a v b if and only if a

b=a

In the framework of residuated multilattices, the operation
is assumed to be both associative and commutative, and this
implies anti-symmetry and transitivity of v. Moreover, this relation is included in ≤. That is, a v b implies a ≤ b. Note,
finally, that v is reflexive if and only if the product is idempotent. As a result, we obtain that the natural ordering v is a
partial ordering relation (in a residuated multilattice) exactly in
the subclass of Heyting algebras.
However, in general, the presence of idempotency in a pocrim
is not a sufficient condition to guarantee the structure of Heyting algebra.

4

On filters, homomorphisms, and congruences
in a residuated multilattice

Concerning applications in logic, the notions of filter and deductive system, closely related to modus ponens, deserve to
be studied in depth. Thus, we proceed to study the necessary
adaptation of this notion to fit the structure of residuated multilattice; to begin with, let us recall the definition of filter in a
pocrim. In [6] several kinds of filters and congruence relations
in pocrims were introduced.
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D EFINITION 15 Given A = (A, ≤, , →, >) a pocrim, a
non-empty subset F ⊆ A is said to be a filter if the following conditions hold:
i) if a, b ∈ F , then a

b∈F

ii) if a ≤ b and a ∈ F , then b ∈ F .
On the other hand, F is said to be a deductive system if
i) > ∈ F and
ii) a → b ∈ F and a ∈ F imply b ∈ F .
It is not difficult to see that both definitions are equivalent.
Due to the fact that any residuated multilattice combines the
structures of multilattice and pocrim, it is possible to use the
notion of filter on the multilattice, filter on the pocrim, or give
a new definition that combines both. These three approaches
are not equivalent, as we will show below. So, in order to distinguish them, we will write p-filter to denote a filter of the
pocrim (Definition 15), and m-filter, a filter of the multilattice
(Definition 8). The notion that we are interested in throughout
this work, will be called just filter.
D EFINITION 16 Let M be a residuated multilattice. A nonempty subset F ⊆ M is said to be a filter if it is a deductive
system and the following condition holds: a → b ∈ F implies
a t b → b ⊆ F and a → a u b ⊆ F .

(Eq(M ), ⊆). It is not difficult to see that if M is a residuated multilattice, the set of the congruences Conr (M ), is a
sublattice of Conm (M ) as well.
D EFINITION 19 Let h : M → M 0 be a map between residuated multilattices, h is said to be an homomorphism if h is
a multilattice homomorphism (i.e. h(a t b) ⊆ h(a) t h(b)
and h(a u b) ⊆ h(a) u h(b) for all a, b ∈ M ) and also
h(a b) = h(a) h(b) and h(a → b) = h(a) → h(b)
for all a, b ∈ M .
Observe that h(>) = >, for all homomorphism h between
residuated multilattices.
It is also remarkable that h(a

 t b) =
h(a) t h(b) ∩ h(M ) and h(a u b) = h(a) u h(b) ∩ h(M ),
since M is a full multilattice (see Remark 12).
The relation among filters, congruences and homomorphisms
is stated below and follows from the convenient definition of
filter just introduced.
T HEOREM 20 Let h : M → M 0 be an homomorphism between residuated multilattices.
1. The kernel relation, defined as a ≡ b if and only if
h(a) = h(b), is a congruence.
2. h−1 (>) = {x ∈ M | h(x) = >} is a filter of M , the
kernel filter.

The following result characterizes the equivalence between the
notion of filter and m-filter.

T HEOREM 21 Let (M, ≤, , →, >) be a residuated multilattice and ≡ a congruence relation on M . The mapping
p : M → M/≡ such that p(x) = [x] is a surjective homomorphism of residuated multilattices and, as a consequence,
the equivalence class [>] is a filter of M .

T HEOREM 17 Let M be a residuated multilattice and F a deductive system, then F is a filter if and only if

P ROPOSITION 22 Given a pocrim A = (A, ≤, , →, >) and
F a deductive system, the following relation

1. F is an m-filter
2. for all x, y ∈ a t b, if x → y ∈ F then y → x ∈ F .
3. for all x, y ∈ a u b, if x → y ∈ F then y → x ∈ F .
D EFINITION 18 Let (M, ≤, , →, >) be a residuated multilattice, a congruence on M is any equivalence relation ≡ such
b b t c, a u c ≡
b b u c, a c ≡ b c,
that if a ≡ b, then a t c ≡
a → c ≡ b → c and c → a ≡ c → b, for all a, b, c ∈ M .
b denotes the following extension of ≡
In the above definition, ≡
b Y denotes that, for all x ∈ X,
to sets: if X, Y ⊆ M , then X ≡
there exists y ∈ Y such that x ≡ y and for all y ∈ Y there
exists x ∈ X such that x ≡ y.
In [11] we prove that the set of congruences, Conm (M ), is
a sublattice of the complete lattice of equivalence relations

a ≡F b if and only if a → b, b → a ∈ F
is an equivalence relation compatible with
is a congruence of the pocrim.

and →, that is, it

It is remarkable that when underlying pocrim is a residuated
multilattice, the previous congruence of pocrims behaves well
with the multilattice structure, as the following theorem shows:
T HEOREM 23 Let (M, ≤, , →, >) be a residuated multilattice and F be a filter. Then, the relation a ≡F b if and only if
a → b, b → a ∈ F defines a congruence of residuated multilattices.
The rest of the section focuses on a particular class of filters and
deductive systems in a residuated multilattice in which the implication behaves consistently with respect to multiinfima and
multisuprema. Formally,

Multilattices and residuated multilattices
D EFINITION 24 Let (M, ≤, , →, >) be a residuated multilattice. A deductive system F is said to be consistent if for all
a, b, c ∈ M the following conditions hold:
1. If a → c, b → c ∈ F , then (a t b) → c ⊆ F
2. If c → a, c → b ∈ F , then c → (a u b) ⊆ F
P ROPOSITION 25 Ant consistent deductive system is a filter.
T HEOREM 26 Let h : M → M 0 be a map between residuated
multilattices. Then, h(M ) is a lattice if and only if h−1 (>) is
a consistent filter.
C OROLLARY 27 Let F be a filter of a residuated multilattice
(M, ≤, , →, >) and ≡F the equivalence relation defined as
a ≡F b if and only if a → b, b → a ∈ F . Then, F is consistent
if and only if M/≡F is a residuated lattice.
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Special Session 10
Modeling and Simulation in Sedimentary Processes
Phenomena related to transport of sediments have a huge interest, since they decisively affect
the human beings and the Earth’s morphology. Evolution of sediment is of vital importance in
conservation, development and use of land and water resources, and therefore the analysis and
prediction are essential for prevention and avoiding natural end environmental disasters. It is also
essential to perform intelligent approaches that allow the correct use of resources.
One of the main disadvantages of the study of sediment transport is its timescale, which can
be very variable depending on the type of phenomenon to observe. Thus, erosion and sediment
that occur as a consequence of a watercourse overflow has nothing to do with the slow evolution
processes related to the marine coast, reservoirs or rivers.
From the viewpoint of mathematical modeling and numerical simulation, there are also many
difficulties. One of them, in numerical simulation of sediment transport problems, is due to the
difference between the flow characteristic speed and sediment transport. On the other hand, first
order methods introduce a big diffusion in the sediments layer, making it necessary to consider
high order methods in order to obtain an accurate numerical solution.
There is a lot of literature related to the modeling of sedimentary processes, from drag erosion
models and deposition problems, to polydisperse sedimentary processes, where are taken into
account the different types of density and diameter of the sediment type, as well as the various
forces involved in the mixture of solid and fluid particles.
This special session features specialists in both modeling and numerical simulation of different types of sedimentary processes. We intend to get an overview of the latest advances developed
by participants as well as possible future collaborations.
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A µ(I)-rheology multilayer model for dry granular flows
and application to granular collapse
over an inclined plane
E. D. Fernández-Nieto∗, J. Garres-Díaz∗, A. Mangeney† and G. Narbona-Reina∗

Abstract— In this work a multilayer model to simulate dry granular flows is presented. We consider a viscosity given by the
µ(I)-rheology law. A multilayer approach is applied and the model is derived by analogous procedure to [5]. Here, we focus on
the numerical approximation of the proposed model. This consist on a splitting procedure using finite volume methods. Firstly,
a hyperbolic system with nonconservative products is solved. In a second step, we compute the contribution of source terms.
Numerical tests are presented and we can see how the multilayer approach allows to obtain a vertical profile of the velocity
in opposite to depth-averaged models. The vertical profile provides a useful information about the dynamic of these flows,
especially when the flow stops.
Keywords: Multilayer approach, µ(I)-rheology, numerical approximation, vertical velocity profile.

1

Introduction

Granular flows can be a useful tool to study geophysical flows
and to predict natural hazard as debris avalanches or landslides.
Depth-averaged models have been widely used to simulate this
flows. Savage and Hutter proposed an averaged model in the
granular flows framework, by assuming a Coulomb friction
law, where the shear stress at the bottom is proportional to the
pressure and the tangent of the repose angle. Currently, the
more accepted constitutive law to explain the behaviour of this
geophysical flows is the µ(I)-rheology, introduced by Jop et al
[6]. This rheology introduce a variable coefficient of friction
µ(I), dependent of the inertial number
I=

ds kD(~
u)k
p
,
p/ρs

p
where D(~
u) is the strain rate tensor and kDk = 0.5Dij Dij
is the usual second invariant of D. ds is the particle diameter,
ρs is the particle density and p is the pressure. The variable
coefficient µ(I) is defined as
µ(I) = µs +

∆µ
I,
I0 + I

where I0 is a constant value, and ∆µ = µ2 − µs with µ2 > µs
two critical constants values. The µ(I)-rheology considers a
plasticity criterion like in Drucker-Prager model, namely, the

material flows when kT k > µ(I)p where T is the shear stress
tensor.
We can introduce the µ(I)-rheology in a 3D model by defining
the viscosity as (see [7])

η=

µ(I)p
.
kD(~
u)k

Depth-averaged models do not allow to obtain a good approximation of the vertical variation of the velocity. In fact, the
horizontal velocity is approximated by a constant with respect
to the vertical direction. Our point of view is that the vertical
variation of the horizontal velocity plays an essential role in the
dynamic of granular flows. Hence we consider in this work a
multilayer approach as in Fernández-Nieto et al [5].
This approach consist on subdividing the domain in the vertical
direction in N ∈ N∗ layers, and the Shallow-Water hypothesis are considered in each layer α = 1, . . . , N . In this way
the horizontal velocity is independent of the vertical variable
in each layer. The layers are separated by interfaces Γα+1/2 ,
whose equations are z = zα+1/2 for α = 1, . . . , N . In the
interfaces separating the layers the normal flux jump condition
are imposed and the model is derived by considering a weak
solution of the system for a particular family of test functions.

∗ Departamento de Matemática Aplicada I, Universidad de Sevilla, Avda. Reina Mercedes S/N, 41011 Sevilla (SPAIN). Email: edofer@us.es, jgarres@us.es,
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317

318

E. D. Fernández-Nieto, J. Garres-Díaz, A. Mangeney and G. Narbona-Reina
with lα a positive constant, and

2 µ(I)-rheology multilayer model
Let hα ∈ R be the thickness of the layer α = 1, . . . , N and
(~
uH,α , wα ) ∈ Rd the horizontal and vertical velocity of this
layer. We denote by h ∈ R the total height and zb a real scalar
function that represents the bottom function. The density of the
fluid is ρ ∈ R and the gravity g ∈ R. We denote
PN with pS the
pressure at the free surface. Observe that h = α=1 hα .
We also define the mass transference at the interface Γα+1/2 as
+
~ H,α+1 · ∇x zα+ 21 − wα+
Gα+ 12 = ∂t zα+ 12 + u
1
−
= ∂t zα+ 12 + u
~ H,α · ∇x zα+ 21 − wα+
1.

2

2

The final d-dimensional µ(I)-multilayer system is written, for
α = 1, ..., N , as

N
X

(1)

lα = 1.

α=1

If we now sum up the mass conservation equations of the final
model for α, . . . , N we get
(2)

Gα+ 21 − G 21 =

α
X

(∂t hβ + ∂x (hβ uβ )) .

β=1

In particular, for α = N , considering that there is not mass
transference with the atmosphere, equation (2) leads to the
global continuity equation
!
N
X
(3)
∂t h + ∂x h
lβ uβ = − G 21 .
β=1


∂t hα + ∇x · (hα u
~ H,α ) = Gα+ 21 − Gα− 12 ,













ρ∂t (hα u
~ H,α ) + ∇x · (ρhα u
~ H,α ⊗ u
~ H,α )







+ hα ∇x pS + ρghα ∇x (zb + h)








~ α+ 1 + 1 ρGα+ 1 (~
~ α− 1 − K

=K
uH,α+1 + u
~ H,α )


2
2
2
2








 − 1 ρG 1 (~
uH,α + u
~ H,α−1 ) ,
2 α− 2

with

~ α+ 1
K
2

~
= −ηα+ 21 Q
H,α+ 12

for α = 1, ..., N

~
where Q
~ H at Γα+ 12 ,
H,α+ 12 denotes an approximation of ∂z u
and
~ H,1
~ 1 = −ρµ(I)gh u
K
2
|~
uH,1 |
which represents the Coulomb friction law at the bottom.

3

2D Numerical approximation

Then, from (2) we obtain
Gα+ 12 = G 21 +

β=1

Previously, we must write the thickness of the pre-settled layer
based on the total height. For α = 1, . . . , N , we set hα = lα h

lβ ∂x (huβ ) −

N
X

γ=1

!

∂x (lγ huγ ) − G 12 .

We define Lα := l1 + · · · + lα and ξα,γ =

α
X

(δβγ − lβ )lγ ,

β=1

where δβγ is the standard Kronecker symbol. That is,



 1 − (l1 + · · · + lα ) lγ , if γ ≤ α,
ξα,γ =


−(l1 + · · · + lα )lγ ,
otherwise,

for α, γ ∈ {1, . . . , N }. Then, the mass transference in the
interface Γα+1/2 can be write as
(4)

Gα+ 12 = (1 − Lα ) G 12 +

for α = 1, . . . , N .

N
X

ξα,γ ∂x (huγ )

γ=1

Next, the momentum equation of the final model can be written taking into account (1) and (4) for the mass transference
between layers as:

lα ∂t (huα ) + lα ∂x hu2α + glα h∂x zb + glα h∂x h
=

In this work we focus on the numerical approximation of the
presented model for a 2D flow. In order to simplify the notation we write u
~ H,α = uα since the horizontal domain is a line.
Firstly, we write the final model as an hyperbolic system with
nonconservative products and source terms.

α
X


1 ~
~ α+ 1 − lα h ∂x pS
Kα− 21 − K
2
ρ
ρ

"
#
N
X
1
ξα,γ ∂x (huγ ) (uα+1 + uα )
+ (1 − Lα )G 12 +
2
γ=1

"
#
N
X
1
− (1 − Lα−1 )G 12 +
ξα−1,γ ∂x (huγ ) (uα + uα−1 ) ,
2
γ=1
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for α = 1, ..., N , where we set L0 = u0 = uN +1 = 0 and
2(uα+1 − uα )
~
~ α+ 1 = −ηα+ 1 Q
K
.
H,α+ 21 = −ηα+ 12
2
2
h(lα + lα+1 )

Hence, denoting qα = huα , from previous equation and
(3), we obtain the system:


!
N
X




∂t h + ∂x h
lβ uβ = − G 12 ,




β=1






 2


h2
pS h
pS
qα


∂t qα + ∂x
+g
+
−
∂x h



h
2
ρ
ρ





N

X

1



+
(qα + qα−1 ) ξα−1,γ


2hlα
γ=1



−
(q
+
q
)
ξ
∂x qγ

α+1
α
α,γ








1 ~

~

1
1
K
−
K
=
−gh∂
z
+
x b

α− 2
α+ 2

ρlα





1


+
(qα+1 + qα ) (1 − Lα ) G 12



2hl
α




1


 −
(qα + qα−1 ) (1 − Lα−1 ) G 12 .
2hlα
We can write the system in matrix notation as
(5)

∂t w + ∂x F (w) + B(w)∂x w = S(w)∂x zb + E(w)
0

where w = (h, q1 , q2 , ..., qN ) ∈ Ω ⊂ RN +1 is the unknown vector, F is a regular function from RN +1 to itself,
B is a regular matrix function from RN +1 to MN +1 (R),
S, E are vectorial functions from RN +1 to RN +1 . These
terms are defined F (w) = (Fα (w))α=0,1,...,N , S(w) =
(Sα (w))α=0,1,...,N , E(w) = (Eα (w))α=0,1,...,N and
B(w) = (Bα,β (w))α,β=0,1,...,N where the corresponding
matrices are:

Fα (w) =

 N
X



lβ qβ ,




if α = 0,

β=1





h2
pS h
q2

 α +g
+
,
h
2
ρ

if α = 1, ..., N,


0, if (α, β) ∈ {0} × {0, 1, ..., N },






pS



, if (α, β) ∈ {1, ..., N } × {0},
−


ρ



Bα,β (w) =
1

(qα + qα−1 ) ξα−1,β


2hl

α




1


−
(qα+1 + qα ) ξα,β , if α, β = 1, ..., N.



2hl
α

Sα (w) =
and


 0,


if α = 0,

− gh,

if α = 1, ..., N,


− G 21 , if α = 0,








1



 2hlα (qα+1 + qα ) (1 − Lα ) G 21
Eα (w) =
1


−
(q + qα−1 ) (1 − Lα−1 ) G 12


 2hlα α






1 ~

~ α+ 1 ,
 +
if α = 1, ..., N.
Kα− 12 − K
2
ρlα

We can re-write the equation (5) in a more compact form. For
this end, we define A(w) = B(w) + J (w) with J (w) =
∂F (w)
the Jacobian matrix of F . It yields
∂w
∂t w + A(w)∂x w = S(w)∂x zb + E(w),
where

0, if (α, β) = (0, 0),








lβ , if (α, β) ∈ {0} × {1, ..., N },








q2


− α2 + gh, if (α, β) ∈ {1, ..., N } × {0},


h




Aα,β (w) =
1

(qα + qα−1 ) ξα−1,β


2hlα







−
(q
+
q
)
ξ
α+1
α α,β









qα


+2 δαβ , if α, β = 1, ..., N.


h


The numerical approximation of this model is made by a splitting procedure. In the first step, we neglect the contribution of
E(w), which is a source term and it will be taking into account
in the second step.
We focus in the first step now. Firstly, following [9] we add the

320

E. D. Fernández-Nieto, J. Garres-Díaz, A. Mangeney and G. Narbona-Reina
To deal with the Coulomb friction term we consider the hydrostatic reconstruction introduced in [1] and extended in [2] to
the Saint-Venant system with Coulomb friction term. This reconstruction is very stable and preserve the nonnegativity of h.
In addition, it ensures the well-balance property. This consists
on setting the reconstructed heights

trivial equation to the system
∂zb
= 0.
∂t
Then, the system is re-written as

(6)
Wt + A W · Wx = 0,

where W is the vector W := (w, H) ∈ Ω ⊂ R
A (W ) is the matrix
"
#
A (W ) −S (W )
.
0
0
t

N +2

and

The notion of weak solution in the sense of distribution cannot
be applied for the solution of system (6), due to the presence of
nonconservative products. We consider the theory introduced
by Dal Maso et al in [3], which allows to give a definition
of weak solution of (6). We use path-conservative numerical
schemes, which have been introduced by Parés in [8]. These
schemes can be applied to the system (5) as
n+1/2
wi

where

=

win


1
n
F (win ) + F (wi+1
)
2


1 n
n
n
n
− Ri+1/2
wi+1
− win − Λni+1/2 Si+1/2
Hi+1
− Hin ;
2

n
n
n
Bi+1/2
= Bi+1/2
wi+1
− win ;
n
Fi+1/2
:=

=

n
Si+1/2

n
zb,i+1

−

n
zb,i



.

The matrix Λ(w) is an approximation of the inverse of A(w)
n
and Ri+1/2
is the numerical viscosity matrix. The definition of
this matrix determine the finite volume method that is applied.
A very useful form of defining different finite volume methods is to use the concept of PVM method introduced by Castro
and Fernández-Nieto in [4]. The numerical viscosity matrix is
defined as
i+1/2
n
Ri+1/2
= Pl
(A(w))
i+1/2
where Pl

is a polynomial of degree l. In this work we have
used a HLL method, which can be written like PVM method
i+1/2
through the polynomial P1
(x) = a0 + a1 x, where
a0 =

hi+1/2+ = max(0, hi+1 − (−∆Zi+1/2 )+ )
n
where (∆Z1+1/2 )+ = max(0, zb,i+i − zb,i + ∆Bi+1/2
).
n
n
∆Bi+1/2 is defined in relation with a function fi+1/2 , which
depends on the Coulomb friction function, as
n
n
∆Bi+1/2
= −fi+1/2
∆xi+1/2
n
A possibility to define fi+1/2
(others can be proposed) is
n
fi+1/2
= − proy

gµ(I)

|SR | − |SL |
SR |SL | − SL |SR |
, a1 =
.
SR − SL
SR − SL

SL and SR are approximations of the minimum and maximum
wave speed.



−g(hi+1 − hi + zb,i+1 − zb,i ) ui+1/2
−
∆x
∆t

where


∆t  n
n
−
Fi+1/2 − Fi−1/2
∆x


∆t  n
n
n
n
Bi+1/2 + Bi−1/2
+ Si+1/2
+ Si−1/2
+
2∆x

n
Si+1/2

hi+1/2− = max(0, hi − (∆Zi+1/2 )+ )

proy (X) =
gµ(I)

and ui+1/2 =
are defined by

N
X


 X

if|X| ≤ gµ(I)

X
 gµ(I)
|X|

if |X| > gµ(I)

lα uα,i+1/2 . Then, the reconstructed states

α=1

Ui+1/2− = hi+1/2− , hi+1/2− u1,i , q2,i , . . . , qN,i



Ui+1/2+ = hi+1/2+ , hi+1/2+ u1,i+1 , q2,i+1 , . . . , qN,i+1
At this time we have the intermediate solution
(7)

n+1/2

wi



n+1/2

= hi

n+1/2

, q1,i

n+1/2 t

, . . . , qN,i



,

and we must introduce the contribution of E(w). For this end,
a semi-implicit discretization is considered:
(8)

n+1/2

win+1 = wi

+ ∆t E(win+1 )

We assume that there is not mass exchange with the bottom,
then G 21 = 0 and it leads to

0, if α = 0,





1 
Eα (w) =
1
η 1Q


ρlα α+ 2 H,α+ 2



−η 1 Q
α− 2

where

QH,α+ 12 = 2

H,α− 12



,

uα+1 − uα
.
(lα+1 + lα )h

otherwise,
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From system (8) we have hh+1 = hn+1/2 , and
n+1
qα,i

=

n+1/2
qα,i

∆t
+
ρ lα

η

α+ 21

n+1
2(un+1
α+1,i − uα,i )

considered in the left boundary and open boundary condition
in the right. We also settle pS = 0.

(lα+1 + lα )hn+1
i

0.016
0.02

−ηα− 21

2(un+1
α,i
(lα +

− un+1
α−1,i )
lα−1 )hn+1
i

!

0.014
0.018
0.012

.

0.016
0.014

0.01

z

0.012

The vector win+1 is obtained by solving a N × N tridiagonal system where the unknown vector is qin+1 =
n+1
q1n+1 , . . . , qN
. In order to compute ηα+ 21 , to consider the
i
variable at the previous time win instead of the variable in the
intermediate step (7) is essential.

4

µ(I)p

max kD(~
u)k, µ(I)p
ηM

.
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0
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(a) x = 0.715 cm

0.025
0.02
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0.015
0.015
0.01
0.01

We simulate a granular collapse over an inclined plane. An initial column, whose height is 14 cm, is dropped by a plane with
19 degrees inclination. The plain is covered by an erodible bed
of the same material of thickness 5.3 mm. The rheological parameters and the physical properties of the material are:

0

0.005

0.6

0.62

0.64

0.66

0.68

0

0.6

x

0.62

0.64

0.66

x

(b) x = 0.595 cm

z

In the numerical test we focus on clarify the different profiles obtained by using the multilayer model or whereas a
depth-averaged model. We compare the proposed model with
the Savage-Hutter model, which is the most popular depthaveraged model to simulate granular flows. This model can be
seen as a Shallow-Water model with a Coulomb friction term
that represent the friction at the bottom.

ρs = 2500 kg m−3 ,

0.74

x

0.005

µ2 = tan(36.5◦ ),

0.72

x

In classical depth-averaged models the horizontal velocity is
estimated as constant in the vertical direction, in contrast to
multilayer models, in which the same assumption is supposed
but it is assumed in each layer, i.e., velocities are constant in
each layer but may be different from each other. This fact allows to obtain a vertical profile of velocity, that is the main
advantage of multilayer models with respect to depth-averaged
models.

ds = 0.7 mm,

0.006

0.004

Numerical test

µs = tan(25.5◦ ),

0.008

z



0.01
0.006

In this step an extra difficulty appears, due to the denominator
kD(~
u)k in the definition of the viscosity could vanish. In order to avoid this singularity we apply the regularization method
proposed inp
[7], which consist on bounding the viscosity by
ηM = 250ρ gh3 by defining
η=

0.008

0.03

0.03

0.025
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0.02
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0.015

0.015
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0.01

0.005

0.005

0

0.4
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0.44

0

0.4

x

0.41

0.42

x

(c) x = 0.395 cm

Figure 1: Vertical profile of horizontal velocity obtained by using
the multilater model (left) or Savage-Hutter model (right), at the time
t=0.9 s.

I0 = 0.279,
ϕs = 0.62.

where ϕs is the volume fraction. Note that this leads to an
apparent flow density ρ = ϕs ρs . Wall boundary condition is

In Figure 1 we show the different vertical profiles of the horizontal velocity obtained for this simulation by using either the
multilayer model that we propose in this work or Savage-Hutter
model. All of them have been taken at time t = 0.9 s. Note that
the profile corresponding to the Savage-Hutter model is always
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constant. Figure 1(a) corresponds to the profiles in a point near
to the front of the flow, where is in acceleration phase, and Figure 1(b) to an intermediate point between 1(a) and 1(c), which
corresponds to a distant point of the front. In this point, the
flow has already begun the deceleration phase. Observe the
particular profile obtained through the multilayer model in this
deceleration phase, which indicates that the flow stops from
lower layers.

5
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Sediment transport in shallow water: improvement of
bedload and suspended transport
T. Morales de Luna∗, M. J. Castro†, E. D. Fernández-Nieto‡, and G. Narbona-Reina‡

Abstract— Sediment transport by the action of a fluid can be classified into two types: bedload and suspended sediment transport.
In what concerns bedload transport, it can be described by Exner system which consists on a shallow water system coupled with
a morphodynamical component given by an empirical bedload flux. This basic system can be generalized in order to incorporate
different physical effects such as gravity effects due to the slope of bed or the thickness of the sediment layer.
Suspended sediment transport can be described by incorporating to the system ns transport equations corresponding to the
average concentration of ns sediment species in suspension. Nevertheless this will imply that vertical distribution of the sediment
is lost. One technique that avoids this is to use a multilayer approach.
Keywords: Sediment transport, shallow water, bedload transport, suspended sediment transport.

Sediment can be transported in several ways by the action of
a river. During low transport stages, particles move by sliding
and rolling over the surface of the bed. This type of transport
is usually referred as bedload transport. With the increase
of the velocity, the sediment is entrained into suspension and
travels significant distances before being deposed again. One
can observe a continuous exchange between sediment at the
river bed and sediment in suspension. Moreover, when the
concentration of suspended sediment is elevated, the river can
plunge into the ocean creating a hyperpycnal plume.
One possible approach to model bedload transport is to use a
coupled model constituted by a hydrodynamical component,
described by a Shallow water system, and a morphodynamical
component, which depends on a solid transport flux given by
some physical law.
The resulting system is usually called Exner system and was
originally introduced in [2].
This system can be written in the form

∂t h + ∂x (hu) = 0,


2

∂t (hu) + ∂x (hu2 + g h2 )
(1)

+gh∂x (z − H) = 0,


∂t zb + ξ∂x qb (h, hu, zb ) = 0,

velocity as usual in shallow water models. Here we assume
that there is some sediment with height zb (t, x) that may be
transported by the action of the fluid in which the sediment is
entrained. The sediment layer rests on a fixed bed topography
at depth H(x) from a given reference level. See Fig. 1
Classical bedload transport fluxes qb are usually defined in
∗
terms of Shield’s parameter τcr
by means of a given function
ζ, that is
(2)

∗
qb ≡ ζ(τcr
)sgn(u)

where

(3)

τb∗ =

|τb |
,
(ρs − ρ)gds

with ρs the sediment density, ds mean particle diameter and
(4)

τb = ρghSf .

τb is the shear stress and ρ is the water density. The shear stress
depends on a friction term Sf . It can be defined by
(5)

where the flux qb is given by some empirical law.

We denote by h(t, x) the water depth and u(t, x) is the mean

Sf =

n2 u|u|
,
h4/3

where n is Manning’s coefficient.
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the sediment interface ∂x zb as it is done in [4].
Exner system which gives us an easy approach to model
bedload transport. We now intend to extend the system by
including a second type of sediment transport which is suspension transport.

Figure 1: Sketch of a sediment layer transported by the movement of a fluid

In what concerns suspended sediment transport, the usual
approach is to complete system (1). To do so, we consider
ns family of sediment species which can differ in density or
grain size. Then, volumetric concentration of each family is
considered

(6)
Classical formulae for the solid transport flux qb only depend
on the hydrodynamical variables h and hu. It can be shown
that for this classical formulae system (1) is hyperbolic at least
for physical situations (see [1]). The disadvantage of these
solid transport fluxes is that they do not take into account the
thickness of the sediment layer which may lead to the loss of
sediment mass conservation on certain situations. To avoid this
problem a modified bedload transport flux qb (h, hu, zb ) can be
proposed that depends on the thickness of the sediment layer
as it is done in [5]. One can even think on a more general
formulation which it is the approach proposed in [3]: one may
assume that the sediment layer can be decomposed into two
layers: a layer that moves due to the action of the river, whose
thickness is denoted by zm , and a layer composed by sediments
that are not moving but are susceptible to move and denoted by
zf . We have the relation zb = zm + zf . (See See Fig. 2). This
approach gives better results that are nearer to the physics of
the problem.

φj ,

j = 1, 2, . . . , ns ,

and a transport equation is included for each sediment species

(7)

∂t φj + u∂x φj = 0.

There is usually an exchange rate between sediment in suspension and sediment at the bottom by erosion and deposition
effects. Thus, (7) is replaced by

(8)

∂t (hφj ) + ∂x (huφj ) = Fej − Fdj ,

where Fej and Fdj are the erosion and deposition fluxes respectively, given empirically. This model is described in detail in
[6].

Figure 2: Sketch of shallow water over an erodible bed composed of two sediment layers

Another disadvantage of classical bedload transport models is
that it neglects gravity effects for the sediment layer. This
gives artificially steep profiles specially in the formation of
the advancing front of the dune. This can be improved by
making the solid transport flux to depend on the gradient of

The drawback of this approach is that it only takes into account
the mean depth-average concentration of each sediment species
in suspension and as a consequence we lose the vertical distribution of sediment within the fluid. The characteristic behavior
of a mixture of fluid and suspended small particles leads to
areas of different composition and this information could be
relevant in practical applications. To solve this problem, we
propose to derive a model that recovers the ideas presented in
[6] but that includes information on the vertical distribution of
particles. To do so, we propose to use a multilayer approach,
dividing the fluid in M layers (see Fig. 3) with thickness hα
and horizontal velocity uα , α = 1, . . . , M . Within each layer
α, we shall assume ns different sediment species and consider
φi,α , i = 1, . . . , ns the mean average of their volumetric concentration in each layer. This will give us a vertical distribution
of the particles provided that the number of layers M is large
enough.
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Implicit-explicit Runge-Kutta methods for polydisperse
sedimentation models with compression
S. Boscarino∗, R. Bürger†, P. Mulet‡, G. Russo∗ and L. M. Villada§

Abstract— The sedimentation of polydisperse suspensions with a compressible layer can be mathematically modeled by systems
of nonlinear strongly degenerate convection-diffusion equations of arbitrary size. Implicit-explicit (IMEX) Runge-Kutta (RK)
methods are suitable for the solution of these convection-diffusion problems since the stability restrictions, coming from the
explicitly treated convective part, are much less severe than those that would be deduced from an explicit treatment of the
diffusive term. These schemes usually combine an explicit Runge-Kutta scheme for the time integration of the convective part
with a diagonally implicit one for the diffusive part. In [R. Bürger, P. Mulet and L.M. Villada, SIAM J. Sci. Comput., 35 (2013),
pp. B751–B777] a scheme of this type is proposed, where the nonlinear and non-smooth systems of algebraic equations arising
in the implicit treatment of the degenerate diffusive part are solved by smoothing of the diffusion coefficients combined with a
Newton-Raphson method with line search. This nonlinearly implicit method is robust but associated with considerable effort of
implementation and possibly CPU time. To overcome these shortcomings while keeping the advantageous stability properties of
IMEX-RK methods, a second variant of these methods is proposed, in which the diffusion terms are discretized in a way that more
carefully distinguishes between stiff and nonstiff dependence, such that in each time step only a linear system needs to be solved
still maintaining high order accuracy in time, which makes these methods much simpler to implement. In a series of examples it
is demonstrated that these new linearly implicit IMEX-RK schemes approximate the same solutions as the nonlinearly implicit
versions, and in many cases these schemes are more efficient.
Keywords: Implicit-explicit Runge-Kutta schemes; degenerate convection-diffusion equations; linearly implicit methods;
polydisperse sedimentation;

1

Introduction

The typical behavior of homogeneous polydisperse suspensions is differential sedimentation, which leads to areas of
different composition in the final settlement. When considering
the additional property that the solid particles possibly form a
compressible sediment layer, the mathematical model consists
of a system of nonlinear convection-diffusion equations of the
type
(1)


∂t Φ + ∂x f (Φ) = ∂x B(Φ)∂x Φ ,

where Φ = (φ1 , . . . , φN )T is the sought solution as a function
of spatial position x and time t, f (Φ) = (f1 (Φ), . . . , fN (Φ))T
is a vector of flux density functions, and B(Φ) is a given
N × N matrix function expressing the diffusive correction
due to sediment compressibility, where B(Φ) = 0 on a set
of nonzero N -dimensional measure, so that (1) is possibly
strongly degenerate.

Explicit schemes for hyperbolic systems of first-order conservation laws (i.e., B ≡ 0) are widely used in many applications.
When diffusion terms are present (i.e., B 6≡ 0), then an
implicit treatment of these terms can overcome the drastic
time step size restrictions imposed by the stability condition
for explicit schemes applied to parabolic equations. This idea
was used in [8] to introduce semi-implicit, so-called implicitexplicit (IMEX) Runge-Kutta (RK) schemes for (1), which
involve the solution of highly nonlinear and nonsmooth systems of algebraic equations. This is achieved in [8] by a regularization of the nonsmooth diffusion coefficients combined
with a suitable solver for the resulting nonlinear systems in an
efficient way. While these techniques turned out to be robust
and provide approximate solutions even when simpler methods
(e.g., the Newton-Raphson (NR) method without line search)
do not converge, their effort of implementation is considerable.
In this work we propose a new class of semi-implicit methods
for the solution of (1), see [4], which are strongly inspired by
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partitioned Runge-Kutta (RK) methods [10]. To describe the
main idea, assume that the semi-discrete formulation of (1) can
be written in vector form as
(2)

1
1
dΦ
B(Φ)Φ,
=−
(∆− f )(Φ) +
dt
∆x
∆x2

where Φ = (Φ1 (t), . . . , ΦM (t))T is the sought solution
vector, where Φj (t) is the solution at spatial position xj ,
∆x := xj+1 − xj for j = 1, . . . , M is the uniform grid
spacing, (∆− f )(Φ) ∈ RN M denotes the vector of numerical
flux vector differences associated with the discretization of
∂x f (Φ), and B(Φ) ∈ R(N M )×(N M ) is a block tridiagonal
matrix arising from the discretization of ∂x (B(Φ)∂x Φ). The
precise algebraic forms of (∆− f )(Φ) and B(Φ) are provided
in [8]. Here we emphasize that the matrix B inherits its
discontinuous dependence on Φ from that of B on Φ.
The new approach is based on carefully distinguishing in
(2) between stiff and non-stiff dependence on the solution
vector Φ, and in choosing the time discretization by an implicit
and an explicit RK scheme, respectively, of an IMEX pair
of schemes accordingly. Roughly speaking, in the product
B(Φ)Φ the occurrence of the solution Φ within of B(Φ) is
considered nonstiff, while that of the factor Φ is considered
stiff. Thus, the implicit treatment is applied only to that second
factor, in contrast to [8] where the whole expression B(Φ)Φ
is treated implicitly. This new approach does not require
solutions for nonlinear systems (in contrast to the approach
of [8]), since the new methods require only solving a discretized convection-diffusion equation with a linear diffusion
term in which the matrix B is given. We therefore address
the new methods introduced herein as linearly implicit IMEXRK methods, in contrast to the methods of [8] to which we
refer as nonlinearly implicit IMEX-RK methods. Numerical
examples demonstrate that the new linearly implicit methods,
which are much easier to implement, approximate the same
solutions as the nonlinearly implicit ones, and in many cases
are more efficient.
The organization of the paper is the following: In Section 2
we describe a model of polydisperse sedimentation of equaldensity particles that form compressible sediments. In Section 3 both variants of IMEX-RK schemes are introduced.
After providing some notation common to both versions (Section 3.2), we summarize in Section 3.3 the nonlinearly implicit
IMEX-RK methods for solving the system (1) introduced in
[8]. Section 3.4 is devoted to the new linearly implicit IMEXRK methods. Numerical examples are presented in Section 4.
We first state some preliminaries in Section 4.1, and compare
in Examples 1 to 4 (Sections 4.2 and 4.3) the performance of
the new linearly implicit IMEX-RK scheme with that of the
nonlinearly implicit one of [8] for a test case of Model 1 with
N = 3. The same model, but with a smooth initial datum, is
used in Example 5 (Section 4.4) to assess the numerical order
of accuracy of the linearly implicit IMEX-RK scheme. Finally,
some concluding remarks are collected in Section 5.

2

Polydisperse sedimentation with compression

The sedimentation of a suspension of equal-density particles
belonging to N species with sizes d1 > d2 > · · · > dN is
a problem of interest in engineering applications, volcanology,
and medicine. We let φi denote the local volume fraction of
species i having size di , and define φ := φ1 + · · · + φN .
The evolution of Φ = Φ(x, t) as a function of depth x and
time t in a column of height L is then governed by the effects
of hindered settling and sediment compressibility, which determine the convective and diffusive parts, respectively, of (1),
see [2]. This equation is now posed on the x-interval (0, L)
for t > 0, along with the initial condition Φ(x, 0) = Φ0 (x)
for 0 ≤ x ≤ L, where Φ0 is the given initial concentration
distribution, and zero-flux boundary conditions, i.e.,
(3) f (Φ) − B(Φ)∂x Φ = 0 for x = 0 and x = L,

t > 0.

The flux density functions f1 , . . . , fN are those of the MLB
model [12, 13] given by
(4)
fi (Φ) = µ%̄s φi V (φ)(1 − φ)(δi − δ T Φ),

i = 1, . . . , N,

where µ > 0 is a viscosity constant, %̄s > 0 is the solid mass
density minus the fluid density, δi := d2i /d21 , δ := (δ1 =
1, δ2 , . . . , δN )T , and V (φ) is a hindered settling function that
is assumed to satisfy
V (φ) ≥ 0 for all φ,

V (0) = 1,

and V 0 (φ) < 0 for 0 ≤ φ < φmax ,

where 0 < φmax ≤ 1 is a maximal total solids volume fraction.
A typical expression is given by
(
(1 − φ)nRZ −2 for 0 ≤ φ ≤ φmax ,
(5)
V (φ) =
0
otherwise,
where nRZ > 2 is the material-dependent Richardson-Zaki
exponent [16]. For the flux (4), Jf (Φ) is a rank-two perturbation of a diagonal matrix. This property allows one to analyze
hyperbolicity, to localize eigenvalues by a so-called interlacing
property, and to eventually calculate the corresponding eigenvectors of Jf (Φ), see [6, 9].
The diffusion matrix is given by B(Φ) := (αij )1≤i,j≤N , with
(6)

µV (φ)
(1 − φ)φi (δi − δ T Φ)σe0 (φ)
αij =
gφ



φi
T
− δi δij − δj φi − (δi − δ Φ) σe (φ) , i, j = 1, . . . , N,
φ
where δij is the standard Kronecker symbol.
Here σe denotes the effective solid stress function, and σe0 is its
derivative. This function is assumed to satisfy
(
= 0 for φ ≤ φc ,
(7)
σe (φ), σe0 (φ)
> 0 for φ > φc ,

329

IMEX RK methods for polydisperse sedimentation with compression
where φc is a critical concentration at which the particles touch
each other. A typical function σe having these properties is
given by
(
0
for φ ≤ φc ,

(8) σe (φ) =
σ0 , k > 0.
σ0 (φ/φc )k − 1 for φ > φc ,
Clearly, (7) and (6) imply that
B(Φ) = 0 for Φ ∈ Dφc ,
so (1) is usually strongly degenerate under the assumptions of
Model 1, while on Dφ0 max \Dφc the eigenvalues of B(Φ) are
positive, pairwise distinct, and satisfy an interlacing property
with respect to certain known functions of φ [2, Th. 4.3].

The corresponding pair of Butcher arrays of IMEX-RK methods is given by
c̃

Ã

A
bT

b̃T

,

where the s × s lower triangular matrices Ã = (ãij ) (with
ãij = 0 for all j ≥ i) and A = (aij ) are the matrices
of the explicit and implicit parts of the method, respectively,
while b̃ = (b̃1 , . . . , b̃s )T , c̃ = (c̃1 , . . . , c̃s )T , b = (b1 , . . . , bs )T
and c = (c1 , . . . , cs )T are s-dimensional vectors of real
coefficients, and c̃ and c are given by the usual relations
c̃i =

i−1
X

ãij ,

ci =

j=1

3

c

i
X

aij ,

i = 1, . . . , s.

j=1

Numerical schemes

3.1

3.3

Spatial discretization

1
(∆− f )(Φ) of the convective term
The discretization ∆x
∂x f (Φ) is computed using the WENO-SPEC scheme (see [7]
for full details). The numerical fluxes are obtained by fifthorder WENO reconstructions of characteristic fluxes, following Shu and Osher’s technique [17]. The computation of the
characteristic information is based on the interlacing property.

For the discretization of the diffusive term ∂x (B(Φ)∂x Φ) we
limit ourselves to second-order schemes, since solutions are
not smooth, and use the following discretization (see [8] for
full details):
(9)



1
∂x B(Φ)∂x Φ (xi , t) ≈
Bi−1/2 Φi−1
∆x2

− (Bi−1/2 + Bi+1/2 )Φi + Bi+1/2 Φi+1 (t),

Bi+1/2 = Bi+1/2 (Φi , Φi+1 ) :=

Nonlinearly implicit IMEX-RK methods

To describe the nonlinearly implicit IMEX-RK method for
solving (1) introduced in [8], we rewrite the semidiscrete
formulation (2) in the form
dΦ
= C(Φ) + D(Φ),
dt
where we define
C(Φ) := −

Input: approximate solution vector Φn for t = tn
do i = 1, . . . , s
solve for Φ(i) the nonlinear equation

T T
MN
With the notation Φ = (ΦT
, we can define
1 , . . . ΦM ) ∈ R
the M × M block tridiagonal matrix B = B(Φ), with blocks
of size N × N , as

Φ

A good time integrator for the system (2) is represented by
semi-implicit IMEX-RK schemes, where the convective term
is treated explicitly and the diffusive term is treated implicitly.

(i)

n

= Φ + ∆t

i−1
X

aij Kj + aii D Φ

j=1

Ki ← D(Φ(i) )

Bi,i = −(Bi−1/2 +Bi+1/2 ), Bi,i−1 = Bi−1/2 , Bi,i+1 = Bi+1/2 ,

Notation

1
B(Φ)Φ.
∆x2

A LGORITHM 3.1 (NI-IMEX-RK SCHEME )

where Φi (t) ≈ Φ(xi , t) ∈ RN . The terms Bi±1/2 for i = 1
and i = M are modified according to the boundary conditions.

3.2

D(Φ) :=

The computations of a nonlinearly implicit IMEX-RK scheme
necessary to advance an Φn from time tn to tn+1 = tn + ∆t
are given in Algorithm 3.1 [1, 15]:


1
B(Φi ) + B(Φi+1 ) ,
2

for which
 we have that the discretization of (9) is
B(Φ)Φ i (t).

1
(∆− f )(Φ),
∆x

(i)



+

i−1
X
j=1

K̃i ← C(Φ(i) )
enddo
Φ

n+1

n

← Φ + ∆t

s
X
j=1

bj Kj + ∆t

s
X

b̃j K̃j

j=1

Output: approximate solution vector Φn+1 for t =
tn+1 = tn + ∆t.

ãij K̃j

!
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Algorithm 3.1 requires solving for the vector
u = Φ(i) ∈ RM N a nonlinear system of N M scalar equations
of the following form

(10) Ψi (u) := u − aii ∆tD u − ri = 0, i = 1, . . . , s,
where ri ∈ RM N is given by
n

ri = Φ + ∆t

i−1
X
j=1

aij Kj +

i−1
X

j=1

Φ̂(i) ← Φn + ∆t

!

Linearly implicit IMEX-RK methods

i−1
X

aij Kj

j=1

solve for Ki the linear equation



1
B Φ∗(i) Φ̂(i) + ∆taii Ki ,
Ki = C Φ∗(i) +
2
∆x
(∗)

ãij K̃j .

j=1

To approximately solve (10) by the NR iterative method we
must require the coefficients of the matrix function B, and
therefore those of B, to be at least continuously differentiable
[14, p. 311]. However, the diffusion matrix B does not
naturally satisfy this assumption, so it is therefore replaced by
a smooth approximation Bε , such that where Bε → B. The
parameter ε is decreased in a carefully controlled manner and
a line-search procedure for the NR method is used, so that
global convergence is achieved. This process is summarized
in Algorithm 4.1 of [8].

3.4

compute the stage values:
i−1
X
Φ∗(i) ← Φn + ∆t
ãij Kj

enddo
Φn+1 ← Φn + ∆t

s
X

(∗∗)

bj Kj

j=1

Output: approximate solution vector Φn+1 for t =
tn+1 = tn + ∆t.
Thus, the simplest first-order linearly implicit IMEX scheme
for the approximation of (11) is
Φn+1 = Φn −

∆t
∆t −
(∆ f )(Φn ) +
B(Φn )Φn+1 .
∆x
∆x2

The nonlinearly implicit IMEX-RK schemes proposed in [8]
require solving a nonlinear system of N M scalar equations,
as is detailed in Algorithm 3.1. To overcome this excessive
numerical work for the solution of the nonlinear system (10),
an essential gain is obtained by the following approach. We
rewrite the semidiscrete formulation (2) in the form

Concerning (∗∗) we observe that for the final numerical solution, we require, in particular,

dΦ
= C(Φ) + D(Φ, Φ)
dt

and no duplication of variables is needed in the computation of
the numerical solution (for more details see [4, 5]).

(11)
with

1
C(Φ) := −
(∆− f )(Φ),
∆x

1
D(Φ∗ , Φ) :=
B(Φ∗ )Φ.
∆x2

Here the idea is to distinguish in the system (11) between stiff
and nonstiff dependence on the variable Φ. More precisely, by
(11) we consider
dΦ
= C(Φ∗ ) + D(Φ∗ , Φ) =: K(Φ∗ , Φ),
dt
where Φ is treated explicitly as argument of f and B, while
Φ is implicit in the term to which B is applied.
∗

Φ∗,n+1 = Φn+1 ,
which is guaranteed by imposing the condition
(12)

As an example, we propose a classical second-order IMEXRK scheme that satisfies (12), namely the following scheme
IMEX-SSP2(3,3,2) introduced in [15]:
c̃

do i = 1, . . . , s

Ã
b̃T

0
1/2
=
1

0
1/2
1/2
1/3

0
0
1/2
1/3

0
0
,
0
1/3

1/4
1/4
=
1

1/4
0
1/3
1/3

0
1/4
1/3
1/3

0
0
.
1/3
1/3

(13)
c

Input: approximate solution vector Φn for t = tn

for i = 1, . . . , s,

The decisive advantage of the new linearly implicit approach
for computing the numerical solution of system (11) is obvious:
we do not require solutions for any nonlinear system, as for
example in [8] for the nonlinear system (3.7) (of that paper).
In this new approach, system (∗) is linear in Ki and the
numerical solution can be obtained by solving a convectiondiffusion equation with a linear diffusion term in which the
matrix function B, and therefore B, is computed explicitly.

Then the step from tn to tn+1 = tn + ∆t of the new linearly
implicit IMEX-RK scheme is given by the following algorithm
(see [3]).
A LGORITHM 3.2 (LI-IMEX-RK SCHEME )

bi = b̃i

A
bT
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4
4.1

Numerical results

4.2

Example 1: comparison of LI- and NI-IMEXSSP2 schemes

Preliminaries

(a)

(b)

0.0

φ3

0.2

φ
−3

1

L −Error

x [m]

10
0.4

0.6

0.8

−4

10

1.0

0

0.05

0.1

0.15

0.2

φ ,...,φ ,φ
1

−1

0.25

(a)

(14)

etot
M (t) :=

N M
1 X X ref
φ̃ (t) − φM
j,i (t) .
M i=1 j=1 j,i

Based on the errors defined by (14), we may calculate a
numerical order of convergence from pairs of total approximate
tot
L1 errors etot
M (t) and e2M (t) by
(15)


tot
θM (t) := log2 etot
M (t)/e2M (t) .

3

10

10

(b)

0.81
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ref
NI−IMEX−SSP2
LI−IMEX−SSP2
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LI−IMEX−SSP2−reg
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1

φ

0.055

0.06

0.065

2

(c)

for the KT scheme and

For comparison purposes, we compute reference solution for
numerical tests by the KT scheme with Mref = 25600 cells. To
be consistent with our previous work [8], we compute approximate L1 errors at different times for each scheme as follows.
Mref
M
ref
We denote by (φM
j,i (t))j=1 and (φl,i (t))l=1 the numerical
solution for the i-th component at time t calculated with M
and Mref cells, respectively. We use cubic interpolation from
the reference grid to the M -cell grid to compute φ̃ref
j,i (t) for
j = 1, . . . , M . We calculate the total approximate L1 error
at time t associated with the numerical solution on the M -cell
grid by

2

10

Figure 1: Example 1: (a) numerical solution obtained by
LI-IMEX-SSP2 scheme at simulated time T = 4000 s and
∆x = 1/1600, (b) efficiency plot obtained for discretization
levels ∆x = 1/M with M = 100, 200, 400, 800 and 1600.



∆t
∆t
max % Jf Φnj +
max % B Φnj = Ccfl1
∆x 1≤j≤M
2∆x2 1≤j≤M

for the semi-implicit schemes, where %(·) is the spectral radius.
In the numerical examples we choose Ccfl∗ as the largest multiple of 0.05 that yields oscillation-free numerical solutions.

1

10

CPU time [s]

0.82

(d)

0.81

x [m]

0.81

x [m]


∆t
max % Jf Φnj = Ccfl2
∆x 1≤j≤M

0

10

3

x [m]

For each model, the x-interval [0, L] is subdivided into M
subintervals of length ∆x = L/M . We denote by ∆t the
time step used to advance the numerical solution from time
t = tn to tn+1 = tn + ∆t and by Φnj the vector of
numerical solutions associated with cell [j∆x, (j + 1)∆x)],
j = 0, . . . , M − 1, at time tn . For each iteration, the time
step ∆t is determined by the following formula (derived from
a linearized CFL condition):

KT
NI−IMEX−SSP2
LI−IMEX−SSP2
LI−IMEX−SSP2−reg

1

φ2

x [m]

In the following examples, we solve (1) numerically for 0 ≤
t ≤ T and 0 ≤ x ≤ L. We compare numerical results
obtained by the nonlinearly implicit IMEX-RK scheme for the
coefficients (13), described in Section 3.3 and [8], which is
denoted here by NI-IMEX-SSP2 (where we skip “(3,3,2)” for
brevity and since we do not vary herein the RK coefficients)
with those obtained by the new linearly implicit IMEX-RK
scheme of Section 3.4, denoted by LI-IMEX-SSP2, and by the
explicit Kurganov-Tadmor (KT) method [11].

φ

0.82
ref
NI−IMEX−SSP2
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KT
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φ

Figure 2: Example 1: enlarged views of the numerical solution
of Figure 1 (a) near the parabolic-hyperbolic interface (φ =
φc ).
The tridisperse (N = 3) mixture is described by the model
functions (4), (5), (8) and (6) with φmax = 0.66, nRZ = 4.7,
σ0 = 180 Pa, φc = 0.2, k = 2, µf = 10−3 Pa s, d =
1.19 × 10−5 m, ρs = 1800 kg/m3 , and g = 9.81 m/s2 . The
initial concentration is Φ0 = (0.04, 0.04, 0.04)T in a vessel
of height L = 1 m with normalized squared particle sizes
δ = (1, 0.5, 0.25)T . Here and in Examples 2 to 5 we employ
the zero-flux boundary conditions (3).
We compare numerical results obtained by schemes LI-IMEXSSP2, NI-IMEX-SSP2 and KT at simulated time T = 4000 s.
For the scheme NI-IMEX-SSP2, we solve the nonlinear system by Algorithm 4.1 of [8], where the regularization Bε of
the original diffusion matrix B is achieved by replacing the
function σe in (6) by

σe (φ; ε) = σe (φ) exp −ε/(φ − φc )2 , ε > 0,
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(a)

x [m]

0.81

0.82

ref
KT
NI−IMEX−SSP2
LI−IMEX−SSP2

0.82

Another strategy, denoted by LI-IMEX-SSP2-reg, is to use the
LI-IMEX-SSP2 directly applied to the regularized diffusion
term with εmin = 10−6 . Numerical results with Ccfl2 = 0.6
are shown in Figure 2, we observe that some glitches near the
parabolic-hyperbolic interface are still present in the results. In
Figure 1 (b) we observe that LI-IMEX-SSP2-reg can reduce the
approximation error compared with LI-IMEX-SSP2 scheme.
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(c)

(d)
KT
LI−IMEX−SSP2
NI−IMEX−SSP2

0.81
−3

10

0.82

1

L error

x [m]

The scheme LI-IMEX-SSP2 executes faster than NI-IMEXSSP2 since the former needs to solve only one linear system
per RK stage, whereas the latter has to solve many during the
nonlinear solves in Algorithm 4.1 of [8]. Figure 1 (a) show
that, in general, the sedimentation process is approximated adequately by the LI-IMEX-SSP2 scheme, but some overshoots
appear close to the parabolic-hyperbolic interface φ = φc .
These glitches do not disappear upon refinement. Therefore,
the approximation errors with respect to the reference solution
(computed without ε regularization) are larger than for NIIMEX-SSP2, see Figure 1 (b). Enlarged views of the box area
in Figure 1 (a) are displayed in Figure 2 for each component.

(b)

0.81

x [m]

where ε decreases gradually from ε0 = 10−4 to εmin = 10−6 ,
tol = 10−8 , while the LI-IMEX-SSP2 and KT schemes are
applied without regularization of the diffusive term (this also
includes the reference solution). For the schemes NI-IMEXSSP2 and LI-IMEX-SSP2 we use Ccfl2 = 0.7, and for the KT
scheme, Ccfl1 = 0.25.
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Figure 4: Example 3 (N = 3, diffusive term regularized with
σe (φ; 5 × 10−5 )): (a)–(c): enlarged views of the numerical
solution near the parabolic-hyperbolic interface (φ = φc ),
(d): efficiency plot for discretization levels ∆x = 1/M with
M = 100, 200, 400, 800 and 1600.
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Figure 5: Example 4 (N = 3, diffusive term regularized with
σe (φ; 5 × 10−6 )): (a)–(c): enlarged views of the numerical
solution near the parabolic-hyperbolic interface (φ = φc ),
(d): efficiency plot for discretization levels ∆x = 1/M with
M = 100, 200, 400, 800 and 1600.
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Figure 3: Example 2 (N = 3, diffusive term regularized
with σe (φ; 10−3 )): (a)–(c): enlarged views of the numerical
solution near the parabolic-hyperbolic interface (φ = φc ),
(d): efficiency plot for discretization levels ∆x = 1/M with
M = 100, 200, 400, 800 and 1600.

For the tests in Examples 2 to 5, we consider the same data
as in Example 1 but apply both schemes LI-IMEX-SSP2 and
NI-IMEX-SSP2 to the ε-regularized problems with decreasing
values of ε. The linearly implicit scheme keeps solving one
linear system per RK stage, whereas the nonlinearly implicit
scheme needs several of them and may need the gradual
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decrease of ε towards εmin . The reference solution is computed
in each example to ε-regularized diffusive term.

T = 20 s
M
50
100
200
400
800
1600
3200
6400

In Example 2, we choose a regularized diffusive term with
εmin = 10−3 . In the results displayed in Figures 3 (a) to (c),
which are enlarged views of the results for each component
as in Figure 1 of Example 1, we observe that the numerical
solutions obtained with scheme LI-IMEX-SSP2 do not present
overshoots. Moreover, Fig 3 (d) shows that it is more efficient
than NI-IMEX-SSP2.
Next, in Example 3, we choose the same parameters as in
Examples 1 and 2 but regularize the diffusive term by setting εmin = 5 × 10−5 . This regularization yields diffusion
coefficients that are less smooth than the previous example.
Figure 4 shows the solutions that are analogous to Figure 3 for
Example 2. In fact, the solutions displayed in Figs 4 (a) to (c)
are qualitatively similar and the efficiency curve in Figure 4 (d)
of scheme LI-IMEX-SSP2 is closer to that of scheme NIIMEX-SSP2.
Finally, in Example 4 we set εmin = 5 × 10−6 . We observe
in the results displayed in Figure 5 (a) to (c) that the numerical solutions obtained with scheme LI-IMEX-SSP2 present
some glitches near the parabolic-hyperbolic interface and in
Figure 5 (d) that the scheme NI-IMEX-SSP2 is slightly more
efficient.

4.4

Example 5: Numerical order of accuracy
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Figure 6: Example 5 (N = 3): numerical results obtained by
scheme LI-IMEX-SSP2 with M = 1600 at simulated time (a)
T = 20 s, (b) T = 500 s.

etot
M (T )

1.38e-04
1.25e-04
4.58e-05
1.30e-05
3.54e-06
9.66e-07
2.40e-07
5.73e-08

θM (T )
0.14
1.45
1.80
1.88
1.87
2.00
2.06
—

T = 500 s
etot
M (T )

2.27e-03
7.49e-04
3.86e-04
1.78e-04
9.49e-05
4.56e-05
2.26e-05
1.12e-05

θM (T )
1.59
0.95
1.11
0.91
1.05
1.01
1.01
—

Table 1: Example 5 (N = 3): errors and numerical order for
scheme NI-IMEX-SSP2 applied to smooth initial conditions
for T = 20 s (before shock formation) and T = 500 s (after
shock formation).
In this test we check the order of accuracy of the numerical
scheme LI-IMEX-SSP2-reg with εmin = 0.1. We consider
the normalized diameters d1 = 1.0, d2 = 0.8, d3 = 0.9
and a smooth initial concentration profile given by φi (x) =
0.12 exp(−200(x − 0.5)2 ) for i = 1, . . . , 3. We compute
approximations with M = 50 · 2l , l = 0, . . . , 6, and a fixed
time step ∆t = 500∆x, which yields a Courant number of
0.1. Figure 6 shows the numerical result for M = 1600 for
T = 20 s (before shock formation, when the solution is still
smooth) and for T = 500 s (after shock formation).
The approximate L1 -errors etot
M (T ) defined by (14) and their
corresponding numerical orders θM (T ) given by (15) are displayed in Table 1 for both T = 20 s and T = 500 s. The
reference solution is computed with Mref = 25600 cells.
We select the results for T = 20 s to conduct an alternative
error analysis (according to Section 4.1). The behavior of
θM (T ) for increasing values of M confirms that the scheme is
second-order accurate for smooth solutions, while the results
for T = 500 s indicate that accuracy is reduced to first order
when shocks are present.

5

Concluding remarks

The numerical examples presented herein indicate, first of all,
that the new linearly implicit IMEX-RK schemes approximate
the same solutions as their nonlinearly implicit counterparts
(introduced in [8]), and in many cases are more efficient. The
decisive advantage of the linearly implicit variant is the ease
of implementation. While the numerical examples presented
herein have been limited to N = 3 for the ease of presentation,
this advantage is likely to become more stringent for larger values of N , for example when in the context of the polydisperse
sedimentation model (and related applications), a continuous
particle size distribution is approximated by N size classes.
Both linearly and nonlinearly implicit IMEX-RK schemes converge to the same solutions as does the KT scheme [11], which
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provides justification of their application although a wellposedness theory for (1), at least in the strongly degenerate
case, is still lacking. However, it turns out that at the same spatial resolution, discontinuities in the solution, especially those
associated with the type-change interface, are more accurately
resolved by the nonlinearly implicit IMEX-RK schemes.
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Modeling sand-mud transport in a tidally-dominated bay:
Cádiz (Spain)
C. Zarzuelo∗, A. D’Alpaos†, L. Carniello‡, M. Ortega-Sánchez∗,
M. Díez-Minguito∗, A. Finotello† and M. Á. Losada∗

Abstract— The Cádiz Bay (SW Spain) is a semidiurnal low-inflow estuary that harbors port facilities. Its morphology is
characterized by a seaward outer bay, an inner bay with extensive tidal marshes, and a channel connecting both. Human activities
(i.e. new port terminal and channel deepening) are profoundly changing of the morphodynamics of the Bay. To assess the effects
of these activities, a mathematical model for sediment transport dynamics have been implemented, which combines the action
of tidal currents and wind waves in shallow mesotidal basins. The model was calibrated and tested obtaining good agreement
between model results and measurements collected inside the Bay. The model was finally used to predict the evolution of sand
and mud deposition patterns within the Bay.
Keywords: mesotidal, sediment transport, mathematical model, Cádiz Bay.

1

Introduction

Bays are unique environments that frequently have undergone
drastic changes over the past centuries. Human activities such
as navigation and dredging, urban occupation, and marsh reclamation for accommodating new infrastructures have a strong
influence on the hydrodynamics and morphodynamics of these
environments [12, 2, 27, 21]. In addition, these delicate
environments are also threatened by current climate changes.
Human activities also add complexity to current understanding
the main physical drivers of the water circulation [28, 32, 26, 7]
and mixing [30, 16, 3, 29]. The assessment and prediction of
present and future impacts on the hydrodynamics of bays are
still challenging tasks both for managers and scientists [19].
During the last decades, both 2D and 3D advanced numerical
models, in combination with field data, have been developed
to improve our capability to provide predictions on the fate
of these environments for different spatial and temporal scales
(e.g. [17, 6, 25]).
Within this context, the Bay of Cádiz is not an exception. This
estuary is another example of altered embayment. Historical
records show that first human settlements in the Bay of Cádiz
occur more than 3.000 y.a. due to its geostrategic location. Its
current morphology, shown in figure 1, is the result of the natural evolution induced by the geological events, climate agents,
biological factors, and by human activities [20]. The Bay of

Cádiz is an environment where the remaining marshes and
beaches coexist with urban developments, and port infrastructures, including harbours, and navigation channels. Recently,
a new terminal for containers at the Port of Cádiz has began to
be built. When this infrastructure will be finished, 3.6 · 106 m3
of sediment will be dredged to modify the current navigation
channel to allow larger ships to reach the terminal.
The objective of this study is to assess the consequences on
the hydrodynamics and morphodynamics of the bay as a consequence of these ongoing and planned human interventions.
Specifically, meteorological and hydrodynamic measurements
recorded during a field survey (from December 2011 to April
2012) are used to calibrate, and validate the wind-wave tidal
model [5, 6, 4] at both intratidal and subtidal time scales. Once
the model is set up, it allows one to assess the effects the
planned interventions, namely, the construction of the new port
terminal and the channel deepening. The joint analysis of the
observations and model results permits the evaluation of the
changes on morphodynamics.
This work comprises four sections: Section 2 provides a
first picture of the Bay and describes the field survey. The
ingredients and capabilities of the numerical model together
with the definition of two scenarios (which are based on the
planned interventions) are presented in Section 3. In Section 4
the main results are analyzed and discussed. In particular, in
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Figure 1: Bay of Cádiz. Shaded areas are the outer (marked as A), central (B), and inner (C) bays. Labels I1-I4 correspond
to current meters, and labels T1-T3 to tidal gauges. Left pannel corresponds with Sc1 and right pannel corresponds with Sc2 .
Labels P1, P2 and P3 correspond to the Zona Franca Port, the new terminal and the new navigation channel, respectively.
this section the impact of the dredging plans and the enlargement of the port facilities on the morphodynamic trend of the
estuary is discussed. Results Before and After interventions are
confronted.

2

area (see figure 1). The inner area C has an extension of 50 km2
with maximum depths of 8 m and milder slopes, which allow
for substantial extensions of intertidal flats. The bed of the
inner bay is predominantly composed of mud, whereas in B
and A sand dominates [13].

Field Site Description

The Bay of Cádiz is a low-inflow, short, and tidally-driven estuary located in the SW part of the Iberian Peninsula, facing to
the Gulf of Cádiz (Atlantic Ocean). Tides are thus semidiurnal,
being the M2 (12.42 hours) the main tidal constituent. The tidal
range is mesotidal with typical values during neap and spring
tides of ∼ 1 m and ∼ 4 m, respectively [1].
The Bay of Cádiz has three areas (denoted as A, B and C in
figure 1) with a total extension of 140 km2 : a deeper outer area
connected to the open sea (A), a shallower inner area (C), and a
central sector (B, the channel of Puntales) which connects the
inner and outer areas. The outer bay, with an area of 70 km2 ,
is characterized by maximum depths of 15 m. The channel of
Puntales is a straight constriction with a length and width of
approximately 3.8 km and 1.3 km, respectively, and maximum
depths of 18 m. Area A harbors most of the infrastructures
of the Port of Cádiz, including the new planned terminal (see
figure 1). The projected navigation channel cuts through this

3

Field Survey Description

A total of 10 instruments were deployed at 7 measuring stations
(I1-I4, T1-T3; -figure 1) from December 22, 2011 to April
18, 2012. Their positions were selected considering the future
location of the new bridge “La Pepa” (36.52◦ N, 6.27◦ W ) and
the new port terminal (36.54◦ N, 6.27◦ W ), and their possible
impacts on the water exchange between the inner and the outer
bay. Stations I1-I4, in which current meters were deployed, are
located along a transect, the distance between station I1 and
station I4 being about 5.5km.
T1 was located at the San Pedro river mouth, whereas stations
T2 and T3 were placed on Carracas and Sancti-Petri creeks,
respectively.
At station I1 an Acoustic Doppler Current Profiler (hereinafter
ADCP) with frequency 2 Mhz was deployed. An ADCP
of 1Mhz and an optical backscatter sensor (hereinafter OBS)
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3.1

Future Interventions

During the next 2 years, the coastline and bathymetry of zone
A will change as a result of the construction of the new port
terminal and the deepening of the navigation channel (Figure 1,
right panel). The new container terminal is characterized by a
length of 590 m. Additionally, the new operational scheme of
the terminal includes a significant dredging of ∼ 3.86 · 106 m3
to achieve a maximum depth of 20 m. To analyze the effect
that such interventions will have on the hydrodynamics of the
Bay of Cádiz, two different scenarios have been defined.
The first scenario corresponds to the current configuration of
the Bay of Cádiz (before interventions). Hereafter, it is referred
to as Sc1 (left panel in figure 1). The second scenario (Sc2 ,
right panel in figure 1) features the construction of the new
port terminal and the deepening of the navigation channel.
Accordingly, both the planned coastline and the bathymetry
have been modified.

4

The morphodynamic model

The implemented morphodynamic model is made up of a windwave tidal model (hereinafter WWTM) [6] and a sediment
transport and bed evolution module (hereinafter STA-BEM)
[4]. Water levels, instantaneous and residual currents were
calibrated and tested with observed data. The correlation
coefficients are 0.99, 0.9 and 0.85, respectively.

4.1

The wind-wave tidal model (WWTM)

This hydrodynamic module was chosen due to its capability to
deal with flooding and drying in very irregular domains, like
in Cádiz Bay (Zarzuelo et al., 2015). The two-dimensional
shallow water equations are solved using a semi-implicit staggered finite element method based on Galerkin’s approach (we
remind the reader to [9] and [8] for further details).
The WWTM uses the parameterized approximation of the
wave action conservation equation whose complete formulation reads [15]

(1)

∂
∂
∂
∂
∂N
+
cgx N +
cgy N +
cσ N +
cθ N = S
∂t
∂x
∂y
∂σ
∂θ

Here the wave action density, N, is defined as the ratio of wave
energy, E, to the relative wave frequency, σ, and it is a function
of space (x, y), time (t), frequency (σ) and direction (θ), i.e.

N = N (x, y, t, σ, θ). The first term on the left hand side of
Equation 1 is the local rate of change of wave action density
in time; the second and third terms propagate the wave action
density in space (cgx and cgy are the x and y components of
the wave group celerity); the fourth and fifth terms propagate
the wave action density in the space of wave frequency (σ) and
direction (θ), respectively. The term S on the right hand side
of Equation 1 describes all the external sources contributing to
wave energy (see [6] for further details).

4.2

The sediment transport and bed evolution model
(STA-BEM)

STA-BEM considers both cohesive and non-cohesive sediments and the behavior of mixtures as a function of the clay
content [4]. The model distinguishes both types of sediments
and uses them to schematize the bed composition. Two size
classes of sediments were used: non-cohesive sand and cohesive mud, which is the sum of clay and silt. Furthermore, the
transition between both sediments is mainly determined by the
clay content.
The sediment transport model is based on the solution of the
advection diffusion equation

(2)

∂Ci Y
+ OqCi − O(DY OCi ) = Ei − Di ; i = s, m
∂t

where C is the depth averaged sediment concentration,
q=(qx , qy ) the flow rate per unit width, Y the equivalent water
depth (i.e. the volume of water per unit area as defined by
[9]), D the two-dimensional diffusion tensor, E and D the
entrainment and deposition rates, and the subscript i (i = s, m)
the sand and mud fraction respectively. Equation 2 is simplified by assuming that diffusion can be neglected compared to
advection (e.g. [24], see also [4] for further details).
Water Level ! Water Level ! Water Level ! Water Level ! Water Level !
(m) T3!
(m) I1!
(m) I2!
(m) T1!
(m) T2!

were deployed at station I2, whereas ADCPs with frequency
of 2MHz were deployed in February 2012, at the I3 and I4
stations. Stations T1, T2 and T3 were equipped with tidal
gauges which were programmed to hourly measure 4 samples
(every 900 s) of pressure and orbital velocities (see [31] for
further details).

02/23!

02/24!

Figure 2: Calibration (Circle (line) correspond to the observed
(modeled) data) of the water level. I1, I2, T1, T2, T3
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Figure 3: Calibration (Circle (line) correspond to the observed
(modeled) data) of the water level. I3, I4
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Figure 4: Calibration (Circle (line) correspond to the observed
(modeled) data) of the velocity. I1, I2

5

The simulations presented herein are carried out within a
computational domain suitably set up to predict the tidally
induced circulation in shallow basins such as the Bay of
Cádiz. To run the model, a mesh was constructed on the
basis of accurate bathymetry and topography. The offshore
bathymetry data were provided by the Instituto Hidrográfico
de la Marina (Spanish Ministry of Defence), while the detailed
multi-beam bathymetry of the bay was provided by the Port
Authority of Cádiz. The topography was obtained from the
Digital Elevation Model of the Regional Government (Junta de
Andalucía) at a resolution of 10 × 10 m2 . In areas in which
multiple data sets overlapped, preference was given to the
highest resolution multi-beam data [14]. The mesh consists of
about 31367 nodes and more than 62105 triangular elements.
The smallest element size is about 10 m which forces us to use
a time step of 2 s.
The WWTM module is calibrated and tested using the field
data described in subsection 3. A four-step approach (Zarzuelo
et al., 2014) is followed to ensure accurate results. First, tidal
forcing is imposed at the seaward boundary using the water
level, which is reconstructed with the amplitudes and phases of
the twelve dominant components provided by the Oregon State
Tidal Prediction Software (OTPS) [10], using the tools carried
out by [23]. Second, the system is forced with a uniform
wind. Wind data are obtained from Buoy 2342 (Figure 1).
Third, the model is run and calibrated at stations I1 and I3,
using the Strickler bed roughness coefficients. Finally, the
model performance is tested by comparing the results with the
observed tidal currents and elevations at stations I1, I3, I4, I5,
T1, T2 and T3.

5.1
02/23!

02/24!

Figure 5: Calibration (Circle (line) correspond to the observed
(modeled) data) of the velocity. I3, I4

Model application to the Cádiz Bay

Calibration and Testing

The dates from January 17 to 26, 2012, were selected to
calibrate the model. For this time period, the influences of the
wind and waves on circulation were negligible. Similar to other
studies [18, 17, 11], the flow model was very sensitive to the
Strickler bed roughness, which was therefore considered as the
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primary calibration parameter.Ten different classes are used to
define the Strickler coefficients, whose values range from 10 to
35 m1 /3s− 1.
Using these parameters, excellent agreement between the observed and simulated water levels was achieved (correlation
coefficient R = 0.99). The regression coefficient R and skill
values [22] for the tidal currents are lower, but the agreement
is also good (R = 0.94, S = 0.9) (Table 1).

I1
I2

Water Level( m)
RM SE
R
S
0.070
0.99 0.99
0.075
0.99 0.99

East Velocity( m/s)
RM SE
R
S
0.083
0.94 0.83
0.062
0.95 0.91

1 we can observe an increase of sedimentation close to the
interventions. In section 4, we can observe that the impact
of the intervention in inner bay is less than in the outer bay.
However in the central section (2 and 3) the effects of the
above described changes is space-dependent. The northern part
(2) is mainly characterized by erosion processes, whereas in
the southern part both sedimentation (east) and erosion (west)
occur.
N

North Velocity( m/s)
RM SE
R
S
0.059
0.96 0.91
0.062
0.95 0.91

Table 1: Root mean square errors (RM SE), correlation coefficients (R) and skill coefficients (S), for the calibration period 4050000
of the elevations and velocities at I1 and I2.

1

0.3
0.1
1

2
3

4

4040000

0.3

Table 2: Root mean square errors (RM SE), correlation coefficients (R) and skill coefficients (S), for the testing period of
the elevations and velocities at I1, I2, I3, I4, T 1, T 2 and T 3.

0.1

2

-0.05

The testing period spans from February 02 to March 14, 2012
(Figures 2, 3, 4 and 5; circle dots). The results of the model
are again compared with the observed water levels and currents
at I1, I3, I4, I5, T1, T2 and T3. The high values of the skill
parameter (Table 2), lower for the east currents, indicate that
the model is able to accurately reproduce the tidal dynamics of
the Bay of Cádiz.
4030000
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0
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2
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0
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Results

Figure 7 shows a color-coded representation of maximum Suspended Sediment Concentration (SSC) values of the embayment before the interventions, thus providing information on
sediment dynamics. The blue color corresponds areas of high
SSC. These areas are mainly located in the south of the navigation channel, due to the changes in the bathymetry. The above
described high SSC values could favor sediment accumulation
and therefore a decrease in the channel depth. Insets in figure 7
also show the differences of sediment flux (m3 /s) between Sc2
and Sc1 for four sections (SSCSc2 − SSCSc1 , black (red)
correspond to sedimentation (erosion)). The majority of the
morphological activity is located near the interventions and in
central section. Overall, after the interventions, the erosion
rates decrease, whereas the deposition rates increase. In section

3
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0.91 0.91
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4
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Figure 7: The concentration of sediment (mg/l) at the maximum concentration of sediment. The inserts correspond to the
flux of sediment (m3 /s) differences between Sc2 and Sc1 (Red
(black) decrease (increase) of flux).

Figure 8 shows the concentration of sediment (mg/l) at I1I4 and Sancti-Petri and Carracas creeks before (black) and
after (red) the interventions. The highest changes are found in

340

C. Zarzuelo et al.

outer bay (I1) and central section (I2). After interventions, the
concentration of sediment decreases between 50 % (by 20, %)
to by 30 % (by 10 %) at I1(I2). At I3 and I4, the concentration
of sediment increase weakly (5 %). Creeks (T2 and T3) and
San Pedro river (T1) are not affected by the interventions.

Sedimentation Sedimentation
(mg/l) I3
(mg/l) I1

In conclusion, the interventions have a relatively large impact
on the bay hydrodynamics and morphodynamics. The results
indicate that the ability of the bay to exchange water and transport sediment between the inner and outer bay will deteriorate,
thus impacting the ecological environment functions of the
bay. For example, these changes could promote sedimentation
in the inner bay because of the lower current velocities. It
is suggested that (i) the main channels will become even
shallower, thus promoting the concentration of tidal currents
running through them, or (ii) the shallow areas will become
so deep that the tidal currents will not be very effective at
transporting sediment.
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Random attractors for retarded stochastic PDEs
M. J. Garrido-Atienza∗, H. Bessaih† and B. Schmalfuss‡

Abstract— In this paper we study the long–time dynamics of mild solutions to retarded stochastic evolution systems driven by
a Hilbert-valued Brownian motion. For this purpose, we begin by showing the existence and uniqueness of a cocycle solution
of such an equation. We do not assume that the noise is given in additive form or that it is a very simple multiplicative noise.
However, we need some smoothing property for the coefficient in front of the noise. The main idea of this paper consists of
expressing the stochastic integral in terms of non-stochastic integrals and the noisy path by using an integration by parts. This
latter term causes that in a first moment only a local mild solution can be obtained, since in order to apply the Banach fixed point
theorem it is crucial to have the Hölder norm of the noisy path to be sufficiently small. Later, by using appropriate stopping times,
we shall derive the existence and uniqueness of a global mild solution. Furthermore, the asymptotic behavior is investigated by
using the Random Dynamical Systems theory. In particular, we shall show that the global mild solution generates a random
dynamical system that, under an appropriate smallness condition for the time lag, have associated a random attractor.
Keywords: Stochastic PDEs, Hilbert-valued Brownian motion, pathwise solutions, random attractors.

1

Introduction

The purpose of this paper is to study the asymptotic behavior
of the solution of the following stochastic partial differential
equations with delay:
(1)
du = (Au(t) + F (ut ))dt + G(ut )dW (t), for t ≥ 0,
u(t) = ξ(t), for t ∈ [−µ, 0],
in a separable Hilbert space H, where A is the infinitesimal
generator of an analytic semigroup on H, F and G are appropriate nonlinear terms, and W is a two-sided Wiener process
with values in a separable Hilbert space U . The term ut is
given by ut (s) = u(t + s) with s ∈ [−µ, 0], where µ > 0
is given and the initial condition is a continuous function on
[−µ, 0].
Retarded differential systems arise naturally in several situations in the area of applied mathematics due to biological
motivations like species growth or incubation time in delayed
transmission of disease, or due to physical reasons with non–
instant transmission phenomena such as high velocity fields
in wind tunnel experiments. Further examples can be found
in biochemical reactions in the field of gene regulation where
lengthy transcription has been modeled with delayed dynamics. The asymptotic behavior of such models has meaningful
interpretations like permanence, instability and chaotic developments, see [6], [8], [11] and [12] among many others. From
the mathematical point of view, there is a huge literature con-

cerning the study of retarded stochastic differential systems, we
refer here to the monographs by Mao [9, 10], and to the papers
[3], [7] and [13], to mention a few of them.
In this paper we are interested in analyzing the long-time
behavior of the (mild) solution to (1) by obtaining the random
attractor associated to the random dynamical system generated
by the mild solution. However, even when dealing with nonretarded equations, a fundamental problem in the study of the
dynamics of a stochastic partial differential equation is to show
that it generates a random dynamical system. Nevertheless, it
is well-known that a large class of partial differential equations
with stationary random coefficients and Itô stochastic ordinary
differential equations generate random dynamical systems, see
the monograph by Arnold [1]. However, for the stochastic
partial differential equations driven by Brownian motion the
problem is much more difficult, and the reason is mainly due
to the fact that the stochastic integral is only defined almost
surely where the exceptional set may depend on the initial state,
which contradicts the definition of the cocycle property. In
spite of that there are some partial results for additive as well
as simple multiplicative Brownian noises, results whose main
ingredient consists of transforming the stochastic equation into
a random one, being possible to deal with the latter by using
deterministic techniques. This transformation is known as
cohomology, and presents the restriction that it is not always
possible to find this appropriate change of variable, since it
is applicable only when considering an additive noise or very
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particular cases of multiplicative noise.
Our technique is not based on the cohomology, rather on
considering diffusion terms G with the smooth property that
the corresponding stochastic integral can be expressed, by
means of the integration by parts formula, in terms of two nonstochastic integrals and the noise path as well. Nevertheless,
the main novelty is the fact that we are able to consider nontrivial delayed diffusion terms, which is not at all a trivial problem. As pointed out before, we shall investigate the existence
of mild solutions to (1) generating a random dynamical system.
Due to the mentioned transformation of the stochastic integral,
the mild solution will be given in terms of the noise path.
Once the existence of a mild solution is already established,
we want to investigate its longtime behavior by analyzing
the existence of a random attractor associated to the random
dynamical system generated by the solution of (1). For an
overview about the theory of random attractors we refer to
[1]. In particular we will obtain that, under an appropriate
smallness condition for the delay, there exists a tempered
absorbing ball which will ensure the existence of a random
attractor for our retarded system.
All results of this paper together with longer explanations and
their proofs can be found in the recent article [2].

2

Existence of solutions

In this section we want to establish the existence and uniqueness of a mild solution for (1) as well as to prove that such
solution generates a random dynamical system. Therefore, we
begin giving the definition of this kind of dynamical systems.
D EFINITION 1 Let V be a Banach space. A mapping φ :
R+ × V → V having the semigroup property
φ(t, ·) ◦ φ(τ, u0 ) = φ(t + τ, u0 ),

φ(0, u0 ) = u0 ,

for t, τ ∈ R+ and u0 ∈ V , is called an autonomous dynamical
system.
We want to consider a generalization of the concept of an autonomous dynamical system to non-autonomous and random
dynamical systems. We begin by introducing the definition of a
metric dynamical system: we said that (Ω, F, P, θ) is a metric
dynamical system if (Ω, F, P) is a probability space and θ is a
B(R) ⊗ F, F measurable flow θ = (θt )t∈R , i.e.
θt ◦ θτ = θt+τ ,

θ0 = idΩ

for t, τ ∈ R,

such that P is ergodic with respect to θ.
In the following we consider the Brownian motion metric
dynamical system: let U be a separable Hilbert space and let
C0 (R; U ) be the set of continuous functions on R with values
in U that are zero at zero equipped with the compact open

topology. We consider the Wiener measure P on B(C0 (R; U ))
having a trace–class covariance operator Q on U . Then Kolmogorov’s fundamental theorem and Kolmogorov’s theorem
about a (Hölder-)continuous version give the canonical probability space (C0 (R; U ), B(C0 (R; U )), P), which becomes an
ergodic metric dynamical system if we add the Wiener shift
(2)

θt ω(·) = ω(· + t) − ω(t),

ω ∈ C0 (R; U ).

Let us consider for some fixed β ∈ (0, 1/2) the set of paths
Ω in C0 (R; U ) which have a finite β-Hölder-seminorm on
any interval [−k, k], k ∈ N. Denote by k · kC β ([a,b];U ) (and
very often simply by k · kC β ) the seminorm of the space
C β ([a, b]; U ).
Again by Komogorov’s theorem about a Hölder-continuous
version, the set Ω contained in B(C0 (R; U )) has measure one,
and in addition it is invariant with respect to θ = (θt )t∈R defined by (2). We choose F the trace-σ-algebra of B(C0 (R; U ))
with respect to Ω, and for the restriction of P to this new σalgebra we use again the symbol P. In the following we will
work with this metric dynamical system (Ω, F, P, θ). We also
note that from the above canonical Brownian motion it is not
hard to derive a filtered Brownian motion (Ω, F, (Ft )t≥0 , P) or
its corresponding P-completion (Ω, F̄, (F̄t )t≥0 , P̄), where the
filtration (F̄t )t≥0 satisfies the usual conditions.
D EFINITION 2 A random dynamical system, RDS for
shorten, for some ergodic metric dynamical system
(Ω, F, P, θ), is given by a B(R+ ) ⊗ F ⊗ B(V ), B(V )measurable mapping φ : R+ × Ω × V → V such that
φ(0, ω, u0 ) = u0 ,

φ(t + τ, ω, u0 ) = φ(t, θτ ω, ·) ◦ φ(τ, ω, u0 ),

for all t, τ ∈ R+ , u0 ∈ V and ω ∈ Ω.

We emphasize that t or u0 dependent exceptional sets of Pmeasure zero, what is typical for the classical theory of stochastic differential equations, are not allowed in the definition of a
random dynamical system.
Next we introduce the retarded stochastic system we are interested in. Let H be a separable Hilbert space with norm | · | and,
for some fixed µ > 0, let Cµ = C([−µ, 0]; H) be the space of
continuous functions on [−µ, 0] with the usual supremum norm
denoted by k · kµ . We consider our delayed stochastic partial
differential equation interpreted in a mild sense: we look for a
mild solution, which means that for T > 0 we aim at solving
in C([−µ, T ]; H) the following operator equation
(3)
Z
Z
t

u(t) = S(t)ξ(0)+

0

t

S(t − r)F (ur )dr +

0

S(t − r)G(ur )dW (r),

when t ∈ [0, T ], and ξ(t) when t ∈ [−µ, 0], for the initial data
ξ ∈ Cµ and for the U -valued Brownian motion W , defined
over (Ω, F̄, (F̄t )t≥0 , P̄) and with covariance given by a traceclass operator Q.
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Now we describe the assumptions on the coefficients of this
equation. −A is a strictly positive and symmetric operator
with a compact inverse generating a C0 analytic–semigroup
S = (S(t))t∈R+ on H. For γ ≥ 0 we consider the spaces
D((−A)γ ), which are compactly embedded in H. The nonlinear operators F : Cµ 7→ H and G : Cµ 7→ L2,Q (U ; H)
are Lipschitz continuous with Lipschitz constants LF and LG ,
respectively, where L2,Q (U ; H) denotes the Hilbert-Schmidt
space of linear operators from U to H related to the trace-class
operator Q.
For any T > 0 let us consider the space C([−µ, T ]; H) with
the usual supremum norm. As we have said in the Introduction,
for u ∈ C([−µ, T ]; H) and t ∈ [0, T ], the term ut ∈ Cµ is
given by ut (s) = u(t + s) with s belonging to the interval
[−µ, 0]. This means that ut tracks the history of the process
over the delay period.
The existence and uniqueness of a mild solution to (1) is well–
known, as stated in the following result:

which follows by an application of the integration by parts
formula (note that ω(0) = 0 and that S and the operator A
commute).
Taking into account the expression of the stochastic integral
given above, we can establish the existence of a local mild
solution, in the sense that there exists a random variable in
R+ , denoted by T1 (ω), such that there exists exactly one
u ∈ C([−µ, T1 (ω)]; H) such that (3) is satisfied. The Banach
fixed point argument will ensure the existence and uniqueness
of a mild solution provided that an appropriate Hölder–norm
of the noise path is sufficiently small. In particular, what is
needed is T1 (ω) such that
CT1 + C(T1β + T11+β + Tiβ+ν )kωkC β ≤ 1/2.
As a consequence, we shall consider stopping times {Ti }i∈N
defined for every n ∈ N by Ti+1 (ω) = Ti (ω) + T1 (θi ω),
T0 (ω) = 0, with the following two properties:
1. The stopping times satisfy

T HEOREM 3 Under the previous assumptions, there exists a
unique global stochastic process (u(t))t∈[−µ,T ] with paths in
C([−µ, T ]; H) and u(s) = ξ(s) for s ∈ [−µ, 0] such that the
stochastic process (ut )t∈[0,T ] ∈ Cµ is (F̄t )t∈[0,T ] -predictable
and 3 holds for any t ∈ [0, T ] and for any F̄0 -measurable
random variable ξ in Cµ almost surely.
The proof of this result relies on Da Prato and Zabczyk [4]
Chapter 7. Since we want to show the existence of a cocycle
version of the above solution, we need to impose stronger
conditions on G, in order to obtain a mild solution where
exceptional sets do not appear, since these sets contradict the
definition of a cocycle.
We also assume that G is smoothing in the following sense: for
any u ∈ C([−µ, T ]; H) the mapping [0, T ] 3 t 7→ G(ut ) ∈
C 1 ([0, T ]; L(U ; H)) such that the derivative of this mapping is
given by another operator K with a special structure, that is
d
G(ut ) = K(ut )
dt
with K : Cµ 7→ L(U ; H) being Lipschitz continuous with
Lipschitz constant denoted by LK . In addition to the above
conditions, let us also impose the stronger condition that G
is Lipschitz continuous with values in L(U ; D((−A)ν )), the
space of bounded linear operators from U to D((−A)ν ), where
ν ∈ (0, 1):
kG(x)−G(y)kL(U ;D((−A)ν )) ≤ LG,ν kx−ykµ , for x, y ∈ Cµ .

With these assumptions, we can give the next interpretation to
the stochastic integral
(4) R
Rt
t
S(t − r)G(ur )dω(r) = 0 S(t − r)AG(ur )ω(r)dr
0
Rt
+G(ut )ω(t) − 0 S(t − r)K(ur )ω(r)dr,

lim Ti (ω) = ∞.

i→∞

2. In every interval [Ti , Ti+1 ] we can find a unique local
mild solution.
As a result, we finally can build a global mild solution for
the problem (1) by putting together all these local solutions.
Furthermore, this global mild solution generates a random
dynamical system:
T HEOREM 4 . The global mild solution generates a random
dynamical system
φ : R+ × Ω × Cµ → Cµ
given by φ(t, ω, ξ)(·) = ut (·). Moreover, ξ 7→ φ(t, ω, ξ) is
continuous on Cµ for t ≥ 0 and ω ∈ Ω.

3

Asymptotic behavior

In this section we aim at analyzing the asymptotic behavior of
the solution of (3), proving that the RDS φ given in Theorem 4
has a random attractor. Therefore, we begin by introducing the
definition of random attractor.
D EFINITION 5 A random set A ∈ D such that A(ω) is
compact is called a random attractor for the RDS φ if satisfies
the invariance property
φ(t, ω, A(ω)) = A(θt ω),

for all ω ∈ Ω, t ≥ 0,

and the pullback attracting property
lim distCµ (φ(t, θ−t ω, D(θ−t ω)), A(ω)) = 0,

t→∞
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for all D ∈ D and ω ∈ Ω.

and

Here D = {D(ω)}ω∈Ω is taken to be the family of tempered
sets in Cµ such that
log+ supx∈D(θt ω) kxkµ
= 0,
t→±∞
|t|
lim

for all ω ∈ Ω.

The following is nowadays a classical result to establish the
existence of a random attractor, and is due to Schmalfuss [14],
[5].
T HEOREM 6 Let φ be a continuous RDS. Suppose that ϕ has
a pullback D–absorbing set C ∈ D, that is, for any D ∈ D and
ω ∈ Ω there exists a t0 = tD (ω) such that

kut kC α ([−µ,0];H)



≤ c t, ω, sup |u(s)|
s∈[−µ,t]

where c(t, ω, x) is bounded if the nonnegative numbers x are
bounded for any fixed t > µ, ω ∈ Ω.
As a consequence of the previous result, applying ArzelaAscoli’s theorem and taking into account the compact embedding of D((−A) ) into H, we derive the existence of a compact
absorbing set C ∈ D, and hence that there exists a unique
random attractor A associated to the RDS φ.

φ(t, θ−t ω, D(θ−t ω)) ⊂ C(ω) for all t ≥ t0 .

Finally, we present an example of non-linear terms satisfying
the previous assumptions for the existence of solution to our
delayed system.

In addition, suppose that C(ω) is compact. Then the random
dynamical system ϕ has a random attractor which is unique in
D, given by

E XAMPLE 9 Let f : H → H be a Lipschitz mapping with
Lipschitz constant Lf . For u ∈ Cµ we set F (u) = f (u(0)).

A(ω) :=

\ [

s≥0 t≥s

Cµ

φ(t, θ−t ω, C(θ−t ω))

.

In what follows, we consider extra assumptions to simplify the
situation: assume that G and K are bounded by CG,ν and CK ,
respectively, that is,
(5)

kG(x)kL(U ;D((−A)ν )) ≤ CG,ν , kK(x)kL(U ;H) ≤ CK

for x ∈ Cµ . From the Lipschitz-continuity of F we know that
in particular it is linearly bounded, i.e.,
(6)

|F (x)| ≤ C̄F + CF kxkµ ,

∀x ∈ Cµ .

Now in a first step we establish the existence of an absorbing
set that is an element of the family D.
In what follows, denote by λ the first eigenvalue of −A.
L EMMA 7 Under the assumptions (5) and (6), if in addition
λ − CF eλµ > 0
then the ball in Cµ given by B(ω) := B(0, ρ(ω)) is an
absorbing set in D where ρ(ω) = R(ω) + δ, being δ a positive
constant and R(ω) a random variable depending on kω0 kµ ,
R0
eλr kωr kµ dr and the constants related to F and G.
−∞
Note that the value of λ is determining the value for the time
lag µ due to the relationship λ − CF eλµ > 0.

L EMMA 8 Let u be a solution to (3), and suppose t > µ,
0 <  < ν, and α ≤ min{ν, β}. Then


sup |(−A) ut (s)| ≤ c t, ω, sup |u(s)| ,
s∈[−µ,0]

s∈[−µ,t]

Let now g : H → L(U ; D((−A)ν )) be a Lipschitz continuous
mapping with Lipschitz constant Lg,ν . Then g : H →
L(U ; H) is also Lipschitz continuous with Lipschitz constant
denoted by Lg . Define for x ∈ Cµ the smoothing operator
G(x) =

1
µ

Z

0

g(x(q))dq.

−µ

This integral can be interpreted as a Bochner-integral. Indeed,
the mapping
[−µ, 0] 3 τ 7→ g(x(τ )) ∈ L(U ; D((−A)ν ))
is uniformly continuous which allows to approximate uniformly this function by finite valued step-functions such that
this integrand is strongly measurable. In addition, τ 7→
kg(x(τ ))kL(U ;D((−A)ν )) is integrable. Moreover it is easy to
see that G is Lipschitz continuous where the Lipschitz constant
can be chosen as the same Lipschitz constant than for g.
Furthermore, if for t ≥ 0 we assume that xt ∈ Cµ ,
1
d
G(xt ) = (g(xt (0)) − g(xt (−µ))),
dt
µ
and thus can define on Cµ the operator
K(x) =

1
(g(x(0)) − g(x(−µ)))
µ

that easily can be proven that satisfies
|K(x) − K(y)| ≤

2
Lg kx − ykµ .
µ
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Non–autonomous nonlocal parabolic equations
T. Caraballo∗, M. Herrera-Cobos∗, and P. Marín-Rubio∗

Abstract— In this contribution we consider a parabolic equation with nonlocal diffusion and sublinear terms. The existence and
uniqueness of weak and strong solutions is stated. Although our main aim is to study the asymptotic behaviour of the solutions
through attractors, firstly we analyse the existence of stationary solutions. Later, in a more general framework and due to the
presence of non-autonomous terms, we turn to the theory of pullback attractors to prove the existence of attractors in different
universes. The main difficulty is to prove the pullback asymptotic compactness. To do this, we will use an energy method
which relies on the continuity of the solutions. Finally, we also establish some relationships amongst these families under extra
requirements. All of these results are summarised from a preprint by the authors to appear in Nonlinear Analysis [2].
Keywords: Nonlocal diffusion, nonlocal terms, pullback attractors.

1

In [1], the author considers the nonlocal operator

Statement of the problem

Recently, many authors have been interested in nonlocal
parabolic problems because these allow us to do a more accurate analysis in modelization. However, useful tools like the
Lyapunov function can be lost in several occasions, for instance
if we analyse this problem
(1)

ut − a(l(u))∆u = f,

where the function a ∈ C(R; R+ ) and there exist two positive
constants, m and M , such that
(2)

0 < m ≤ a(s) ≤ M

∀s ∈ R,

and l ∈ (L2 (Ω))0 (cf. [9]). Observe that the assumptions of
the function a cannot be weakened, because in that case the
solution of the problem would go to zero (see for more detail
[14]).
A lot of studies about problem (1) have been carried out. For
instance, in [6, 7] the authors study the existence and uniqueness of weak solutions and their asymptotic behaviour using
a suitable order between stationary solutions and dynamical
systems. In [8], the authors consider the nonlocal operator
u∈

H01 (Ω)

7→ a

Z

Ω


|∇u(x)| dx .
2

lr (·)(x) : L2 (Ω)
u

7→ lr (u)(x) =

Z

u(y)g(y)dy,

B(x,r)∩Ω

where B(x, r) is the closed ball in RN of center x ∈ Ω ⊂ RN
and radius r ≥ 0, and g ∈ L2 (Ω). In this particular case, the
author analises the existence of radial solutions, bifurcation
analysis, branch of solutions, and the existence of a global
attractor.
Others authors have been interested in the parabolic problem
(3)
du


− a(l(u))∆u = f (u) + h(t) in Ω × (τ, +∞),
dt
u = 0 on ∂Ω × (τ, +∞),


u(x, τ ) = uτ (x) in Ω,

For instance, in [19] the author studies the existence of weak
solutions and periodic solutions. To do this, the function f is
assumed to be globally Lipschitz, f (0) = 0, and there exists
f 0 (0).
In this contribution, we study problem (3) in a more general
framework. We assume that Ω ⊂ RN is a bounded open set,
no smoothness of the boundary is required, and the function
f ∈ C(R) and satisfies
(4)

In this particular case, it is possible to find a Lyapunov function. They analyse mainly the existence of weak solutions and
their asymptotic behaviour.

→ R

(5)

|f (s)|

≤

(f (s) − f (r))(s − r) ≤

Cf (1 + |s|) ∀s ∈ R,
η(s − r)2

∀s, r ∈ R,

where η > 0 and Cf ≥ 0. The initial datum uτ ∈ L2 (Ω),
τ ∈ R, and the non-autonomous term h ∈ L2loc (R; H −1 (Ω)).

∗ Departamento de Ecuaciones Diferenciales y Análisis Numérico, Universidad de Sevilla, c/Tarfia s/n, 1160 Sevilla (SPAIN). Email: caraball@us.es,
mhc@us.es, pmr@us.es
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Although we show some results about existence and uniqueness of solutions and analise the stationary problem associated
to (3), our main aims are to prove the existence of pullback
attractors in L2 (Ω) and H01 (Ω). In addition, we establish some
relationships amongst these families under suitable assumptions.
Before continuing, let us introduce some notation. We denote
by (·, ·) the inner product in L2 (Ω) and by | · | its associated
norm and the Lebesgue measure of a subset of RN . We
represent by ((·, ·)) the inner product in H01 (Ω) given by the
product in (L2 (Ω))N of the gradients and by k · k its associated
norm. Finally, the norm in H −1 (Ω) is denoted by k · k∗ and by
h·, ·i the duality product between H −1 (Ω) and H01 (Ω).

2

Existence and uniqueness results

In this section we study the existence and uniqueness of weak
and strong solutions. We also show the regularizing effect of
the equation.
In this fist result, the existence of a weak solution is stated. To
prove this we use the Galerkin approximations and pass to the
limit by compactness arguments. For the sake of brevity we
omit the proof, for more detail see [2, Theorem 5].
T HEOREM 1 Suppose that the function a is locally Lipschitz, (2) holds, f ∈ C(R) satisfies (4) and (5), and h ∈
L2loc (R; H −1 (Ω)) and l ∈ L2 (Ω) are given. Then, for each
uτ ∈ L2 (Ω), there exists a unique weak solution to the problem
(3), that means that there exists a function u which belongs
to L2 (τ, T ; H01 (Ω)) ∩ L∞ (τ, T ; L2 (Ω)) for all T > τ , with
u(τ ) = uτ , and such that
d
(u(t), v) + a(l(u(t)))((u(t), v)) = (f (u(t)), v) + hh(t), vi,
dt
for all v ∈ H01 (Ω) in the sense of D0 (τ, +∞). In addition,
observe that this weak solution behaves continuously in L2 (Ω)
w.r.t. initial data.
Now, in a more regular framework we show the existence of
strong solutions and the regularizing effect of the equation.
Again, to prove this result we use the Galerkin approximations
and pass to the limit by compactness arguments. We omit the
proof for the sake of brevity, for more detail cf. [2, Theorem
5].
T HEOREM 2 Assume that the function a is locally Lipschitz, (2) holds, f ∈ C(R) satisfies (4) and (5), and h ∈
L2loc (R; L2 (Ω)) and l ∈ L2 (Ω) are given. Then, for each
uτ ∈ L2 (Ω), ε > 0, and T > τ + ε, the weak solution u to (3)
satisfies that u ∈ C((τ, T ]; H01 (Ω)) ∩ L2 (τ + ε, T ; D(−∆)).
In addition, when the initial datum uτ ∈ H01 (Ω), it fulfils that
u ∈ C([τ, T ]; H01 (Ω)) ∩ L2 (τ, T ; D(−∆)) for every T > τ ,
i.e. u is a strong solution.

3

Stationary solutions

Now, in a more regular framework we analise the existence of
stationary solutions. We also show that the stationary solution
is unique and globally asymptotically exponentially stable.
To do this, we further suppose that the function h is time
independent, that means that h ∈ H −1 (Ω), and the functions
a and f are globally Lipschitz, with Lipschitz constants La ,
Lf ≥ 0 respectively.
First of all, we introduce the concept of stationary solution
associated to (3). Under the previous assumptions, a stationary
solution to the problem (3) is a function u∗ ∈ H01 (Ω) such that
(6)
a(l(u∗ ))((u∗ , v)) = (f (u∗ ), v) + hh, vi ∀v ∈ H01 (Ω).
In this first result, we analise the existence and uniqueness of a
stationary solution and its regularity. The main difficulty is the
existence result. To that end, we use a corollary of the Brouwer
fixed point theorem ([13, Lemme 4.3, p. 53]). The idea of the
proof is close to that in [16, Theorem 3]. We omit it for the
sake of brevity, for more detail cf.[2, Theorem 6].
T HEOREM 3 Suppose that the functions a and f are globally
Lipschitz, with respective Lipschitz constants La and Lf , (2)
holds, h ∈ H −1 (Ω), l ∈ L2 (Ω), and m > λ−1
1 Lf . Then:
1. There exists at least one solution u∗ to problem (6).
Moreover, any of them fulfils the following estimate
ku∗ k ≤ Υ :=

−1/2

λ1

|Ω|1/2 |f (0)| + khk∗
.
m − λ−1
1 Lf

Moreover, if h ∈ L2 (Ω), then the stationary solutions
belong to D(−∆).
2. In addition, if the following relation holds
(7)

−1/2

λ1

|l|La Υ < m − λ−1
1 Lf ,

there exists a unique stationary solution to (3).
Now, once we have proved that there exists a unique stationary solution to (3), the analysis of the exponential decay of
the solution of the evolution problem (3) towards the unique
stationary solution makes complete sense.
T HEOREM 4 Under the assumptions of Theorem 3, if (7) is
fulfilled, then the following estimate holds
|u(t; τ, uτ ) − u∗ |2 ≤ e−λ(t−τ ) |uτ − u∗ |2
−1/2

where λ = 2λ1 (m − λ−1
1 Lf − λ1

∀t ≥ τ,

|l|La Υ) > 0.
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4

Abstract results of pullback attractors

In the following sections, we will study the asymptotic behaviour of the solutions of the evolution problem (3) using the
theory of pullback attractors. For this reason, this section is
devoted to recall briefly some abstract results of this theory (cf.
[3, 4, 17, 11]).
Consider given a metric space (X, dX ) and denote R2d =
{(t, τ ) ∈ R2 : τ ≤ t}.
A process (also called a two-parameter semigroup) U on the
metric space X is a map U : (t, τ, x) ∈ R2d × X 7→
U (t, τ )x ∈ X such that U (τ, τ )x = x for any (τ, x) ∈ R × X,
and U (t, s)(U (s, r)x) = U (t, r)x for any r ≤ s ≤ t and all
x ∈ X.
Once we introduce the concept of process, we can define
several continuity notions.
A process U on X is continuous if for any pair (t, τ ) ∈ R2d ,
the map U (t, τ ) : X → X is continuous. U is strongweak continuous if for any pair (t, τ ) ∈ R2d , the map U (t, τ )
is continuous from X with the strong topology into X with
the weak topology. Finally, a process U on X is closed if
for any pair (t, τ ) ∈ R2d , and any sequence {xn } ⊂ X,
such that xn → x ∈ X and U (t, τ )xn → y ∈ X, then
U (t, τ )x = y. Observe that every continuous process is strongweak continuous, and every strong-weak continuous process is
closed.
In what follows, we denote by P(X) the family of all
nonempty subsets of X.
Now, we consider D (called universe) a nonempty class of
b = {D(t) : t ∈ R} ⊂ P(X)
families parameterized in time D
b 0 = {D0 (t) : t ∈ R} ⊂
and a family of nonempty sets D
P(X).
b 0 = {D0 (t) : t ∈ R} ⊂ P(X) is pullback DThe family D
absorbing for the process U on X if for any t ∈ R and any
b ∈ D, there exists an instant τ0 (D,
b t) < t such that
D
b t).
U (t, τ )D(τ ) ⊂ D0 (t) ∀τ ≤ τ0 (D,

Another important definition is the pullback asymptotic compactness. This property will be crucial to prove the existence
of minimal pullback attractors.
A process U on X is pullback D-asymptotically compact if for
b ∈ D, and any sequences {τn } ⊂ (−∞, t]
any t ∈ R, any D
and {xn } ⊂ X fulfilling τn → −∞ and xn ∈ D(τn ) for all n,
it satisfies that the sequence {U (t, τn )xn } is relatively compact
in X.
b 0 by
Denote the omega-limit set of D
X
\ [
b 0 , t) =
U (t, τ )D0 (τ ) ,
Λ(D
s≤t τ ≤s

X

where {. . . }

denotes the closure in X.

Given two subsets of X, O1 and O2 , we denote by
distX (O1 , O2 ) the Hausdorff semi-distance in X between
them, defined as
distX (O1 , O2 ) = sup inf d(x, y).
x∈O1 y∈O2

Now, we are ready to show the main result of this section, the
existence of a minimal pullback attractor (cf. [11, Theorem
3.11]).
T HEOREM 5 Assume that U : R2d × X → X is a closed
b0 =
process, D is a universe in P(X), and the family D
{D0 (t) : t ∈ R} ⊂ P(X) is pullback D-absorbing for U and
b 0 -asymptotically
assume also that the process U is pullback D
compact. Then, the family AD = {AD (t) : t ∈ R} defined by
AD (t) =

[

b
D∈D

X

b t)
Λ(D,

∀t ∈ R,

is the minimal pullback D-attractor for the process U , that
means:
1. The set AD (t) is a nonempty compact subset of X for any
t ∈ R;
2. AD is pullback D-attracting, i.e.
lim distX (U (t, τ )D(τ ), AD (t)) = 0

τ →−∞

b ∈ D, t ∈ R;
for all D
3. AD is invariant, i.e.
U (t, τ )AD (τ ) = AD (t) ∀τ ≤ t;
b = {C(t) : t ∈ R} ⊂
4. AD is minimal in the sense that if C
P(X) is a family of closed sets which is pullback D-attracting,
then AD (t) ⊂ C(t) for all t ∈ R.
b 0 ∈ D, then AD (t) ⊂ D0 (t)X for all t ∈ R.
Moreover, if D
Now we want to establish some relationships between pullback
attractors, but first we need to introduce some notation.

We denote by DFX the universe of fixed nonempty bounded
b defined as
subsets of X, i.e. the class of all families D
b
D = {D(t) = D : t ∈ R}, where D is a fixed nonempty
bounded subset of X. The family ADFX is the corresponding
minimal pullback DFX -attractor for the process U defined by
Crauel, Debussche, and Flandoli (see [10]).
Then, the following relationships between pullback attractors
hold (cf. [17]).
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C OROLLARY 6 Under the previous assumptions, if DFX ⊂ D,
then both attractors, ADFX and AD , exist and the following
relationship is satisfied

made in Section 2, which are weaker than those given in
Section 3. The proofs of all these results are detailed in [2,
Section 5].

ADFX (t) ⊂ AD (t) ∀t ∈ R.
S
In addition, if for some T ∈ R, the set t≤T D0 (t) is a
bounded subset of X, then

First of all, we define a process U : R2d × L2 (Ω) → L2 (Ω) as

ADFX (t) = AD (t) ∀t ≤ T .
Until now, we have established relationships between the universe of fixed nonempty bounded subsets of X, DFX , and a
given universe D.
Now, we generalise it to compare two attractors for a process
under suitable assumptions (cf. [11]).
T HEOREM 7 Let {Xi , dXi }i=1,2 be two metric spaces such
that X1 ⊂ X2 with continuous injection and let Di be a
universe in P(Xi ) for i = 1, 2, with D1 ⊂ D2 . In addition,
assume that there exists a map U such that U : R2d × Xi → Xi
is a process for i = 1, 2.
For each t ∈ R, denote
Ai (t) =

[

b i ∈Di
D

Xi

b i , t)
Λi (D

,

i = 1, 2,

where the subscript i in the symbol of the omega-limit set Λi
is used to denote the dependence on the respective topology.
Then, it fulfils the following relationship
A1 (t) ⊂ A2 (t) ∀t ∈ R.
Moreover, suppose that the following two conditions are satisfied:
(i) for all t ∈ R, the set A1 (t) is compact in X1 ;
b 2 ∈ D2 and any t ∈ R, there exist a family
(ii) for any D
b 1 ∈ D1 and a t∗ such that U is pullback D
b 1D
b1
D
∗
asymptotically compact, and for any s ≤ tDb there exists
1
a τs < s such that
U (s, τ )D2 (τ ) ⊂ D1 (s) ∀τ ≤ τs .

U (t, τ )uτ = u(t; τ, uτ ) ∀uτ ∈ L2 (Ω),

∀τ ≤ t,

where u(t; τ, uτ ) is the weak solution to (3).
Observe that thanks to Theorem 1, the process U is welldefined and continuous.
P ROPOSITION 8 Suppose that the function a is locally Lipschitz, (2) holds, f ∈ C(R) satisfies (4) and (5), and consider
h ∈ L2loc (R; H −1 (Ω)) and l ∈ L2 (Ω) given. Then, the process
U is continuous on L2 (Ω).
To define a suitable universe in P(L2 (Ω)), we need first the
following estimate.
L EMMA 9 Assume that the function a is locally Lipschitz, (2)
holds, f ∈ C(R) satisfies (4), (5), and
f (s)s ≤ α|s|2 + β

(8)

∀s ∈ R,

where α ∈ [0, λ1 m) and β ≥ 0, and consider h ∈
L2loc (R; H −1 (Ω)), l ∈ L2 (Ω), and uτ ∈ L2 (Ω) given. Then,
the solution u to (3) fulfils
|u(t)|2

≤

2β|Ω|
+ e−µ(t−τ ) |uτ |2
µ
Z t
e−µt
+
eµs kh(s)k2∗ ds,
−1
2(m − αλ−1
τ
1 ) − µλ1

for all t ≥ τ and any µ ∈ (0, 2(λ1 m − α)).
Now, we are ready to define a suitable tempered universe in
P(L2 (Ω)).
2

For each µ > 0, we denote by DµL the class of all families of
b = {D(t) : t ∈ R} ⊂ P(L2 (Ω)) such that
nonempty subsets D
!
lim

τ →−∞

eµτ sup |v|2

= 0.

v∈D(τ )

Then,
A1 (t) = A2 (t) ∀t ∈ R.

5

Existence of minimal pullback attractors in
L2 (Ω)

In this section, we will analise the existence of minimal pullback attractors in the phase space L2 (Ω) under the assumptions

2

2

2

Observe that DFL ⊂ DµL and DµL is inclusion-closed, that
b DµL2 and D
b 0 = {D0 (t) : t ∈ R} ⊂ P(X)
means that if D∈
b 0 ∈ DµL2 .
with D0 (t) ⊂ D(t) for all t ∈ R, then D
2

The following result shows the existence of a pullback DµL absorbing family when the function h satisfies a suitable
growth condition.
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P ROPOSITION 10 Suppose that the function a is locally Lipschitz, (2) holds, f ∈ C(R) satisfies (4), (5), and (8), l ∈ L2 (Ω),
and h ∈ L2loc (R; H −1 (Ω)) fulfils that there exists some µ ∈
(0, 2(λ1 m − α)) such that
Z 0
eµs kh(s)k2∗ ds < +∞.
(9)
−∞

b 0 = {D0 (t) : t ∈ R} defined by D0 (t) =
Then, the family D
1/2
B L2 (0, RL2 (t)), the closed ball in L2 (Ω) of center zero and
1/2
radius RL2 (t), where
RL2 (t)

=

1+
+

2β|Ω|
µ

e−µt
−1
2(m − αλ−1
1 ) − µλ1

Z

t

−∞

eµs kh(s)k2∗ ds,

2

is pullback DµL -absorbing for the process U : R2d × L2 (Ω) →
b 0 belongs to the tempered
L2 (Ω). Moreover, the family D
L2
universe Dµ .
Finally, according to Theorem 5, to prove the existence of
minimal pullback attractors, we need to check that the process
b 0 -asymptotically compact. Indeed, we show
U is pullback D
2
that the process U is pullback DµL -asymptotically compact.
To do this, we apply an energy method with relies on the
continuity of the weak solutions (cf. [12, 18, 11]).
P ROPOSITION 11 Under the assumptions of Proposition 10,
2
the process U : R2d × L2 (Ω) → L2 (Ω) is pullback DµL asymptotically compact.
As a consequence of the above results, we obtain the existence
of minimal pullback attractors for the process U : R2d ×
L2 (Ω) → L2 (Ω).
T HEOREM 12 Assume that the function a is locally Lipschitz, (2) holds, f ∈ C(R) satisfies (4), (5), and (8), l ∈
L2 (Ω), and h ∈ L2loc (R; H −1 (Ω)) fulfils condition (9) for
some µ ∈ (0, 2(λ1 m − α)). Then, there exist the minimal
2
pullback DFL -attractor ADL2 = {ADL2 (t) : t ∈ R}, and the
F

2

F

minimal pullback DµL -attractor ADL2 = {ADL2 (t) : t ∈ R},
µ

µ

for the process U : R2d × L2 (Ω) → L2 (Ω). The family ADL2
µ

2

belongs to DµL , and the following relationships are satisfied
1/2

ADL2 (t) ⊂ ADL2 (t) ⊂ B L2 (0, RL2 (t))
µ

F

∀t ∈ R.

Moreover, if the function h fulfils


Z s
sup e−µs
eµθ kh(θ)k2∗ dθ < +∞,
s≤0

−∞

then ADL2 (t) = ADL2 (t) for all t ∈ R.
F

µ

6

Existence of minimal pullback attractors in
H01 (Ω)

In this section, we will prove the existence of minimal pullback
attractors in H01 (Ω) and establish some relationships amongst
these new families of pullback attractors and those given in
Theorem 12. The proofs of all these results are detailed in [2,
Section 6].
To prove the existence of pullback attractors in H01 (Ω), we
consider the restriction of U to R2d × H01 (Ω), which defines a
process into H01 (Ω), thanks to Theorem 2. Since no confusion
arises, the notation is not modified and we continue denoting
this process as U.
In this new more regular framework, we are not able to
prove that this process U is continuous in H01 (Ω) under the
assumptions made in Section 2. However, we show that U is
strong-weak continuous in H01 (Ω), which will be enough to
prove the existence of minimal pullback attractors in H01 (Ω).
P ROPOSITION 13 Suppose that the function a is locally Lipschitz, (2) holds, f ∈ C(R) satisfies (4) and (5), l ∈ L2 (Ω),
and h ∈ L2loc (R; L2 (Ω)). Then, the process U is strong-weak
continuous in H01 (Ω).
Now, we define new universes which involve more regularity.
L2 ,H 1

For each µ > 0, we denote by Dµ 0 the class of all families
b H 1 = {D(t) ∩ H 1 (Ω) : t ∈ R}, with
of nonempty subsets D
0
0
b = {D(t) : t ∈ R} ∈ DµL2 . Observe that this relationship
D
H1

L2 ,H01

DF 0 ⊂ Dµ

L2 ,H 1
Dµ 0

holds and the new more regular universe

is inclusion-closed.

2

Taking into account the existence of a pullback DµL -absorbing
family (cf. Proposition 10) and the regularizing effect of the
L2 ,H 1
equation (cf. Theorem 2), the existence of a pullback Dµ 0 absorbing family is guaranteed.
P ROPOSITION 14 Assume that the function a is locally Lipschitz, (2) holds, l ∈ L2 (Ω), f ∈ C(R) satisfies (4), (5),
and (8), and h ∈ L2loc (R; L2 (Ω)) fulfils (9) for some µ ∈
b ∈ D L2 ,
(0, 2(λ1 m − α)). Then, for any t ∈ R and any D
µ
b t) < t such that
there exists τ1 (D,
where

b t),
U (t, τ )D(τ ) ⊂ D0,H01 (t) ∀τ ≤ τ1 (D,
1/2

D0,H01 (t) = B(0, RL2 (t)) ∩ H01 (Ω).
2

b 0,H 1 = {D0,H 1 (t) : t ∈ R} belongs to DµL
The family D
0
0
L2 ,H01

and is pullback Dµ
H01 (Ω) → H01 (Ω).

,H01

-absorbing for the process U : R2d ×
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Finally, we will show that the process U is pullback Dµ 0 asymptotically compact. To do this, we use an energy method
similar to the one used in Proposition 11.
P ROPOSITION 15 Under the assumptions of Proposition 14,
L2 ,H 1
the process U : R2d × H01 (Ω) → H01 (Ω) is pullback Dµ 0 asymptotically compact.
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Asymptotic behaviour for a non-classical and
non-autonomous diffusion equation containing some
hereditary characteristic
T. Caraballo∗, A. M. Márquez-Durán†

Abstract— Existence and uniqueness of solutions for a non-classical and non-autonomous diffusion equation containing infinite
delay terms are established. We also analyze the stationary problem and, under suitable additional conditions, we obtain global
exponential decay of the solutions of the evolutionary problem to the stationary solution.
Keywords: non-classical, non-autonomous, diffusion equation, infinite delay, stationary solution

1

Introduction

In this work we study the following non-classical diffusion
equation with infinite delays, written in an abstract functional
formulation,
(1)
 ∂u
∂u


∂t − γ(t)∆ ∂t − ∆u = g(u) + f (t, ut ) in (τ, +∞) × Ω,


u = 0 on (τ, +∞) × ∂Ω




u(t, x) = φ(t − τ, x), t ∈ (−∞, τ ], x ∈ Ω

where τ ∈ R is the initial time, Ω ⊂ Rn is a smooth bounded
domain, γ : R → (0, +∞) is a continuous bounded function
with 0 < γ0 ≤ γ(t) ≤ γ1 < ∞, and the non-linearity g is a
function satisfying the following growth conditions:
(2)

(3)

g ∈ C 1 (R),

g(a)
≤0
|a|→+∞ a
lim sup

|g(a) − g(b)| ≤ c|a − b|(1 + |a|ρ−1 + |b|ρ−1 ),

n+2
with 1 < ρ < n−2
. The time-dependent delay term f (t, ut )
represents, for instance, the influence of an external force
with some kind of delay, memory or hereditary characteristics,
although can also modeled some kind of feedback control.
Here, ut denotes a segment of the solution, in other words,
given a function u : (−∞, +∞) × Ω → R, for each t ∈ R we
can define the mapping ut : (−∞, 0] × Ω → R by

ut (θ, x) = u(t + θ, x), for θ ∈ (−∞, 0], x ∈ Ω.

In this way, this abstract formulation allows to consider several
types of delay terms in a unified way.
Nonclassical parabolic equations are used to model physical
phenomena such as non-Newtonian flow, soil mechanics, heat
conduction, etc (see [1, 2, 3, 4, 5, 11, 13, 15, 16] and references
therein). The asymptotic behaviour of the model without the
delay term and with constant coefficients is studied in [17].
It is shown there the well-posedness of the problem and the
existence of the global attractor in H01 (Ω) and in H 2 (Ω),
depending on the regularity of the initial data. However, there
are situations in which the model in better described if some
terms containing delays appear in the equations.
The introduction of a time dependence in coefficient γ(t) represents the variability of viscosity in time due to, for example,
external environment temperatures. This time dependence
provides the system with a non-autonomous nature.
In [14], Rivero studied the existence of the pullback attractor
and its continuity under non-autonomous perturbations without
delay, showing the existence of a concrete structure under some
assumptions on the non-linearity. In [6], we study the case with
delay for the first time, establishing the well-posedness of the
problem when γ(t) ≡ γ constant. Also, it was proved in [6]
the stability of the stationary solutions under some appropriate
hypotheses on the delay term. In [10], Hu and Wang studied
this equation with a specific variable delay term with bounded
derivative, showing the existence of the pullback attractor in
H01 and H 2 without non-linearity nor variable coefficients.
The content of this paper is the following: in Section 2 we
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introducce some space useful for the abstract framework and
prove the existence and uniqueness of local solution for (1).
Section 3 is devoted to the study of the global existence of
solutions and the existence of a pullback absorbing family
within the universe of global bounded families. The existence
of stationary solutions of our problem and the asymptotic
behaviour of such stationary solutions are treated in Section
4.

2

Existence of solution

We consider the following usual spaces H = L2 (Ω) with inner
product (·, ·) and associate norm |·| , and V = H01 (Ω) with
scalar product ((·, ·)) = (A1/2 u, A1/2 v), for u, v ∈ V, and
associate norm k·k , where Au = −∆u for any u ∈ D(A)
with D(A) = {u ∈ V : Au ∈ H} = H01 (Ω) ∩ H 2 (Ω).
One possibility to deal with infinite delays, and which we will
use here (cf. [8, 9, 12]), is to consider, for any δ > 0, the space
Cδ (V ) defined as:


1
δs
1
ϕ ∈ C((−∞, 0]; H0 (Ω)) : ∃ lim e ϕ(s) ∈ H0 (Ω) ,
s→−∞

which is a Banach space with the norm
kϕkδ :=

sup
s∈(−∞,0]

Then, we can write problem (1) as
du
= h(t, ut ),
dt

(4)

with h : R × Cδ (V ) → V defined as h(t, φ) = Ã(t)φ(0) +
g̃(t, φ(0)) + f˜(t, φ), ∀t ∈ R, ∀φ ∈ Cδ (V ).
The domain of the operator Ã(t) does not depend on time.
In fact, if we define our problem in H01 (Ω), then D(Ã(t)) =
H01 (Ω). This operator is uniformly bounded in time and

(5)

Ã(t) =


1 
I − (1 + γ(t)A)−1 ,
γ(t)

for any t ∈ R. Also, for any α > 0 and x ∈ D(Aα ),
Aα Ã(t)x = Ã(t)Aα x.
Thanks to the continuity of the function R 3 t 7→ B(t) ∈
L(H01 (Ω)), we obtain the following estimate (see [14])
kÃ(t) − Ã(s)kL(H01 (Ω)) ≤ C|γ(t) − γ(s)|,
for a constat C ∈ R.
We can now state and prove the existence of solution to our
problem.

eδs kϕ(s)k.

In order to state the problem in the correct framework, let us
first establish some initial assumptions on some terms in the
equation.
For the delay term, we assume that f : R × Cδ (V ) → V and
satisfies:

T HEOREM 1 For each φ ∈ Cδ (V ) and under the assumptions
(2), (3) and (f1-f2), there exists  > 0 such that in the interval
(−∞, τ + ) there is a unique solution of problem (1). In other
words, there exists a function u ∈ C((−∞, τ + ); H01 (Ω))
with u(t, τ ; φ) = φ(t − τ ) for all t ∈ (−∞, τ ] which satisfies
Z t
u(t, τ ; φ) = φ(0) +
h(r, ur )dr,
τ

f1) is continuous in t,

for all t ∈ [τ, τ + ).

f2) is locally Lipschitz in Cδ (V ) uniformly in time, that is,
there exists a nondecreasing function Lf : R → R, such
that for all R > 0 if kξkδ , kηkδ ≤ R, then

The proof is based on the contraction mapping theorem.

kf (t, ξ) − f (t, η)k ≤ Lf (R)kξ − ηkδ ,
for all t ∈ R, and
f3) there exist a constant Cf > 0 and a nonnegative function
ψ ∈ L1 (τ, T ), for all T > τ , such that for any ξ ∈
Cδ (V ),
2

kf (t, ξ)k ≤ Cf kξk2δ + ψ(t),

for all

t ∈ R.

Finally, we suppose that φ ∈ Cδ (V ).
Proceeding as in [14], we can define operators B(t) = (I +
γ(t)A)−1 and Ã(t) = AB(t), where A = −∆ with Dirichlet
boundary conditions and the functions g̃(t, u) = B(t)g(u) and
f˜(t, φ) = B(t)f (t, φ), ∀t ∈ R, ∀φ ∈ Cδ (V ).

3

Global solution and pullback absorbing family

In this section we will prove that the local solution, whose
existence has been proved in Theorem 1, is in fact a global one,
i.e. it is defined in the whole future and not only in a small time
interval. However, we will deduce this result after obtaining
some a priori estimates which will be also useful to deduce the
existence of absorbing sets for the process generated by our
model.
For any ϕ ∈ H01 (Ω), taking into account (2) and arguing as in
[7], for each ρ > 0 there is a constant Kρ > 0 such that
R
R
g(u)u ≤ ρ|u|2 + Kρ ,
G(u) ≤ ρ|u|2 + Kρ
(6)
Ω
Ω
Rr
for all u ∈ L2 (Ω), where G(r) = 0 g(θ)dθ.
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Let Lb (ϕ) be the following energy functional
Z

1
(7)
Lb (ϕ) =
|ϕ|2 + bkϕk2 − b
G(ϕ),
2
Ω
with b ≥ 0. It is easy to prove that for ρ =

(8)

Lb (ϕ) ≥

Taking into account (8) and (9), we obtain
b Cb t
ku(t)k2
3e

(14)

λ1
6 ,

Lb (ϕ) ≤

1 + b(λ1 + 2ρ)
kϕk2 + bKρ ,
2λ1

with λ1 the first eingenvalue of A.
Taking a solution u(t, τ ; φ) of (1) and for b > 0,
(10)
R
du
du
du
d
dt Lb (u) = (u, dt ) + b((u, dt )) − b Ω g(u) dt
du
2
= −γ(t)((u, dt )) − kuk + (u, g(u)) + (u, f (t, ut ))


du 2
du
du
2
+b −| du
dt | − γ(t)k dt k + (g(u), dt ) + (f (t, ut ), dt )

(11)

1
4γ1 ,



3 Cb τ (2δ−Cb )θ
e e
(C̃b kφ(0)k2 + bKρ2 )
b
θ∈[τ −t,0]
R
(2δ−Cb )θ t+θ Cb r
+ 3b λ−1
e kur k2δ dr
1 Cλ1 Cf e
τ
sup

(2δ−Cb )θ
+ 3b λ−1
1 Cλ1 e

+ 3b e(2δ−Cb )θ eCb t
but, on the one hand

λ1
4 ,

ρ =

λ1
8

and



1 +4
≤ − 21 kuk2 + λ2λ
|f (t, ut )|2 + K λ1
8

1

2
1 +4
≤ − 1+b(λλ11+2ρ̃) Lb (u) + λ2λ
|f
(t,
u
)|
t
1


+ 1+b(λλ11+2ρ̃) Kρ̃ + K λ1 ,

d
(u)
dt Lb

Consequently, if t ≥ τ , we have
(15)
n
eCb t ku(t)k2δ ≤ max supθ∈(−∞,τ −t] eCb t e2δθ kφ(t + θ−τ )k2 ,

ε2 +1
2
2ε2 |f (t, ut )|

ε2 =

sup
θ∈(−∞,τ −t]

eδθ kφ(t + θ − τ )k

where some ρ̃. 



1 +4
Denoting Cb = 1+b(λλ11+2ρ̃) , Cλ1 = λ2λ
and K̃b =
1
Cb Kρ̃ + K λ1 , we have that
8

(12)


d
eCb t Lb (u) = Cb eCb t Lb (u) + eCb t dt
Lb (u)
Cb t
2
≤ e (Cλ1 |f (t, ut )| + K̃b ).



R t+θ
τ

K̃b
Cb

eCb r ψ(r)dr

+ 2K λ1
6

=

sup
θ∈(−∞,0]

o

,

eδ(θ−(t−τ )) kφ(θ)k

= e−δ(t−τ ) kφkδ
≤

kφkδ ,

and, kφ(0)k ≤ kφkδ .
On the other hand, taking 2δ > Cb , we have

8

d
dt

6

1 + b(λ1 + 2ρ2 )
.
2λ1

C̃b =

for ε1 , ε2 , ρ > 0. Taking ε1 =
b ≥ 2ε11 = 2γ1 , we obtain

+ bK λ1 ,

where ρ2 is chosen such that

b
kϕk2 − bK λ1
6
3

−b(g(u), du
dt )


2
≤ − 1 − γ12ε1 − 2ρ+ε
kuk2 +
2λ1


2
+γ(t) 2ε11 − b k du
dt k + Kδ ,

K̃b
Cb

+eCb t

and for any ρ > 0,
(9)

≤ eCb τ (C̃b kφ(0)k2 + bKρ2 )
Rt C r
b
+λ−1
kur k2δ dr
f τ e
1 Cλ1 C
R
t Cb r
−1
+λ1 Cλ1 τ e ψ(r)dr


sup

e(2δ−Cb )θ

θ∈[τ −t,0]

Z

t+θ

eCb r kur k2δ dr

τ

+e

(2δ−Cb )θ

Z

t+θ

e

Cb r

ψ(r)dr

τ

≤

Z

τ

t

e

Cb r

kur k2δ dr

+

Z

τ

!

t

eCb r ψ(r)dr.

Integrating between τ and t, t ≥ τ, and using the hypothesis
f3),
Therefore,
(13)
R


t
Rt C r
eCb t Lb (u(t)) ≤ eCb τ Lb (φ(0)) + Cλ1 τ eCb r |f (r, ur )|2 dr
b Cb t
2
Cb τ
2
b
e
ku
k
≤
e
C̃
kφk
+
bK
+ λ−1
ψ(r)dr
b
ρ
t

2
1 Cλ1 τ e
δ
δ
3
K̃b


R
+ Cb eCb t − eCb τ
t
−1
K̃

+eCb t Cbb + bK λ1 + λ1 Cλ1 Cf τ eCb r kur k2δ dr.
K̃b
Cb t
6
− eCb τ
≤ eCb τ Lb (φ(0))
R + Cb e
t Cb r
−1
2
+λ1 Cλ1 τ e kf (r, ur )k dr
Assuming that
Rt C r
2
b
≤ eCb τ Lb (φ(0)) + λ−1
C
C
e
ku
k
dr
3 −1
R t C r 1 λ1 f K̃τb C t r δC τ 
λ Cλ1 Cf < Cb
+λ−1
C
e b ψ(r)dr + Cb e b − e b (16)
.
λ
1
1
τ
b 1
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and calling β = 3b λ−1
1 Cλ1 Cf (it means β < Cb ) and

3 Cb τ 
e
C̃b kφk2δ + bKρ2 +
b

α(t) =
3
Cλ1
+ λ−1
b 1

Z

t

e

Cb r

τ

K̃b
+ bK λ1
6
Cb

3
ψ(r)dr + eCb t
b

!

,

by the Gronwall Lemma we obtain that
Z t
eCb t kut k2δ ≤ α(t) + β
α(r)eβ(t−r) dr.
τ

Now,
β

Rt
τ

Then,



α(r)eβ(t−r) dr ≤ 3b eCb τ eβ(t−τ ) C̃b kφk2δ + bKρ2


b
+ 3b Cbβ−β K̃
+
bK
eCb t
λ1
Cb
6
R
βt t (Cb −β)r
+ 3b βλ−1
e
ψ(r)dr.
1 Cλ1 e
τ



kut k2δ ≤ e−Cb t α(t) + 3b e(Cb −β)(τ −t) C̃b kφk2δ + bKρ2


b
+ 3b Cbβ−β K̃
+
bK
λ1
Cb
6 R
−(Cb −β)t t (Cb −β)r
C
e
+ 3b βλ−1
e
ψ(r)dr.
λ
1
1
τ

Assuming that there exists a η0 ≥ 0 such that for any η ∈
[0, η0 ],
Z

(17)

eηr ψ(r)dr < +∞,

kut k2δ → l(t), when

τ → −∞

where






K̃b
1 + Cbβ−β
λ1
Cb + bK
6
R
t
eCb r ψ(r)dr
+ 3b λ−1
1 Cλ1
−∞

Rt
+βe−(Cb −β)t −∞ e(Cb −β)r ψ(r)dr .

3
b

R = max(2kφ1 kδ , 2kφ2 kδ ).

4

Stationary solutions and their stability

In this section we will prove that, under additional assumptions, there exists a unique stationary solution of problem (1)
which is globally asymptotically exponentially stable.
From now on we assume that f : R × Cδ (V ) → V satisfies
f1)–f3) with ψ(t) = |ψ| ≥ 0 for all t ≥ 0, a constant function.
We also suppose that f is autonomous, in the sense that there
exists a function f0 : V → V such that
f4) f (t, w) = f0 (w) for all (t, w) ∈ [0, ∞) × V,
where, with a slight abuse of notation, we identify every
element w ∈ V with the constant function in Cδ (V ) which
is equal to w for any time t ∈ (−∞, 0].
Moreover, we assume function g is globally Lipschitz in R,
with Cg the Lipschitz constant.
We consider the following equation,
d
d
(u)+γ(t) (Au)+Au = g(u)+f (t, ut ) t > 0.
dt
dt
A stationary solution to (20) will be an element u∗ ∈ V such
that
(21)
((u∗ , v)) = (g(u∗ ), v) + (f0 (u∗ ), v) ∀v ∈ V, ∀t > 0.
(20)

we have

l(t) =

for all t ∈ [τ, T ), where R ≥ 0 is given by

t

−∞

(18)

initial condition φ ∈ Cδ (V ). More precisely, if ui , for i = 1, 2,
are the corresponding solutions to the initial data φi ∈ Cδ (V ),
i = 1, 2, the following estimate holds:
(19)
maxr∈[τ,t] ku1 (r) − u2 (r)k ≤ (kφ1 (0) − φ2 (0)k
a+Lg (R)+b0 Lf (R)
kφ1 − φ2 kδ )e(a+Lg (R)+b0 Lf (R))(t−τ ) ,
+
δ

Then, we have the global existence of any solution u(t, τ ; φ)
of (1), i.e.
for each φ ∈ Cδ (V ), u(·, τ ; φ) ∈
C((−∞, +∞), H01 (Ω)) in Theorem 1, and, once we justify
that the solutions of our problem generates a non-autonomous
dynamical system,
 this also ensures the existence of a family
of closed subsets B Cδ (V ) (0, l1/2 (t)) : t ∈ R which pullback
attracts bounded subsets of Cδ (V ).
Also we need a result on the continuous dependence on the
initial data.
P ROPOSITION 2 Under the assumptions of Theorem 1, any
solution u(t, τ ; φ) of (1) is continuous with respect to the

T HEOREM 3
a) Under the above assumptions and notation, the problem
(20) admits at least one stationary solution u∗ (which
1/2
indeed belongs to D(A)) if λ1 > Cg + Cf . Moreover,
any such stationary solution satisfies the estimate
(22)

1/2

(λ1 − Cg − Cf )ku∗ k ≤ kg(0)k + |ψ|1/2 .

b) If we have also
(23)
where R =

λ1 > Cg + Lf (R)
kg(0)k + |ψ|1/2

1/2

λ1 − Cg − Cf
tion is unique.

, then, the stationary solu-

A non-classical and non-autonomous diffusion equation with infinite delay

T HEOREM 4 Assume that f1)−f4) hold with ψ time1/2
independent and that we have λ1 > Cg + Cf , and (23) is
fulfilled. Then, there exists a value 0 < λ < 2δ such that
for the solution u(·, τ, φ) of (1) and φ ∈ Cδ (V ), the following
estimates hold for all t ≥ τ :
a) If function f is globally lipschitz, i.e., Lf (R) = Lf ,
then
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On the existence of solutions to fractional differential
equations with unbounded nonlinearity
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Abstract— By using fixed point results, we study the existence of solution to fractional differential equations with a nonlinearity
which may be unbounded on the strip I × X, where I is compact.
Keywords: Fractional derivative, fractional integral, fractional differential equations, boundary value problems, fixed point
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1

Introduction

The use of fractional differential equations is gaining importance in the recent years due to the convenience of fractional
derivatives to describe the memory and hereditary properties in
many processes [27] and the idea that it can be more accurate
under certain circumstances than classical models. The origins,
basic notions and results of fractional calculus and their applicability to the study of different phenomena in several scientific
fields can be read, for instance, in [1, 13, 23, 24, 31].
In this contribution, we consider two different problems for
fractional differential equations, one of them an impulsive
problem, whose statement is based on the general considerations about impulsive differential equations included in the
monographs [26, 30, 35] or the papers [14, 18], for instance.
The relevance of impulsive differential equations is supported
by its many applications in fields such as control theory
[5, 19, 21], medical treatments [25], or population models [29],
among others.
First, we consider a class of nonlinear fractional differential
equation subject of impulses [12] of the type
 δ
Dtk + u(t) − λu(t) = f (t, u(t)), t ∈ (tk , tk+1 ),







k = 0, . . . , p,





lim (t − tk )1−δ (u(t) − u(tk )) = Ik (u(tk )),
(1)
t→t+

k




k = 1, . . . , p,






 lim t1−δ u(t) = u(1),
+
t→0

where 0 = t0 < t1 < t2 < · · · < tp < tp+1 = 1, 0 < δ < 1,
Dtδk + stand for the Riemann-Liouville fractional derivatives,

the impulse functions Ik ∈ C(R, R), k = 1, . . . , p, and the
parameter λ ∈ R is such that λ 6= 0.
Taking the same case 0 < δ < 1, some previous studies have
also been made in [11] for a nonimpulsive problem of the type
( δ
D u(t) − λu(t) = f (t, u(t)), t ∈ J := (0, 1],
lim+ t1−δ u(t) = u(1),
t→0

while the situation δ = 1 is dealt with in [28] and some considerations on the notion of solution as well as some existence
results for impulsive problems are included in [2, 17, 37]. We
also mention the reference [38], where problem (1) is studied
by taking one impulse instant but considering the same type of
fractional derivative in all the interval. Here, we select different
derivatives depending on the interval considered and establish
a setting which allows a more general behavior for function f .
While a condition usually imposed on the nonlinearity f is
its bounded character (see [11, 38]), our approach allows to
consider bounded nonlinearities but also presents a framework
in which the function f could be unbounded on the strip
[0, 1] × R and have a singularity at every impulse instant, as
follows:
(H) f is continuous at every point (t, u) ∈ (tk , tk+1 ] × R, for
k = 0, . . . , p, and satisfies that, for every k = 0, . . . , p
and every function v ∈ C(tk , tk+1 ] such that the limit
limt→t+ v(t) exists and is finite, then the following limit
k

exists and is finite lim f (t, (t − tk )δ−1 v(t)).
t→t+
k

The other problem considered is a fractional differential equation with uncertainty, which is introduced in the model in
order to reflect the imprecision which is inherent to many
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real processes in the form of fuzzy differential equations. In
particular, the second problem of interest is the nonlinear fuzzy
fractional differential equation
(2)

Dδ u(t) = f (t, u(t)), t ∈ (0, a],

where u(t) is understood to be a fuzzy interval for every
t ∈ (0, a], a > 0 and f : [0, a] × RF → RF is a continuous
fuzzy function on (0, a] × RF . It is in the study of this problem
where we clearly illustrate the possible unbounded character of
the nonlinearity in the equation.
To give a full description of the notations and preliminaries
needed, we recall in the next section some notations, definitions and basic results.

2

Preliminaries

The concepts of fractional primitive and derivative considered
here are those of Riemann-Liouville type. In the following, Γ
denotes the Gamma function.
D EFINITION 1 ([31, 34]) Given f : (0, 1] → R, the
Riemann-Liouville fractional primitive of order δ > 0 of the
function f is given by
Z t
1
(t − τ )δ−1 f (τ )dτ,
I0δ f (t) =
Γ(δ) 0
provided it is well-defined on (0, 1].
D EFINITION 2 ([31, 34]) Given f : (0, 1] → R, the
Riemann-Liouville fractional derivative of order 0 < δ < 1
of the function f is given by
Z
d t
1
δ
(t − τ )−δ f (τ )dτ
D f (t) =
Γ(1
−
δ)
dt
0
(3)
d
= I01−δ f (t),
dt
provided that it is well-defined on (0, 1].
It is well known that the operators defined previously are
not inverse, although it is satisfied that Dδ I δ f = f , for all
f ∈ C(0, 1] ∩ L1loc (0, 1], which is interesting to obtain many
properties of the solutions to fractional differential equations
passing through a related integral equation. Moreover, given
0 < δ < 1, we know (see [9, 24]) that the fractional differential
equation Dδ u = 0, t ∈ [0, 1], has as solutions u(t) = ctδ−1 ,
for c ∈ R and, in consequence, for f ∈ C(0, 1] ∩ L1loc (0, 1]
with a fractional derivative of order 0 < δ < 1 belonging to
C(0, 1] ∩ L1loc (0, 1], we have that I δ Dδ f (t) = f (t) + ctδ−1 ,
for c ∈ R.
The fact that the definitions given above allow the function
f to have an infinite limit at the left-endpoint of the interval
and with the aim of considering the less restrictive sets of

hypotheses in the study of the impulsive problem (1), we select different derivatives depending on the interval considered,
namely, Dtδk + f , k = 0, . . . , p, so that the following definitions
are also useful.
D EFINITION 3 ([24, 34]) For f : (0, 1] → R and 0 ≤ a < 1
given, the Riemann-Liouville fractional primitive of order
δ
δ > 0 of the function f , Ia+
f , is given by
δ
Ia+
f (t) =

1
Γ(δ)

Z

a

t

(t − τ )δ−1 f (τ )dτ, t > a,

provided that it is well-defined on (a, 1].
D EFINITION 4 ([24, 34]) For f : (0, 1] → R and 0 ≤ a < 1
given, the Riemann-Liouville fractional derivative of order
δ
0 < δ < 1 of the function f , Da+
f , is given by
δ
Da+
f (t) =

d
1
Γ(1 − δ) dt

Z

a

t

(t − τ )−δ f (τ )dτ, t > a,

provided that it is well-defined on (a, 1].
Some useful results on the expressions obtained by applying
fractional primitives and derivatives to potential functions are
the following.
P ROPOSITION 5 ([24, 34]) Taking δ ≥ 0 and β > 0 fixed,
we have
δ
Ia+
(t − a)β−1 =

Γ(β)
(t − a)β+δ−1 , (δ > 0)
Γ(β + δ)

δ
Da+
(t − a)β−1 =

Γ(β)
(t − a)β−δ−1 , (δ ≥ 0).
Γ(β − δ)

From the last property, it is interesting to remark [24, 34] that
the fractional derivative of a constant function is not zero,
−δ
δ
since, for instance, for β = 1, we have Da+
1 = (t−a)
Γ(1−δ) ,
(δ ≥ 0). Besides, for j = 1, 2, . . . , [δ]+1, it is satisfied [24, 34]
δ
that Da+
(t − a)δ−j = 0.
The main idea in our approach (see [12]) is to establish
an integral equation whose solutions give solutions to the
impulsive fractional differential problem (1), for which it is
useful to find the Green’s function related to the problem.
On the other hand, to determine the existence of solutions to
the integral equation, we apply different fixed point results to
the appropriate mapping. Another question of interest is to
choose adequately the domain of the operator. Since we are
studying impulsive problems and the solutions could exhibit
discontinuities of infinite jump at the impulse instants, we
consider the space P C1−δ ([0, 1]), which is defined as follows.
D EFINITION 6 ([12]) For 0 = t0 < t1 < t2 < · · · <
tp < tp+1 = 1 and 0 < r < 1 fixed, we define the space
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P Cr [0, 1] as the set of functions f : [0, 1] −→ R such that
tr f |[0,t1 ] ∈ C[0, t1 ], (t − tk )r f |(tk ,tk+1 ] ∈ C(tk , tk+1 ], for
k = 1, . . . , p, and there exist the limits lim (t − tk )r f (t), for
t→t+
k

k = 1, . . . , p.
Hence, from the previous definition, taking a fixed δ ∈ (0, 1),
the space P C1−δ ([0, 1]) coincides with the set of functions
f : [0, 1] −→ R such that
 1−δ
 t f (t), t ∈ [0, t1 ],
(t − tk )1−δ f (t), t ∈ (tk , tk+1 ],
f1−δ,{tk } (t) =

k = 1, . . . , p

is piecewise continuous on [0, 1]. Here, the notion of piecewise
continuous function is according to [10, 26]. Besides, by
definition, a function f ∈ P C1−δ [0, 1] is left-continuous at
the points t1 , . . . , tp .

Similarly to the properties of the space C([a, b]) with the
supremum norm kf k := sup{|f (t)| : t ∈ [a, b]}, P C1−δ [0, 1]
is also a Banach space equipped with the norm
kf k1−δ := sup{|f1−δ,{tk } (t)| : t ∈ [0, 1]}
= max

sup

{(t − tk )1−δ |f (t)|}.

k=0,...,p t∈(tk ,tk+1 ]

The key point of condition (H) is that it guarantees, for every
u ∈ P C1−δ [0, 1], that the function t → f (t, u(t)) is an element
of P C[0, 1] (see [12]).

3

Some existence results

Throughout this contribution, we consider δ ∈ (0, 1). First,
we recall the expression of the solutions to the following linear
problem with nonlinearity independent of the second variable
 δ

 Dtk + u(t) − λu(t) = σ(t), t ∈ (tk , tk+1 ),
(4)

equations subject to impulses
 δ
D u(t) − λu(t) = σ(t), t ∈ (tk , tk+1 ),

 tk +



k = 1, . . . , p,




lim (t − tk )1−δ (u(t) − u(tk )) = Ik (u(tk )),
(5)
t→t+
k




k = 1, . . . , p,




1−δ

lim+ t u(t) = c0 .
t→0

L EMMA 8 (L EMMA 4.2 [12]) The solution to the problem
(5) is given by

u(t) = c0 Γ(δ)tδ−1 Eδ,δ (λtδ )







Rt


+ 0 (t − s)δ−1 Eδ,δ λ(t − s)δ σ(s)ds,








t ∈ (0, t1 ],
(6)


u(t) = Ik (u(tk ))Γ(δ)(t − tk )δ−1 Eδ,δ (λ(t − tk )δ )






Rt



+ tk (t − s)δ−1 Eδ,δ λ(t − s)δ σ(s)ds,






t ∈ (tk , tk+1 ], k = 1, . . . , p.

Once obtained the expression of the solution to the initial value
problem (5), it is possible to find sufficient conditions for the
existence of solutions to the boundary value problem
 δ
Dtk + u(t) − λu(t) = σ(t), t ∈ (tk , tk+1 ),





k = 1, . . . , p,




1−δ
lim (t − tk ) (u(t) − u(tk )) = Ik (u(tk )),
(7)
t→t+
k




k = 1, . . . , p,




1−δ
 lim t u(t) = u(1).
+
t→0

L EMMA 9 (L EMMA 4.3 [12]) The solutions to the problem
(7) are given by the expression (6), where c0 ∈ R is a fixed
point of φ̃ defined as
φ̃(z) = ν̃p (z)Γ(δ)(1 − tp )δ−1 Eδ,δ (λ(1 − tp )δ )
Z 1

+
(1 − s)δ−1 Eδ,δ λ(1 − s)δ σ(s)ds,

1−δ

 lim+ (t − tk ) (u(t) − u(tk )) = ck ,
t→tk

tp

which is given in [12].

L EMMA 7 (L EMMA 4.1 [12]) Consider k ∈ {0, 1, . . . , p},
σ ∈ C[tk , tk+1 ] and ck ∈ R. Then the unique solution to
problem (4) is given, for t ∈ (tk , tk+1 ], by
u(t) = ck Γ(δ)(t − tk )δ−1 Eδ,δ (λ(t − tk )δ )
Z t

+
(t − s)δ−1 Eδ,δ λ(t − s)δ σ(s)ds.

where ν̃p is obtained recursively from

 ν̃j = Ij ◦ ϕj , j = 1, . . . , p,
 ν̃ the identity map,
0

with

ϕj (z) = ν̃j−1 (z)Γ(δ)(tj − tj−1 )δ−1 Eδ,δ (λ(tj − tj−1 )δ )

tk

As a consequence, we deduce the expression of the solution
to the following initial value problem for fractional differential

+

Z

tj

tj−1


(tj − s)δ−1 Eδ,δ λ(tj − s)δ σ(s)ds,

for each z ∈ R and j = 1, . . . , p.
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Therefore, assuming the existence of l1 , l2 , . . . , lp > 0 in
such a way that the impulse function Ij is lj -Lipschitzian, for
j = 1, . . . , p, and supposing that (Γ(δ))p+1 R < 1 is satisfied,
where
R=

p
Y

lk

k=1

p+1
Y

k=1



(tk − tk−1 )δ−1 |Eδ,δ (λ(tk − tk−1 )δ )| ,

then we can affirm that there exists a unique solution to the
problem (7).
Proof. It is a consequence of Banach fixed point theorem (see
[12]). 
R EMARK 10 The contractivity condition in Lemma 9 is reduced, for p = 1, to the inequality
l (Γ(δ))2 tδ−1
|Eδ,δ (λtδ1 )| (1 − t1 )δ−1 |Eδ,δ (λ(1 − t1 )δ )| < 1,
1
where l > 0 is the Lipschitz constant of the impulse function
I1 = I (see the condition (3.21) in [12]).
The first part in the statement of Lemma 9 also allows to derive
some existence results such as the following, which is based on
Schauder fixed point theorem [36, Theorem 2.3.7].
L EMMA 11 (L EMMA 4.5 [12]) If I1 , I2 , . . . , Ip are continuous and Ip is bounded, then there exists at least one solution
to the problem (7).
Proof. Under the assumptions, function φ̃ defined in Lemma 9
is obviously continuous and it is possible to find a symmetric
compact interval [−A, A] such that φ̃([−A, A]) ⊆ [−A, A], so
that φ̃ has at least a fixed point and, hence, (7) has at least one
solution. For details, see [12]. 
To obtain a characterization of the solutions to problem (1)
through an integral equation, we consider the following periodic boundary value problem with fixed values at the impulse
instants, which will be useful to determine the expression of
the Green’s function related to our problem

(8)

 δ
Dtk + u(t) − λu(t) = σ(t), t ∈ (tk , tk+1 ),





k = 0, . . . , p,




1−δ
lim (t − tk ) (u(t) − u(tk )) = ck ,
t→t+

k



k = 1, . . . , p,




 lim t1−δ u(t) = u(1),
+
t→0

where 0 = t0 < t1 < t2 < · · · < tp < tp+1 = 1, λ ∈ R,
λ 6= 0, σ ∈ P C[0, 1] and ck ∈ R, for k = 1, . . . , p.

It is obvious that the solution to the problem (8) has the
expression (see Lemma 7 and [12])
u(t) = ck Γ(δ)(t − tk )δ−1 Eδ,δ (λ(t − tk )δ )
(9)
+

Z

t

tk


(t − s)δ−1 Eδ,δ λ(t − s)δ σ(s)ds,

for t ∈ (tk , tk+1 ], k = 0, 1, . . . , p, where c0 is calculated as
(10)

c0 = cp Γ(δ)(1 − tp )δ−1 Eδ,δ (λ(1 − tp )δ )
Z 1

+
(1 − s)δ−1 Eδ,δ λ(1 − s)δ σ(s)ds.
tp

The Green’s function to the problem (8) will be helpful to the
study of the solutions to the nonlinear problem (1). It is given
in the following proposition.
P ROPOSITION 12 (P ROPOSITION 4.7 [12]) The Green’s
function related to the problem (8) is the function Gλ,δ (t, s)
given, for (t, s) ∈ (0, 1] × [0, 1], by



Γ(δ)tδ−1 Eδ,δ λtδ (1 − s)δ−1 Eδ,δ λ(1 − s)δ ,






if 0 < t ≤ t1 , tp ≤ s < 1,





(t − s)δ−1 Eδ,δ λ(t − s)δ , if tk < t ≤ tk+1 ,
(11)




tk ≤ s < t, k = 0, . . . , p,






0, otherwise.
This means that the solution to problem (8) has the expression

R1

cp Γ(δ)Gλ,δ (t, tp ) + 0 Gλ,δ (t, s)σ(s) ds,






t ∈ (0, t1 ],
(12) u(t) =
R1



ck Γ(δ)Gλ,δ (t, tk ) + 0 Gλ,δ (t, s)σ(s) ds,




t ∈ (tk , tk+1 ], k = 1, . . . , p.
Proof. It comes from (9)–(10). See [12] for details. 

The solution to (8) given in integral form (see (12)) gives an
integral characterization for the solutions to (1) and allows to
establish a formulation in terms of the fixed points of a certain
mapping.
L EMMA 13 (L EMMA 4.9 [12]) Consider the expression of
the function Gλ,δ defined in (11). The solutions to (1) coincide
with the fixed points of the operator A given by
[Au](t) = Ip (u(tp ))Γ(δ)Gλ,δ (t, tp )
Z 1
+
Gλ,δ (t, s)f (s, u(s)) ds, t ∈ (0, t1 ]
0
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4

and
[Au](t) = Ik (u(tk ))Γ(δ)Gλ,δ (t, tk )
Z 1
Gλ,δ (t, s)f (s, u(s)) ds, t ∈ (tk , tk+1 ],
+
0

for k = 1, . . . , p.
If condition (H) holds and the nonlinearity f and the impulse
functions I1 , . . . , Ip are bounded and Lipschitzian, it can be
proved that A is a continuous and compact mapping, so that
problem (1) has at least one solution belonging to P C1−δ [0, 1].
The main tool for this existence result is the fixed point theorem
of Schaeffer.
T HEOREM 14 ([36]) Assume X to be a normed linear space,
and let the operator F : X → X be compact. Then either

Fractional differential equations with uncertainty

The study included here of problem (2) is based also on some
existence and uniqueness results for fractional differential
equations such as those in [15]. Some other references on
this topic are, for instance, [4], where the notion of solution
to fuzzy fractional differential equation is given, or [8] where
some existence and uniqueness results are obtained from the
point of view of the derivative of Riemann-Liouville. See also
[6, 7, 33]. In relation with the method we follow, the authors of
[3] give a generalization of Schauder fixed point theorem [36,
Theorem 2.3.7]) to semilinear spaces.
For the necessary notations and properties about fuzzy sets,
we recommend the reference [16]. We consider the space of
fuzzy intervals RF consisting of the functions u : R → [0, 1]
satisfying the following properties:

i) the operator F has a fixed point in X, or
ii) the set E = {u ∈ X : u = µF (u), µ ∈ (0, 1)} is unbounded.
This fixed point result is applied to the operator A, whose fixed
points are the sought solutions.
L EMMA 15 (L EMMA 4.10 [12]) Let us denote J = [0, 1].
Suppose that (H) and the following conditions hold:
(H1) There exist constants M > 0 and m > 0 such that
|f (t, u)| ≤ M, ∀t ∈ J, u ∈ R,
|Ik (u)| ≤ m, ∀u ∈ R, k = 1, . . . , p.
(H2) There exist constants K > 0 and l > 0 such that
|f (t, u) − f (t, v)| ≤ K|u − v|, ∀t ∈ J, u, v ∈ R,
|Ik (u) − Ik (v)| ≤ l|u − v|, ∀u, v ∈ R, k = 1, . . . , p.
Then the operator A (see Lemma 13) is well-defined, continuous and compact.

(i) u is normal, i.e., there exists s0 ∈ R such that u(s0 ) = 1.
(ii) u is fuzzy-convex, i.e., u(ts+(1−t)r) ≥ min{u(s), u(r)},
for every t ∈ [0, 1], s, r ∈ R.
(iii) u is upper semicontinuous.
(iv) The set {s ∈ R|u(s) > 0} has compact closure.
The level sets of u are denoted by [u]α = {s ∈ R|u(s) ≥ α},
for 0 < α ≤ 1 and [u]0 represents the closure of the set
{s ∈ R|u(s) > 0}. For u ∈ RF , the α−level sets [u]α are
non-empty compact intervals. The sum u + v and the product
by a scalar λu, for u, v ∈ RF and λ ∈ R, are defined in terms
of the level sets, according also to Zadeh’s extension principle
(see, for instance, [16]). It is known that the space (RF , D) is
a complete metric space, where
D(u, v) = sup dH ([u]α , [v]α ),
α∈[0,1]

u, v ∈ RF .

Proof. See [12]. 
T HEOREM 16 ( THEOREM 4.11 [12]) Under the hypotheses
(H), (H1) and (H2), there exists at least one solution to the
problem (1) in the space P C1−δ [0, 1].
R EMARK 17 In this section, we have assumed the boundedness of the nonlinearity f . However, Lemma 15 can be
extended by replacing the restrictions on f by analogous conditions on the function f1−δ,{tk } , so that the bounded character
of f is not a requirement for the existence of solutions to the
problem (1). We illustrate this fact in the following section by
studying a fractional model subject to uncertain information.

D EFINITION 18 We also consider the space of the fuzzy
intervals u ∈ RF satisfying that the function α ∈ [0, 1] 7→ [u]α
is continuous with respect to the Hausdorff metric, which will
be denoted by RcF . The space (RcF , D) is also a complete
metric space (see [32]).
For a > 0 given, we denote the space of all continuous fuzzy
functions defined on the interval (0, a] by C((0, a], RF ). The
space C((0, a], RcF ) is defined similarly for functions taking
values in RcF . The following space will also play a crucial role
in our procedure.
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D EFINITION 19 ([12]) Given r ≥ 0 fixed, we consider
Cr ([0, a], RF ) = {u ∈ C((0, a], RF ) : ur ∈ C([0, a], RF )},
where ur (t) = tr u(t), for t ∈ (0, a], which is a complete
metric space taking the metric
hr (u, v) = max tr D(u(t), v(t)), u, v ∈ Cr ([0, a], RF ).
t∈[0,a]

Similarly, for functions with values in RcF . In this definition,
for r = 0, we obtain the space C([0, a], RF ) (analogously,
C([0, a], RcF )).
D EFINITION 20 ([32]) A subset A ⊆ RcF is said to be
compact-supported if there exists a compact set K ⊆ R such
that [y]0 ⊆ K for all y ∈ A.
D EFINITION 21 ([32]) A subset A ⊆ RcF is said to be levelequicontinuous at α0 ∈ [0, 1] if for all ε > 0, there exists δ > 0
such that
|α − α0 | < δ implies D([y]α , [y]α0 ) < ε, for all y ∈ A.
A is level-equicontinuous on [0, 1] if A is level-equicontinuous
at α for every α ∈ [0, 1].
T HEOREM 22 [32] Let A be a compact-supported subset of
RcF . Then the following assertions are equivalent:
•

A is a relatively compact subset of (RcF , D).

•

A is level-equicontinuous on [0, 1].

The relative compactness of A in (RcF , D) implies that A is
compact-supported and also level-equicontinuous on [0, 1].
D EFINITION 23 ([32]) A continuous function
f : [0, a] × RcF → RcF
is said to be compact if, for every subinterval I ⊆ [0, a] and
every bounded subset A ⊆ RcF , the set f (I × A) is relatively
compact in RcF .
In the following, we also consider Pk (Rn ) the family of
nonempty compact convex subsets of Rn , endowed with the
Hausdorff metric dH .
D EFINITION 24 A mapping F : I → RF is said to be
strongly measurable if, for all α ∈ [0, 1], the set-valued
mapping Fα : I → Pk (Rn ) given by Fα (t) = [F (t)]α , t ∈ I,
is Lebesgue measurable.
D EFINITION 25 RThe integral of F : I → RF over
I, denoted by I F (t)dt, is defined level-wise, for all
R
α
R
0R < α ≤ 1, by
F (t)dt
=
F (t)dt =
I
I α
f (t)dt|f : I → R is a measurable selection for Fα .
I

D EFINITION 26 A function F : I → RF is said to be
integrably bounded if there exists h : I → R+ an integrable
function such that D(F0 (t), 0̃) ≤ h(t), for all t ∈ I. A strongly
measurable and integrablyRbounded mapping F : I → RF is
called integrable over I if I F (t)dt ∈ RF .

R EMARK 27 ([8]) Let δ ∈ (0, 1). If u ∈ Cr ([0, a], RF )
with r < δ, then I δ u ∈ C((0, a], RF ) and I δ u(0+ ) = 0̃. If
u ∈ Cδ ([0, a], RF ), then I δ u is bounded at t = 0, whereas if
u ∈ Cr ([0, a], RF ) with δ < r < 1, then we may expect I δ u
to be unbounded at t = 0.

L EMMA 28 ([8]) If u ∈ C((0, a], RF ) ∩ L1 ((0, a], RF ) and
δ1 , δ2 > 0, then I δ1 I δ2 u = I δ1 +δ2 u.
If u : [0, a] → RF is defined as u(t) = c ∈ RF , for t ∈ [0, a],
1
tδ c.
then I δ u(t) = Γ(δ+1)
If u : (0, a] → RF is defined as u(t) = ctr , where c ∈ RF and
Γ(r+1)
r > −1, then I δ u(t) = Γ(r+δ+1)
ctδ+r .
D EFINITION 29 ([3]) Let δ ∈ (0, 1) and
u ∈ C((0, a], RF ) ∩ L1 ((0, a], RF ).
Rt
If the fuzzy function t 7→ 0 (t − s)−δ u(s)ds is Hukuhara
differentiable on (0, a], then the fuzzy fractional derivative of
order δ of u at t is given by
Z
d t
1
δ
(t − s)−δ u(s)ds,
D u(t) =
Γ(1 − δ) dt 0
which defines a fuzzy interval Dδ u(t) ∈ RF .
Some useful properties of the fuzzy fractional derivative are:
d 1−δ
u(t),
dt I

for t ∈ (0, a].

•

Dδ u(t) =

•

Dδ (cu)(t) = cDδ (u)(t), ∀c ∈ RF .

•

Dδ (u + v)(t) = Dδ (u)(t) + Dδ (v)(t).

L EMMA 30 ([8]) For u ∈ C((0, a], RF )∩L1 ((0, a], RF ) and
0 < δ < 1, we have that Dδ I δ u = u.
If u : (0, a] → RF is defined as u(t) = c ∈ RF , for t ∈ (0, a],
t−δ
c.
then Dδ u(t) = Γ(1−δ)
If u : (0, a] → RF is defined as u(t) = ctr , where c ∈ RF and
Γ(r+1)
r > −1 with r 6= δ − 1, then Dδ u(t) = Γ(r−δ+1)
ctr−δ .

Besides, Dδ ctδ−1 = 0̃.

Hence, considering u ∈ C((0, a], RF ) ∩ L1 ((0, a], RF ) and
0 < δ < 1, the solutions to the fuzzy equation Dδ u = 0̃ are
u(t) = ctδ−1 , for c ∈ RF .
Next, we recall the concept of semilinear metric space and the
generalization of Schauder fixed point theorem to semilinear
spaces given in [3] which is important to our study of the
problem (2).
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D EFINITION 31 ([20]) A semilinear metric space is a semilinear space S with a metric d : S × S → R+ which is
translation invariant and positively homogeneous, that is:
•

d(a + c, b + c) = d(a, b), for all a, b, c ∈ S.

•

d(λa, λb) = λd(a, b), for all a, c ∈ S and λ ≥ 0.

A semilinear space S has the cancelation property if the identity a + b = c + b implies a = c, for every a, b, c ∈ S.
T HEOREM 32 ([3]) (S CHAUDER FIXED POINT THEOREM
FOR SEMILINEAR SPACES ) Let B be a nonempty, closed,
bounded and convex subset of a semilinear Banach space S
having the cancelation property and suppose P : B → B is a
compact operator. Then P has at least one fixed point in B.
In the following, we study the solutions to the problem (2).
D EFINITION 33 (D EFINITION 3.1 [22]) A fuzzy function
u ∈ C((0, a], RF ) ∩ L1 ((0, a], RF ) with continuous fractional
derivative Dδ u on (0, a] is said to be a solution to (2) if
Dδ u(t) = f (t, u(t)), for all t ∈ (0, a].
We are interested in finding a certain integral equation whose
solutions are also solutions to the fractional differential equation.
L EMMA 34 ([22]) If u ∈ C([0, a], RF ) is a solution to the
fuzzy integral equation u(t) = I δ f (t, u(t)) and
f (t, u(t)) ∈ C((0, a], RF ) ∩ L1 ((0, a), RF ),
then u is also a solution to the problem (2).
L EMMA 35 (L EMMA 3.3 [22]) If u : [0, a] → RF is continuous, then u is bounded.
The method followed in [22] is based on the properties of an
auxiliary mapping A : C([0, 1], RcF ) → C([0, 1], RcF ) given
by
Z t
1
(t − s)δ−1 s−r u(s)ds,
[Au](t) =
Γ(δ) 0
for u ∈ C([0, 1], RcF ), where 0 ≤ r < δ < 1.

L EMMA 36 From Lemmas 3.4–3.8 [22], the following properties hold:
a) A is well-defined and continuous on C([0, 1], RcF ).
b) If G ⊆ C([0, 1], RcF ) is bounded, then A(G) is bounded
in C([0, 1], RcF ).
c) If G ⊆ C([0, 1], RcF ) is bounded, then A(G) is equicontinuous in C([0, 1], RcF ).

d) If G ⊆ C([0, 1], RcF ) is such that
{v(s)|v ∈ G, s ∈ [0, 1]}
is compact-supported in RcF , then G is bounded.
e) If G ⊆ C([0, 1], RcF ) is such that
{v(s)|v ∈ G, s ∈ [0, 1]}
is compact-supported and level-equicontinuous, then
A(G) is relatively compact in C([0, 1], RcF ).
For simplicity, we define N : Ω → C([0, a], RcF ) by
N u(t) = tr f (t, u(t)), t ∈ [0, a],
where Ω = {u ∈ C([0, a], RcF )|h0 (u, 0̃) ≤ R} and R > 0.
If (t, u) → tr f (t, u) ∈ RcF is continuous on [0, a] × RcF ,
then N is well-defined. We define fr as fr (t, u) = tr f (t, u),
t ∈ [0, a]. In the following results, we denote by S the set
S = {x ∈ RcF |D(x, 0̃) ≤ R}.
L EMMA 37 (L EMMA 3.9 [22]) Let fr : [0, a] × RcF → RcF
be uniformly continuous and bounded in [0, a] × S. Then N is
continuous and bounded in C([0, a], RcF ).
L EMMA 38 (L EMMA 3.10 [22]) If fr ([0, a] × S)
compact-supported and level-equicontinuous, then

is

{u(s)|u ∈ N (Ω), s ∈ [0, a]} is relatively compact.
L EMMA 39 (L EMMA 3.11 [22]) Let fr (t, x) be continuous
on [0, a] × S. Then fr is compact on [0, 1] × S if and only if
the set {tr f (t, x)|t ∈ [0, a], x ∈ S} is compact-supported and
level-equicontinuous.
D EFINITION 40 (D EFINITION 3.12 [22]) We call a mapping T : C([0, 1], RF ) → C([0, 1], RF ) a bounded operator
if for every B bounded in C([0, 1], RF ), T (B) is bounded in
C([0, 1], RF ).
The following is an existence result to problem (2), for a = 1.
T HEOREM 41 (T HEOREM 3.13, C OROLLARY 3.14 [22])
Let 0 ≤ r < δ < 1 and let f : (0, 1] × RcF → RcF be
continuous. If the function fr : [0, 1] × RcF → RcF is
compact and uniformly continuous on [0, 1] × RcF , then the
fuzzy integral equation u(t) = I δ f (t, u(t)) has at least one
continuous solution defined on [0, ξ], for a suitable 0 < ξ ≤ 1.
Moreover, assuming that f (·, v(·)) ∈ L1 ((0, 1), RcF ), for
every v ∈ C([0, 1], RcF ), then the fuzzy fractional differential
equation (2) has at least a continuous solution defined on [0, ξ],
for a suitable 0 < ξ ≤ 1.
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Structure and regularity of attractors for
reaction-diffusion equations
O. V. Kapustyan∗, P. O. Kasyanov† and J. Valero‡

Abstract— In this paper we consider a scalar reaction diffusion-equation without uniqueness of weak solutions of the Cauchy
problem and prove that its global attractor can be characterized by the unstable manifold of the set of equilibria. Moreover,
the compacity of the attractor in a higher regular space is proved. The last result is extended to a system of reaction-diffusion
equations with no more than quadratic growth.
Keywords: reaction-diffusion equations, set-valued dynamical system, global attractor, unstable manifolds

1

Introduction

In this paper we are interesting in studying the structure
of global attractors for reactions diffusion equations without
uniqueness of solutions of the Cauchy problem. The first step
in this direction, and this is what we are considering here, is
to establish that the global attractor can be characterized as the
unstable manifold of the set of stationary points. In the singlevalued case, there are well-known results in the literature (see
[2], [3], [10]), but the problem is much more complicated when
uniqueness of the Cauchy problem is not guaranteed.
First, we consider a scalar reaction-diffusion equation in a
three-dimensional bounded domain in which the nonlinear
term satisfy suitable growth and dissipative conditions, but
there is no condition ensuring uniqueness of the Cauchy problem (like e.g. a monotonicity assumption). Such equation
generates a multivalued semiflow having a global compact
attractor (see [5], [8], [11]), which is the union of all bounded
complete trajectories of the semiflow. In [6] three different
semiflows are considered, depending on the regularity of the
solutions: weak, regular or strong ones. In the case of the
semiflows generated by either regular or strong solutions, it
is proved that the global attractor is the unstable manifold of
the set of stationary points and the stable one but considering
in this last case only solutions in the set of bounded complete
trajectories. However, in the case of weak solutions such result
was not obtained, but a weaker one stating that the attractor is
the closure of the stable set restricted to the set of bounded
complete trajectories. We improve the theorem of [6] for
weak solutions and obtain, under additional assumptions on the
parameters of the problem, the same result about the structure
∗ Kyiv

of the attractor as for regular and strong solutions. Moreover,
the compacity of the attractor in a higher regular phase space
is proved. A key point when proving such result is the fact that
weak solutions become either regular or strong under suitable
conditions.
Secondly, we extend the setting of the problem to a system
of reaction-diffusion equations. We impose more restrictive
growth conditions, implying in particular that the nonlinear
term can has at most quadratic growth, and in such a way we
are able to prove, as in the scalar case, the compacity of the
attractor in a higher regular phase space.

2

Regularity and structure of the attractor in
the scalar case

Let Ω ⊂ R3 be a bounded open set with sufficiently smooth
boundary ∂Ω. We consider the scalar reaction-diffusion equation

 ut − ∆u + f (u) = h, x ∈ Ω, t > 0,
u|∂Ω = 0,
(1)

u (0) = u0 ,
where f, h satisfy
(2)

h ∈ L2 (Ω),
f ∈ C(R),
|f (u)| ≤ C1 (1 + |u|p−1 ), ∀u ∈ R,
f (u)u ≥ αup − C2 , ∀u ∈ R,

with 2 ≤ p ≤ 4, C1 , C2 , α > 0.
Ru
f (s)ds.
Denote F (u) =
0

From (2) we have that
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f (u)
u

= ∞, and for some D1 , D2 , δ > 0 we have
p

(3)

|F (u)| ≤ D1 (1 + |u| ),
p
F (u) ≥ δ |u| − D2 , ∀u ∈ R.

Throughout this section we denote H = L2 (Ω), V = H01 (Ω),
whereas k · k, (·, ·) will be the norm and the scalar product in
L2 (Ω), respectively.
Let k · kX be the norm in the abstract Banach space X, and
(·, ·)Y be the scalar product in the abstract Hilbert space Y .
Also, P (X) will be the set of all non-empty subsets of X.
T
A function u ∈ L2loc (0, +∞; V ) Lploc (0, +∞; Lp (Ω)) is
called a weak solution of (1) on (0, +∞) if for all T > 0 , v ∈
V, η ∈ C0∞ (0, T ),
(4)

RT
RT
− (u, v)ηt dt + (u, v)V ηdt
0

0

RT
+ ((f (u), v) − (h, v)) ηdt = 0.
0

For any u0 ∈ H there exists at least one weak solution of
(1) with u(0) = u0 (see [4, p.284] or [1, Theorem 2]). In
general, the solution may be not unique. Any weak solution
of (1) belongs to C ([0, +∞); H), the function t 7→ ku(t)k2 is
absolutely continuous and for a.a. we have
(5)

1 d
2
2
2 dt ku(t)k + ku(t)kV
+ (f (u(t)), u(t)) − (h, u(t)) = 0.

Let K + = {u(·) : u(·) is a weak solution of (1)}. We define
the map G : R+ × H → P (H) by

(6)
G(t, u0 ) = u(t) : u(·) ∈ K + , u(0) = u0 ,

which is a strict multivalued semiflow, that is, G(0, u0 ) =
u0 , G(t + s, u0 ) = G(t, G(s, u0 )), for all t, s ≥ 0, u0 ∈ H.
T
The function u ∈ L2loc (0, +∞; V ) Lploc (0, +∞; Lp (Ω)) is
called a regular solution of (1) on (0, +∞) if for all T >
0 , v ∈ V, η ∈ C0∞ (0, T ) we have that (4) holds and
(7)

u ∈ L∞ (ε, T ; V ) ,

(8)

ut ∈ L2 (ε, T ; H) , ∀ 0 < ε < T.

Any regular solution u satisfies
(9)

u ∈ L2 (ε, T ; D (A)) .

Also, for any u0 ∈ H there exists at least one regular solution
u (t) such that u (0) = u0 .
Let Kr+ = {u (·) : u is a regular solution of (1)}. The map
Gr : R+ × H → P (H) , defined by
Gr (t, u0 ) = {u (t) : u ∈ Kr+ , u (0) = u0 },

is a multivalued semiflow, that is, G(0, u0 ) = u0 , G(t +
s, u0 ) ⊂ G(t, G(s, u0 )), for all t, s ≥ 0, u0 ∈ H. In this
case, we are not able to prove the reverse inclusion, so we do
not know if this semiflow is strict or not.
T
The function u ∈ L2loc (0, +∞; V ) Lploc (0, +∞; Lp (Ω)) is
called a strong solution of (1) on (0, +∞) if for all T > 0, v ∈
V and η ∈ C0∞ (0, T ) we have that (4) holds and
u ∈ L∞ (0, T ; V ) ,
ut ∈ L2 (0, T ; H) , ∀T > 0.
Any strong solution u satisfies
u ∈ L2 (0, T ; D (A)) ∩ C([0, +∞); V ).
For any u0 ∈ V there exists at least one strong solution u (t)
such that u (0) = u0 .
Let Ks+ = {u (·) : u is a strong solution of (1)}. We define
now the map Gs : R+ × V → P (V ) by
Gs (t, u0 ) = {u (t) : u ∈ Ks+ , u (0) = u0 },
which is a strict multivalued semiflow.
A map γ : R → H is called a complete trajectory of K + if
γ(· + h)|[0,+∞) ∈ K + , ∀h ∈ R,
that is, if γ|[τ,+∞) is a weak solution of (1) on (τ, +∞), ∀τ ∈
R. We denote by F the set of all complete trajectories of
K + . Let K be the set of all bounded (in the H norm) complete
trajectories.
The map γ : R → H is called a complete trajectory of Kr+ if
γ (· + h) |[0,+∞) ∈ Kr+ , ∀h ∈ R.
The set of all complete trajectories of Kr+ will be denoted by
Fr . Let Kr be the set of all complete trajectories which are
bounded in H, and let K1r be the set of all complete trajectories
which are bounded in V. These sets are proved to coincide, that
is, Kr = K1r .
The map γ : R → V is called a complete trajectory of Gs if
γ (· + h) |[0,+∞) ∈ Ks+ , ∀h ∈ R.
The set of all complete trajectories of Ks+ will be denoted by
Fs . Let Ks be the set of all complete trajectories which are
bounded in V . It holds Ks = K1r = Kr . That is, the sets of
regular and strong complete bounded solutions are the same.
It is well-known that the multivalued semiflow G possesses a
global attractor Θ (see [5], [8], [9]), which means that:
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1. Θ ⊂ G (t, Θ) , ∀t ≥ 0 (negatively semi-invariance);
2. for any bounded set B ⊂ X,
(10)

distH (G(t, B), Θ) → 0, t → +∞,

where
distH (A, B) = sup inf ρ(x, y).
x∈A y∈B

3. It is minimal, that is, for any closed set C satisfying (10)
it holds Θ ⊂ C.
Moreover, Θ is invariant (i.e. Θ = G (t, Θ) , for all t ≥ 0) and
compact. It can be characterized as the union of all bounded
complete trajectories:
[
(11) Θ = {γ(0) : γ(·) ∈ K} =
{γ(t) : γ(·) ∈ K} .
t∈R

In the same way, the multivalued semiflow Gr possesses a
global compact attractor Θr [6]. Moreover, for any set B
bounded in H we have
(12)

distV (Gr (t, B) , Θr ) → 0, t → +∞,

and also that Θr is compact in V. Moreover, Θr is the union of
all points lying in a bounded complete trajectory, that is,
(13)

Θr = {γ (0) : γ (·) ∈ Kr } = {γ (0) : γ (·) ∈ K1r }

= ∪t∈R {γ (t) : γ (·) ∈ Kr } = ∪t∈R {γ (t) : γ (·) ∈ K1r }.
Also, Gs possesses a global compact attractor Θs in the phase
space V . Moreover, Θs = Θr , that is, the regular and strong
attractors coincide, and (13) holds (note that Ks = Kr ).
In order to give a more detailed characterization of the attractor
we need to introduce the concept of stationary point for problem (1). The point u ∈ V is stationary if
(14)

− ∆u + f (u) = h,

where the equality is understood in the space H −1 (Ω). Let R
be the set of all stationary points. It is proved in [6] that R 6= ∅
and that the following properties are equivalent:
1. u0 ∈ R;
2. u0 ∈ G (t, u0 ) for all t ≥ 0;
3. The function u (t) ≡ u0 belongs to K + ;
4. u0 ∈ Gr (t, u0 ) for all t ≥ 0;
5. The function u (t) ≡ u0 belongs to Kr+ ;
6. u0 ∈ Gs (t, u0 ) for all t ≥ 0;

7. The function u (t) ≡ u0 belongs to Ks+ .
In order to obtain a more detailed information about the structure of the attractor we define now the sets


z : ∃γ(·) ∈ K, γ(0) = z,
M − (R) =
,
 distH (γ(t), R) → 0, t → +∞ 
(15)
z : ∃γ(·) ∈ F, γ(0) = z,
M + (R) =
.
distH (γ(t), R) → 0, t → −∞
M + (R) is the unstable set of R. M − (R) is the stable set
of R but considering only bounded complete trajectories. We
observe that an equivalent definition of the set M + (R) is the
following


z : ∃γ(·) ∈ K, γ(0) = z,
+
M (R) =
,
distH (γ(t), R) → 0, t → −∞
as for every complete trajectory γ (·) ∈ F as in (15) we
have that the set ∪t∈R γ (t) is bounded, so that the inclusion
γ (·) ∈ K follows.
The aim in this section is to obtain under suitable assumptions
the following equality
(16)

Θ = M + (R) = M − (R).

Such result was proved to be true in [6] for the semiflows Gr
and Gs under the general assumptions (2). However, the case
of the semiflow G is more difficult and require some additional
conditions.
Adding extra regularity on the function h we can obtain (16).
T HEOREM 1 Under conditions (2) and h ∈ L∞ (Ω) the global
attractor Θ is compact in V.
Moreover, any weak solution u (·) with u0 ∈ Θ is a strong
solution. Hence, G (t, u0 ) = Gs (t, u0 ) for all u0 ∈ Θ.
T HEOREM 2 Under conditions (2) and h ∈ L∞ (Ω) equality
(16) holds.
The main idea in the proof of Theorem 2 is the fact that the
equality G (t, u0 ) = Gs (t, u0 ) , for all u0 ∈ Θ, implies that
the global attractors for G and Gs coincide, that is, Θ = Θs .
Therefore, since (16) is true for Gs (with respect to the norm
in V ), the result follows straightforwardly.
We can avoid the assumption h ∈ L∞ (Ω) if we restrict the
range of the values for p. Namely, Theorem 2 will be true if
2 ≤ p ≤ 3.
L EMMA 3 Assume that 2 ≤ p ≤ 3 in condition (2). Then any
weak solution u (·) is a regular solution.
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≤ ku(s)k2H + C5 (t − s),

Using this lemma one can check that Θ = Θr (hence, Θ is
compact in V ). Then, since (16) is true for Gr , it is not difficult
to prove the following theorem.

(22)

T HEOREM 4 Assume that 2 ≤ p ≤ 3 in condition (2). Then
equality (16) holds.

where the positive constants C5 , C6 , δ depend only on the
parameters of the problem (17).

The detailed proofs of these results can be found in [7].

Let K + = {u(·) : u(·) is a weak solution of (17)}. The
multivalued mapping G : R+ × H 7→ 2H , given by

3

ku(t)k2H ≤ e−δ(t−s) ku(s)k2H + C6 ,

+
Regularity of the attractor for reaction- (23) G(t, u0 ) = {u(t) : u(·) ∈ K , u(0) = u0 },
is a multivalued semiflow which has the compact, invariant,
diffusion systems

Let Ω ⊂ Rn , 1 ≤ n ≤ 3, be a bounded subset with
sufficiently smooth boundary ∂Ω. We consider the following
raction-diffusion system

ut = a∆u − f (u) + h(x), x ∈ Ω, t > 0,
(17)
u|∂Ω = 0,
where u = u(t, x) = (u1 (t, x), ..., uN (t, x)) is an unknown
vector-function, a = diag[a1 , ..., aN ] is a diagonal N × N
matrix with a ≥ βI, β > 0, h = (h1 , ..., hN ), f = (f1 , ..., fN )
are given functions,

global attractor A ⊂ H [9].

The main goal in this section is to prove the compactness of A
in the space V and the fact that A attracts every bounded set
of H in the topology of V . For this aim we will need some
additional assumptions on the vector-function f . Namely, let
there exist C > 0, pi ∈ {2, 3}, i ∈ 1, ..., N, such that for all
v ∈ RN one has
|f1 (v)| ≤ C(1 + |v 1 |2 + |v 1 |

h ∈ (L2 (Ω))N , f ∈ C(RN ; RN ),

N
X

(18)

|fi (v)|qi ≤ C3 (1 +

i=1

N
X

(19)

i=1

where

1
pi

+

1
qi

fi (v)v i ≥ γ

N
X
i=1

N
X
i=1

+|v 2 |

|v i |pi − C4 , ∀v ∈ RN ,

u(·) ∈

p
Lp
loc (0, +∞; L (Ω))

∩

L2loc (0, +∞; V

),

where p = (p1 , ..., pN ). Moreover, every weak solution of
(17) belongs to C ([0, +∞); H), the function t 7→ ku(t)k2H
is absolutely continuous, for a.a. t ≥ 0 the following energy
equality holds
(20)
1 d
ku(t)k2H +(a∇u(t), ∇u(t))+(f (u(t)), u(t)) = (h, u(t)),
2 dt
and for all t ≥ s ≥ 0 the following estimates hold
(21)

ku(t)k2H

+β

Zt
s

ku(τ )k2V dτ + 2γ

N
X
i=1

p

kui (τ )kLipi dτ

N
X
i=3

N
X

|v i | +

N
X
i=2

|v i |), if p1 = 3,

|v i |), if p1 = 2,

(24)

N
X
i=3

|v i |

|v i |), if p2 = 3,

i=3

N
X

|f2 (v)| ≤ C(1 +

= 1, i = 1, N .

Under conditions (18)-(19) for every initial data u0 from the
phase space H there exists at least one weak solution of (1)
with u(0) = u0 [4]. A weak solution satisfies

i=1

|v i | +

|f2 (v)| ≤ C(1 + |v 1 |2 + |v 2 |2 + |v 1 |

|v i |pi ), ∀v ∈ RN

Throughout this section, we shall use the notation H =
(L2 (Ω))N , V = (H01 (Ω))N .

i=2

N
X

|f1 (v)| ≤ C(1 +

and for given numbers C3 , C4 ≥ 0, γ > 0, pi ≥ 2, i = 1, N
the following conditions hold:

N
X

i=1

|v i |), if p2 = 2,

|f3 (v)| ≤ C(1 + |v 1 |2 + |v 2 |2 + |v 3 |2 + |v 1 |
+|v 2 |

N
X
i=4

|v i | + |v 3 |

N
X
i=4

|f3 (v)| ≤ C(1 +

|fN (v)| ≤ C(1 +

|v i | +

N
X
i=1

···
N
X

|fN (v)| ≤ C(1 +

i=1

i=4

i=4

|v i |

|v i |), if p2 = 3,

|v i |), if p3 = 2,

|v i |2 ), if pN = 3,

N
X
i=1

N
X

N
X

|v i |), if pN = 2.

So, we are considering the case of no more than quadratic
growth of the non-linear term f . The main result is the
following.
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T HEOREM 5 Let conditions (18)-(19), (24) hold. Then the
global attractor A of the multivalued semiflow (23) is compact
in V and

[4] V. V. Chepyzhov and M. I. Vishik, Attractors for equations of mathematical physics , American Mathematical
Society, Providence, Rhode Island, 2002.

distV (G(t, B), A) → 0, t → +∞,

[5] A. Kapustyan, Global attractors for nonautonomous
reaction-diffusion equation, Differential Equations, 38
(2002), 1467-1471.

for every bounded set B ⊂ H.
We note that when proving this theorem a key point is to
establish that every weak solution is a regular one, in the same
way as in the proof of Theorem 4.
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Special Session 12
Numerical Acoustics
The goal of this special session is to bring together experts in different areas of the numerical
analysis and simulation of problems in linear acoustics, with an emphasis on scattering of waves.
The topics include time and frequency domain problems, volume and integral methods, as well
as direct and inverse problems. There has been much recent progress in the area of integral
equation methods for scattering problems. Linear acoustic waves have been widely studied
for their own sake (with a large number of practical applications in physics and engineering),
and also as a stepping stone towards understanding more complex waves, like seismic (elastic)
and electromagnetic waves. In particular, high frequency problems and transient problems have
received much attention in the past decade. The field has also been enriched in the attention
to complex phenomena, that require much more theoretical and computational effort than the
traditional model problems of scattering by impenetrable obstacles. In particular, there is interest
in coupling procedures using integral equation formulations (Boundary Element Methods) for
different materials, in mixing integral models with variational schemes such as Finite Elements,
or in scattering by periodic gratings.
The special session would bring well-established researchers in the area of Numerical Analysis for Waves with younger up-and-coming researchers in the field. They represent a wide array
of research techniques in the area, with a well balanced act between mathematical rigor and
practical computation.
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High order Nyström methods for transmission problems
for Helmholtz Equation
Y. Boubendir∗, V. Domínguez∗† and C. Turc‡

Abstract— In this work we present high-order compatible Nyström discretizations for Helmholtz boundary layer operators in
2D. These discretizations are based on accurate product-quadrature rules for evaluating the underlying integral operators. The
numerical errors of these discretizations are analyzed in Sobolev norms. We then show how these approximations can be used to
solve numerically several boundary integral formulations for Helmholtz transmission problems and show that the convergence
of these scheme is superalgebraic for smooth data. Numerical experiments are presented to support the theoretical results.
Keywords: Helmholtz equation, Boundary layer operators, Nyström methods, Transmission problems.

1

most of the boundary integral formulations of the Helmholtz
equation in 2D.

Introduction

The design of high-order methods for boundary element equations on smooth curves has been considered in the literature
for many years. We can mention for instance Galerkin, collocations or qualocation schemes, cf. [12] and references therein,
which provide fast convergence schemes for integral equations
related with Helmholtz and other differential equations in 2D.
All of these schemes make often use of trigonometric polynomials as discrete spaces in which to project the solutions of the
underlying boundary integral equations.
Nyström methods based on replacing the integrals with suitable
quadrature rules, in turn, fulfill some good properties which
make them one of the algorithms to be considered in this
frame. On one hand, they provide high order methods without
demanding large computational cost. On the other hand, these
schemes are naturally adapted for iterative solver solutions of
the linear systems that they produce.
In this work we consider Nyström approximations based on
product-quadrature rules for the four boundary layer operators
in the Calderon calculus. The aim of this paper is not to
propose new discretizations of the integral operators. Actually,
most of those considered here can be found and have been
thoroughly analyzed in the literature, mostly by Kress (cf [7]
and references therein). Our objective is therefore different:
we want to propose compatible discretizations of the boundary layer operators which lead to superalgebraic schemes for

Hence, we have considered in this paper Helmholtz transmission problems for smooth interfaces as a sufficiently complex
environment for testing our discretizations. Some of the formulations are direct, i.e. the unknowns are physical quantities
of the problem (typically the trace and the normal derivative
of the solution), others are indirect. Some of the indirect
formulations considered in this text could be more economical
from a computational point of view. Besides, some more
sophisticated integral formulations lead to matrices with clustered eigenvalues, which usually ensures a faster convergence
of Krylov methods such as GMRES. Demanding better spectral
properties requires working with more complex formulations
whose discretization could seem challenging at first sight. We
will show that the discrete boundary layer operators can be
used as black boxes in such a way that the discretizations is
in fact very simple. Moreover, for smooth data, we prove
that the numerical solutions converge superalgebraically, that
is, faster than any negative power of N , the number of degrees
of freedom.
The paper is structured as follows: in Section 2 we discuss
briefly the Helmholtz transmission problem and introduce
the boundary layer potentials and operators for Helmholtz
equation. In Section 3 we reformulate these mappings as
integral operators acting on spaces of 2π−periodic functions
via a parameterization of the interface. We present also their

∗ Department of Mathematical Sciences and Center for Applied Mathematics, NJIT, Univ. Heights. 323 Dr. M.L. King Jr. Blvd, Newark, NJ 07102, USA.
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numerical discretizations and analyze their convergence. In
Section 4 we introduce compatible discretizations of the operators and derive convergence estimates in Sobolev setting.
We finish by showing in Section 5 how this can be applied
to solve numerically several boundary integral formulations of
the original Helmholtz transmission problem. Well-posedness
and convergence estimates are derived for the considered equations. Some numerical experiments are present in final Section
6.

2

Helmholtz transmission problems

Let D− be a compact domain with smooth boundary Γ which
for simplicity we will assume to be simply connected. Denote
also D+ := R2 \ D− . We consider the Helmholtz transmission
problem

(1)

2 +
∆u+ + k+
u
−
2 −
∆u + k− u
γu+ − γu−
∂r u+ −ik+ u+

=
=
=
=

0
in D+
0
in D−
−uinc , ∂n u+ −ν∂n u− = −∂n uinc
o(|r|−1/2 ).

Here γ is the trace operator, ∂n , the exterior normal derivative,
∂r , the derivative on the radial direction and uinc , the incident
wave, which is a solution of the Helmholtz problem for k+ on a
neighborhood of D− . We assume this problem and its adjoint,
that defined by taking k± in D∓ , are uniquely solvable. For
instance, if k± are real and ν > 0 this hypothesis is known to
be satisfied. We refer to [5] for different sets of values fulfilling
these hypotheses.
We present briefly the essential of boundary element techniques for this problem. Let
Φk (x) :=

i (1)
H (k|x|)
4 0

(1)

(H0 is the Hankel function of first kind and order 0) the
fundamental solution of the Helmholtz equation in R2 . The
single and double layer operator are defined as follows
Z
SLk ϕ :=
Φk ( · − y)ϕ(y)dσ(y),
ZΓ
(2)
∂Φk ( · − y)
DLk g :=
g(y)dσ(y).
∂n(y)
Γ
We stress that for any density, the layer operators define
solutions of the Helmholtz equation in R2 \ Γ which satisfy,
in addition, the radiation condition at infinity (last contidition
in (1)). Moreover, the third Green formula states
(3)

±

u = ∓ SLk± ∂n u± ± DLk± γu± .

Let us denote by γ ± , ∂n± the trace and normal derivative taken
from D± . We then have the jump properties
(4)

γ ± SLk = Vk
γ ± DLk = ± 12 I + Kk>

∂n± SLk = ∓ 12 I + Kk>

∂n± DLk = Hk

where I denotes the identity, Vk is the single layer operator, Kk
and Kk> are the double layer and adjoint double layer operator
and Hk is the hypersingular operator.
We can now proceed as follows: (a) we can use (4) and the
transmission conditions stated in (1) to compute the Cauchy
data of the solution (u± , ∂n± u) and reconstruct these functions
with (3); (b) we can try to write the u± in term(s) of some
unknowns with the potentials (2) and determine these densities
via equation(s) obtained from (4). Approach (a) leads to the
so-called direct methods whereas schemes obtained from (b)
are known as indirect methods.

3

Associated periodic integral operators and
their approximation

3.1

Periodic integral operators

Let us consider a 2π−periodic parameterization x : R → Γ.
First we set

g(s) := γΓ uinc ◦ x (s),

(5)
η(s) := γΓ ∂n uinc ◦ x (s)|x0 (s)|,

the transmission data. We follow the same rule to reformulate boundary layer potentials and operators as 2π−periodic
integral operators in the following sense: the norm of the
parameterization |x0 (t)| (t will be the integration variable) is
included as part of the density, function ϕ in (2), for SLk
and the associated layer operator Vk and Kk> , whereas for
DLk , and the corresponding mappings Kk and Hk this term
is incorporated to the kernel. In addition to this, Kk> and Hk
are multiplied by |x(s)|, where s will be used henceforth as
exterior variable in the integral operators. With this convention,
we can write the single, double and adjoint double layer
operator as follows
Z 2π
[Vk ϕ](s) =
A(s, t) log sin2 s−t
2 ϕ(t)dt
0

(6)

+
[Kk g](s)

=

Z

Z

0
2π

2π

B(s, t)ϕ(t)dt
C(s, t) sin2

0

(7)
[K>
k ϕ](s)
(8)

+
=

Z

Z

0
2π

Z

log sin2

s−t
2 g(t)dt

log sin2

t−s
2 ϕ(t)dt

2π

D(s, t)g(t)dt
C(t, s) sin2

0

+

s−t
2

t−s
2

2π

D(t, s)ϕ(t)dt.

0

(Observe that Kk and K>
k are adjoint to each other). Here
A, B, C, D are complex bivariate smooth 2π−periodic func1
tions with A(s, s) ≡ − 4π
. We refer the reader to [1, 7]
for detailed expressions of these functions in terms of Hankel
functions and the parameterization x.

381

Nystrom methods for Helmholtz transmission problems
Regarding the parameterized version of the hypersingular operator, the integration-by-parts like formula due to Maue [9]
(see also [11]) allows to write Hk as the integro-differential
operator
(9) [Hk g] (s) = [DVk D g] (s)−ik 2 [Vk ((x0 (s) · x0 (·))g] (s).
Here, Dϕ := ϕ0 is simply the differential operator. In short,
apart from the derivative operator, we have mainly to tackle
the evaluation of integrals as
Z 2π
(10)
[Ψϕ] (s) :=
ψ(s − t)a(s, t)ϕ(t) dt,
0

where a, ψ are 2π−periodic, with a being smooth and ψ, in
principle, singular at 0.

3.2.2

Discrete Helmholtz Boundary Layer operators

For the single layer operator we work with two discretizations.
The first one, proposed originally by Kress (cf. [7] and
references therein) is simply
Z 2π
[Vk,N ϕ](s) :=
ψ1 (s − t) [PN A(s, ·)ϕ] (t) dt
0

(12)

+

Z

2π

0

[PN B(s, ·)ϕ](t)dt.

One can use the same approach for the double layer operator
and obtain
Z 2π
[Kk,N ϕ](s) :=
ψ1 (s − t)[PN C(s, ·) sin2 s−·
2 ϕ](t) dt
0

3.2
3.2.1

Discretization

(13)

Z

+

Denote TN = span hexp(imt) : −N < n ≤ N i and let
s.t.

jπ
(PN g)( jπ
N ) = g( N ), j = 0, . . . , 2N − 1,

the associated trigonometric interpolation operator at the uniform grid { jπ
N }. Let us consider the approximation given by
(11)
Z
2π

[ΨN ϕ] (s) :=

0

ψ(s − t)PN [a(s, ·)ϕ] (t) dt ≈ [Ψϕ] (s).

Obviously, we are just working with a product-integration rule
and the applicability of such procedure relies on knowing the
Fourier coefficients of function ψ. Fortunately this is the case
for ψ1 := log sin2 2t and ψ2 := sin2 2t log sin2 2t which have
appeared above:
Z 2π
1
ψb1 (n) = 2π
log(sin2 2t ) exp(−int)dt
( 0
−2 log 4, n = 0,
=
−2|n|−1 , otherwise,
Z 2π
1
b
ψ2 (n) = 2π
sin2 2t log(sin2 2t ) exp(−int)dt
0
1
n = 0,


2,


3
|n| = 1,
−8,
=

h
i


1
1
2
1
4 |n+1| + |n−1| − |n| , otherwise.

We stress that the case ψ1 can be traced back to [8, 10] (see
also [7]). The case ψ0 ≡ 1 is even simpler since this approach
returns the rectangular rule
[ΨN ϕ] (s) =

[PN D(s, ·)ϕ] (t)dt.

0

Quadrature rules

TN 3 PN g

2π

π
N

2N
−1
X
j=0

 jπ 
a s, jπ
N ϕ( N .

Operator K>
k,N will be defined accordingly.
Alternatively, we can proceed in a different way and set the
higher accurate approximation
Z 2π
e
[Kk,N g](s) :=
ψ2 (s − t)PN [C(s, ·)g](t) dt
0

(14)

+

Z

0

2π

[PN D(s, ·)g](t)dt.

e > is obviously defined in the same way.
Operator K
k,N

Actually we can use the same approach for the single layer
operator Vk . Indeed, let us write first
(15)

A(s, t) = −

1
e t) sin2
+ A(s,
4π

and introduce the Bessel operator
Z 2π
1
[Λϕ] (s) := −
log sin2
4π 0

s−t
2

s−t
2

ϕ(t) dt.

The following expression for the single layer operator can be
now straightforwardly derived
Z 2π
e · , t)ψ2 ( · − s)ϕ(t) dt
Vk ϕ = Λϕ +
A(
(16)

+

Z

0

0

2π

B( · , t)ϕ(t) dt =: Λϕ + Rk ϕ,

which is exploited by the following approximation
(17)

e k,N ϕ :=
V

Λϕ + Rk,N ϕ.

Here Rk,N is constructed from Rk using the same approach as
e k,N can be applied, in principle, only
in (14). Obviously, V
to trigonometric polynomials, since otherwise the first term
returns an infinite series. As we will see later, this is not
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a severe constraint for the numerical approximations we will
propose.
Finally, applying integration by parts and making use of the
same quadrature rules, one can first write
(18)

Hk

=

DΛD + Tk

where Tk is a logarithmic integral operator as V (but the kernel
is not constant on the diagonal), and next propose cf. [6]
(19)

Hk,N := DΛD + Tk,N .

where Tk,N is resembled from Tk in the same manner as Vk,N
is derived from Vk .

3.3

Convergence analysis

We develop our analysis in periodic Sobolev norms. For any
p ∈ R we first define the Sobolev norm
X
2
2
kϕk2p := |ϕ(0)|
b
+
|n|2p |ϕ(n)|
b
.
n6=0

The periodic Sobolev spaces of order p, denoted in what follows by H p , can be defined as the completion of, for instance,
the trigonometric polynomials in this norm.
We are ready to state the main theorem. The proof follows by
using similar ideas as in [7] (see also [1]). Let us point out that
henceforth, for given A : X → Y , we denote by kAkX→Y its
operator norm.
T HEOREM 1 Let p ≥ 1 and q ≥ max{−1, 1 − p}. Then
if A ∈ {Kk , K>
k , Vk , Hk } and AN is the corresponding
approximation, i.e., AN ∈ {Kk,N , K>
k,N , Vk,N , Hk,N } it holds
kA − AN kH p+q →H p

≤

Cp,q N −q−1 .

eN ∈
On the other hand, for A ∈
and A
e k,N , K
e> , V
e k,N } the corresponding discretization, we
{K
k,N
have
{Kk , K>
k , Vk }

e N kH p+q →H p ≤ Cp,q N
kA − A

−q−min{p,3}

where q ≥ max{1 − p, −3}.

P ROOF For any 2π−periodic function ψ denote the convolution operator in the usual way:
Z 2π
[ψ ∗ ϕ](s) :=
ψ(s − t)ϕ(t) dt.
0

Then it is straightforward to check that for ϕ smooth enough,
see (10),
Z 2π
[Ψϕ](s) =
a(s, t)ψ(s − t)ϕ(t) dt
0

=

∞
X

n=−∞

an (s)[ψ ∗ (en ϕ)](s)

where en (s) := exp(ins) and
an (s) :=

1
2π

Z

2π

a(s, t)e−n (t)dt

0

is the nth Fourier coefficient of a(s, ·). Since function a is
assumed to be smooth, for any P it holds
sup(1 + |n|)P kan kL∞ (0,2π) < CP .

n∈N

Let us restrict ourselves to the cases ψ = ψm , for m =
0, 1, 2 (see the beginning of subsection 3.2.1). Denote then
by Ψm the corresponding operator and by Ψm,N , its numerical
approximation cf. (11). Clearly, the proof of this Theorem can
be reduced to study
(Ψm − Ψm,N )ϕ =

∞
X

n=−∞

an ψm ∗ (en ϕ − PN (en ϕ)).

We will make use of the following results: (a) for m = 1, 2 it
holds
kψm ∗ ϕkp ≤ Cq kϕkp−q , q ≤ 2m − 1
(it can be easily proved from the asymptotics of the Fourier
coefficients of ψm ), whereas for m = 0
kψ0 ∗ ϕkp = 2π|ϕ(0)|
b
≤ 2πkϕkp+q ,

∀q ∈ R;

(b) the following convergence estimate for the trigonometric
interpolant [12]
kPN ϕ − ϕkp ≤ Cp,q N −q kϕkp+q ,

∀p, q ≥ 0,

p + q ≥ 1;

(c) the fact that H p for p ≥ 1 is an algebra, and therefore
kaϕkp ≤ Cp kakp kϕkp ;
(d) the obvious bound ken kp ≤ max{1, |n|p }.
We are ready to analyze the error of the discrete operators.
First, for m = 0, that is, for integral operators with smooth
kernel, we have
k(Ψ0 − Ψ0,N )ϕkp ≤ C
= 2πCp

∞
X

n=−∞

≤ Cp,q N −p−q
≤ Cp,q N

−p−q

∞
X

kan kp kψ0 ∗ (en ϕ − PN (en ϕ))kp

n=−∞

kan kp ken ϕ − PN (en ϕ)k0
∞
X

n=−∞
 X
∞

kan kp ken kp+q kϕkp+q

n=−∞

0
≤ Cp,q
N −p−q kϕkp+q

for all p + q ≥ 1.

kan kp (1 + |n|)

p+q


kϕkp+q
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Let us examine the case m = 2. If p ≥ 3, we can proceed
similarly to conclude
k(Ψ2 − Ψ2,N )ϕkp

∞
X

≤

≤ Cp,q N

n=−∞
∞
X
−q−3

kan kp ken ϕ − PN (en ϕ)kp−3

n=−∞

kan kp ken kp+q kϕkp+q

≤ Cp,q N −q−3 kϕkp+q ,
provided that p + q ≥ 1. If p ∈ [0, 3], we can only get
convergence estimates for the interpolator in H 0 (we can not
expect faster convergence in weaker norms). Therefore we
have instead
k(Ψ2 − Ψ2,N )ϕkp

≤

∞
X

n=−∞

≤ Cp,q N

kan kp ken ϕ − PN (en ϕ)k0
−p−q

kϕkp+q .

Moreover,
ek,N − Dk kH p+q+1 ×H p+q →H p+1 ×H p ≤ Cp,q N −1−q .
kD

In short, what we have shown in this section is two different
sets of discrete versions of the Helmholtz boundary layer
operators. The first one is simpler and works well for equations
stated in H p × H p , as, for instance, equations of the second
kind where the hypersingular operator is not the leading term,
either because it does not appear or because the strong singular
e k turns to be more
part is canceled out. On the other, D
appropriate for formulations in the natural space H p+1 × H p
or for complex formulations where the operators are more
involved and/or Hk plays a dominant role. We will consider
several examples of these cases in next section.

4

Boundary element methods for transmission
problems and its discretization

− PN (en ϕ)kp−1

We resume the transmission problem (1) presented in Section
2 and consider several well-posed formulations with their numerical approximations. Equipped with the discrete operators
introduced and analyzed in previous section, the stability and
convergence of the resulting schemes can be now easily proven.

(Notice that p − 1 ≥ 0). Collecting these bounds, the result
follows readily.


For the sake of a simpler notation, we will denote in this section
only by V± , H± , etc the corresponding layer operators for k± .
Their discrete versions will be denoted, as before, by simply
adding the subscript N .

Case m = 1 is now a simple exercise, since proceeding as
above we can obtain
k(Ψ1 − Ψ1,N )ϕkp ≤ C
≤

∞
X

kan kp ken ϕ
n=−∞
Cp,q N −q−1 kϕkp+q .

We recall the functional properties of the boundary operators
in the Sobolev setting. Define


−Kk Vk
Dk :=
.
−Hk K>
k
Then, Dk : H p+1 × H p → H p+1 × H p is continuous for
p
p+3
any p ∈ R. Actually it holds Kk , K>
. This
k : H → H
extra regularizing property has been repeatedly used in the design and analysis of boundary integral methods for Helmholtz
equation.
If we define

−Kk,N
Dk,N :=
−Hk,N


Vk,N
,
K>
k,N

ek,N
D

"
e k,N
−K
:=
−Hk,N

#
e k,N
V
,
e>
K
k,N

the following result can be easily derived from Theorem 1
P ROPOSITION 2 For any p ≥ 1,
ek,N : H p × H p+1 → H p × H p+1
Dk,N , D

are uniformly continuous. Moreover, for p ≥ 1 and q ≥ 0 it
holds
kDk,N − Dk kH p+q ×H p+q →H p ×H p
ek,N − Dk kH p+q ×H p+q →H p ×H p ≤ Cp,q N −1−q .
+kD

First we consider the Kittapa-Kleinman formulation cf [4]. Set

  
 

νK− − K+
V+ − V−
a
a
1+ν
,
L1
:= 2 I +
>
ϕ
ϕ
ν(H− − H+ ) νK>
−
K
+
−
where I is the identity operator matrix, and the system of
boundary equations
   
a
f
(20)
L1
=
.
ϕ
λ
It is well known that if (f, λ) = (g, η) cf. (5), then the
unique solution is a = −(γ + u+ ) ◦ x, ϕ = −|x0 |(∂n+ u+ ) ◦ x.
Clearly, once this equation is solved, taking into account the
transmission conditions (1), we can evaluate u± by means of
(2).
The numerical method is defined by setting first


νK−,N − K+,N
V+,N − V−,N
1+ν
L1,N := 2 I +PN
>
ν(H−,N − H+,N ) νK>
+,N − K−,N


νK−,N − K+,N
V+,N − V−,N
1+ν
= 2 I +PN
>
ν(T−,N − T+,N ) νK>
+,N − K−,N
(recall (18)-(19)) where
PN =


PN

PN



.
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Thus, the numerical method is that given by
  

aN
PN f
(21)
L1,N
=
ϕN
PN λ
Observe that necessary (aN , ϕN ) ∈ TN × TN which allows
us to reformulate the method as a true Nyström scheme, where
the unknowns in the very first stage are the pointwise values of
the densities at the grid points { jπ
N }.
We will consider next the Costabel-Stephan formulation [2]:
Let


−(K− + K+ ) ν −1 V+ + V−
L2 :=
>
−(H− + νH+ )
K>
+ + K−

and the associated system of integral equations
   
a
f
(22)
L2
=
.
ϕ
λ

number with positive imaginary part. Moreover, this parameter
can be adjusted to make eigenvalues cluster around 1. Besides,
as it happens for L2 , if we plug (g, ν −1 η) in the right hand
side, the unique solution is (ut ◦ x, |x0 |(∂n ut ) ◦ x). In other
words, this is a new direct method where Rk works as a sort of
preconditioner for L2 .
The discretization is done as follows. First, we set


1
I
2Λ + PN Rκ,N
Rκ,N :=
νI
ν + 1 −2νDΛD − 2νPN Tκ,N
and next we define
 1
2 I + PN K−,N
L3,N :=
νDΛD + νPN T−,N
+Rκ,N Le2,N .

−ν −1 Λ − ν −1 PN R−,N
1
>
2 I − PN K−,N



In this case, if we take (f, λ) = (g, ν η), then a = ut ◦ x,
ϕ = |x0 |(∂n ut ) ◦ x where ut is the exterior part of the total
wave: ut = u+ + uinc .

The numerical algorithm, in operational form, is given by
 


aN
PN f
(25)
L3,N
= Rκ,N
.
ϕN
PN λ

Letting

Observe again that the right-hand-side, and so the solution of
discrete problems are trigonometric polynomials.

−1

Le2,N :=



(ν −1 + 1)Λ



−(1 + ν)DΛD


−K−,N − K+,N
ν −1 R+,N + R−,N
+PN
,
>
−(T−,N + νT+,N )
K>
+,N + K−,N

the method we propose for solving (22) can be written in
operational form as follows
  

aN
PN f
e
(23)
L2,N
=
.
ϕN
PN λ

As before, (aN , ϕN ) ∈ TN × TN for any pair (f, λ) on the
right hand side. (This can be easily seen by noticing that the
leading part in Le2,N is diagonal in the complex exponential
bases).
The so-called regularized combined field integral equation,
proposed in [3] will be also analyzed here. Let


1
I
2Vκ
Rκ :=
ν + 1 −2νHκ νI
and set
L3

:=

1

2I

+ K−
νH−

−ν −1 V−
1
>
2 I − K−



+ Rκ L2 .

The boundary integral equation is then given by
 
 
a
f
(24)
L3
= Rκ
,
ϕ
λ
It can be shown that this system of integral equations admits
a unique solution provided that κ is chosen to be a complex

e ±,N , K
e > instead leading to a new
Alternatively, we can use K
±,N
discretization which will be denoted by Le3,N :
 


a
P f
(26)
Le3,N N = Rκ,N N .
ϕN
PN λ

The last example we will analyze here is an indirect method.
That is, unlike the formulations considered so far, the unknown
is not directly related with the solution of the transmission
problem. It provides, however, an interesting feature: the
solution of the initial partial differential equation can be reconstructed in terms on only one density. In other words, when
going down to the discrete level, half of unknowns are, a priori,
needed. Let us describe this equation, first introduced in [5].
We seek a function µ so that
u− = −2[SL− µ],

u+ = νSL+ (I + 2K>
− )µ − 2DL+ V− µ

(SL± and DL± are the corresponding parameterized layer potentials). The density µ can be computed solving the boundary
integral equation
(27)

L4 µ := −

ν+1
µ + Kµ − iηVµ = f,
2

where f = λ − iηg. Here η is a coupling parameter which
must be taken real and different from zero to ensure the wellposedness of the equation,
>
>
>
K := −K>
− (νI − 2K− ) − νK+ (I + 2K− ) + 2(H+ − H− )V−

and

V := −νV+ (I + 2K>
− ) − (I − 2K+ )V− .
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For the discretization, we simply take
>
>
>
:= −K>
−,N (νI − 2K−,N ) − νK+,N (I + 2K−,N )

+2(T+,N − T−,N )V−,N

KN

:= −νV+,N (I + 2K>
−,N ) − (I − 2K+,N )V−,N ,

VN

and define
L4,N := − ν+1
2 I + PN KN − iηPN VN .
The numerical algorithm for equation L4 µ = f is defined by
(28)

L4,N µN = PN f.

The first result in this theorem is just the well-posedness of the
formulations considered in this section. Second set of inequalities implies in particular the stability of the discretizations.
Observe that L3 is stable in both H p × H p+1 and H p × H p ,
so that we can state the equation in both product spaces.
Proving the latter functional result is more subtle and makes
use of Calderon identities and extra regularizing properties of
the difference of the same layer operators for distinct wavenumbers (see [1] for a more detailed analysis). As we have
shown in this theorem, the higher accurate discretization (26)
is needed to define a stable and convergence method in the
stronger space.

Again, µN ∈ TN , no matter which right hand side f is
plugged.
T HEOREM 3 The mappings (20),(22),(24) and (27)
L1 :H p × H p → H p × H p ,

Lj :H p+1 × H p → H p+1 × H p ,

5

j = 2, 3

L3 :H p+1 × H p+1 → H p+1 × H p+1 ,

Numerical experiments

For brevity, we only present numerical results for the CostabelStephan formulation L2 . We refer the reader to [1, 3] for
extensive numerical results for the other formulations.

L4 :H p → H p

are continuous and invertible for all p ∈ R.
Moreover, for p ≥ 1,
kL1 − L1,N kH p ×H p →H p ×H p
kL2 − Le2,N kH p+1 ×H p →H p ×H p+1

≤

≤

kL3 − L3,N kH p+1 ×H p →H p ×H p+1
kL3 − Le3,N kH p+1 ×H p+1 →H p+1 ×H p+1

≤

≤

kL4 − L4,N kH p →H p

≤

Cp N −1 ,
Cp N −1 ,
Cp N

,

Cp N

−1

,

Cp N −1 .

Furthermore, we have the following convergence results: For
all q ≥ p ≥ 1, if (aj , ϕj ) denotes the exact solution for (20)
and (24) and (ajN , ϕN
j ) is the corresponding numerical solution
of (21) and (25), it holds
ka −

ka −

a1N kp

a3N kp+1

(e
ajN , ϕ
ejN )

If
have

+ kϕ −

+ kϕ −

ϕ1N kp
ϕ3N kp

≤ Cp,q N

≤ Cp,q N

p−q
p−q

2
1.5

−1

[kakq + kϕkq ]

1
0.5
0
-0.5
-1
-1.5
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

Figure 1: Kite and cavity geometries considered in the numerical experiments

[kakq+1 + kϕkq ] ,

denotes the discrete solution of (23) and (26) we

ka − e
a2N kp+1 + kϕ − ϕ
e2N kp+2

≤ Cp,q N p−q [kakq+1 + kϕkq+2 ] .

ka − e
a3N kp+1 + kϕ − ϕ
e3N kp+1

≤ Cp,q N p−q [kakq+1 + kϕkq+1 ] .

Finally if µ is the exact solution of L4 and µN that given by the
numerical scheme (28),
kµ − µN kp ≤ Cp,q N p−q kµkq ,

q ≥ p ≥ 1.

In the estimates above, Cp,q > 0 is independent of a, ϕ, or µ,
and N .

The domains we have considered are the geometries depicted
in Figure 1. We have taken k+ = 8, k− = 32 in the Helmholtz
transmission problems (1), with ν = 1 in the transmission
conditions across the interface. We have applied the numerical
schemes Le2,N and L2,N . The latter scheme is that defined
using V±,N , the less accurate approximation for V± . We point
out that only the first discretization has been analyzed in this
paper.
The L∞ error estimate in the far field for the numerical
solutions is shown in Table 1. The exact solution has been
computed using L1,N for sufficiently large N , which, in turns,
provides an indirect demonstration of the performance of this
discretization too.
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Kite

Cavity
Le2,N

Le2,N

N

L2,N

96

3.2E − 02

9.1E − 03

7.1E − 02

1.7E − 02

[4] R. Kittappa and R. E. Kleinman. Acoustic scattering by penetrable
homogeneous objects. J. Mathematical Phys. 16 (1975), 421–432.

5.9E − 11

5.8E − 12

2.0E − 10

3.3E − 11

[5] R. E. Kleinman and P. A. Martin. On single integral equations for the
transmission problem of acoustics. SIAM J. Appl. Math., 48 (1988), no
2, 307–325.

128
160

4.1E − 04

2.5E − 05

L2,N

[3] V. Domínguez, M. Lyon, and C. Turc. High-order Nyström discretizations for the solution of integral equation formulations of twodimensional Helmholtz transmission on interfaces with corners. In
preparation.

8.3E − 04

6.3E − 05

Table 1: L∞ error estimate in the far field for the discretizations L2,N and Le2,N for the Helmholtz transmission problem
in the kite (left) and cavity (right) domains.

[6] R. Kress. On the numerical solution of a hypersingular integral equation
in scattering theory. J. Comput. Appl. Math. 61 (1995), no 3, 345–360.

Both methods converge superalgebraically to the exact solution, although Le2,N performs better with even a slightly faster
convergence. Convergence, and specially stability of L2,N
remains as an open problem and certainly will deserve more
research in the future.

[8] R. Kussmaul. Ein numerisches Verfahren zur Losung des Neumannschen Aussenraumproblems fur die Helmholtzsche Schwingungsgleichung. Computing 4 (1969), 246–273.
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Trefftz discontinuous Galerkin methods
on unstructured meshes for the wave equation
A. Moiola∗

Abstract— We describe and analyse a space–time Trefftz discontinuous Galerkin method for the wave equation. The method is
defined for unstructured meshes whose internal faces need not be aligned to the space–time axes. We show that the scheme is
well-posed and dissipative, and we prove a priori error bounds for general Trefftz discrete spaces. A concrete discretisation can
be obtained using piecewise polynomials that satisfy the wave equation elementwise.
Keywords: wave equation, discontinuous Galerkin method, Trefftz method, space–time finite elements, a priori error analysis.

1

Introduction

Finite element-type schemes whose discrete functions are
piecewise solutions of the discretised PDE are often named
Trefftz methods. When applied to time-dependent problems,
Trefftz methods require the use of a space–time mesh, as
opposed to the combination of a discretisation in space and
a time-stepping. In the context of linear wave propagation,
Trefftz methods have been widely studied in time-harmonic
regime (e.g. [4]), while only few recent works have been
devoted to the time-domain acoustic and electromagnetic wave
equations, chiefly [1, 5, 6, 9, 10]. Some possible advantages
of Trefftz methods over standard ones are better orders of
convergence; flexibility in the choice of basis functions; low
dispersion; incorporation of wave propagation directions in the
discrete space; adaptivity and local space–time mesh refinement.
Here we introduce a Trefftz discontinuous Galerkin (DG)
method for the wave equation written as a first-order system.
We consider unstructured meshes whose faces are not aligned
to the space–time axes. The metod proposed is an extension of
those in [5, 6] to higher dimensions and more general meshes,
and is closely related to those in [1] (Maxwell’s equations) and
in [7] (non-Trefftz, see Remark 2 below). After introducing
the initial boundary value problem in §2, some notation in §3
and the Trefftz DG formulation in §4, in §5.2 we show that the
Trefftz-DG formulation is well-posed for any Trefftz discrete
space and we prove a priori error bounds in a DG norm. In
§5.3–§5.5 we study the stability of an auxiliary problem in
order to give a sufficient condition for an a priori error bound on
the space–time L2 norm of the Trefftz-DG error, and show that
for a class of meshes this condition is verified. These meshes
∗ Department

can be obtained with the “tent-pitching algorithm” of [2, 3, 7],
and allow to treat the Trefftz-DG method as a semi-explicit
scheme and to compute the solution element by element by
solving a sequence of small local linear systems. We also show
that the proposed method is dissipative. The analysis is carried
out closely following that of [4, 5]; the duality argument used
to control the L2 norm of the error follows an idea of [8].

2

The initial boundary value problem

We consider an initial boundary value problem (IBVP) posed
on a space–time domain Q = Ω × (0, T ), where Ω ⊂ Rn is
a bounded Lipschitz polytope with outward unit normal nxΩ ,
n ∈ N and T > 0. The boundary of Ω is divided in three parts,
denoted ΓD , ΓN and ΓR , corresponding to Dirichlet, Neumann
and Robin boundary conditions; one or two of them may be
empty. The wave equation IBVP reads as

∂σ


∇v +
=0
in Q,


∂t




1 ∂v


∇·σ+ 2
=0
in Q,


c ∂t


v(·, 0) = v0 , σ(·, 0) = σ0 on Ω,
(1)


on ΓD × [0, T ],
 v = gD ,



 σ · nx = gN ,
on ΓN × [0, T ],

Ω





 ϑ v − σ · nx = gR ,
on ΓR × [0, T ].
Ω
c

Here v0 , σ0 , gD , gN , gR are the problem data; c > 0 is the
wave speed, which is assumed to be piecewise constant and
independent of t; ϑ ∈ L∞ (ΓR × [0, T ]) is an impedance
parameter, which is assumed to be uniformly positive. The
gradient ∇ and divergence ∇· operators are meant in the space
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variable x only. The equations in (1) may be derived from
∂2
the second-order scalar wave equation −∆U + c−2 ∂t
2U = 0
setting v = ∂U
and
σ
=
−∇U
.
∂t

3

Space–time mesh and notation

We impose a finite element mesh Th on the space-time domain
Q. We assume that all its elements are Lipschitz polytopes, so
that each internal face F = ∂K1 ∩∂K2 , for K1 , K2 ∈ Th , with
positive n-dimensional measure, is a subset of a hyperplane:

F ⊂ ΠF := (x, t) ∈ Rn+1 : x · nxF + t ntF = CF ,

where (nxF , ntF ) is a unit vector in Rn+1 and CF ∈ R. We
assume that all the internal mesh faces belong to one of the
following two classes:

(2)

on an internal face F = ∂K1 ∩ ∂K2 , either
(
c|nxF | < ntF and F is called “space-like” face, or
and F is called “time-like” face.
ntF = 0

(See Remark 1 for the extension to more general meshes.)
On space-like faces, by convention, we choose ntF > 0, i.e.
the normal unit vector (nxF , ntF ) points towards future time.
Intuitively, space-like faces are hypersurfaces lying under the
characteristic cones and on which initial conditions might be
imposed, while time-like faces are propagations in time of the
faces of a mesh in space only. We use the following notation:
[
Fh :=
∂K (the mesh skeleton),
K∈Th

Fhspace := the union of the internal space-like faces,
Fhtime := the union of the internal time-like faces,
Fh0 := Ω × {0},

FhT := Ω × {T },

FhD := ΓD × [0, T ],

(We will consider more specific meshes with Fhtime = ∅ in §5.5
below.) We denote the outward-pointing unit normal vector on
∂K by (nxK , ntK ). For piecewise-continuous scalar (w) and
vector (τ ) fields, we define averages {{·}}, space normal jumps
[[·]]N and time (full) jumps [[·]]t in the standard DG notation: on
F = ∂K 1 ∩ ∂K 2 , K1 , K2 ∈ Th ,
{{w}} :=

w|K1 + w|K2

,

{{τ }} :=

2
[[w]]N := w|K1 nxK1 + w|K2 nxK2 ,

τ|K1 + τ|K2
2

(3)

,

[[τ ]]N := τ|K1 · nxK1 + τ|K2 · nxK2 ,

[[w]]t := w|K1 ntK1 + w|K2 ntK2 = (w− − w+ )ntF ,
[[τ ]]t := τ|K1 ntK1 + τ|K2 ntK2 = (τ − − τ + )ntF ,

where, on space-like faces, w− and w+ denote the traces of
the function w from the adjacent elements at lower and higher

1
1
w− [[w]]t − [[w2 ]]t = t [[w]]2t ,
2
2nF
1
1
τ − [[τ ]]t − [[τ 2 ]]t = t |[[τ ]]t |2 ,
2
2nF
w− [[τ ]]N + τ − · [[w]]N − [[wτ ]]N =

1
[[w]]t [[τ ]]N ,
ntF

{{w}}[[τ ]]N + {{τ }} · [[w]]N = [[wτ ]]N ,
We assume that the mesh Th is chosen so that the wave speed c
is constant in each element; as c is independent of time, it may
jump only across faces in Fhtime .
Finally, we define the local and the global Trefftz spaces:
n
T(K) := (w, τ ) ∈ L2 (K)1+n , s.t. τ|∂K ∈ L2 (∂K)n ,

∂τ
∂w
, ∇ · τ ∈ L2 (K),
, ∇w ∈ L2 (K)n ,
∂t
∂t
o
∂τ
1 ∂w
∇w +
= 0, ∇ · τ + 2
= 0 ∀K ∈ Th ,
∂t
c ∂t
|
{z
}
(Trefftz property)

n
T(Th ) := (w, τ ) ∈ L2 (Q)1+n , s.t.

o
(w|K , τ|K ) ∈ T(K) ∀K ∈ Th .

The solution (v, σ) of IBVP (1) is assumed to belong to T(Th ).

4

FhN := ΓN × [0, T ],

FhR := ΓR × [0, T ].

times, respectively (and similarly for τ ± ). We use the notation
[[·]]N to recall that [[w]]N is a vector field parallel to nxF and
[[τ ]]N is the jump of the normal component of τ only. We recall
also that in this formulas |ntK |, |nxK | ≤ 1, and that one of the
two might be zero; in particular [[w]]t = 0 and [[τ ]]t = 0 on
Fhtime . The following identities can easily be shown:

The Trefftz-discontinuous Galerkin method

To obtain the DG formulation, we multiply the first two equations of (1) with test fields τ and w and integrate by parts on a
single mesh element K ∈ Th :
Z  
 ∂τ

1 ∂w 
(4)
+σ·
+ ∇w
dV
−
v ∇·τ + 2
c ∂t
∂t
K

Z 

v w
+
(v τ + σ w) · nxK + σ · τ + 2 ntK dS = 0.
c
∂K

We look for a discrete solution (vhp , σhp ) approximating
(v, σ) in a finite-dimensional (arbitrary, at this stage) Trefftz
space V(Th ) ⊂ T(Th ). We take the test field (w, τ ) in the
same space V(Th ), thus the volume integral over K in (4)
vanishes. The traces of vhp and σhp on the mesh skeleton are
approximated by the (single-valued) numerical fluxes vbhp and
b hp , so that (4) is rewritten as:
σ

(5)
Z




w
b hp · wnxK + τ ntK dS = 0.
vbhp τ · nxK + 2 ntK + σ
c
∂K

389

Trefftz discontinuous Galerkin methods on unstructured meshes for the wave equation
We choose to define the numerical fluxes as:
b hp :=
vbhp :=
σ


−
−


σhp
vhp








σhp
vhp










σ0
v


0




{{σ }} + α[[v ]]
{{v }} + β[[σ ]]
hp
hp N
hp
hp N


σhp +α(vhp −gD )nxΩ
gD






x



gN nxΩ
vhp +β(σhp · nΩ −gN ) 






vhp
x




(1−δ)(ϑ c −gR )nΩ
(1 − δ)vhp




δc
x
+δσhp
+ ϑ (σhp · nΩ +gR )

on Fhspace,
on FhT ,
on Fh0 ,
on Fhtime,
on FhD ,
on FhN ,
on FhR .

The mesh-dependent parameters α ∈ L∞ (Fhtime ∪ FhD ), β ∈
L∞ (Fhtime ∪ FhN ) and δ ∈ L∞ (FhR ) may be used to tune the
method, e.g. to deal with locally-refined meshes.
The fluxes are consistent, in the sense that they coincide with
the exact solution (v, σ) of the IBVP (1) if they are applied to
(v, σ) itself, which satisfies the boundary conditions and has
no jumps across mesh faces. Moreover, the fluxes satisfy the
b hp · nxΩ = gR on FhR . The
boundary conditions, e.g. ϑc vbhp − σ
numerical fluxes can be understood as upwind fluxes on the
space-like faces and centred fluxes with jump penalisation on
the time-like ones.

Summing the elemental TDG equation (5) over the elements
K ∈ Th , with the fluxes defined above, we obtain the TrefftzDG variational formulation displayed in box (6).

jump of τ (as opposed to the normal jump only), which, in
dimension n > 1, is not easily controlled by the same DG
norms.
R EMARK 2 Formulation (6) can be seen in the framework
of DG methods for general first-order hyperbolic systems
developed in [7], which considers standard discontinuous
piecewise-polynomial spaces. The choice of the numerical fluxes in the interior elements correspond to the choice
of a suitable decomposition of the block matrix M =
nt c−2 (nx )>
( Knt nt KId ) defined on ∂K for all K ∈ Th . Here Idn
K

K

n

is the identity matrix in Rn×n , > denotes vector transposition, and nxK is thought as a column vector. The choice we
have done in this section corresponds to the decomposition:
M+ =
M− =
on
space
t
∂K ∩ Fh ∩ {nK > 0} M
0
∂K ∩ Fhspace ∩ {ntK < 0} 0
M
α

∂K ∩ Fhtime

( 1 nx
2

K

x >
1
2 (nK )
x
βnx
K ⊗nK

−α

) ( 1 nx
2

K

x >
1
2 (nK )
x
−βnx
K ⊗nK

The conditions M+ + M− = M, ker(M+ − M− ) = ker(M)
−
and M+
|∂K 1 + M|∂K 2 = 0 on ∂K 1 ∩ ∂K 2 are automatically
satisfied. Moreover, M+ ≥ 0 and M− ≤ 0 hold true if and
only if αβ ≥ 1/4. The boundary terms in (6) and in [7, §6]
coincide (apart from a different sign convention) if our flux
parameters and their boundary coefficients Q and σ are chosen
so that α = σ on ΓD , β = 1/σ on ΓN , δ = (1 + Q)/2 and
ϑ/c = σ(1 + Q)/(1 − Q) on ΓR .

Method (6) appears as a formulation over the whole space–time
domain Q, which would lead to an unconvenient global linear
system coupling all elements. However, if the mesh is suitably
designed, the solution can be computed by solving a sequence
of smaller local problem. A first possibility is to partition
the time interval [0, T ] into subintervals and solve sequentially
for the corresponding time-slabs Ω × (tj−1 , tj ), see [1, 6];
this corresponds to an implicit method and allows local mesh
refinement. A slightly more complicated, but potentially much
more efficient version is to solve for small patches of elements,
localised in space and time, in the spirit of the semi-explicit
“tent-pitching” algorithm of [2, 3, 7]. If no time-like faces are
present in the mesh, the solution can be found by solving a
small system for each element, see §5.5 below. If the same
mesh is used, all these variants are equivalent, in the sense that
the discrete solutions (vhp , σhp ) coincide.

5

R EMARK 1 One could easily extend the formulation weakening assumption (2) to allow more general time-like faces with
c|nxF | > ntF , i.e. not aligned to the time-axis. Choosing the
numerical fluxes as above, one obtains a formulation similar to
(6) with additional terms on Fhtime containing [[w]]t and [[τ ]]t ,
which do not vanish in this setting. It is then easy to prove
the coercivity of the new bilinear form in a slight modification
of the DG norm introduced
below. However, the bilinear form
R
will contain the term F time {{σhp }} · [[τ ]]t dS, featuring the full

We define two mesh- and flux-dependent norms on T(Th ):

h

)

A priori error analysis

5.1

Definitions and assumptions

We prove the well-posedness and the stability of the TrefftzDG formulation (6) under the assumption that the flux parameters α, β and δ are uniformly positive in their domains of
definition and that kδkL∞ (F R ) < 1. We introduce a piecewiseh
constant function γ defined on Fhspace , measuring how close to
characteristic cones the space-like mesh faces are:
(7) γ :=

c|nxF |
on F ⊂ Fhspace ,
ntF

γ := 0 on Fh0 ∪ FhT ,

from which, recalling assumption (2), γ ∈ (0, 1) and
(8) |[[w]]N | ≤

γ
|[[w]]t | ,
c

|||(w, τ )|||2DG :=
+
+

γ
|[[τ ]]t |
c

1  1 − γ 1/2 −1
c [[w]]t
2
ntF

1  1 − γ 1/2
[[τ ]]t
2
ntF
1 −1
c w
2

|[[τ ]]N | ≤

2
L2 (Fh0 ∪FhT )

2
L2 (Fhspace )

2

L2 (Fhspace )n

+

1
τ
2

on Fhspace .

2
L2 (Fh0 ∪FhT )n
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(6)

Seek (vhp , σhp ) ∈ V(Th ) such that A(vhp , σhp ; w, τ ) = `(w, τ ) ∀(w, τ ) ∈ V(Th ), where
Z
Z

−
−
−
−
A(vhp , σhp ; w, τ ) :=
c−2 vhp
[[w]]t + σhp
· [[τ ]]t + vhp
[[τ ]]N + σhp
· [[w]]N dS +
(c−2 vhp w + σhp · τ ) dx
Fhspace

+
+

`(w, τ ) :=

Z

FhR

Z

Fh0

+

Z

+ α1/2 w
+

2
L2 (Fhtime )n

2

c

 (1 − δ)ϑ
c

+ β 1/2 [[τ ]]N

2

+

w
L2 (FhR )

|||(w, τ )|||2DG+ := |||(w, τ )|||2DG
2
 nt 1/2
F
+
c−1 w−
1−γ
L2 (F space )

Z

FhN

Z

FhN


gN β τ · nxΩ − w dS +

2

2
L2 (FhN )

 δc 1/2
ϑ

 nt 1/2
F
τ−
1−γ

+ β −1/2 {{w}}

;
L2 (FhR )

+ α−1/2 τ · nxΩ

L2 (Fhspace )n

L2 (Fhtime )
2
L2 (FhD )

+ α−1/2 {{τ }}
+ β −1/2 w

2
L2 (Fhtime )n

2
L2 (FhN )

.

(The factors (1 − γ)±1/2 may be dropped from all terms in
the two norms without modifying the analysis in the following
sections.) We note that these are only seminorms on broken
Sobolev spaces defined on the mesh Th , but are norms on
T(Th ): indeed |||(w, τ )||| = 0 for (w, τ ) ∈ T(Th ) implies
that (w, τ ) is solution of the IBVP (1) with zero initial and
boundary conditions, so (w, τ ) = (0, 0) by the well-posedness
of the IBVP itself (see [5, Lemma 4.1]).

5.2



δc
τ · nxΩ dS.
gR (1 − δ)w −
ϑ
FhR

= A(w, τ ; w, τ )
 
X Z 
1  w2
2
+
|τ
|
ntK dS
−
wτ · nxK +
2
2
c
K∈Th ∂K
Z
(6)
c−2 w− [[w]]t + τ − · [[τ ]]t + w− [[τ ]]N + τ − · [[w]]N
=
Fhspace

2

2

Z

A(w, τ ; w, τ )

2

τ · nxΩ


δc
(σhp · nxΩ )(τ · nxΩ ) dS,
ϑ

the jump identities (3), the inequalities (8), the definition of γ
in (7), and the weighted Cauchy–Schwarz inequality, we show
that the form A is coercive in |||·|||DG norm with unit constant:

L2 (Fhtime )

h

+


vhp (τ · nxΩ ) + β(σ · nxΩ )(τ · nxΩ ) dS

vhp w + (1 − δ)vhp (τ · nxΩ ) + δ(σhp · nxΩ )w +


gD αw − τ · nxΩ dS +

+ β 1/2 τ · nxΩ

L2 (FhD )

 (1 − δ)ϑ 1/2


σ · nxΩ w + αvhp w dS +

(c−2 v0 w + σ0 · τ ) dx

FhD

+ α1/2 [[w]]N


{{vhp }}[[τ ]]N + {{σhp }} · [[w]]N + α[[vhp ]]N · [[w]]N + β[[σhp ]]N [[τ ]]N dS

Fhtime

Z

FhD

+

FhT

Z

Well-posedness

We first note that for all Trefftz field (w, τ ) ∈ T(Th )
Z 
 
1  w2
2
ntK dS = 0 ∀K ∈ Th ,
+
|τ
|
wτ · nxK +
2 c2
∂K

which follows from integration by parts and the Trefftz property. Subtracting these terms from the bilinear form A, using


1
− [[wτ ]]N − [[c−2 w2 + |τ |2 ]]t dx
2
Z
Z
1
1
2
2
−2 2
+
(c w + |τ | ) dx +
(c−2 w2 + |τ | ) dx
2 FhT
2 Fh0
Z

+
{{w}}[[τ ]]N + {{τ }} · [[w]]N
Fhtime


+ α|[[w]]N |2 + β[[τ ]]2N − [[wτ ]]N dS
Z
Z
2
+
αw dS +
β(τ · nxΩ )(τ · nxΩ ) dS
FhD

+

Z

FhR

(3)

=

+

Z

 (1 − δ)ϑ

Fhspace



c

2
L2 (Fh0 ∪FhT )

+ α1/2 [[w]]N

+

w2 +

2

L2 (Fhtime )

2
L2 (FhD )

 (1 − δ)ϑ 1/2
c


δc
(τ · nxΩ )2 dS
ϑ


1
1
−2
2
2
(c
[[w]]
+
|[[τ
]]
|
)
+
[[w]]
[[τ
]]
t
t
N dx
t
2ntF
ntF

1 −1
c w
2

+ α1/2 w

FhN

+

1
τ
2

2
L2 (Fh0 ∪FhT )n

+ β 1/2 [[τ ]]N

+ β 1/2 τ · nxΩ
2

w

+
L2 (FhR )

2

L2 (Fhtime )

2
L2 (FhN )

 δc 1/2
ϑ

2

τ · nxΩ

L2 (FhR )
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(7),(8)

≥ |||(w, τ )|||2DG

∀(w, τ ) ∈ T(Th ).

Using again the Cauchy–Schwarz inequality, the bounds on the
jumps (8) and γ < 1, we have the following continuity estimate
for the bilinear form A: for all (v, σ), (w, τ ) ∈ T(Th )
where

|A(v, σ; w, τ )| ≤ Cc |||(v, σ)|||DG+ |||(w, τ )|||DG ,

(9)

Cc :=

(

2,
2 max

n

1−δ
δ

1/2
L∞ (FhR )

,

δ
1−δ

1/2
L∞ (FhR )

FhR = ∅,

o

h

h

+ 2 α1/2 gD

L2 (FhD )

+ (c/ϑ)1/2 gR

+ 2 β 1/2 gN

2
L2 (FhR )

1/2

2

L2 (FhN )

|||(w, τ )|||DG+ ;

if gD = gN = 0 (or the corresponding parts FhD , FhN of the
boundary are empty) then the |||(w, τ )|||DG+ norm at the righthand side can be substituted by |||(w, τ )|||DG .
Combining coercivity and continuity, Céa lemma gives wellposedness and quasi-optimality of the Trefftz-DG formulation
irrespectively of the discrete Trefftz space V(Th ) chosen.
T HEOREM 3 The variational problem (6) admits a unique
solution (vhp , σhp ) ∈ V(Th ). It satisfies:
|||(v − vhp , σ − σhp )|||DG
≤ (1 + Cc )

inf

(w,τ )∈V(Th )

|||(v − w, σ − τ )|||DG+ ,

with Cc as in (9). Moreover, if gD = gN = 0 then
|||(vhp , σhp )|||DG ≤

2
1
c1/2
2
2 v0
+ 2 kσ0 kL2 (F 0 ) + 1/2 gR
h
c
ϑ
L2 (F 0 )
h

2
L2 (FhR )

1/2
.

In the next sections we control the L2 (Q) norm of the error
with a duality-type argument inspired by [8, Theorem 3.1],
based on an auxiliary problem and on energy estimates.

5.3

(11)
2

FhR 6= ∅.

Note that Cc ≥ 2 and that the minimal value Cc = 2
is obtained for δ = 1/2. Also the linear functional ` is
continuous:

2
2
|`(w, τ )| ≤ 2 c−1 v0 L2 (F 0 ) + 2 kσ0 kL2 (F 0 )
2

with data ψ ∈ L2 (Q), Φ ∈ L2 (Q)n . In the next proposition we
assume that there exists a positive constant Cstab , depending
on the domain Q, the mesh Th (thus on γ) and the parameters
c, ϑ, α, β, δ, such that for all ψ ∈ L2 (Q), Φ ∈ L2 (Q)n the
solution (z, ζ) of (10) satisfies the stability bound:

Auxiliary problem and error bounds in L2 (Q)

Consider the auxiliary inhomogeneous IBVP

∇z + ∂ζ/∂t = Φ
in Q,




−2

∇ · ζ + c ∂z/∂t = ψ
in Q,





on Ω,
 z(·, 0) = 0, ζ(·, 0) = 0
(10)
z
=
0
on
ΓD × I,



x

ζ · nΩ = 0
on ΓN × I,






 ϑ z − ζ · nx = 0
on ΓR × I,
Ω
c

 (1 + γ 2 )nt 1/2 z

2

F

1−γ

c

 (1 + γ 2 )nt 1/2
F

+2

1−γ

+ α−1/2 ζ · nxF


2

L2 (Fhspace ∪FhT )
2

ζ

L2 (Fhspace ∪FhT )n

L2 (Fhtime ∪FhD )

+ β −1/2 z

2
L2 (Fhtime ∪FhN )

 ϑ 1/2
1/2
c
+
ζ · nxΩ
z
(1 − δ)ϑ
δc
L2 (FhR )


2
2
2
≤ Cstab
kΦkL2 (Q)n + kcψkL2 (Q) .

+

2

2

L2 (FhR )

Conditions under which bound (11) holds are given in §5.5.
P ROPOSITION 4 If bound (11) is satisfied, then for all Trefftz
fields (w, τ ) ∈ T(Th )
(12)


c−1 w

2
L2 (Q)

2

+ kτ kL2 (Q)n

1/2

≤ Cstab |||(w, τ )|||DG .

Proof. We first prove the vanishing of certain jumps across
mesh faces for the solution (z, ζ) of the inhomogeneous auxiliary problem (10): [[z]]t and [[ζ]]t on Fhspace and of [[z]]N and
[[ζ]]N on Fhtime . Given a hyperplane Π = {nxΠ ·x+ntΠ t = CΠ },
denote the scalar jump of a piecewise continuous function f as
[[f ]]Π := f|{nxΠ ·x+ntΠ t>CΠ } − f|{nxΠ ·x+ntΠ t<CΠ } . From (10),
the fields (ζ, c−2 z) and (zej , ζj ), 1 ≤ j ≤ n (ej denoting the
standard basis elements of Rn ), are in H(divx,t , Q), thus their
normal jumps vanish across any space–time Lipschitz interface
in Q and in particular across Π:
[[ζ ·nxΠ +c−2 zntΠ ]]Π = [[z(nxΠ )j +ζj ntΠ ]]Π = 0

1 ≤ j ≤ n.

Thus, on time-like faces ntΠ = 0, the jump of z and the normal
jump of ζ vanish. On constant-time faces (nxΠ = 0, ntΠ = ±1)
all jumps vanish. On other planes, ntΠ 6= 0 and |nxΠ | =
6 0, thus
(−c2 /ntΠ )[[ζ · nxΠ ]]Π = [[z]]Π = (−ntΠ /|nxΠ |2 )[[ζ · nxΠ ]]Π .
If ntΠ /|nxΠ | =
6 c then we have immediately [[z]]Π = [[ζ ·nxΠ ]]Π =
0 and from above, [[ζj ]]Π = 0 for all 1 ≤ j ≤ n. Assumption
(2) guarantees that ntΠ /|nxΠ | > c on Fhspace , so we conclude that
all jumps vanish. (We have simply shown that the discontinuities of solutions of the first-order wave equation with source
term in L2 (Q)n+1 propagate along characteristics.)
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Since the L2 (Q) norm of (w, τ ) ∈ T(Th ) can be computed as
−1

(13)

c

2
L2 (Q)

w

=

1/2
2
kτ kL2 (Q)

+

sup

RR

(wψ + τ · Φ) dx dt
1/2 ,
2
+ kcψkL2 (Q)

we now take the scalar product of (w, τ ) with the source terms
(ψ, Φ) of problem (10) and integrate by parts in each element:
Z

(wψ + τ · ζ) dV

Z 
w ∂z
∂ζ
(10) X
w∇ · ζ + 2
+ τ · ∇z + τ ·
dV
=
c ∂t
∂t
K∈Th K

X Z 
wzntK
+ τ · ζntK dS
=
wζ · nxK + τ · nxK z +
2
c
K∈Th ∂K
Z
=
[[wζ + τ z]]N + [[c−2 wz + τ · ζ]]t
dS
space
{z
}
|
Fh
Q

+

≤c−1 |[[w]]t |(γ|ζ|+c−1 |z|)+|[[τ ]]t |(γc−1 |z|+|ζ|)

FhT

+

+

Z

 wz

Fhtime

Z

c2



+ τ · ζ dS −

=0 on FhN

(11)

F

F

1−γ

2
L2 (FhT )

+ α−1/2 ζ · nxF

+

c
(1 − δ)ϑ

 ϑ 1/2
δc

=0

+

1−γ

=0 on

FhD



dS

L2 (Fhspace )

L2 (Fhspace )n

2
2 kζkL2 (F T )n
h

L2 (Fhtime ∪FhD )

+ β −1/2 z

2

ζ · nxΩ

2

z
L2 (FhR )

2
L2 (Fhtime ∪FhN )

L2 (FhR )

1/2
2

2
L2 (Q)

≤ Cstab (1+Cc )

inf

2

+ kσ − σhp kL2 (Q)n

(w,τ )∈V(Th )

1/2

|||(v − w, σ − τ )|||DG+ ,

In [5], bound (11) was proven in one space dimension on
meshes made of rectangular elements aligned to the spacetime axes and Cstab was computed explicitly. Two proofs were
given. One of them (Appendix A of [5]) relies on the use of the
exact value of (z, ζ) in Q computed with Duhamel’s principle,
and can not be easily extended to general domains in higher
dimensions as it require a suitable periodic extension of the
IBVP (10) to Rn × (0, T ). The second proof (Lemma 4.9 of
[5]) uses an energy argument to control the traces on spacelike faces in (11) and an integration by parts trick to bound
the traces on time-like faces. In higher dimensions, the energy
argument carries over, while the traces on time-like faces are
harder to control. In §5.5 we prove the stability estimate (11) in
any dimension, under two additional assumptions to get around
the need to control traces on time-like faces. We first discuss
in the next section some energy identities which will be useful
later.

5.4

Energy identities and estimates

where fΣ : Ω → [0, T ] is a Lipschitz-continuous function
whose Lipschitz constant is smaller than 1/c. Each spacelike mesh face in Fhspace is subset of a space-like interface
Σ. The future-pointing unit normal vector is defined almost
everywhere on Σ and denoted by (nxΣ , ntΣ ).

2

c

c−1 (v − vhp )

We call “space-like interface” a graph hypersurface

Σ = (x, fΣ (x)) : x ∈ Ω ⊂ Q

2

ζ

2

1/2



=0

z
|{z}

 (1 + γ 2 )nt 1/2 z

 (1 + γ 2 )nt 1/2

+ 2 c−1 z

+


z
+τ
·
ζ
dS
|{z}
c2 |{z}

w ζ · nxΩ +τ · nxΩ
| {z }

≤|||(w, τ )|||DG · 2



Fh0

w

=[[w]]N ·ζ+[[τ ]]N z



+2

Z

[[wζ + τ z]]N dS
|
{z
}

FhD ∪FhN ∪FhR

(14)

Q
2
kΦkL2 (Q)n

(Φ,ψ)∈L2 (Q)n+1

Z

norm of the best-approximation error: if bound (11) is verified,

For sufficiently smooth scalar and vector fields (w, τ ), define
their energy on a space-like interface as
Z 
 
1  w2
2
E(Σ; w, τ ) :=
w τ · nxΣ +
+
|τ
|
ntΣ dS.
2
2
c
Σ

The energy on constant-time, or “flat”, space-like interfaces are
denoted by E(t; w, τ ) := E(Ω × {t}; w, τ ), for 0 ≤ t ≤ T .
For two space-like interfaces Σ1 , Σ2 with fΣ1 ≤ fΣ2 in Ω, we
denote the volume between them and its lateral boundary as

2

≤ Cstab |||(w, τ )|||DG kΦkL2 (Q)n + kcψkL2 (Q)

1/2

QΣ1 ,Σ2 := {(x, t) : x ∈ Ω, fΣ1 (x) < t < fΣ2 (x)},

.

ΓΣ1 ,Σ2 := {(x, t) : x ∈ ∂Ω, fΣ1 (x) ≤ t ≤ fΣ2 (x)}.

Inserting this bound in the expansion (13) of the L2 (Q) norm
of (w, τ ), we obtain the assertion (12).

From Proposition 4 and Theorem 3, it follows that the L (Q)
norm of the Trefftz-DG error is controlled by the ||| · |||DG+
2

For such interfaces, the following energy identity can be verified integrating by parts:
(15)
E(Σ2 ; w, τ ) = E(Σ1 ; w, τ ) −

Z

ΓΣ1 ,Σ2

w τ · nxΩ dS
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+

Z

QΣ1 ,Σ2





1 ∂w 
∂τ 
·τ + ∇·τ + 2
w dV.
∇w +
∂t
c ∂t

If (v, σ) is the solution of IBVP (1), then we have
Z
E(Σ2 ; v, σ) = E(Σ1 ; v, σ) −
v σ · nxΩ dS.

Proof. Applying the energy identity (15) to the solution (z, ζ)
of the IBVP (10), we have that for any two space-like interfaces
Σ1 , Σ2 with fΣ1 ≤ fΣ2 ,
Z

(17) E(Σ2 ; z, ζ) ≤ E(Σ1 ; z, ζ) +
Φ · ζ + ψz dV
QΣ1 ,Σ2

ΓΣ1 ,Σ2

If gD = gN = gR = 0 in their domains of definition, since ϑ ≥
0, we have E(Σ2 ; v, σ) ≤ E(Σ1 ; v, σ), i.e. energy is dissipated.
If moreover FhR = ∅, then E(Σ2 ; v, σ) = E(Σ1 ; v, σ), i.e.
energy is preserved.

(equality holds if ΓΣ1 ,Σ2 ∩ FhR has vanishing n-dimensional
measure). This implies a bound in space–time L2 norm:
Z T
2
2
c−1 z L2 (Q) + kζkL2 (Q)n = 2
E(t; z, ζ) dt
(17)

≤ 2

Expanding `(vhp , σhp ) ≥
as in [5, eq. (28)],
it is easy to prove that the method (6) is dissipative and that
energy is dissipated by the discrete solution jumps across mesh
interfaces: if gD = gN = gR = 0, the energy of the discrete
solution (vhp , σhp ) of the Trefftz-DG formulation satisfies
|||(vhp , σhp )|||2DG

Using |nxF | ≤ γc−1 ntF on Fhspace and the weighted Cauchy–
Schwarz inequality, we have lower and upper bounds for the
energy: if Σ ⊂ Fhspace ∪ Fh0 ∪ FhT is a space-like interface
composed by element faces, then for all (w, τ ) ∈ L2 (Σ)1+n

5.5

Z

 w2

(1 − γ)ntΣ 2 + |τ |2 dS ≤ E(Σ; w, τ )
c
Σ
Z
 w2

1
(1 + γ)ntΣ 2 + |τ |2 dS.
≤
2 Σ
c

1
2

E(0; z, ζ) +
| {z }
=0

Z Z
Ω

0

0

t


(Φ · ζ + ψz) ds dx dt

1/2
2
+ kζkL2 (Q)n

1/2
2
2
,
· kcψkL2 (Q) + kΦkL2 (Q)n

≤ 2T



2
L2 (Q)

c−1 z

(18)
c−1 z


2
2
2
kζkL2 (Q)n ≤ 4T 2 kcψkL2 (Q) +kΦkL2 (Q)n .

2
+
L2 (Q)

For every space-like mesh interface Σ ⊂ Fh we control the
corresponding term in (11) with the energy term:

≤

4(1 + γ 2 )
(1 − γ)2
{z
|

P ROPOSITION 5 Consider the IBVP (10) and assume that
(i) ΓD = ΓN = ∅, i.e. only Robin boundary conditions are
allowed, ∂Ω = ΓR ; and
(ii) Fhtime = ∅, i.e. no time-like mesh interfaces are allowed.

L∞ (FhR )



where N is the minimal number
of space-like interfaces
S
Σ1 , . . . , ΣN such that Fhspace ⊂ 1≤j≤N −1 Σj and 0 ≤ fΣ1 ≤
· · · ≤ fΣN −1 ≤ fΣN = T .

2

+2

}

(16)

≤ Cγ E(Σ; z, ζ).

 (1+γ 2 )nt 1/2

2

Σ

ζ
1−γ
L2 (Σ)n
Z


2
1
z
(1 − γ)ntΣ 2 + |ζ|2 dS
2 Σ
c

L2 (Σ)

L∞ (Fhspace )

=:Cγ

We are now ready to prove bound (11) which guarantees
the error bound in L2 (Q) norm (14). We note that, under
assumption (ii) below, the wave speed c must be constant
throughout Q. A mesh satisfying this assumption is depicted
in Figure 1.

h



(19)
 (1+γ 2 )nt 1/2 z
Σ
2
1−γ
c

Stability of the auxiliary problem

Then the stability estimate (11) holds true with

4(1 + γ 2 )
1
2
Cstab
= 2T N
+
2
(1 − γ) L∞ (F space )
δ(1 − δ)

0

T

from which

E(T ; vhp , σhp ) ≤ E(0; v0 , σ0 ).

(16)

Z

We partition the faces in Fhspace into (N −1) interfaces Fhspace =
S
1≤j≤N −1 Σj such that 0 ≤ fΣ1 ≤ · · · ≤ fΣN −1 ≤ T and
denote ΣN = Ω×{T }. We now control all terms on the spacelike faces:
 (1 + γ 2 )nt 1/2 z 2
F
2
1−γ
c L2 (F space ∪F T )
h

+2
(19)

≤ Cγ

(17)

≤ Cγ

 (1 + γ 2 )nt 1/2

N
X
j=1

F

1−γ

ζ

L2 (Fhspace ∪FhT )n

E(Σj ; z, ζ)

N Z
X
j=1

h

2

QΩ×{0},Σj


Φ · ζ + ψz dV


2
2
≤ 2Cγ N T kcψkL2 (Q) + kΦkL2 (Q)n .

(18)

From assumptions (i) and (ii), in (11) there are no terms on
Fhtime , FhD and FhN , so we are now left with the terms on FhR :
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using the Robin boundary condition ϑc z = ζ · nxΩ , the energy
identity (15) and the L2 (Q) stability bound (18), we have
2
 ϑ 1/2 2
1/2
c
+
ζ · nxΩ
z
(1 − δ)ϑ
δc
L2 (FhR )
L2 (FhR )
Z 
1
c
ϑ 
≤
δ (ζ · nxΩ )2 + (1 − δ) z 2 dS
δ(1 − δ) L∞ (F R ) FhR ϑ
c
h
|
{z
}



=:Cδ

ϑz=cζ·nx
Ω

=

(15)



Cδ

Z

FhR

z ζ · nxΩ dS

= Cδ E(0; z, ζ) − E(T ; z, ζ) +
| {z } | {z }
=0

≥0

Z

Q


2
2
≤ Cδ 2T kcψkL2 (Q) + kΦkL2 (Q)n .

(18)



Φ · ζ + ψ z dV



Combining this inequality with the previous one we obtain the
2
assertion with Cstab
= 2T (Cγ N + Cδ ).

Assumption (ii) in Proposition 5 requires that all the internal
mesh faces are space-like; Figure 1 shows a mesh of this kind.
The meshes that satisfy this condition allow the Trefftz-DG
method to be treated as a “semi-explicit” scheme as in [3, 7]:
if the elements are suitably ordered, the discrete solution can
be computed sequentially solving a local problem for each
element. This also allows a high degree of parallelism. If the
“tent-pitching” algorithm of [2] is used to construct the mesh
and the “macro elements” of [7] are taken as elements, then
the mesh obtained satisfies the assumptions of Proposition 5.
The fact that the elements obtained in this way do not have
simple shapes such as (n + 1)-simplices is not a computational
difficulty: all integrals in the formulation (6) are defined on
mesh faces, which are n-simplices, thus no quadrature on
complicated shapes needs to be performed. This is due to
the Trefftz property, so this advantage is not available to
discretisations employing standard (non-Trefftz) local spaces.

t
T

Polynomial Trefftz spaces

So far we have not specified any discrete space V(Th ): the only
condition we imposed is the Trefftz property, i.e. V(Th ) ⊂
T(T
V(Th ) :=
Q h ). Given p ∈ N, a simple choice is to define
p
n+1 1+n
V
(K),
where
V
(K)
:=
T(K)
∩
P
(R
)
is
p
p
K∈Th
the space of the solutions (w, τ ) of the wave equation in K that
are polynomials of degree at most p.
For high polynomial degree p, the Trefftz space Vp (K) has
much lower dimension than the space-time, vector-valued, full
polynomial space Pp (Rn+1 )1+n :


p + n 2p + n + 2
dim Vp (K) =
− 1 = Op→∞ (pn ),
n
p+1


p+n
p
n+1 1+n
dim P (R
)
=
(p + n + 1) = Op→∞ (pn+1 ).
n
In dimension n = 1, it has been proved in [5, §5.3] that
these two spaces have the same orders of approximation in the
mesh-width hK := diam K and in the polynomial degree p.
This is true both for solutions with bounded Sobolev regularity
(algebraic orders in hK and p) and for analytic solutions
(exponential orders in p). Thus the order of convergence in
terms of numbers of degrees of freedom can be considerably
higher for the Trefftz-DG method compared to similar DG
schemes based on standard spaces (see e.g. [5, Fig. 2]). Similar
results have been observed in higher dimensions [1, 10], but the
proof of the orders of convergence is open.
A basis of Vp (K) can be constructed using “transport polyno∂
mials”, or “polynomial waves”, in the form ( ∂t
P`,j , −∇P`,j )
`
with P`,j (x, t) = (x · dj − ct) for 0 ≤ ` ≤ p, where
the propagation directions dj ∈ Rn , |dj | = 1, are suitably
chosen. Non-polynomial Trefftz basis functions can easily be
constructed, for example, from f (x · dj − ct) for any smooth
function f : R → R.
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Time dependent scattering from diffraction gratings
L. Fan∗ and P. Monk∗

Abstract— When assessing photonic gratings for solar voltaic applications, it is necessary to predict the fields in a structure for
many frequencies. Usually this is done frequency by frequency, but an alternative might be to solve a time domain problem
with a pulse that excites all the desired frequencies and then obtain the frequency domain response from the resulting fields by a
Fourier transform. This requires to handle frequency dependent coefficients in the time domain, as well as a more complicated
equation due to quasi-periodicity. In this paper we provide a convergence analysis for a time domain grating problem based on
the use of Dirichlet-to-Neumann maps to truncate the computational domain, and convolution quadrature to discretize in time.
We also present numerical results that support our claims.
Keywords: Diffraction grating, time domain, finite element method, convolution quadrature.

1

Introduction

We are interested in the time domain simulation of thin film
solar cells backed by periodic metal gratings. After a transformation to remove time retardation in the boundary conditions, and assuming the grating is invariant in one direction,
Maxwell’s equations can be simplified to obtain two wave
equations [1, 2]. For simplicity we will only describe one
case, called s-polarization, here. Let x = (x, y) ∈ R2 denote
position and t time. Then let L denote the x-period of the
grating and set S = (0, L) × R. The unknown z component of
the scattered electric field ws = ws (x, t) satisfies:
(1)



r − d21 δ
c2



?

In addition the following initial conditions and periodic boundary conditions hold:

ws = 0 in S at t = 0,
∂ws
= 0 in S at t = 0,
∂t
ws (L, y, t) = ws (0, y, t) for t > 0, y ∈ R,
∂ws
∂ws
(L, y, t) =
(0, y, t) for t > 0, y ∈ R.
∂x
∂x

d1 ∂ 2 ws
∂ 2 ws
s
=
∆w
−
2
+ F,
∂t2
c ∂t∂x

in S for t > 0. Here ? denotes temporal convolution which
arises because the relative permittivity r of the material in
the grating is generally frequency dependent. In addition
(d1 , d2 ) = (cos α, sin α) is the direction vector for the known
incident field which we assume to be a plane wave and will
describe shortly.
Let H denote the maximum height of the thin film. We
assume that the thin film lies in the strip 0 < y < H so that
r (x, t) = δ(t), the Dirac delta, for y < 0 or y > H. For
0 < y < H, in the grating r will depend on the material used
there. Further assumptions on r there will be described later
in the paper.
The righthand side F arises from the incident wave and in this
case


∂ 2 wi
r − δ
?
.
F =
c2
∂t2
∗ Department

where wi (x, t) = g(t−d2 y/c) and g is a smooth function such
that wi = 0 in Ω = (0, L) × (0, H) for t < 0. Note that F
vanishes outside the solar cell.

Periodicity is due to the transformation giving rise to (1).
Existence results for the grating problem have been proved
for frequency independent coefficients in [2]. Our analysis
extends this work in two directions: 1) frequency dependent
coefficients are handled, and 2) more general norms for the
solution are allowed.
Using the Fourier-Laplace transform in time we can prove that
the above problem is well posed under appropriate conditions
on the coefficient r [3]. Using the same approach we can then
derive a variational formulation for a truncated problem using
Dirichlet-to-Neumann maps on the truncation boundaries, and
hence prove convergence of a fully discrete scheme for the
problem [4]. The analysis is based on the work of Bamberger
and Ha Duong [5] and Lubich’s work on Convolution Quadrature [6].
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Variational Formulation

We denote by fˆ the Fourier-Laplace transform of a function
f = f (t) given by
Z ∞
fˆ(s) =
exp(−st)f (t) dt,
0

where s = σ + iω and σ > 0, ω ∈ R.
Taking the Fourier-Laplace transform of (1), and denoting by
Hp1 (S) = {u ∈ H 1 (S) | u(0, y) = u(L, y), ∀y} where the
periodicity condition is understood in the sense of traces, we
are lead to the problem of finding ŵs ∈ Hp1 (S) such that


d1 ∂ ŵs
ˆr − d21
2 s
s
s
(2)
ŵ
=
∆
ŵ
−
2s
+ F̂ in S,
c2
c ∂x
∂ ŵs
∂ ŵs
(3)
(L, y, t) =
(0, y, t), y ∈ R.
∂x
∂x
This problem can be posed variationaly and analyzed to prove
existence of a solution for any s, <(s) = σ > 0, under
appropriate assumptions on ˆr . In addition we can obtain
suitable s dependent bounds on the norm of the solution
operator. Transforming back to the time domain allows us to
prove existence of the time domain solution [3].

by T+ (s)ĝ = ∂ ŵ+ /∂y. Similarly on the lower boundary
Σ− = {(x, 0) | 0 < x < L} we can define a Dirichlet-to1/2
−1/2
Neumann map T− (s) : Hp (Σ− ) → Hp
(Σ− ). Given
the Fourier representation, we can verify mapping properties
of these operators [4].
We can now write a Galerkin formulation for the FourierLaplace domain scattering problem. Multiplying (2) by the
complex conjugate of a test function ξ and integrating by parts
over Ω, then using the Dirichlet-to-Neumann maps on the
upper and lower boundaries, we are lead to seek ŵs ∈ Hp1 (Ω)
such that
Z
s
(5)
a(ŵ , ξ) =
F̂ ξ dA for all ξ ∈ Hp1 (Ω),
Ω

where the overline denotes complex conjugation and the
sesquilinear form is given by

a(ŵs , ξ) =



Z 
ˆr − d21
d1 ∂ ŵs
s
2
s
∇ ŵ · ∇ξ + s
ξ dA
ŵ ξ + 2s
c2
c ∂x
Ω
Z
Z
−
T− (s)ŵs ξ dx −
T+ (s)ŵs ξ dx.
Σ−

Σ+

Note that
2

Here we take a different approach and reduce the problem
to a bounded domain Ω = (0, L) × (0, H) containing one
period of the grating. Let S+ = (0, L) × (H, ∞) and
1/2
S− = (0, L) × (−∞, 0). Suppose ĝ ∈ Hp (Σ+ ) where
Σ+ = {(x, H) | 0 < x < L} is a given function. Considering
S+ (we shall provide details only for S+ since S− follows in
the same way), we can then consider the mixed periodic and
Dirichlet problem of finding ŵ+ ∈ Hp1 (S+ ) such that


1 − d21
d1 ∂ ŵ+
in S+ ,
s2 ŵ+ = ∆ŵ+ − 2s
c2
c ∂x
∂ ŵ+
∂ ŵ+
(L, y) =
(0, y), y ∈ R, y > H,
∂x
∂x
ŵ+ = ĝ on Σ+ .
This constant coefficient boundary value problem can
be
P∞solved by separation of variables, and if ĝ =
n=−∞ ĝn exp(inπx/L) then we can compute the normal
derivative on Σ+ as
∞
X
∂ ŵ+
=−
κsn ĝn exp(inπx/L)
∂y
n=−∞

where
(4)

κsn =

s
c

s

1−



2inπc
− d1
sL

2

.

Here we choose <(κsn ) > 0. The Dirichlet-to-Neumann
1/2
−1/2
map T+ (s) : Hp (Σ+ ) → Hp
(Σ+ ) is then defined

F̂ = s



ˆr − 1
c2



ŵi .

To prove existence and uniqueness for this problem we need
to assume properties of the coefficient ˆr . In particular [3], we
assume that the coefficient ˆr (x, s) is piecewise continuously
differentiable in x (and of course L-periodic in x). In addition
1. For almost every x ∈ S the coefficient ˆr is analytic in s
for <(s) > σ0 > 0 for any σ0 , and bounded independent
of s (but the bound may depend on σ0 ).
2. There is a constant γ0 such that
<(s(ˆ
r (x, s) − d21 )) > σγ0 > 0

for <(s) = σ > 0 and all x ∈ S.

3. ˆr (x, y, s) = 1 for y < 0 or y > H and all x, s.
In [3] we show that a piecewise constant Drude model of
a metal or a Sellmeier model of a dielectric satisfies these
conditions.
Using the trick of Bamberger and Ha Duong [5] to choose ξ =
sŵs in (5) and by analyzing the sign of the terms involving the
Dirichlet-to-Neumann map, we can show that the sesquilinear
form is coercive and continuous, and hence a solution exists
to the variational problem (5) with an explicit estimate of the
s dependence of the coefficients. Using Lubich’s results [6]
and the inverse Fourier-Laplace transform we then can verify
existence and uniqueness, as well as norm estimates, for the
time dependent problem on Ω.
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Our interest is to develop a fully discrete solution including
both time discretization and spatial discretization. To this end
suppose Ω is covered by a regular (in the sense of [7]) mesh
Qh of quadrilaterals of maximum diameter h (these could be
obtained by mapping from a reference square element using
a bilinear mapping for example). In addition let Qh denote
the space of continuous finite elements on Qh obtained by
mapping a polynomial of degree at most q in each variable on
the reference element by a bilinear mapping. This will be the
space for the discrete Fourier-Laplace domain solution.
While the Dirichlet-to-Neumann map could be approximated
by an integral equation (or a Perfectly Matched Layer), in this
paper we compute it using a Fourier basis on Σ± . We define
the Fourier space
PN = span{exp(inπx/L) | − N ≤ n ≤ N }

schemes and for simplicity will only consider a special class
of multi-step methods in time that includes the backward Euler
scheme and BDF2 (some classes of implicit Runge-Kutta could
also be used).
We consider a class of k-step multistep methods in time that
includes the two main candidates used in Convolution Quadrature. Using a uniform time step ∆t > 0, let tm = m∆t,
m ∈ Z. Suppose that when applied to the initial value problem
for the ordinary differential equation y 0 = f (t, y), y(0) = 0,
the method is
k
X

αj ym−j = ∆tf (tm , ym ),

j=0

where ym = 0 if m ≤ 0 and we expect ym ≈ y(tm ). Then
define the generating function γ of the method for ζ ∈ C by

and denote by PN the L2 (0, L) orthogonal projection onto P N .
Note that T± diagonalizes on PN so is rapiod to compute.
The fully discrete Fourier-Laplace domain solution
Qh satisfies
Z
s
F̂ ξ dA for all ξ ∈ Qh ,
(6)
aN (ŵh,N , ξ) =

s
ŵh,N

∈

Ω

where the sesquilinear form is given by
s
aN (ŵh,N
, ξ) =


Z 
b − d21
s
s
ξ
∇ ŵh,N
· ∇ξ + s2
ŵh,N
2
c
Ω

Z
s
d1 ∂ ŵh,N
s
+2s
ξ dA −
T− (s)PN ŵh,N
ξ dx
c ∂x
Σ−
Z
s
ξ dx.
−
T+ (s)PN ŵh,N
Σ+

We can show that the sesquilinear form here is coercive using
the same type of analysis as for the continuous problem. Using
the Strang Lemma we can also prove a quasi-optimal error
estimate with explicit s dependent bounds provided s = σ +iω
where σ > 0 [4]. Of course the error estimate depends on both
h and N . In practice, for solar cell problems, the convergence
in N is very rapid because only a few modes propagate.

3

Time Discretization

Our goal is to provide a technique for computing the time
domain solution. Although it might be expected that an explicit
time stepping scheme would be most useful, two features
of the problem make this approach less appealing: 1) the
speed of the wave depends on the direction of propagation, 2)
the coefficients are frequency dependent and so the equation
is dispersive. So it is common to use an implicit scheme
[8]. Because we will now appeal to Lubich’s convolution
quadrature theory we will consider only A-stable and L-stable

m = 1, 2, · · ·

γ(ζ) =

k
X

αj ζ j .

j=0

Following the convolution quadrature approach, the discrete
s,∆t
Laplace transform domain scattered field ŵh,N
∈ Qh satisfies
s,∆t
s
(6) with ŵh,N replaced by ŵh,N and s replaced by γ(ζ)/∆t.
s,∆t
In particular ŵh,N
∈ Sh satisfies
2 


Z "
b − d21
γ(ζ)
s,∆t
s,∆t
ŵh,N
ξ
∇ŵh,N · ∇ξ +
∆t
c2
Ω
#
s,∆t
γ(ζ) d1 ∂ ŵh,N
+2
ξ dA
∆t c ∂x
Z
s,∆t
ξ dx
−
T− (γ(ζ)/∆t)PN ŵh,N
Σ−
Z
s,∆t
(7)
−
T+ (γ(ζ)/∆t)PN ŵh,N
ξ dx
Σ+
Z
=
F̂ (γ(ζ)/∆t)ξ dA,
∀ξ ∈ Qh .
Ω−

This equation holds for all |ζ| < 1 and ζ ∈ C.
s,∆t
Expanding ŵh,N
as a Taylor series defines the time steps
s,∆t
wh,N,m ∈ Qh , m = 0, 1, 2 · · · , by

(8)

s,∆t
ŵh,N
=

∞
X

s,∆t
wh,N,m
ζ m.

m=0
s,∆t
Finding the time steps wh,N,m
essentially
s,∆t
the inverse z-transform of ŵh,N .

involves computing

Lubich [6] shows that the following space is useful in the time
dependent theory:
W0m,1 ((0, T ); L2 (Ω)) =
 m
∂ g/∂tm ∈ L1 ((0, T ); L2 (Ω)) | g = ∂g/∂t = · · · =
∂ m−1 g/∂tm−1 = 0 at t = 0 .
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In [4] we prove the following fully discrete error estimate:
T HEOREM 1 Suppose we use a pth-order A-stable multistep
method of the type defined above. In addition suppose we use
regular finite elements to discretize in space. Finally, suppose
F ∈ W0m,1 ((0, T ); L2 (Ω0 )), m ≥ p+2. Then the time discrete
s,∆t
finite element solution wh,N,n
∈ Qh , n = 0, 1, · · · , is well
defined for each time-step n and satisfies the error estimate
s,∆t
kwh,N,n
− ws (tn )kHp1 (Ω) ≤
Z T m
∂ F
p
dt + kws − vh kW 1,1 ((0,T );H 1 (Ω))
C (∆t)
p
0
∂tm
0

+kPN ws − ws kW 0,1 ((0,T );H 1/2 (Σ− ))
p

0

p

for any vh (., t) ∈ W01,1 ((0, T ), Qh ). Here the constant C
depends on T and σ0 but is independent of u, h, N , ∆t and
vh .
Provided ws is smooth enough in space, we can then derive
optimal order error estimates in N −1 and h. Typical choices
of methods that satisfy the conditions of this theorem are the
backward Euler method and BDF2. In the upcoming numerical
results we shall use BDF2 for which
γ(ζ) =

1
3 − 2ζ + ζ
2


2

(10)

j=0

Turning to (7), we see that the only difficulty in performing the
same analysis is to expand T− (γ(ζ)/∆t) as a power series in ζ
(similarly for T+ ). Of course from (4) this requires finding the
Taylor series of
s

2 X
∞
2inπc∆t
γ(ζ)
s,∆t `
s,∆t
1−
=
− d1
κ̃n,`
ζ .
κ̃n =
c∆t
Lγ(ζ)
Note that the coefficients {κ̃s,∆t
n,` } depend on both the Dirichletto-Neumann operator and the specific time stepping scheme
used. Let us define the discrete in time operator T̃+∆t,` : PN →
PN such that if
u=

s,∆t
∆t
ẑh,N
= (γ(ζ)/(∆t))ŵh,N
∈ Qh .

To obtain a marching on in time scheme we replace
s,∆t
∆t
(γ(ζ)/(∆t))ŵh,N
by ẑh,N
in (7) and then follow [6] by
expanding the discrete Fourier-Laplace domain fields as in (8)
∆t
and use a similar expansion for ẑh,N
:
∞
X

m=0

∆t
zh,N,m
ζ m.

N
X

un exp(2πnx/L)

n=−N

then
T̃+∆t,` u = −

N
X

κ̃s,∆t
n,` un exp(2nπix/L)..

n=−N

(similarly for T̃− ). We also need to expand F̂ (γ(ζ)/∆t) giving
F̂ (γ(ζ)/∆t) =

∞
X

∆t m
Fm
ζ

m=0
∆t
where the coefficients Fm
, m = 0, 1, · · · are at least L2 (S)
functions with support in Ω.

With these notions in hand we see that (7) is equivalent to the
difference equation

Z X
k 
b − d2

We now give details of the time marching scheme in the case
when ˆr is frequency independent. The frequency dependent
case would need the addition of variables to take care of the
convolutions depending on the model for r and this would
complicate the presentation unduly. The derivation of the time
marching scheme is simplified by the introduction of

∆t
ẑh,N
=

s,∆t
∆t
αj wh,N,m−j
= ∆tzh,N,m
.

.

There are now two ways to compute the approximation to
s,∆t
ws (·, tn ) given by wh,N,n
. One way is to solve (7) for
several values of ζ and then compute the time steps by an
inverse discrete Laplace transform [10]. This has the advantage
that frequency dependent coefficients can be handled easily
and the method is trivial to parallelize, but it is not a direct
time marching scheme and can be memory intensive. The
alternative is to take the inverse discrete Laplace transform of
(7) and obtain a time marching scheme.

(9)

k
X

`=0



+kPN ws − ws kW 0,1 ((0,T );H 1/2 (Σ+ )) .
0

Equating terms in ζ shows that (9) is nothing more than the
given multistep scheme applied to ∂ws /∂t = z given by

1

c2

Ω j=0

−
(11)

Z

∆t
αj zh,N,m−j
ξ

m 
X


s,∆t
T̃−∆t,j PN wh,N,m−j
ξ

Σ− j=0
Z X
m 

−

= −∆t
+∆t

Σ+ j=0

Z

Ω

Z

Ω


s,∆t
T̃+∆t,j PN wh,N,m−j
ξ

s,∆t
∇wh,N,m

∆t
2d1 ∂zh,N,m
· ∇ξ +
ξ
c
∂x

!

∆t
Fm
ξ

for all ξ ∈ Qh where (10) and (11) hold for m = 1, 2, · · · and
the fields in are set to zero if the index m − j ≤ 0.
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Time dependent scattering from diffraction gratings

A simple test problem is to consider a flat interface (trivially
periodic!) and compute scattering by a plane wave at normal
incidence [3]. Set c = 1 suppose ˆr = 1 for y < hi where hi
is the interface height (0 < hi < H), and ˆr = + 6= 1 for all
k
X
s,∆t
s,∆t
∆t
y
> hi . Strictly this problem is not covered by our previous
α0 wh,N,m − ∆tzh,N,m = −
αj wh,N,m−j ,
description
of the algorithm because ˆr 6= 1 for y > H but
j=1

Z 
Z 
a simple modification of the Dirichlet-to-Neumann map T+

2
r − d 1
s,∆t
∆t
α0 zh,N,m
ξ−
T̃−∆t,0 PN wh,N,m
ξ above the interface allows this case to be covered as well.
c2
Σ−
Ω
Z 

Consider an incident field at normal incidence (so d1 = 0)
s,∆t
−
T̃+∆t,0 PN wh,N,m
ξ
defined by

Rearranging terms, at step m we solve the following pair
s,∆t
∆t
of equations for (zh,N,m
, wh,N,n
) ∈ Qh × Qh in terms of
previously computed quantities

Σ+

+∆t

Z

s,∆t
∇wh,N,m

Ω

=

−
+
+


Z X
k 
r − d 2
1

Ω j=1
Z X
m 
Σ− j=1
m 
X

Z

Σ+ j=1

c2

∆t
2d1 ∂zh,N,m
· ∇ξ +
ξ
c
∂x

!

∆t
αj zh,N,m−j
ξ



s,∆t
T̃+∆t,j PN wh,N,m−j
ξ + ∆t

Z

y < hi ,

Ω


√
√
√
+ − −
+
(z − hi ) + t
w (x, z, t) = √
√ f
+ + −
c
s

∆t
Fm
ξ,

for all ξ ∈ Qh . Obviously, at the expense of more notation, the
above equations can be combined to give a single marching
s,∆t
scheme for wh,N,m
. Except for the Dirichlet-to-Neumann
terms the matrices corresponding to the bilinear form above are
standard finite element matrices, and the terms on Ω have the
same form as a standard multistep discretization of (1). Only
the previous k − 1 time steps must be stored to compute the
next setp.
On the upper and lower boundary we need to store the solution
at all previous times. But to apply the Dirichlet-to-Neumann
operators on the right hand side above we need only store the
s,∆t
2N + 1 Fourier coefficients of PN wh,N,j
for 0 ≤ j ≤ m
and not the entire interior solution. Nevertheless this storage
requirement does grow linearly as the number of time steps
increases.
The remaining question is how to compute the coefficients
κ̃s,∆t
p,` . Once the time stepping scheme is given, these can
be computed for small ` symbolically but otherwise can be
computed as in [10] by fast Fourier transform which involves
approximating
Z
1
κ̃s,∆t
(ζ)
s,∆t
n
κ̃n,`
=
dζ
`+1
2πi C ζ

where C is a circle of radius λ < 1 centered at the origin in the
complex plane. Note that the choice of λ is delicate [10].

4


 √
+
(y − hi ) + t ,
−
c

where f is a given function. Then the scattered field for y < hi
will be

s,∆t
T̃−∆t,j PN wh,N,m−j
ξ



ui (x, y, t) = f

Numerical Results

Numerical results computed using deal.II [9] will now be
presented. We implement BDF2 in time and use bi-cubic
elements (q = 3) in space.

and the scattered wave in z > hi is

 √
−
w (x, z, t) = gt −
(z − hi ) + t
c
s

where
gt (t) = √

√
2 +
√ f (t).
+ + −

We choose f (t) to be sufficiently smooth for our convergence
theorem to hold and to vanish for t < 0, and in particular for
parameters m, α > 0 and β we define

f (t) =



0
sin4 (α(t − β))

for t < β or t > π/α + β,
for β < t < π/α + β.

This function is in H 4 (R), and we choose α = 3 and β = 0.5.
In addition we choose + = 4 and hi = 0.5.
For finite elements we use the fixed and almost uniform spatial
mesh in Fig. 1. We know that for this example N = 0 (one
mode) suffices, but to test the method we chose N = 10. The
final time is T = 4 and results are shown in Fig. 2. The results
in Fig. 2 are computed using the method outlined in this paper
and presented in detail in [4]. Both in the L2 and H 1 norm the
convergence rate is O((∆t)2 ) as expected from Theorem 1,
although the L2 error is considerably less than the H 1 error as
usual for conforming finite elements.
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5

Conclusion

We have outlined how to apply Convolution Quadrature and
Dirichlet-to-Neumann maps to compute the time dependent spolarized field in a grating. One novelty of our paper is to allow
frequency dependent coefficients. We prove optimal convergence for the fully discrete scheme and provide a preliminary
numerical tests of the algorithm. The results show that the
expected convergence rate is seen. In the future, these results
will be extended to the full three dimensional electromagnetic
grating problem.
Figure 1: Simple almost uniform spatial mesh used to investigate convergence of the time stepping scheme. The domain is
Ω = [0, 1] × [0, 1]. The coefficient r changes at y = 0.5.
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Eliminating the pollution effect in Helmholtz problems by
local subscale correction
D. Gallistl∗ and D. Peterseim∗

Abstract— We introduce a new Petrov-Galerkin multiscale method for the numerical approximation of the Helmholtz equation
with large wave number κ in bounded domains in Rd . The discrete test spaces are generated from standard mesh-based finite
elements by local subscale corrections in the spirit of numerical homogenization. The precomputation of the corrections involves
the solution of coercive cell problems on localized subdomains of size `H; H being the mesh size and ` being the oversampling
parameter. If the mesh size and the oversampling parameter are such that Hκ and log(κ)/` fall below some generic constants,
the method is stable and its error is quasi-minimal; pollution effects are eliminated in this regime.
Keywords: pollution effect, Helmholtz problem, finite element, multiscale method, numerical homogenization.

This talk concerns the numerical solution of the Helmholtz
equation by the finite element method or related schemes in
the regime of large wave numbers. The highly oscillatory
nature of the solution plus a wave number dependent pollution
effect puts very restrictive assumptions on the smallness of the
underlying mesh. Typically, this condition is much stronger
than the minimal requirement for a meaningful representation
of highly oscillatory functions from approximation theory, that
is, to have at least 5 − 10 degrees of freedom per wave length
and coordinate direction.
The wave number dependent preasymptotic effect denoted as
pollution or numerical dispersion is well understood by now
and many attempts have been made to overcome or at least
reduce it. However, for many standard methods, this is not
possible in 2d or 3d [1].
Inspired by the numerical homogenization of diffusion problems with rough and highly oscillatory diffusion tensor [4] ,
this talk introduces a novel Petrov-Galerkin multiscale method
of to cure pollution in the numerical approximation of the
Helmholtz problem. The discrete trial and test spaces of
the method are generated from standard mesh-based finite
elements by local subscale corrections. The precomputation
of the corrections involves the solution of H −d coercive cell
problems on localized subdomains of size `H; H being the
mesh size and ` being the adjustable oversampling parameter.
If the data of the problem (domain, boundary condition, force
term) allows for polynomial-in-κ bounds of the solution operator and if the mesh size and the oversampling parameter of
the method are such that the resolution condition Hκ . 1 and
the oversampling condition log(κ)/` . 1 are satisfied, then the
∗ Institute

method is stable and satisfies the error estimate
κku − umsPG kL2 (Ω) + k∇(u − umsPG )kL2 (Ω) ≤ C(H + β ` )
with generic constants C > 0 and β < 1 independent of
κ. For a fairly large class of Helmholtz problems, including
the acoustic scattering from convex non-smooth objects, this
result shows that pollution effects can be suppressed under the
quasi-minimal resolution condition Hκ ≤ O(1) at the price of
a moderate increase of the inter-element communication, i.e.,
logarithmic-in-κ oversampling. The complexity overhead due
to oversampling is comparable with that of [5, 6], where instead
of increasing the inter-element communication, the number of
degrees of freedom per element is increased via the polynomial
degree which is coupled to log κ in a similar way. While [1]
shows that pollution cannot be avoided with a fixed stencil,
our results show that already a logarithmic-in-κ growths of the
stencil can suffice to eliminate pollution.
Although the results are constructive, their practical relevance
for actual computations is not immediately clear in any case.
The multiscale method requires accurate precomputations on
sufficiently fine subgrids. These precomputations are both
local and independent, but the worst-case (serial) complexity
of the method can exceed the cost of a direct numerical
simulation on a global fine mesh. In this context, this talk also
shows how, in a structured mesh, the number of cell problems
can be reduced from O(H −d ) to O(`d ), where the hidden
constant depends only on the number of geometric feature of
the computational domain. This complexity reduction turns the
approach into a feasible and competitive numerical method for
acoustic scattering problems. Several numerical experiments
will demonstrate the practical performance of the method.

for Numerical Simulation, Bonn University, Wegelerstr. 6, 53115 Bonn, Germany. Email: gallistl@ins.uni-bonn.de, peterseim@ins.uni-bonn.de
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This talk is based on the recent preprints [7] and [2].

[4] A. Målqvist and D. Peterseim, Localization of Elliptic Multiscale
Problems, Math. Comp. 83 (2014), no. 290, 2583-2603.
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Special Session 13
Optimal Control of Partial Differential Equations
The goal of this section is to gather some researchers in optimal control of partial differential
equations that will present the latest results in the field. The talks will deal with theory, numerics
and applications. Concerning the theoretical results, sparsity and second order analysis are two
very active research lines at the moment. Second order analysis is the main tool to prove error
estimates in the discretization of nonconvex control problems or in the study of stability of the
solutions with respect to perturbations in the data. This topic has been developed in the last years,
but there are still many open problems.
Sparsity is another topic that have focused the attention of many specialists in optimal control.
In the control of distributed parameter systems, usually we cannot put control devices at every
point of the domain. Actually, we are allowed to use small regions to put the controllers. Then
the big issue is which region is the most convenient to localize them. Of course, we have to
determine the power of the controllers as well. These controls are called sparse because they are
not zero only in a small region of the domain.
Of course, the numerical analysis is an essential issue in the control of partial differential
equations. The numerical solution of optimal control problems governed by partial differential
equations requires a suitable discretization of the equation and a related approximation of the
state and control functions. For instance, finite element or more general Galerkin methods are
applied, that are based on grids for the spatial or time domains. The smaller the mesh sizes of
these grids are, the larger is the dimension of the resulting discretized optimal control problems.
It is a characteristic difficulty in the control of partial differential equations that the dimension
of the discretized problems easily becomes very large. An important question naturally arises:
How fine the discretization of the problem must be in order to reach a desired precision of its
solution? Therefore, there is a natural interest in estimating the distance of the optimal solution
of the discretized control problem to the exact optimal solution of the continuous one. The
main question is to estimate the order of this distance, i.e. the approximation error, in terms of
the mesh sizes. After first contributions to this issue for linear elliptic and parabolic equations,
the associated research became very active in the last decade. Problems of increasing level of
difficulty were investigated. Recently, control problems for quasilinear elliptic equations and
for parabolic equations received more attention. Moreover, problems with given pointwise state
constraints are investigated actively. Here, the treatment of the Lagrange multipliers is the main
difficulty.
Finally, applications of control theory to fluid dynamics problems described by Navier-Stokes
equations or some other nonlinear partial differential equations, reaction-diffusion problems,
magnetism problems, etc., are actively studied nowadays.
This session deals with the most recent results about these issues.
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Optimal control of urban heat islands
F. J. Fernández∗, L. J. Álvarez-Vázquez†, N. García-Chan‡, A. Martínez†, M. E. Vázquez-Méndez§

Abstract— In this work we analyze and numerically solve a problem related to the optimal location of green zones in metropolitan
areas in order to mitigate the urban heat island effect. So, we consider a microscale climate model and analyze the problem within
the framework of optimal control theory of partial differential equations. Finally we compute its numerical solution using the
finite element method, with the help of the interior point algorithm IPOPT, interfaced with the FreeFem++ software package.
Keywords: Urban Heat Island, Green Zones, Optimal Control, Numerical Modelling

1

Introduction

The term urban heat island (usually denoted as UHI) is used,
in the environmental sciences, refered to a metropolitan area
presenting a significantly warmer temperature with respect to
its surrounding areas, mainly due to human activities. This anthropogenic phenomenon was firstly described from a scientific
point of view in the 19th century. These temperature difference
between urban areas and the surrounding suburban or rural
areas can reach up to 5 ◦ C. These temperature differences are
larger at night than during the day, and is most strongly marked
when winds are very weak. The phenomenon is even more
remarkable during summer or winter [7]. At present time, UHI
is considered as one of the major environmental challenges
of the 21st century as an undesired result of urbanization and
industrialization of human civilization.
There exist several causes of an UHI. The main reason for
the nighttime warming is that the shortwave radiation is still
within the concrete, asphalt, and buildings that was absorbed
during the day, unlike suburban and rural areas. This energy
is then slowly released during the night as longwave radiation,
making cooling a slower process. Other possible reasons are
the changes in the thermal properties of surface materials (in
modification of land surfaces, used materials effectively store
shortwave radiation), and the lack of evapotranspiration (for
example through lack of vegetation) in urban areas. With a
decreased amount of vegetation, cities often lose the shade and
cooling effect of trees, the low albedo of their leaves, and the
removal of carbon dioxide. Materials commonly used in urban
areas for pavement and roofs, such as concrete and asphalt,
have significantly different thermal bulk properties (including
heat capacity and thermal conductivity) and surface radiative

properties (albedo and emissivity) than the surrounding rural
areas. This causes a change in the energy balance of the UHI,
leading to higher temperatures than surrounding rural areas.
Other secondary (although important) anthropogenic causes
of an UHI are related to geometric effects. High buildings
within many big cities provide multiple surfaces for the reflection and absorption of sunlight, increasing the efficiency
with which urban areas are heated (the so-called urban canyon
effect). Another effect of buildings is the blocking of wind,
which also inhibits cooling by convection and pollution from
dissipating. Waste heat from automobiles, air conditioning,
industry, and other anthropogenic sources also contributes to
the phenomenon [4]. Moreover, large levels of pollution in
urban areas can also increase the UHI effect, as many forms
of pollution change the radiative properties of the atmosphere.
In addition, as UHI raises the temperature of cities, it will also
increase the concentration of ozone in the air, which results
in an undesired greenhouse effect. Finally, UHI decreases not
only air quality, but also water quality as warmer waters flow
into area streams and add stress on their ecosystems.
Mitigation of the UHI effect can be accomplished through the
use of green roofs or of lighter-colored surfaces in urban areas
(which reflect more sunlight and absorb less heat), and also as will be addressed in this study - through the setting of large
green zones of shade trees inside the city. Implementation
of heat island mitigation measures is now a prominent part
of environmental political tasks. The problem is even worse
in cities or metropolises with large population and intensive
economic activities. Currently, more than three billion people
living in the urban areas in the world are directly exposed to the
problem, and this number will be increased significantly in the
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near future. Due to the importance of the problem, a very vast
research effort has been dedicated and a wide range of literature
is available for the subject, mainly from a engineering point of
view. However, as far as we know, the mathematical approach
to the problem has been much more poorly attended [5, 1].

OU T
ΓIN
, other boundaries
A , the outlet boundary for the air ΓA
N
for the air ΓA and the other boundaries for the soil ΓN
A . If
we take into account the previous notations we have ∂Ω3D
S =
A
B
3D
H
IN
OU T
R
W
A
ΓN
∪ΓN
S ∪ΓS ∪ΓS , ∂ΩA = ΓA ∪ΓA ∪ΓA
A ∪ΓB ∪ΓB ∪ΓS
3D
W
R
B
and ∂ΩB = ΓB ∪ ΓB ∪ ΓS .

The present study was carried out in order to introduce and
develop a mathematical framework to deal with this environmental problem. So, in section 2 we analyze a well-posed
mathematical formulation of the urban heat island problem
within a three-dimensional framework. Sections 3 and 4 are
devoted, respectively, to present the mathematical analysis and
numerical resolution of the state equations. Finally, Sections
5 and 6 are devoted to mathematical analysis and numerical
resolution of the control problem.

We are interested in locating, in an optimal way, M rectangular
green zones characterized by their position with respect to
1,k
the 2D domain Ω2D (say, for instance, Gk = [p1,k
1 , p2 ] ×
2,k 2,k
In order to
[p1 , p2 ] ⊂ Ω2D \ Ω2D
B , k = 1, . . . , M ).
reduce the energy consumption due to air conditioning of the
buildings, the optimal location of the green zones will be
chosen in such a way that the following objective function
will be minimized (representing energy consumption due to air
conditioning of the buildings):

2

Mathematical formulation of the control
(1)
problem

We consider a 2D domain Ω2D = {(x, y) ∈ R2 : 0 < x <
a, 0 < y < b}, where a and b two positive real numbers,
⊂ Ω2D . We define three functions
and a subdomain Ω2D
B
2D
−→ R and HB : Ω2D
−→ R that will
HS , HA : Ω
B
represent, respectively, the height of the soil, air and buildings
(HB (x, y) < HA (x, y)). Using the previous functions, we
define the domain occupied by the soil Ω3D
= {(x, y, z) ∈
S
R3 : (x, y) ∈ Ω2D , 0 < z < HS (x, y)}, the domain
3
occupied by the buildings Ω3D
B = {(x, y, z) ∈ R : (x, y) ∈
2D
ΩB , HS (x, y) < z < HS (x, y) + HB (x, y)} and the domain
= {(x, y, z) ∈ R3 : (x, y) ∈
occupied by the air Ω3D
A
2D
Ω , HS (x, y) < z < HS (x, y) + HA (x, y)} \ Ω3D
B (see
figure 1 for more details).
z

min

b∈Uad

Z
NB Z T

1
1X
hl
θB (x, t) dx dt,
C,l
T
µ(ΩB ) ΩC,l
B
l=1 0

where b = (p11,1 , p21,1 , p12,1 , p22,1 , . . . , p1,M
, p1,M
, p2,M
, p2,M
)
1
2
2
2
∈ R4M is the control variable, NB is the number of buildings
3D
considered, ΩC,l
B ⊂ ΩB is the living domain inside the l building, hl is the economical cost related to the air conditioning,
l = 1, . . . , NB , Uad ⊂ R4M is the set of admissible controls:
Uad = {b ∈ R4 : ∀k = 1, . . . , M, Gk ⊂ Ω2D
S,lk ,
2D
for any lk ∈ {1, . . . , L}, with Ω2D
S,li ∩ ΩS,lj = ∅,
for all i 6= j, and µmin ≤ µ(Gk ) ≤ µmax },
2D
where 0 < µmin < µmax , {Ω2D
S,l : l = 1, . . . , L} ⊂ ΩS is
the set of possible locations for the green zones (that is, we will
allow the presence of only one green zone in each area enabled
to it) and (uA , pA , θA , θB , θS ) are, respectively, the velocity
and pressure of the air,

3D

WA

WB3D

p2,1
1 p2

2,1

p

1,1
2

W3D
S

y

p1,1
1

(2)

2D

W

a
x

b

G1
WB2D

G2

Figure 1: Geometrical configuration of the computational
domain.

Associated to the previous domains we define special boundaries, namely the bottom boundary for the soil ΓS0 , the top
boundary for the air ΓH
A , the contact boundary between the soil
and the air ΓA
S , the contact boundary between the soil and the
R
buildings ΓB
S , the roof boundary for the buildings ΓB , the wall
W
boundary for the buildings ΓB , the inlet boundary for the air

 ∂u
A


∂t + ∇uA uA − ∇ · (νA ∇uA ) + ∇pA


= βθA g, Ω3D

A ×]0, T [,



 ∇ · uA = 0, Ω3D
A ×]0, T [
IN
uA · nA = uIN
A , ΓA ×]0, T [,

OU T
T

×]0, T [,
 uA · nA = uA , ΓOU
A



N
R
A

 uA · nA = 0, ΓA ∪ ΓB ∪ ΓW
B ∪ ΓS ×]0, T [,


uA (0) = u0A , Ω3D
A ,

the air temperature,

(3)

 ∂θA

∂t + uA · ∇θA − ∇ · (KA ∇θA )



= FA , Ω3D

A ×]0, T [,


IN

θ
=
θ
,
ΓIN

A
A
A ×]0, T [,



∂θ
 KA A = 0, ΓN ∪ ΓOU T ∪ ΓH ×]0, T [,
A
A
A
∂nA
∂θA
A
KA ∂n
= bS,A

1 (b)(θS − θA ), ΓS ×]0, T [,
A


W,A
∂θ
W


KA ∂nAA = b1 (θB − θA ), ΓB ×]0, T [,



R,A
∂θA
R


 KA ∂nA = b1 (θB − θA ), ΓB ×]0, T [,

0
3D
θA (0) = θA , ΩA ,
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the temperature of the buildings,
 ∂θ
3D
S

∂t − ∇ · (KS (b)∇θS ) = FS , ΩS ×]0, T [,


A,S
∂θS


= b1 (b)(θA − θS )
KS (b) ∂n

S


A,S

+b2 ((TrA,S (b))4 − θS4 ), ΓA

S ×]0, T [,
B,S
∂θS
B
(4)
(θ
−
θ
),
Γ
KS (b) ∂n
=
b
B
S
1
S ×]0, T [,
S


∂θS
N


 KS (b) ∂nS = 0, ΓS ×]0, T [,

SU B
0


 θS = θS , ΓS ×]0, T [,

0
θS (0) = θS , Ω3D
S ,
and the soil temperature,
 ∂θB
− ∇ · (KB ∇θB ) = FB , Ω3D

B ×]0, T [,
 ∂t ∂θ

A,R
B

K
=
b
(θ
−
θ
)

B
A
B
1

∂nB


4

((TrA,R )4 − θB
), ΓR
+bA,R

2
B ×]0, T [,
A,W
∂θB
(5)
KB ∂nB = b1 (θA − θB )


4

), ΓW
+bA,W
((TrA,W )4 − θB

2
B ×]0, T [,


S,B
∂θ
B
B


K
=
b
(θ
−
θ
),
Γ
B
S ×]0, T [,

 B ∂nB 0 1 3D S
θS (0) = θS , ΩS .

The relationship between the control and the state is through
the following coefficients (subscript C denotes concrete/asphalt zone and subscript G denotes green zone):
(6)
PM
PM
KS (b) = ( k=1 gk, )KG + (1 − k=1 gk, )KC ,
P
PM
M
G,A
bS,A
+ (1 − k=1 gk, )bC,A
,
1 (b) = ( Pk=1 gk, )b1
1
PM
M
A,S
A,G
A,C
b1 (b) = ( k=1 gk, )b1 + (1 − k=1 gk, )b1 ,
PM
PM
A,G
bA,S
+ (1 − k=1 gk, )bA,C
,
2 (b) = ( Pk=1 gk, )b2
2
PM
M
TrA,S (b) = ( k=1 gk, )TrA,G + (1 − k=1 gk, )TrA,C ,
2,1
2,1
where gk, (x, y) = R2,1
1,k (x)R 2,k 2,k (y) and Ra,b, is
p1 ,p2 ,
p1,k
1 ,p2 ,
the following approximation of the indicator function 1[a,b] :

0
x < a − ,



2,1

ν
((x
−
a)/)
a
−  ≤ x ≤ a + ,

2,1
1
a
+  < x < b − ,
Ra,b, =

2,1

ν
((b
−
x)/)
b
−
 ≤ x ≤ b + ,



0
b +  < x.

ν
(ξ) is a smooth transition function on −1 ≤ ξ ≤ 1
such that ν m,k (−1) = 0 and ν m,k (1) = 1. Superscript m
denotes the number of conditions on momenta satisfied by
the approximation, and k is related to the regularity, that is,
m,k
Ra,b,
∈ C k (R). In our case we will use the transition function
1
(45ξ − 50ξ 3 + 21ξ 5 ).
ν 2,1 (ξ) = 21 + 32
m,k

In other words, we will employ an approximation of class
C 1 (R) of the indicator function 1[a,b] , satisfying two conditions
on momenta. This approximation also presents other interesting regularity properties in the sense that the mappings (6) are
differentiable.
It is worthwhile remarking here that the control problem (1)
can be reformulated as a problem of type MINLP (Mixed
Integer NonLinear Programming) where we need to minimize

a nonlinear functional, subject to nonlinear constraints, and
where the control variables are integer and real:

(7)

min(b,y)
s.t.

f (b, y)
h(b, y) ≤ 0
Ay ≤ c
y ∈ {0, 1}p ,

where y ∈ RM ×L , b ∈ R4M , f : R4M +M ×L → R,
h : R4M +M ×L → R2M +4M +M +1 , A ∈ M(2M +2L)×(M ×L)
and c ∈ R2M +2L . In particular:
• The integer variable, y ∈ {0, 1}M ×L , corresponds to
the indicator of the location of the green zones inside the
l
admissible areas Ω2D
S,l , l = 1, . . . , L. That is, yk = 1 if
l
the green zone Gk lies inside the area Ω2D
S,l and yk = 0
otherwise.
• The real variable b corresponds to the original control
variable
• The cost function f (b, y) corresponds to the expression
to be minimized in (1).
• The linear constraints Ay ≤ c correspond to the fact that
there exists, at most, only one green zone inside each
feasible area, and that the total number of green zones
in the whole domain must be exactly two. Then, for the
first type of constraint we have:
L
X
l=1

ykl = 1, ∀k = 1, . . . , M.

and for the second type we have:
M
X

k=1

ykl = 1, ∀l = 1, . . . , L.

We denote by
Yad = {y ∈ {0, 1}M ×L : Ay ≤ c},
the set of admisible discrete controls.
• The constraints h(b, y) ≤ 0 will model, in the one
hand, the fact that the points characterizing the green
area are consistent; moreover, they must model the need
for a green area to be completely contained in the region
enabled for its location; and, finally, that the maximum
and minimum dimensions are respected. Then, for the
first type we have, ∀k = 1, . . . , M ,
1,k
2,k
2,k
p1,k
1 − p2 ≤ 0, p1 − p2 ≤ 0,

for the second type, ∀k = 1, . . . , M ,
PL l l
PL l 1,k
l
yk (a1 − p1,k
1 ) ≤ 0, Pl=1 yk (p2 − b1 ) ≤ 0,
Pl=1
L
L
2,k
2,k
l
l
l
l
l=1 yk (a2 − p1 ) ≤ 0,
l=1 yk (p2 − b2 ) ≤ 0,
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Finally, the constraints related to the size of each green
zone are, ∀k = 1, . . . , M ,
2,k
2,k
1,k
µ − (p1,k
2 − p1 )(p2 − p1 ) ≤ 0,
2,k
2,k
1,k
(p1,k
2 − p1 )(p2 − p1 ) − µ ≤ 0.

For all integer variable y∗ ∈ Yad , we denote by
Uad = {b ∈ R4 : h(b, y∗ ) ≤ 0},
the set of admisible real controls.
Notice that if we fix the integer variable y∗ ∈ Yad , we obtain a
nonlinear control problem (NLP):
minb
s.t.

(8)

∗

f (b, y )
h(b, y∗ ) ≤ 0.

We denote by b∗ the solution of the previous problem. It seems
clear that if the set of admisible discrete controls is finite, then,
an element (b∗ , y∗ ) such that
e y
e ) = min {f (b∗ , y∗ ) : y∗ ∈ Yad } ,
f (b,

(9)

is a solution of the problem (7).

3

Mathematical analysis of the state equations

This section is concerned with the analysis of state equations
system (2)-(5). We suppose that the coefficients defined in
0
2
3D
3
0
(6) are bounded, u0A ∈ [L2 (Ω3D
A )] , θA ∈ L (ΩA ), θS ∈
2
2
3D
2
3D
0
2
3D
L (ΩS ), θB ∈ L (ΩB ), FA ∈ L (]0, T [; L (ΩA )), FS ∈
2
2
3D
L2 (]0, T [; L2 (Ω3D
S )), FB ∈ L (]0, T [; L (ΩB )).
D EFINITION 1 We say that an element (uA , θA , θS , θB ) ∈
W1 ×W2 ×W3 ×W4 is a very weak solution of the state system
(2)-(5) if satisfies the following variational formulations:
RT
R
− 0 hdv/dt, uA iV 0 ,VA dt + ]0,T [×Ω3D ∇uA uA · v dx dt
A
R
RA
+ ]0,T [×Ω3D νA ∇uA : ∇v dx dt = ]0,T [×Ω3D βθA g · v dx dt
A
A
R
+ Ω3D u0A · v(0) dx,
A
∀v ∈ W 1,∞,∞ (]0, T [; VA , VA0 ), s.t. v(T ) = 0,
3
with W1 = W 1,2,4/3 (]0, T [; VA , VA 0 )∩L∞ (]0, T [; L2 (Ω3D
A ) )
1
3D 3
3D
and VA = {u ∈ [H (ΩA )] : u · nA = 0 on ∂ΩA , ∇ · u =
0 in Ω3D
A }.

−

RT
R

0

dz
0 ,X
dt , θA XA
A

dt +

R

]0,T [×Ω3D
A

R

uA · ∇θA z dx dt

KA ∇θA · ∇z dx dt + ]0,T [×ΓA bS,A
1 θA z dγ dt
S
R
W,A
R,A
+ ]0,T [×ΓW b1 θA z dγ dt + ]0,T [×ΓR b1 θA z dγ dt
B
B
R
R
= ]0,T [×Ω3D FA z dx dt + ]0,T [×ΓA bS,A
θS z dγ dt
1
A
R
R S
W,A
+ ]0,T [×ΓW b1 θB z dγ dt + ]0,T [×ΓR bR,A
θB z dγ dt
1
B
B
R
0
+ Ω3D θA z(0) dx,
A
0
∀z ∈ W 1,∞,∞ (]0, T [; XA , XA
), s.t. z(T ) = 0,
+

3D

R]0,T [×ΩA

0
where W2 = W 1,2,4/3 (]0, T [; XA , XA
)∩L∞ (]0, T [; L2 (Ω3D
A ))
1
3D
and XA = {θ ∈ H (ΩA ) : θ = 0 on ΓIN
}.
A
R T dz
R
− 0 dt , θS X 0 ,X dt + ]0,T [×Ω3D KS ∇θS · ∇z dx dt
S
S
S
R
R
+ ]0,T [×ΓA bA,S
θS z dγ dt + ]0,T [×ΓB bB,S
θS z dγ dt
1
1
S
S
R
R
4
+ ]0,T [×ΓA bA,S
θ
z
dγ
dt
=
F
z
3D
S dx dt
2
S
S
R
R ]0,T [×ΩS B,S
A,S
+ ]0,T [×ΓA b1 θA z dγ dt + ]0,T [×ΓB b1 θB z dγ dt
S
R
R S
+ ]0,T [×ΓA bA,S
(TrA,S )4 z dγ dt + Ω3D θS0 z(0) dx,
2
S
S
∀z ∈ W 1,∞,∞ (]0, T [; XS , XS0 ), s.t. z(T ) = 0,

where W3 = {θ ∈ W 1,2,5/4 (]0, T [; XS , XS0 ) :

θ|ΓA ∈
S

∞
2
3D
L5 (]0, T [; L5 (ΓA
S ))} ∩ L (]0, T [; L (ΩS )) and XS = {θ ∈
5
A
1
3D
H (ΩS ) : θ|ΓA ∈ L (ΓS ), θ = 0 on Γ0S }.

RT

S

R

− 0 dz
dt + ]0,T [×Ω3D KB ∇θB · ∇z dx dt
0 ,X
dt , θB XB
B
B
R
R
A,R
+ ]0,T [×ΓR b1 θB z dγ dt + ]0,T [×ΓW bA,W
θB z dγ dt
1
B
B
R
R
S,B
A,R 4
+ ]0,T [×ΓB b1 θS z dγ dt + ]0,T [×ΓR b2 θB z dγ dt
S
B
R
R
4
+ ]0,T [×ΓW bA,W
θB
z dγ dt = ]0,T [×Ω3D FB z dx dt
2
B
B
R
R
+ ]0,T [×ΓR bA,R
θA z dγ dt + ]0,T [×ΓW bA,W
θA z dγ dt
1
1
B
B
R
A,R
A,R 4
+ ]0,T [×ΓR b2 (Tr ) z dγ dt
B
R
+ ]0,T [×ΓW bA,W
(TrA,W )4 z dγ dt
2
B
R
R
S,B
0
+ ]0,T [×ΓB b1 θS z dγ dt + Ω3D θB
z(0) dx,
S
S
1,∞,∞
0
∀z ∈ W
(]0, T [; XB , XB ), s.t. z(T ) = 0,

0
where W4 = {θ ∈ W 1,2,5/4 (]0, T [; XB , XB
) : θ|ΓW ∪ΓR ∈
B

B

∞
2
3D
R
L5 (]0, T [; L5 (ΓW
B ∪ ΓB ))} ∩ L (]0, T [; L (ΩB )) and XB =
R
5
W
1
3D
{θ ∈ H (ΩB ) : θ|ΓW ∪ΓR ∈ L (ΓB ∪ ΓB )}.
B

B

In order to prove the existence of solution for the state system,
we need the following lemmas:
L EMMA 2 If we consider a 3D domain Ω, with ∂Ω = Γ1 ∪ Γ2
and µ(Γ2 ) ≥ 0, θc ∈ L5/4 (]0, T [; L4/3 (Γ1 )), θ0 ∈ L2 (Ω),
u0 ∈ [L2 (Ω)]3 and F ∈ L2 (]0, T [; L2 (Ω)) and θ0 ∈ L2 (Ω),
then, there exists at least one very weak solution (u, θ) ∈ W1 ×
W2 , of the Navier-Stokes equations coupled with temperature
 ∂u
 ∂t + ∇uu − ∇ · (ν∇u) + ∇p = βθg, Ω×]0, T [,
u · n = 0, ∂Ω×]0, T [,

u(0) = u0 , Ω,
 ∂θ
+ u · ∇θ − ∇ · (K∇θ) = F, Ω×]0, T [,


 ∂t ∂θ
K ∂n = b1 (θc − θ), Γ1 ×]0, T [,
 θ = 0, Γ2 ×]0, T [,


θ(0) = θ0 , Ω,
such that
kθkW2 ≤ C(1 + kθC kL2 (]0,T [;L4/3 (Γ1 )) ),
where C(Ω, T, F, θ0 , u0 , β, K, ν, b1 ) is a positive constant.
Finally W1 = W 1,2,4/3 (]0, T [; V, V 0 ) ∩ L∞ (]0, T [; [L2 (Ω)]3 ),
with V = {u ∈ [H 1 (Ω)]3 : u · n = 0 on ∂Ω and ∇ ·
u = 0 in Ω}, and W2 = W 1,2,4/3 (]0, T [; X, X 0 ) ∩
L∞ (]0, T [; L2 (Ω)), with, X = {θ ∈ H 1 (Ω) : θ = 0 on Γ2 }.
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L EMMA 3 If we consider a 3D domain Ω, with ∂Ω = Γ1 ∪
Γ2 and µ(Γ2 ) ≥ 0, θc ∈ L5/4 (]0, T [; L5/4 (Γ1 )), θr ∈
L5 (]0, T [; L5 (Γ1 )), F ∈ L2 (]0, T [; L2 (Ω)) and θ0 ∈ L2 (Ω).
Then, there exists at least one very weak solution θ ∈ W3
of the parabolic equation with Stefan-Boltzmann boundary
conditions:
 ∂θ
− ∇ · (K∇θ) = F, Ω×]0, T [,

 ∂t ∂θ

K ∂n = b1 (θc − θ) + b2 (θr4 − θ4 ), Γ1 ×]0, T [,
θ = 0, Γ2 ×]0, T [,



θ(0) = θ0 , Ω,
such that

kθkW3 ≤ C(1+kθc kL5/4 (]0,T [;L5/4 (Γ1 )) +kθr kL5 (]0,T [;L5 (Γ1 )) ).
where C(Ω, T, F, θ0 , K, b1 , b2 ) is a positive constant.
Finally, W3 = {θ ∈ W 1,2,5/4 (]0, T [; X, X 0 ) : θ|Γ1 ∈
L5 (]0, T [; L5 (Γ1 ))} ∩ L∞ (]0, T [; L2 (Ω)), with X = {θ ∈
H 1 (Ω) : θ|Γ2 = 0}.
Now we define the following multivalued mapping:
(10)
where

M : Z1 × Z2 × Z3 ⇒
(θeA , θeS , θeB ) →

Z1 × Z2 × Z3 ,
M (θeA , θeS , θeB ),

M (θeA , θeS , θeB ) = (θA|ΓA ∪ΓW ∪ΓR , θS |ΓA ∪ΓB , θB |ΓR ∪ΓW ∪ΓB ),
B

B

S

S

B

L EMMA 4 There exists positive constants C1 , C2 and C3 ,
with
W,A R,A
0
, b1 ),
C1 = C1 (ΩA , T, FA , θA
, u0A , β, KA , νA , bS,A
1 , b1
A,S B,S A,S
A,S 0
C2 = C2 (ΩS , T, FS , Tr , θS , KS , b1 , b1 , b2 ),
0
C3 = C3 (ΩB , T, FB , TrA,W , TrA,R , θB
, KB , bA,R
, bA,W
,
1
1
A,R A,W
bS,B
, b2 ),
1 , b2

such that

R
W
Z1 = L2 (]0, T [; L2 (ΓA
S ∪ ΓB ∪ ΓB )),
2
2
A
B
Z2 = L (]0, T [; L (ΓS ∪ ΓS )),
B
W
Z3 = L2 (]0, T [; L2 (ΓR
B ∪ ΓB ∪ ΓS )),
S

 ∂θB
3D

∂t − ∇ · (KB ∇θB ) = FB , ΩB ×]0, T [,


A,R e
∂θB

KB ∂nB = b1 (θA − θB )



A,R

A,R 4
4
R

 +b2 ((Tr ) − θB ), ΓB ×]0, T [,
A,W e
∂θB
KB ∂nB = b1 (θA − θB )


4

+bA,W
((TrA,W )4 − θB
), ΓW

2
B ×]0, T [,


S,B
∂θB
B

e
 KB ∂nB = b1 (θS − θB ), ΓS ×]0, T [,


θS (0) = θS0 , Ω3D
S .

B

S

with (uA , θA , θS , θB ) ∈ W1 × W2 × W3 × W4 the very weak
solutions of:
 ∂u
A


∂t + ∇uA uA − ∇ · (νA ∇uA ) + ∇pA


=
βθA g, Ω3D

A ×]0, T [,



 ∇ · uA = 0, Ω3D
A ×]0, T [
IN
uA · nA = uIN
A , ΓA ×]0, T [,

OU
T
T

uA · nA = uA , ΓOU
×]0, T [,

A



N
R

u
·
n
=
0,
Γ
∪
Γ
∪ ΓW
∪ ΓA
×]0, T [,

A
A
A
B
B
S


uA (0) = u0A , Ω3D
,
A
 ∂θA
3D

∂t + uA · ∇θA − ∇ · (KA ∇θA ) = FA , ΩA ×]0, T [,


IN
IN

θA = θA , ΓA ×]0, T [,




∂θA
N
OU T

∪ ΓH

A ×]0, T [,
 KA ∂nA = 0, ΓA ∪ ΓA
∂θA
A
e
KA ∂n
= bS,A
1 (θS − θA ), ΓS ×]0, T [,
A

W,A
∂θ


KA ∂nAA = b1 (θeB − θA ), ΓW

B ×]0, T [,


R,A e
∂θA
R


 KA ∂nA = b1 (θB − θA ), ΓB ×]0, T [,

0
θA (0) = θA
, Ω3D
A ,
 ∂θS
3D

∂t − ∇ · (KS ∇θS ) = FS , ΩS ×]0, T [,


∂θS

e

= bA,S
KS ∂n

1 (θA − θS )
S


A,S
A,S

+b2 ((Tr )4 − θS4 ), ΓA

S ×]0, T [,
B,S e
∂θS
KS ∂nS = b1 (θB − θS ), ΓB
S ×]0, T [,


∂θS
N

K
=
0,
Γ
×]0,
T
[,

S
S
∂nS




θS = θSSU B , Γ0S ×]0, T [,


θS (0) = θS0 , Ω3D
S ,

kθA kW2 ≤ C1 (1 + kθeS kL2 (]0,T [;L2 (ΓA
S ))
R )) ),
+kθeB kL2 (]0,T [;L2 (ΓW
∪Γ
B
B
kθS kW3 ≤ C2 (1 + kθeA kL2 (]0,T [;L2 (ΓA
S ))
+kθeB kL2 (]0,T [;L2 (ΓB
),
S ))
R
kθB kW4 ≤ C3 (1 + kθeA kL2 (]0,T [;L2 (ΓW
B ∪ΓB ))
).
+kθeS kL2 (]0,T [;L2 (ΓB
S ))
Finally, we present the main result of this section whose proof
is based in the Kakutani fixed-point theorem for the multivalued mapping (10).

T HEOREM 5 If we take coefficients and data such that the
constants obtained in the previous Lemma verifies:
∆C1 ,C2 ,C3 = 1 − C1 C3 − C2 C3 − 2C1 C2 C3 − C1 C2 ≥ 0,
then, there exists at least one very weak solution of the state
system (2)-(5) that also satisfies the following estimates:
b1 (1 + ku0 k[L2 (Ω3D )]3 ),
kuA kW1 ≤ C
A
A
b2 (1 + kθ0 kL2 (Ω3D ) + kFA kL2 (]0,T [;L2 (Ω3D )) ),
kθA kW2 ≤ C
A
A
A
b3 (1 + kθ0 kL2 (Ω3D ) + kFS kL2 (]0,T [;L2 (Ω3D )) ),
kθS kW3 ≤ C
S
S
S
b4 (1 + kθ0 kL2 (Ω3D ) + kFB kL2 (]0,T [;L2 (Ω3D )) ),
kθB kW4 ≤ C
B
B
B

b1 , C
b2 , C
b3 and C
b4 are suitable positive constants.
where C

412

4

F. J. Fernández et al.

Numerical resolution of the state equations

In this section we present a numerical algorithm to solve
the state equations (2)-(5) which is a previous step in order
to find the optimal locations of the green zones, via the
minimization of the objective function. So, we consider a
time semi-discretization using the method of characteristics,
and a space discretization by the finite element method. All
these discretizations have been practically implemented in the
scientific software FreeFem++ [3].
In order to set the time semi-discretization for the interval
[0, T ], we choose a number N ∈ N and define the time step
T
. Then we consider the discrete times tn = n∆t, for
∆t = N
n = 0, . . . , N. So, we have a set of N + 1 points {tn }N
n=0 ⊂
[0, T ] such that t0 = 0, tN = T , and tn+1 − tn = ∆t, ∀n =
0, . . . , N − 1. We also consider consider finite element spaces
VhA for the air velocity, MhA for the air pressure, XhA for the
air temperature, XhS for the soil temperature and XhB for the
building temperature. We search, foral n = 0, . . . , N − 1,
n+1 n+1 n+1 n+1
(un+1
, θB ) ∈ VhA × MhA × XhA × XhS ×
A , pA , θA , θS
B
Xh such that:
R
R
n+1
α Ω3D uA
· v dx + Ω3D νA ∇un+1
· ∇v dx
A
R A n+1
RA
n
− Ω3D pA ∇ · v dx = Ω3D βθA g · v dx
A

RA
(11)
+α Ω3D unA ◦ Xnh · v dx, ∀v ∈ VhA ,
A
R
A
∇ · un+1
A q dx = 0, ∀q ∈ Mh ,
Ω3D

In figures 2 and 3 we can see a block of nine equally spaced
buildings of different heights generated with FreeFem++ scientific software that we have used in the numerical test and the
contour field of the air temperature at the last time step of one
numerical simulation that we have done. We can observe an
increase of temperature in those areas surrounded by buildings,
which is one of the main repercussions of the urban heat island
effect.

Figure 2: Block of nine equally spaced buildings of different
heights generated with FreeFem++ scientific software.

A

α
+
(12)

R

n+1
θA
z dx +

Ω3D
A

R

A

RΓS

R

n+1
bS,A
1 θA z dγ +

ΓR
B

α

W

RΓB

n+1
bW,A
θA
z dγ
1

R

B

R

θSn+1 z dx +

Ω3D
S

R

R

Ω3D
S

KS ∇θSn+1 · ∇z dx

R
n+1
bA,S
z dγ + ΓB bB,S
θSn+1 z dγ
1 θS
1
ΓA
S
SR
R
A,S n+1 4
+ ΓA b2 (θS ) z dγ = Ω3D FSn+1 z dx
S
RS
R
n
+α Ω3D θSn z dx + ΓA bA,S
θA
z dγ
1
RS A,S A,S,n+1 4
R S B,S n
+ ΓB b1 θB zdγ + ΓA b2 (Tr
) z
S
S
S
∀z ∈ Xh .
+

α
+
+
(14)

R

n+1
bR,A
θA
z dγ = Ω3D FAn+1 z dx
1
AR

n
n
◦ Xnh z dx + ΓA bS,A
+α Ω3D θA
1 θS z dγ
S
A
R
R
n
n
z dγ, ∀z ∈ XhA ,
+ ΓW bW,A
z dγ + ΓR bR,A
θB
θB
1
1

+

B

(13)

n+1
KA ∇θA
· ∇z dx

Ω3D
A

R

3D

RΩB

B

RΓS

R

RΓB

n+1
θB
z dx +

R

Ω3D
B

n+1
bS,B
1 θB z dγ +

n+1
bA,R
θB
z dγ +
1

R

n+1
KB ∇θB
· ∇z dx
W

RΓB

ΓW
B

R

n+1
bA,W
θB
z dγ
1

n+1 4
bA,W
(θB
) z dγ
2

n+1 4
bA,R
(θB
) z dγ = Ω3D FBn+1 z dx
2
B
R
n
n
+α Ω3D θB
z dx + ΓB bS,B
1 θS z dγ
B
S
R
R
n
z dγ
+ ΓW bA,W
θn z dγ + R bA,R θA
R B 1A,W A A,W,n+1 Γ4B 1
+ ΓW b2 (Tr
) z dγ
R B A,R A,R,n+1 4
+ ΓR b2 (Tr
) z dγ, ∀z ∈ XhB .

+

ΓR
B

R

B

dγ,

Figure 3: Contour field of the air temperature at the last time
step of one simulation. (For the sake of clarity, the graph only
shows the temperature at the boundary of the domain).

5

Mathematical analysis of the control problem

We focus our attention in the optimal control problem (8)
resulting from (7) by fixing the integer variable. First of
all we remark that if we consider the coefficients defined in
(6) as functions from R4M to a suitable L∞ , we have that
they are differentiable (in particular continuous). Notice that
if we would have considered the indicator functions instead
of their approximations, the previous functions would not be
continuous. So, we have the following result:
T HEOREM 6 Under the hypotheses of Theorem 5, if we suppose that the functions {hl : l = 1, . . . , NB } are bounded and
continuous, then, for each y∗ ∈ Yad , there exists a real control
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where

b∗ ∈ Uad such that
f (b∗ , y∗ )

=

minb∈Uad

f (b, y∗ )

R EMARK 7 Due the non-uniqueness of solution for the state
equations, the optimality conditions can not be obtained using
standard techniques. The analysis of this problem is still a work
in progress.

6

Numerical resolution of the control problem

Taking into account the time-space discretization presented in
section 4, the fully discretized cost functional can be rewritten
as:
f (b, y) =

Z
NB X
N
1
1 X
n
hl (
θB
dx),
C,l
C,l
N
µ(Ω
)
ΩB
B
n=1
l=1

with

PM
δb KS (b)(δb) = ( k=1 δbk gk, (bk )(δbk ))KG
PM
−( k=1 δbk gk, (bk )(δbk ))KC ,
PM
δb bA,S
(b)(δb) = ( k=1 δbk gk, (bk )(δbk ))bG,A
1 P
1
M
−( k=1 δbk gk, (bk )(δbk ))bC,A
,
1
PM
(b)(δb) = ( k=1 δbk gk, (bk )(δbk ))bA,G
δb bA,S
1
1 P
M
,
−( k=1 δbk gk, (bk )(δbk ))bA,C
1
PM
(b)(δb) = ( k=1 δbk gk, (bk )(δbk ))bA,G
δb bA,S
2
2 P
M
,
−( k=1 δbk gk, (bk )(δbk ))bA,C
2
PM
δb TrA,S (b)(δb) = ( k=1 δbk gk, (bk )(δbk ))TrA,G
PM
−( k=1 δbk gk, (bk )(δbk ))TrA,C ,
δbk gk, (bk )(δbk )
1,k
2,1
= ∂p∂1,k (R2,1
1,k 1,k (x))(δp1 )R 2,k

(y)

p1 ,p2 ,
p1 ,p2,k
2 ,
1,k
2,1
2,1
∂
+ ∂p1,k (R 1,k 1,k (x))(δp2 )R 2,k 2,k (y)
p1 ,p2 ,
p1 ,p2 ,
2
+Rp1,k ,p1,k , (x) ∂p∂2,k (Rp2,k ,p2,k , (y))(δp2,k
1 )
1
2
1
2
1
∂
+Rp1,k ,p1,k , (x) ∂p2,k (Rp2,k ,p2,k , (y))(δp2,k
2 ),
1
2
1
2
1

2

n+1 n+1 n+1 n+1
where, for all n = 0, . . . , N −1, (un+1
, θB )
A , pA , θA , θS
N N N N N
A
A
A
S
B
∈ Vh × Mh × Xh × Xh × Xh is the solution of the fully (wA , sA , rA , rS , rB ) = 0, and, for all n = N − 1, . . . , 0,
A
A
A
S
B
n n
n
n
n
discretized state system (11)-(14). Due to the fact that, for the (wA , sA , rA , rS , rB ) ∈ Vh × Mh × Xh × Xh × Xh is the
cases we present here, the size of the set Yad is quite small, we solution of the adjoint state equations:
R
R
will find the solution of problem (7) by an exhaustive search,
n
n
: ∇v dx
· v dx + Ω3D νA ∇wA
α Ω3D wA
e
AR
R A n
e ) ∈ Yad × Uad such that
that is, by choosing the element (b, y
n+1
) · wA
dx
+ Ω3D sA ∇ · v dx = α Ω3D (v ◦ Xn+1
h
e y
e ) = min {f (b∗ , y∗ ) : y∗ ∈ Yad }.
A
f (b,
R A
n+1
n+1
n+1
− Ω3D (∇uA ◦ Xh )v · wA dx
R A
n+1
n+1
Anyway, a crucial point for the methodology that we propose
− Ω3D (∇θA
◦ Xn+1
) · v rA
dx, ∀v ∈ VhA ,
h
R A
relies on the resolution of the NLP problem associated to fixing
n
− Ω3D ∇ · wA
q dx = 0, ∀q ∈ MhA ,
A
the integer variable in the MINLP problem. In this work, to
R
R
solve the nonlinear problem (8), we have used an interior-point
n
n
α Ω3D rA
z dx + Ω3D KA ∇rA
· ∇z dx
A
method, specifically the algorithm IPOPT [8]. The use of this
R A S,A
R
W,A n
n
+
b
(b)r
z
dγ
+
b
rA z dγ
A
W
type of algorithms requires, in addition to the usual evaluation
RΓS 1R,A n A
R ΓB 1
n+1
+ ΓR b1 rA z dγ = α Ω3D (z ◦ Xn+1
)rA
dx
of the cost function and of the constraints, the computation of
n
B
AR
R
A,S
A,W n+1
n+1
the gradient of the cost function and of the Jacobian of the
+ ΓA b1 (b)rS z dγ + ΓW b1 rB z dγ
B
R S
R
constraints (straightforward in this case). Thus, the essential
n+1
n+1
+ ΓR bA,R
rB
z dγ + Ω3D βzg · wA
dx ∀z ∈ XhA ,
1
point concerns the evaluation of the cost function gradient. We
B
A
R
R
have got two possible options to do it, whether computing the
α Ω3D rSn z dx + Ω3D KS (b)∇rSn · ∇z dx
S
R S
R
gradient by using the linearized state equations, or computing
n
rSn z dγ
+ ΓA bA,S
bB,S
1 (b)rS z dγ + ΓB
1
the gradient by solving the adjoint state equations.
S
S
R
R
n+1 3 n
+ ΓA 4bA,S
) rS z dγ = α Ω3D rSn+1 z dx
2 (b)(θS
S
S
R
R
In our particular problem, we have chosen as the most effective
n+1
n+1
(b)rA
z dγ + ΓB bS,B
rB
z dγ, ∀z ∈ XhS ,
+ ΓA bS,A
1
1
S
S
option the second one, since it only needs the resolution of
R
R
n
n
one linear system. So, using the adjoint state equations,
α Ω3D rB
z dx + Ω3D KB ∇rB
· ∇z dx
B
B R
R
the gradient of the cost function can be obtained from the
A,W n
A,R n
+ ΓW b1 rB z dγ + ΓR b1 rB z dγ
expression:
R B
R B
n+1 3 n
n
+ ΓB bS,B
rB
z dγ + ΓW 4bA,W
(θB
) rB z dγ
1
2
S
B
R
R
A,R n+1 3 n
n+1
PN −1  R
n+1 n
+ ΓR 4b2 (θB ) rB z dγ = α Ω3D rB
z dx
δf (b)(δb) = n=0
δbS,A
(b)(δb)(θSn − θA
)rA dγ
B
B
1
R
R
ΓA
S
W,A n+1
R,A n+1
R
+ ΓW b1 rA z dγ + ΓR b1 rA z dγ
n
+ ΓA δbA,S
(b)(δb)(θA
− θSn+1 )rSn dγ
B
R B
R S 1A,S
+ ΓB bB,S
rSn+1 z dγ
1
+ ΓA δb2 (b)(δb)((TrA,S,n+1 (b))4 − (θSn+1 )4 )rSn dγ
S
R
R
PNB
R S
n+1
1
1
0
+ Ω3D [ l=1
χΩC,l N µ(Ω
θB
dx)]z dx,
A,S,n+1
3
A,S,n+1
n
C,l hl (
C,l
ΩC,l
+ ΓA 4bA,S
(b)(T
(b))
δT
(b)(δb)r
dγ
)
µ(Ω
)
B
B
B
r
r
2
S
B
B
S
R
B
n+1
∀z ∈ Xh .
− Ω3D δKS (b)(δb)∇θS · ∇rSn dx ,
S
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Numerical approximation of state constrained
Dirichlet control problems.
M. Mateos∗ and I. Neitzel†

Abstract— This work is devoted to the study of a quadratic control problem governed by a linear elliptic equation posed in a
convex polygonal domain, in which the control is the Dirichlet datum of the PDE. Moreover, the state –the solution of the PDE–
is subject to pointwise constraints in the interior of the domain under consideration. Additional control constraints may also
be included. Both the Dirichlet control and the state constraints provide different sources of singularities in the solution. We
provide the precise regularity results for PDEs that allow us to obtain first order optimality conditions and use them to establish
the regularity of the solution of the control problem. Next, we discretize the control problem using continuous piecewise linear
elements for both the control and the state and obtain error estimates for the L2 (Γ)-norm of the control. We obtain h1−1/p when
we only deal with state constraints and h3/4−1/(2p) when control constraints are also taken into account, where p > 2 depends
on the largest interior angle of the domain.
Keywords: State constraints, Dirichlet control, optimality conditions, finite elements, a priori error estimates.

1

Introduction

Let Ω ⊂ R2 be a bounded convex domain with a polygonal
boundary Γ. We are going to study the control problem

1
ν


min J(u) = kyu − yd k2L2 (Ω) + kuk2L2 (Γ)


2
2
u ∈ L2 (Γ), yu ∈ L2 (Ω) satisfy (1)
(P )


a(x) ≤ yu (x) ≤ b(x) for a.e. x ∈ Ω̄1


α(x) ≤ u(x) ≤ β(x) for a.e x ∈ Γ.

Some regularity results for PDEs

∗ Departmento

− ∆yu = 0 in Ω, yu = u on Γ.

(yu , f )Ω = (u, ∂n z)Γ for every f ∈ L2 (Ω),

where z ∈ H01 (Ω) is the unique solution of

− ∆z = f in Ω, z = 0 on Γ,

and (·, ·)X stands for the usual inner product in L2 (X). It is
clear that if u ∈ H 1/2 (Γ), then (1) admits a unique variational
solution yu ∈ H 1 (Ω), which is also a solution in the transposition sense and, by uniqueness, the solution in the transposition
sense for data that is regular enough is the variational solution.
On the other hand, since z = 0 on Γ, it is known from [3]
that, despite the jump discontinuities of the vector normal to
Γ, it holds that ∂n z ∈ H 1/2 (Γ), so (2) is meaningful for data
in u ∈ H −1/2 (Γ) replacing the inner product in L2 (Γ) by the
duality pairing between H −1/2 (Γ) and H 1/2 (Γ). Therefore,
we can extend the solution operator to H −1/2 (Γ). We will
need the following results concerning the regularity of the state
equation:
L EMMA 1 S ∈ L(H s−3/2 (Γ), H s−1 (Ω)) for all 1 ≤ s < sΩ .

We define the control-to-state mapping S : L2 (Γ) → L2 (Ω)
such that Su = yu if and only if yu is the solution in the
transposition sense of the Dirichlet boundary value problem
(1)

(2)
(3)

where Ω1 ⊂ Ω is an open set such that Ω̄1 ⊂ Ω, ν > 0 is
the so-called Tikhonov regularization parameter, a, b ∈ C(Ω̄1 )
satisfy a(x) < b(x) for all x ∈ Ω̄1 , α, β ∈ C(Γ) satisfy
α(x) < β(x) for all x ∈ Γ, and the target state yd belongs
to L2 (Ω). Further details on the regularity of the data will be
required when necessary. With an abuse of notation, we will
allow the cases α ≡ −∞, β ≡ +∞, a ≡ −∞ or b ≡ +∞.

2

We recall that for a polygonal domain (see e.g [1]), we can say
yu solves (1) in the transposition sense if

L EMMA 2 S ∈ L(H −1/2 (Γ), W k,p (Ω1 ) for all 1 ≤ k < +∞
and all 1 ≤ p ≤ +∞, and therefore S ∈ L(L2 (Γ), C(Ω̄1 ).
Detailed proofs of these and other results can be found in the
forthcoming paper [8].
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We will formulate first order optimality conditions with the
help of the so-called adjoint state. Since we have state constraints, it is well known [2], that the adjoint state will be the
solution of some PDE with measure data. In our case, we will
be able to split the study of the adjoint state into the study of a
regular part and singular part. To be precise, for u ∈ L2 (Γ) and
µ ∈ M(Ω̄1 ) we define ϕr (u) ∈ H01 (Ω) and ϕs (µ) ∈ W01,t (Ω)
for all t < 2 the unique solutions of
(4)
(5)

−∆ϕr (u) = yu − yd in Ω, ϕr (u) = 0 on Γ,

in Ω, ϕs (µ) = 0 on Γ,

−∆ϕs (µ) = µ

where the last equation must be understood in the transposition
sense:
(ϕs (µ), f )Ω = hµ, zi ∀f ∈ L2 (Ω),

where z ∈ H01 (Ω) is again the unique solution of (3) and
h·, ·i denotes the duality product between M(Ω̄1 ) and C(Ω̄1 ).
2
Notice that z ∈ Hloc
(Ω) and hence z ∈ C(Ω̄1 ), so the
definition is meaningful.
The regularity of the solution of (3) –or (4)– will depend both
on the regularity of the right hand side of the PDE and on the
largest interior angle of Γ. Let ω be this angle. It is known [6]
that for f ∈ C ∞ (Ω̄), one can only get that the solution of (3)
satisfies z ∈ W 2,p (Ω) ∩ H s (Ω) for all p < pΩ and all s < sΩ ,
where
pΩ =

2
π
2−
max{ω, π/2}

and sΩ = 1 +

π
.
ω

and
(9)

∂n ϕr (u) ∈ H s−3/2 (Γ) ∀s < min{3, sΩ }.

Next we pay attention to the singular part of the adjoint state.
For any two open sets A ⊂ B, we will say A ⊂⊂ B if Ā ⊂ B.
Using that ϕs (µ) is a harmonic function “far” from the support
of µ, we obtain:
L EMMA 4 For every open set Ω2 with smooth boundary Γ2
such that Ω1 ⊂⊂ Ω2 ⊂⊂ Ω and every µ ∈ M(Ω̄1 )
(10)

ϕs (µ) ∈ W 2,p (Ω \ Ω̄2 ) ∩ H s (Ω \ Ω̄2 )
∀p < pΩ , s < sΩ ,

(11)

∂n ϕs (µ) ∈ W 1−1/p,p (Γ) ∩

m
Y

H s−3/2 (Γj )

j=1

∀p < pΩ , s < sΩ ,
and
(12)

∂n ϕs (µ) ∈ H s−3/2 (Γ) ∀s < min{3, sΩ }.

Finally, we provide another interior regularity result for the
singular part of the adjoint state.

Notice that for a convex polygonal domain, ω ∈ [π/3, π) and
therefore pΩ > 2 while 2 < sΩ ≤ 4.

L EMMA 5 For any open sets Ω2 and Ω3 such that Ω1 ⊂⊂
Ω2 ⊂⊂ Ω3 ⊂⊂ Ω

We will need some results concerning the regularity of the
adjoint state. We will denote Γj the part of Γ joining vertices
χj and χj+1 , where {χj }m
j=1 are the vertices of Γ counted
counterclockwise, with χm+1 = χ1 . First we provide some
regularity results for the regular part of the adjoint state and
its normal derivative, which plays a most important role in the
analysis of Dirichlet control problems.

ϕs (µ) ∈ W 2,∞ (Ω3 \ Ω̄2 )

∂n ϕr (u) ∈ W

(Γ)

∀q ≤ 4, q < pΩ .

ϕr (u) ∈ W 2,p (Ω),
∂n ϕr (u) ∈ W 1−1/p,p (Γ)

(8)

Uα,β = {u ∈ L2 (Γ) : α(x) ≤ u(x) ≤ β(x) for a.e. x ∈ Γ},
Uad = {u ∈ Uα,β : yu ∈ K}.

∀p < pΩ

,

ϕr (u) ∈ H s (Ω),
m
Y
∂n ϕr (u) ∈
H s−3/2 (Γj ) ∀s ≤ 3, s < sΩ ,
j=1

First order optimality conditions

and

If, further, u ∈ H 1/2 (Γ), then we also have that
(7)

3

K = {y ∈ C(Ω̄1 ) : a(x) ≤ y(x) ≤ b(x) ∀x ∈ Ω̄1 },

ϕr (u) ∈ W 2,q (Ω),
1−1/q,q

kϕs (µ)kW 2,∞ (Ω3 \Ω̄2 ) ≤ CkµkM(Ω̄1 ) .

To shorten notation, we will use the sets

L EMMA 3 If u ∈ L2 (Γ), then
(6)

and

D EFINITION 6 We will say that u is a feasible point for (P) if
u ∈ Uad . We will say that u0 ∈ Uad is a feasible Slater point
for (P) if there exist δ > 0 and ε > 0 such that
α(x) + δ ≤ u0 (x) ≤ β(x) − δ

a(x) + ε ≤ yu0 (x) ≤ b(x) − ε

for a.e x ∈ Γ,

for a.e. x ∈ Ω̄1 .
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First order optimality conditions read as:
T HEOREM 7 Suppose problem (P) has a feasible point. Then
it has a unique solution ū ∈ Uad with related state ȳ = yū ∈ K.
If, further, (P) has a feasible Slater point, then there exist two
nonnegative measures µ̄+ , µ̄− ∈ M(Ω̄1 ) such that
(13)
(14)
(15)
(16)

−∆ȳ = 0 in Ω, ȳ = ū on Γ

−∆ϕ̄ = ȳ − yd + µ̄ in Ω, ϕ̄ = 0 on Γ
(ν ū − ∂n ϕ̄, u − ū) ≥ 0 ∀ u ∈ Uα,β

hµ̄, y − ȳi ≤ 0 ∀y ∈ K

and

T HEOREM 9 Suppose (P) has a feasible Slater point and let
ū ∈ Uad be the unique solution of (P). Then


1
ū = ProjUad
∂n ϕr (ū) in the sense of L2 (Γ).
ν
Up to our best knowledge, it is not possible to deduce regularity
properties of the optimal control using Theorem 9. Nonetheless, it will be useful to obtain error estimates in some cases
(see Theorem 22).

4

Discretization

Let {Th }h be a quasi-uniform family of triangulations of Ω̄.
For the discretization of the state and the adjoint state we use
the space of linear finite elements Yh ⊂ H 1 (Ω),
Yh = {y ∈ C(Ω̄) : yh ∈ P 1 (T ) ∀T ∈ Th }.

(17)
(18)

supp µ̄+ ⊂ {x ∈ Ω̄1 : ȳ(x) = b(x)}

supp µ̄− ⊂ {x ∈ Ω̄1 : ȳ(x) = a(x)},

where µ̄ = µ̄+ − µ̄− and ϕ̄ = ϕr (ū) + ϕs (µ̄).
Notice that (15) can be equivalently written as


1
∂n ϕ̄ in the sense of L2 (Γ),
ū = ProjUα,β
ν
which, in this case is equivalent to the pointwise projection:


1
(19)
ū(x) = Proj[α(x),β(x)]
∂n ϕ̄(x) on Γ.
ν
Using Theorem 7, the pointwise projection relation (19), and
the regularity results stated in §2 we can now establish the
regularity of the optimal solution.
C OROLLARY 8 If α, β ∈ W 1−1/p,p (Γ) and yd ∈ Lp (Ω) ∩
H s−2 (Ω) for all p < pΩ and s < sΩ and (P) has a feasible
Slater point, then
(20)

ū ∈ W 1−1/p,p (Γ), ȳ ∈ W 1,p (Ω) ∀p < pΩ .

Moreover, if α(x) < ū(x) < β(x) for all x ∈ Γ, then we also
have
(21)

ū ∈

m
Y

i=1

H s−3/2 (Γi ) ∀s ≤ 3, s < sΩ

and
(22)

ū ∈ H s−3/2 (Γ), ȳ ∈ H s−1 (Ω) ∀s < min{3, sΩ }.

It is also possible to state first order necessary optimality
conditions without the use of measures. Due to the convexity
of Uad , we have:

As usual, we will abbreviate Yh0 = Yh ∩ H01 (Ω). For the
control we use the space Uh of continuous piecewise linear
functions that are the trace of some element of Yh . Finally,
for the discrete Lagrange multiplier we use the space Mh ⊂
M(Ω̄1 ) which is spanned by Dirac measures corresponding
to the nodes {xj }j∈I1h of the finite element mesh that are
elements of Ω̄1 .
We discretize the state equation without penalization: for any
u ∈ L2 (Γ), yh (u) ∈ Yh is the solution of
(∇yh (u), ∇zh )Ω

(yh (u), vh )Γ

∀zh ∈ Yh0 ,

=

0

=

(u, vh )Γ ∀vh ∈ Uh .

Notice that if uh ∈ Uh , then the Dirichlet condition is fully
satisfied, i.e. yh (uh ) ≡ uh on Γ.
The discrete objective functional is defined as
ν
1
kyh (u) − yd k2L2 (Ω) + kuk2L2 (Γ) .
2
2
We will denote by
Jh (u) =

Uα,β,h = {uh ∈ Uh : α(xj ) ≤ uh (xj ) ≤ β(xj ) ∀j ∈ Bh },
Kh = {yh ∈ Yh : a(xj ) ≤ yh (xj ) ≤ b(xj ) ∀xj ∈ Ω̄1 },

and

Uad,h = {uh ∈ Uα,β,h : yh (uh ) ∈ Kh }

the discrete analogues to Uα,β , K and Uad .
control problem then reads as

min Jh (uh )
(Ph )
uh ∈ Uad,h .

Our discrete

D EFINITION 10 We will say that uh is a feasible point for
(Ph ) if uh ∈ Uad,h . We will call uh0 ∈ Uad,h a feasible Slater
point for (Ph ) if there exist δh > 0 and εh > 0 such that
α(xj ) + δh ≤ uh0 (xj ) ≤ β(xj ) − δh

a(xj ) + εh ≤ yh (u0 )(xj ) ≤ b(xj ) − εh

∀xj ∈ Γ,

∀xj ∈ Ω̄1 .
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T HEOREM 11 Suppose that (P ) has a regular feasible Slater
point u0 ∈ W 1−1/p,p (Γ), for some p > 2. Then there exists
h0 > 0 such that for all 0 < h < h0 the discrete problem (Ph )
has a Slater feasible point uh0 .
Moreover, the quantities δh and εh can be taken independent
of h for h small enough.
To formulate first order necessary optimality conditions, we
introduce the “regular” and “singular” discrete adjoint states
related to any u ∈ L2 (Γ) or µ ∈ M(Ω̄1 ), respectively, and
a discrete counterpart of the normal derivative of the adjoint
state. We define ϕr,h (u), ϕs,h (µ) ∈ Yh0 to be the unique
solutions of
(∇ϕr,h (u), ∇zh )Ω

(∇ϕs,h (µ), ∇zh )Ω

= (yh (u) − yd , zh )Ω ∀zh ∈ Yh0
= hµ, zh i

∀zh ∈ Yh0 .

The normal derivative of a continuous piecewise linear function is a piecewise constant function. Moreover, Green’s
theorem does not hold for such kind of functions. We will
use instead the so-called discrete variational normal derivative
introduced in [5].
D EFINITION 12 For any linear operator Th : Yh → R, let
ϕh ∈ Yh0 be the solution of
(∇zh , ∇ϕh )Ω = Th zh ∀zh ∈ Yh0 .
Then its discrete variational normal derivative ∂nh ϕh ∈ Uh is
the unique solution of
(∂nh ϕh , zh )Γ = (∇zh , ∇ϕh )Ω − Th zh ∀zh ∈ Yh .
As a consequence of Theorem 11, we obtain existence, uniqueness and optimality conditions for the solution of the discrete
problem under assumptions not on the discrete problem, but on
the original problem.
T HEOREM 13 If (P) has a regular feasible Slater point, then
there exists h0 > 0 such that for all 0 < h < h0 the discrete
problem (Ph ) has a unique solution ūh ∈ Uad,h with related
discrete state ȳh ∈ Kh . Moreover, there exist nonnegative
−
measures µ̄+
h , µ̄h ∈ Mh such that
(23)
(24)
(25)
(26)

(∇ȳh , ∇zh )Ω = 0 ∀zh ∈ Yh0 ,
(ȳh , vh )Γ = (ū, vh )Γ ∀vh ∈ Uh

(∇zh , ∇ϕ̄h )Ω = (ȳh − yd , zh )Ω + hµ̄h , zh i
∀zh ∈ Yh0

(ν ūh − ∂nh ϕ̄h , uh − ūh )Γ ≥ 0 ∀uh ∈ Uα,β,h

hµ̄h , yh − ȳh i ≤ 0 ∀yh ∈ Kh ,

−
where µ̄h = µ̄+
h − µ̄h and ϕ̄h = ϕr,h (ūh ) + ϕs,h (µ̄h ).

Notice that (25) can be equivalently written as


1 h
∂n ϕ̄h in the sense of L2 (Γ),
ūh = ProjUα,β,h
ν
which, in this case is not equivalent to the pointwise projection.
To finish this section, we formulate also first order optimality
conditions without the use of measures.
T HEOREM 14 Suppose (P) has a feasible Slater point and let
ūh ∈ Uad,h be the unique solution of (Ph ). Then


1 h
∂n ϕr,h (ūh ) in the sense of L2 (Γ).
ūh = ProjUad,h
ν

5

Error estimates

To obtain error estimates, we will make the following technical
assumption on the triangulation, which is not difficult to fulfill
in practice:
Assumption (H) There exists some h̄ > 0 and an open set
Ω2,h̄ such that Ω1 ⊂⊂ Ω2 ⊂⊂ Ω2,h̄ ⊂⊂ Ω for some open set
Ω2 with smooth boundary Γ2 such that for all 0 < h < h̄
Ω̄2,h̄ = ∪{T ∈ Th : s.t. xj ∈ Ω̄2,h̄ ∀xj vertex of T }.
An illustration example of a family satisfying Assumption (H)
can be seen in Figure 1.
Since both the continuous and discrete optimal controls are
L2 (Γ) projections of the normal derivative and the variational
discrete normal derivative of the continuous and discrete adjoint state, respectively, we first obtain error estimates for
these:
L EMMA 15 For all p < pΩ and any u ∈ W 1−1/p,p (Γ) there
exists some h1 > 0 and some C > 0 independent of u such
that for all 0 < h < h1 the following estimate holds
k∂n ϕr (u) − ∂nh ϕr,h (u)kL2 (Γ) ≤ Ch1−1/p kukW 1−1/p,p (Γ) .
Suppose further that assumption (H) is satisfied. Then, for any
µ ∈ M(Ω̄1 ), there exist some h2 > 0 and C > 0 independent
of µ such that for all 0 < h < h2 and all p < pΩ , the following
estimate holds
k∂n ϕs (µ) − ∂nh ϕs,h (µ)kL2 (Γ) ≤ Ch1−1/p kµkM(Ω̄1 ) .
First we will deal with the no-control-constraints case. Our
main result in this case is Theorem 18, whose proof follows
the lines of [4] and uses the following technical lemmas:
L EMMA 16 Under the assumptions of Theorem 13, the discrete Lagrange multipliers are bounded in M(Ω̄1 ) independently of h.
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ble Slater point, Assumption (H) is satisfied, a, b ∈ W 2,p (Ω1 )
for all p < pΩ and α(x) < ū(x) < β(x) for all x ∈ Γ.
Then there exists some h0 > 0 and C > 0 such that for all
0 < h < h0
kū − ūh kL2 (Γ) ≤ Ch1−1/p ∀p < pΩ .

Ω2,h̄
Ω2

We would like to emphasize that this is the same order of
convergence obtained in [9] for unconstrained problems or in
[5] for control-constrained problems.

Ω

Ω1
Γ2
Γ2,h̄

Γ

Next, we deal with the problem with both control and state
constraints. If we adapt the proof of Theorem 18 to this case,
we only obtain an order of O(h1/2−1/(2p) ). We can improve
this slightly using the double-feasibility technique employed
in [10, 11] and the first order optimality conditions stated
in theorems 9 and 14. Among other technical results, we
need to prove uniform boundedness of the discrete optimal
controls in the appropriate Sobolev space, existence of feasible
controls for (P) that are close enough to the discrete optimal
solutions and existence of feasible controls for (Ph ) that are
close enough to the continuous optimal control. We summarize
these results in the following three lemmas.
L EMMA 19 Suppose that (P ) has a regular feasible Slater
point, Assumption (H) is satisfied and α, β ∈ W 1−1/p,p (Γ) for
all p < pΩ . Then the sequence of discrete optimal controls
ūh of Problem (Ph ) is bounded in the W 1−1/p,p (Γ)-norm
independently of h for all p < pΩ .
L EMMA 20 Suppose that (P ) has a regular feasible Slater
point. Let ūh be the optimal control of (Ph ). There exists
a sequence u∗ = u∗ (h) of controls, uniformly bounded in
W 1−1/p,p (Γ) for all p < pΩ , that are feasible for (P ), and
a constant C > 0 independent of h such that

Ω2,h̄
Ω2

Ω

Ω1

(27)

Γ2
Γ2,h̄

Γ

Figure 1: Mesh family satisfying Assumption (H)

L EMMA 17 Suppose that (P) has a regular feasible Slater
point, a, b ∈ W 2,p (Ω1 ) for all p < pΩ and α(x) < ū(x) <
β(x) for all x ∈ Γ. Let ū and ūh be the solutions of problems
(P) and (Ph ), respectively, and µ̄ and µ̄h Lagrange multipliers
associated to these solutions. Then
(∂nh ϕs,h (µ̄) − ∂nh ϕs,h (µ̄h ), ū − ūh )Γ ≤ Ch2(1−1/p) ∀p < pΩ .
T HEOREM 18 Let ū and ūh be the solutions of problems (P)
and (Ph ), respectively, and suppose that (P) has a regular feasi-

kūh − u∗ (h)kH −1/2 (Γ) ≤ Ch3/2−1/p ∀p < pΩ .

L EMMA 21 Suppose that (P ) has a regular feasible Slater
point. Let ū be the optimal control of (P ). There exists a
sequence u∗h of controls, uniformly bounded in W 1−1/p,p (Γ)
for all p < pΩ , that are feasible for (Ph ) and a constant C > 0
independent of h such that
(28)

kū − u∗h kL2 (Γ) ≤ Ch1−1/p ∀p < pΩ ,

(29)

kū − u∗h kH −1/2 (Γ) ≤ Ch3/2−1/p ∀p < pΩ .

Finally, we are able to obtain the following error estimate
T HEOREM 22 Let ū and ūh be the solutions of problems (P )
and (Ph ), respectively, and suppose that (P ) has a regular
feasible Slater point, Assumption (H) is satisfied and α, β ∈
W 1−1/p,p (Γ) for all p < pΩ . Then there exists some h0 > 0
and C > 0 such that for all 0 < h < h0
3

1

kū − ūh kL2 (Γ) ≤ Ch 4 − 2p ∀p < pΩ .
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Notice that the error estimate in Theorem 22 is also applicable
to problems without control constraints and the assumptions
on the state constraints in this case are slightly less restricting
than the assumptions in Theorem 18, at the price of obtaining
an order of convergence slightly worse.

6

Numerical experiments

Up to the authors’ best knowledge, existing error estimates for
the L2 (Γ) error of the control for Dirichlet control problems
governed by elliptic equations posed on polygonal domains
are not sharp when we are dealing with regular enough data.
From the results for control-constrained problems governed by
semilinear equations in the seminal paper [5] or the results
about superconvergence for the error in the state variable in the
unconstrained case proved in [9], one can deduce an order of
O(h1−1/p ) for yd ∈ Lp (Ω), p < pΩ . If yd is more regular, this
result cannot be improved with the techniques described there.
Nonetheless, numerical experiments show that for regular data,
one should expect an order of O(hmin{1,s−3/2} ) for all s < sΩ .
See e.g. [9, Table 6.4]; in that example ω = 5π/6, so
1 − 1/pΩ = 0.6, and sΩ − 3/2 = 0.7 and the experimental
order of convergence obtained varies between 0.65 and 0.7.
Our own experiments show the same behavior, so we cannot
claim sharpness for our estimates. Moreover, we think they are
not.
Consider Ω the interior of the convex hull of the points
(−0.5, −0.5), (0.5, −0.5), (0.5, 0), (0, 0.5), (−0.5,√0.5) and
Ω1 the open ball centered at the origin with radius 0.1. Set
ν = 1 and yΩ ≡ 1. We consider only the upper constraint on
the state b ≡ 0.15. It is clear that u0 = 0 is a regular Slater
point for (P), so this problem fulfills all the requirements of
our theorems. Numerically we observe that the constraint is
active on some parts of the boundary of Ω̄1 . For this problem
ω = 3π/4, and hence 1 − 1/pΩ ≈ 0.67 and sΩ − 3/2 =
0.83. To solve the problem, we start with a mesh of size h0
satisfying Assumption (H) and obtain subsequent meshes of
size hj = hj−1 /2 for j ≥ 1 by regular diadic refinement. For
j = 4 we are dealing with a mesh of size h4 = 6 × 10−3
with 6 × 105 triangles, 3 × 105 nodes and 640 boundary nodes.
The optimization was performed using an adaptation of the
semi-smooth Newton method described in [7]. We obtain the
following experimental results:
j
1
2
3
4

kūhj − ūhj−1 kL2 (Γ)
1.1E − 2
5.6E − 3
3.0E − 3
1.6E − 3

EOC
−
0.99
0.92
0.88

Our Theorem 18 predicts an order of convergence which
should be close to 0.66. Nonetheless, as we have already
mentioned, we obtain 0.88, which is closer to sΩ − 3/2.
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Special Session 14
Structured Matrices and Numerical Linear Algebra
Structured matrices form a subject of growing interest and importance in the numerical analysis and applied and numerical linear algebra. They typically lead to the development of adapted
numerical methods and theoretical understanding of diverse concepts in statistics, optimization,
economics or approximation, among other fields. In this special session we assemble five talks
on different types and applications of structured matrices. Particular attention will be paid
to the study of iterative methods for solving linear systems Ax=b, where A is an structured
matrix (M-matrix, H-matrix, symmetric definite positive, ...) using Krylov methods and their
preconditioners. In other talk, the modified Gram-Schmidt process (MGS) is considered to
improve the condition numbers for the eigenvalues of a given matrix. Another talk will present
some recent advances for the class of structured matrices called almost strictly sign regular
matrices. Least squares approximation using the Bernstein basis and its corresponding BernsteinVandermonde matrices will be considered in another talk. Finally, a talk will be devoted to
matrix tools related with Newton formula for polynomial interpolation, including factorizations
of Vandermonde and Bernstein-Vandermonde matrices.

P ROCEEDINGS OF THE XXIV C ONGRESS ON D IFFERENTIAL E QUATIONS AND A PPLICATIONS
XIV C ONGRESS ON A PPLIED M ATHEMATICS
Cádiz, June 8-12, 2015, pp. 423–429

Characterizations of Almost Strictly Sign Regular
matrices and some particular cases
P. Alonso∗, J. M. Peña† and M. L. Serrano∗

Abstract— Almost strictly sign regular matrices form an important subclass of sign regular matrices, and they contain the class of
almost strictly totally positive matrices. Almost strictly sign regular matrices were characterized through the Neville elimination
in [1]. In this work we present some results obtained for this kind of matrices, as well as their improvement for the particular case
of 1-banded (tridiagonal) matrices, taking advantage of the structure of the matrix for significantly reducing the computational
cost of the characterization.
Keywords: Almost Strictly Sign Regular matrices, Neville elimination, characterization, tridiagonal matrices.

1

2

Introduction

Totally Positive (TP) matrices are matrices with all its minors nonnegative and Sign Regular (SR) matrices are matrices
whose minors of the same order have the same sign. These
matrices arise naturally in many areas of mathematics, statistics, mechanics, computer-aided geometric design, economics,
etc. (see, for example, [2] and [5]). The interest of nonsingular
SR matrices comes from their characterizations as variationdiminishing linear maps: the number of sign changes in the
consecutive components of the image of a vector is bounded
above by the number of sign changes in the consecutive components of the vector.
A very important subclass of TP matrices that appears in many
applications are the Almost Strictly Totally Positive (ASTP)
matrices, matrices whose minors are positive if and only if all
their diagonal entries are positive.
In [9] Huang et al. introduce the Almost Strictly Sign Regular
(ASSR) matrices, as those whose nontrivial minors of the
same order have all the same strict sign. Matrices that are
both ASSR and TP are ASTP. On the other hand, in [1]
the authors present an algorithmic characterization of ASSR
matrices using Neville Elimination (NE). NE is an alternative
procedure to Gaussian elimination that is especially efficient
when we work with SR matrices and their subclasses or when
using pivoting strategies in parallel implementations.
In this paper some of the results presented in [1] are reviewed.
Besides, and taking into account the structure of tridiagonal
ASSR matrices (aij = 0 for all i, j, such that |i − j| > 1), a
very simplified characterization of such matrices is obtained.
∗ Departamento
† Departamento

General characterizations

In this work, we deal with matrices that are defined by the sign
of their minors, thus it is necessary to introduce some classical
notations that will properly handle the involved submatrices.
For k, n ∈ N, with 1 ≤ k ≤ n, Qk,n denotes the set of all
increasing sequences of k natural numbers not greater than n.
For α = (α1 , . . . , αk ), β = (β1 , . . . , βk ) ∈ Qk,n and A an
n × n real matrix, we denote by A[α|β] the k × k submatrix
of A containing rows α1 , . . . , αk and columns β1 , . . . , βk of
A. If α = β, we denote by A[α] := A[α|α] the corresponding
principal minor. In addition, Q0k,n denotes the set of increasing
sequences of k consecutive natural numbers not greater than n.
For each α ∈ Qk,n , we denote by the dispersion of α the
number
(1)

d(α) :=

k−1
X
i=1

(αi+1 − αi − 1) = αk − α1 − (k − 1)

with the convention d(α) = 0 for α ∈ Q1,n .
It is noted that d(α) = 0 implies that α ∈ Q0k,n .
The characterizations presented here are based on the signs of
the pivots of the NE, so we will introduce briefly this procedure
(see [6]).
If A is a nonsingular n × n matrix, NE consists of at most n − 1
successive major steps, resulting in a sequence of matrices as
follows:
(2)

e(1) → A(1) → · · · → A
e(n) = A(n) = U
A=A
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where U is an upper triangular matrix.


(t)
For each t, 1 ≤ t ≤, A(t) = aij

1≤i,j≤n

• a1,n 6= 0, a2,n−1 6= 0, . . . , an,1 6= 0;
• aij = 0, j > n − i + 1 ⇒ akl = 0, ∀i ≤ k, j ≤ l;

has zeros in the

• aij = 0, j < n − i + 1 ⇒ akl = 0, ∀k ≤ i, l ≤ j.

(t)

positions aij , for 1 ≤ j ≤ t, j ≤ i ≤ n. Besides it holds that
(t)

(3)

(t)

ait = 0, i ≥ t ⇒ aht = 0, ∀h ≥ i.

e(t) reordering rows t, t + 1, . . . ,
Matrix A(t) is obtained from A
n according to a row pivoting strategy which satisfies (3).

e(t+1) from A(t) , zeros are introduced below the
To obtain A
main diagonal of the tth column by subtracting a multiple of
the ith row from the (i + 1)th, for i = n − 1, n − 1, . . . , t.
(t+1)
The elements e
aij
are obtained according to the following
formula
(4) 
 a(t)
1≤i≤t

ij



(t)
a
(t)
(t)
(t)
aij − (t)it ai−1,j if ai−1,t 6= 0, t + 1 ≤ i ≤ n

a

i−1,t


 (t)
(t)
aij
if ai−1,t = 0, t + 1 ≤ i ≤ n
The element
(5)

pij =

(j)
aij ,

1 ≤ i, j ≤ n

is called the (i, j) pivot of NE of A and the number


(j) 
pij
aij

(j)


=
if ai−1,j =
6 0
(j)
pi−1,j
ai−1,j
(6) mij =



(j)
0
if ai−1,j = 0

the (i, j) multiplier. Note that mij = 0 if and only if pij = 0
and by (3)
(7)

mij = 0 =⇒ mhj = 0, ∀h > i.

The ASSR matrices have its zero and nonzero elements
grouped in certain positions (see [9]). This property inspires
the following definitions:
D EFINITION 1 A matrix A = (aij )1≤i,j≤n is called type-I
staircase if it satisfies simultaneously the following conditions
• a11 6= 0, a22 6= 0, . . . , ann 6= 0;
• aij = 0, i > j ⇒ akl = 0, ∀l ≤ j, i ≤ k;
• aij = 0, i < j ⇒ akl = 0, ∀k ≤ i, j ≤ l.
D EFINITION 2 A matrix A = (aij )1≤i,j≤n is called a typeII staircase matrix if it satisfies simultaneously the following
conditions

In order to clearly describe the zero pattern of a nonsingular
matrix A type-I staircase (or type-II staircase), it is adequate to
introduce the next sets of indices (see [8]):
D EFINITION 3 Let A = (aij )1≤i,j≤n be a matrix type-I
staircase. We define
(8)

i0 = 1,

j0 = 1,

for k = 1, . . . , l:
(9)
(10)


ik = max i / aijk−1 6= 0 + 1 (≤ n + 1),

jk = max {j ≤ ik / aik j = 0} + 1 (≤ n + 1),

where l is given in this recurrent definition by jl = n + 1.
Analogously we define
(11)
for k = 1, . . . , r:
(12)
(13)

b
j0 = 1,

bi0 = 1

n
o
b
jk = max j / abik−1 j 6= 0 + 1 (≤ n + 1),

n
o
bik = max i ≤ b
jk / aibjk = 0 + 1 (≤ n + 1),

where bir = n + 1.

In this way, we denote by I, J, Ib and Jb the following sets of
indices
I = {i0 , i1 , . . . , il } , J = {j0 , j1 , . . . , jl } ,
n
o
n
o
Ib = bi0 , bi1 , . . . , bir , Jb = b
j0 , b
j1 , . . . , b
jr ,

thereby defining the zero pattern in the matrix A.

In addition, for subsequent results, it is also necessary to
introduce the indices jt and bit , as well as the concept of
nontrivial matrices.

D EFINITION 4 Let A be a real matrix n × n, type-I staircase,
b Let be 1 ≤ i, j ≤ n. If j ≤ i
with zero pattern I, J, Ib and J.
we define
(14)

jt = max {js / 0 ≤ s ≤ k − 1, j − js ≤ i − is } ,

being k the unique index satisfying that jk−1 ≤ j < jk , and if
i<j
n
o
(15) bit = max bis / 0 ≤ s ≤ k 0 − 1, i − bis ≤ j − b
js ,
being k 0 the only index satisfying that bik0 −1 ≤ i < bik0 .
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D EFINITION 5 For a real matrix A = (aij )1≤i,j≤n type-I
(type-II) staircase, a submatrix A[α|β], with α, β ∈ Qm,n
is nontrivial if all its main diagonal (secondary diagonal)
elements are nonzero, that is, aii 6= 0 (ai,n−i+1 6= 0) for all
i = 1, . . . , n.
The minor associated to a nontrivial submatrix (A[α|β]) is
called nontrivial minor (det A[α|β]).
D EFINITION 6 A matrix r × r Pr is called backward identity
matrix if the element (i, j) of matrix Pr is defined in the form

1 if i + j = r + 1
0
otherwise
The TP and ASTP matrices have been widely studied in the
literature, and they are formally defined below.
D EFINITION 7 Let A = (aij )1≤i,j≤n be an real matrix. A
is a TP matrix if each submatrix A[α|β], with α, β ∈ Qk,n
satisfies that
det A[α|β] ≥ 0.
D EFINITION 8 Let A = (aij )1≤i,j≤n be an real matrix. A
is an ASTP matrix, if A is TP and each nontrivial submatrix
A[α|β], with α, β ∈ Q0k,n satisfies that
det A[α|β] > 0.
The ASTP matrices were characterized by Gasca y Peña in [7]
taking into account the pivots of NE of matrix A.
Next, we define the signature vector (±1) that is commonly
used to store the sign of the minors of order k, with k =
1, . . . , n.
D EFINITION 9 Given a vector ε = (ε1 , ε2 , . . . , εn ) ∈ Rn , we
say that ε is a signature sequence, or simply, is a signature, if
εi = ±1 for all i ≤ n.
Note that if a matrix is ASTP its signature sequence is ε =
(1, 1, . . . , 1). Then each minor of order k has positive sign
because εk = +1.
D EFINITION 10 A real n × n matrix A is said to be SR with
signature ε = (ε1 , ε2 , . . . , εn ) if all its minors satisfy that
(16)

εm det A[α|β] ≥ 0,

α, β ∈ Qm,n ,

m ≤ n.

D EFINITION 11 A real n × n matrix A is said to be ASSR
with signature ε = (ε1 , ε2 , . . . , εn ) if all its nontrivial minors
det A[α|β] satisfy that
(17)

εm det A[α|β] > 0,

α, β ∈ Qm,n ,

m ≤ n.

In [9] the authors prove the next characterization of ASSR
matrices:
T HEOREM 12 Let A be a real n × n matrix and ε =
(ε1 , ε2 , . . . , εn ) be a signature. Then A is nonsingular ASSR
with signature ε if and only if A is a type-I or type-II staircase
matrix and all its nontrivial minors with α, β ∈ Q0m,n , m ≤ n,
satisfy
(18)

εm det A[α|β] > 0,

α, β ∈ Q0m,n ,

m ≤ n.

The next result (proved in [1]) establishes the relationship
between the signatures of A and Pn A.
C OROLLARY 13 A matrix A = (aij )1≤i,j≤n is ASSR if
and only if Pn A is also ASSR. Furthermore, if the signature
of A is ε = (ε1 , ε2 , . . . , εn ), then the signature of Pn A is
m(m−1)
ε0 = (ε01 , ε02 , . . . , ε0n ), with ε0m = (−1) 2 εm
P ROPOSITION 14 Let A be an ASSR and TP matrix. Then A
is ASTP.
P ROOF : If A is an ASSR matrix, then (17) is satisfied for all
nontrivial minors of A. In addition, A is a TP matrix, and so
det A[α|β] ≥ 0 for all α, β. Then it is immediate to conclude
that ε = (1, 1, . . . , 1). Therefore A is ASTP.

Also in [1] the authors establish the following necessary conditions for a matrix to be ASSR.
T HEOREM 15 Let A = (aij )1≤i,j≤n be a nonsingular type-I
b J.
b If A
staircase matrix, with zero pattern defined by I, J, I,
is ASSR with signature ε = (ε1 , ε2 , . . . , εn ). Then
• the NE of A can be performed without row exchanges
and the pivots pij satisfy, for any 1 ≤ j ≤ i ≤ n,
(19)

pij = 0 ⇔ aij = 0

(20)

εj−jt εj−jt +1 pij > 0 ⇔ aij 6= 0

where ε0 = 1 and jt as defined in (14).
• the NE of AT can be performed without row exchanges
and the pivots qij satisfy, for any 1 ≤ i ≤ j ≤ n,
(21)

qij = 0 ⇔ aij = 0

(22)

εi−bit εi−bit +1 qij > 0 ⇔ abij 6= 0

where ε0 = 1 and bit as defined in (15).

R EMARK 16 Let A = (aij )1≤i,j≤n be a type-I staircase
matrix, such that the NE of A and AT can be performed
without row exchanges. If we denote by pij the pivot of NE
of A when i ≥ j and by qij the pivot element of NE of AT
when i < j, then, if aij 6= 0, we have that
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a) If i ≥ j, y jk−1 ≤ j < jk :
(23)
pij =


 aij


det A[i−j+jt ,...,i−1,i|jt ,...,j−1,j]
det A[i−j+jt ,...,i−1|jt ,...,j−1]

si

j = jt

si

j > jt

T HEOREM 18 Let Pr be the r×r backward identity matrix. A
nonsingular matrix A = (aij )1≤i,j≤n is ASSR with signature
ε = (ε1 , ε2 , . . . ,εn ), with ε2 = −1 if and only if for every
h = 1, . . . , n − 1 the following properties hold simultaneously:
(i) B = Pn A is type-I staircase;
(ii) the NE of the matrices Bh = Pn−h+1 Ah and BhT =
Pn−h+1 ATh can be performed without row exchanges

with jt as defined in (14).

(iii) the pivots phij of the NE of Bh satisfy conditions correh
sponding to (19), (20), and the pivots qij
of the NE of
T
Bh satisfy (21) and (22);

b) If i < j, y bik−1 ≤ i < bik :

(24)

qij =


 aij


det AT [j−i+b
it ,...,j−1,j|b
it ,...,i−1,i]
det AT [j−i+b
it ,...,j−1|b
it ,...,i−1]

with bit as defined in (15).

si i = bit

si

(iv) for the positions (ih , j h ) of matrix Pn−h+1 Ah :
• if ih ≥ j h and ih − j h = iht − jth , then
εj h −jth εj h −jth +1 = εj h −1 εj h
jth , then
• if ih < j h and ih − j h = biht − b
εih −bih εih −bih +1 = εih −1 εih .

i > bit

t

Let A = (aij )1≤i,j≤n be an n×n matrix and h = 1, . . . , n−1.
We denote by Ah the matrix defined as
(25)

Ah = (ahij )1≤i,j≤n−h+1 ,

ahij = ai+h−1,j+h−1 .

Analogously, the transpose of Ah , i.e. ATh , is denoted as
(26)

ATh = (aT,h
ij )1≤i,j≤n−h+1 ,

aT,h
ij = aj+h−1,i+h−1 .

where indices
are given by conditions corresponding to (14) and (15).
Considering the previous results, in the following section certain ASSR matrices are characterized. The goal is to leverage
its structure to simplify the given characterization and reduce
its computational cost.

3
Taking into account the previous notations, it is evident that
Ah = A[h, . . . , n] and ATh = AT [h, . . . , n].
Next, and using the NE of Ah and ATh , the characterizations
given in [1] for type-I of type-II staircase ASSR are presented.
T HEOREM 17 A nonsingular matrix A = (aij )1≤i,j≤n is
ASSR with signature ε = (ε1 , ε2 , . . . , εn ), with ε2 = 1 if
and only if for every h = 1, . . . , n − 1 the following properties
hold simultaneously:
(i) A is type-I staircase;
(ii) the NE of the matrices Ah and ATh can be performed
without row exchanges;
(iii) the pivots phij of the NE of Ah satisfy conditions correh
sponding to (19) and (20), and the pivots qij
of the NE
T
Ah satisfy (21) and (22);
(iv) for the positions (ih , j h ) of matrix Ah ::
• if ih ≥ j h and ih − j h = iht − jth then
εj h −jth εj h −jth +1 = εj h −1 εj h
• if ih < j h and ih − j h = biht − b
jth then
εih −bih εih −bih +1 = εih −1 εih .
t

t

t

iht , jth , biht , b
jth

Tridiagonal ASSR matrices

In this section we characterize tridiagonal ASSR matrices.
First, we define M -banded matrices, and strictly M -banded.
This last definition was introduced in [4].
D EFINITION 19 Given a matrix A = (aij )1≤i,j≤n let us
consider an integer M < n. We say that A is M -banded matrix
if aij = 0 when |i − j| > M . If, in addition aij 6= 0 when
|i − j| = M , we say that A is an strictly M -banded matrix.
By Theorem 1 of [4], an M -banded matrix is an strictly M banded matrix if aij 6= 0 when |i − j| ≤ M
Focusing on the case of tridiagonal matrices, a tridiagonal
matrix of order n ≥ 2 is a 1-banded matrix, i.e., a matrix
A = (aij )1≤i,j≤n , with aij = 0 for all i, j when |i − j| > 1.
Obviously, this is an type-I staircase matrix, and if A is an
strictly M -banded matrix, then its structure is the next


∗ ∗ 0 0 ··· 0 0 0
 ∗ ∗ ∗ 0 ··· 0 0 0 


 0 ∗ ∗ ∗ ··· 0 0 0 


 0 0 ∗ ∗ ··· 0 0 0 


(27)
A= . . . .
.. .. 
..
..
 .. .. ..
. . . 


 0 0 0 0 ··· ∗ ∗ 0 


 0 0 0 0 ··· ∗ ∗ ∗ 
0 0 0 0 ··· 0 ∗ ∗
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where the positions ∗ are nonzero. Besides, its zero pattern is
described by
(k)
(0)
I = { 1,
J = { 1,
Jb = { 1,
Ib = { 1,

(1)

(2)

3,
2,
3,
2,

4,
3,
4,
3,

...
(n-1)
(n)
··· ,
n,
n+1
· · · , n − 1, n + 1
··· ,
n,
n+1
· · · , n − 1, n + 1

}
}
}
}

Note that for 1 ≤ k ≤ n then
(28)
(29)

jk = ik − 1,
bik = b
jk − 1.

Given A = (aij )1≤i,j≤n with n ≥ 3, we say that A is a reverse
tridiagonal matrix if aij = 0 for i ∈ {n−j −1, n−j, n−j +1}.
Obviously A is a type-II staircase matrix, and if A is strictly
reverse tridiagonal matrix, then its structure is


0 0 0 ··· 0 0 ∗ ∗
 0 0 0 ··· 0 ∗ ∗ ∗ 


 0 0 0 ··· ∗ ∗ ∗ 0 


 0 0 0 ··· ∗ ∗ 0 0 


(30)
A= . . .
.. .. .. ..  .

 .. .. ..
.
.
.
.


 0 ∗ ∗ ··· 0 0 0 0 


 ∗ ∗ ∗ ··· 0 0 0 0 
∗ ∗ 0 ··· 0 0 0 0

R EMARK 20 If A is a reverse tridiagonal matrix, then Pn A is
a tridiagonal matrix, and if A is tridiagonal matrix, then Pn A
is a tridiagonal reverse matrix.
In the case of strictly tridiagonal matrix, the next result holds.
L EMMA 21 Let A = (aij )1≤i,j≤n be an strictly tridiagonal
nonsingular matrix. Then, the nonzero positions (i, j) of A
satisfy
a) if i = j + 1 then i − j = it − jt and jt = jk−1 = j,
b) if i = j then i − j = it − jt and jt = j0 = 1,

c) if i = j − 1 then i − j = bit − b
jt and bit = bik−1 = i.

P ROOF : a) If i = j + 1, we calculate the value of jt defined by
(14).
Note that j0 < j1 < · · · < jk−1 , and then the max{js / 0 ≤
s ≤ k − 1, j − js ≤ i − is } is the element of greater index that
verifies j − js ≤ i − is .
Next, we see that for s = k − 1 the inequality is true, and
therefore j − jk−1 = i − ik−1 . By using (28), it follows that if
k>1
j − jk−1 = j − (ik−1 − 1) = j + 1 − ik−1 = i − ik−1 ,

whereby i − j = it − jt and jt = jk−1 .
b) When i = j the value of jt is associated to s = 0. By (28),
for this value of s, it is verified that j − j0 = j − 1 = i0 . Now,
let us see that this element is the maximum. Let s > 0. Then
j − js = j − (is − 1) > j − is = i − is ,
and so, if s > 0, then js ∈
/ {js / 0 ≤ s ≤ k−1, j−js ≤ i−is },
and thus jt = j0 = 1.
c) Finally, if i = j − 1, we analyze the value of bit as defined in
(15).

Note that bi0 < bi1 < · · · < bik−1 , then the maximum of
{bis / 0 ≤ s ≤ k − 1, i − bis ≤ j − b
js } is the same as the
element of greatest index that verifies i − bis ≤ j − b
js

Using (29) we see that bik−1 belongs to the set from which we
calculate the maximum
i − bik−1 = j − 1 − bik−1 = j − 1 − (b
jk−1 − 1) = j − b
jk−1 .

Thus i − j = bik−1 − b
jk−1 , and then it is proved that bit =
bik−1 = i and i − j = bit − b
jt .

R EMARK 22 Note that an ASSR matrix is SR, since the trivial
minors are zero, and the nontrivial minors verify the strict
inequality. So, for the particular case of tridiagonal matrices,
all tridiagonal ASSR matrices are SR, although the reciprocal
is not true. In fact, it is sufficient to observe, for example, the
next tridiagonal SR matrix with signature ε = (1, 1, 1, −1),


1 1 0 0
 1 1 1 0 

A=
 0 1 2 1 .
0 0 1 3

If we analyze the minors of matrix A, we see that the nontrivial
minor
1 1
det A[1, 2|1, 2] =
1 1
is zero, and then A is not an ASSR matrix.
Taking into account that tridiagonal matrices are type-I staircase, and considering that every ASSR matrix is SR, using
Corollary 3.4 of [3],we can see that the only signatures they
can present are the following: ε = (1, 1, . . . , 1, εn ) or ε =
(−1, 1, . . . , (−1)n−1 , εn ).
In the next result, we prove that a nonnegative (A ≥ 0)
tridiagonal ASSR matrix is strictly tridiagonal or it is an ASTP
matrix, i.e., with signature (1, 1, . . . , 1).
L EMMA 23 Let A = (aij )1≤i,j≤n be a real nonsingular
matrix that is tridiagonal and ASSR with A ≥ 0. If there exists
j, 1 < j ≤ n such that aj,j−1 = 0, or aj−1,j = 0, then A is
ASTP.
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P ROOF : First observe that if A ≥ 0 then ε1 = 1. In addition, an
ASSR matrix is SR, and by Corollary 3.4 of [3] the signature
of A is ε = (1, . . . , 1, εn ). If we show that εn = 1 then the
result holds.
The matrix A should have one of the following forms:


A[1, . . . , j − 1] A[1, . . . , j − 1|j, . . . , n]
,
A=
0
A[j, . . . , n]
A=



A[1, . . . , j − 1]
A[j, . . . , n|1, . . . , j − 1]

0
A[j, . . . , n]


.

In both cases det A = det A[1, . . . , j − 1] det A[j, . . . , n].
The first member of equality (det A) is a nontrivial minor
of A of order n, and so its sign coincides with εn . The
second member is the product of two nontrivial minors of order
j − 1 and n − j + 1, respectively, and so we can assure that
εn = εj−1 εn−j+1 = 1, and A is an ASTP matrix.

R EMARK 24 Note that if A ≤ 0 is type-I staircase matrix
with signature ε = (ε1 , ε2 , . . . , εn ) then −A ≥ 0 and also it is
type-I staircase. In addition, the nontrivial minors of A and −A
involve the same rows and columns. Therefore, if −A[α|β] is
a nontrivial submatrix of order k of A, then:
det(−A)[α|β] = (−1)k det A[α|β] ⇒
(−1)k εk det(−A)[α|β] > 0.
Hence, −A also is ASSR and its signature is


ε0 = −ε1 , ε2 , −ε3 , . . . , (−1)k εk , . . . , (−1)n εn .

If A is nonpositive tridiagonal matrix, its signature is
(−1, 1, −1, . . . , (−1)n−1 , εn ). Thus −A is tridiagonal ASSR
matrix with signature (1, 1, . . . , 1, (−1)n εn ) and we can apply
Lemma 23 to matrix −A. Thereby, if the matrix has an zero
element in the position (i, j) with |i − j| = 1, then either A or
−A is ASTP.
In the following result we characterize the nonsingular and
nonnegative tridiagonal ASSR matrices.
T HEOREM 25 Let A = (aij )1≤i,j≤n be a real nonnegative
tridiagonal matrix and nonsingular. Then A is ASSR with
ε = (1, 1, . . . , 1, εn ) if and only if it holds that
(a) A is type-I staircase.
(b) the NE of the matrices A and AT can be performed
without row changes.
(c) the pivots pij of the NE of A and the pivots qij of the NE
of AT satisfy

• If i ≥ j,
(31)
(32)

pij = 0 ⇔ aij = 0
j < n,
pij > 0
j = n εn pin > 0



⇔ aij 6= 0

• If i < j,
(33)

qij = 0 ⇔ aij = 0

(34)

qij > 0 ⇔ aij 6= 0

(d) A2 = A[2, . . . , n] is ASTP.
P ROOF : (⇒) The conditions (a) and (d) are deduced from
conditions (i) and (iv) of Theorem 17. Note that (i) and (ii)
ensure (a) and (b). Besides, (c) is the expression of (iii)
when the signature ε = (1, 1, . . . , 1, εn ) applies to the matrix
A1 = A. Finally, A2 = A[2, . . . , n] is an ASSR matrix with
signature (1, 1, . . . , 1) and thus is ASTP matrix.
(⇐) The reciprocal is proved for using Theorem 17. First, the
condition (a) is the same as (i) of Theorem 17.
By (d) the matrix A2 is ASTP, and then Ah with, h = 2, . . . , n
are also ASTP. Taking into account Theorem 2.1 of [7], the
NE of an ASTP matrix (and its transpose) can be performed
without row changes. Besides A1 = A and by (b) we know
that the NE also can be performed without row changes, and
(ii) holds.
The condition (c) allows us to guarantee that (iii) is true for A.
As Ah are ASTP matrices, for h = 2, . . . , n, their signatures
verify εm = 1, ∀m = 1, . . . , n − h + 1, and using again
Theorem 2.1 of [7] these matrices verify (31), (32), (33) and
(34). Thus (iii) holds.
Now, we prove that (iv) holds. If some aij = 0 for |i − j| = 1,
by Lemma 23 the matrix A is ASTP, and then the product of
two signatures is always +1, and the condition is satisfied. Otherwise, the matrix is strictly tridiagonal and it is only necessary
to prove that, for j = n, the condition εj − jt εj−jt +1 = εj−1 εj
is verified. If j < n, then εk = 1, and the condition holds.
For j = n we consider Lemma 21. When i = j = n, since
jt = j0 = 1, we have εj−jt εj−jt +1 = εj−1 εj , and the equality
is true. If i = j − 1 = n − 1, then bit = i = n − 1.
Therefore εn−1−bit εn−1−bit +1 = ε0 ε1 = 1 = εn−1−1 εn−1 ,
and (iv) holds.
Thus, the conditions of Theorem 17 are fulfilled, and so A is
ASSR.

R EMARK 26 If A ≤ 0, taking into account Remark 24
then −A has signature (1, 1, . . . , 1, (−1)n εn ). Therefore it is
possible to apply the previous result to matrix −A, and then all
the tridiagonal ASSR matrices are characterized.
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R EMARK 27 In the case of nonsingular tridiagonal matrices
we can replace in the statement of Theorem 25 the NE by
gaussian elimination, since in this case both methods coincide
in every step.
With regard to reverse tridiagonal matrices, we can deduce by
Corollary 13 the following result
C OROLLARY 28 Let A be a nonsingular reverse tridiagonal
matrix of order n with n ≥ 3. Then A is ASSR if and only if
Pn A is ASSR. In addition,
• the signature of Pn A is

In the case of reverse tridiagonal ASSR matrices, the following
situations appear:
• if ε1 = 1 y ε2 = −1, then


n(n−1)
m(m−1)
ε = 1, −1, −1, . . . , (−1) 2 , . . . , (−1) 2 εn ,
• if ε1 = −1 y ε2 = −1, then


(m+1)m
n(n−1)
ε = −1, −1, . . . , (−1) 2 , . . . , (−1) 2 εn .
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Conclusions

In this work, the nonsingular tridiagonal ASSR matrices are
characterized. For this purpose, the results obtained in [1] and
the structure of this type of matrices have been considered.
This implies a significative reduction of the computational cost
of the characterization.
Taking into account the results obtained, we can conclude that
the nonsingular tridiagonal ASSR matrices are of the following
types:
• if ε1 = 1 y ε2 = 1, then
ε = (1, 1, . . . , 1, εn ),
• if ε1 = −1 y ε2 = 1, then
ε = (−1, 1, −1, . . . , (−1)n−1 , εn );
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Preconditioners for solving linear systems
R. Bru∗, J. Cerdán∗, J. Marín∗ and J. Mas∗

Abstract—
In this work we present the most recent progress on our study of the ISM factorization and the preconditioners developed from it
and we put them in the framework of previous and known results. More precisely we extend results of the point factorization to
its block counterpart and we show that pivoting strategies can be implemented to compute the ISM factorization.
Keywords: Linear systems, iterative methods, preconditioners.

1

Introduction

Iterative methods, typically Krylov methods, are widely used
to solve linear systems
(1)

Ax = b,

when A is a nonsingular large and sparse matrix. To get
convergence, or to improve it, a preconditioner can be used.
A preconditioner is a matrix M that approximates the inverse
of A and can be obtained in several ways, even implicitly.
When a preconditioner is used, instead of system (1) one
of the systems, that corresponds to left, right and symmetric
preconditioning respectively,

linear least square problems, which can be done also in parallel.
Examples of this class are the SPAI [13] and MR [12] preconditioners. Other approaches compute the preconditioner M
as a product of triangular factors by an A-biorthogonalization
process, as the AINV method, see [1] and [2]. The main
weakness of approximate inverse preconditioners is that in
most cases the inverse of a sparse matrix is very dense, and
then it is difficult to compute a good sparse approximation of
it. A very good survey of these kind of preconditioners is [3].

Several techniques can be used to compute a preconditioner.
We will deal with approximate inverse preconditioners, that
compute an approximation of A−1 ; and with incomplete factorizations of A, typically the ILU or IC factorizations, where
the second is used for symmetric and positive definite matrices.

Implicit preconditioners try to approximate the coefficient matrix A instead of its inverse, computing an incomplete LU [14]
or Cholesky factorization. That is, what these method compute
is not the matrix M in (2), but a factorization of its inverse.
To be precise an incomplete LU factorization of A computes a
unit lower triangular matrix L and an upper triangular matrix
U , both sparse, such that A ≈ LU . The implicitly computed
preconditioner is then M = U −1 L−1 . So, in each iteration,
instead of a matrix vector product with the matrix M , two
linear systems with L and U coefficient matrices must be
solved. In some way the advantages and drawbacks of these
kind of preconditioners are just opposed to the previous one.
They are not as parallel as the approximate inverse ones,
however the factors can be very sparse and still be a very good
approximation of A, at least from the point of view of the
convergence of the iterative method.

Briefly an approximate inverse preconditioner, or direct preconditioner, is applied in each iteration of the Krylov method
by multiplying it by a vector, then the cost of application is very
cheap. Another advantage is that their application is efficiently
parallellized. Some methods to obtain approximate inverse
preconditioners are based on minimizing kIn −AM kF , subject
to some sparsity constraints on M . The use of the Frobenius
norm allows to reduce the problem to solving independent

To get sparse preconditioners the algorithm to compute the
approximate inverse, maybe factorized, or the incomplete factorization of A is sparsified annihilating small entries. To do so
it is necessary to select a positive number, called threshold, and
during the procees, set to zero the entries whose absolute values
are less than the threshold or less than it multiplied by some
quantity as, for example, the norm of the corresponding row. A
complementary strategy is to allow only a reduced number of

(2)

M Ax = M b
AM y = b,
x = My
M 1/2 AM 1/2 y = M 1/2 b,
x = M 1/2 y

is solved by an iterative method. An excellent introductory
book of these topics is [15].
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entries by row or column.
The Inverse Sherman-Morrison (ISM) decomposition was introduced in [6] and can be used to compute preconditioners
of both types: approximate inverse preconditioners and incomplete LU or Cholesky preconditioners. In the next section
we will review the general framework of the factorization and
some theoretical results about the decomposition. In Section 3
we present the extension to the block ISM factorization of
some results of the pointwise ISM factorization proved in [8].
Previous work on preconditioners developed from the ISM
factorization are summarized in Section 4. We introduce new
theoretical results in Section 5 that prove that pivoting can
be introduced in the factorization process. Finally we present
some conclusions.

2

The ISM factorization

The ISM factorization was introduced in [6] to compute a
factorized approximation of the inverse of a matrix. As proved
in [6, Theorem 2.1 and Corollary 2.2].

Condition rk 6= 0, k = 1, . . . , n is necessary to prove the
nonsingularity of matrices Ak whose inverses can be computed
using the Sherman-Morrison formula, but then equations (6)
and (7) allow direct computation of the factors.
The Inverse Sherman-Morrison factorization is obtained when
in the previous theorem we set
(9)

A0 = sI,

x k = ek ,

yk = (ak − sek )T ,

where s is a positive parameter, usually set to 1 in our experiments. Vectors ek and ek represent the kth column and row
respectively of the identity matrix, ak is the kth row of A.
We will use subscript index for the columns of a matrix and
superscripts for their rows.
Then replacing (9) in (4), (5) and (7) one gets
Pk−1
zk = ek − i=1 vsrkii zi ,
Pk−1 k
(10)
vk = yk − i=1 asrzii vi ,
rk

=1+

T
yk
zk
s

=

ak z k
s

=1+

vkk
s

Then, the ISM factorization is
T HEOREM 1 Let A and A0 be two nonsingular matrices, and
let {xk }nk=1 and {yk }nk=1 be two sets of vectors such that
(3)

A = A0 +

n
X

xk ykT

.

k=1

xk 6= 0 for k = 1, . . . , n,
Suppose that rk = 1 + ykT A−1
Pk−1 k−1
where Ak−1 = A0 + i=1 xi yiT . Then Ak is nonsingular and
−1
−1
1
T −1
A−1
k = Ak−1 − rk Ak−1 xk yk Ak−1 . Moreover the vectors
(4)

zk := xk −

k−1
X

viT A−1
0 xk
zi
ri

vk := yk −

k−1
X

ykT A−1
0 zi
vi
ri

i=1

and
(5)

i=1

are well defined and satisfy the relations
(6)

A−1
k−1 xk
ykT A−1
k−1

=
=

A−1
0 zk
vkT A−1
0

and
(7)

T −1
rk = 1 + ykT A−1
0 zk = 1 + vk A0 xk

(11)

s−1 I − A−1 = s−2 Zs Ds−1 VsT .

where Zs = [z1 , . . . , zn ], Ds = diag(r1 , . . . , rn ) and Vs =
[v1 , . . . , vn ],
Let us now mention that in [6, Lemma 3.1] the relation of the
factors for different values of the parameter s are established,
in particular the independence of Zs with respect s, so from
now on we simply write Z.
Figure 1 below shows a simple MATLAB code that computes
the factorization.
function [Z, V, D] = ism(A)
%ISM factorization
n = size(A,1);
Z = eye(n);
V = A’-eye(n);
D = zeros(n,1);
for k=1:n
for l = 1:k-1
Z(:,k) = Z(:,k) ...
- V(k,l)/D(l)*Z(:,l)
V(:,k) = V(:,k) ...
- (A(k,:)*Z(:,l))/D(l)*V(:,l);
end
D(k) = 1 + V(k,k)
end

for k = 1, . . . , n. In addition
(8)

−1
T −1
A−1
= A−1
0 −A
0 ZDV A0 ,

where Z = [z1 , . . . , zn ], D = diag(r1 , . . . , rn ) and V =
[v1 , . . . , vn ].

Figure 1: Simple MATLAB code to compute the ISM factorization.
Later in [7] it was proved that
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T HEOREM 2 A square matrix A has LDU factorization, A =
LDU , if and only if it has ISM factorization s−1 I − A−1 =
s−2 ZDs−1 VsT .

where
(17)

Then
D = s−1 Ds ,

U = Z −1 ,

Vs = U T D − sL−T .

This theorem establish the strong relation of both factorizations.

3

Block ISM factorization

In [10] the block ISM decomposition was studied and it was
demonstrated that it can be computed incompletely without
breakdown for H-matrices. In this section we will show that,
as it happens for the point version (see [8]), it is closely
related with the block LDU factorization of a matrix, and
results of Theorem 2 can be extended to the block version.
Thus, we will be able to extend the main characteristics of
the BIF algorithm to block form, that is, the use of simplified
expressions and interleaved computations.
Let A be a nonsingular and nonsymmetric matrix partitioned
in block form as


A11 A12 . . . A1q
 A21 A22 . . . A2q 


(12)
A= .
..
.. 
.
.
.
 .
.
.
. 
Aq1 Aq2 . . . Aqq
Pq
where Aij ∈ Rmi ×mj , k=1 mk = n. Let sIn be an scalar
matrix where In denotes the identity matrix of order n and
s > 0, and consider two sets of rectangular n × mk matrices
Xk and Yk given by
(13)

and
(14)

Yk

T

[Ak1 · · · Akk−1 Akk − sImk · · · Akq ]
 k
T
= A − sE k
=

Xk = Ek =



O

···

Imk

···

O

T

(15)

A = sIn +

k−1
X

Vk = Yk −

k−1
X

Xk YkT

k=1

Under these conditions we recall that the block ISM decomposition of matrix A expressed as in (15) is given by (see [10] for
details),

s−1 Zi Ti−1 ViT Xk

i=1

s−1 Vi Ti−T ZiT Yk

i=1

T
and Ds = diag(T1 , T2 , . . . , Tq ), with Tk = Imk + s−1 Vkk
for
k = 1, 2, . . . , q.

The next result shows that the block LDU factorization of a
given matrix A and its block ISM decomposition are closely
related.
T HEOREM 3 Let A = LDU be the block LDU factorization
of A and let A−1 = s−1 I − s−2 ZDs−1 VsT be its block ISM
decomposition given in (16). Then
Z = U −1

and

Vs = U T DT − sL−T .

Theorem 3 implies that the estructure of Vs can be written in
terms of the block entries of the block LDU factorization of A
and of its inverse factors as

i<j
 −sLTji
T
D − sI
i=j
(19)
Vij =
 iT T
Uji Dj
i>j
where Lij represents the (i, j)−block of L−1 .

Analogously to the point BIF algorithm, its block formulation
can benefit from simplified expressions to compute some of the
block entries of Vs , as it is shown in the next result.
T HEOREM 4 With the assumptions and notations of Theorem
3, one can simplify the computations of the blocks Vpk with
p < k as

.

It follows that the matrix A in (12) can be written as

q
X

(18)

Zk = Xk −

(20)

Vpk = sLTkp −

k−1
X

Vpi LTki p < k.

i=p+1

Theorem 3 shows that the factor L of the block LDU decomposition of A can be obtained from the corresponding block ISM
decomposition of AT . Denoting by Z̃, V˜s and D̃s the factors
of the block ISM decomposition of AT , we have
s−1 I − A−T = s−2 Z̃ D̃s−1 ṼsT
In this case it holds

(16)

A−1 = s−1 I − s−2 ZDs−1 VsT

Z̃ = L−T and Ṽs = LD − sU −1
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T
and ṼiT Ek = Ṽki
= DiT LTki .

4.1.2

Thus, the block estructure of Ṽs can be written as

(21)

Ṽij =




−sUij
DiT − sI

Lij Dj

i<j
i=j
i>j

where Uji represents the (i, j)−block of U −1 . The following
result shows how we can modify the computation of the block
entries of V and Ṽ as an interleaved process such that they do
influence each other numerically.
L EMMA 5 Consider the computation of Vpk for some p < k.
The block Lki in the equation (20), for p + 1 ≤ i ≤ k − 1, can
be replaced by Ṽki Di−1 . That is
T
Vpk = sDp−T Ṽkp
−

k−1
X

T
Vpi Di−T Ṽki

i=p+1

L EMMA 6 Under the assumptions of Theorem 3, we have
ZiT AZi = Di
From Lemma 6 it follows that the incomplete block ISM
decomposition is breakdown free for positive definite matrices
since the matrix Zi is full rank even if some dropping is
applied.

4

Preconditioners based on the ISM factorization

In this section we resume the preconditioners developed up to
now based on the ISM factorization.

4.1

Approximate inverse preconditioners

From (11) or (16) it is easy to see that approximate inverse
preconditioners can be computed if an strategy to sparsify the
factors is introduced. Two algorithms has been developed and
tested based on the ISM factorization.

4.1.1

The approximate inverse preconditioner based on
the ISM factorization: AISM

In [6] the dropping strategy introduced in Algorithm 1 to
get sparse factors was based on the size of entries. Several
results about the incomplete factorization were proved, the
most important one is that the incomplete process can be
applied without breakdown to M-matrices. The approximate
inverse preconditioner (AISM) was compared with AINV,
[1, 2], showing similar robustness and performance.

A block version: bAISM

As previously stated, in [10] the block ISM decomposition was
introduced and it was shown that it can be used if some blocks
are zeroed during the process to get an sparse approximate
inverse splited in blocks. In this case the criteria to delete a
block was based on its norm, and the whole block was zeroed if
it was small enough. To improve the performance a reordering
of the matrix to concentrate nonzero entries in dense blocks
was applied. The algorithm used was proposed by Y. Saad
in [16], however this algorithm only takes into account the
graph of the matrix while considering also the absolute values
of entries can improve the results as proved in [11]. Numerical
results showed good performance of the algorithm.

4.2

ILU type preconditioners based on ISM

Theorem 2 shows that the ISM factorization contains the D
(maybe scaled) and U factors of the LDU factorization of the
matrix A, as well as the factors L−1 , U −1 of the LDU factorization of its inverse, the other factor D−1 can be computed
inexpensively as sDs−1 . These result allow the development of
implicit preconditioners. Let us recall our previous works on
this area.

4.2.1

Preconditioners for symmetric positive definite matrices: Balanced Incomplete Factorization (BIF)

When A is a symmetric and positive definite matrix all factors
of the LDLT factorizations of A are available from its ISM factorization. To compute an incomplete Cholesky factorization is
straightforward, and as all factors of the Cholesky factorization
of A−1 are also computed, one can use the dropping strategies
based on the results obtained by M. Bollhöfer and Y. Saad
in [4, 5] for incomplete LU factorization. The strategy consists
in dropping entries if its absolute value is small compared with
the norm of a row of its inverse. To be precise a drop tolerance
τ is selected and then the entries of the incomplete factor L̂ are
discarded when
|ˆljk |kek L̂−1 k ≤ τ.

In a similar way the entry `ˆjk of the jth row, kth column of the
incomplete factor L̂, is zeroed if
|`ˆjk |kek L̂k ≤ τ.
This algorithm is called Balanced Incomplete Factorization
(BIF), because there is a balance between entries of both
matrices computed when these dual dropping strategies are
implemented in Algorithm 1.
Numerical experiments presented in [7] show the robustness
of the preconditioners obtained, and that the BIF preconditioner has a very stable performance as the dropping parameter
changes. In addition very sparse BIF preconditioners are
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very effective reducing the number of iterations and can be
computed and applied at a very low cost.
On the other hand all codes we use to compute ILU type preconditioners restrict the number of nonzero entries of matrices,
which probably is the reason that explain why the density of
preconditioners computed using this algorithms is bounded.

4.3

ISM preconditioners for general nonsingular
matrices: nBIF

In addition
vpk = s

k−1
X ṽki
ṽkp
−
vpi .
dk
d
i=p+1 i

for p < k,

and a dual expression allows computation of ṽpk , for p < k,
as can be seen in [8, Lemma 3.1] and then the strict upper
triangular parts of Vs and Ṽs are computed in a new way. Then
entries of factors of the inverse are used to compute entries of
factors of the matrix and vice versa while in the symmetric case
(BIF) they were used only as part of the criteria to drop entries.

Opposite to the symmetric case, when A is a nonsymmetric
matrix the factor U of the LDU factorization is not available
in the ISM factorization. To solve this problem in [8] it is
proposed to compute the ISM factorization of AT .

Again the method is robust and the results do not depend too
much on the election of the dropping tolerance as numerical
results in [8] show.

Let s−1 I − A−T = s−2 Z̃ D̃s−1 ṼsT be the ISM factorization of
the inverse of AT . Then

4.4

Vs = U T D − sL−T

and

BIF for least squares problems

To solve large least squares problems

Ṽs = LD − sU −1 ,

as depicted in Figure 2. Note that Z and Z̃ are embedded in Ṽs
and Vs respectively and their computation can be avoided.

−sL

−T

UTD

Vs

min kb − Axk2
x

iterative methods can be used, and they can be preconditioned.
When the coefficient matrix has full column rank it is clear than
BIF can be used as preconditioner for an iterative method that
works on the normal equations.
In this case the dropping should be bigger than in other cases
due to the fact that AT A is much denser than A. Then some
instabilities can happen and in [9] two strategies were proposed
to improve robustness: the pivots were computed as ziT AT Azi
instead of using (10); and additional entries were stored and
used only to compute new ones but finally discarded, following
Tismenetsky proposal in [17]. See Algorithm 2.2 in [9].
Numerical results show the robustness of the method and also
its stability with respect the choice of the threshold.

5

−sU −1
LD

Ṽs
Figure 2: Factors of the LDU factorizations of A and A−1
included in Vs and Ṽs . Green parts are factors of A, and blue
parts are factors of A−1 .

Pivoting

To improve even more the robustness of the preconditioners
pivoting can be used. To implement pivoting it is necessary
to compute vectors zk and vk in a different order, instead of
updating only one column in each step of the algorithm, the
right part of the matrix V must be updated in each step. More
precisly we use the following MATLAB code
function [Z, V, D] = bif_rl(A)
%BIF_RL
n = size(A,1);
Y = (A-eye(n))’;
Z = eye(n);
V = A’-eye(n);
D = zeros(n,1);
for k=1:n-1
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D(k) = 1+V(k,k);
for l = k+1:n
Z(:,l) = Z(:,l) ...
- V(l,k)/D(k)*Z(:,k);
V(:,l) = V(:,l) ...
- (Y(:,l)’*Z(:,k))/D(k)*V(:,k);
end
end
D(n)=1+V(n,n);
Observe that after the k step the first k columns of Z and V are
computed. From A = LDU and Theorem 2, AZ = LD, and
after the k step
(22)

ai zk = lik dk ,

should be taken into account. For instance, in partial pivoting
two rows k and q > k are permuted at step k of the matrix
A(k) then columns k and q should be permuted in the matrix
V (k) . Another change should be made in the initialization of
the algorithm. In the previous version of the ISM factorization
the matrix V is initialized as V = AT − sI. Since in the
new version the factorization is computed on P A, where P
is the final permutation matrix, which is not known until the
end of the algorithm, the corresponding initialization, V =
(P A)T − sI should be delayed until the final position of each
original row is known. Then the initialization is V = AT , and
at each step k of the algorithm s must be subtracted from the
entry in the (k, k) position of V (k) P (k) .

if i > k

and
(23)

k

j 6= k

vjk = vk (j) = ukj ,

From (22) and considering that zk has zero entries below the
row k, an important equality for the proof of our main result is
(24)

yiT zk = ai zk − ei zk = ai zk = lik dk ,

i>k

Notation: We denote by S (k) the Schur complement in the
k
k step of the Gauss elimination, and we denote by V22
the
(k)
(n − k) × (n − k) submatrix of V
with rows and columns
with indexes in {k + 1, . . . , n}.

A(k)

V (k)



(k)

A12

(k)

S (k)




=




A11




=




V11



(k)

A21

(k)

(k)

V12

(k)

(k)

V21

V22

−sL−T

UTD

T

S (k) − I



















Vs

k
−sU −1

T HEOREM 7 At each step k of the algorithm
(25)

(k)

T

V22 = S (k) − I

LD
S (k) − I

C OROLLARY 8 In the nonsymmetric version the Schur complement is located in the botton right corner of Ṽ .
To introduce pivoting strategies the relation
(k)

T

V22 = S (k) − I

Vs

Preconditioners for solving linear systems

6

Conclusions

The ISM factorization can be used to compute robust, sparse
and efficient preconditioners, taking advantage of the fact that
it computes factors of the LDU factorization of the coefficient
matrix and also of its inverse. Numerical experiments exhibits
good performance for all preconditioners developed: direct
ones, as BIF for symmetric matrices, nBIF for general matrices
and lsBIF for least squares problems with full column rank; as
well as those of approximate inverse type (AISM and bAISM).
The relation between the factorization and the LDU decomposition also means that the incomplete factorization can be
computed breakdown free for H-matrices, and in the case of
full column rank matrices for the normal equations.
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Matrix analysis of the Newton interpolation formula
J. M. Carnicer∗, Y. Khiar∗ and J. M. Peña∗

Abstract— The Crout factorization of a Vandermonde matrix is related with the Newton polynomial interpolation formula in
terms of divided differences. Another triangular factorization, which can be related with the Newton formula in terms of finite
differences, is provided by the Doolittle factorization. The construction of both factorizations with high relative accuracy is
discussed. The influence of the order of the nodes on the conditioning of the corresponding linear system is analyzed, considering
the three cases of increasing order, Leja order and increasing distances to the origin. Numerical experiments are included.

1

Lagrange interpolation problem. Let U be an (n + 1)dimensional function space.
Given distinct nodes
x0 , . . . , xn , and given values f0 , . . . , fn , find u ∈ U
such that u(xi ) = fi , i = 0, . . . , n.

Introduction

Newton interpolation formula is commonly applied to an increasing sequence of nodes. This is not the best choice and
it is suggested in [10] that the Leja ordering produces better
results. In fact, the choice of the Leja sequence of the interval
leads to a subexponentially growth of the conditioning. In this
paper we analyze another related problem, the computation of
the coefficients of the polynomial interpolant to respect to the
monomial basis. This problem gives rise to a linear system
whose coefficient matrix is the Vandermonde matrix.
Newton formula for the Lagrange interpolation polynomial
problem leads to a triangular factorization of the Vandermonde
matrix, which coincides with the Crout factorization because
the upper triangular matrix has unit diagonal, as recalled in
Section 2. In Section 3, we recall the results of [3] assuring that
the computation of both triangular factors and their inverses
for the Crout factorization can be perform with high relative
accuracy. We also extend in Section 4 the results to the
Doolittle factorization of the Vandermonde matrix, which has
the lower triangular factor with unit diagonal.
We also present in Section 4 three different orderings of the
nodes: natural, Leja and a new ordering that we call central ordering. We discuss their influence on the conditioning (cf. [6])
of the Vandermonde linear system. The numerical experiments
of Section 5 show the nice properties of this new ordering
when the interval is centered at the origin. Finally, the main
conclusions of the numerical experiments are summarized.

The function u is called the interpolant and it can be expressed
in terms of different bases. If (u0 , . . . , un ) isP
a basis of U , then
n
we can write the solution u in the form u = i=0 ci ui and the
interpolation problem is reduced to the linear system
u , . . . , u 
0
n
(1)
M
c = f,
x0 , . . . , x n
where c = (c0 , . . . , cn )T , f = (f0 , . . . , fn )T in Rn+1 and the
matrix
u , . . . , u 
0
n
(2)
M
= (uj (xi ))i,j=0,...,n
x0 , . . . , x n
in R(n+1)×(n+1) is called the collocation matrix of the basis at
the nodes x0 , . . . , xn .
We consider U = Pn the space of the polynomials of degree
less than or equal to n and we denote the interpolation polynomial by p(x). The problem of finding the coefficients c with
respect to the basis (1, x, ..., xn ) of the interpolant is reduced
to solve the system
(3)

V c = f,

where

2

Lagrange interpolation problem

(4)

Let us start by introducing a classical problem in approximation theory.

V = V (x0 , . . . , xn ) := M

 1, x, . . . , xn 
x0 , x1 , . . . , xn

is the Vandermonde matrix with nodes x0 , . . . , xn .
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439

440

2.1

J. M. Carnicer, Y. Khiar and J. M. Peña

Lagrange formula

The solution of the Lagrange interpolation problem can be
expressed using Lagrange formula
p(x) =

n
X

f (xj )lj (x),

lj (x) =

j=0

Qj−1
whose (i, j) entry is lij = ωj (xi ) = k=0 (xi − xk ), j ≤ i.
Observe that L is the matrix of change of basis
ω T = lT L,

(7)
and so

Y x − xk
,
xj − xk

(8)

k6=j

Ld = f ,

where the functions lj are the Lagrange polynomials.

where d = (d0 , . . . , dn ) is the vector of divided differences.

Let us denote by l = (l0 , . . . , ln )T the Lagrange basis and
by m = (m0 , . . . , mn )T the monomial basis mj (x) := xj ,
j = 0, . . . , n. If we compare the expressions of the interpolant
with respect to both bases, we have

In [3] we proposed the following algorithm to compute the
entries of the matrix L by recurrence

T

T

l f = m c.
Using (3), we have lT f = mT V −1 f for all f , and so we deduce
that
lT = mT V −1 ,
i.e., the matrix of change of basis between the Lagrange basis
and the monomial basis is the inverse of the Vandermonde
matrix. Expanding the elements of the Lagrange basis in terms
of the monomial basis, we obtain that the entry (i, j) of V −1 is
(5)

2.2

(−1)n−i

P

k1 <···<kn−i ∈{0,...,n}\{j}

Q

k6=j (xj

− xk )

xk1 · · · xkn−i

.

Newton formula and Crout factorization

li0 = 1,

Let
(10)


1
0


U := 
0
.
 ..

0

p(x) =

[x0 , . . . , xj ]f ωj (x)

j=0

expresses the polynomial interpolant in terms of the Newton
basis, ω = (ω0 , . . . , ωn ), and the divided differences dj =
[x0 , . . . , xj ]f , j = 0, . . . , n. The elements of the Newton basis
are
ωj (x) = (x − x0 ) · · · (x − xj−1 ).
Each element ωj of the Newton basis is a monic polynomial of
degree j such that ωj (xi ) = 0 for j > i.


0 ,...,ωn
The collocation matrix of the Newton basis M x0ω,x
is
1 ,...,xn
a lower triangular matrix because ωj (xi ) = 0, if j > i. Let us
denote by L this matrix
(6)


1
0
···
0

 1 x1 − x0 · · ·
0




.
..
..
,
.
1
x
−
x
L=
2
0


.

.
.
..
..
 ..

0
1 xn − x0 · · · (xn − x0 ) · · · (xn − xn−1 )

i = j, . . . , n,

x0
1

x20
[x0 , x1 ]x2

0
..
.

1
..
.
···

0

···
···
..
.
..

.
0

j = 1, . . . , n.

xn0
[x0 , x1 ]xn
..
.






.


n
[x0 , . . . , xn−1 ]x
1

From the Newton formula applied to the monomials,
m0 , . . . , mn , we deduce
mT = ω T U.
In [3] we also proposed the following algorithm for computing
the entries of U

The Newton formula
n
X

i = 0, . . . , n,

(9) lij = li,j−1 (xi − xj−1 ),

(11)

u00 = 1,

u0j = x0 u0,j−1 ,

uii = 1,

uij = ui−1,j−1 + xi ui,j−1 ,

j = i + 1, . . . , n,

j = 1, . . . , n,

i = 1, . . . , n.

We can relate the three matrices of change of basis with the
formula
m , m , . . . , m 
ω , ω , . . . , ω 
0
1
n
0
1
n
M
=M
U,
x0 , x1 , . . . , xn
x0 , x1 , . . . , xn
which implies that
(12)

V = LU,

that is, the matrices L and U form the (unique) Crout factorization of the Vandermonde matrix, where L is a lower
triangular matrix whose diagonal entries are the pivots of the
gaussian elimination and U is an upper triangular matrix with
unit diagonal.
The LU factorization is used frequently to solve linear systems.
In order to solve V c = f , with V = LU , we consider the
following two triangular systems
Ld = f ,

U c = d.
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The solution of the system V c = f is reduced to the successive
solution of these triangular systems with matrices L and U .
These systems link the solution with the intermediate vector d,
the vector of the divided differences, and, therefore, they are
directly related with the Newton formula.

3

Inverse triangular matrices and high relative
accuracy

Let L and U be the triangular matrices in (6) and (10) respectively.
In [3] we presented the following algorithms to compute L−1
(−1)

(−1)
lij
(−1)

(13)

lii

and U −1
(−1)

u00

(−1)
uii

li−1,j
, j = 0, . . . , i − 1,
=−
xi − xj
1
= Qi−1
, i = 0, . . . , n,
j=0 (xi − xj )
(−1)

= 1,

u0j

= 1,

(−1)
uij

(14) j = i + 1, . . . , n,

(−1)

= −xj−1 u0,j−1 ,
=

(−1)
ui−1,j−1

j = 1, . . . , n,

sign. Then V −1 can be computed with HRA through the
formula (5) .
We also have the following results, corresponding to the theorems 2 and 3 of [3] respectively, about the matrices L and U
and their inverses. For the matrices L and L−1 there are no
restrictions on the nodes, that is, HRA can be ensured for all
possible signs and order configurations of the nodes.
T HEOREM 2 Let L be the lower triangular matrix in (6). Then
L and L−1 can be computed with HRA for any distinct nodes,
xi , i = 0, . . . , n, using algorithms (9) and (13), respectively.
In contrast to Theorem 2, the following result requires the same
restrictions on the nodes as in Theorem 1 to ensure that U and
U −1 can be computed with HRA.
T HEOREM 3 Let U be the upper triangular matrix in (10)
corresponding to a sequence of nodes with the same nonstrict
sign. Then U and U −1 can be computed with HRA, using
algorithms (11) and (14), respectively.

(−1)

− xj−1 ui,j−1 ,

i = 1, . . . , n.

Let us recall that a value X can be obtained with high relative
b
accuracy (HRA) if the relative error of the computed value X
can be bounded as follows:
b
||X − X||
≤ Cu,
||X||

where C is a positive constant independent of the arithmetic
precision and u is the unit roundoff.
In [4], it was shown we can compute with high relative accuracy the products, quotients and true additions (addition of
numbers with the same sign) of expressions that can be computed with high relative accuracy. The subtractions (addition
of numbers with the opposite sign) are permitted only with
initial data of the problem, as shown in [4]. If we perform the
computations with high relative accuracy, then we can ensure
that the relative errors are of the order of the roundoff unit, with
independence of the conditioning of the problem.
It is well-known that the inverse of a Vandermonde matrix
with nonnegative increasing nodes can be computed with HRA
because the matrix is totally nonnegative and its bidiagonal
factorization can be obtain with high relative accuracy (see
[5] and [8]). However, the following result (corresponding
to Theorem 1 of [3]) shows that such computation is possible
whenever all distinct nodes have the same nonstrict sign and
for all possible order configurations of the nodes.
T HEOREM 1 Let V be the Vandermonde matrix in (4) corresponding to a sequence of distinct nodes of the same nonstrict

4

Triangular factorizations and the influence of
the order of the nodes

In previous section we have used the Crout factorization LU
of a Vandermonde matrix V , with L a lower triangular matrix with the pivots of the Gaussian elimination on the main
diagonal and U an upper triangular matrix with unit diagonal.
The most common triangular factorization used with Gaussian
elimination is V = L̃Ũ where L̃ is a lower triangular matrix
with unit diagonal and Ũ an upper triangular with the pivots
of the Gaussian elimination on the main diagonal. This factorization is also called the Doolittle factorization. Let D be the
diagonal matrix with the pivots of the Gaussian elimination on
the main diagonal. Then we have
L̃ = LD−1 ,

Ũ = DU.

Since L and U can be computed with HRA by the results of
the previous sections, it easily follows that L̃ and Ũ can be
computed with HRA.
We have seen that the Crout factorization V = LU is related
with the Newton formula in terms of divided differences. The
Doolittle factorization V = L̃Ũ can be related with the Newton
formula in terms of finite differences. The finite differences
∆(x0 , . . . , xk )f = (xk − x0 ) · · · (xk − xk−1 )[x0 , . . . , xk ]f
are a different normalization of the divided differences.
Different orderings of the nodes are related with different
row pivoting strategy of Gaussian elimination and this leads
to different conditioning of the triangular factors. The most
natural ordering consists of setting the nodes in increasing
order, that is, x0 < · · · < xn .
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If the nodes are positive and increasing 0 < x0 < · · · < xn ,
then the Vandermonde matrix has all its minors nonnegative,
i.e, it is a totally positive matrix. Some properties of the totally
positive matrices suggest that Gaussian elimination without reorder of rows gives good stability results (see [1]), in particular
for the conditioning of Ũ (see [9]). This is a motivation to work
with the nodes in increasing order.
However, other orderings of the nodes may also lead to stability
in the computations. In the diagonal of L matrix we have the
pivots of Gaussian elimination. Through a strategy of partial
pivoting, we try to maximize the multipliers in each step. Note
that partial pivoting is equivalent to reorder the nodes. In
fact, this way of arranging the nodes is equivalent to Leja
ordering (see [2] and [7]). Therefore, Leja ordering implies
nice properties of the lower triangular factors.
Leja ordering is achieved using the following strategy (see
[10]).
(i) We can choose as the first node x0 any node in the set.
However, to maximize |x1 − x0 | in the second step, we
may choose one extreme point, either the minimum or
the maximum.
(ii) In the second step, x1 is chosen such that
|x1 − x0 | = max |xj − x0 |.
j=1,...,n

So x1 is the other extreme (minimum or maximum).
(iii) In the i-th step, we select xi such that
i−1
Y

k=0

|xi − xk | = max

j=i,...,n

i−1
Y

k=0

|xj − xk |.

Since L can be expressed in terms of differences of nodes, the
translation of the nodes does not any have influence on the
behaviour of L, in contrast to the behaviour of U . We consider
another ordering of the nodes that we call the central ordering,
where the nodes ordered increasingly according to a center c.
If x0 , . . . , xn are ordered following the central ordering then
|x0 − c| ≤ |x1 − c| ≤ · · · ≤ |xn − c|.
Since the Vandermonde matrix compute the coefficients with
respect the powers centered at the origin, we shall only consider in our problem the center c = 0.
In order to test the central ordering, we shall perform our
experiments with intervals centered at the origin. We also consider intervals starting at zero, due to the total positivity of the
Vandermonde matrix when the nodes are ordered increasingly.
Observe that the natural order is the central order for an interval
starting at zero.

5

Numerical experiments

The condition number of a nonsingular matrix is given by
κ∞ (A) := ||A||∞ ||A−1 ||∞
and it is a measure of the sensitivity of the solution of the linear
systems respect to the perturbations of the initial data. The high
conditioning of the Vandermonde matrix explains the difficulty
to estimate the coefficients of the interpolant with respect to
the monomial basis. If we have a triangular factorization of the
Vandermonde matrix, then we can find the solution by solving
two triangular linear systems. Then the conditioning of each
triangular matrix will influence in each step. So, the product
of both condition numbers will provide an upper bound of the
sensitivity of the solution with respect to data perturbations
when using triangular factorization algorithm. We will call
this product, κ∞ (L)κ∞ (U ) or κ∞ (L̃)κ∞ (Ũ ), joint condition
number.
For our tests, we will take equidistant nodes in [a, b]
xi := a + σ(i)

b−a
,
n

i = 0, . . . , n,

where σ is a permutation of the set {0, . . . , n} corresponding
to the associated order.
We consider two types of intervals: centered at the origin and
starting at zero. We take the intervals [−1, 1] and [−1.5, 1.5]
as examples of the first type and [0, 1] and [0, 3] as examples of
the second type. We consider three orderings for these nodes:
• Natural: the nodes are ordered increasingly.
• Leja: the nodes are ordered according to the strategy (i),
(ii) and (iii) described in Section 4.
• Central: the nodes are ordered increasingly according to
their distance to the origin.
As mentioned in the previous section we shall consider in
our numerical experiments two triangular factorizations of the
Vandermonde matrix V , the Crout factorization V = LU and
the Doolittle factorization V = L̃Ũ .
The following tables collect information about the condition
number of the Vandermonde matrix and the product of the
condition numbers of the triangular factors for different dimensions.
Let us compare both factorizations and choose a particular
order of the nodes so that the joint condition number is the
lowest. Let us start with nodes in [0, 1].
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Natural
n
3
4
5
9
19

κ∞ (V )

Leja

Natural
n

κ∞ (L)κ∞ (U )

416

672

3

266.6667

938.6667

1.7067 × 103

3.4333 × 103

5.7600 × 103

4

2.8681 × 103

9.9000 × 103

4.8184 × 107

3.3789 × 108

7.6455 × 108

9

4.0049 × 108

2.2396 × 109

1.2500 × 104
5.0877 × 1016

3.3700 × 104
5.3085 × 1018

5.6386 × 104

5

2.7287 × 1019

19

4
5
9
19

κ∞ (V )
1.7067 × 10

1.2500 × 104
4.8184 × 107

5.0877 × 1016

4.1542 × 108

Tables 5 and 6 correspond to the interval [−1, 1]. The condition
numbers of V for n = 3, 4, 5, 9, 19, in [−1, 1] are respectively

1.9664 × 1021

6.0450 × 104
6.3140 × 1017

Natural
3

18,

4
5
9
19

512

2.8681 × 10

3

4.0049 × 10

8

2.6963 × 104
2.0837 × 1019

6.8661 × 10

7.2298 × 104
9

1.4074 × 10

1.6470 × 1020

2.06 × 104 ,

1.75 × 109 .

Leja

n
3

2.2511 × 10

4

4

3.2855 × 104

5

5.5271 × 10

9

3.2911 × 1020

19

Table 3: κ∞ (L)κ∞ (U ) in [0, 3].

187.50,

Natural

2240

3

53.33,

We see that κ∞ (L)κ∞ (U ) is lower with the central order.
Table 6 shows that the Doolittle factorization behaves better
with the Leja order. If we compare the two factorizations for
high values of n, we see that the lowest value is achieved for
the LU factorization with the central order. Therefore, in the
interval [−1, 1], we propose to use the Crout factorization with
the nodes in central order.

Leja

κ∞ (L)κ∞ (U )

266.6667

2.6917 × 1020

3.6280 × 109

9.0667 × 104

In Table 1 we can see that the best order of the nodes for the
LU factorization is the natural ordering. However, Table 2
shows that the best joint condition number for the Doolittle
factorization corresponds to the Leja ordering. There are no
significative differences between the L̃Ũ factorization with the
Leja ordering and the LU factorization with natural ordering,
and this last factorization is directly related to the Newton
formula and divided differences.

κ∞ (V )

3.9113 × 109

7.6800 × 103

800

3

Table 2: κ∞ (L̃)κ∞ (Ũ ) in [0, 1].

n

2.3145 × 1020

1.6111 × 105

6.8267 × 10

Leja

576
3

2.0837 × 1019

1.1612 × 105

1.5775 × 104

Table 4: κ∞ (L̃)κ∞ (Ũ ) in [0, 3].

κ∞ (L̃)κ∞ (Ũ )

216

2.6963 × 104

1.1852 × 103

The system V c = f is worse conditioned in the interval [0, 3]
than in the interval [0, 1], as can be seen in tables 3 and 4. We
can also see in tables 3 and 4 that the differences between the
joint condition number and the conditioning of V are much
smaller with the interval [0, 3] than with the previous interval
[0, 1] and that differences among the considered factorizations
and orderings are less significative.

Natural
3

κ∞ (L̃)κ∞ (Ũ )

216

Table 1: κ∞ (L)κ∞ (U ) in [0, 1].

n

κ∞ (V )

Leja

9

Central

κ∞ (L)κ∞ (U )
327.5556
3

2.2295 × 10

193.3333

78

580

245.3333

1.2696 × 104

2.0157 × 103

8.6376 × 1014

5.8935 × 1010

7

1.5169 × 10

2.1156 × 10

5

915.488
1.2454 × 105
2.122 × 1010

Table 5: κ∞ (L)κ∞ (U ) in [−1, 1].
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Natural

Leja

n
3

κ∞ (L̃)κ∞ (Ũ )

784

113.3333

96

360

672

6.1512 × 104

1.2788 × 103

2.9451 × 103

4.5246 × 1017

2.2233 × 1010

2.4734 × 1013

4

7.4667 × 10

5
9
19

Central

3

3.0868 × 108

1.6768 × 105

1.7532 × 106

Table 6: κ∞ (L̃)κ∞ (Ũ ) in [−1, 1].
The condition numbers of V , κ∞ (V ), for n = 3, 4, 5, 9, 19, in
[−1.5, 1.5] are respectively
18.96,

62.52,

192.42,

1.83 × 104 ,

2.37 × 109 .

Table 7 collects the joint condition number of the LU factorization with the three orderings in the interval [−1.5, 1.5]. We
can see that the best ordering is the central ordering followed
closely by the Leja ordering. In Table 8 we consider the L̃Ũ
factorization for the interval [−1.5, 1.5]. In this case, the Leja
ordering gives better results for the joint condition number
κ∞ (L̃)κ∞ (Ũ ).
Natural

Leja

n

Central

κ∞ (L)κ∞ (U )
942.5000

381.8750

137.5000

4

7.1397 × 103

905.6909

490.9722

5.1245 × 104

3.4541 × 103

1.6736 × 103

16

10

6.5344 × 1010

9
19

1.3326 × 10

8

7.0152 × 10

5

4.4569 × 10

8.4964 × 10

2.0001 × 10

5

Table 7: κ∞ (L)κ∞ (U ) in [−1.5, 1.5].
Natural

Leja

n
3
4
5
9
19

κ∞ (L̃)κ∞ (Ũ )
1.5275 × 103
1.3504 × 104
1.4203 × 10

5

1.4643 × 109

2.0495 × 1019

276.2500
633
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Polynomial least squares fitting by using the Bernstein
basis
A. Marco∗ and J. J. Martínez∗

Abstract— The problem of polynomial least squares fitting is addressed. It is shown that the problem originally stated in an
interval (a, b) can be solved by using the Bernstein basis in the interval (0, 1). The coefficient matrix of the overdetermined
system to be solved in the least squares sense is then a rectangular Bernstein-Vandermonde matrix A. In order to use the method
based on the QR decomposition of A, the first stage consists of computing the bidiagonal decomposition of the coefficient matrix.
Starting from that bidiagonal decomposition, an algorithm for obtaining the QR decomposition of A is then applied. Finally,
a triangular system is solved by using the bidiagonal decomposition of the R-factor of A. Some numerical experiments are
included.
Keywords: Least squares; Bernstein-Vandermonde matrix; Bernstein basis; Bidiagonal decomposition; Total positivity.

1

Introduction

The problem we are going to address is that of fitting, by means
of an algebraic polynomial of degree less than or equal to a
given positive integer n, a real function of real variable f (x)
of which we only know its values at certain points x1 , . . . , xm
with m ≥ n + 1. The fitting is carried out by the method of
least squares, which has its origin in the (independent) work of
Gauss and Legendre.
We want to remark the importance of this mathematical technique, which gave rise to a controversy between Gauss and
Legendre about the priority of its discovery. This importance
is clearly expressed in the historical account made by J. Dutka
in [5]:
The controversy was exacerbated by the fact that probably
no other numerical algorithm turned out to be of greater
importance in the treatment of observational, experimental,
and empirical data. Indeed, the method of least squares and
the role of the normal distribution associated with it, exerted a
dominant influence in the development of theoretical statistics
in the nineteenth century and continues to affect progress in the
subject to this day.

which is a least squares polynomial fit of degree ≤ n for
those data, i.e. which minimizes the sum of the squares of the
deviations from the data:
l+1
X
i=1

|fi − P (xi )|2 .

Computing the coefficients cj (0 ≤ j ≤ n) of that polynomial P (x) is equivalent to solve, in the least squares sense,
the overdetermined linear system Ac = f , where A ∈
R(l+1)×(n+1) is the Vandermonde matrix corresponding to the
nodes {xi }1≤i≤l+1 .
Taking into account that A has full rank n + 1, the problem
has a unique solution given by the unique solution of the linear
system
AT Ac = AT f,
the normal equations.

The precise statement of the problem is the following:

This problem has as a particular case the computation of a
regression polynomial (regression line, regression parabola,
. . . ) in statistics, although in this statistical application the
degree n is usually low. The applicability of the least squares
method in statistics has a theoretical foundation in the GaussMarkov theorem (see Section 1.1.3 of [1]).

Given {xi }1≤i≤l+1 pairwise distinct real points and
{fi }1≤i≤l+1 ∈ R, find (for a given n ≤ l) a polynomial of
degree ≤ n

A recent reference on the application to data fitting problems
is [12], and a text which studies the regression problem in
statistics (including many concepts of numerical linear algebra)
is [27].

P (x) = c0 + c1 x + . . . + cn xn

Although theoretically, as we have seen, the problem has
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a unique solution, in practice some difficulties arise when
solving problems on large size (even on moderate size) when
finite precision arithmetic is used, since matrix A usually has a
high condition number (see Section 3.1 of [4], and Lecture 19
of [29]).

Given {xi }1≤i≤l+1 ∈ (0, 1), a set of points such that 0 < x1 <
. . . < xl+1 < 1, find a polynomial

It was early recognized that, as a consequence of this illconditioning of matrix A, solving the normal equations was not
an adequate method. Following previous ideas of Householder
[16], Golub suggested in [9] the use of the QR factorization
of A, which involves the solution of a linear system with the
triangular matrix R.

(where l ≥ n) expressed in the Bernstein basis of the space
Πn (x) of polynomials of degree less than or equal to n on the
interval [0, 1]
 
 (n)
n
Bn = bj (x) =
(1 − x)n−j xj ,
j = 0, . . . , n ,
j

Let us observe that, if A = QR with Q being an orthogonal
matrix, then using the condition number in the spectral norm
we have
κ2 (R) = κ2 (A),
i.e. R inherits the ill-conditioning of A, while κ2 (AT A) =
κ2 (A)2 .
In addition, as it was already observed by Golub in [10] (see
also Section 20.1 of [13]), although the use of the orthogonal
transformation avoids some of the ill effects inherent in the use
of normal equations, the value κ2 (A)2 is still relevant to some
extent.
Consequently a good idea is to use, instead of the monomial
basis, a polynomial basis of the space of polynomials of
degree less than or equal to n which leads to a matrix A
with smaller condition number than the Vandermonde matrix
corresponding to the monomial basis. We will see that this
goal is achieved making use of the Bernstein-Vandermonde
matrices, a generalization of the Vandermonde matrices arising
when the Bersntein basis (a basis widely applied in Computer
Aided Geometric Design (CAGD) [6]) is used.
As the numerical experiments presented for the case of square
Bernstein-Vandermonde matrices (i.e. for the case of Lagrange
polynomial interpolation) in [20] suggested, the use of the
Bernstein basis leads to a better conditioned matrix, so in [21]
this idea was applied to solve polynomial least squares fitting
problems (see also [22, 23]).
Important theoretical results on the optimal conditioning of
Bernstein-Vandermonde matrices (which confirm the properties observed in the examples of [21]) have been presented in
[3].
Our search for algorithms for Bernstein-Vandermonde matrices
[20] was inspired by the optimality result for the Bernstein basis presented in [2]: the Bernstein basis, which is a normalized
and totally positive (NTP) basis in the sense explained in that
paper, is the unique one with optimal shape-preserving properties. This result gave an affirmative answer to a conjecture of
Goodman and Said appearing in [11] (see also [6]).
Consequently, we propose to solve the following problem:

P (x) =

n
X

(n)

cj bj (x)

j=0

such that P (x) minimizes the sum of the squares of the
deviations from the data {fi }1≤i≤l+1 ∈ R.

Solving this problem is equivalent to solve in the least squares
sense the overdetermined linear system Ac = f , where now



A=


n
(1
0
n
(1
0

− x1 )n
− x2 )n
..
.
n
(1 − xl+1 )n
0

n
x1 (1
1
n
x2 (1
1

− x1 )n−1
− x2 )n−1
..
.
n
xl+1 (1 − xl+1 )n−1
1

···
···
..
.
···

n n
x
n 1
n n
x
n 2








..

.
n n
x
n l+1

is the (l + 1) × (n + 1) Bernstein-Vandermonde matrix for the
Bernstein basis Bn and the nodes {xi }1≤i≤l+1 ,
f = (f1 , f2 , . . . , fl+1 )T
is the data vector, and
c = (c1 , c2 , . . . , cn+1 )T
is the vector containing the coefficients of the polynomial that
we want to compute.
Taking into account that Bernstein-Vandermonde matrices are
strictly totally positive matrices when the nodes satisfy 0 <
x1 < x2 < . . . < xl+1 < 1 (see [2]), in Section 3 we will use
results from the field of totally positive matrices for obtaining
our algorithms.
The basic results on total positivity which will be applied to
Bernstein-Vandermonde matrices are summarized in Section
2 of [21], while the derivation of the algorithms we use (in
[20] for the square case and in [21] for the rectangular case)
is carried out in Section 4 of [20]. The algorithm is based
on the theoretical results on the bidiagonal factorization of a
Bernstein-Vandermonde matrix presented in Section 3 of [21].
The fact that A has a very high condition number is related
in statistics with the problem of collinearity, an issue in regression which is cosidered in detail in sections 9.7 and 10.7
of [27]. Certain techniques oriented to the minimization of the
effects of collinearity have been presented in [28] in the context
of the applications of polynomial regression to problems of
physics and chemistry.
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In this sense we must also indicate that it was very early
recognized that ill-conditioning was a property inherent to the
least squares problems which had to be mitigated by paying
attention to the algorithms. In the words of R. H. Wampler in
the introduction of [30]:
Because least squares problems are by their very nature frequently ill-conditioned, the numerical accuracy achieved by a
least squares program strongly depends upon the choice of the
algorithm.
In the conclusion of his work Wampler observes that programmers often have failed to take advantage of the advances carried
out in this field by numerical analysts. To this fact seems to
allude also Golub in the interview with N. J. Higham [14],
where he said (perhaps in a way a bit drastic for an interview
of 2005): ... I doubt if today people really use decomposition
methods rather than normal equations. Statisticians are fairly
fixed in their ways.
The rest of the work is organized as follows. In Section 2 an
example (of small size) is presented in detail to illustrate all
the relevant aspects of our problem, and to show why the use
of the Bernstein basis is not at all restrictive: our approach can
be applied to solve any problem initially stated for points xi
in any real interval [a, b]. In Section 3 we briefly recall the
theoretical results presented in [21], which are essential for the
complete understanding of our approach. Section 4 includes
the description of the algorithms for the effective computation
of the solution of the problem being addressed, while Section 5
includes numerical experiments which illustrate the advantages
of our approach, based on using the total positivity properties
of the Bernstein basis.

2

A small example in detail

f (−2) = −6, f (0) = 2, f (1) = 3, f (2) = 10.

So we have

x1 = −2, x2 = 0, x3 = 1, x4 = 2,
f = (−6, 2, 3, 10)T .
The (rectangular) Vandermonde matrix obtained when using
the monomial basis 1, x, x2 will therefore be:
1
 1
V =
 1
1

−2
0
1
2

i.e. the desired polynomial is
p1 (x) = (38/55) + (208/55)x + (3/11)x2 .
The projection p of the vector f onto the column space of V is
p = fˆ = V c = V (V T V )−1 V T f =
= (−318/55, 38/55, 261/55, 514/55)T .
Matrix H = V (V T V )−1 V T is the projection matrix onto the
column space of matrix V .
Remark. In many statistics texts the projection matrix H is
called the hat matrix, since
fˆ = Hf.
A classical paper which studies the properties of matrix H
and its applications to regression problems is [15]. H, of size
(l + 1) × (l + 1), in addition to be symmetric and idempotent
(H 2 = H) has the eigenvalue 1 with multiplicity n + 1 (the
rank of V ) and the eigenvalue 0 with multiplicity l − n, so that
the sum of its diagonal entries (the trace of H) equals n + 1.
The projection matrix onto the orthogonal complement (in
Rl+1 ) of the column space of V is P = I − H, where I is
the identity matrix. The vector
r = f − fˆ = f − Hf = P f
is the residual vector, which in our example is

Let us consider the problem of fitting, by a polynomial of
degree less than or equal to two, the following data:



c = (V T V )−1 V T f = (38/55, 208/55, 3/11)T ,



4
0 
.
1 
4

The solution c (in the least squares sense) of V c = f is given
by the solution of the normal equations:

r = (−12/55, 72/55, −96/55, 36/55)T .
For changing to the interval (0, 1) (by means of a change of
variable of the form t = g(x) = a0 + a1 x) there is not a unique
way. It is important, from a numerical point of view (and also
for having the Bernstein-Vandermonde matrix strictly totally
positive), to avoid the boundary points 0 and 1. If, for instance,
we choose to have g(−2) = 1/10 and g(2) = 9/10, then g(x)
is determined as
g(x) = (2x + 5)/10,
so that the corresponding points in (0, 1) will be t1 =
1/10, t2 = 1/2, t3 = 7/10, t4 = 9/10.
The corresponding Vandermonde matrix will now be


1 1/10 1/100
 1 1/2
1/4 

V0 = 
 1 7/10 49/100  .
1 9/10 81/100
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Now it is important to observe that the data vector remains the
same for the problem shifted to (0, 1):
f = (−6, 2, 3, 10)T .
Since of the function to be fitted we only know its values at
the original points xi , it would not be possible to calculate its
values at the points ti in (0, 1).
The relationship between both Vandermonde matrices V and
V0 is V0 = V S, where S is the matrix


1 1/2 1/4
S =  0 1/5 1/5 
0
0
1/25

which depends on the change of variable t = (2x + 5)/10.
With that change we have
t = (2x + 5)/10 = (1/2) + (1/5)x
y

t2 = (1/4) + (1/5)x + (1/25)x2 ,

which gives the second and third columns of S, an upper
triangular and invertible matrix. It is clear that this fact will be
true in general for a change of the form t = g(x) = a0 + a1 x
with a1 different from zero: the diagonal entries of S are the
powers of a1 .
This relationship between V and V0 implies that for both
matrices the projection matrix H onto the column space is the
same (i.e. V0 and V have the same column space). So in both
cases fˆ = Hf is the same vector.

The Bernstein-Vandermonde matrix corresponding to the
nodes t1 = 1/10, t2 = 1/2, t3 = 7/10, t4 = 9/10 will be:


81/100
 1/4
A=
 9/100
1/100


9/50 1/100
1/2
1/4 
.
21/50 49/100 
9/50 81/100

Now, the relationship between the Vandermonde matrix V0 and
the Bernstein-Vandermonde matrix A is A = V0 C.
The lower triangular and invertible matrix C is now the matrix
given by the change of basis from the monomial basis to the
Bernstein basis:


1
C =  −2
1

0
2
−2


0
0 .
1

Consequently, also in the case of general n we have this kind
of relationship (A = V0 C with C invertible), which implies
that the projection matrix H onto the column space of A will
be the same as the projection matrix onto the column space
of V0 , which in turn is the same as the projection matrix onto
the column space of the original matrix V . Therefore we can
always solve the original problem by using the Bernstein basis
in (0, 1).
The solution c is now

On the contrary, the vector c will be different. For the problem
in (0, 1) the solution will be

c = (−1553/220, −223/220, 237/20)T ,

c = (−1553/220, 133/11, 75/11)T ,

i.e the fitting polynomial (which is the same as p2 ) expressed
in the Bernstein basis is

i.e. the fitting polynomial is
p2 (t) = (−1553/220) + (133/11)t + (75/11)t2 .
This polynomial allows us to evaluate at the points of the
original interval, taking into account that t = (2x + 5)/10.
For instance,

(2)

(2)

p3 (t) = (−1553/220)b0 (t) + (−223/220)b1 (t)+
(2)

+(237/20)b2 (t).
This polynomial p3 can be used to obtain values of p1 at points
of the original interval. For instance,

p1 (1) = p2 (7/10) = 261/55.
Finally, we will use in (0, 1) the Bernstein basis (of degree less
than or equal to two in our example):
(2)

b0 (t) = (1 − t)2 = 1 − 2t + t2 ,
(2)

b1 (t) = 2(1 − t)t = 2t − 2t2 ,
(2)

b2 (t) = t2 .

p1 (0) = p3 (1/2) = 38/55.
It is important to remark that for evaluating the polynomial
expressed in the Bernstein basis it is convenient to use the de
Casteljau algorithm. This algorithm evaluates the polynomial
by computing only convex combinations of data obtained in
previous stages, which makes the algorithm numerically stable.
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3

Total positivity and bidiagonal factorization

This section is devoted to briefly recall some theoretical results
on total positivity and bidiagonal factorization, which are
essential to obtain our algorithms for solving the least squares
problems in the Bernstein basis. A longer presentation of these
results can be found in [21]. A similar approach has been
carried out for Cauchy-Vandermonde matrices in [24].
Definition 3.1. A matrix is called totally positive (resp., strictly
totally positive) when all its minors are nonnegative (resp.,
positive).
In the problem we are considering, the Bernstein-Vandermonde
matrix (with nodes x1 < x2 < . . . < xl+1 in the open interval
(0, 1)) is strictly totally positive (from now on, STP). Although
the definition is simple, the finding of a test as fast as possible
(in terms of aritmetic operations) to determine if a matrix is
STP is not an easy problem (the computation of all the minors
is not, obviously, the way).
In [25] Mühlbach and Gasca presented a test (optimal in that
moment) with complexity O(n4 ) for a matrix with size n × m
(with n ≥ m). Later on, Gasca and Peña improved that result
(by reducing the complexity to O(n3 )) by applying a theorem
they presented in [7], a result we include below as Theorem
3.2.
These results, recently recalled by Juan Manuel Peña in [26],
are based on the theory of Neville elimination, an alternative
to Gaussian elimination whose essence is to produce zeros in
a column of a matrix by adding to each row an appropriate
multiple of the previous one (instead of using a fixed row with
a fixed pivot as it is done in Gaussian elimination). The result
obtained in [7] is the following (see also [8]):
Theorem 3.2. A matrix A is STP if and only if its complete
Neville elimination can be performed without row and column
exchanges, the multipliers of the Neville elimination of A
and AT are positive, and the diagonal pivots of the Neville
elimination of A are positive.
From now on, let A be a Bernstein-Vandermonde matrix whose
nodes satisfy 0 < x1 < x2 < . . . < xl+1 < 1, and therefore it
is STP. The following result (see [21]) gives us the bidiagonal
factorization of A, which will be crucial for the construction of
our algorithms:
Theorem 3.3. Let A = (ai,j )1≤i≤l+1;1≤j≤n+1 be a BernsteinVandermonde matrix for the Bernstein basis Bn , whose nodes
satisfy 0 < x1 < x2 < . . . < xl < xl+1 < 1. Then A admits
a factorization in the form
A = Fl Fl−1 · · · F1 DG1 · · · Gn−1 Gn ,

where Fi (1 ≤ i ≤ l) are (l + 1) × (l + 1) bidiagonal matrices
of the form

Fi =


1
 0





=







1
..
.



..

.
0

1
mi+1,1

1
mi+2,2

1
..
.

..

.
ml+1,l+1−i

1







,







GTi (1 ≤ i ≤ n) are (n + 1) × (n + 1) bidiagonal matrices of
the form
GTi =

1
 0





=







1
..
.



..

.
0

1
m
e i+1,1

1
m
e i+2,2

1
..
.

..

.
m
e n+1,n+1−i

1







,







and D is the diagonal matrix (i.e. such that di,j = 0 if i 6= j)
with size (l + 1) × (n + 1) whose ith diagonal entry is the
(i)
diagonal pivot pi,i = ai,i of the Neville elimination of A:

D = (di,j )1≤i≤l+1;1≤j≤n+1 = diag{p1,1 , p2,2 , . . . , pn+1,n+1 }.
It must be observed that the bidiagonal factorization of A given
by Theorem 3.3 can be expressed in a compact way by storing
the multipliers mi,j and m
e i,j and the diagonal pivots pi,i in a
matrix with the same size as A, a matrix which has been called
BD(A) by Koev [18, 19].
It is also essential to observe that, although the Neville elimination is a fundamental theoretical tool for the analysis of the
bidiagonal factorization of A, it generally does not provide an
accurate algorithm for computing BD(A). Instead of it, for the
construction of our algorithm we make use of the formulas obtained in [21] for the multipliers and the pivots. Those formulas
were derived from the computation of explicit expressions for
the determinants (minors of matrix A) appearing in [7] in the
expressions of those entries mi,j , m
e i,j and pi,i .

4

Algorithms

In this section we present an algorithm for solving the problem
of polynomial least squares fitting in the Bernstein basis we
have stated in Section 1. As indicated there our algorithm will
solve, in the least squares sense, the linear system Ac = f ,
where A is a Bernstein-Vandermonde matrix of size (l + 1) ×
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(n + 1). Taking into account that in our situation A is a strictly
totally positive matrix, it has full rank, and the method based on
the QR decomposition is adequate for solving this least squares
problem [1].
The following result (see Section 1.3.1 in [1]) will be essential
in the construction of our algorithm.
Theorem 4.1. Let Ac = f be a linear system where A ∈
R(l+1)×(n+1) , l ≥ n, c ∈ Rn+1 and f ∈ Rl+1 . Assume that
rank(A) = n+1, and let the QR decomposition of A be given
by


R
A=Q
,
0

In this way, the algorithm for solving the least squares problem
minc k f − Ac k2 corresponding to our polynomial regression
problem will be:
INPUT: The nodes {xi }1≤i≤l+1 ∈ (0, 1), the data vector f and
the degree n of the Bernstein basis.
OUTPUT: A vector c = (cj )1≤i≤n+1 containing the coefficients of the polynomial P (x) in the Bernstein basis Bn and
the minimum residual r.
- Step 1: Computation of the bidiagonal factorization of A
by means of TNBDBVR.
- Step 2: Given the matrix M obtained in Step 1, computation of the QR decomposition of A by using TNQR.

where Q ∈ R(l+1)×(l+1) is an orthogonal matrix and R ∈
R(n+1)×(n+1) is an upper triangular matrix with positive diagonal entries. Then the solution of the least squares problem
minc k f − Ac k2 is obtained from




d1
0
= QT f, Rc = d1 , r = Q
,
d2
d2

- Step 3: Computation of


d1
d=
= QT f.
d2

where d1 ∈ R
, d2 ∈ R
k r k2 =k d2 k2 .

- Step 5: Computation of

n+1

l−n

and r = f − Ac. In particular

- Step 4: Solution of the upper triangular system Rc = d1 .

r=Q
An accurate and efficient algorithm for computing the QR decomposition of a strictly totally positive matrix A is presented
in [19]. This algorithm is called TNQR and can be obtained
from [17]. Given the bidiagonal factorization of A, TNQR
computes the matrix Q and the bidiagonal factorization of the
matrix R. Let us point out here that if A is strictly totally
positive, then R is totally positive. TNQR is based on Givens
rotations, and has a computational cost of O(l2 n) arithmetic
operations if the matrix Q is required.
Our fast and accurate algorithm for computing the bidiagonal
factorization of the rectangular Bernstein-Vandermonde matrix
that appears in our problem of polynomial regression in the
Bernstein basis is an extension to the rectangular case of
the one presented in [20] for square Bernstein-Vandermonde
matrices. Given the nodes {xi }1≤i≤l+1 ∈ (0, 1) and the degree
n of the Bernstein basis, it returns a matrix M ∈ R(l+1)×(n+1)
such that
Mi,i = pi,i
i = 1, . . . , n + 1,
Mi,j = mi,j
Mi,j = m
e j,i

j = 1, . . . , n + 1; i = j + 1, . . . , l + 1,
i = 1, . . . , n; j = i + 1, . . . , n + 1.

The algorithm, which we call TNBDBVR, has a computational cost of O(ln) arithmetic operations, and high relative
accuracy because it only involves arithmetic operations that
avoid subtractive cancellation (see [20] for the details). The
implementation in M ATLAB of the algorithm in the square case
can be taken from [17].



0
d2



.

Step 3 and Step 5 are carried out by using the standard matrix
multiplication command of M ATLAB. As for Step 4, it is done
by means of the algorithm TNSolve of P. Koev [17]. Given
the bidiagonal factorization of the totally positive matrix R,
TNSolve solves a linear system whose coefficient matrix is R
by using backward substitution.
It is important to remark that A is not constructed, although we
are also computing the residual r = f − Ac.
On the other hand, if we have the factorization of A in the form

A = (Q1 , Q2 )
where
Q = (Q1 , Q2 ),



R
0

Q1 ∈ R(l+1)×(n+1) ,



,

Q2 ∈ R(l+1)×(l−n) ,

then we have the following expressions for the projection
matrices (which satisfy the relation P = I − H):
H = Q1 QT1 ,
P = Q2 QT2 .
These expressions show that both matrices are projection
matrices, since they are symmetric and idempotent (H 2 =
H, P 2 = P ).
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Taking this into account, an algorithm for computing the
projection matrix H is the following:
INPUT: The nodes {xi }1≤i≤l+1 ∈ (0, 1).
OUTPUT: The projection matrix H (the hat matrix).
- Step 1: Computation of the bidiagonal factorization of A
by using TNBDBVR.
- Step 2: Given matrix M obtained in Step 1, computation
of the QR factorization of A by using TNQR.

The relative error in the solution c will be computed by using
the formula
k c − ce k2
.
ec =
k ce k2
Let B14 be the Bernstein basis of the space of polynomials of
degree ≤ 14 in [0, 1]. We will compute the polynomial
P (x) =
which minimizes
21
X
i=1

where

Numerical experiments

In this section we will present some numerical experiments
which illustrate the behaviour of the algorithms introduced in
the previous section for solving the least squares problem and
for computing the hat matrix when using the Bernstein basis.
Example 5.1. Our first example is an adaptation of an example
given by Demmel in Chapter 3 of [4] to illustrate the illconditioning of the power basis. It corresponds to the polynomial least squares fitting of the smooth function f (x) =
sin(πx/5) + x/5.
If we use the 21 equidistant points −4, −3.5 − 3, . . . , , 5.5, 6,
for degree 14 the corresponding Vandermonde matrix V has
a condition number κ2 (V ) = 1.923e + 11. If we change to
the interval (0, 1) by means of the change of variable g(x) =
(2x + 9)/22 we have the points 1/22, 2/22, . . . , 21/22, but the
condition number of the new Vandermonde matrix V0 is almost
the same: κ2 (V0 ) = 1.916e + 11.
On the contrary, if we use the Bernstein basis the condition
number of the corresponding Bernstein-vandermonde matrix
A becomes much smaller: κ2 (A) = 6.8e + 04.
Example 5.2. In this second example we will solve a least
squares problem minc k f − Ac k2 corresponding to the
computation of a regression polynomial. First we compute by
means of Maple the exact solution, denoted by ce . The vector
ce will be used in order to compare the results obtained with
M ATLAB by means of:
(1) The algorithm for the computation of c presented in
Section 4.
(2) The command A\f of M ATLAB.

|fi − P (xi )|2 ,

{xi }1≤i≤21 =
and

5

(n)

cj bj (x)

j=0

- Step 3: Computation of Q1 QT1 .
In the same way as for the computation of c and r, Step
3 is carried out by using the standard matrix multiplication
command of M ATLAB.

14
X

n i o
,
22 1≤i≤21

f = (−13/10, −3/2, −3/2, −3/2, −7/5, −11/10, −39/50,
−2/5, 0, 41/100, 39/50, 11/10, 13/10, 3/2,
8/5, 3/2, 7/5, 6/5, 1, 79/100, 61/100)T .

These values are rational approximations to the values f (xi ),
where f (x) is the function f (x) = sin(πx/5) + x/5 of Example 5.1. So we have an exact rational solution ce computed with
Maple. The condition number of the corresponding BernsteinVandermonde matrix A is κ2 (A) = 6.8e + 04.
The relative errors we obtain are the following:

ec1 =

k c1 − ce k2
= 2.3e − 14.
k ce k2

k c2 − ce k2
= 2.2e − 12,
k ce k2
where c1 is the solution computed by using method (1) (our
algorithm) and c2 is the solution computed by using method
(2) (the command A\f of M ATLAB).
ec2 =

Let us recall that, in the factorization A = QR, R inherits the
spectral condition number of A, i.e. κ2 (R) = κ2 (A), so the
fact that the Bernstein-Vandermonde matrix A has a smaller
condition number is very important. Also, the accuracy of
the solution of the totally positive triangular system Rx = d
depends on d, and the high relative accuracy will be guaranteed
when d has a checkerboard sign pattern, which is not the case
in this example.
Example 5.3. Our last example is devoted to show the good
behaviour of our algorithms for the computation of the projection matrix. For obtaining the relative error in the computation
with M ATLAB of the projection matrix by means of
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(1) the algorithm for the computation of the projection matrix presented in Secction 4,
(2) the QR factorization of M ATLAB,
we will use the formula
eH =

k H − He k2
,
k He k2

[10] G. H. Golub, Matrix decompositions and statistical calculations. In:
R. C. Milton, J. A. Nedler (eds.), Statistical Computations, Academic
Press, New York, 1969, pp. 365–398.
[11] T. N. T. Goodman, H. B. Said, Shape preserving properties of the
generalized Ball basis. Comput. Aided Geom. Design 8 (1991), 115–
121.
[12] P. C. Hansen, V. Pereyra, G. Scherer, Least squares data fitting with
applications. Johns Hopkins Univ. Press, Baltimore, 2013.

where He is the exact projection matrix computed with Maple.

[13] N. J. Higham, Accuracy and stability of numerical algorithms, 2nd
edition. SIAM, Philadelphia, 2002.

Let A be the Bernstein-Vandermonde matrix corresponding to
the Bernstein basis B14 and the same nodes as in Example 5.2,
so that the condition number is κ2 (A) = 6.8e + 04.

[14] N. J. Higham, An interview with Gene Golub . MIMS EPrint 2008.8,
Manchester Institute for Mathematical Sciences, Univ. of Manchester,
2008.
http://eprints.ma.man.ac.uk/1024/01/covered/
MIMS_ep2008_8.pdf

The relative errors we obtain are the following:

eH1 =

k H1 − He k 2
= 1.8e − 15,
k He k2

k H2 − He k 2
= 3.4e − 12,
k He k2
where H1 is the projection matrix computed by using method
(1) (our algorithm) and H2 is the projection matrix computed
by using method (2) (the QR factorization of M ATLAB).
eH2 =
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An application of the Modified Gram-Schmidt Algorithm
R. Bru∗, R. Cantó∗ and A. M. Urbano∗

Abstract— In this work we apply the Modified Gram-Schmidt Algorithm (MGSA) to a basis of eigenvectors of a diagonalizable
matrix A, with distinct eigenvalues, and we obtain a matrix A(1) similar to A, which can be calculated directly from a rank one
update of A. This method is comparable with that obtained from the Brauer’s Theorem under certain conditions. As a result of
this relationship, we develop a technique for improving the eigenvalue condition numbers of the matrix A.
Keywords: Modified Gram-Schmidt Algorithm (MGSA), diagonalization, eigenvalue condition number, rank one update.

1

and for i = 2, 3, . . . , n,

MGSA and Brauer’s Theorem

Let A ∈ Rn×n be a diagonalizable matrix with eigenvalues λ1 , λ2 , . . . , λn , pairwise distinct, and v1 , v2 , . . . , vn their
associated right eigenvectors. If we apply the first iteration
of the Modified Gram-Schmidt Algorithm (MGSA) to the
basis of eigenvectors {v1 , v2 , . . . , vn } of A, see for instance
(1) (1)
(1)
[4, 5, 6, 7, 8], we obtain the set of vectors {v1 , v2 , . . . , vn }
which are a basis of right eigenvectors of a new matrix A(1)
similar to A. This matrix can be obtained directly from A using
a rank one update as the following theorem shows.
T HEOREM 1 Let A ∈ Rn×n be a diagonalizable matrix with eigenvalues λ1 , λ2 , . . . , λn , pairwise distinct, and
v1 , v2 , . . . , vn their associated right eigenvectors. If we apply
the first iteration of the Modified Gram-Schmidt Algorithm
(MGSA) to the basis of eigenvectors {v1 , v2 , . . . , vn } of A, we
(1) (1)
(1)
obtain the set of vectors {v1 , v2 , . . . , vn } which are a basis
of eigenvectors of a new matrix A(1) similar to A. We directly
obtain the matrix A(1) using the following rank one update,
T
A(1) = A + v1 q(1)

(1)
with
(2)

q(1) =


1
λ 1 I − AT v 1 .
2
kv1 k

(3)


 
= v1T kv11 k2 λ1 I − AT v1
= kv11 k2 (λ1 v1T − λ1 v1T ) v1 = 0,

(4)



1
kv1 k2

 
λ 1 I − AT v 1

=

viT

=

1
kv1 k2

(λ1 viT − λi viT ) v1

=

1
kv1 k2

(λ1 − λi ) viT v1 .

That is, q(1) is the solution of the linear system
 T
v1 q(1) = 0
(5)
viT q(1) = kv11 k2 (λ1 − λi ) viT v1 , i = 2, . . . , n.
As the coefficient matrix of the system (5) is the nonsingular
T
matrix V T = [v1 v2 . . . vn ] , then the system (5) has only a
unique solution given by the vector q(1) .
R EMARK 3 Note that from the equations (1) and (2), we only
consider the eigenvalue λ1 and the associated right eigenvector
v1 of A, to obtain a similar matrix A(1) . That is, it is not
necessary to apply the first iteration of MGSA.
Now we apply the second iteration of MGSA to
(1) (1)
(1)
{v1 , v2 , . . . , vn } and we construct a new set of vectors
(2)
(2) (2)
denoted by {v1 , v2 , . . . , vn }. They are the right eigenvectors associated with a matrix denoted by A(2) similar to A(1) .
If we follows the same procedure as in Theorem 1, then A(2)
is obtained using a rank one update of A(1) , that is,
(1)

T
A(2) = A(1) + v2 q(2)

R EMARK 2 . The vector q(1) given by expression (2) satisfies
the following conditions:
v1T q(1)

viT q(1)

with
q(2) =

1
(1)
kv2 k2



λ2 I − (A(1) )T



(1)

v2 .

We can apply in an iterative way this process to obtain a
sequence of matrices A(1) , A(2) , . . . , A(n−1) , similar to A,

∗ Institut de Matemàtica Multidisciplinar, Universitat Politècnica de València, Camino de Vera s/n, 46022, Valencia, (SPAIN). Email: rbru@mat.upv.es,
rcanto@mat.upv.es, amurbano@mat.upv.es
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such that A(i) is directly obtained by a rank one update of
A(i−1) in the following way, for i = 1, 2, . . . , n − 1,
A

(i)

=A

(i−1)

+

with
q(1) = I − A

(i−1) T
vi
q(i)

with




3/2
1
v1 =  −3/2  .
kv1 k2
3/2


T

The left eigenvectors of A(1) are
q(i) =

1
(i−1) 2
kvi
k



λi I − (A(i−1) )T



(i−1)

vi

As MGSA is an iterative orthogonalization vector procedure, such that, in the ith-iteration we obtain that the vec(i)
(i)
(i)
tors {vi+1 , vi+2 , . . . , vn } are orthogonal to the set of or(i)
{v1

(i−1) (i)
v1
, v2

(i−1)
(i)
v2
, . . . , vi

thogonal vectors
=
=
=
(i−1)
vi
}, then in the (n − 1)th-iteration the set of vectors
(n−1) (n−1)
(n−1)
{v1
} is orthogonal. Consequently,
, v2
, . . . , vn
A(n−1) is a symmetric matrix. That is, MGSA can be considered as an iterative procedure to obtain a symmetric matrix
similar to the initial matrix A.
E XAMPLE 4 We consider the matrix


0 1
−1
−2 
A =  −2 3
0 0 1.9999

with eigenvalues λ1 = 1, λ2 = 2, λ3 = 1.9999, associated
with the right eigenvectors
v1
v2
v3

and the left eigenvectors
l1
l2
l3

=

(1)

= l2 = (−1, 1, −10000)T ,

l2

(1)

l3

= v1 = (1, 1, 0)T

(1)

(2)

= v2 = (−1/2, 1/2, 0)T

(2)

= v31 −

(1)

v2

(1)

v3

= (2, −1, 0) ,
= (−1, 1, −10000)T ,
= (0, 0, 1)T .

= v1 = (1, 1, 0)T

(1)
v2

v T v2
= v2 − 1 2 v1 = (−1/2, 1/2, 0)T
kv1 k
=

v3 −

(1)

(1)

(v2 )T v3
(1)

kv2 k2

(1)

v2 = (0, 0, 1)T .

These vectors are the right eigenvectors of the matrix A(2) ,
similar to A(1) and then similar to A. We can obtain A(2) as
follows,


3/2 −1/2
0
(1)
T
,
3/2
0
A(2) = A(1) + v12 q(2)
=  −1/2
0
0 1.9999
with

q(2) =





I − A(1)

T 

1
(1)
kv2 k2

(1)

v2


0
=  0 .
1


The left eigenvectors of A(2) are

v1

(1)

= l3 = (0, 0, 1)T .

T

Applying the first iteration of MGSA to {v1 , v2 , v3 } we obtain

v3

v1 = (1/2, 1/2, 0)T ,

(2)

v1

(2)

=

1
kv1 k2

(2)

=

1
(1)
kv2 k2

(2)

=

l3 = (0, 0, 1)T .

l1

l2

(1)

1
kv1 k2

Now, applying the second iteration of MGSA we obtain the
vectors

T

= (1, 1, 0) ,
= (1, 2, 0)T ,
= (10000, 20000, 1)T

(1)

l1

.

v1T v3
v1 = (−5000, 5000, 1)T .
kv1 k2

These vectors are the right eigenvectors of the matrix A(1) ,
similar to A. We can obtain A(1) directly from A as follows,


3/2 −1/2
1/2
T
3/2 −1/2  ,
A(1) = A + v1 q(1)
=  −1/2
0
0 1.9999

l3

v1 = (1/2, 1/2, 0)T ,
(1)

v2 = (−1, 1, 0)T ,

(1)

By Theorem 1, when we apply MGSA to a basis of right
eigenvectors of a diagonalizable matrix A, then we directly
obtain a similar matrix A(1) by using a rank one update of A.
Update rank one matrices can be found in the next Brauer’s
Theorem [1, 2]:
T HEOREM 5 (B RAUER ’ S T HEOREM ) Let A be an n × n
matrix with eigenvalues λ1 , λ2 , . . . , λn . Let vk be a right
eigenvector of A associated with the eigenvalue λk , and let q
be an arbitrary n-vector. Then, the set of eigenvalues of the
matrix A + vk q T is given by
{λ1 , . . . , λk−1 , λk + vkT q, λk+1 , . . . , λn }.
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Now, consider k = 1 in Brauer’s Theorem 5 and suppose that
the eigenvalues of A are pairwise distinct and v1T q = 0, then
the right and left eigenvectors change in the following form [2]:
(1)

= v1 ,

(1)

= l1 +

v1
l1

and for i = 2, 3, . . . , n

Pn

q T vj
j=2 λ1 −λj lj ,

(1)

=

vi −

(1)

=

li .

vi
li

q T vi
λ1 −λi

2

Application: improving the condition number
of a simple eigenvalue

Let A be an n × n matrix and let λi be a simple eigenvalue
of A with associated right and left eigenvectors vi and li ,
respectively. It is well-known [4, 6, 7, 8] that the condition
number of λi is given by the positive number
si =

v1 ,

If we also add that the vector q satisfies equations (3) and
(4), that is, q is the unique solution of the linear system (5),
then the matrices obtained by Theorem 1 and by Brauer’s
Theorem 5 are equal. This does not imply that both procedures
are equivalent. Brauer’s Theorem 5 is more general since
it requires no condition on the arbitrary n-vector q, and the
eigenvalues of the initial matrix A and the updated matrix
A+vk q T can be distinct when v1T q 6= 0. Otherwise, if v1T q = 0
then the matrix A + vk q T from Brauer’s Theorem 5 and A(1)
from Theorem 1 are similar to A, but they can be distinct.
The process we have done with the right eigenvectors of a
matrix A can also be done with the left eigenvectors of A which
lead to the following result,
T HEOREM 6 Let A ∈ Rn×n be a diagonalizable matrix with
eigenvalues λ1 , λ2 , . . . , λn , pairwise distinct, and l1 , l2 , . . . , ln
their associated left eigenvectors. If we apply the first iteration
of the Modified Gram-Schmidt Algorithm (MGSA) to the set
of eigenvectors {l1 , l2 , . . . , ln } of A, we obtain the set of vec(1) (1)
(1)
tors {l1 , l2 , . . . , ln } which are a basis of left eigenvectors
of a new matrix A(1) similar to A. We directly obtain the matrix
A(1) using the following rank one update,
A(1) = A + q(1) l1T

that is, si is the inverse of the cosine of the angle between
the right and left eigenvectors vi and li of A associated with
λi . Therefore, si ≥ 1 and the interpretation of the condition
number of λi is that an O() perturbation in A can cause an
O(si ) perturbation in the eigenvalue λi . So, if si is near to 1,
a perturbation in A will have less effect on λi [3].
Now, we study the improvement of the eigenvalue condition
number when we apply the first iteration of MGSA to the right
eigenvectors of A.
T HEOREM 8 Let A ∈ Rn×n be a diagonalizable matrix with eigenvalues λ1 , λ2 , . . . , λn , pairwise distinct. Let
v1 , v2 , . . . , vn and l1 , l2 , . . . , ln be their associated right and
left eigenvectors, such that, liT vj = δij . Let s1 , s2 , . . . , sn be
the corresponding eigenvalue condition numbers.
Let A(1) be the matrix, similar to A, whose right eigenvectors
are the obtained vectors when we apply the first iteration of the
Modified Gram-Schmidt Algorithm (MGSA) to the eigenvectors {v1 , v2 , . . . , vn } of A. Then, then the eigenvalue condition
numbers of A(1) satisfy
(1)

s1 = 1,
(1)

si

1
(λ1 I − A) l1 .
kl1 k2

≤ si , for i = 2, 3, . . . , n.

E XAMPLE 9 Let A be the matrix of Example 4 with eigenvalues λ1 = 1, λ2 = 2, λ3 = 1.9999, the associated right
eigenvectors,
v1
v2
v3

with
q(1) =

kvi k kli k
,
|liT vi |

=
=
=

(1, 1, 0)T ,
(1, 2, 0)T ,
(10000, 20000, 1)T

and associated left eigenvectors,
= (2, −1, 0)T ,
= (−1, 1, −10000)T ,
= (0, 0, 1)T .

l1
l2
l3

The following result is the generalization of the rank one
update with the left eigenvectors of a matrix, or equivalently,
Brauer’s Theorem 5 now applied to the matrix AT .

Then, the eigenvalue condition numbers of A are
T HEOREM 7 Let A be an n × n matrix with eigenvalues
λ1 , λ2 , . . . , λn . Let lk be a left eigenvector of A associated
with the eigenvalue λk , and let q be an arbitrary n-vector. Then,
the set of eigenvalues of the matrix A + qlkT is given by

s1

=

kv1 k kl1 k
|l1T v1 |

= 3.1613,

s2

=

kv2 k kl2 k
|l2T v2 |

= 22360.6799,

{λ1 , . . . , λk−1 , λk + lkT q, λk+1 , . . . , λn }.

s3

=

kv3 k kl3 k
|l3T v3 |

= 22360.6797.
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Now, we consider the matrix A(1) and its right and left eigen(1) (1) (1)
(1) (1) (1)
vectors v1 , v2 , v3 and l1 , l2 , l3 that we have obtained
in Example 4 by applying the first iteration of MGSA. Then,
the eigenvalue condition numbers of A(1) are
(1)

(1)

(1)

(1)

(1)

(1)

=

kv1 k kl1 k

(1)
s2

=

kv2 k kl2 k

(1)

=

kv3 k kl3 k

(1)
s1

s3

|(l1 )T v1 |
(1)

(1)

(1)

(1)

(1)

(1)

|(l2 )T v2 |
|(l3 )T v3 |

= 1,

The angles α12 and α13 between the vectors v2 and v3 with v1
are respectively,
α12 ' 18o 260 600 ,

then, we do not apply the first iteration of MGSA and the
eigenvalue condition numbers of A(1) are directly given by

= 7071.0678 < s2 ,
= 7071.0678 < s3 .

Since MGSA allows us to improve the eigenvalue condition
numbers of a given matrix A we ask the following question:
Is it possible to compute the eigenvalue condition numbers
of the matrix A(1) without applying MGSA to the basis of
eigenvectors of the matrix A? The following result answers
this question.
T HEOREM 10 Let A ∈ Rn×n be a diagonalizable matrix with eigenvalues λ1 , λ2 , . . . , λn , pairwise distinct. Let
v1 , v2 , . . . , vn and l1 , l2 , . . . , ln be their associated right and
left eigenvectors, such that, liT vj = δij . Let s1 , s2 , . . . , sn be
the corresponding eigenvalue condition numbers.
If we obtain the matrix A(1) , similar to A, by applying the first
iteration of the Modified Gram-Schmidt Algorithm (MGSA) to
the basis of right eigenvectors {v1 , v2 , . . . , vn } of A, then the
eigenvalue condition numbers of A(1) are given by

s1

(1)

=

1,

(1)
s2
(1)
s3

=

| sin(α12 )| s2 = 7071.06785,

=

| sin(α13 )| s3 = 7071.06785.

Note that we can interchange the order of the associated
right eigenvectors v1 , v2 and v3 of A to obtain the eigenvalue
condition numbers of A(1) . For instance, we suppose that we
apply the process to v2 instead of v1 . The angle α21 between
the vectors v2 and v1 , and the angle α23 between the vectors v2
and v3 are
α21 = α12 ' 18o 260 600 ,

= 1,

(1)
si

= | sin(α1i )| si , for i = 2, 3, . . . , n,

α23 ' 0o 00 9.224400 ,

then the eigenvalue condition numbers of A(1) are directly
given by
(1)

s1

(1)
s2
(1)
s3

= | sin(α21 )| s1 = 1,
=

1,

= | sin(α23 )| s3 = 1.000000042120185.

Finally, if we apply the process to v3 , since the angles between
the vectors v3 with v1 , and v3 with v2 are
α31 = α13 ' 18o 260 600 ,

(1)
s1

α13 ' 18o 260 600 ,

α32 = α23 ' 0o 00 9.224400 ,

then the eigenvalue condition numbers are

where α1i denotes the angle between the vectors v1 and vi .

(1)

s1

(1)
s2
(1)
s3

= | sin(α31 )| s1 = 1.000000009000001,

= | sin(α32 )| s2 = 1.000000051120185,
=

1.

Consequently, smaller angle between the vectors v1 and vi
(1)
better eigenvalues condition number si of A(1) . Then, Theorem 10 answers the above question, that is, to compute the
(1)
eigenvalue condition number si it is not necessary to apply
the first iteration of MGSA, because you only need to know
the angle between the vectors v1 and vi , for i = 2, 3, . . . , n.

Comparing these results we conclude that the best option for
improving the eigenvalue condition numbers is to select the
vector v2 or v3 instead of the vector v1 as the initial vector in
the procedure. Now, we apply MGSA with the eigenvectors of
A ordered as {v2 , v1 , v3 } in the following example.

E XAMPLE 11 Let A be the matrix of Example 4 with eigenvalues λ1 = 1, λ2 = 2, λ3 = 1.9999 and let v1 , v2 and v3
be the associated right eigenvectors. By Example 9, we have
calculated the eigenvalue condition numbers of A,

E XAMPLE 12 Let A be the matrix of Example 4 with eigenvalues λ1 = 1, λ2 = 2, λ3 = 1.9999 and the associated right
and left eigenvectors given by the ordered sets {v2 , v1 , v3 } and
{l2 , l1 , l3 }, respectively. By Example 9, we have computed the
eigenvalue condition numbers of A

s1

=

kv1 k kl1 k
|l1T v1 |

= 3.1613,

s1

=

kv1 k kl1 k
|l1T v1 |

= 3.1613,

s2

=

kv2 k kl2 k
|l2T v2 |

= 22360.6799,

s2

=

kv2 k kl2 k
|l2T v2 |

= 22360.6799,

s3

=

kv3 k kl3 k
|l3T v3 |

= 22360.6797.

s3

=

kv3 k kl3 k
|l3T v3 |

= 22360.6797.
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An application of MGSA
Now, we apply the first iteration of MGSA and obtain the right
eigenvectors of the matrix A(1)
(1)

=

v2 = (1, 2, 0)T ,

(1)
v1

=

v T v1
v1 − 2 2 v2 = (2/5, −1/5, 0)T ,
kv2 k

(1)

=

v3 −

v2

v3

v2T v3
v2 = (0, 0, 1)T .
kv2 k2

Recall that the matrix A(1) is similar to A and it can be
constructed by


6/5 2/5
0
T
,
0
A(1) = A + v2 q(1)
=  2/5 9/5
0
0 1.9999

with

q(1) = 2I − AT







6/5
1
 −3/5  .
v
=
2
kv2 k2
1

The left eigenvectors of A(1) are
(1)

l1

(1)

l2

(1)

l3

= l1 = (2, −1, 0)T ,
1
kv2 k2

=

v2 = (1/5, 2/5, 0)T ,

= l3 = (0, 0, 1)T .

and the eigenvalue condition numbers of A(1) are given by
(1)

s1

(1)

s2

(1)

s3

(1)

(1)

=

kv1 k kl1 k

=

kv2 k kl2 k

=

kv3 k kl3 k

(1)
(1)
|(l1 )T v1 |
(1)

(1)
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A new low-cost technology for biothermal behavior of
human foot and footwear through mathematical models.
J. Durany∗, L. Poceiro†, and F. Varas∗

Abstract— This work is suggested by the biomechanical engineering company Umana S.L. (www.umana.es) and it is addressed
to develop a numerical simulation model of the thermal behaviour of the human foot. The objective is to virtually analyse the
different processes of thermal transfer between the foot, a textile (sock or hose, footwear) and the environment for different
metabolic characteristics, textile properties and environmental conditions. The novelty, but also the difficulty of the modelling
here proposed, lies in the multiphysics problems on porous environments at the textile, involving energy transport but also mass
transport (water, vapour, gas and evaporation phenomena). The final formulation leads to a highly non-linear partial differential
equations system. In order to numerically solve the global model, a segregated algorithm, along with a finite element method
for the spatial discretizations, are proposed. Finally, the numerical simulation allows to carry out certain analysis on geometry
design and on materials composition of the textile media surrounding the foot.
Keywords: Foot temperature, Foot-textile heat-mass fluxes, Footwear design, Finite elements.

1

Introduction

There have been many attempts in the literature to model
human thermoregulation systems in order to predict central
temperature and other heat stress indicators (see [5, 14], among
many others). These models depend on a wide range of variables, including individual characteristics, surrounding textile
and environmental factors. Most of these models are based on
empirical properties that simplify human body global geometry, or simply apply theories in one dimensional problems (see
[6], among others, and their references). However, there are
some works that particularize the studies for some body parts.
In particular, in the context of thermal modelling of the human
foot followed by numerical simulation, it should be mentioned
Covill et al. [4, 5] using the finite element method. Along the
same line, the main objective of this work is to try to formulate
a robust, realistic and versatile numerical and mathematical
model that describes heat transfer of the human foot, for the
bare foot and for the foot surrounded by a textile.
The proposed model consists firstly of the metabolic energy
equation, including the blood flow as a heat source and the
effects of sweating. This equation is coupled to a mass and
energy transfer model at the textile that surrounds the foot.
In this case, apart from taking into account energy equation
in all the media, mass transport phenomena (water, vapour
and gas) in the corresponding porous textile medium must be

considered. Interesting conclusions come from the analysis of
important model parameters and represent a clear contribution
of this work.
The global model is posed in terms of a non-linear partial differential equations system, with adequate boundary conditions
and heat transfer conditions between media. For its numerical solution a segregated algorithm, fixed point techniques
for the non-linearities along with finite elements spatial discretizations are proposed. Implementation using commercial
software COM SOLT M M ultiphysics allows analysing some
examples of model applications and numerical methods performances. So, the code provides a new low-cost technology that
avoids making many and expensive prototypes, which could be
of great interest for the manufacturing footwear industry aimed
at the health and sports fields.

2

The thermal model

Energy model proposed for the foot is based on the bio-heat
transfer equation (see Wu et al. [14], among others). Usually, a hard simplification of the foot organs (bones, muscles,
tendons, etc) is made in order to reduce the complex internal
composition to a single tissue, where the thermal and biological
properties are averaged. However, consideration of the foot
skin as another tissue can be very important because of its
relevance on the environmental boundary conditions; which

∗ Instituto Tecnológico de Matemática Industrial (ITMATI) & Dep. Matemática Aplicada II, Universidad de Vigo, Campus Marcosende, 36310 Vigo (SPAIN).
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does not add new formulation difficulties. The equation should
be verified in a three-dimensional domain, Ω, corresponding
to an average human foot of a length of 28cm, approximately
(see Figure 1), in which the 2mm thick skin is considered. This
equation in steady state form is given by:

textile porosity coefficient and θl the liquid water concentration
in the textile medium (sock or footwear).

(1)

The textile medium Ωc (for instance, the footwear shown in
Figure 2) can be considered as an unsaturated porous medium.
Therefore, the model should consider (apart from the thermal
equation) water and gas transport, in order to take into account
sweating effects from the foot to the environment.

− ∇ · (k∇T ) − ρb cb ωb (Tb − T ) = Qm ,

in Ω,,

where k the is thermal conductivity (W m−1 K −1 ), ρb
the blood density (kg m−3 ), cb the blood specific heat
(J kg −1 K −1 ), ωb the blood perfusion (s−1 ), Tb the blood
temperature (K), Qm the metabolic heat rate (W m−3 ) and
T is the unknown temperature (K).

Figure 1: Three dimensional geometry of the human foot in
IGES CAD format.

Perfect contact conditions between internal tissue and skin are
considered (continuity of temperature and thermal flux), and
parameters ρb , cb , k, ωb , Tb and Qm are considered constant in
each tissue but its value can be different in each of them.
In general, the thermal model in the textile surrounding the foot
consists of a diffusion equation for the unknown temperature,
Tc , with a generation term that includes sweating/evaporative
effects. That is:

(2)

− ∇ · (kc ∇Tc ) = −ST ,

in Ωc ,,

where ST is a heat source\sink due to sweating and is given
by:
(3)

The mass transport model

Figure 2: Three dimensional geometry of footwear surrounding the foot in IGES CAD format.

3.1

Liquid water transport

Water in the porous medium is found in two different states:
liquid and vapour states. For this reason, in order to take
into account the water mass transport (in any state), two transport models (liquid and vapour phases) plus a thermodynamic
equilibrium hypothesis are considered (see [1], [2], [3], [11],
among many others).
To model liquid water transport in the porous medium,
Richards equation is used (see [9], among others), which
consists of a variant of Darcy’s law considering that both the
hydraulic conductivity and the matric potential depend on the
saturation level of the medium (Darcy’s law only considers
saturated porous media):

ST = Hlat Sv ,

being Hlat the latent heat of vaporisation (Jkg −1 ) and Sv the
evaporation rate which is a priori unkown too. And finally,
kc is the thermal conductivity (W m−1 K −1 ) which will be
determined from solid and gas properties of the textile, as
follows:
(4)

3

kc = kt (1 − φ) + kw θl φ + kg (1 − θl )φ ,

where kt , kw and kg are the thermal conductivity of fibers,
liquid water and gas mixture in the sock, respectively, φ the

(5)

− ρl ∇ · (Kh (θl )∇ψh (θl )) = −Sv ,

in Ωc ,

with water volumetric concentration,θl , expressed as per-unit,
being the unknown of the problem. Moreover, ρl denotes
the density of liquid water (kg m−3 ), Kh the hydraulic conductivity (m s−1 ), ψh the hydraulic potential (m) and Sv the
vaporisation rate (a priori unknown).
The hydraulic potential can be written as the sum of two
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potentials (see [9] for details):

3.3

(6)

Fluxes of the gaseous phase are due to the gradient variations
in temperature and pressure and are given by Darcy’s law. So,
it can be expressed as follows:


κρg
(11)
−∇·
∇P = Sv , inΩc ,
µ

ψh = ψm + ψz ,

where ψm denotes the hydraulic potential and ψz denotes gravitational potential that depends on the position of the terrestrial
gravitational field:
(7)

ψz = ρl g (z − z0 ) ,

with g denoting the gravity acceleration (m s−2 ) and z the
height, (m), measured in relation to a reference value, z0 .
Following van Genutchen approximation [13], the hydraulic
conductivity is given by:


m 2
1
1
,
(8) Kh (Θ) = Ks Kr (Θ) = Ks Θ 2 1 − 1 − Θ m

Gas transport

where the main unknown is the pressure of the gaseous phase,
P , (N m−2 ). Moreover, (11) involves the permeability of
the medium κ (m2 ), the air density, µ (kg m−1 s−1 ), and the
gaseous phase density ρg (kg m−3 ), that can be also written in
terms of P and Tc using the ideal gas law:
(12)

ρg =

P Mg
,
RTc

where Mg is the molecular weight of the gaseous mixture.

where Ks is the constant value of the hydraulic conductivity in
saturation (m s−1 ) and Kr the relative hydraulic conductivity,
r
that depends on the effective saturation Θ = θθsl −θ
−θr and, therefore, on the concentration of liquid water in the material, θl .
This effective saturation depends on θl and on the parameters
θr and θs , that denote the residual concentration of moisture
and the water concentration in saturation, respectively. Moreover, in (8) it is found the parameter m, that is usually written
as m = 1 − n1 , and both m and n are usually named as the
shape parameters of the retention curve.

3.4

Finally, the matric potential, following van Genutchen proposal
[13], is written:

For calculating the vapour density, ρv , a chemical equilibrium
hypothesis among the two water phases is imposed. This
hypothesis implies a kinetic of phase change infinitely fast
since mass interchanges occur instantaneously. In this case,
classical Kelvin’s equilibrium equation is used (see [1], for
instance):


Pv
(ρl gψm )Ml
(14)
= exp
,
Pvsat
(ρl RTc )

(9)

ψm (Θ) =

 n1
 −1
− Θm −1
α

,

where α is also a shape factor of the retention curve.

3.2

Water vapour transport

Two different contributions are found in the flow of the water
vapour. The first one is due to the convective flow of the gas,
given by Darcy’s law, and the second one corresponds to the
diffusive flow, given by Fick’s law. Taking into account these
two factors, the equation of the water vapour transport can be
written in Ωc , as follows:


κρg
∇Pv − ∇ · (Dv (Tc )ξg (θa )∇mv ) = Sv ,
(10) − ∇ ·
µ
where mv , a priori unknown, denotes the mass concentration
of the vapour in the total textile volume (kg m−3 ), κ is the
medium’s permeability (m2 ), ρg is the density of the gaseous
mixture (kg m−3 ), µ is the air viscosity (kg m−1 s−1 ), Pv is
the partial pressure of the water vapour (N m−2 ), Dv is the
effective diffusivity of the vapour in the air (m2 s−1 ) and ξg is
the tortuosity of the vapour transport.

Chemical equilibrium hypothesis

The mass concentration of the vapour mv in the textile medium
can be written as follows:
(13)

mv = ρv θa = ρv (φ − θl ) ,

being ρv the vapour density in the avaliable volume (open pore)
(kg m−3 ), θa the concentration of the non-saturated porous
space (m3 m−3 ), and φ the porosity coefficient of the textile
medium.

where Pvsat denotes the partial vapour pressure in saturation
conditions (N m−2 ), R is the constant of the ideal gases
(JK −1 mol−1 ) and Ml denotes the molecular weight of the
water (kg mol−1 ). This expression (14) consists on a dimensionless volumetric relation measuring the saturation of the
gas. Moreover, PvPv is often called relative humidity, hr , to
sat
give it a more physical sense. That is:
(15)

Pv = P hr ,

where P is the pressure of the gaseous phase (N m−2 ) solving
equation (11).
Now, using the ideal gas law, vapour density ρv in (13) is posed
in terms of Pv , Tc :
(16)

ρv =

Pv M l
,
RTc

and, consequently, in terms of P (equation (15)) and Tc .
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As a result, the unknown vapour mass concentration, mv , given
in (13), can be posed in terms of Pv , Tc and θl , and thus it will
no longer be an additional unknown of the model, being Sv the
unknown in equation (10).
Finally, observing that equation (14) gives an implicit description of the source term Sv , it can be eliminated as problem
unknown combining (5) and (10), and using (14) to close a
system in terms of Tc , θl and P .
In short, the coupled mathematical model consists on the
one hand on the bio-heating equation (1) in the domain that
comprises the foot , being the unknown the temperature (T ).
On the other hand, in the inner part of the textile medium
the equations for energy flow (2), water transport (5) and gas
transport (11) are considered. In this case, the unknowns
are the temperature (Tc ), the volumetric concentration of the
liquid water (θl ), the pressure of the gaseous phase (P ) and the
vaporisation rate (Sv ), that can be calculated in a direct way by
coupling the system with the vapour transport equation (10).

4

T = Tc

;

n · (−k∇T ) = n · (−kc ∇Tc ) ,

where n represents, in this case, a normal, unitary and external
vector to Ωc (textile medium).
For the water transport equation (5) in Ωc , it is supposed that
water flux from the foot is given by the evaporative heat losses
due to sweating:
(18)

n · (−Kh ∇ψh ) = −

Qe
,
Hlat

being Qe the sweating rate defined by the same empirical
formula that appears in [6] and [14], among others, following
the Fanger classical model [8]. This formula links sweating
rate with the difference of the foot temperature at the skin
surface T (K) and an empirical expression related to the
environmental water vapour pressure Pvatm (Kpa). That is:
(19)

Qe = Qeds + Qews ,

where Qeds is the heat loss due to implicit sweat secretion
when the skin is dry, and Qews the corresponding heat loss
due to evaporation of explicit sweat secretion:



Pvatm
(20)
Qeds = 0.782 T − 286.31 +
,
0.256
(21)

(22)

Qews





Pv
= he sh 4.275 T − 286.31 + atm
0.256



,

Pvatm = Pvsat Hr ,

being Hr the air relative humidity (on a per unit basis) and
Pvsat the saturation pressure of the water vapour at the environment temperature (kpa). Using thermodynamical equilibrium,
Pvsat is classically given by some empirical formula, as the
following one (see [10], for example):
(23)

17.27(Ta −273)

Pvsat = 0.611 e 237,3+(Ta −273) .

For the gas transport equation (11) in Ωc , it is supposed that
there are no gas flux from the foot. That is:


κρg
∇P = 0 .
(24)
n· −
µ

Contact conditions at the interface foot-textile 5

Assuming perfect contact between both media (foot and textile
medium), transmission conditions for the thermal problems,
(1) , (2), are given by the continuity of the temperatures and
heat fluxes:
(17)

with sh a nondimensional parameter denoting the skin humidity (0 ≤ sh ≤ 1, from dry to wet). Moreover, Pvatm can be
written as follows:

Boundary conditions

In the part of the foot that is connected to the rest of the body,
two parts of the boundary need to be distinguished. First, B1
the boundary of the foot in contact with the rest of the leg,
where a condition of null thermal flux is posed for the foot
temperature T :
(25)

n · (−k∇T ) = 0 ,

on B1,

where n denotes the normal, unitary and external vector to the
boundary. Moreover, the boundary between the textile medium
and the environment located at this place must be taken into
account. It is denoted by B1c and affects to the temperature
Tc , to the water concentration θl and to the pressure P . But,
B1c is extremely small (3mm thickness, approximately), so
no heat nor mass transfer is considered through this boundary.
• n · (−kc ∇Tc ) = 0,

on B1c,

• n · (−Kh ∇ψh ) = 0, on B1c,


κρ
• n · − µg ∇P = 0, on B1c.
It is supposed that on the boundary textile-environment B2
(where the upper part, B1c, has been already separated) there
are heat losses due to convection and radiation. Based on this,
the boundary condition for the thermal equation (2) can be
written as follows on B2 :

(26)
n · (−kc ∇Tc ) = he (Tc − Ta ) + εσ Tc4 − Ta4 ,

where n is again the normal, unitary and external vector to
B2, he is the convection coefficient (W m−2 K −1 ), Tc is the
temperature on the surface of the textile medium (K), Ta is
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the environmental temperature (K), ε is the emissivity coefficient (dimensionless) and σ is the Stefan-Boltzmann constant
(W m−2 K −4 ).
For the liquid water transport equation (5), a similar condition
is given. That is, the flux is proportional to the difference of
the vapour partial pressure in each media:
(27)

n · (−Kh ∇ψh ) =

katm Ml
(Pvatm − Pv ) ,
RTc

on B2,

where katm is the mass conductivity of the interface textile-air
(m s−1 ), Ml is the molecular mass of the water (kg mol−1 ),
R is the perfect gases constant (J mol−1 K −1 ), Pvatm is the
vapour pressure in the atmosphere (P a) and Pv is the vapour
pressure in the porous medium (P a).
For the gas transport equation (11) it is supposed that existing
flux through the boundary is proportional to the pressure differences between atmosphere pressure and gas phase pressure
in the porous medium, as proposed in the following equation:


κρg
∇P
(28) n · −
µ



=

0
katm
Mg
(Patm − P ) ,
RTc

on B2,

0
is the gas mass conductivity of the interface textilewhere katm
air (supposed to be two orders of magnitude lower than the
mass conductivity of the vapour flux) (m s−1 ), Mg is the molar
mass of the air and Patm is the atmosphere pressure (P a).

6

7

Some numerical simulations

In order to validate the thermal model and its numerical solution, a first example involving only the bare foot is presented.
Values for density, specific heat, blood perfusion rate and
metabolic heat rate will take the same constant value both in the
inner tissue and in the skin. However, thermal conductivity can
be different in each of them (see Table 1). Figure 3 shows the
temperatures of the bare foot for an environmental temperature
Ta = 25o C.
Par
kf
ks
ρb
cb
ωb
Tb
Qm
he
Ta
ε
σ
Hr

Val
Units
Description
0.5
W/(m K) Internal tissue conductivity
0.2
W/(m K) Skin thermal conductivity
1060
kg/m3
Blood density
3850
J/(kg K) Blood specific heat
0.54 10−3 1/s
Blood perfusion
310.15 K
Blood temperature
300
W/m3
Metabolic heat
10
W/(m2 K) Convection coefficient
298
K
Environmental temperature
0.97
Skin emissivity
5.67 10−8 W/(m2 K 4 )Stefan-Boltzman constant
0.35
Relative humidity
Table 1: Constants defined in the thermal model.

Numerical computation

For the numerical resolution of the global model, commercial
software COM SOLT M M ultiphysics is used. This software
allows to solve multi-physical problems of different nature
(heat, mass transport, electromagnetism, acoustics, etc.) and
is based on the finite element method. So it seems adequate for
solving the coupled and strongly non-linear model presented in
previous sections.
The code meshing utility can be used for spatial discretization
of the 3D geometries. In this case, a scanner of a human foot
has been carried out to build a CAD 3D geometry by using
IGES format, as shown in Figure 1, and next it has been meshed
with 69.552 tetrahedral finite elements. Lagrange quadratic
polynomials of degree 2 in each element of the mesh have been
taken for functional approximations. Moreover, a segregated
algorithm that solves at each iteration the equations separately
till the convergence to the global solution is performed for
the nonlinear model. These nonlinear equations are performed
with damped Newton methods, updating the jacobian matrix at
each iteration with a constant damping factor equal to 0.5. The
code also allows to select, among the existing ones, the linear
solver to be used at each algorithm iteration. Specifically,
the unsymmetric multifrontal sparse LU factorization package
(UMFPACK) and also a LU preconditioner have been choosen.

Figure 3: Foot temperature distribution (o C) for Ta = 25o C.

To compare the results obtained with experimental data, the
same experimental temperatures used by Takami-Hekmat [12]
(similar model to the one here proposed but for the whole
human body) will be considered. Table 2 shows the numerical
and experimental temperatures at a point in the top part of
the foot, with coordinates (0.00 m, 0.04 m, 0.188 m) , for two
different environmental temperatures; and numerical values
adequately fit experimental ones.
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Environmental temperature (Ta )
Experimental results
Numerical results
Takami- Hekmat results

26o C
33.10o C
33.58o C
33.80o C

30o C
35.10o C
35.40o C
36.20o C

18

Convection losses

16

Radiation losses
14

Evaporation losses

Table 2: Temperature comparison with experimental results, at
the node with coordinates (0.00 m, 0.04 m, 0.188 m) located at
the instep of foot.
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The next example tries to quantify the importance of heat
losses on the external boundary of the bare foot, distinguishing
those caused by convection or radiation and those caused
by transpiration (function Qe = Qeds in (19) representing
implicit sweat secretion). In Figure 4 these heat losses at a
node at a toe tip (coordinates (0.00 m, 0.015 m, 0.28 m)) are
presented, for a constant air relative humidity (Hr = 25%) and
different environmental temperatures. For lower temperatures
evaporation losses are negligible compared to the convection
or radiation losses since there is no sweating at lower temperatures. However, when external temperature increases the losses
caused by sweating are comparable to the other ones. Figure
5 also shows heat losses but in this case fixing environmental
temperature at 35o C and varying the humidity percentages.
Here, it can be observed that when relative humidity increases
there is a considerable diminution of sweating losses, and a
light increase of convection and radiation losses. That is, when
the relative humidity increases the environmental water vapour
pressure increases too and, as a result, there is a lower water
evaporation (sweating losses decrease).

Figure 5: Variation of the heat losses at the toe tip
(0.00 m, 0.015 m, 0.28 m), for different relative humidity coefficient and for an environmental temperature of 35o C.

With the aim to show the qualitative and quantitative differences of the temperature distribution, next example tries to
highlight the numerical results obtained for the foot inside
footwear to compare them with the bare foot case. For this,
the biological and physical parameters given in Table 1 for the
foot are used, as well as the environmental temperature Ta =
25o C. The physical and textile parameters appearing in the
global model for the footwear have been taken from [7]. The
temperature of this foot–shoe coupling can be seen in Figure
6, and the corresponding to a longitudinal section (from the
corner of the heel up to the digitus secundus, approximately) in
Figure 7. This map of temperatures in the longitudinal section
can be compared with the temperatures of the bare foot case
shown in Figure 8. It is clear that footwear provides a great
isolation increasing the temperature of the foot considerably.
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Figure 4: Variation of the heat losses at the toe tip
(0.00 m, 0.015 m, 0.28 m), for different environmental temperature and for an air relative humidity of 25%.

Figure 6: Temperature distribution (o C) in the foot–shoe case
for Ta = 25o C .
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Figure 7: Temperature distribution (o C) in a longitudinal
section for Ta = 25o C (footwear case).

Figure 9: Geometry of the sole of the shoe .

Figure 8: Temperature distribution (o C) in a longitudinal
section for Ta = 25o C (bare foot case).

Figure 10: Temperature distribution (o C) in a longitudinal
section for Ta = 25o C (convection coefficient for the sole has
been decreased).

An important application of this work consists of reducing the
costs associated with footwear design and prototype development, because maximum footwear quality and optimization of
the thermal comfort is obtained through the analysis of the
geometry and materials properties. In this way, the numerical
simulations try to avoid the high cost of prototypes manufacturing or the experimental checking of many materials (in particular, the cost associated with a prototype of the sole in sport
or health footwear that it is very expensive). Next example
has been chosen to compare the numerical results when the
properties of the material of the sole differ from those of the
rest of the shoe (see in Figure 9 the sole geometry). In fact, the
temperatures corresponding to the Figure 7 have been obtained
when the whole shoe has a conductivity of 0.01 W/(Km), a
porosity of 50 % and a coefficient of convection to the air of
10.0 W/(Km2 ). But, if only the sole convection coefficient is
decreased just 7.0 W/(Km2 ) then the foot temperature shown
in Figure 10 is lightly higher at the foot base (one degree) and
more uniform.

Precisely, numerical simulations allow to check the influence
of the variations of the sole parameters in the stationary thermal
behaviour of the foot (the model also provides the basis to solve
evolution problems including dynamic effects of heat sources,
when simulation of physical activities of the foot could be
introduced in the energy equation). For example, Figures 11,
12 show the variation of the temperature at three nodes of the
foot when thermal conductivity and convection coefficient are
modified in the sole of the shoe. When the thermal conductivity
of the sole (kc ) increases, more heat is conducted to the external
part of it, decreasing the temperature at the surface of the foot.
So, the temperature changes are non linear, having a greater
influence in the foot base and heel. On the other hand, when
the convection coefficient, he , appearing in equation (26) is
increased on the external boundary of the sole, then the foot
temperature decreases due to the bigger heat losses, estimating
a major sensibility to the changes in the base of the foot and
the heel. Again, the numerical results obtained are qualitatively
quite correct.
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tively acceptable and, in some cases that have been validated
against experimentation, quantitatively correct too. Thus, it
seems that both the model and the finite elements discretizations selected for the numerical solution and the software used
fulfil the objectives of this study.
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Figure 11: Variation of the temperature for different
sole thermal conductivities. In color blue at the point
(−0.152 m, 0.013 m, 0.17 m) (digitus secundus); in color
red at the point (−0.1394 m, 0.0075 m, 0.0691 m) (central
point at the foot base), and in color green at the point
(−0.137 m, 0.00855 m, −0.0487 m) (central point at the foot
heel).
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Special Session 16
Application of Numerical Modeling in Oceanography and Meteorology
Numerical modeling of meteorological processes is an activity that has long been applied
fairly routine in social life. Although it is not so in the case of oceanographic processes modeling,
it is decisive its use to address certain specific problems related, for example, to predict the
evolution of accidental discharges at the sea and maritime rescue work.
Although there is a need to use these simulation models in operational tasks to predict how
will evolve the different physical processes, it is evident, many times, that we find limitations
and lack of confidence in the predictions we do with them. This need for their use becomes
mandatory the continue improving of these models where is essential the participation of both,
physical and mathematical approaches. Improved numerical integration methods performed in
a mathematical context, aimed to achieve numerical schemes mores stables and more efficient
boundary conditions help that predictions be more accurate. This activity in improving the
available numerical models also clearly depends on the quality of the observed geophysical
variables used in the experimental validation of the models.
In addition to this immediate demand for forecasts produced by numerical models today’s
society need to use models to predict changes in the different atmospheric and oceanic variables
caused by the process of climate change that is experiencing the planet. Of particular interest
in this latter area is the modeling of the biological response of the ocean to changes forced by
atmospheric and hydrodynamic conditions. The purpose of this session is to provide cutting
edge on the involvement of the applications of numerical modeling in helping to develop these
activities.
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Shallow water models as tool for tsunami
current predictions in ports and harbors.
Validation with Tohoku 2011 field data
J. Macías∗, M. J. Castro∗, J. M. González-Vida† and S. Ortega‡

Abstract— Model ability to compute and predict tsunami flow velocities is of importance in risk assessment and hazard
mitigation. Substantial damage can be produced by high velocity flows, particularly in harbors and bays, even when the wave
height is small. Besides, an accurate simulation of tsunami flow velocities and accelerations is fundamental for advancing
in the study of tsunami sediment transport. These considerations made the National Tsunami Hazard Mitigation Program
(NTHMP) proposing a benchmark exercise focussed on modeling and simulating tsunami currents. Until recently, few direct
measurements of tsunami velocities were available to compare and to validate model results. After Tohoku 2011 many current
meters measurement were made, mainly in harbors and channels. In this work we present a part of the contribution made by the
EDANYA group from the University of Malaga to the NTHMP workshop organized at Portland (USA), 9-10 of February 2015.
We have selected three out of the five proposed benchmark problems. Two of them consist in real observed data from the Tohoku
2011 event, one at Hilo Habour (Hawaii) and the other at Tauranga Bay (New Zealand). The third one consists in laboratory
experimental data for the inundation of Seaside City in Oregon.
Keywords: Shallow water models, tsunamis, finite volume method, model validation, Tohoku 2011.
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and precision of speed predictions becomes of importance.

Introduction

Far from their sources, even when their deathly effects are
no longer present, tsunamis continue to produce losts and
damages that have been estimated in millions of dollars in the
last decade. Near field damage is mainly the result of large
tsunami waves, high flow depth and long inundation distances
with large flooding areas. Meanwhile, farfield damage is rather
produced by strong currents generated in harbors and bays, and
along coastlines. Effects are not comparable with nearfield but
still destructive. This fact highlight the need to understand and
predict the velocity currents generated by tsunamis in harbors
and channels.
Numerical tsunami models have been usually and mostly validated using only wave height and inundation data. We have numerous examples of this in the literature (Synolakis et al, 2008,
just to mention one, but many others). Analytical solutions,
measured experimental data or field data have been extensively
used in this kind of validations. Nevertheless, tsunami model
comparisons with speed data are much less common. As model
results are being increasingly used to estimate or indicate
damage to coastal infrastructure, understanding the accuracy

To help produce accurate and consistent maritime hazard
products, the National Tsunami Hazard Mitigation Program
(NTHMP) Strategic Plan from 2013 to 2017 includes a requirement of the Mapping and Modeling Subcommittee to
also develop and run a benchmarking workshop to evaluate
the numerical tsunami modeling of currents. To fulfill this
requirement a 2-day workshop was celebrated in Portland
last February. As a result of which, modelers participating
have adquired a better awareness of their ability to accurately
capture the physics of tsunami currents, and therefore have a
better understanding of how to use these simulation tools for
hazard assessment and mitigation efforts. For this workshop,
five different benchmarking datasets were organized. These
datasets were selected based on characteristics such as geometric complexity, currents that are shear/separation driven
(and thus are de-coupled from the incident wave forcing), tidal
coupling, and interaction with the built environment.
In this work, we present a part of the contribution of EDANYA
research group to this benchmarking effort. A summary of
the numerical results and conclusions obtained for three of

∗ Departamento de A.M., E. e I.O. y Matemática Aplicada, University of Malaga, Facultad de Ciencias, Campus de Teatinos, s/n, 29080-Málaga (SPAIN).
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the five benchmark problems proposed is presented here. For
this model validation Tsunami-HySEA model, developed by
EDANYA group, was used.

2

Shallow-water type models for tsunami modHigh order is achieved by a non-linear TVD reconstruction
eling
operator of the unknowns h, qx , qy and η = h − H. Then,

The well known 2D nonlinear one-layer shallow water are
commonly used for tsunami simulations. Tsunami-HySEA
implements this system of equations in both spherical and
cartesian coordinates. Due to brevity, we only write down the
second one:
ht + (qx )x + (qy )y
(1)


q q 
g 2
qx2
x y
+ h
+
(qx )t +
h
2
h y
x
!
q q 
qy2
g 2
x y
(qy )t +
+
+ h
h x
h
2


=0
= ghHx + Sx
= ghHy + Sy

y

In the previous system, h(x, t), denotes the thickness of the
water layer at point x ∈ D ⊂ R2 at time t, being D the
horizontal projection of the 3D domain where the tsunami takes
place. H(x) is the depth of the bottom at point (x) measured
from a fixed level of reference. Let us also define the function
η(x, t) = h(x, t) − H(x) that corresponds to the free surface
of the fluid. Let us denote by q(x, t) = (qx (x, t), qy (x, t)) the
mass-flow of the water layer at point x at time t. The mass-flow
is related to the height-averaged velocity u(x, t) by means of
the expression: q(x, t) = h(x, t) u(x, t). The notation ( )t ,
( )x and ( )y applies for temporal and spatial partial derivatives
in the x and y directions, respectively.
The terms Sx and Sy parametrizes the friction effects and we
consider two different laws:
• The Manning law:

n2


 Sx = −gh 4/3 ux kuk
h
(2)
,
2


 Sy = −gh n uy kuk
h4/3
where n > 0 is the Manning coefficient.
• A quadratic law:
(3)


 Sx = −c ux kuk


,

Sy = −c uy kuk

where c > 0 is the friction coefficient.

3

each grid cell represent cell averages of the water depth and
momentum components. The numerical scheme is conservative for both mass and momentum in flat bathymetries, and, in
general, is mass preserving for arbitrary bathymetries.

Numerical scheme

Tsunami-HySEA solves the two-dimensional shallow-water
system using a high-order (second and third order) pathconservative finite volume method. Values of h, qx and qy in

the reconstruction of H is recovered using the reconstruction
of h and η. Moreover, in the reconstruction procedure, the
positivity of the water depth is ensured. Tsunami-HySEA
implements several reconstruction operators: MUSCL (see
[13, 14]) that achieves second order, the hyperbolic Marquina’s
reconstruction (see [12]), that achieves, third order, and a TVD
combination of piecewise parabolic and linear 2D reconstruction that also achieves third order (see [10]). The high order
time discretization is performed using the second or third order
TVD Runge-Kutta method described in [11]. At each cell
interface, Tsunami-HySEA uses Godunov’s method based on
the approximation of 1D projected Riemann problems along
the normal direction to each edge. In particular TsunamiHySEA implements a PVM-type method that uses the fastest
and the slowest wave speeds, similar to HLL method (see [7]).
A general overview of the derivation of the high order methods
is performed in [5]
For very large computational domains or in the framework of
Tsunami Early Warning Systems (TEWS), Tsunami-HySEA
also implements a two-step scheme similar to leap-frog for
the deep water propagation step and a second-order TVD
WAF flux-limiter scheme described in [3] for close to coast
propagation/inundation step. The combination of both schemes
guaranties the mass conservation in the complete domain and
prevents the generation of spurious high frequency oscillations
near discontinuities generated by leap-frog type schemes. At
the same time, this numerical scheme reduces computational
times compared with other numerical schemes, while the amplitude of the first tsunami wave is preserved.
Concerning the wet-dry fronts discretization, Tsunami-HySEA
implements the numerical treatment described in [4] and [9],
that consists in replace locally the 1D Riemann solver used
during the propagation step, by another 1D Riemann solver
that takes into account the presence of a dry cell. Moreover,
the reconstruction step is also modified in order to preserve the
positivity of the water depth. The resulting schemes are wellbalanced for the water at rest, that is, they exactly preserve the
water at rest solutions, and are second or third order accurate,
depending on the reconstruction operator and the time stepping
method. Finally, the numerical implementation of TsunamiHySea has been performed on GPU clusters ([2], [3], [6], [10])
and it is also possible to use nested-grid approach. These facts
allows to speedup the computations, being able to perform
complex simulations, in huge domains, much faster than real
time.
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Ocean Surface Elevation at Control Point − Convergence

Tsunami Currents in Hilo Harbor
Surface Elevation (in meters)

The data composing this benchmark problem consist of a field
dataset built-up from a recording of the Japan 2011 tsunami
in Hilo Harbor, Hawaii. The aim of this bechmark was to
understand the importance of model resolution and numerics
on the prediction of tsunami currents. In particular the following three questions were expected to be answered: 1) What
level of precision can we expect from a model with regard to
modelling currents on real bathymetry? 2) Will models converge with respect to speed predictions and model resolution?,
and 3) What is the variation across different models, using
the same wave forcing, resolution, and bottom friction? In
an attempt to most clearly answer these questions, this field
case was somewhat idealized, simplifying “deep” bathymetry.
For this benchmark, free surface elevation from tide stations
and velocity information from ADCPs was compared. Data
for this bechmark test were provided by Randy LeVeque and
Fai Cheung (Arcos and LeVeque, 2014; Cheung et al., 2013).
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Figure 2: Sea surface elevation (SSE) comparison. Upper
pannel provided SSE at the control point and HySEA model;
lower panel, SSE data vs model comparison at the tide gauge
located at [19.7308, 204.9447].

We performed numerical simulations for the three requested
resolutions (2/3, 1/3 and 1/6 arc-sec) and also a sensitivity
study to friction with values for n=0.025 (requested), 0.030
and 0.035. For the local results in the reduced domain,
the boundary condition aimed at reproducing the sea surface
elevation provided at the control point was set by imposing at
the upper grid boundary the same time series provided for the
control point. As result a good match with the time series at
control point (2 upper panel) was obtained. In this same figure,
lower panel shows the comparison between measured SSE at
the tide gage inside the harbor and model results.
HA 1125: Approach to Hilo Harbor − E−W Current Speeds − Res 1/6
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HA 1125: Approach to Hilo Harbor − N−S Current Speeds − Res 1/6
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Figure 1: Model bathymetry.
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The computational domain was a square of approximately
7 km by 7 km, located at Hilo Harbor, [204.90, 204.96] ×
[19.71, 19.773] (see Figure 1). Bathymetric data provided had
a resolution of 1/3 arcsec (≈ 10 m). The bathymetry was
flattening at a depth of 30 m, i.e. in the offshore portion of
the bathymetry grid there are no depths greater than 30 m.
To force models an offshore simulated free surface elevation
time series at a control point (located at [19.7576, 204.93]) was
provided (see upper panel in Figure 2, black line marked as
NeoWave). The way boundary forcing is imposed will depend
on the particular modeler, but with the aim of reproducing the
given signal at the control point as close as possible (see 2 for
the comparison). Finally, the simulation for this scenario from
the source was also suggested.
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Figure 3: Observed depth-average velocity compared to simulated tsunami velocity at HA 1125 current meter.

In Figure 3 measured data vs model for the two components of
the current speed are shown at HA 1125 ADCP location (at the
entrance of the habor). In Figure 4 depicts the same graphics at
ADCP location HA 1126 (inside de harbor). Several Manning
coefficient were used, but low sensitivity is observed for the
variables analyzed to this paramater.
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HA 1126:Hilo Harbor − E−W Current Speeds − Res 1/6
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Figure 4: Observed depth-average velocity compared to simulated tsunami velocity at HA 1126 current meter.

For the complete scenario, three nested meshes where used
with decreasing resolutions of 128/3, 8/3 arc-sec and for the
finer grid the same three resolutions as for the local case
were used (2/3, 1/3 and 1/6 arc-sec). Spatial resolution of
outer meshes was also varied to 256/3 and 16/3 in order to
assess the role of “ambient” meshes resolution in model results.
Two Tohoku 2011 sources, one from NOAA and another from
GeoClaw, were used. The numerical results for the complete
scenario will not be presented here.
Some conclusions can be extracted from the numerical results.
First for the reduced scenario, at HA125 the two initial perturbations in the u and v components of the velocity are well
captured, then the simulated u component becomes too oscillatory. In general the effects of varying friction and increasing
resolution are very limited, and they are only slightly felt in the
maximum and minimum values of the time series (in speed
and surface elevation). The observed behavior for HA126
numerical results is similar to the one described for HA125.
But in this case larger differences are observed for different
values of the friction parameter and increased resolution (figure
not shown). The differences for the maximum speed maps
between the 20m and 5m resolution simulation on the one
hand and the 10m minus 5m resolution simulation on the other,
suggest convergence of the numerical solution (Figure 5).

Figure 5: Upper panel. Maximum predicted fluid speed
during the entire duration of the 5-m resolution simulation.
Then difference in the maximum predicted fluid speed between
the 5-m and the 20-m and the 5-m and the 10-m resolution
simulations.
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Tsunami Currents in Tauranga Harbor

This benchmark provides the data for comparison with a field
database recording the Japan 2011 tsunami in Tauranga Harbor,
New Zealand. The aim of this test is to attempt to include the
effects of the tides. The model setup used is the one proposed
in the benchmark description. A rotated domain of 40 km by
20 km (see Figure 6) with a 20 m numerical resolution was
used (bathymetry data resolution were 10 m), resulting in a
2,000,000 cell size problem.

on the simulated scenario. These time series are shown at
Figure 7
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In what respect the complete scenario, simulated from the
source (numerical results not shown here), the computed variables reproduce well the first two or three initial waves, in
particular for the sea surface elevation in the control point. At
HA125 the simulated signal is less oscillatory than in the local
scenario and mesh refinement has a minor effect and depending
on the sampling (see comments of other modelers), the v component of the speed is well captured or highly overestimated
but for the first perturbation. Again, at HA126, larger but still
limited sensitivity to mesh refinement is observed. The bad
news come when trying to assess sensitivity to the ambient and
intermediate mesh resolutions: Much larger sensitivity is now
observed, meaning that the “ambient” resolution is important
and that the outer meshes can not be very coarse, something
we would like to have in order to speedup computations. On
the other hand, in [14] is also shown that going beyond a
certain resolution is also useless. All this, while the role if
increasing inner resolution remains limited (for the three resolutions considered here). Finally, two different sources where
used for the complete scenario. Both simulations surprisingly
agree quite well, despite the differences in the sources. In
general, time series for the velocity components obtained when
GeoClaw source is imposed are more oscillatory, mainly for
the u component, but both simulations produce good results.

0.5
0
−0.5
−1
0

5

10

15

20

25

Time post−EQ (hrs)

Figure 7: Sea surface elevation at ABeacon.

In Figure 8, the location of the four tidal stations (ABeacon,
Tug Berth, Sulphur Point and Moturiki) is shown. The depthaverage horizontal velocity data are measured at the ADCP
location also shown in this figure.

Figure 8: Tauranga Habor. Tide stations and ADCP locations.

Figure 6: Model bathymetry.

The boundary condition imposed at the “upper” boundary was
the time series recorded at A Beacon for: 1) only tide, 2) only
tsunami and 3) the combined tide+tsunami signals, depending

The numerical results show a good agreement with measured
data both for free surface elevation at the four tidal stations
and for the three different configurations (tide only, tsunami
only and tide plus tsunami signal). In Figure 9 and Figure
10, measured vs simulated tsunami-only and tide-only signals
at the four tidal stations is shown. Comparison for the total
recorded signal is presented in Figure 11.
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agreement with observed data.
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Figure 9: Comparison of the free surface elevation at the 4 tidal
stations for tsunami-only signal.
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Figure 12: Depth average horizontal velocity comparison HySEA model-ADCP data.
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Figure 10: Comparison of the free surface elevation at the 4
tidal stations for tide-only signal.
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This benchmark consists in a single-long period wave propagating up a piecewise linear slope and onto a small-scale
model of the town of Seaside, Oregon (see Figure 14 for
model bathymetry). For numerically generating this wave
we chose the second option of the two proposed approaches:
Imposing the time series of incident wave elevation at x=5 cm
to force the model at x=5 cm (the shape of the incident wave is
shown in Figure 13). Several model configurations have been
considered. Two numerical resolutions were set: 1cm and 2cm.
Three numerical schemes used: first order, second order and
WAF. The numerical results presented here are for the second
order scheme. Several values for the friction parameter were
considered, ranging from 0.01 to 0.035. We also questioned
ourselves about the spatial variability of the simulated variables
slightly moving the sampling location in the y direction (by 4
cm).
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Figure 11: Comparison of the free surface elevation at the 4
tidal stations for tsunami and tide signal.
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Finally, Figure 12 depicts the comparison between depthaverage horizontal velocity data at ADCP location and simulated depth-average velocity, showing numerical results good

Figure 13: Incident time series at x = 5 m.
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reflected waves can be observed both in flow depth and velocity
direction.
Flow D e pt h ( m)

Simulated vs Measured Flow Depth Data − Location B1 (33.721, −0.588)
data
0.012
0.015
0.017
0.020
0.025

0.2

0.1

0
20

22

24

26

28

30

32

34

36

38

40

Time (sec)

Simulated vs Measured Cross−Shore Velocity Data − Location B1 (33.721, −0.588)
Ve loc ity ( m/s )

2.5
data
0.012
0.015
0.017
0.020
0.025

2
1.5
1
0.5
0
20

22

24

26

28

30

32

34

36

38

40

Mome nt um Flux ( m 3 /s 2 )

Time (sec)

The first remark concerns the simulated signal at the control
point compared with the measured one (Figure 15). The exact
arrival time is not well captured nor the train of waves between
t=35 and 40 sec. This fit cannot be arranged by simply changing the shape for the initial condition, but need of the used of
a dispersive model. For the initial phase of the propagation of
the generated wave dispersion is important. Nevertheless, we
observed that, in this case, including dispersion in the model is
not mandatory in order to get good agreement with measured
data.
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Figure 16: Comparison of measured flow depth, cross-shore
velocity and cross-shore momentum flux with numerical results for varying friction coefficients for B1 location.
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Figure 14: Numerical model bathymetry.
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Figure 15: Water surface elevation at WG3 (control point).
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In the numerical results we found out that for location B1
flow depth and momentum flux where very sensitivity to small
variations in the y-direction of the position of the sampling
point, getting a much better fit for points moved slightly
“downwards”. This analysis of the spatial variability of the
simulated variables was performed motivated by the fact that,
while the flow depth at locations B4, B6 and B9 fit well,
it was clearly underestimated for the first location, B1. We
checked out that slightly moving the sampling point downwards resulted in a much better fit with measured data (not
shown here). In Figure 16, the comparison between measured
data (flow depth, velocity and momentum flux) and numerical
model for different values of the friction parameter at location
B1 is shown. Figures 17, 18 and 19 depict the same comparison
for locations B4, B6 and B9. At location B9, for simulations
performed with low values for the friction (around 0.012)

Figure 17: Same as Figure 16 but for B4 location.
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Figure 18: Same as Figure 16 but for B6 location.
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Tsunami-HySEA: A GPU-based model for Tsunami
Early Warning Systems
M. J. Castro∗, J. M. González-Vida†, J. Macías∗, S. Ortega∗ and M. de la Asunción∗

Abstract—
The GPU implementation of the HySEA numerical model for the simulation of earthquake generated tsunamis is presented.
The initial sea surface deformation is computed using the Okada model ([30]). Wave propagation is computed using nonlinear
shallow water equations in spherical coordinates, where coastal inundation and run-up are suitable treated in the numerical
algorithm. The GPU model implementation allows faster than real time (FTRT) simulation for real large-scale problems. The
large speed-ups obtained make HySEA code suitable for its use in Tsunami Early Warning Systems. The Italian TEWS at INGV
(Rome) has adopted HySEA GPU code for its National System. The model is verified by hindcasting the wave behaviour in
several benchmark problems.
Keywords: finite volume schemes, Shallow Water equations, GPU, CUDA, tsunami modelling, early warning systems.

1

Introduction

The numerical solution of Shallow Water Equations (SWE) is
useful for several applications related to geophysical flows,
such as the simulation of rivers, dam-breaks, floods, etc.
Particularly we focus this work on the tsunami simulation. The
simulation of these phenomena in real topographies produce
very long lasting simulations in big computational domains and
could even require real time calculation. Moreover, in the cases
of tsunami simulations related to risk assessment or hazard
mitigation, faster than real time (FTRT) simulations could be
very useful for Early Warning Systems.
Modern Graphics Processing Units (GPUs) offer hundreds of
processing units optimized for massively performing floating
point operations in parallel and have shown to be a costeffective way to obtain a substantially higher performance in
the applications related to SWE [12, 6, 20, 3, 4] due to the high
exploitable parallelism which exhibits the numerical schemes
to solve SWE.
Currently most of the proposals to simulate shallow flows on
GPUs are based on the CUDA programming model. A CUDA
solver for one-layer system based on the first order Roe scheme
is described in [1] to deal with structured regular meshes. The
extension of this CUDA solver for two-layer shallow water
system is presented in [2]. There also exist examples of
implementations in CUDA of high order schemes to simulate

one-layer systems [6, 34, 19] and of implementations of firstorder schemes for one and two-layer systems on triangular
meshes [12, 3].
Tsunami-HySEA (HySEA stands for Hyperbolic Systems and
Efficient Algorithms) is a numerical model specifically designed for tsunami simulations. It combines robustness, reliability and good accuracy in a model based on a GPU faster than
real time (FTRT) implementation. It has been severely tested,
and in particular has passed all tests in [35], but also other
laboratory tests and proposed benchmark problems. Some of
them can be found in references [7, 8, 18, 9, 11, 12, 4]. [35]
test cases for HySEA can be found in [29] in Spanish, and
will be gathered in a companion NTHMP report [15]. Among
these benchmarks the Monai Valley test case, one of the
most emblematic test cases for tsunami codes, was presented
at EGU 2013 in [25]. Besides this, much effort has been
made to develop a specific HySEA code suitable for tsunami
computations in the framework of Tsunami Early Warning
Systems (TEWS). The work done to develop a tsunami code for
computations in times much faster than real time was presented
at EGU 2014 in [26] and at Perspectives of GPU Computing
in Physics and Astrophysics in [14]. The TEWS version
of Tsunami-HySEA is currently the core numerical code at
INGV (Instituto Nazionale di Geofisica e Vulcanologia) of the
Italian TEWS. Currently this model is being evaluated by the
JRC (Joint Research Centre of the European Commission) to
be included as one of the numerical codes of their Tsunami

∗ Departamento de Análisis Matemático, Facultad de Ciencias, Universidad de Málaga, 29071 Málaga (SPAIN). Email: castro@anamat.cie.uma.es,
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Alert System. Also, the Spanish IGN (Instituto Geográfico
Nacional) is considering the use of Tsunami-HySEA in its
future TEWS. In order to be approved by the INGV as the
numerical code for their system, the Tsunami-HySEA model
has passed through an exhaustive one-year validation process at
INGV. In fact, sixteen different TVD and non-TVD numerical
schemes were implemented and tested in search for robustness,
computational speed-up and suitable numerical results, in order
to make a final suitable choice for the code to be adopted by the
Italian TEWS. A comparative study containing most of these
numerical schemes can be found at [21].
This work is organized as follows: next section describes
the SWE for tsunami modeling Section 3 presents finite volume scheme used to solve the SWE. Numerical experiments
concerning the real application of this model in the Italian
candidate Tsunami Service Provider are presented in 4. Finally,
some conclusions are drawn in Section 5.

2


 Sx = −c ux kuk


,

Sy = −c uy kuk

where c > 0 is the friction coefficient.

3

Numerical Scheme

Tsunami-HySEA solves the two-dimensional shallow-water
system using a high-order (second and third order) pathconservative finite volume method. Values of h, qx and qy in
each grid cell represent cell averages of the water depth and
momentum components. The numerical scheme is conservative for both mass and momentum in flat bathymetries, and, in
general, is mass preserving for arbitrary bathymetries.
High order is achieved by a non-linear TVD reconstruction

Shallow-water equations for tsunami model- operator of the unknowns h, q , q and η = h − H. Then,
x
y
ing
the reconstruction of H is recovered using the reconstruction

Tsunami-HySEA uses the well known 2D nonlinear one-layer
shallow water system in both spherical and cartesian coordinates. Due to brevity, we only consider the second one:

ht + (qx )x + (qy )y
(1)

• A quadratic law:


q q 
g 2
qx2
x y
+ h
+
(qx )t +
h
2
h y
x
!
2
q q 
qy
g 2
x y
+
+ h
(qy )t +
h x
h
2


=0
= ghHx + Sx
= ghHy + Sy

y

In the previous system, h(x, t), denotes the thickness of the
water layer at point x ∈ D ⊂ R2 at time t, being D the
horizontal projection of the 3D domain where the tsunami takes
place. H(x) is the depth of the bottom at point (x) measured
from a fixed level of reference. Let us also define the function
η(x, t) = h(x, t) − H(x) that corresponds to the free surface
of the fluid. Let us denote by q(x, t) = (qx (x, t), qy (x, t)) the
mass-flow of the water layer at point x at time t. The mass-flow
is related to the height-averaged velocity u(x, t) by means of
the expression: q(x, t) = h(x, t) u(x, t).
The terms Sx and Sy parametrizes the friction effects and we
consider two different laws:
• The Manning law:

n2


 Sx = −gh 4/3 ux kuk
h
,
2


 Sy = −gh n uy kuk
h4/3
where n > 0 is the Manning coefficient.

of h and η. Moreover, in the reconstruction procedure, the
positivity of the water depth is ensured. Tsunami-HySEA
implements several reconstruction operators: MUSCL (see
[38]) that achieves second order, the hyperbolic Marquina’s
reconstruction (see [27]), that achieves, third order, and a TVD
combination of piecewise parabolic and linear 2D reconstruction that also achieves third order (see [19]). The high order
time discretization is performed using the second or third order
TVD Runge-Kutta method described in [22]. At each cell
interface, Tsunami-HySEA uses Godunov’s method based on
the approximation of 1D projected Riemann problems along
the normal direction to each edge. In particular TsunamiHySEA implements a PVM-type method that uses the fastest
and the slowest wave speeds, similar to HLL method (see [13]).
A general overview of the derivation of the high order methods
is performed in [10]
For very big domains, Tsunami-HySEA also implements a
two-step scheme similar to leap-frog for the propagation step
and a second-order TVD WAF flux-limiter scheme described in
[4] for the inundation step. The combination of both schemes
guaranties the mass conservation in the complete domain and
prevents the generation of spurious high frequency oscillations
near discontinuities generated by leap-frog type schemes.
Concerning the wet-dry fronts discretization, Tsunami-HySEA
implements the numerical treatment described in [7] and [18],
that consists in replace locally the 1D Riemann solver used
during the propagation step, by another 1D Riemann solver
that takes into account the presence of a dry cell. Moreover,
the reconstruction step is also modified in order to preserve the
positivity of the water depth.
The resulting schemes are well-balanced for the water at rest,
that is, it exactly preserves the lake at rest solutions and are

Tsunami-HySEA: A GPU-based model for Tsunami Early Warning Systems
second or third order accurate, depending on the reconstruction
operator and the time stepping method.
Finally, the numerical implementation of Tsunami-HySEA has
been performed on GPU clusters and it is also possible to
use nested-grid approach. These facts allows to speedup the
computations, being able to perform complex simulations, in
huge domains, much faster than real time.

4
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– Rake: 90.0◦
– Slip: 8.4m

Application to the Mediterranean: the Italian
CAT

Recently, this numerical model has been adopted by the Italian
CAT (Centro di Allerta Tsunami) (see [28]). The implementation of the CAT is based on the North-eastern Atlantic, the
Mediterranean and connected seas Tsunami Warning System
(NEAMTWS) decision Matrix (DM): alert levels are decided
based directly on earthquake hypocenter and magnitude. The
use of a DM allows a rapid implementation of a Tsunami
Warning System (TWS) but it not consider important features
to better characterize a tsunami forecast as earthquake focal
mechamism uncertainty, anisotropy of tsunami propagation
and the morphology of the coast, the use of a database of
pre-calculated scenarios and the possibility of simulating the
tsunami on the fly by using a Faster than real time (FTRT)
GPU-based model.
In these two last points tsunami-HySEA is playing an important role. This model was used to generate a database of
thousands of pre-calculated scenarios and also could be used
to compute scenarios in real time.
In this section we describe the considered grid for the Mediterranean Sea and an synthetic example in order to show the
model capabilities as well as the computational time and speedup.

Figure 1: Global domain considered for the Mediterranean Sea

Free surface elevation time series are saved every 15 second at
selected 17, 000 locations throughout the Mediterranean.
In Figures 2 and 3, the free surface elevation at the initial time
and at t = 900 seconds are shown.

In Figure 1 is depicted the considered domain. The grid
resolution is 30 arc-sec, with 5, 221x1, 921 = 10, 029, 541
cells. The initial conditions (see Figure 2) and parameters
considered are:
• Wall clock time to be simulated: 8 hours.
• Saving time step: 15 seconds.
• Okada parameters:
– Epicenter longitude: 22.3◦
– Epicenter latitude: 35.7◦
– Epicenter depth: 16.33km
– Fault length: 100.0km
– Fault width: 50.0km
– Strike: 313.0◦
– Dip: 35.0◦

Figure 2: Numerical simulation t = 0s. Free surface elevation
(m)
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Figure 4: Speed-up for the proposed example

Figure 3: Numerical simulation t = 0s. Free surface elevation
(m)

In Table 1 are shown the computational time, speed-ups and the
number of times faster than real time for the multi-GPU version
of Tsunami-HySEA. These competitions were performed using the cluster Atlantico.uma.es with GPUs Nvidia Titan Black
over a 1Gb ethernet network.
Table 1: Computational times
n. GPUs
1
2
4
8
12

Comput. time
1181.51
672.35
396.70
221.31
200.78

Speed-up
1.00
1.76
2.98
5.34
5.88

#times FTRT
18.28
32.13
54.45
97.60
107.58

A more optimal version of tsunami-HySEA is currently being
implemented where it is considered a pre-process step called
static balance where the idea is to analyze the number of dry
and wet cells and make the domain decomposition based on
a balance where different weights are assigned to dry or wet
cells.

5

Conclusions

In this work first we present a GPU version of the tsunamiHySEA numerical model. This model has been validated using
different standard tests related to the tsunami simulation field.
The main aim of this numerical model is to be able to produce
enough accurate results in faster than real time computation
times. The application of tsunami-HySEA in the Italian CAT
is finally presented where is highlighted the good speed-up
obtained with the multi-GPU version of this code in terms of
its possible usability as numerical model to get results in real
time when a pre-computed solution could be not available.

We can see that 8 hours of simulation can be computed in 19.68
minutes in one GPU, while for example, using 8 GPUs we
can compute the same simulation in 3.6 minutes, i.e., near 100
times faster than real time. In Figure 4 is shown the speed-up in
terms of the number of GPUs: with dotted blue line is depicted
the ideal speed-up and with red line is represented the speed-up
obtained in this example.

Acknowledgements

Currently the parallel version of tsunami-HySEA splits the
domain in horizontal slices with the same number of cells.
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λ−symmetries for second-order ordinary differential
equations
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Abstract— We show how to derive two commuting symmetries for a second-order ordinary differential equation (ODE) from
two known generalized C ∞ −symmetries. A systematic procedure to find by quadratures two independent first integrals of the
given ODE associated to two known C ∞ −symmetries is derived. The method can be applied to integrate by quadratures ODEs
which have none or just one Lie point symmetry.
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1

Introduction

It is well-known that the knowledge of a Lie point symmetry
for a first-order ordinary differential equation (ODE) lets the
equation be integrated by quadrature ([3],[12],[14],[16]). A
nth-order ODE can be integrated by quadratures if it admits
a solvable symmetry algebra of dimension n. However the
existence of solvable symmetry algebras is not a necessary
condition for the integrability of quadratures, because there are
ODEs lacking Lie point symmetries that can be integrated by
quadratures ([4]).
When the ODE under study lacks Lie point symmetries, one
may try to find more general types of symmetries, such as
generalized symmetries ([12]) or λ−symmetries ([8]). These
objects have been shown to be very effective to find solutions or
first integrals of the given ODE, although their determination is
more difficult than for Lie point symmetries. The evolutionary
form of a generalized symmetry of an nth-order ODE is determined by a function Q that satisfies a nth-order linear partial
differential equation (PDE). This determining equation cannot
be solved in general and usually one tries to find particular
solutions by introducing appropriated ansatz. For instance,
the Lie point symmetries correspond to solutions of this determining equation that are linear in the first-order derivative.
When n independent solutions of such determining equation
are known, then n functionally independent first integrals of the
given ODE (and hence its general solution) can be constructed
by quadratures. We explain these results in Sections 2 and 3
for second-order ODEs.

The canonical form of given λ−symmetry (or C ∞ −symmetry)
for a second-order ODE can be determined by the solutions
of a first-order quasilinear PDE. As in the case of generalized
symmetries, the general solution of this PDE can be difficult to
find, although just two particular solutions are necessary to find
two independent first integrals of the equation and hence its
general solution ([10],[9]). In this paper we investigate some
connections between λ−symmetries and generalized symmetries for second-order ODEs. The main result in Section 3
(Theorem 3) proves that it is possible to associate a generalized
C ∞ −symmetry to any given known symmetry of the equation.
This shows that the solutions of the determining equations for
λ−symmetries may be used to obtain particular solutions of the
determining equations for generalized symmetries. One of the
main consequences of this connection between λ−symmetries
and generalized symmetries is that the first integrals associated
to two non-equivalent λ−symmetries can be found by quadratures (Theorem 5). This study is performed in Section 5.
Finally we consider a family of second-order ODEs of the
Painlevé-Gambier classification that do not have Lie point
symmetries. Nevertheless, two different solutions of the determining equations for λ−symmetries can be easily obtained by
seeking for particular solutions that are linear in the first-order
derivative. We use such solutions and the algorithm described
in [11] to construct two associated generalized symmetries.
Two independent first integrals and hence the general solution
of the family of equations arise by quadratures.
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Generalized symmetries

Throughout this paper M will denote an open subset of the
space of the independent and dependent variables (x, u) of a
given second-order ODE:
(1)

P ROPOSITION 2 A vector field V is a commuting symmetry
of equation (1) if and only if there exists a solution h =
h(x, u, ux ) of
A2 (h) = φux A(h) + φu h

(5)

such that V = h∂u + A(h)∂ux .

uxx = φ(x, u, ux ).

The vector field associated to the equation (1) will be denoted
by

Proof: If V = η(x, u, ux )∂u + τ (x, u, ux )∂ux verifies
[V, A] = 0 then:

(2)

(6)
(7)

A = ∂x + ux ∂u + φ(x, u, ux )∂ux .

It is well-known ([3],[13],[14],[16]) that the differential equation (1) admits a Lie point symmetry with generator v =
ξ(x, u)∂x + η(x, u)∂u if
v

(2)

(uxx − φ(x, u, ux )) = 0 mod.

uxx = φ(x, u, ux ),

By setting η = h, (6) implies that V = h∂u + A(h)∂ux and,
by (7), h must be a solution of (5).
Conversely, let h be a solution of (5) and define V = h∂u +
A(h)∂ux . Then, by using the properties of the Lie bracket, we
have

where v(2) stands for the 2nd-order prolongation of v. Equivalently, v is a Lie point symmetry of (1) if and only if
(3)

[V, A](u) = τ − A(η) = 0,
[V, A](ux ) = φu η + φux τ − A2 (η) = 0.

[V, A]

= [h∂u + A(h)∂ux , A]

= hφu + A(h)φux − A2 (h) ∂ux = 0,

which proves that V is a commuting symmetry of (1).

[v(1) , A] = −A(ξ)A,

holds ([16]).
When the components ξ and η depend on derivatives of u
with respect to x, v is called a generator of a dynamical or a
generalized symmetry of the equation. We observe that in this
case for an arbitrary function ζ = ζ(x, u, ux ) the generator
v(1) + ζ(x, u, ux )A also represents a generalized symmetry
of the equation (1). To get rid of this degree of freedom, we
consider the following equivalence relationship:
D EFINITION 1 We will say that two vector fields on M (1) ,
A
V1 and V2 , are A−equivalent and we will write V1 ∼
V2 , if and only if {V1 , V2 , A} are linearly dependent over
C ∞ (M (1) ).
If Q = η − ξux is the characteristic of a generalized symmetry
v and vQ denotes the evolutionary form Q∂u of v, then the
relation
(1)

v(1) = ξA + vQ

(4)

(1)

(1)

holds. The vector field vQ becomes vQ = Q∂u + A(Q)∂ux
and satisfies

(1)
[vQ , A]

= 0.

In this paper we will say that a vector field V on M
is
a commuting symmetry of equation (1) if [V, A] = 0 and
V(x) = 0. The discussion above shows that if v is any given
generalized symmetry of (1) then v(1) is A−equivalent to the
(1)
commuting symmetry vQ . Next we present a characterization
of commuting symmetries that will be used later:
(1)

According to Definition 1, a generalized symmetry has associ(1)
ated the A−equivalent commuting symmetry vQ . Proposition
2 shows that such commuting symmetry is determined by
the function Q, which must be a solution of the determining
equation (5). Equation (5) can not be solved in general, but
we may find some solutions with the use of appropriate ansatz.
For example, the solutions associated to Lie point symmetries
corresponds to functions Q that are linear on ux . In the next
section we investigate how the knowledge of C ∞ −symmetries
of the equation (1) also helps to find solution of the determining
equation (5).

3

Commuting symmetries
C ∞ −symmetries

derived

from

The original concept of C ∞ −symmetry is quite similar to the
concept to Lie point symmetry, but replacing the standard
prolongation by a prolongation that involves a function in
C ∞ (M (1) ): a pair (v, λ0 ), where v is a vector field on M and
λ0 ∈ C ∞ (M (1) ), is a C ∞ −symmetry of (1) if
v[λ0 ,(2)] (uxx − φ(x, u, ux )) = 0

(mod. uxx = φ(x, u, ux )),

where v[λ0 ,(2)] denotes the second-order λ0 −prolongation of
v. Equivalently, the pair (v, λ0 ) is a C ∞ −symmetry of (1) if
and only if
(8)

[v[λ0 ,(1)] , A] = −(A + λ0 )(ξ)A + λ0 · v[λ0 ,(1)]

holds (see [11] for details). A Lie point symmetry v corresponds to the C ∞ −symmetry (v, 0).
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Generalized symmetries and λ−symmetries
When the coefficients of v depend on derivatives of u
with respect to x, the pair (v, λ0 ) is called a generalized
C ∞ −symmetry of the equation ([11]). By using the properties
of the Lie bracket and relation (8), it can be checked that for
arbitrary functions ζ1 , ζ2 ∈ C ∞ (M (1) ), the pair (ζ1 v[λ0 ,(1)] +
ζ2 A, λ1 ) where
(9)

A(ζ1 )
ζ1

λ1 = λ0 −

is also a generalized C ∞ −symmetry of the equation (1).
If Q denotes the characteristic of v then the following relation
v[λ0 ,(1)] = ξA + Q(∂u )[λ,(1)]

(10)
holds, where
(11)

λ = λ0 +

A(Q)
.
Q

The vector field (∂u )[λ,(1)] becomes (∂u )[λ,(1)] = ∂u + λ∂ux
and satisfies
[(∂u )[λ,(1)] , A] = λ(∂u )[λ,(1)] .

The functions λ ∈ C ∞ (M (1) ) such that (∂u )[λ,(1)] becomes a
a C ∞ −symmetry of (1) must satisfy the determining equation
(13)

A(λ) + λ2 = φu + λφux .

We observe that this determining equation is a quasilinear
partial differential equation (PDE) of first order, whereas the
determining equation (5) for the commuting symmetries is a
linear PDE of second order.
The coefficient of ∂x of the vector field (∂u )[λ,(1)] is null but
since, in general, λ is not the zero-function, (∂u )[λ,(1)] is not
a commuting symmetry (see equation (12)). In what follows
we investigate if it is possible to construct some commuting
symmetry associated to a given generalized C ∞ −symmetry.
We consider the function λ given in (11) and let h be any
particular solution of the PDE
(14)

T HEOREM 3 Let (v, λ0 ) be a generalized C ∞ −symmetry of
equation (1). There exists a commuting symmetry V of the
equation such that v[λ0 ,(1)] and V are A−equivalent.
Proof: We write v = ξ(x, u, ux )∂x + η(x, u, ux )∂u and Q =
η − ξux . Let (∂u , λ) be the canonical representative associated
to the generalized C ∞ −symmetry (v, λ0 ), where λ is given by
(11). Let h be a particular solution of (14). Then, by (3), the
vector field
(15)

Therefore, if the pair (v, λ0 ) is a generalized C ∞ −symmetry
of (1) then (∂u , λ) is also a C ∞ −symmetry of (1) and, by (10),
v[λ0 ,(1)] and (∂u )[λ,(1)] are A−equivalent. The pair (∂u , λ)
is called the canonical representative of the equivalence class
corresponding to (v, λ0 ).

(12)

which proves that h is a solution of (5). By Proposition 2,
such solution h provides a commuting symmetry of A. This
suggests that we can associated a commuting symmetry to any
given (generalized) C ∞ −symmetry of equation (1):

A(h) = hλ.

Then, by using (13), we can write
A2 (h) = A(λ · f ) = A(λ) · f + λ · A(h)
= (−λ2 + φu + λφux ) · f + λ · (λ · f )
= φux A(h) + φu f,

V = h∂u + A(h)∂ux = h · (∂u )[λ,(1)]

is a commuting symmetry of A. By (10) and (15) we can write
v[λ0 ,(1)]
(16)

= ξ · A + Q · (∂u )[λ,(1)]
=ξ·A+

Q
· V,
h

A

which proves that v[λ0 ,(1)] ∼ V.

4

Commuting symmetries and first integral
of A

In this section we investigate the role of commuting symmetries in the integration by quadratures of a given ODE.
We know that the operator A associated to the second-order
equation (1) has two functionally independent first integrals
I1 , I2 satisfying
(17)

A(I1 ) = A(I2 ) = 0.

Since A(x) = 1 6= 0, the set {x, I1 , I2 } is (locally) a system
of coordinates for M (1) . By definition, any given commuting
symmetry V written in these variables must be of the form
(18)

V = ϕ1 (I1 , I2 )∂I1 + ϕ2 (I1 , I2 )∂I2 ,

which suggests to consider the commuting symmetries
(19)

V1 = ∂I1 , V2 = ∂I2

to form a basis for the commuting symmetries of the equation
in the following sense:
T HEOREM 4 There exists two commuting symmetries V1
and V2 of equation (1) such that for any generalized symmetry
v of (1), the operator v(1) is A−equivalent to a linear combination of {V1 , V2 }, being the coefficients functions of the first
integrals of A.
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Proof: If v is any given generalized symmetry of equation
(1)
(1), then by (4), vQ is a commuting symmetry the equation
A

(1)

(1)

and v(1) ∼ vQ . By (18), vQ can be written as a linear
combination of the vector fields {V1 , V2 } defined in (19),
being the coefficients functions of the first integrals of A.

T HEOREM 5 Let (v1 , λ0,1 ) and (v2 , λ0,2 ) be two nonequivalent generalized C ∞ −symmetries of equation (1) and let
(∂u , λ1 ) and (∂u , λ2 ) be their respective canonical representatives. Let h1 , h2 be two functions such that A(hi ) = λi hi , for
i = 1, 2 and
[h1 (∂u )[λ1 ,(1)] , h2 (∂u )[λ2 ,(1)] ] = 0.

(22)
It must be said that the Lie bracket ot two generalized symmetries is also a generalized symmetry and thus a combination
of the basis elements. However, since the coefficients are in
general nonconstant functions of the first integrals of A, generalized symmetries do not form a Lie algebra. Nevertheless,

Then:
1. The functions
(23)

µ1 =

[A, V1 ] = [A, V2 ] = 0,
and if [V2 , V2 ] = ψ1 V1 (resp. [V1 , V2 ] = ψ2 V2 ), then the
set {A, V1 , V2 } (resp. {A, V2 , V1 }) constitutes a solvable
structure with respect to {A}. The concept of solvable structure generalizes the concept of solvable algebra and it is closely
related to the integrability by quadratures of a given involutive
system of vector fields (see [2], [15], [6], [1] for details). In
particular, the existence of a set of commuting symmetries of
A such that [V1 , V2 ] = 0 provides a systematic procedure to
compute two independent first integrals of A by quadratures.
Such method is based on the fact that the following differential
1-forms
(20)
(21)

A ⌟ V1 ⌟ Ω
,
ω1 =
A ⌟ V1 ⌟ V2 ⌟ Ω
A ⌟ V2 ⌟ Ω
ω2 =
,
A ⌟ V2 ⌟ V1 ⌟ Ω

where Ω = dx ∧ du ∧ dux and ⌟ denotes the interior product,
are closed and (locally) exact. Let I1 and I2 denote the
respective primitives, i.e. ω 1 = dI1 and ω 2 = dI2 . Since, for
i = 1, 2, Vi (Ii ) = ωi (Vi ) = 0 and A(Ii ) = ωi (A) = 0, then
Ii is a common first integral for the involutive system {A, Vi }.
Besides V1 (I2 ) = ω2 (V1 ) = 1 and V2 (I1 ) = ω1 (V2 ) = 1.
Thus {I1 , I2 } are two functionally independent first integrals
of A. The general solution of equation (1) can be expressed in
implicit form as
I1 = C1 , I2 = C2 ,

5

(C1 , C2 ∈ R).

µ2 =

1
h1 (λ1 − λ2 )

are integrating factors of equation (1).
2. Two functionally independent first integrals I1 and I2
of A associated respectively to µ1 and µ2 arise by
quadratures as solutions of the corresponding system
that follows:

 Iix = µi (λi ux − φ),
Iiu = −µi λi ,
(i = 1, 2).
(24)

Iiux = µi ,

Proof: The existence of two functions h1 and h2 satisfying
A(hi ) = λi hi , for i = 1, 2 and (22) is proven in [11]. By
Theorem 3, the vector field Vi = hi · (∂u )[λi ,(1)] is a commut[λ ,(1)]
ing symmetry of A, which is A−equivalent to vi 0,i
, for
i = 1, 2. By (22), [V1 , V2 ] = 0 holds.
We compute the expressions of the corresponding exact differential 1-forms given by (20) and (21). First we have
A ⌟ V1 ⌟ V2 ⌟ Ω =
(25)

=
=

Ω(V2 , V1 , A)
0 h2 λ2 h2
0 h1 λ1 h1
1 ux
φ
h1 h2 (λ1 − λ2 ).

Then we can write
0 h1 λ1 h1
1 ux
φ
1 0
0
φ − λ1 ux
ω1 (∂x ) =
=
,
h1 h2 (λ1 − λ2 )
h2 (λ1 − λ2 )

C ∞ −Symmetries and integrability by quadratures

In Theorem 3 we have shown that any generalized
C ∞ −symmetry of equation (1) has associated a commuting
symmetry of A. According to the discussion performed in
Section 4, the knowledge of two non-equivalent commuting
symmetries of A such that [V1 , V2 ] = 0 permits the integration of equation (1) by quadratures. We can then expect that
two non-equivalent generalized C ∞ −symmetries of equation
(1) can be used to integrate the equation by quadratures. This
conjecture is proven in the following theorem:

1
,
h2 (λ2 − λ1 )

and

0 h1 λ1 h1
1 ux
φ
0 1
0
λ1
ω1 (∂u ) =
=
h1 h2 (λ1 − λ2 )
h2 (λ1 − λ2 )
ω1 (∂ux ) =

1
−1
=
.
h1 h2 (λ1 − λ2 )
h2 (λ1 − λ2 )
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and

Thus ω1 becomes
(26)

1
((λ1 ux − φ)dx − du + dux ) .
h2 (λ2 − λ1 )

ω1 =

Similarly, it can be checked that
1
((λ2 ux − φ)dx − du + dux ) .
ω2 =
h1 (λ1 − λ2 )

(27)

Let I1 and I2 be the respective primitives of ω1 and ω2 . These
primitives are two functionally independent first integrals of
A. Therefore, for i = 1, 2, the function µi = (Ii )ux is an
integrating factor of (1) associated to Ii . The systems (24) arise
by identifying the coefficients of (26) (resp. (27)) and dI1
(resp. dI2 ).


2
−2 Bi0 (β2 (x))u + u 2 + ux − 1 Bi (β2 (x))
h2 =
,
4 Bi0 (β2 (x))Ai (β2 (x)) − 4 Ai0 (β2 (x))Bi (β2 (x))
where
β2 (x) = −

These functions h1 and h2 and the functions (29) can be used
to compute by quadratures two functionally independent first
integrals for the equation (28) by following Theorem 5:

(30) I1 =
We observe that by construction of ω1 and ω2 the function I1
(resp. I2 ) is a first integral of V1 (resp. V2 ). By (15), I1 (resp.
[(1),λ0,1 ]
I2 ) is a first integral of A that is also a first integral of v1
[(1),λ0,2 ]
(resp. v2
).

6

An example

The method described in Section 5 does not require the existence of a solvable symmetry algebra of Lie point symmetries.
Moreover, it can be applied to integrate by quadratures ODEs
lacking Lie point symmetries.

−2 Ai0 (β1 (x))u + Ai (β1 (x)) u 2 + u1 + 1

uxx =

1
1 2
1
u − 2 uux − u3 − (ax + b)u −
,
2u x
2
2u

where a, b ∈ R and a 6= 0. Equation (28) is a particular case
of the XXVII equation of the Painlevé-Gambier classification
([7]). It can be checked that this equation does not admit Lie
point symmetries. Nevertheless, Guha et al. have recently
found in [5] two non-equivalent C ∞ −symmetries, (∂u , λ1 ) and
(∂u , λ2 ), defined by the functions:
(29)

λ1 =

ux
1
−u+ ,
u
u

λ2 =

ux
1
−u− .
u
u

It can be checked that these two functions are particular solutions of the corresponding determining equation (13).
A function h1 (resp. h2 ) satisfying A(h1 ) = λ1 h1 (resp.
A(h2 ) = λ2 h2 ) can be found by following the procedure
described in [11]. It can be checked that such functions can be
expressed in terms of the Airy functios Ai and Bi as follows:
2
−2 Bi0 (β1 (x))u + Bi(β1 (x)) u 2 + ux + 1
h1 =
4 Ai(β1 (x))Bi0 (β1 (x)) − 4 Bi(β1 (x))Ai0 (β1 (x))
where

 2/3
2
(ax + b − 1)
β1 (x) = −
a
2



−2 Bi(1) (β1 (x))u + Bi(β1 (x)) (u 2 + u1 + 1)

and

−2 Ai0 (β2 (x))u + u 2 + u1 − 1 Ai (β2 (x))
(31) I2 =
.
−2 Bi0 (β2 (x))u + (u 2 + u1 − 1) Bi (β2 (x))
These first integrals provide the general solution of equation
(28) in terms of solutions of Airy functions:
u(x) =

We illustrate this fact by considering the equation
(28)

 2/3
2
(ax + b + 1)
.
a
2



C1 Bi0 (β1 (x)) − Ai0 (β1 (x))
C1 Bi(β1 (x)) − Ai(β1 (x))
−1
C2 Bi0 (β2 (x)) − Ai0 (β2 (x))
−
,
C2 Bi (β2 (x)) − Ai (β2 (x))

where C1 , C2 ∈ R.

Conclusions
In this paper we present a method to associate a generalized commuting symmetry to any given C ∞ −symmetry of a
second-order ODE. From two non-equivalent C ∞ −symmetries
we have shown how to construct two commuting symmetries
that provide two functionally independent first integrals by
quadratures. A direct consequence of the results of this paper
is the integration by quadratures of ODEs that may have just
one or none Lie point symmetries. From a theoretical point of
view, this study has important consequences to understand the
structure of the solutions of the determining equation (13) for
C ∞ −symmetries, which is an interesting open problem in the
literature. This research is currently on progress and will be
presented in a separated paper.
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Solvable structures and integrability by quadratures
of third-order ordinary differential equations admitting
the non-solvable symmetry algebra sl(2, R)
A. Ruiz∗ and C. Muriel∗

Abstract— If a third-order ordinary differential equation admits the non-solvable Lie algebra sl(2, R) as symmetry algebra then,
when the classical Lie method of reduction is applied by using one of its generators, at least one of the remaining generators is
lost as a Lie point symmetry for the reduced equation. Nevertheless, two of these generators can be recovered as C ∞ -symmetries
of the reduced equation after using an appropriate Lie point symmetry. These two non-equivalent C ∞ -symmetries can be used to
find by quadratures two independent first integrals of the reduced equation. In this paper such first integrals are used to construct
a solvable structure with respect the vector field associated to the original third order equation. In this way we prove that it is
possible to obtain a solvable structure from the non-solvable Lie algebra sl(2, R), which permits the integration by quadratures
of the given third-order equation.
Keywords: First integral, solvable structure, λ-symmetry, non-solvable algebra.

1
1.1

Introduction
Generalized C ∞ -symmetries, equivalence of generalized C ∞ -symmetries and common first integrals.

where Q[u] = η[u] − ξ[u]u1 is the characteristic of the vector
field v and Dx is the total derivative operator with respect to
x. It can be proved (Theorem 2.1 in [2]) that the λ-prolongated
vectors fields are the unique prolongations of v which satisfy
the following relation with respect to Dx :

Throughout this paper M will denote an open subset of the
space of the independent and dependent variables (x, u) of a
given ordinary differential equation (ODE):

(5)

(1)

We can establish now the following definition:

un = φ(x, u, u1 , · · · , un−1 ).

Let (x, u

[v[λ,(n)] , Dx ] = λv[λ,(n)] − (Dx + λ)(ξ)Dx ,

for n ∈ N.

) denote the coordinates on the open set M
of
dj u
the corresponding nth-order jet space, where uj =
, for
dxj
1 ≤ j ≤ n. Let

D EFINITION 1 Let v be a generalized vector field of the form
(2) and let λ be a differential function. We will say that the pair
(v, λ) is a generalized C ∞ -symmetry of the equation (1) if

(2)

(6)

(n)

(n)

v = ξ[u]∂x + η[u]∂u ,

be a generalized vector field (in the sense of the Definition 5.1
in [1]) and consider a differential function λ = λ[u]. We define
the nth-order λ-prolonged generalized vector field
(3)

v[λ,(n)] = v +

n
X
i=1

η [λ,(i)] [u]∂ui , n ≥ 1,

whose coefficients are determined by the formula
(4)

v[λ,(n)] (un − φ) = 0 when un = φ(x, u(n−1) ).

If we consider the submanifold defined by the equation (1):
n
o
∆ = (x, u(n) ) ∈ M (n) : un = φ(x, u(n−1) ) ,

we can restrict the operator Dx to ∆. This provides the vector
field associated to the equation (1),

η [λ,(i)] [u] = (Dx + λ)i (Q[u]) + ξ[u]ui+1 ,

A(x,u) = ∂x + u1 ∂u + · · · + φ∂un−1 .

∗ Departamento de Matemáticas, Universidad de Cádiz, Campus de Puerto Real, 12345 Población (SPAIN). Email: adrian.ruizservan@alum.uca.es,
concepcion.muriel@uca.es
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Besides, by restricting (5) to ∆ and using (6) we get the
following characterization of generalized C ∞ -symmetries: the
pair (v, λ) is a generalized C ∞ -symmetry if and only if
[λ,(n−1)]

[v∆

[λ,(n−1)]

, A(x,u) ] = λv∆

[λ,(n−1)]

where v∆

− (A(x,u) + λ)(ξ)A(x,u) ,

denotes the restriction of v[λ,(n−1)] to ∆.

We recall now the concept of A(x,u) -equivalent generalized
C ∞ -symmetries ([4]):
D EFINITION 2 We will say that two generalized C ∞ symmetries of the equation (1), (v1 , λ1 ) and (v2 , λ2 ),
are A(x,u) -equivalent if the ocorresponding vector fields
n
[λ ,(n−1)]

A(x,u) , v1 ∆1

[λ ,(n−1)]

, v2 ∆2

are

dependent

over

C ∞ (M (n−1) ). In this case we will write
A(x,u)

(v1 , λ1 ) ∼ (v2 , λ2 ).
In the equivalence class of a given generalized C ∞ -symmetry
(v, λ) there are two distinguished elements: the pairs
(Q[u]∂u , λ) and (∂u , λ + A(x,u) (Q)/Q), that will be called
the evolutionary and the canonical representatives of the class,
respectively.

integrals of A(x,u) can be found by quadratures as solutions of
the following systems:

 I1x = H(λQ1 u1 − φ),
I1u = −HλQ1 ,
(8)

I1u1 = H,
(9)

1.2

T HEOREM 3 Whit the previous notation, let f1 , f2 be some
functions in C ∞ (M (1) ) satisfying:
X2 (f2 )
X2 (f1 )
=
= ρ,
f2
f1
where ρ is given in (7) and let g1 , g2 be some functions in
C ∞ (M (1) ) satisfying:


A(x,u) (g1 ) = ρ1 g1 ,
A(x,u) (g2 ) = ρ2 g2 ,
(f2 X2 )(g1 ) = 0,
(f1 X1 )(g2 ) = 0,
respectively, where ρi = λQi − A(x,u) (fi )/fi , for i = 1, 2.
If we denote by H = 1/(f2 g2 (λQ2 − λQ1 )) and T =
1/(f1 g1 (λQ1 − λQ2 )), then two functionally independent first

T (λQ2 u1 − φ),
−T λQ2 ,
T.

Some results on solvable structures

D EFINITION 4 (Definitions 1 and 4 in [5] ) Let A =
{A1 , · · · , An−1 } be an involutive system of independent
smooth vector fields defined on Mn .
1. A system {X1 , · · · , Xm } of independent vector fields,
where m ≤ p, is said to be a system of symmetries
of A if {A1 , · · · , An−1 , X1 , · · · , Xm } are independent
and there exist some functions cki,j ∈ C ∞ (Mn ), for
i, j = 1, · · · , m and k = 1, · · · , n − p, such that
[Xi , Aj ] =

n−p
X

cki,j Ak .

k=1

2. Let S = h X1 , · · · , Xp i be an ordered set of independent vector fields on Mn . We will say that
the system A ∪ S = h A1 , · · · , An−1 , X1 , · · · , Xp i
is a solvable structure with respect to A if Sj =
{A1 , · · · , An−1 , X1 , · · · , Xj } is in involution, {X1 } is
a symmetry of A and {Xj+1 } is a symmetry of Sj for
j = 1, · · · , p − 1.

X1 (λQ2 ) − X2 (λQ1 )
.
ρ=
λQ1 − λQ2

In the next theorem (Theorem 10 in [4]) we establish how
the knowledge of two generalized C ∞ -symmetries allows us
to compute by quadratures two independent first integrals of
A(x,u) in the case n = 2:

=
=
=

In this section we recall the notion of solvable structure and the
most important result in relation with it (see [5],[6]). In what
follows, Mn is an nth-dimensional manifold.

Suppose that (v1 , λ1 ) and (v2 , λ2 ) are two non-equivalent
generalized C ∞ -symmetries of a second-order equation u2 =
φ(x, u, u1 ). Let (∂u , λQ1 ) and (∂u , λQ2 ) be their respective
[λ ,(1)]
canonical representatives and denote Xi = (∂u ) Qi
, for
i = 1, 2. It can be checked that [X1 , X2 ] = ρ(X1 − X2 ), where
(7)


 I2x
I2u

I2u1

P ROPOSITION 5 (Proposition 6 in [5]) The involutive system
A is locally integrable by quadratures if and only if there exists
a solvable structure with respect to A.

2

Solvable structures and the non-solvable symmetry algebra sl(2, R)

Let us consider a third-order ODE
(10)

u3 = φ(x, u, u1 , u2 ),

defined for (x, u) ∈ M . Let us suppose that (10) admits
the non-solvable Lie algebra sl(2, R) as a symmetry algebra.
A base of generators {v1 , v2 , v2 } of sl(2, R) can be choosen
verifying the following relations with respect the Lie bracket:
(11)

[v1 , v2 ] = v1 ,
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(12)

[v1 , v3 ] = 2v2 ,

(13)

[v2 , v3 ] = v3 .

Proof: The vector field A(x,u) written in the new coordinates
is:

Let us suppose that we use the vector field v2 in order to
get a reduction of order for the original equation (10). Let
ϕ(x, u, u1 , u2 ) = (y, α, w, w1 ) be a local change of variables
dw
dα
(2)
and w1 =
=
such that ϕ∗ (v2 ) = ∂α , where w =
dy
dy
d2 α
. In these new coordinates we get a reduction of order for
dy 2
the equation (10), being the reduced equation
e w, w1 ),
w2 = φ(y,

(14)

f. We denote by A(y,w) the vector field
defined for (y, w) ∈ M
associated to (14). It can be checked that the vector fields v1
and v3 can be recovered as C ∞ -symmetries of the equation (14)
([3]): Let ζ1 , ζ3 ∈ C ∞ (M ) be such that
v2 (ζ1 ) = ζ1 , v2 (ζ3 ) = −ζ3 .
(1)

(1)

(1)

We have that the vector fields ζ1 v1 and ζ3 v3 are v2 (1)
(1)
projectable and, if we denote by Yi = (v2 )∗ (ζ1 vi ), we have
that (Yi , −A(x,u) (ζi )/ζi ) are C ∞ -symmetries of the equation
(14) for i = 1, 3. Now we consider the corresponding
canonical representatives of these C ∞ -symmetries:
(∂w , λQ1 ),

(∂w , λQ2 ),

and let us denote by
X1 = ∂w + λQ1 ∂w1 ,

X2 = ∂w + λQ2 ∂w1

the corresponding first order λ-prolongations of the canonical
representatives. Observe that we have used the index 2 in
the C ∞ -symmetry associated to v3 to be in concordance with
Theorem 3.
We can apply Theorem 3 so, after computing the functions
f1 , f2 , g1 and g2 , we can compute by quadratures two functionally independent first integrals Iˆ1 and Iˆ2 associated to the
vector field A(y,w) by solving the corresponding systems (8)
and (9).
Remark 1 In what follows we will use the following notation:
for i = 1, 2, the functions depending on variables (y, w, w1 )
will be indicated with the symbol ˆ (i.e Iˆi = Iˆi (y, w, w1 ))
and the corresponding functions on variables (x, u, u1 , u2 )
will be denote without ˆ (i.e Ii = Ii (x, u, u1 , u2 ) =
Iˆi (y(x, u), w(x, u, u1 ), w1 (x, u, u1 , u2 ))).
The following theorem holds:
T HEOREM 6 Let ϕ be the local change of variables such that
(1)
ϕ∗ (v2 ) = ∂α and consider two functionally independent
first integrals Iˆ1 and Iˆ2 associated to the vector field A(y,w) .
∞

Then the functions I1 , I2 ∈ C (M
independent first integrals of A(x,u) .

(2)

) are two functionally

ϕ∗ (A(x,u) ) =

1
e w ),
(∂y + g(α)∂α + wy ∂w + φ∂
y
Dx (y) ◦ ϕ−1

∂ Iˆi
furthermore, A(y,w) (Iˆi ) = 0 and
= 0, that is why
∂α
ϕ∗ (A(x,u) )(Iˆi ) = 0, for i = 1, 2. In this way we conclude
that
A(x,u) (Ii ) = 0,
for i = 1, 2.

As we can see in [4], the two first integrals of the reduced
equation, Iˆ1 and Iˆ2 , are obtained by quadratures because we
have been able to compute a solvable structure with respect to
the vector field associated to the equation (14). Now we try
to construct a solvable struture associated to the original thirdorder equation that allows us to solve it by quadratures. In
order to prove this result we need some previous lemmas.
L EMMA 7 It holds that locally

∂(Iˆ1 , Iˆ2 )
6= 0.
∂(w, w1 )

∂(Iˆ1 , Iˆ2 )
= 0, then there exists a function h such
∂(w, w1 )
∂ Iˆ1
∂ Iˆ2
∂ Iˆ1
∂ Iˆ2
that
= h
and
= h
. But in this case we
∂w
∂w
∂w1
∂w1
would have that
Proof: If

X2 (Iˆ1 )

=
=
=

∂ Iˆ1
∂ Iˆ1
+ λQ2
∂w
∂w1
∂ Iˆ2
∂ Iˆ2
h
+ λQ2 h
∂w
∂w1
hX2 (Iˆ2 ) = 0.

Nevertheless, it can be checked that (see [4]) X2 (Iˆ1 ) 6= 0. In
∂(Iˆ1 , Iˆ2 )
6= 0.
this way we conclude that
∂(w, w1 )

L EMMA 8 It holds that locally

∂(w, w1 )
6= 0.
∂(u1 , u2 )

Proof: We have that ϕ(x, u, u1 , u2 ) is a local change of
variables, so locally Jϕ(x, u, u1 , u2 ) 6= 0. On the other hand:
Jϕ(x, u, u1 , u2 ) =
∂(y, α)
6=
∂(x, u)
∂(w, w1 )
6= 0.
∂(u1 , u2 )

and

∂(y, α) ∂(w, w1 )
,
∂(x, u) ∂(u1 , u2 )

0, that is why we can conclude that
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2.1
Now we can establish the following theorem:
T HEOREM 9 Let Ii = Ii (x, u, u1 ) be the functions defined
as in Remark 1, for i = 1, 2. The function defined as Φ =
Φ(x, u, u1 , u2 ) = (x, u, I1 , I2 ) is a local change of variables.
Proof: It is clear that JΦ(x, u, u1 , u2 ) =
apply the chain rule we obtain that:

∂(I1 , I2 )
. If we
∂(u1 , u2 )

∂(Iˆ1 , Iˆ2 ) ∂(w, w1 )
∂(I1 , I2 )
=
.
∂(u1 , u2 )
∂(w, w1 ) ∂(u1 , u2 )
By applying now Lemmas 7 and 8 we conclude that locally
JΦ(x, u, u1 , u2 ) 6= 0.
Finally, we expose the result that shows how to construct a
solvable structure with respect to the vector field associated to
the original third-order equation:
T HEOREM 10 Let us consider the local change of variables
Φ(x, u, u1 , u2 ) = (x, u, I1 , I2 ) and let us denote Z1 =
−1
Φ−1
∗ (∂I1 ) and Z2 = Φ∗ (∂I2 ). We have that
(2)

hA(x,u) , v2 , Z1 , Z2 i
is a solvable structure with respect to {A(x,u) }.
Proof: By applying the Theorem 6 we can write:
(15)

Φ∗ (A(x,u) ) = ∂x + u1 (x, u, I1 , I2 )∂u = ∂x + τ ∂u .

Besides:
Φ∗ (Z1 ) = ∂I1 ,
Φ∗ (Z2 ) = ∂I2 ,

and

(2)

(2)

Φ∗ (v2 ) = ξ2 (x, u)∂x + η2 (x, u)∂u ;
(2)

hence v2 (I1 ) = v2 (I2 ) = 0. Now, it holds:
(16)

(2)

[Φ∗ A(x,u) , Φ∗ v2 ] = (A(x,u) (ξ2 ) ◦ Φ−1 ) · Φ∗ A(x,u) ,
(2)

hence v2 is a Lie symmetry of the equation. Furthermore:
(2)

(17)

[Φ∗ (Z1 ), Φ∗ v2 ]

= [Φ∗ (Z1 ), Φ∗ (Z2 )]
(2)
= [Φ∗ (Z2 ), Φ∗ v2 ] = 0.

Finally we have that, for i = 1, 2:

−τII 
(2)
Φ∗ v2 − Φ∗ (A(x,u) ) .
[Φ∗ (A(x,u) ), Φ∗ (Zi )] =
η2 − τ ξ2
By using this relation, (16) and (17) we conclude that
(2)

hΦ∗ (A(x,u) ), Φ∗ (v2 ), Φ∗ (Z1 ), Φ∗ (Z2 )i

is a solvable structure with respect to Φ∗ (A(x,u) ). Coming
back to the original coordinates we conclude the result.

Complete system of first integrals of A(x,u)

In the previous discussion we have found two independent first
integrals associated to A(x,u) and a complete solvable structure
with respect to A(x,u) . In this section, we show how we can
apply the theory of solvable structures in order to compute a
complete system of first integrals of A(x,u) . In this way, we
define Ω = dx∧du∧du1 ∧du2 and let us consider the following
one-differential forms:
ω1 =

(2)
Z1 ¬ v2 ¬ A(x,u) ¬ Ω
,
(2)
Z2 ¬ Z1 ¬ v2 ¬ A(x,u) ¬ Ω

ω2 =

(2)
Z2 ¬ v2 ¬ A(x,u) ¬ Ω
,
(2)
Z2 ¬ Z1 ¬ v2 ¬ A(x,u) ¬ Ω

ω3 =

Z2 ¬ Z1 ¬ A(x,u) ¬ Ω
.
(2)
Z2 ¬ Z1 ¬ v2 ¬ A(x,u) ¬ Ω

We apply the method based on solvable structures to find by
quadratures three independent first integrals of A(x,u) (see [5]
and [6] for details). By the theory of the solvable structures,
we know that ω1 is exact, and the function F1 such that
dF1 =n ω1 is a common
o first integral of the system of vector
(2)
fields A(x,u) , v2 , Z1 . Nevertheless, the function I2 is also
a first integral common to that system so, as we are working on
a manifold of dimension four, we conclude that F1 = Ψ1 (I2 ).
In this way, the first step of the method provides a first integral
of A(x,u) functionally dependent of I2 .
Secondly, we also know that ω2 is exact module ω1 ([6]) and a
function F2 such that
dF2 = ω2 mod ω1
n
o
(2)
is a common first integral of the system A(x,u) , v2 . In
this situation we also know that the function I1 is a common
first integral of that system, that is why F2 = Ψ2 (I1 ) (in this
situation we are working on a submanifold of dimension three
because we have restricted to the submanifold of M (2) where
F1 is constant).
Finally, in the last step of solvable structure’s method, we have
that ω3 is exact module ω1 and ω2 , and the function F3 such
that
dF3 = ω3 , mod ω1 , ω2
completes the set of independent first integrals of the vector
field A(x,u) .
Such system of independent first integrals can also be constructed by using the first integrals I1 and I2 provided by Theorem 6 and a primitive of the 1-differential form ω3 restricted
to the submanifold of M (2) where I1 and I2 are constant.
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3



Application to the different representations of
sl(2, R)

In this section we will apply the general results we have
obtained in the previous section to the different representations
of the Lie algebra sl(2, R). There are four different actions
of the group SL(2, R) on a two-dimensional real manifold
([7]). Each one of these actions can be modelled by the
transformation group generated by the following vector fields:
1. v1 = ∂x , v2 = x∂x , v3 = x2 ∂x .
2. v1 = ∂x , v2 = x∂x + u∂u , v3 = x2 ∂x + 2xu∂u .
3. v1 = ∂x , v2 = x∂x +u∂u , v3 = (x2 −u2 )∂x +2xu∂u .

3.1

CASE 1: v1 = ∂x , v2 = x∂x , v3 =

x2 ∂

(−w∂w , −w),

(w∂w , w),

and the corresponding canonical representatives of each C ∞ symmetry are:
(∂w , −w +

w1
),
w

(∂w , w +

w1
).
w

3.3

3.2

CASE 2: v1 = ∂x ,
x2 ∂x + 2xu∂u .

v2 = x∂x + u∂u ,

v3 =

We can use the vector field v2 in order to get a reduction of
order for the original equation (10). The canonical coordinates
are y = x/u and α = ln u, and the C ∞ -symmetries of the
equation (14) are:
(∂y + w2 ∂w , −w),
(−y 2 ∂y + (2 + wy(4 + wy))∂w , w).
The corresponding canonical representatives of these C ∞ symmetries are given respectively by
(∂w , −w + A(y,w) (Q1 )/Q1 ),

,

CASE 3: v1 = ∂x , v2 = x∂x + u∂u ,
(x2 − u2 )∂x + 2xu∂u

v3 =

As in the previous cases, we use v2 in order to reduce the
order of (10) by one. In this case we can choose y = x/u
ans α = ln u. The corresponding inherited C ∞ -symmetries of
the reduced equation are:
(∂y + w2 ∂w , −w),
((1 + y 2 )∂y + (2 + wy(2 + 4y) + w2 (y 2 + 2y − 1))∂w , w).
The corresponding canonical representatives are:
(∂w , −w + A(y,w) (Q1 )/Q1 ),


∂w , w +

A(y,w) (Q2 )
Q2



,

where Q1 = w2 − w1 and Q2 = 2 + wy(2 + 4y) + w2 (y 2 +
2y − 1) − (1 + y 2 )w1 are the respective characteristics of the
vector fields.
We can also use Theorem 10 to compute a solvable structure
with respect to the original third-order equation. This allows
us to integrate the original equation by quadratures.

3.4

By applying Theorem 3 we can compute two independent first
integrals of A(y,w) and by using Theorem 10 we can construct
a solvable structure associated to the third-order equation that
allows us to integrate the equation by quadratures.



So, as in the CASE 1, we can apply Theorem 10 in oder to
compute a solvable structure with respect to A(x,u) .

x

In this case the canonical coordinates are y = u and α = ln x.
The vector fields v1 and v3 can be recovered as the following
C ∞ -symmetries of the reduced equation:

A(y,w) (Q2 )
Q2

where Q1 = w2 − w1 and Q2 = 2 + wy(4 + wy) + y 2 w1 .

4. v1 = ∂x + ∂u , v2 = x∂x + u∂u , v3 = x2 ∂x + u2 ∂u .
By means of a change of variables, we can assume that the
symmetry algebra is generated by one of the previous cases.
We will study each one of them.

∂w , w +

CASE 4: v1 = ∂x + ∂u , v2 = x∂x + u∂u , v3 =
x2 ∂x + u2 ∂u .

We can use again the vector field v2 in order to get a reduction
of order for the original equation (10). In this case we choose
x
y = and α = ln u. It can be checked that the vector fields
u
v1 and v3 can be recovered as C ∞ -symmetries of the equation
(14) ([3]):
((1 − y)∂y + −w2 (y − 1)∂w , −w),
(y(y − 1)∂y + −w(y − 1)(2 + wy)∂w , w).
The corresponding canonical representatives of these C ∞ symmetries are:
(∂w , −w + A(y,w) (Q1 )/Q1 ),


∂w , w +

A(y,w) (Q2 )
Q2



,

where Q1 = −w2 (y − 1) − w1 (y − 1) and Q2 = −w(y −
1)(2 + wy) − w1 y(y − 1).
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It can be checked that the functions

Example

Let us consider the following third order ordinary differential
equation

f1 (y, w, w1 ) = f2 (y, w, w1 ) = 1,
(w2 − w1 )2
,
g1 (y, w, w1 ) =
4w2
(w2 + w1 )2
g2 (y, w, w1 ) =
4w2

2u1 u3 − 3u22 = 0.

verify the conditions established in the Theorem 3, and the
corresponding first integrals obtained by solving the systems
(8) and (9) are:

(18)

The vector field associated to (18) is given by
A(x,u) = ∂x + u1 ∂u + u2 ∂u1 +

3u22
∂u .
2u1 2

It can be checked that the equation admits the Lie symmetry
algebra generated by the vector fields
v1 = ∂x , v2 = x∂x , v3 = x2 ∂x ,
so we are in the situation studied in the CASE 1 of the Section
3. We can use the vector field v2 in order to get a reduction
of order for the equation (18). After the reduction process we
obtain the following reduced equation:

In this way, the vector field associated to the reduced equation
is given by

 3
3w12
w
+
∂w2 ,
A(y,w) = ∂y + w1 ∂w +
2
2w
and the Lie symmetries v1 and v3 can be recovered as the
following C ∞ -symmetries of the reduced equation:

The corresponding canonical representatives of these C ∞ symmetries become:

(w∂w , w)

∼

A(y,w)

∼

(∂w , −w +

(∂w , w +

w1
),
w

w1
).
w

We define:
w1 
∂w1 ,
w

w1 
X2 = ( ∂w ) [λQ2 ,(1)] = ∂w + w +
∂w1 .
w
In this situation we have that:

w1 
A(y,w) ,
[X1 , A(y,w) ] = −w +
w

w1 
[X2 , A(y,w) ] = w +
A(y,w) ,
w
[X1 , X2 ] = 0.
X1 = ( ∂w )

[λQ1 ,(1)]

= ∂w +



−w +

Iˆ2 (y, w, w1 ) = −y +

w2

2w
.
− w1

We have checked that A(y,w) (Iˆ1 ) = A(y,w) (Iˆ2 ) = 0. By
writing Iˆ1 and Iˆ2 in terms of the original variables we obtain
the following first integrals of A(x,u) :
I1 (x, u, u1 , u2 )

2u21
.
u2
2uu1 − 2u21 x + uu2 x
.
=
2u1 + u2 x

= −u +

In order to simplify the calculations, we will work with
I¯2 = I1 − I2 =

4u31
2u1 u2 + u22 x

instead of I2 .
Now we consider the local change
Φ(x, u, u1 , u2 ) = (x, u, I1 , I¯2 ). We have that:

of

variables

xu2 + u1
u2 (4u1 + 3u2 x)
∂u2 ,
∂u1 +
xu1
2u21 x
2
−(2u1 + xu2 )
u2 (2u1 + u2 x)2
Z2 = Φ−1
(∂
)
=
∂
−
∂u2 .
¯
u
I2
∗
1
4u21 x
2u31 x
Z1 = Φ−1
∗ (∂I1 ) =

(−w∂w , −w), (w∂w , w).

A(y,w)

2w
,
w2 + w1

I2 (x, u, u1 , u2 )

w4 + 3w12 − 2ww2 = 0.

(−w∂w , −w)

Iˆ1 (y, w, w1 ) = −y −

It can be checked that
(2)

[A(x,u) , v2 ] = A(x,u) ,


u2 x + u1
(2)
(A(x,u) − v2 ),
A(x,u) , Z1 = −
2x
u
1
h
i
(2)
v2 , Z1 = 0,

 4u1 + 4u2 u1 x + u22 x2
(2)
A(x,u) , Z2 =
(A(x,u) − v2 ),
3
4xu
1
h
i
(2)
v2 , Z2 = [Z1 , Z2 ] = 0,
(2)

so we can conclude that < A(x,u) , v2 , Z1 , Z2 > is a solvable structure with respect to A(x,u) . In this way, we have
constructed a solvable structure from the non-solvable algebra
sl(2, R). Now we use this solvable structure to find the
remaining first integrals of A(x,u) . In this way we have that
Z2 ¬ Z1 ¬ A(x,u) ¬ Ω
ω3 =
=
(2)
Z2 ¬ Z1 ¬ v2 ¬ A(x,u) ¬ Ω
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=

dx
du
−
.
x
u1 x

where ci ∈ R, for i = 1, 2, 3. The explicit form of the general
solution is given by:

If we consider the system I1 = c1 and I¯2 = c2 we obtain
locally:
u1 = Θ1 (x, u, c1 , c2 ),
u2 = Θ2 (x, u, c1 , c2 ),
where

u(x) = −c1 +
where ci ∈ R for i = 1, 2, 3.

5
2

c22

−u − 2uc1 − + c1 u + c1 c2
,
c1 x
2
2
2
2(3c2 u + 3uc2 + c2 − 4c2 c1 u − 2c1 c22 )
Θ2 =
x2 c21
2(u3 − 2c1 u2 + c21 u + c21 c2 ))
+
.
x2 c21

Θ1 =

Now we consider the transformation σ(x, u, u1 , u2 )
(x, u, Θ1 , Θ2 ). It holds:

c2 c3
,
c3 − x

Concluding remarks

We have studied in this paper the problem of the integration
by quadratures of a third-order ordinary differential equation
which admits the Lie algebra sl(2, R) as a Lie symmetry algebra. In this way we have proved how the existence of the nonsolvable symmetry algebra sl(2, R) allows us to construct a
solvable structure for the vector field associated to the equation.
=

dx
c1 du
σ ω3 =
+
,
2
x
−u − 2uc2 − c22 + c1 u + c1 c2
∗

and we have that d(σ ∗ ω3 ) = 0. The function


x(u + c2 )
F3 (x, u, c1 , c2 ) = ln
c2 + u − c1
is such that dF3 = σ ∗ ω3 . Finally, coming back to the
coordinates (x, u, u1 , u2 ), we conclude that


2u1 + u2 x
I3 (x, u, u1 , u2 ) = ln
u2
is the remaining first integral of A(x,u) . In this way we can
2u1 + u2 x
also take I¯3 = eI3 =
and the general solution of
u2
the third order equation is given, in implicit form, by:

2u2

 c1 =−u + 1 ,


u2



4u31

c2 =
,
2u1 u2 + u22 x







 c3 = 2u1 + u2 x ,
u2
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A reduction method for polynomial ordinary differential
equations and applications
J. Ramírez∗, J. L. Romero∗ and C. Muriel∗

Abstract— A method to obtain first order reductions of ordinary differential equations which are polynomial in the dependent
variable and its derivatives is introduced. The method is applied to obtain new solutions for several well-known partial differential
equations: the Falkner-Skan equation, a family of non linear heat equations, a coupled system of Korteweg de Vries equations
and the Calogero-Bogoyavlenskii-Schiff equation. Some Mathematica code to derive the reductions is also provided.

1

differential equations: a family of nonlinear heat equations,
a family of systems of coupled Korteweg de Vries (KdV)
equations (which has been considered by Hirota and Satsuma
[11]) and the Calogero-Bogoyavlenskii-Schiff equation.

Introduction

For a given nth−order ordinary differential equation (ODE)
(1)

P (y, v, v 0 , · · · , v n) ) = 0,

which is polynomial in v = v(y) and its derivatives, we
introduce a method to search for reductions of the form
(2)

v0 =

k
X

ai (y)v i ,

It must be said that the class of polynomial equations considered in this paper is invariant under a rational change of
dependent variable of the form
(3)

i=0

where k ∈ N is a positive integer and, for 0 ≤ i ≤ k, ai (y)
is a function to be determined; i.e. we search for equations of
the form (2) whose solutions also solve the given equation (1).
This method constitutes a generalization of several methods
that have recently appeared in the literature: the hyperbolic
tangent (tanh) method tries to find a reduction of the form
v 0 = 1 − v 2 [9]; the modified hyperbolic tangent (m-tanh)
method looks for reductions of the form v 0 = b + v 2 [5, 6, 7],
etc. The class of reduced equations (2) includes several wellknown families of first-order ODEs: Riccati, Abel of the first
class, etc.
The structure of the paper is as follows. In the second section
we describe the method to be used to find possible reductions
of a given polynomial ODE. Although the method has its main
utility when it is used with a computer, we have considered a
simple example to illustrate the main steps in the method: the
Falkner-Scan equation, that appears in [4, 13].
The polynomial ODEs we consider in this paper frequently
appear in the study of partial differential equations when travelling wave solutions are searched or when symmetry reductions
are found. In the following sections we apply the algorithm
to obtain reductions for three families of nonlinear partial

Pm

j=0
v = Pn

bj (y)wj

l=0 cl (y)w

l

;

the transformed equation is polynomial in w0 and its derivatives. Eventually, this fact can be used with some advantages
to obtain simplifications of the equations. In section 3 we use
the change of dependent variable v = 1/w to simplify the
mentioned system of coupled KdV equations.

2

The main algorithm

The basic idea is to substitute recursively into the given equation (1) v 0 by the expression (2), and the successive derivatives
of v 0 , up to v n) , by their corresponding polynomial expressions. The resulting equation is a polynomial equation in
the variable v whose coefficients depend on the coefficients
of P and on the functions ai (y), 0 ≤ i ≤ k, and their
derivatives [12]. If we equate to zero the coefficients of this
resulting polynomial we obtain an overdetermined system of
ODEs whose unknown functions are ai (y), 0 ≤ i ≤ k. It is
clear that if we are able to find some non trivial solutions for
this last system, then any solution of the corresponding first
order equation (2) also is solution for (1).
In order to illustrate the main steps in the algorithm, let us

∗ Departamento de Matemáticas, Universidad de Cadiz, Campus de Puerto Real, 11510 Puerto Real, Cádiz, SPAIN. Email: pepe.ramirez@uca.es,
juanluis.romero@uca.es, concepción.muriel@uca.es
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d) If a2 = 0, k1 = 0, then we obtain the reduction v 0 =
v+c2
y+c1 for the Blasius equation. This reduction is also of
variable coefficients, although has simple solutions.

consider the following family of ODEs:
(4)

v 000 + vv 00 + k1 (1 − (v 0 )2 ) = 0,

e) If k1 = −1 then necessarily a000 = 1 and the corresponding reduced equation is

where k1 is a real constant. The equation (4) is known as
the Falkner-Skan equation and it describes the class of socalled similar laminar flows in boundary layer on a permeable
wall and at varying main-stream velocity [4, 13]. The class
of equations (4) contains, for k1 = 0, the Blasius equation
v 000 + vv 00 = 0 [1, 8].

1
y2
v0 = − v2 +
+ c1 y + c2 ,
2
2
where c1 , c2 are arbitrary. This equation does not have
constant coefficients, it is a Riccati equation whose solutions can be expressed in terms of the hypergeometric
function 1 F1 as

In order to apply the described method to the equation (4) we
first estimate the value of k to be used. The terms of greatest
degree in v 000 , vv 00 and (v 0 )2 have exponents 3k − 2, 2k and
2k, respectively. Then, for obtaining non-trivial reductions we
take k = 2; i.e. we search for a reduction of the form (2) with
k = 2:

H 0 (y)
,
H(y)
where c3 is an arbitrary constant and
v (y) = −y − c1 + 2

H=
(5)


+ 1 F1 ( 14 + 14 c2 − 18 c1 2 ; 12 ; ξ 2 ) ,
√
being ξ = (y + c1 )/ 2.

v 0 = a2 (y)v 2 + a1 (y)v + a0 (y).

By substituting the expression (5) for v 0 , and the corresponding
ones for v 00 and v 000 , in (4), we obtain a 4th-degree polynomial
in v whose coefficients must be null. The coefficients of
v 4 , · · · , v 0 are respectively:
a22 (6a2 + 2 − k1 ) = 0,
a1 a2 (3 − 2k1 + 12a2 ) + (1 + 6a2 )a02 = 0,
2a0 a2 (1 − k1 + 4a2 ) + a21 (1 − k1 + 7a2 )
+(1 + 4a2 )a01 + 5a1 a02 + a002 = 0,
3
a1 + (1 + 2a2 )a00 + 3a1 a01 + a0 (a1 (1 − 2k1 + 8a2 ) + 4a02 )
+a001 = 0,
k1 − a20 (k1 − 2a2 ) + a1 a00 + a0 (a21 + 2a01 ) + a000 = 0.
The first equation implies that a2 must be constant. By
imposing that a2 is constant in the coefficient of v 3 we get
a1 a2 (12a2 − 2k1 + 3) = 0. Therefore, if a2 6= 0, necessarily
a2 = k16−2 and a1 = 0. The remaining equations are a0 (k12 −
k1 −2) = 0, a00 (k1 +1) = 0, 3a000 −2(k1 +1)a20 +3k1 = 0.
This leads to several subcases to be considered:
a) If a0 = 0 then necessarily k1 = 0. The corresponding
reduced equation, for the Blasius equation, is v 0 =
− 31 v 2 , which has constant coefficients and could have
been obtained by using the tanh −method.
b) If k1 = 2 then a0 = ±1 and a2 = 0. The corresponding
reduced equation is trivial: v 0 = ±1, which also have
constant coefficients.
2v
c) If k1 = 12 , then the reduced equation is v 0 = y+2c
±
1
1. Although this equation has variable coefficients, its
solutions are rather simple.


6 c3 ξ 1 F1 ( 43 + 14 c2 − 18 c1 2 ; 32 ; ξ 2 )

In this case the given results can be obtained manually. For
more involved equations the use of symbolic software may
be very helpful. In the Appendix we provide a part of the
Mathematica code we could use to obtain the same results.

3

Reductions for a nonlinear heat equation

Let us consider the following family of nonlinear heat equations
ut − (u2 )xx − k1 u + k2 u2 = 0,

(6)

where k1 and k2 are constant. These equations have been
studied by H. Whilemsson [16] and Fan [6]. The travelling
wave solutions for (6) are obtained by considering solutions of
the form u = v(y) with y = x + k3 t, where k3 is a constant.
The functions v that provide travelling wave solutions must
satisfy the equation
− 2vv 00 − 2v 02 + k3 v 0 + k2 v 2 − k1 v = 0,

(7)

which is polynomial in v 0 and v 00 . Since (7) does not depend
explicitly on x, it can be reduced to a first-order ODE; however
we are not able to give solutions for that reduced equation. We
have used the method described in Section 2 to obtain different
first-order reductions for (7) depending on the values of the
constants in (7).
a) For k12 = k2 k32 we have found the reduction
(8)

v0 =

k3
−k1
v+ ,
2k3
2

which is a linear equation whose solutions can easily be
obtained.
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b) For 4k12 = k2 k32 a reduced equation for (7) is v 0 =
which is also a linear equation.

k1
k3 v,

c) By using the change of dependent variable v =
the equation (7) is transformed into another polynomial
equation (in w0 , w00 ). For k12 = k2 k32 we have found the
reduction
1
w

(9)

w0 = c1 exp(

k1
k3
k1
y)w3 − w2 +
w.
k3
2
2k3

This is an Abel equation of the first class. We do
not know explicit solutions for (9), except for c1 = 0
whose solutions are w(y) = k1 /(c2 exp(− k2k1 y3 ) + k32 ).
The corresponding solution for (7) is given by v(y) =
1/w(y).

4

Reductions for a coupled system of KdV
equations

Let us consider the following system of coupled KdV equations
(10)

We search for travelling wave solutions of the form U =
u(x + k1 t), V = v(x + k1 t). The resulting coupled system
of ODE is
k1 u0 − a(u000 + 6uu0 ) = 2bvv 0 ,
k1 v 0 + v 000 + 3uv 0 = 0.

The first equation in this system can be reduced to the equation
(12)

(15)

k1 u − a(3u2 + u00 ) − bv 2 + k2 = 0,

where k2 is an integration constant. If we isolate the variable
u from the second equation in (11) and substitute into (12) we
get the following 5th-order equation

v 0 = a2 (v 2 +

k12 (a + 1) − 3k2
).
b

The solutions for (14) can be expressed in terms of the elliptic
functions SN as
(16)

6A2 k1
2k1
−
− 1),
2
B
B

a2 = A SN(B(y + y0 ),

where the constants A and B must satisfy b = −6A2 B 2 a and
3aB 4 − 3(2a + 1)B 2 k1 + 2(a + 1)k12 − 6k2 = 0.
Another form for the solutions a2 (y) of (14) is implicitly given
by the q
equation
Ra
6ab
=
± 2 6abc1 ξ3 −6bk1 (2a+1)ξ2 −24a
4 (k 2 (a+1)−3k ) ξ−b2 dξ
2
1
y + c2 , where c1 , c2 are integration constants.
In any case, the corresponding solutions for (15) are

Ut − a(Uxxx + 6U Ux ) = 2bV Vx ,
Vt + Vxxx + 3U Vx = 0,

where a and b are constants. This system of equations (for a =
−1, b = 3) was first considered by R.Hirota and J. Satsuma to
investigate soliton solutions [11] and describe interactions of
two long waves with different dispersion relations.

(11)

a first-order reduction to (13) is given by

 Z
v = C tan C

y


a2 (ξ)dξ + c1 ,

q
(a+1)k12 −3k2
where C =
and c1 is the integration constant.
b
The corresponding solution for u can directly be obtained by
using the second equation in (11).
II) When the constants a, k1 and k2 are related by the equation
(a + 1)k12 − 3k2 = 0, then a reduction for (13) is given by
v 0 = a2 (y)v 2 ,

(17)

where a2 (y) is a solution of
(18)

2
− 4aa2 a002 + 6aa02
2 + 2(2a + 1)k1 a2 + b = 0.

The equation (18) admits solutions that can also be expressed
in terms of elliptic functions:
a2 = A SN2 (B(y + y0 ), D) + C,

(13)

(v 0 )2 (av 5) − k1 (2a + 1)v 3) )
−2av 0 ((v 3) )2 + v 00 v 4) ) + 2a(v 00 )2 v 3)
+(v 0 )3 (−3bv 2 + 3k2 + k12 (a + 1)) = 0,

which lacks the independent variable.
For the equation (13) we have found the first-order reductions
we now indicate
I) For any function a2 = a2 (y) which solves the equation
(14)

2
4
4aba2 a002 − b(b + 6aa02
2 ) + 8a((a + 1)k1 − 3k2 )a2
2
−2(2a + 1)bk1 a2 = 0,

A
where D = − C
−
by the equations

k1 (2a+1)
4aB 2

− 1 and the constants are related

b + 2C(Ck1 (a + 1) − 4aAB 2 ) = 0,
8aB 2 (A2 + 3AC + 3C 2 ) + 2k1 (2a + 1)C(2A + 3C) = 0.
The corresponding solutions for (17) are given by

v = −R y

1
,
a2 (ξ) dξ + c1

where c1 is an arbitrary constant.
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Reductions for the Calogero-Bogoyavlenskii- reduced equation is
Schiff equation
0000
(22)

The Calogero-Bogoyavlenskii-Schiff (CBS) equation was first
constructed by Bogoyavlenskii and Schiff in different ways:
Bogoyavlenskii used the modified Lax formalism, whereas
Schiff derived the same equation by reducing the self-dual
Yang-Mills equation. The CBS equation has been the main
topic of several studies [2, 3]. In a recent paper C.M. Moatimid
et al [10] have used the Steinberg symmetry method [14] to find
some exact solutions for the (2+1)-dimensional CBS equation
(19)

+ 4k2 w000 − (6yw0 + 2w)w00 − 8w02 = 0,

k2 yw

where y = c(Z)X.
This reduced equation does not appear in [10]. When k2 6= 0,
we have been able to find the following reduction for (22)
w0 =

The solutions for this equation can be written as

uxt + uzxxx + 4ux uxz + 2uxx uz = 0.
w=

In the Table 2 of [10] the authors have obtained six reductions
to partial differential equations with two independent variables.
These equations admit further symmetries that lead to reductions to 4th-order polynomial ordinary differential equations.
For some of these last equations the authors of [10] have used
the generalized tanh-function method. In this section we use
the method described in Section 2 to obtain new solutions for
the reduced equations, which cannot be obtained by using the
generalized tanh-function method. In what follows we list the
non-trivial first-order reductions we have found. For any of
these reduction we have been able to obtain explicit solutions
which do not appear in [10]. The corresponding solutions for
the original CBS equation can easily be obtained by using the
corresponding similarity variables.

where B =

k22 [k2 vXXXZ − 4vX vXZ − 2vZ vXX ] − k1 vXZ = 0,

√

k2
2
(−1 − c1 + B(−1 +
)),
y
c2 y B + 1

1 + 4c1 .

The equation (22) does also admit the reduction w0 =
5k2
27y 2 ,

which leads to solutions of the form w =

5k2
36y

w
3y
1
3

+ c1 y .

−

II) The second equation in the Table 2 of [10] is
(23)
vXXXZ + (6vZ − X)vXX + (12vX − Z)vXZ − 2vX = 0,
where the variables X, Z and v have the same meaning as
before.
In the Table 3 of [10] appears the following reduction for (23):

I) We write the first equation in Table 2 of [10] in the form
(20)

1
((yw + k2 c1 )2 − 2c1 k22 ).
2k2 y 2

(24)

1
2
v 0000 − yv 00 + 6v 0 v 00 − v 0 = 0.
3
3

where X, Z, v, k1 and k2 respectively correspond to the variables/constants ξ, η, f, c5 and c2 which are used in the mentioned table.

The equation (24) admits the reduction

By using the change of variable v(X, Z) = w(X + c(Z)), it
can be obtained the reduction

The general solution for this equation can be expressed in terms
of the Airy functions Ai and Bi:
r
0
0
1
3 4 c2 Bi (ξ) + Ai (ξ)
2
v=
(y + 12c1 ) −
,
12
3 c2 Bi(ξ) + Ai(ξ)

k23 w0000 − (6k22 w0 + k1 )w00 = 0,

(21)

which is the first reduced equation that appears in the Table 3
of [10]. By using the method described in Section 2, we have
been able to find the following reduction for (21):
w0 =

4c1 k23 − k1
1
(w + k2 (c1 y + c2 ))2 +
,
2k2
2k22

whose solutions can be written as
A
A
w=
tan( 2 (y + c3 )) − k2 (c1 y + c2 ),
k2
2k2
p
where A = k2 (6c1 k23 − k1 ).

The equation (20) admits the symmetry Y = X∂X +
k1
c(Z)∂Z − (v + 2k
2 X)∂v which leads to the change of vari2

ables v(X, Z) = c(Z)w(c(Z)X) −

k1
X;
4k22

the corresponding

1
1
1
v 0 = − (v − y 2 − c1 )2 − y.
2
12
6

y
where ξ = − √
3 .
6

The equation (23) admits the symmetry Y = −X∂X +2Z∂
√ Z+
1
v∂v , which leads to the change of variable v = X
(w(X Z) +
2c1 ) and gives the reduced equation
(25)

y 3 w0000 − y(y 2 − 6yw0 + 4w + 8c1 )w00
−4w0 (yw0 − w − 2c1 ) = 0.

This reduced equation does not appears in the Table 3 of [10].
The method described in Section 2 provides the first-order
reduction
2

(26)

+c2
1
w0 = − 2y
w2 + y 4y
w
1
2
+ 32y (−(y + 4c2 )2 + 128c1 − 48 + 64c2 ).
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The solutions for (26) can be expressed as B =
c3 Y (S, 1/2 y) + J (S, 1/2 y) where J and Y are the Bessel
functions
of the first and second class (respectively) and S =
√
1
4c
+
8c1 − 3; in fact the solutions for (26) are w = 14 y 2 +
2
2
B0
c2 + 2y B .
A second first-order reduction for the equation (25) is the
equation
w0 = −

1 2 c2
1
w + w + (y 2 + 8c1 − c22 + 4c2 − 3).
2y
y
2y

The solutions for this last equation can be expressed in terms
0
of the Bessel functions I and K: w = c2 + √
2y BB , where B =
c3 K (S, 1/2 y) + I (S, 1/2 y), being S = 12 4c2 + 8c1 − 3.
The equation (25) does also admits the (trivial) first-order
linear reductions w0 = wy + y4 + 2cy1 , w0 = wy + 2cy1 and
w0 = y2 , whose solutions can easily be obtained.
III) The third reduced PDE in the Table 2 of [10], can be
written as
(27)
X 4 Z 2 vXXXZ + 6X 3 Z 2 vXXZ
+(−4X 2 Z 2 vX + 6X 2 Z 2 + 2k1 Z)vXZ
−X((2XZ 2 vZ + k1 )vXX + 4Z 2 vX vZ ) = 0,
where the variables X, Z and v have the same meaning as
before and the constant k1 corresponds to the constant c3 in
[10].
By means of the change of variable v = Xw(y) + 2k2 , the
equation (27) is reduced to the equation

y 3 w0000 + 12y 2 w000 − (6y 2 w0 + 4y(w − 9))w00
−16yw02 + (−12w + 24)w0 = 0,
√
where y = X Z, which appears in the table 3 of [10]. For
this equation we have found the reduction
(28)

v0 =

1
((v + c1 )2 + 4c1 + 3),
2y

whose solutions are
v = A tan
where A =

√




A
(log(y) + c2 ) − c1 ,
2

4c1 + 3 and c2 is an arbitrary constant.

4
Another reduction for (28) is the linear equation v 0 = − 3y
v−
5
27y ,

4

5
whose general solution is v = c1 y − 3 − 36
, where c1 is an
arbitrary constant.

It must be said that the equation (28) admits the Lie symmetry
Z = y∂y and can be integrated to the equation
(29)

y 5 w000 + 7y 4 w00 − 3y 4 w02 − 4y 3 (w − 2)w0 + k2 = 0,

where k2 is an integration constant. When k2 = 0 the corre1
sponding equation (29) admits the reduction, w0 = 2y
w2 −
15
− 32y
, whose solutions are of the form w =
being c1 an arbitrary constant.
7
4y w

c1 y 2 +15
4(1−c1 y 2 ) ,

IV) We now consider the fourth PDE in the Table 2 of [10]. In
terms of the variables X, Z and v we have considered before,
that equation is:
(30)
vXXXZ + (2vZ − X)vXX + (Z + 4vX )vXZ − 2vX = 0.
By means of the change of variables v =
equation (30) is reduced to

1
X w(X

√

Z) the

y 3 w0000 −y(y 2 −6yw0 +4w)w00 −4yw02 +4ww0 = 0,
√
where y = X Z, which appears in the Table 3 of [10].

(31)

For this equation we have found five reductions. The first one
1
is w0 = 2y
(−(w − c1 )2 + y 2 + 4c1 − 3), whose solutions can
be expressed
in terms of the Bessel functions I, K: if we set
√
S = 12 4c1 − 3 then the solution for the reduced equation can
be written as
B0
w = c1 + 2y ,
B
where B = c2 K (S, 1/2 y) + I (S, 1/2 y).
The second reduction for (31) we have found is
w0 = −

y
c1
(y 2 + c1 )2 − 16c1 + 48
1 2
w + ( + )v −
.
2y
4 4y
32y

The solutions of this equation can be expressed in terms of the
Bessel functions Y, J as
y 2 + c1
B0
+ 2y ,
4
B
√
where B = c2 Y (S, 1/2 y) + J (S, 1/2 y), S = 21 c1 − 3.
w=

The equation (31) does also admit the trivial reductions
w0 = wy + y4 , w0 =
easily obtained.

w
y

and w0 =

y
2,

whose solutions can be

V) The fifth equation in the Table 2 of [10] can be written in
terms of the variables X, Z and v as
vXXXZ +(2vZ −k1 X)vXX +(2k1 Z+4VX )vXZ −2k1 vX = 0,

where k1 satisfies c3 √
= k1 c2 . By means of the change of
1
w(X Z), it can be obtained the reduced
variable v = X
equation
y 3 w0000 + (6y 2 w0 − 4yw)w00 − 4yw02 + 4ww0 = 0,
√
where y = X Z, which appears in the Table 3 of [10]. For
the equation (32) we have found, with the method of Section 2,
the first-order reduction
1
w0 =
(−(w − c1 )2 + 4c1 − 3),
2y

(32)
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A

(if
whose solutions can be written as either w = c1 + A cc22 yyA −1
+1
1
c1 > 3/4) or√w = c1 + B tan(−√
2 B log(y) + c2 ) (if c1 ≤ 3/4),
where A = 4c1 − 3 and B = 3 − 4c1 .
Another first-order reduction for (32) is w0 =
4
3

solutions are w = c2 y −

5
36 ,

4w
5
3 y + 27y ,

The equation (32) admits the symmetry X = y∂y and can be
integrated to the equation
y 2 w000 − yw00 + 3yw02 − 4ww0 + k2 y = 0,

where k2 is an integration constant. When k2 = 0, the last
1
(−16w2 + 56w + 15),
equation admits the reduction w0 = 32y
15c1 y 2 +1
4(c1 y 2 −1)

where c1 is

VI) The sixth equation in the Table 2 of [10] can be written in
terms of the variables X, Z and v we have used before as
(33)

vXXXZ + 4vX vXZ + 2vZ vXX = 0.

By using the change of variable v = w(X + Z) we get the
reduced equation
w0000 + 6w0 w00 = 0,

(34)

which appears in the Table 3 of [10]. For the equation (34)
we have found the reduction w0 = − 21 (w − (c1 y + c2 ))2 −
2c
solutions can be written as w = c1 y + c2 +
√ 1 , whose1 √
6c1 tan( 2 6c1 (y + c3 )).
By using the symmetry X∂X + d(Z)∂Z − v∂v , we obtain the
change of variable v = c(Z)w(c(Z)X) and the PDE (33) is
reduced to
(35)

yw0000 + 4w000 + (6yw0 + 2w)w00 + 8w02 = 0.

This ODE does not appear in [10]. For the equation (35) we
have found the reduction w0 = − 21 (w − cy1 )2 + yc12 , whose
solutions are



1
2c2
w=
1 + c1 + A 1 −
,
y
c2 + y A
√
where A = 1 + 4c1 and c2 is an arbitrary constant.
Two additional reductions for the equation (35) are w =
1w
5
w
0
3 y + 27y 2 and w = − y , whose solutions can easily be
obtained.
0

6
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whose

where c2 is an arbitrary constant.

whose solutions can be written as w =
an arbitrary constant.
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Conclusions

It is presented a method to obtain first-order reductions of
ordinary differential equations which are polynomial in the
variables v 0 , v 00 , etc. This method generalizes several methods
that have recently appeared in the literature. It has been applied
to obtain new solutions for: the Falkner-Skan equation, a family of non linear heat equations, a coupled system of Korteweg
de Vries equations and the Calogero-Bogoyavlenskii-Schiff
equation.

Appendix
We have included below a Mathematica code to obtain firstorder reductions for the Falkner-Skan equation. The equation
is set in the form ec = 0.
(* Falkner-Skan equation*)
ec = v’’’[y] + v[y]*v’’[y]+k1*(1-v’[y]^2);
(* leader term *)
ec //. D[v[y], {y, nn_}] -> If[nn > 0,
D[ak[y]*v[y]^k, {y, nn -1}],
D[v[y], {y, nn}]];
Exponent[%,v[y]]
(* search reduction *)
pru = a2[y]* v[y]^2 + a1[y]*v[y] + a0[y];
tem = ec//.D[v[y], {y, nn_}] ->If[nn > 0,
D[pru, {y, nn -1}], D[v[y], {y, nn}]];
(* equations to solve *)
CoefficientList[tem, v[y]]//
FullSimplify
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Asymptotic analysis of a viscous flow
in a curved pipe with elastic walls
G. Castiñeira∗ and J. M. Rodríguez†

Abstract— This communication is devoted to the presentation of our recent results regarding the asymptotic analysis of a viscous
flow in a tube with elastic walls. This study can be applied, for example, to the blood flow in an artery. With this aim, we
consider the dynamic problem of the incompressible flow of a viscous fluid through a curved pipe with a smooth central curve.
Our analysis leads to the obtention of an one dimensional model via singular perturbation of the Navier-Stokes system as ε, a non
dimensional parameter related to the radius of cross-section of the tube, tends to zero. We allow the radius depend on tangential
direction and time, so a coupling with an elastic or viscoelastic law on the wall of the pipe is possible.
To perform the asymptotic analysis, we do a change of variable to a reference domain where we assume the existence of
asymptotic expansions on ε for both velocity and pressure which, upon substitution on Navier-Stokes equations, leads to the
characterization of various terms of the expansion. This allows us to obtain an approximation of the solution of the NavierStokes equations.
Keywords: blood flow, asymptotic analysis, Navier-Stokes equations.

1

particular diseases.

Introduction

Last decades, applied mathematics have been involved in some
new fields where they had not been applied before. One
of these fields is biomedicine, from which new methods to
improve the diagnosis and treatment of different diseases are
demanded. In particular, in the case of cardiovascular problems, modeling the blood flow in veins and arteries is a difficult
problem.
A large number of articles have studied the flow of a viscous
fluid through a pipe. For example, in [3, 6, 10] the flow
behavior inside the pipe is related with the curvature and
torsion of its middle line. In [3] the main term of the asymptotic
expansion of the solution is compared with a Poiseuille flow
inside a pipe with rigid walls. In [7], the same problem but with
visco-elastic walls is considered, leading to a fluid-structure
problem. In [4] the secondary flow is studied, the boundary
layer in [9], both depending on values of Dean number. There
are also articles where the flow in blood vessels is modeled.
An one dimensional model is presented in [2], where clinical
procedures where this model can be useful are highlighted.
Another model for blood flow in arteries is developed in [8],
relating blood pulse and flow patterns, and remarking how
this kind of models can help with the design of treatments for

In this article, we shall follow the spirits of [5], where asymptotic analysis is used to find a model for a steady flow through
a curved pipe with rigid walls. We shall consider, instead,
an unsteady flow and elastic walls. The structure of this
article is the following: in section 2 we shall describe the
problem in a reference domain, in section 3 we shall suppose
the existence of an asymptotic expansion of the solution and
we shall identify the first terms of this expansion, in section 4
we shall show some examples of the tangential and transversal
velocity, and finally, we shall present some conclusions in
section 5.

2

Setting the problem in a reference domain

Let us suppose that central curve of the pipe is parametrized
by c(s), where s ∈ [0, L] is the arc-length parameter, and the
interior points of the pipe are given by
(x, y, z) = c(s) + ε r R(t, s) [(cos θ)N(s) + (sin θ)B(s)] ,
where r ∈ [0, 1], θ ∈ [0, 2π], {T = c0 , N, B} is the FrenetSerret frame of c, and εR(t, s) is the radius of the cross-section
of the pipe at point c(s) and time t. The non dimensional

∗ Departamento de Matemática Aplicada, Facultad de Matemáticas, Univ. de Santiago de Compostela, 15782 Santiago de Compostela (SPAIN). Email:
gonzalo.castineira@usc.es
† Departamento de Métodos Matemáticos y de Representación, E.T.S. Arquitectura, Universidade da Coruña, 15071 A Coruña (SPAIN). Email:
jose.rodriguez.seijo@udc.es
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parameter ε represents the different scale of magnitude between the pipe diameter and its length, so we shall assume that
ε << 1.
Let us introduce the following notation, s1 := s, s2 := θ, s3 :=
r for the variables, and {v1 := T, v2 := N, v3 := B}, for the
Frenet-Serret frame of c. This new notation will allow us to
use Einstein summation convention in what follows.
Let be the subsets of R3 defined by Ωε = [0, L]×[0, 2π]×[0, ε]
and Ω = [0, L] × [0, 2π] × [0, 1]. We define the maps φε1 : Ω →
Ωε , φε2 : Ωε → Ω̂εt , given by the expressions,
φε1 (s1 , s2 , s3 ) = (s1 , s2 , εs3 ) =: (sε1 , sε2 , sε3 ),
(1)

φε2 (sε1 , sε2 , sε3 ) = c(sε1 ) + sε3 R(t, sε1 )[(cos sε2 )v2 (sε1 )
+(sin sε2 )v3 (sε1 )].

We can then introduce the change of variable from the reference domain Ω,
φε = (φε2 ◦ φε1 ) : Ω → Ω̂εt ,
(2)

where nε is the outward unitary normal at sε3 = ε.
Our next step is to write the equations of the problem in
the reference domain Ω. Taking into account the change of
variable (2), we can associate to each vector field wε in Ω̂εt , a
new vector field w(ε) defined in Ω, as follows
wiε = wε · ei = (wkε ek ) · ei = (wk (ε)vk ) · ei =: wk (ε)vki ,
where {e1 , e2 , e3 } is an orthornormal basis, we are using the
Einstein summation convention (where latin indices indicate
sum from 1 to 3), and we denote vki := vk · ei .
With these considerations, the incompressible Navier-Stokes
equations in the reference domain can be written
!
∂(uk (ε)vki ) ∂sq
(8) Dt (uk (ε)vki ) +
(um (ε)vmj )
∂sq
∂xεj
!
∂
1 ∂p(ε) ∂sq
∂(uk (ε)vki ) ∂sq ∂sm
−ν
=−
∂sm
∂sq
∂xεj ∂xεj
ρ0 ∂sq ∂xεi
+b0k (ε)vki ,
(9)

φε (s1 , s2 , s3 ) = c(s1 ) + εs3 R(t, s1 )[(cos s2 )v2 (s1 )
+(sin s2 )v3 (s1 )] =: (xε1 , xε2 , xε3 ).

where we have used the operator defined by
Dt :=

Let us consider the incompressible Navier-Stokes equations in
the domain Ω̂εt given by,
(3)
(4)

1
∂uε
+ (∇uε )uε = div Tε + bε0 ,
∂t
ρ0
div uε = 0,

where uε stands for the velocity field, bε0 is the density of body
forces and Tε is the stress tensor given by
Tε = −pε I + 2µΣε ,
where pε is the pressure field, µ the dinamic viscosity and
Σε = 12 ∇uε + (∇uε )T . Let ν = µ/ρ0 be the kinematic
viscosity, so we can write these equations,
(5)
(6)

∂uε
1
+ (∇uε )uε + ∇pε − ν∆uε = bε0 ,
∂t
ρ0
div uε = 0.

We shall consider continuity between the fluid and the wall
of the pipe displacements. Let us suppose that only radial
displacements of the wall are allowed. Then the boundary
condition at the interface of the fluid and the wall of the pipe
can be expressed as


∂R
ε
(7)
u = ε
nε at sε3 = ε,
∂t

∂
∂sq
(uk (ε)vkj ) ε = 0,
∂sq
∂xj

s3 ∂R ∂
∂
−
.
∂t
R ∂t ∂s3

Finally, from the boundary condition (7) at sε3 = ε, we obtain

u1 (ε) = 0
at s3 = 1,






∂R
u2 (ε) = ε
cos s2 at s3 = 1,
(10)
∂t




∂R


u3 (ε) = ε
sin s2 at s3 = 1.
∂t

3

Asymptotic expansion of the solution

Following [5], we assume that there exists a formal expansion
on powers of ε for the components of velocity and pressure
fields of the form,
(11)
(12)

uk (ε) = u0k + εu1k + ε2 u2k + ...
1
1
p(ε) = 2 p0 + p1 + p2 + ...
ε
ε

If we substitute (11) and (12) into (8)-(9), and group the terms
multiplying the same powers of ε, we are able to identify the
first terms of expansion (11)-(12). Identifying these terms is a
very hard and long work, and we refer the interested reader to
our future work [1], currently under development.
We shall identify here u0 , u1 , u2 , p0 , p1 and p2 .
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The term of order zero of velocity, u0 , verifies
(13)
(14)

R2 ∂p0 2
=
(s − 1),
4ρ0 ν ∂s1 3
u02 = u03 = 0,

u01

while zero order term of pressure, p0 , is the solution of the
problem,


∂
∂p0
∂R
(15)
R4
= 16νρ0 R
,
∂s1
∂s1
∂t
plus suitable boundary conditions.
The components of the next order term of velocity, u1 , are
 3

3R κs3 cos s2 ∂p0
R2 ∂p1
1
(16) u1 =
(s23 − 1),
+
16νρ0
∂s1
4νρ0 ∂s1


0
2 0
s3 R
∂
1
2 ∂p
2 2∂ p
(17) u2 =
2
(R
) − R s3 2 cos s2 ,
16ρ0 ν ∂s1
∂s1
∂s1


0
2 0
s3 R
∂
1
2 ∂p
2 2∂ p
(18) u3 =
2
(R
) − R s3 2 sin s2 ,
16ρ0 ν ∂s1
∂s1
∂s1
where κ = κ(s1 ) is the curvature of the middle line of the pipe
at c(s1 ), and first order term of pressure, p1 , is the solution of
the problem,


∂
∂p1
(19)
R4
= 0,
∂s1
∂s1
where we also have to consider the appropriate boundary
conditions.
The first component of the second order term of velocity, u2 ,
is

R2
R 2 ∂ 2 p0
R4 ∂p0 ∂ 2 p0
2
u1 =
−
16 4ρ0 ν 2 ∂t∂s1
16ρ20 ν 3 ∂s1 ∂s21

3 0
2 2
2
R ∂ p
11κ R ∂p0
−
+
(s43 − 1)
2ρ0 ν ∂s31
8ρ0 ν ∂s1



0
R2
1 ∂
2 ∂p
+
−
R
4
4ρ0 ν 2 ∂t
∂s1


2
0
0
R
∂p ∂
2 ∂p
+
R
16ρ20 ν 3 ∂s1 ∂s1
∂s1


2
0
1 ∂
∂p
(20)
+
R2
4ρ0 ν ∂s21
∂s1

2 2
0
7κ R ∂p
1 ∂p20
b01
−
+
−
(s23 − 1)
16ρ0 ν ∂s1
ρ0 ν ∂s1
ν
∂p0 ∂ 2 p0 6
R6
+
(s − 1)
2
3
1152ρ0 ν ∂s1 ∂s21 3
3κR3 ∂p1 3
+
(s − s3 ) cos s2
16ρ0 ν ∂s1 3
5κR4 ∂p0 4
+
(s − s23 ) cos(2s2 ),
64ρ0 ν ∂s1 3

and the second order term of pressure, p2 , is
(21)

p2 = −

R2 ∂ 2 p0 2
s + p20 (t, s1 ),
4 ∂s21 3

where p20 (t, s1 ) is the solution, with the adequate boundary
conditions, of the problem
(22)



∂
∂p2
∂
3R8 ∂p0 ∂ 2 p0
R4 0 =
−
∂s1
∂s1
∂s1
64ρ0 ν 2 ∂s1 ∂s21
κ2 R6 ∂p0
R 6 ∂ 3 p0
R5 ∂R ∂p0
−
−
+
3
12 ∂s1
48 ∂s1
2ν ∂t ∂s1
 0 2

2 0
4
7
R
∂R
∂p
R ∂R ∂p
−
−
8ρ0 ν 2 ∂s1 ∂s1
2
∂s1
∂s1
5 2
0
2 0
R ∂ R ∂p
∂R ∂ p
−
− R5
2 ∂s21 ∂s1
∂s1 ∂s21

R6 ∂ 2 p0
+
+ R4 ρ0 b01 .
6ν ∂t∂s1
In order to find the expressions of u22 and u23 , let us introduce
the local cartesian coordinates at cross section of the pipe at
s1 , z = (z2 , z3 ) = (s3 cos s2 , s3 sin s2 ) (and then, (s3 , s2 ) are
the local polar coordinates at the same cross section). Then
U2 = (u22 , u23 ) solves the following problem

R

∆ U2 =
∇z p3 + F in ω,


 z
ρ0 ν
(23)
div U2 = g
in ω,



 2
U =0
in ∂ω,

where ω = {(z2 , z3 )/z22 + z32 ≤ 1}. The scalar field g and the
vectorial field F depend explicitly on u0 , u1 and the curvature
and torsion of the middle line of the pipe (see [1] for the exact
definition).
2
Problem (23)
R has an unique solution U if a compatibility
condition ( ω g = 0) is fulfilled (see [11]). This condition and
equation (19) imply (see [1])

(24)

∂p1
= 0.
∂s1

As we have said just above, explicit expressions of g and F
are given in [1], and they are polynomial on s3 , so U2 can be
explicitly computed and is also polynomial on s3 .
To finish, we need to close the equations with a law on the
wall of the pipe. There are different possibilities (for example,
elastic or viscoelastic laws). In the simplest case (see [2]), we
can consider an algebraic elastic law:
(25)

p0 − pe =

Eh0
(R − R0 )
R02

where E is the Young modulus of the wall, h0 its thickness,
R0 the radius of the cross-section at rest, and pe is the external
pressure.
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Some examples

In this section we shall present some examples in order to
illustrate the behavior of the approximated solution obtained
in the previous section.

Figure 4 different cases depending on the value of
∂ 2 p0
∂s21

(dp2) and

∂r
∂s1

∂p0
∂s1

(dp1),

(dr).

We start plotting the main tangential velocity u01 and its corrections u11 and u21 . We observe in Figure (1) that u01 is a Poiseuille
flow (other works as [3, 7] have also shown this behavior). In
Figure 2 we can see that u11 is a correction of u01 that takes
into account the curvature of the middle line (the fluid is faster
in the side of the cross section of the pipe pointing to N).
The correction of order two u21 , has a complex dependence on
various terms (20), but we get also a Poiseuille flow (Figure 3).

Figure 1: Plot of u01 field.

Figure 2: Plot of u11 field.

Figure 3: Plot of u21 field.

We have seen at (14) that, at order zero, the transversal velocity
is zero, so the tangential velocity is dominant. The first order
correction, U1 = (u12 , u13 ), is related with the expansion and
contraction of the pipe wall in radial direction. We can see in

Figure 4: Plot of (u12 , u13 ) field.

The second order correction of transversal velocity, U2 =
(u22 , u23 ), is related with the recirculation of the fluid in the
cross section of the pipe, as we can see in Figure 5, where
we show different cases depending on the curvature (k), its
derivative (dk) and the torsion (tau) of the middle line of the
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that our model reduces to the obtained in [5], when steady
case and rigid walls are considered. Plots presented here (see
figures 1-5) compare very well with real patterns of blood flow
and agree with the data available in the literature. A simple
algebraic elastic law for the pipe wall has been considered in
(25), but other more general laws can be used.

pipe.

6
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[5] E. Marušić-Paloka, The Effects of Flexion and Torsion on
a fluid Flow Through a Curved Pipe, Appl. Math. Optim.,
Vol. 44, pp. 245–272, (2001).
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Classification of supersolutions and Liouville theorems
for elliptic equations with gradient terms
M. Á. Burgos-Pérez∗, J. García-Melián∗ and A. Quaas†

Abstract— In this talk we consider positive supersolutions of the elliptic equation −∆u = f (u)|∇u|q , posed in exterior domains
of RN (N ≥ 2), where f is continuous in [0, +∞) and positive in (0, +∞) and q > 0. We classify supersolutions u into four
types depending on the function m(R) = inf |x|=R u(x) for large R, and give necessary and sufficient conditions in order to
have supersolutions of each of these types. As a consequence, we also obtain Liouville theorems for supersolutions depending
on the values of N , q and on some integrability properties on f at zero. We also describe these questions when the equation is
posed in the whole RN .
Keywords: Elliptic equations, Liouville theorems, gradient terms.

1

Introduction

The purpose of this talk is to present some interesting results
about the existence and nonexistence of supersolutions of the
elliptic problem
(1)

− ∆u = f (u)|∇u|q

(3)

in RN \ BR0 ,

where N ≥ 2, q > 0 and BR0 stands for the ball with radius R0
centered at zero. The nonlinearify f is a continuous function
defined in [0, +∞) and positive in (0, +∞). In particular, we
are interested in obtaining Liouville type theorems for (1).
Nonlinear Liouville theorems go back to the pioneering reference [10], where the model problem
(2)

− ∆u = f (u) in RN

with f (t) = tp , p > 1 was considered. Later, some other
works have dealt with the same problem, either considering
alternative proofs to that in [10] (see [7]) or obtaining similar
results for more general nonlinearities (cf. [11]) and operators
(see [12] for the context of the p-Laplacian).
On the other hand, the obtention of Liouville theorems has
also been extended to deal with supersolutions of (2) instead
of solutions, or with the same problem when posed in exterior
domains of RN , rather than in the whole RN (cf. [9], [6], [3]).
Numerous works have dealt with the question of nonexistence
of supersolutions with some more general nonlinearities and
operators.
∗ Departamento
† Departamento

A natural question related to (2) is to know how the nonexistence results are modified when the equation is perturbed in
some way, for instance with the introduction of a gradient term.
Of course, this can be done in multiple ways, but a problem that
has been somewhat studied is
− ∆u + |∇u|q = f (u) in RN ,

where q > 0. This problem has been considered in the works
[1], [2] and [4], where the case q ≥ 1 was analyzed, obtaining
nonexistence results for general positive supersolutions.
Our intention is to analyze (2) when it is perturbed with a
gradient term in a different way. Thus we will restrict to the
study of problem (1) in the rest of the talk. We will perform a
complete analysis of the positive supersolutions of (1), inspired
by the results in [3]. Let us mention that this precise problem
has been studied in [5] for some more general operators when
0 < q < 1, but only the case f (t) = tp is dealt with there.
Also, in [8], the more general problem
−div(h(x)g(u)A(|∇u|)∇u) ≥ f (x, u, ∇u) in RN

was analyzed, but the nonlinearity f (x, u, ∇u) is essentially
like up |∇u|q , so that again only the power case is known.
We will always be dealing with continuous weak supersolu1
tions, that is, functions u ∈ Hloc
(RN \ BR0 ) ∩ C(RN \ BR0 )
verifying
Z
Z
∇u∇φ ≥
f (u)|∇u|q φ
RN \BR0

RN \BR0

for every nonnegative φ ∈ C0∞ (RN \ BR0 ).
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Our analysis of positive supersolutions u of problem (1) is
based upon the fact that the function
m(R) = inf u(x),
|x|=R

which is continuous and positive for R > R0 , is monotone for
large R. This allows to classify all possible supersolutions into
four types:
Type 1: m(R) is decreasing and limR→+∞ m(R) = 0;
Type 2: m(R) is increasing and limR→+∞ m(R) = `
for some ` > 0;
Type 3: m(R) is decreasing and limR→+∞ m(R) = `
for some ` > 0;
Type 4: m(R) is increasing and limR→+∞ m(R) =
+∞.
Also, it is important to observe that the singular nature of the
problem allows the existence of supersolutions which are not
constant, but are eventually constant in the sense that they are
constant for |x| > R1 for some R1 > R0 , at least when
0 < q < 1. Thus these supersolutions are also excluded
from our classification. Let us mention in passing that this
phenomenon does not seem to be possible for q ≥ 1.
It is interesting to note that the presence of supersolutions of
types 2 and 3 is in contrast with problems (2) and (3), where
only supersolutions of types 1 and 4 are possible. This is
related to the fact that all constants are indeed solutions of (1).
The existence of each type of supersolution depends first of
all on the dimension N . The cases N ≥ 3 and N = 2
are different, as can be seen for instance from the fact that
supersolutions of type 4 are never possible when N ≥ 3, while
for N = 2, the only types which can arise are 2 and 4.
In the first place, we consider the case of higher dimensions
N ≥ 3. Since f is assumed to be positive in (0, +∞), the
existence of supersolutions of types 2 and 3 does not really
depend on f , and it is only related to the relative values of q
and N . However, when considering supersolutions of type 1,
the relevant condition is
(4)

Z

δ

0

f (t)
dt < +∞,
tθ

for some δ > 0, where
(5)

θ=

(2 − q)(N − 1)
.
N −2

2

Results

Our results for problem (1) in the case N ≥ 3 can be
summarized as follows.
T HEOREM 1 Assume N ≥ 3 and f ∈ C([0, +∞)) is positive
in (0, +∞). Then:
(a) If q > NN−1 , there exist positive supersolutions of (1) of
types 1, 2 and 3.
(b) When NN−1 ≥ q ≥ 1, no supersolutions of (1) of type 3
exist, while there always exist supersolutions of type 2.
Supersolutions of type 1 exist if and only if (4) holds.
(c) For 0 < q < 1, there never exist supersolutions of (1) of
types 2 and 3, while supersolutions of type 1 exist if and
only if (4) holds.
Moreover, positive supersolutions of type 4 never exist in this
case.
As a consequence of the statements above, we have the following Liouville theorem for (1):
C OROLLARY 2 (L IOUVILLE THEOREM ) Assume N ≥ 3
and f ∈ C([0, +∞)) is positive in (0, +∞). If q < 1 and
(4) does not hold, then every positive supersolution of problem
(1) is eventually constant.
As for the case N = 2, our results are:
T HEOREM 3 Assume N = 2 and f ∈ C([0, +∞)) is positive
in (0, +∞). Then:
(a) If q ≥ 2, there exist positive supersolutions of (1) of
types 2 and 4.
(b) When 2 > q ≥ 1, there always exist supersolutions of
type 2. Supersolutions of type 4 exist if and only if there
exist a, M > 0 such that
Z ∞
(6)
eat f (t) dt < +∞.
M

(c) For 0 < q < 1, there never exist supersolutions of (1) of
type 2, while supersolutions of type 4 exist if and only if
(6) holds.
Moreover, positive supersolutions of types 1 and 3 never exist
in this case.
C OROLLARY 4 (A NOTHER L IOUVILLE THEOREM )
Assume N = 2 and let f ∈ C([0, +∞)) is positive in
(0, +∞). If q < 1 and (6) does not hold, then every positive
supersolution of problem (1) is eventually constant.
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Of particular interest in (1) is the special case where f is a
power, f (t) = tp , p ∈ R, that is,
(7)

− ∆u = up |∇u|q

in RN \ BR0 .

The above theorems directly apply to this case to obtain for
−1)
,
instance: when N ≥ 3, if 0 < q < 1 and p ≤ N −q(N
N −2
then every positive supersolution of (7) is eventually constant;
for N = 2, the nonexistence of not eventually constant positive
supersolutions holds if 0 < q < 2. Both results are sharp, and
coincide with those in [8] when the equation is considered in
RN (for N ≥ 3).
Observe that all the nonexistence results stated above apply
equally to the equation in (1) when it is posed in the whole
RN , namely
(8)

− ∆u = f (u)|∇u|q

in RN ,

where N ≥ 3 (it is well known that the only positive,
superharmonic functions in R2 are constants, so that the case
N = 2 is uninteresting). However, it is to be stressed that
the maximum principle implies m(R) = inf |x|≤R u(x) for all
positive supersolutions, so that the function m(R) is always
strictly decreasing, unless u is constant. Therefore, only
supersolutions of types 1 and 3 are possible, and it also follows
that eventually constant supersolutions which are not constant
do not exist. On the other hand, if u is a positive supersolution
of (1) of one of these types, then it is easily checked that the
1
function ũ = min{u, m(R1 )} is a weak Hloc
supersolution of
(8) when R1 is large enough. Therefore,
C OROLLARY 5 Assume N ≥ 3 and f ∈ C([0, +∞)) is
positive in (0, +∞). Then:
(a) If q > NN−1 , there exist positive supersolutions of (8) of
type 3, while supersolutions of type 1 exist if and only if
(4) holds.
(b) When 0 < q ≤ NN−1 , no supersolutions of (8) of type 3
exist, while supersolutions of type 1 exist if and only if
(4) holds.
C OROLLARY 6 (L IOUVILLE T HEOREM IN RN ) Assume
that N ≥ 3 and f ∈ C([0, +∞)) is positive in (0, +∞). If
0 < q ≤ NN−1 and (4) does not hold, then the only positive
supersolutions of problem (8) are constants.
Finally, let us say a word about our methods of proof. As
far as the nonexistence goes, the idea in higher dimensions
(N ≥ 3) is essentially the same as in [3]. It is possible to
show that if there exists a positive supersolution u of types 1,
2 or 3, then there exists a positive, radially symmetric solution
v which is of the same type as u. Thus the problem is reduced
to a radial one, and a further change of variables transforms it
into a one-dimensional, singular, sort-of initial value problem.
The analysis of the latter is then performed along similar lines

as in [3]. As for the case N = 2, the previous reduction is not
possible. Therefore, we only perform it in annulus whose outer
radius goes to infinity, which involves some more estimates for
the obtained radially symmetric solutions.
With regard to the existence results, they are obtained either by explicit construction in some cases, or by employing
Schauder’s fixed point theorem for an integral operator in a
suitable space of functions.
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Elliptic equations involving the 1–Laplacian
and a total variation term with LN,∞–data
M. Latorre∗ and S. Segura de León∗

Abstract— Our aim is to study the Dirichlet problem for a nonlinear singular elliptic equation involving the 1–Laplacian and a
total variation term in an open and bounded set Ω ⊂ RN .
We have two goals. On the one hand, we consider data belonging to the Marcinkiewicz space LN,∞ (Ω). In that case we get
unbounded solutions. Hence, we also introduce the suitable notion of unbounded solution to this problem.
On the other hand, this equation allows us to deal with many related problems having a different gradient term, namely:
 Du 
−div
+ g(u)|Du| = f .
|Du|
It is known that the total variation term induces a regularizing effect on existence, uniqueness and regularity. We focus on
analysing whether those features remain true when general gradient terms are taken. Roughly speaking, the bigger g, the better
the properties of the solution.

1

(see Definition 5 below).

Introduction

We will study the Dirichlet problem for equations involving the
1–Laplacian and a total variation term:



 −div Dv + g(v)|Dv| = f , in Ω ,
|Dv|
(1)

v = 0,
on ∂Ω ,

where Ω ⊂ RN is a bounded open set with Lipschitz boundary
∂Ω, the data f is a nonnegative function belonging to the
Marcinkiewicz space LN,∞ (Ω) and the function g : R → R
is continuous and nonnegative.

At first sight, the natural space to look for a solution to problem
(1) should be the Sobolev space W01,1 (Ω) and the space of data
from a variational point of view should be its dual W −1,∞ (Ω).
The Sobolev embedded Theorem and duality arguments lead
to consider as the right function space of data the space
LN (Ω) (among the Lebesgue spaces) and LN,∞ (Ω) (among
the Lorentz spaces). The norm of LN,∞ (Ω) is suitable enough
to deal with this kind of problems, as we can see in [5, 9].
As far as the energy space is concerned, we cannot search
solutions in W01,1 (Ω), which is not reflexive, and we have to
extend our setting to the larger space BV (Ω), which is the
space of all functions of bounded variation. For a systematic
study of this space, we refer to [1]. In short, our framework is
the following: given a nonnegative f ∈ LN,∞ (Ω), we will find
u ∈ BV (Ω) that solves problem (1) in an appropriate sense

Two particular cases of problem (1) have already been studied.
When g(s) ≡ 0, we obtain just the 1–Laplacian operator.
There is a big amount of literature on this equation in recent
years, starting in [7]. The interest in studying this problem came from an optimal design problem in the theory of
torsion and related geometrical problems (see [7]) and also
from the variational approach to image restoration (see [3]
and references therein). The suitable concept of solution to
handle the Dirichlet problem for this kind of equations was
introduced in [2]. This paper introduces a meaning for the
Du
quotient
(involving Radon measures) using a vector field
|Du|
∞
N
z ∈ L (Ω; R ) which satisfy kzk∞ ≤ 1 and (z, Du) = |Du|
as measures. (The dot product of z and Du has sense thanks to
the Anzellotti theory [4]). This vector field also gives sense to
the boundary condition in a weak sense.
 Du 
+
On the other hand, when g(s) ≡ 1, we get −div
|Du|
|Du|, which occurs in the level set formulation of the inverse
mean curvature flow (see [6]). The framework of these papers,
however, is different since Ω is unbounded. Furthermore, the
concept of solution is based on the minimization of certain
functional and does not coincide with which is considered in
the previous case. This operator has also been studied in a
bounded domain in [8], where it is proved the existence and
uniqueness of a bounded solution for regular enough data.

∗ Departament d’Anàlisi Matemàtica – Universitat de València, Dr. Moliner 50, 46100 Burjassot, València (SPAIN).
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It should be pointed out that, contrary to what happens in the p–
Laplacian setting with p > 1, features of solutions to problem
(1) with g(s) ≡ 0 are very different to those with g(s) ≡ 1.
Indeed, the presence of the gradient term has a regularizing
effect because when g(s) ≡ 0 the following facts hold:
(i) Existence of BV –solutions is only guaranteed for data
small enough, for large data solutions become infinity in
a set of positive measure.
(ii) There is no uniqueness at all: given a solution u, we
also obtain that h(u) is a solution, for every smooth
increasing function h.

D EFINITION 1 Let f ∈ LN,∞ (Ω) with f ≥ 0. We say that
u ∈ BV (Ω) satisfying Dj u = 0 is a weak solution of problem



Du

+ |Du| = f
in Ω ,
−div
(2)
|Du|

u=0
on ∂Ω ,
if there exists z ∈ DM∞ (Ω) with kzk∞ ≤ 1 such that
−div z + |Du| = f in D0 (Ω) ,
and

(z, Du) = |Du| as measures in Ω ,
u

(iii) Solutions can have jump discontinuities.

∂Ω

= 0.

T HEOREM 2 There is a unique weak solution of problem (2).
Whereas, if g(s) ≡ 1 the properties are:

Some other features are stated in the next propositions.

(i) There is always a solution, even in the case where the
datum is large.
(ii) An uniqueness result holds.
(iii) Solutions belong to BV (Ω) and they have no jump part.
Our purpose is to study the role of the function g on the above
features satisfied by the solutions. The standard case occurs
when g(s) ≥ m > 0 for all s > 0 and the situation degenerates
as soon as g(s) touch the s–axis.
We will start proving an existence and uniqueness result for
problem (1) in the particular case g(s) ≡ 1. This problem has
already been studied in [8], but with data in the space Lq (Ω)
when q > N . We emphasised that, as opposed on our solution,
with these data the solution is bounded. We get a more general
result by extending the Anzellotti theory to unbounded BV –
functions, which allows us to have data in the Marcinkiewicz
space. In the second part, we search for the properties that
solutions to problem (1) satisfy for different functions g.

2

Solutions for LN,∞ –data

We will start with some definitions. We denote by DM∞ (Ω)
the space of all vector fields z ∈ L∞ (Ω; RN ) such that div z is
a Radon measure with finite total variation.
Let z ∈ DM∞ (Ω) and let u ∈ BV (Ω). Assume that
div z = ν + f , with ν a Radon measure satisfying either ν ≤ 0
or ν ≥ 0, and let f ∈ LN,∞ (Ω). For every ϕ ∈ C0∞ (Ω), we
define the following distribution on Ω:
Z
Z
h(z, Du), ϕi = −
u∗ ϕ dµ −
u z · ∇ϕ ,
Ω

Ω

where µ = div z. Observe that every term in the above
definition has sense. Moreover, this distribution is actually a
Radon measure having finite total variation.

P ROPOSITION 3 The solution u to problem (2) is trivial if and
only if the function f is such that kf kLN,∞ (Ω) ≤ 1/SN , where
SN is the best constant in the Sobolev embedding W01,1 (Ω) →
N
L N −1 ,1 (Ω).
Until now, the solution to problem (2) is just a function in
BV (Ω). However, the solution u has more regularity, as we
show in the next proposition.
P ROPOSITION 4 Let q ∈ N. If v is the solution to problem
(2), then v q ∈ BV (Ω). Consequently, v ∈ Lq (Ω) for all
1 < q < ∞.

3

Changing the unknown: More general gradient terms

We generalize problem (2) adding a continuous and nonnegative function g : R → R in the gradient term:



Dv

−div
+ g(v) |Dv| = f
in Ω ,
(3)
|Dv|

v=0
on ∂Ω .

The uniqueness and the existence of solutions to this problem
depend on the properties of the function g. In this section, let
g be a continuous function such that there exists m > 0 with
g(t) > m for all t ∈ R.
Now, we need a definition of solution to this new problem in
the spirit of Definition 1.
D EFINITION 5 We say that a function v is a weak solution to
problem (3) with g as above, if v ∈ BV (Ω) with Dj v = 0 and
there exists a field z ∈ DM∞ (Ω) with kzk∞ ≤ 1 such that
(4)

− div z + g(v)|Dv| = f

in

D0 (Ω) ,
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(z, Dv) = |Dv|

Ω,

and
v

∂Ω

= 0.

Bounded g

To prove the main result we use the next lemma and the chain
rule.
L EMMA 6 Let u ∈ BV (Ω) with Dj u = 0 and let z be a
vector field with kzk∞ ≤ 1 and div z = µ + f , where µ is a
positive measure. If G is an increasing and C 1 function with
lim G(s) = ∞, then (z, Du) = |Du| implies (z, DG(u)) =
s→∞

|DG(u)|.

T HEOREM 7 Let u be the solution to problem (2) with g
continuous and such that 0 < m < g(s) for all s ∈ R and
let u = G(v). Then, v is a solution to problem (3).
We emphasize that in Theorem 7 we do not need a bounded
function g. Nevertheless, for the converse implication that
hypothesis is necessary.
C OROLLARY 8 If v is a solution to problem (3) with g continuous, bounded and such that g(s) > m > 0 for all s ∈ R,
then, u = G(v) is the solution to problem (2).
Finally, we can summarize the last two results and also get the
uniqueness of solution.
T HEOREM 9 There exists a unique solution to problem (3)
with g continuous, bounded and such that g(s) > m > 0 for
all s ∈ R.

3.2

Unbounded g

When the function g is unbounded, we will find the solution to
problem (3) working with the approximate problem




−div



Dvk
|Dvk |



+ Tk (g(vk ))|Dvk | = f
vk = 0

A non standard case: g touches the axis

In this section we suppose g is continuous, bounded and non
integrable function with g(t) > 0 for t ∈ R a.e. and g −1 is
unbounded. Then, the function G is increasing but, as opposed
to the last section, (G−1 )0 is unbounded. With these conditions
the solution u is not in BV (Ω), as shown below.

We start distinguishing two cases.

3.1

4

in Ω ,
on ∂Ω .

E XAMPLE 11 The solution to problem



1
λ
Dv

+
|Dv| =
−div
(5)
|Dv|
1+v
|x|

v=0

Ω,

on ∂Ω ,

is not in BV (Ω).

First, we will solve the related problem



Du
λ

−div
+ |Du| =
(6)
|Du|
|x|

u=0

in

Ω,

in

∂Ω ,

and then, using the inverse function of
Z s
1
dt = log(1 + s)
G(s) =
1
+
t
0
we will get the solution v.

For λ > N − 1, the solution to problem (6) is given by
u(x) = (N − 1 − λ) log(|x|/R) with the associated field
z(x) = −x/|x|. Moreover, the inverse of function G is given
by G−1 (s) = et − 1. Therefore,
 N −1−λ
|x|
v(x) = G−1 (u(x)) =
−1
R
is the solution to (5) when λ > N − 1, but v is not in
BV (Ω) when also N < λ/2 + 1 because in this case, |Du| =
N − 1 − λ N −2−λ
|x|
is not integrable.
RN −1−λ
A particular case appears when the function g is such that there
exists m > 0 and t0 ∈ R with g(t) > m > 0 for all t ≥ t0 .
T HEOREM 12 With the function g defined as above, there
exists a unique solution to problem (3).
Nevertheless, in general, we need a new concept of solution.
D EFINITION 13 We say that a function v is a weak solution
to problem (3) if v(x) < ∞ a.e. in Ω, G(v) ∈ BV (Ω) with
Dj G(v) = 0 and there exists a field z ∈ DM∞ (Ω) with
kzk∞ ≤ 1 such that
in

−div z + g(v)|Dv| = f

Using that approach, we have the next result.
T HEOREM 10 There is a unique solution to problem 3 with g
continuous, and such that g(s) > m > 0 for all s ∈ R.

in

and

(z, DG(v)) = |DG(v)|
v

∂Ω

D0 (Ω) ,

as measures in
= 0,

Ω,

524

M. Latorre and S. Segura de León

With this new definition, we can prove an existence and uniqueness theorem:
T HEOREM 14 Assume that the function g is continuous and
bounded with g(t) > 0 for t ∈ R a.e.. Then there exists a
unique solution to problem (3) in the sense of Definition 13.

5

Odd cases

In this section we will show some cases where the properties of
the function g does not give us uniqueness, existence or enough
regularity of solutions to problem (3).

5.1

5.3

Third case

Let g be a function with g(s) = 0 when s ∈ [a, b] (where
0 < a < b) and g(s) > 0 for all s < a and s > b as well as
g 6∈ L1 (R). In this case, we show that there is not uniqueness
of solution.
We take a function ψ : [0, b] → [0, a] in C 1 ([0, b]), increasing
and bijective. Then, if we define
 0
ψ (s)g(ψ(s)) if 0 ≤ s ≤ b ,
h(s) =
g(s)
if
b < s,
and
v(x) =

First case



ψ(w(x)) if
w(x)
if

0 ≤ w(x) ≤ b ,
b < w(x) ,

First of all, we suppose the function g is integrable. In this case,
kf kLN,∞ (Ω) determines the existence or absence of solution.

where w is the solution to (7) and z is the associated field, then
v is a solution to the original problem with the field z.

P ROPOSITION 15 If kf kLN,∞ (Ω) ≤ 1/SN , the trivial solution is obtained. On the other hand, if kf kLN,∞ (Ω) >
eG(∞) /SN with G(∞) = sup {G(t) : s ∈]0, ∞[}, does not
exist any solution to problem (3).
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5.2

Second case

Let g be a function satisfying g(s) = 0 when s ∈ [0, l],
g(s) > 0 for all s > l and g 6∈ L1 (R). In this case, there
is not uniqueness of solutions.
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Positive minimizers of a non–convex functional
involving the total variation and lower order terms
A. Martín∗, E. Schiavi∗ and S. Segura de León†

Abstract—
We are interested in minimizing a functional E1 containing the Total Variation and a lower order term
R
h(x,
u(x))dx.
Here Ω is an open, bounded domain in RN (N ≥ 2) with Lipschitz boundary ∂Ω. The function h depends on
Ω
a measurable function f : Ω → R, and two parameters λ > 0 and σ 6= 0. Its main features are:
1. h(x, 0) = 0

2. for f (x) small enough, the function x 7→ h(x, u(x)) is convex, but for bigger f (x), it has a double–well profile


3. |h(x, u(x))| ≤ 2σλ2 u2 (x) + σλ2 |f (x)u(x)|

We prove that, for every non-negative f ∈ L2 (Ω), there exists a non–negative u ∈ BV (Ω) ∩ L2 (Ω) which is a solution to the
associated Euler–Lagrange equation and it is a global minimum of functional E1 . We also discuss several qualitative properties
of the solutions.
Keywords: Positive minimizers, Total variation, Non–convex functionals, Modified Bessel functions.

1

minimizing the energy:

Introduction

Let Ω be an open, bounded domain in RN (N ≥ 2) with
Lipschitz boundary ∂Ω. Thus, there exists a outer unit normal
vector n(x) for HN −1 –almost all point (that is, with respect to
the (N − 1)–dimensional Hausdorff measure) x ∈ ∂Ω.
Our functional consists of two terms, the principal term being
the Total Variation. This operator has to be studied in the
framework of functions of bounded variation. Recall that a
function u : Ω → R is said to be of bounded variation if u ∈
L1 (Ω) and its distributional gradient Du is a (vector) Radon
measure having finite total variation. We denote by BV (Ω)
the space containing all functions of bounded variation. For a
systematic study of this space, we refer to [1].
To introduce the lower order term, consider a non–negative
measurable function f : Ω → R and denote


λ 2
uf (x)
(1)
h(x, u) =
u − λ log I0
,
2σ 2
σ2
where λ > 0, σ 2 6= 0 and I0 stands for the zero order modified
Bessel function of the first kind.
Assuming λ > 0 and σ 2 =
6 0 fixed, the problem in which we
are interested is: Given f ∈ L2 (Ω), find u ∈ BV (Ω) ∩ L2 (Ω)

(2)

E1 (u) =

Z

Ω

|Du| +

Z

h(x, u(x))dx .

Ω

This minimization problem was introduced in [7] and [6] for
dealing with image denoising of rician corrupted data. A key
feature of this problem is that the lower order term in the
energy functional can be a non–convex function with a double–
well profile. This leads to the study of a non–convex non–
smooth minimization problem. In fact, this non–convexity of
the energy functional is crucial because otherwise we could
show uniqueness of the trivial solution u ≡ 0.
It is worth remarking the existence and comparison results
stated in [6]. Assuming f ∈ L∞ (Ω) and (inf f ) ≥ α > 0,
the existence result sets that a solution u ∈ BV (Ω) exists
satisfying 0 ≤ u ≤ kf k∞ . Observe that the trivial solution
is not excluded. On the other hand, the comparison result establishes that for two different data f1 and f2 , if f1 ≤ f2 , then
every solution corresponding to f1 is less than every solution
corresponding to f2 . Thus, it does not imply uniqueness.
Associated to the minimization of E1 we have the Neumann
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00

problem for the (formal) Euler–Lagrange equation:



Du


+ h0 (x, u) = 0, in Ω,
−div


|Du|
(3)



Du



· n = 0,
on ∂Ω ,
|Du|

which holds a.e.
√ in x00 ∈ Ω. It yields that h (x,
√ 0) > 0
for f (x) < 2σ 2 , h (x,
0)
=
0
for
f
(x)
=
2σ 2 and
√
00
h (x, 0) < 0 for f (x) > 2σ 2 . These properties characterize
the local behavior near u = 0 of h(x, u). It turns out that
00
h (x, u) is a changing sign function depending on the datum f
and the parameter σ 2 . Then h(x, u) is possibly non–convex.

and the function

P ROPOSITION 3 Let h be defined as in (1) with datum
f (x) ≥ 0, a.e. x ∈ Ω and fixed parameters λ > 0 and σ 2 6= 0.
Then

where h0 : Ω × R → R is defined as
 
 
λ
λ
0
u−
r(x, u)f (x)
(4)
h (x, u) =
σ2
σ2


u(x)f (x)
σ2

r(x, u) = 
u(x)f (x)
I0
σ2
I1

(5)



is the ratio between the first and zero order modified Bessel
functions of the first kind.

We get a deep insight into the features of the energy term by
fixing x ∈ Ω and describing the profile of h(x, u) defined in
(1). We have:

(7)

1. If f (x)2 ≤ 2σ 2 a.e. x ∈ Ω, then the function t 7→ h(x, t)
is convex and its minimum is attained at 0.
2. If f (x)2 > 2σ 2 a.e. x ∈ Ω, then t 7→ h(x, t) has a
unique positive critical point where it attains a global
minimum.

T HEOREM 1 Let λ > 0 and σ 6= 0 be given real parameters.
For every non–negative f ∈ L2 (Ω), there exists a non–negative
u ∈ BV (Ω) ∩ L2 (Ω) which is a solution to problem (3) and it
is a global minimum of functional E1 .

3

P ROPOSITION
2 The solution vanishes identically when 0 ≤
√
f√(x) ≤ 2σ 2 a.e., and it is strictly positive when f (x) ≥ µ >
2σ 2 a.e.
Moreover, if f ∈ L∞ (Ω) is nonnegative, then u ∈ L∞ (Ω) and
kuk∞ ≤ kf k∞ .
The existence result in Theorem 1 will be proved by approximating our functional through functionals defined on the
Sobolev space W 1,p (Ω) and having p–growth (with p > 1).
The main advantage of these approximating functionals is their
differentiability (in contrast with E1 , which is not differentiable).

2

On Bessel ratio and profile of function h

The characterization of the semilinearity h(x, u) leads to the
study of the properties of the modified Bessel functions of the
first kind. Our results are founded on some fundamental inequalities regarding the ratio function r(x, u) and its derivative
which can be found in [2].
To begin with we obtain a key inequality
 

 
00
λ
f (x)2
λ
1−
≤ h (x, u) ≤
,
(6)
σ2
2σ 2
σ2

a.e. x ∈ Ω.

Moreover:

Our main result can be stated as follows.

We also prove that the solution satisfies the following properties:

lim h(x, u) = +∞,

u→±∞

Existence result

Our concept of solution for problem (3) goes back to [3] (see
also [4]). Roughly speaking, the solution gives a meaning to
Du
(recall that Du is a Radon measure) through
the ratio |Du|
a vector field z satisfying kzk∞ ≤ 1 and (z, Du) = |Du|.
The expression (z, Du) has sense thanks to the Anzellotti
theory (see [5] or [4, Appendix C]) which defines a Radon
measure (z, Dw), when w ∈ BV (Ω) ∩ L2 (Ω) and div(z) ∈
L2 (Ω). That Radon measure is defined, as a distribution, by
the expression
Z
Z
h(z, Dw), ϕi = −
wϕ div(z) dx −
wz · ∇ϕ dx ,
Ω

Ω

and its total variation satisfies the fundamental inequality
(8)

|(z, Dw)| ≤ kzk∞ |Dw| .

The Anzellotti theory also provides the definition of a weakly
trace on ∂Ω to the normal component of z, denoted by [z, n].
Furthermore, this theory guarantees a Green’s formula as well;
it relates the function [z, n] on ∂Ω and the measure (z, Dw):
Z
Z
Z
(9)
w div(z) dx + (z, Dw) =
[z, n]w dHN −1 .
Ω

Ω

∂Ω

D EFINITION 4 We shall say that u ∈ BV (Ω) ∩ L2 (Ω) is a
weak solution of problem (3) if h0 (x, u) ∈ L2 (Ω) and there
exists a vector field z ∈ L∞ (Ω, RN ), with kzk∞ ≤ 1, such
that
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1. −div(z) + h0 (x, u) = 0

in

D0 (Ω)

2. the equality (z, Du) = |Du| holds as measures

for all p. An appeal to Young’s inequality implies that (up )p
is bounded in BV (Ω) ∩ L2 (Ω) and there exist u ∈ BV (Ω) ∩
L2 (Ω) and a subsequence, still denoted by up , satisfying

3. [z, n] = 0, HN −1 –a.e. on the boundary ∂Ω.

3.1

up (x) → u(x) ,

Approximating problems

The analysis of problem (3) begins with the consideration of
problems involving the p−Laplacian:


p−2
0
 −div |∇u| ∇u + h (x, u) = 0, in Ω,
(10)


|∇u|p−2 ∇u · n = 0,
on ∂Ω .

Since we want let p → 1, it is enough to take 1 < p < 2.
We introduce the (differentiable) energy
Z
Z
1
|∇u|p dx +
h(x, u(x))dx .
(11)
Ep (u) =
p Ω
Ω

Notice that Ep (0) = 0 for any p > 1. We point out that
the weak (distributional) solutions of (10) formally coincide
with the critical points of (11). The crucial point is that
these energies (including (11) for p > 1) may be non–convex
depending on the datum f and the parameter σ.

The existence of a global minimum of Ep follows the classical
steps. On the one hand, we deduce:
Z
Z
Z
h(x, u) dx ≥ c()
u2 dx − C()
f 2 dx ,
Ω

Ω

up * u ,

So, we prove the following adaptation of Theorem 1.
P ROPOSITION 5 Let 1 < p < 2 and λ > 0, σ 6= 0 be given
real parameters.
For every non–negative f ∈ L2 (Ω), there exists a non–negative
u ∈ W 1,p (Ω) ∩ L2 (Ω) which is a solution to problem (10) and
it is a global minimum of functional Ep .

strongly in Lr (Ω)

up → u ,

Solving problem (3)

For 1 < p ≤ 2, consider up ∈ W (Ω) ∩ L (Ω) a nonnegative
solution to the approximating problem (10) which is also a
global minimum of Ep .
1,p

2

The main estimate is to check that there exists a positive
constant M > 0 (independent of p) satisfying
Z
Z
2
up dx +
|∇up |p ≤ M
Ω

∀1 ≤ r < 2 .

We point out that u ≥ 0 due to being a pointwise limit of
nonnegative functions. We deduce from u ∈ L2 (Ω) that
h0 (x, u) = (λ/σ 2 )[u − r(x, u)f ] ∈ L2 (Ω) since r(x, u) is
bounded.
The boundedness of (up )p in BV (Ω) also implies that for
every q, 1 ≤ q < p0 , there exists zq ∈ Lq (Ω; RN ) such that,
up to subsequences,
|∇up |p−2 ∇up * zq

in Lq (Ω; RN )

for all 1 ≤ q < +∞. Moreover, by a diagonal argument we
can find a limit z that does not depend on q, that is
(12)

|∇up |p−2 ∇up * z

in Lq (Ω; RN )

for all 1 ≤ q < +∞. We also get that z ∈ L∞ (Ω; RN ) and
(13)

kzkL∞ (Ω;RN ) ≤ 1 .

It remains to see that u satisfies the requirements of our
definition.
Taking v = ϕ ∈ C0∞ (Ω) in (10) and letting p → 1, it yields
Z

Ω

z · ∇ϕdx +

Z

h(x, u)ϕdx = 0 ,

Ω

so that our equation holds in the sense of distributions.
The others requirements are more involved. Condition 2 is
proved considering ϕ ∈ C0∞ (Ω) such that ϕ ≥ 0 and taking
up ϕ as test function in (10). It follows that
Z

Ω

Ω

weakly in L2 (Ω)

Ω

where 0 <  < 1/2 and c(), C() > 0, and so the functional
Ep is coercive in W 1,p (Ω) ∩ L2 (Ω). On the other hand, it
is straightforward to see that Ep is lower semicontinuous with
respect to the weak convergence in W 1,p (Ω). Hence, a global
minimum u ∈ W 1,p (Ω) exists. Moreover, we may assume
u ≥ 0 since t 7→ h(x, t) is an even function.

3.2

a.e. in Ω

ϕ|Du| ≤

Z

ϕ(z, Du)

Ω

and so |Du| ≤ (z, Du) as measures. The reverse inequality is
a consequence of (8) and (13).
To see condition 3, consider v ∈ W 1,2 (Ω) in (10) and prove
that
Z
v[z, n] dHN −1 = 0 .
∂Ω

By density, it implies that [z, n] = 0 HN −1 –almost everywhere
on ∂Ω.
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Function u is a global minimizer of functional E1

To prove that the nonnegative solution we have found satisfies
(14)

E1 (u) ≤ E1 (v) ,

we need several stages.

for all v ∈ BV (Ω) ∩ L2 (Ω) ,

Step 1.- To begin with, assume that v ∈ W 1,2 (Ω). Using
the interpolation inequality and the lower semicontinuity of the
Total Variation, we deduce that
(15)

E1 (u) ≤ E1 (v) .

Step 2.- Assume now that v ∈ W 1,1 (Ω) ∩ L2 (Ω) satisfies
v ∂Ω ∈ W 1/2,2 (∂Ω). Then there exists w ∈ W 1,2 (Ω) such
that v ∂Ω = w ∂Ω and so v − w ∈ W01,1 (Ω) ∩ L2 (Ω). By
approximating v − w, we obtain (15) also in this case.
Step 3.- Consider the general case: v ∈ BV (Ω) ∩ L2 (Ω).
Approximating v by sequences in W 1,1 (Ω) ∩ L2 (Ω), we
conclude that (14) holds true.

4

Remarks

To apply the existence result to imagen denoising, we are
interested in dealing with bounded data f and in finding non
trivial solutions.

4.1

Summability of the solutions

First, we remark that, assuming f ∈ L∞ (Ω), the solution we
find is also bounded. More generaly, we see that if f ∈ Lq (Ω),
with q > N , then the solution u is bounded.
Furthermore, if f ∈ L∞ (Ω), we may clarify a little more
the situation by seeing the estimate kuk∞ ≤ kf k∞ . This
inequality makes explicit and extends the statement 8 of [6,
Theorem 1].

4.2

Uniqueness

The result that we prove is the following.
P ROPOSITION 6 If the function t 7→ h0 (x, t) is increasing for
almost all x ∈ Ω, then there exists at most a solution to (3).
We have already commented that there always
√ exists a trivial
solution u ≡ 0. On the other hand, 0 ≤ f ≤ 2σ 2 implies that
h0 (x, s) is increasing with respect to s and, as a consequence
of the uniqueness result, there is no other solution aside from
the trivial one.

4.3

Comparing with constant functions

We
√ show that if the datum is constant f (x) = µ and µ >
2σ 2 , then the solution is unique, constant and non trivial.
It is worth remarking that we obtain uniqueness of positive
solutions for constant data.
Going further we prove that
P ROPOSITION 7 If γi ≥√0 denotes the only solution with
datum µi (i = 1, 2), then 2σ 2 < µ1 ≤ f (x) ≤ µ2 implies
0 < γ1 ≤ u(x) ≤ γ2 a.e.in Ω.
Therefore, if the datum satisfies f (x) ≥ µ >
trivial minimizer of E1 is found.

√

2σ 2 , then a non
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Symmetry analysis for a mathematical model
of malignant gliomas
M. Rosa∗, M. S. Bruzón∗ and M. L. Gandarias∗

Abstract— Malignant gliomas are the most common and deadly brain tumors. These are biologically and clinically aggresive
neoplasms with a high mortality rate. Over the last years increasingly complex mathematical models of cancerous growths
have been developed, especially on solid tumors, in which growth primarily comes from cellular proliferation. Most of the
mathematical models in use for malignant gliomas are based on a simple reaction-diffusion equation: the Fisher equation [15, 18].
A nonlinear system of a pair of coupled Fisher-Kolmogorov equation has been considered by V.M. Pérez and collaborators. In
this work, we study this model from the point of view of the theory of symmetry reductions in partial differential equations. We
obtain the classical symmetries admitted by the system and we use the transformations groups to reduce the equations to ordinary
differential equations.
Keywords:Lie symmetry, Nonlinearly self-adjoint system, Conservation laws, Exact solutions.

1

Introduction

A glioma is a kind of tumor that starts in the brain or
spine. Primary brain tumors, especially malignant gliomas, are
among the most aggressive of human tumors. The pathological
hallmark of gliomas is their propensity for extensive infiltration
into the surrounding brain parenchyma which results in tumour
recurrence. Glioblastoma multiforme is the most aggressive of
these tumors, which has a poor patient prognosis, with median
survival of less than 15 months. The prognosis for patients
with gliomas depends on many factors, including the histologic
type and grade of malignancy, the patient’s age and level of
neurological functioning.
Mathematical modeling is a powerful tool for analyzing biological problems. These models have the potential of becoming
useful against cancer in three different ways: in personalized medicine, accessing unreacheables scales and formulating
novel hypothesis.
We consider the (1+1)-dimensional nonlinear system of a pair
of coupled Fisher-Kolmogorov equations which has been studied in [17] in order to show how hypoxic events may have a role
on the acceleration of the growth speed of high grade gliomas
under the go-or-grow hypothesis. This system describe the
tumor as expressing two different phenotypes, where u(x, t)
denotes a proliferative (or normoxic) phenotype and v(x, t)
denotes a migratory (or hypoxic) phenotype. Mathematical
models of malignant gliomas are based on a simple reaction-

diffusion equation [15, 18]. The model is as follows:

1
1


 F1 ≡ ut − d1 uxx − c (1 − u − v)u − a v = 0,
1
1
(1)

1
1

 F2 ≡ vt − d2 vxx − (1 − u − v)v + v = 0,
c2
a1

where d1 , d2 are the diffusion coefficients for the proliferative
and migratory phenotypes respectively and c1 , c2 are the doubling times for both phenotypes The parameter a1 corresponds
to the typical time for the migratory phenotype to swicht to the
proliferate one once the hypoxic event has finished and in the
present of ample oxygen. The densities u, v are taken in units
of the maximal tissue density, tipically around 103 cell/cm.
Symmetries of nonlinear partial differential equations (PDEs)
systems may be used to reduce the number of independent
variables of the PDEs; in particular we might reduce the PDEs
to ordinary differential equations (ODEs). The ODE systems
may also have symmetries that allow us to reduce the order
of one or of both ODEs and we can integrate to find exact
solutions. Often solutions of the nonlinear PDE system will
be asymptotic to the symmetry solutions. Expicit solutions
(such as those found by symmetry methods) can also play an
important role in the design and testing of numerical integrators
[16].
The fundamental basis of this technique is that, when a system
of differential equations is invariant under a Lie group of transformations, a reduction transformation exists. The machinery
of Lie group theory provides the systematic method to search
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for these special group-invariant solutions. For systems of
PDEs with two independent variables, as it is system (1), a
single group reduction transforms the system of PDEs into a
system of ODEs, which are generally easier to solve than the
original system.
It is well known that evolution equations (1) do not possess
an usual Lagrangian, that is, there is no function L such that
the considered equations are the Euler-Lagrange arising from
L. Hence the Noethers theorem can not be directly applied
to obtain conservation laws on the basis of the equations
symmetries. This, however, can be overcome by applying
the general concept of nonlinear self-adjointness, devised and
developed by N. H. Ibragimov [8, 10, 11, 13, 14], and M. L.
Gandarias [6], which enables one to establish the conservation
laws for any differential equation. Recently, several papers
have been devoted to search for self-adjoint equations. This
procedure can be applied not only to classes of single differential equations of any order but to the systems where the number
of equations is equal to the number of dependent variables (see
e.g. [12], [19])

where, in this case,
δL
∂L
∂L
∂L
∂L
≡
− Dt
− Dx
+ Dx Dx
+ ···
δu
∂u
∂ut
∂ux
∂uxx
∂L
+Dx Dx Dx Dx
,
∂uxxxx
δL
∂L
∂L
∂L
∂L
≡
− Dt
− Dx
+ Dx Dx
+ ···
δv
∂v
∂vt
∂vx
∂vxx
∂L
+Dx Dx Dx Dx
,
∂vxxxx
with Dt and Dx the total differentiations with respect to t and
x respectively.
Taking into account the Eq. (2), the adjoint system (3) for
system (1) is

There exists different approaches to the study of conservation
laws for equation without Lagrangian. In [1] and [2] it can be
find a general treatment of the direct construction method for
conservation laws of partial differential equations.

(4)









In this paper we investigate and prove the nonlinear selfadjointness of the system (1) which is the most important step
to applying the Ibragimov’s techniques. Then, once obtained
the Lie point symmetries, the conservation laws for system (1)
are established.

According to [13], system (1) will be nonlinearly self-adjoint if
each equation Fi∗ (i = 1, 2) of the adjoint system (4) coincides
with









F1∗ ≡ −

v v̄ ū v
2 u ū
ū
−
+ d1 ūx x + ūt −
+
= 0,
c2
c1
c1
c1

u v̄
v̄
v̄
u ū
2 v v̄
−
+
+
−
F2∗ ≡ d2 v̄x x + v̄t −
c2
c2
c2
a1
c1
ū
+
= 0.
a1

λi1 F1 + λi2 F2

(i = 1, 2)

after the following substitution

2

Adjoint system and conditions for self(5)
adjointness

For system (1) we introduce the formal Lagrangian

(2)

L

≡ ū(ut − d1 uxx −
+v̄(vt − vxx −

1
c1 (1

1
c2 (1

− u − v)u −

− u − v)v +

with h(t, x, u, v) 6= 0 or g(t, x, u, v) 6= 0. In other words
system (1) is said to be nonlinearly self-adjoint if the adjoint
system (4) obeys the condition

1
a1 v)

1
a1 v),

(6)

where ū and v̄ are two new dependent variables.
The adjoint system for the system of differential equations (1)
is defined by

(3)











F1∗ ≡
F2∗

δL
= 0,
δu

δL
≡
= 0,
δv

ū = h(t, x, u, v), v̄ = g(t, x, u, v),


 F1∗ |ū=h(t,x,u,v), v̄=g(t,x,u,v) = λ11 F1 + λ12 F2 ,

 F∗ |
2 ū=h(t,x,u,v), v̄=g(t,x,u,v) = λ21 F1 + λ22 F2 ,

with regular undetermined coefficients λij (i, j = 1, 2).

Using the differential consequences of (5), since h and g do not
depend on the derivatives ut , vt , uxx , . . . , Eqs. (6) split into
the following equations for the coefficients λij (i, j = 1, 2)
(7)

λ11 = −hu ,

λ12 = −hv ,

λ21 = −gu ,

λ22 = −gv ,
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substituting these conditions into (5) we get

3.1

2

d2 hv vx x + d1 hv vx x + d1 hv v (vx ) + 2 d1 hu v ux vx
+2 d1 hv x vx −
+ hau1v −

hv
c1

−

hv v 2
c2

hu u v
c1

−

+

hv v
c2

hv v
a1

+

hu u2
c1

+

hu u
c1

−

2hu
c1

+ ht +

h
c1

= 0,

2

2

gv u v
c2

−

gu u v
c1

+

gv v
c2

+

gv v
a1

+

gu v
a1

−

2

−

hu
c1

+

gu u
c1

−

gu
c2

+

h
a1

+ d2 gx x +

g
c2

+

g
a1

(11)

z = x + µt,

where µ =
(1) yields:

k2
k1

h = v,
g = (u − 1),
then system (1) for d2 = −d1 , c2 = −c1 and c1 = a1 is
nonlinearly self-adjoint.

Lie Symmetries

In order to derive conservation laws for system (1) we perform
the corresponding Lie symmetry analysis. The method for
finding Lie point symmetries is well known, see for example
[3, 7, 16]. Let us consider a one-parameter Lie group of
infinitesimal transformations in (x, t, u, v) given by
x∗ = x + ε ξ 1 (x, t, u, v) + O(ε2 ),

u∗ = u + ε η 1 (x, t, u, v) + O(ε2 ),

v ∗ = v + ε η 2 (x, t, u, v) + O(ε2 ),

The invariance of system (1) under a Lie group of transformations with infinitesimal generator of the form
X = ξ1

In order to obtain travelling wave of system (1) we can apply a
direct method such as the simplest equation method to system
(12). As we are interested in solitary waves such as solitons
and kinks we choose as simplest equation
y 00 − by 2 − cy = 0,
which admits the solution
3c
y=
sech2
2b

Applying the second prolongation pr(2) X to system (1) and
solving the resultant overdetermined system of linear partial
differential equations one obtains the following Lie point symmetry

(10)

ξ = k1 ,

2

ξ = k2 ,

1

η = 0,

2

η = 0.

cz
2



.

v = k1 y + k2
and we get as a particular case
V = sech2 (z)
with a1 = −6c2 , c1 =
µ =
get

1

√

We look for solutions of the form

∂
∂
∂
∂
+ ξ2
+ η1
+ η2
∂t
∂x
∂u
∂v

yields a system of equations for the coordinates ξ 1 (t, x, u, v),
ξ 2 (t, x, u, v), η 1 (t, x, u, v) and η 2 (t, x, u, v).

The substitution of these variables into system

We observe that we can solve second equation in U and we get
the fourth order ODE in the variable V .

where ε is the group parameter.

(9)

v = V (z),


UV
U2
U
V


+
−
−
= 0,
 −d1 Uz z + µ Uz +
c1
c1
c1
a1
(12)

V2
V
V
UV

 −d2 Vz z + µ Vz +
+
−
+
= 0.
c2
c2
c2
a1

t∗ = t + ε ξ 2 (x, t, u, v) + O(ε2 ),

(8)

u = U (z),

= 0.

It is possible to verify that this system for the parameters
d2 = −d1 , c2 = −c1 and c1 = a1 admits the solution

3

The similariy variable and similarity solutions can be found by
solving the corresponding characteristic equations. We obtain
similarity variable and similarity solutions

2gv
c2

+d2 gu ux x + d1 gu ux x + d2 gu u (ux ) + 2 d2 gu x ux + gt
2
− guc1u

dt
du
dv
dx
=
=
=
ξ
τ
η1
η2

+ 2 d1 hu ux x + d1 hu u (ux ) + d1 hx x

2 d2 gv vx x + d2 gv v (vx ) + 2 d2 gu v ux vx + 2 d2 gv x vx
− gvc2v −

We first solve the invariant surface condition by solving the
corresponding characteristic equations

2

gv
c2

+2 d1 hu x ux −

hv u v
c2

−

Symmetry reductions and exact solutions

−6c2
7
−1
, d1 =
, d2 =
,
7
12c2
6c2

1
, c = 4 and b = 6. By substituting into (12) we
4c2
U=

tanh(z) 1
+ .
2
2
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Taking into account (11), the corresponding solutions of system (1) are:

(13)

(14)

u=

tanh(x + µt) 1
+
2
2

v = sech2 (x + µt),

In Figure 1, we plot solution u(x, t) (13), which describes a
kink solution.

Figure 2: Soliton solution (14) with µ = −1 .

4

Conservation Laws

In order to get conservation laws we use the following statement proved in [10, 9].
T HEOREM 1 Any symmetry (Lie point, Lie-Bäcklund, nonlocal symmetry)
X = ξ i (x, u, u(1) , . . .)

∂
∂
+ η a (x, u, u(1) , . . .) a
i
∂x
∂u

of a system of m equations
(15) Fa (x, u, u(1) , . . . , u(s) ) = 0,

Figure 1: Kink solution (13) with µ = −1 .

with n independent variables x = (x1 , . . . , xn ) , m dependent
variables u = (u1 , . . . , um ) and where u(s) denotes the set
of the partial derivatives of s-th order of u, is inherited by the
adjoint system. Specifically the operator
Y = ξi

In Figure 2, we plot solution v(x, t) (14), which describes a
soliton.

a = 1, . . . m,

∂
∂
∂
+ η a a + η∗a a ,
i
∂x
∂u
∂v

with appropriately chosen coefficients η∗a , is admitted by the
system of equations consisting of Eqs. (15) and adjoint equations
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where
(16)

Fa∗ (x, u, v, . . . , u(s) , v(s) ) ≡

b

C1 =

δ(v Fb )
= 0,
δua

+k1 ut v,

with a = 1, . . . , m.

C2 =

Furthermore, the combined system (15), (16) has the conservation law Di (C i ) = 0, where

(17)
Ci

d1 k2 u vx x − d1 k2 vx x + d1 k1 ut vx
+d1 k1 u vt x − d1 k1 vt x − d1 k1 ux vt
−d1 k2 ux x v − d1 k1 ut x v.

= ξiL
"



∂L
∂L
∂L
−
D
+ Dxj Dxk
j
x
∂uai
∂uaij
∂uaijk
"
!
#
∂L
∂L
a
+Dxj (W )
+ ...
− Dxk
∂uaij
∂uaijk
#
"
∂L
− ... + ...,
+Dxj Dxk (W a )
∂uaijk

!

+W a

#
− ...

We observe that
C 1 = Dx (u (k2 v − d1 k1 vx ) + d1 k1 vx + d1 k1 ux v − k2 v)
consequently we get a trivial conservation law. However by
applying the direct method we obtain the conserved vector
C 1 = uv − v,

with
W a = η a − ξ i uai ,

By considering the symmetry operator of system (1) in the
form (9) and the formal Lagragian (2) for system (1), Eqs. (17)
become




∂L
∂L
1
1
2
1
C = ξ L+W
+W
,
∂ut
∂vt
C2 =

C 2 = d1 (uvx − vx − ux v).

a = 1, . . . m.

We apply this theorem to look for conservation laws of system
(1). Due to the fact that system (1) is nonlinearly selfadjoint, we will provide conserved vectors for system (1) by
substituting (5) into the vector (17).

(18)

k2 u vx − k2 vx + k1 u vt − k1 vt + k2 ux v

∂L
∂L
ξ 2 L − W 1 Dx
+ Dx (W 1 )
∂uxx
∂uxx
∂L
∂L
−W 2 Dx
+ Dx (W 2 )
,
∂vxx
∂vxx

where

5

Conclusions

We have applied Lie classical method to the nonlinear system
(1), and have derived the reduction to a nonlinear ODEs
system. By applying a direct method we have found soliton
and kink solutions. We obtain a conservation law admitted by
this system. We verified that system (1) is, for some particular
case of the parameters nonlinearly self-adjoint.
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Exact solutions of a generalized variable-coefficient
Gardner equation by using equivalence transformations
R. de la Rosa∗, M. L. Gandarias∗ and M. S. Bruzón∗

Abstract— In this paper, a simple way for the construction of exact solutions by using equivalence transformations is shown.
We obtain the continuous equivalence transformations of the equation in order to reduce the number of arbitrary functions. We
calculate Lie symmetries of the reduced equation. Then, we determine the similarity variables and the similarity solutions which
allow us to reduce our equation into an ordinary differential equation. Finally, we obtain some exact solutions of the equation by
using the simplest equation method.
Keywords: Partial Differential Equations, Equivalence Transformations, Symmetries, Exact Solutions.

1

Introduction

Over the last years, nonlinear equations with variable coefficients have become increasingly important due to these
describe many nonlinear phenomena more realistically than
equations with constant coefficients. The variable coefficient
Gardner equation, the variable coefficient reaction-diffusion
equation or the nonlinear Schrödinger equation are just some
examples. Gardner equation is widely used in different fields
of physics, for instance, fluid dynamics, plasma physics and
quantum field theory. Moreover, it also appears as a useful
model to describe wave phenomena in plasma and solid state.
In [6], it was considered a generalized variable-coefficient
Gardner equation given by:
(1)

ut + A(t)un ux + C(t) u2n ux
+B(t) uxxx + Q(t) u = 0,

A(t), B(t), C(t) and Q(t). Equivalence transformations play
an important role in the study of partial differential equations
involving arbitrary functions due to these permit an exhaustive
study and a simple and clear formulation of the results [8, 14].
In [6] was proved that the equivalence group of equation (1) is
given by the set of transformations

(2)

α(t),

x̃ =

(x + 2 )e1 ,

ũ =

e1 −r r(t) u,

where 1 , 2 , r are arbitrary constants, and α = α(t),
r = r(t) are arbitrary functions verifying αt 6= 0. The new
arbitrary elements are related with the old ones by means of
the transformations

where n is an arbitrary positive integer, A(t), B(t) 6= 0,
C(t) 6= 0 and Q(t) are arbitrary smooth functions of t.
The problem lies in the fact that the analysis of equations involving arbitrary functions seems rather difficult. Equivalence
transformations arise for determining an exhaustive solution of
the problem. Furthemore, equivalence transformations allow
us to consider complete equivalence classes instead of individual equations.

t̃ =

(3)

An equivalence transformation is a non-degenerate change of
variables acting on dependent and independent variables so that
it takes any equation of the form (1) into an equation of the
same form, except maybe the form of the arbitrary functions
∗ Departamento

Ã

=

enr r+(1−n)1
A,
αt

B̃

=

e31
B,
αt

C̃

=

e2nr r+(1−2n)1
C,
αt

Q̃ =
ñ

Q + r rt
,
αt

= n.
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The point that two arbitrary elements α(t) and r(t) appear in
the transformations (3) enable us to establish two of the arbitrary functions. Thus, by using the equivalence transformation

(4)

t̃

= e31

x̃

=

R

B(t)dt,

(x + 2 )e1 ,

ũ = e

−1
n



B(t)
C(t)

Lie’s theory is one of the most important and powerful methods
used to study differential equations. It is well known due to its
many applications in mathematics and physics. Among them,
it is noted that symmetry groups can be used to obtain exact
solutions of partial differential equations, directly [1, 13, 15]
or by obtaining the similarity variables and the similarity
solutions [7, 10]; or determine conservation laws [2, 3, 4, 12].
A symmetry generator of equation (6) is a vector field

1
− 2n

(7)

u,

v = τ (t, x, u)∂t + ξ(t, x, u)∂x + η(t, x, u)∂u ,

where τ , ξ and η are called infinitesimals, such that

equation (1) takes the form

pr(3) v(∆) = 0 when ∆ = 0,

(8)
ũt̃ + Ã(t̃)ũn ũx̃ + ũ2n ũx̃ + ũx̃x̃x̃ + Q̃(t̃)ũ = 0,

(5)

(9)

where

e−1 A(t)
Ã(t̃) = p
,
B(t) C(t)

and
Q̃(t̃) = e

−31



Q(t)
C(t)
+
B(t) 2nB(t)2



pr(3) v = v + ζ t ∂ut + ζ x ∂ux + ζ xxx ∂uxxx ,

the third prolongation of the vector field (7). The functions ζ J
are given by
B(t)
C(t)



ζ J (t, x, u(3) ) = DJ (η − τ ut − ξux ) + τ uJt + ξuJx ,

.

t

This enable us to consider without losing generality the class

(6)

where ∆ represents equation (6) and

ut + A(t)un ux + u2n ux + uxxx + Q(t)u = 0,

with J = (j1 , . . . , jk ), 1 ≤ jk ≤ 2, 1 ≤ k ≤ 3, and u(3)
denote the sets of partial derivatives up to third order [11].
Invariance criterion (8) yields us to a determining system for
the infinitesimals. This system was solved in [6] for n 6= 1
and, in [5] for n = 1, obtaining the following infinitesimals:

Case 1: n 6= 1

due to the symmetries and exact solutions of class (6) can be
extended to (1) undoing transformation (4).

2.1

In this paper we study equation (6) from the point of view
of symmetry reductions in partial differential equations. We
use Lie classical symmetries of equation (6) obtained in [6]
for the arbitrary functions A(t) and Q(t). From these symmetries, we obtain the similarity variables and the similarity
solutions which allow us to reduce the equation to an ordinary
differential equation. Then, we show some exact travelling
wave solutions for an ordinary differential equation by using
the simplest equation method given by Kudryashov.

In this case, the infinitesimals are given by

2

Classical Symmetries of class (6)

In the XIX century, Sophus Lie developed a method to study
differential equations known today as Lie’s classical method.
This method is based on the determination of the symmetry
group of a differential equation by using a one-parameter group
of transformations. In other words, the largest transformation
group which acts in the dependent and independent variables of
the equation so that solutions of the equation are transformed
into other solutions.

τ = k2 t + k3 ,

ξ=

k2
x + k1 ,
3

η=−

k2
u,
3n

where A = A(t) and Q = Q(t) must satisfy the following
conditions:
k2
A = 0,
3
(k2 t + k3 )Qt + k2 Q = 0.

(10)

(k2 t + k3 )At +

(11)

Then, the symmetries admitted are

v1 = ∂t ,

v2 = ∂x ,

v3 = t∂t +

x
u
∂x −
∂u .
3
3n
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2.2

Case 2: n = 1
(19)
27h000 n3 z 3 + 54h00 n3 z 2 − h0 n3 z 2 − 27h00 n2 z 2

Now, we have
τ = k2 t + k3 ,

ξ=

k2
x + β,
3

η=γ−

+3h2n h0 n3 z + 6h0 n3 z + c2 hn3 z − 9h0 n2 z

k2
u,
3

2

k2
(k2 t + k3 )At + A + 2γ =
3
(k2 t + k3 )Qt + k2 Q =

(12)
(13)
(14)

γA − βt

(15)

γQ + γt

v2 = β∂x ,

=

0,

=

0.
v1 − αv2 = ∂t − α∂x .

u
x
v3 = t∂t + ∂x − ∂u ,
3
3

By using symmetry conditions (10)-(11) we obtain
v4 = γ∂u ,

Reductions and exact solutions

Using Lie symmetries of equation (6), we can obtain the
similarity variables and the similarity solutions. This, we
allow us to transform equation (6) into an ODE, solving this
characteristic system

3.1

(20)

A(t) = c1 ,

Q(t) = c2 ,

where c1 and c2 are arbitrary constants. Solving the characteristic system we obtain the similarity solution and similarity
variable

(21)

dt
dx
du
=
=
.
τ
ξ
η

(16)

0.

Reduction 1.2. Now, we consider k2 = 0, so we set without
loss of generality that k1 = −α, k3 = 1, where α 6= 0 is an
arbitrary constant. Then, we get the generator

0,

where β(t) and γ(t) satisfy conditions (12)-(15).

3

−h2n+1 n2 − 2hn2 − 3hn − h =

0,

In this case, we get the symmetries
v1 = ∂t ,

1

+9h0 nz + 3c1 hn h0 n3 z 3 − c1 hn+1 n2 z − 3

where A = A(t), Q = Q(t), β = β(t) and γ = γ(t) must
satisfy the following conditions:

z = x + αt,

u = h(z).

Substituting (20) and (21) into equation (6) we get the following ODE

Reductions for Case 1

In the following reductions we distinguish:
Reduction 1.1. Setting k2 6= 0, we consider without loss
of generality that k1 = k3 = 0. Consequently, we obtain
the generator v3 . By using symmetry conditions (10)-(11) we
obtain

(22)

3.2

h000 + h2n h0 + c1 hn h0 + αh0 + c2 h = 0.

Reductions for Case 2

Analogously to the previous section, we differentiate:
(17)

1

A(t) = c1 t− 3 ,

Q(t) = c2 t−1 ,

where c1 and c2 are arbitrary constants. Solving the characteristic system we obtain the similarity solution and the similarity
variable

(18)

z=

x3
,
t

u=

h(z)
x

1
n

.

Taking into account (17) and (18) into equation (6), this
equation is transformed into the ODE

Reduction 2.1. Consider that k2 6= 0, without losing generality we can set k3 = β = γ = 0. Then, we get the generator
v3 .
Taking into account equations (12)-(15) we get that the functions A(t) and Q(t) are given by (17). From (16) we obtain

(23)

z=

x3
,
t

u=

h(z)
.
x

From (17) and (23), equation (6) can be transformed into the
following ODE
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where α represents the speed of the travelling wave. The wave
variable (29) carries equation (6) into the following ordinary
differential equation

(24)
10
7
7
4
1
27h000 z 3 + 27h00 z 3 − h0 z 3 + 3h2 h0 z 3 − 6hz 3
4

4

1

+6h0 z 3 + c2 hz 3 + 3c1 hh0 z − h3 z 3 − c1 h2

=

0.

Reduction 2.2. When k2 = 0, we set that k3 = 1 and γ = c1 .
From equations (12)-(15) we have

∆0 (h, αh0 , h0 , h00 , . . .) = 0.

(30)

Step 2: To seek the travelling wave solution of (30), we assume
that (30) has a solution in the following form
h(z)

(25)

A(t)

= c2 − 2c1 t,

Q(t)

=

β(t)

(31)
+κ1

0,

= c3 + c1 c2 t −

c21 t2 .

where c1 , c2 and c3 are arbitrary constants. Then, we get the
generator

v = ∂t + c3 + c1 c2 t − c21 t2 ∂x + c1 ∂u .
By using (16) we obtain
(26) z = x +

c21 3 c1 c2 2
t −
t − c3 t,
3
2

= k0 + k1 Y + · · · + kN Y N

u = c1 t + h(z).



Y0
Y



+ · · · + κN



Y0
Y

N

,

where kn (n = 0, 1, . . . , N ) and κn (n = 1, 2, . . . , N ) are
unknown constants to be calculated, and Y (z) is the general
solution of the Riccati equation:
(32)

Y 0 (z) + Y 2 (z) − aY (z) − b = 0,

with a and b constants which must be determined.
Step 3: The positive integer N in (31) can be determined by
taking into consideration the homogeneous balance between
the highest order linear terms and the nonlinear terms of
highest order occurring in (30).

h000 + h2 h0 + c2 hh0 − c3 h0 + c1 = 0.

Step 4: Inserting (31) and the derivatives h0 , h00 , . . ., into (30)
we get a polynomial in Y (z) and its derivatives. Equating the
coefficients of the different powers of the function Y (z) and
equating them to zero, we obtain an overdetermined system of
equations which must be solved to find kn , κn and α. This
complete the determination of the solution of the ODE.

In this case, if we consider that k3 = 1, γ = 0 and β = −α,
with α 6= 0 an arbitrary constant we obtain the travelling wave
generator v1 − αv2 which leads us to the following ODE

We will make use of this method to construct travelling wave
solutions to the PDE (6) by means of Reduction 2.2. when
k3 = 1, γ = 0 and β = −α, this leads us to equation (6) with
A(t) = c1 , Q(t) = 0 and n = 1

By means of (25) and (26), equation (6) is transformed into

(27)

(28)

3.3

h000 + h2 h0 + c1 hh0 + αh0 = 0,

ut + c1 uux + u2 ux + uxxx = 0,

Exact solutions

Suppose that the nonlinear partial differential equation for
u(x, t) is in the form
∆(u, ut , ux , uxx , . . .) = 0,
where ∆ is polynomial in u(x, t) and its partial derivatives,
in which the highest order derivatives and nonlinear terms are
involved. In order to obtain exact solitary wave solutions of the
equations, we have to pursue the following fundamental steps
[9]:
Step 1: We consider the travelling wave variable
(29)

(33)

u(x, t) = h(z) = h(x + αt),

where c1 is an arbitrary constant.
We obtain the reduction of the equation (33) by using the
generator v1 − αv2 . We have the similarity variable and the
similarity solution (21). Substituting into (33) we obtain (28).
We consider equation (28), taking the homogeneous balance
between the highest order derivative h000 and the nonlinear term
of highest order h2 h0 we obtain N = 2. Therefore, the solution
of (30) takes the following form
(34)

h = k0 + k1 Y + k2 Y 2
 0 2
 0
Y
Y
+ κ2
,
+κ1
Y
Y
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where k0 , k1 , k2 , κ1 , κ2 are constant to be determined later and
Y (z) satisfies equation (32).
By step 4 we get a system. By solving the system we obtain
b = 0, κ2 = −k2 and α, a, k0 , k1 , k2 , κ1 must satisfy the
following equations

the following solution
h(z)
(37)

a

ah 
k1 1 + tanh
(z + c)
2
a
2
+2 a k2 tanh
(z + c)
2
i

a
(z + c)
.
+κ1 1 − tanh
2

= k0 +

By transformation (21) we can obtain a solution of equation
(33). In Figure 1 we show an exact solution of equation (33).

−2a6 k23 + 6a5 k22 κ1 + 3a4 c1 k22 + 6a4 k0 k22
−6a3 c1 k2 κ1 − 12a3 k0 k2 κ1 − 12a3 k2

+2a3 κ31 − 6a3 κ1 − 6a2 c1 k0 k2 + 3a2 c1 κ21
−6a2 k02 k2 + 6a2 k0 κ21 + 6a2 k2 α + 6a2 κ1

+6ac1 k0 κ1 + 6ak02 κ1 − 6aκ1 α − 6a4 k2 κ21

+12a4 k2 + 3c1 k02 + 6k + 2k03 − 6k0 α

=

0,

=

0,

2a5 k23 + a4 k1 k22 − 5a4 k22 κ1 − 2a3 c1 k22

−4a3 k0 k22 − 2a3 k1 k2 κ1 + 4a3 k2 κ21 + 6a3 k2

−a2 c1 k1 k2 + 3a2 c1 k2 κ1 − 2a2 k0 k1 k2 + 6a2 k0 k2 κ1
+a2 k1 κ21 + a2 k1 + 2a2 k2 − a2 κ31

−4a2 κ1 + 2ac1 k0 k2 + ac1 k1 κ1 − ac1 κ21

+2ak02 k2 + 2ak0 k1 κ1 − 2ak0 κ21 − 2ak2 α

+c1 k0 k1 − c1 k0 κ1 + k02 k1 − k02 κ1 − k1 α + κ1 α

Figure 1: Solution u(x, t) of equation (33) for a = c = α =
k0 = k1 = k2 = κ1 = 1.

(35)

8a4 k23 + 8a3 k1 k22 − 16a3 k22 κ1 − 4a2 c1 k22

−8a2 k0 k22 + 2a2 k12 k2 − 12a2 k1 k2 κ1 + 10a2 k2 κ21

4

+32a2 k2 − 4ac1 k1 k2 + 4ac1 k2 κ1 − 8ak0 k1 k2
+8ak0 k2 κ1 − 2ak12 κ1 + 4ak1 κ21 + 4ak1
−2aκ31 − 12aκ1 − c1 k12 + 2c1 k1 κ1
−c1 κ21 − 2k0 k12 + 4k0 k1 κ1 − 2k0 κ21

=

0,

=

0.

8a3 k23 + 12a2 k1 k22 − 12a2 k22 κ1 + 6ak12 k2
−12ak1 k2 κ1 + 6ak2 κ21 + 24ak2 + k13
−3k12 κ1 + 3k1 κ21 + 6k1 − κ31 − 6κ1

Equation (32) with b = 0 is the Bernoulli equation, so we can
obtain the corresponding solution h of the ODE (30) in terms of
this equation. As a result, the solution of the Bernoulli equation
is
(36)

Y (z) = a



Y1 + Y2
1 + Y1 + Y2



,

where Y1 (z) = sinh (a(z + c)), Y2 (z) = cosh (a(z + c)) and
c is an arbitrary constant. Substituting (36) into (31) we obtain

Conclusions

In this paper, a generalized variable-coefficient Gardner equation has been considered. By using equivalence transformations we can restrict our study to a subclass (6) of equation (1)
with fewer number of arbitrary functions. Symmetry analysis
of equation (6) with respect the time dependent functions has
been presented. From the symmetries of equation (6) we obtain
the similarity reductions which transform equation (6) into an
ODE. By means of the similarity reductions and the simplest
equation method, we have obtained some exact travelling wave
solutions. In view of the analysis, we see how equivalence
transformations can be used to simplify the search of exact
solution of the equation and allow us to present these solutions
in a simple and clear form.
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Local Existence Theorems for the Einstein-Euler system
using fractional Besov and Sobolev spaces
U. Brauer∗ and L. Karp†

Abstract— We present two results we recently obtained. The first concerns local in time, classical solutions for the evolutions
equations of the Einstein–Euler system which form a symmetric hyperbolic system. We consider the system in asymptotically flat
spacestimes and therefore use the condition that the energy density might vanish or tend to zero at infinity, and that the pressure
is a fractional power of the energy density. In this setting we prove local in time existence, uniqueness and well-posedness of
classical solutions. The zero order term of our system contains an expression which might not be a C ∞ function and therefore
causes an additional technical difficulty. In order to achieve our goals we use a certain type of weighted Sobolev space of
fractional order. In [2] we constructed an initial data set for these of systems in the same type of weighted Sobolev spaces. Using
these spaces order we were able to extend previous known results in various direction. Firstly we improved the regularity from
7
< s to 52 < s. However, due to the presence of an equation of state with fractional power, the regularity is also bounded from
2
above. Secondly we extended the range of γ in the equation of state p = Kγ ( being the energy-density of the fluid). Thirdly
we got rid of the restriction to time–symmetric initial data.
Our second result concerns the applications of weighted Besov spaces to elliptic equations on asymptotically flat Riemannian
manifolds, and in particular to the solutions of Einstein’s constraints equations. We establish existence theorems for the
Hamiltonian and the momentum constraints with constant mean curvature and with a background metric that satisfies very low
regularity assumptions. These results extend the regularity results of Holst, Nagy and Tsogtgerel about the constraint equations
s
on compact manifolds in the Besov space Bp,p
(Holst et. al). to asymptotically flat manifolds. We also consider the Brill–Cantor
criterion in the weighted Besov spaces. Our results improve the regularity assumptions on asymptotically flat manifolds, as well
as they enable us to construct the initial data for the Einstein–Euler system.
Keywords: symmetric hyperbolic systems, elliptic equations, constraint equations, Brill–Cantor criterion, weighted fractional
Sobolev spaces, weighted Besov spaces,

Quasi–linear symmetric hyperbolic systems which in the case of a perfect fluid takes the form
in weighted Sobolev Spaces of fractional or(2)
T αβ = ( + p)uα uβ + pg αβ ,
der

1

1.1

Introduction

We start to describe the setting for our first result. The
evolution of the gravitational field is described by the Einstein
equations
(1)

1
Gαβ = Rαβ − gαβ R = 8πTαβ ,
2

where  is the energy density, p is the pressure and uα is the
four-velocity vector. The vector uα is a unit timelike vector,
which means that it satisfies the normalization condition
(3)

The Euler equations describing the evolution of the fluid take
the form
(4)

where gαβ is a semi Riemannian metric having a signature
(−, +, +, +), Rαβ is the Ricci curvature tensor, and R is the
scalar curvature. Both tensors are functions of the metric gαβ
and its first and second order partial derivatives. The righthand side of (1) consists of the energy–momentum tensor Tαβ ,

∇α T αβ = 0,

where ∇ denotes the covariant derivative associated with the
metric gαβ . Equations (1) and (4) are not sufficient to determinate the structure uniquely, a functional relation between the
pressure p and the energy density  (equation of state) is also
needed. We choose an equation of state that has been used in

∗ Departamento
† Department

gαβ uα uβ = −1.

de Matemática Aplicada Complutense Madrid 28040 Madrid, (Spain) Email: oub@mat.ucm.es
of Mathematics ORT Braude College P.O. Box 78, 21982 Karmiel (Israel) Email: karp@braude.ac.il
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astrophysical problems. It is the analogue of the well known
polytropic equation of state in the non-relativistic theory, given
by
(5)

p = p() = Kγ ,

K, γ ∈ R+ ,

1 < γ.

The sound velocity is denoted by σ 2 = dp
d , and the range
of the energy density  will be restricted so that the causality
condition σ 2 < 1 will hold. The unknowns of these equations
are the semi Riemannian metric gαβ , the velocity vector uα
and the energy density . These are functions of t and xa ,
where xa (a = 1, 2, 3) are the Cartesian coordinates on R3 .
The alternative notation x0 = t will also be used and Greek
indices will take the values 0, 1, 2, 3 in the following. In
astrophysical context the density  is expected to have compact
support, or tend to zero at spatial infinity in an appropriate
sense. It is well known that the usual symmetrization of the
Euler equations is badly behaved in cases where the density
tends to zero somewhere. The coefficients of the system
degenerate or become unbounded when  approaches zero. It
was observed by Makino that this difficulty can be to some
extend circumvented in the case of a non-relativistic fluid by
using a new matter variable w in place of the mass density. For
this reason we introduce the quantity
(6)

w = M () = 

γ−1
2

,

and we call it the Makino variable. A similar device was used
by Gamblin and and Bezard for the Euler-Poisson equations,
and by Rendall and Oliynyk for the Einstein–Euler equations.
The common method for solving the Cauchy problem for the
Einstein equations consists usually of the following steps.
1. Initial data must satisfy the constraint equations, which
are intrinsic to the initial hypersurface. Therefore, the
first step is to construct solutions of these constraints.
2. The second step is to use the harmonic coordinate condition and to solve the evolution equations with these
initial data.
3. The last step is to prove that the harmonic coordinate
condition and the solution of the constraints propagate.
That means if they held on an initial hypersurface, they
hold for later times.
The last step was treated in detail, for example in Fisher and
Marsden. The idea is to work out the condition ∇α Gαβ = 0.
Since our energy–momentum satisfies (4), their result can be
immediately generalized for our case. But for the sake of
brevity we have omitted the details. However, the presence
of the equation of state (5) introduces an additional step: the
compatibility problem of the initial data for the fluid and the
gravitational field (see (26)). There are three types of initial
data for the Einstein–Euler system:

• The gravitational data is a triple (M, h, Kab ), where M
is a space-like manifold, h is a proper Riemannian metric
on M, and Kab is the second fundamental form on M
(extrinsic curvature). The pair (h, Kab ) must satisfy the
constraint equations (25);
• The matter variables, consisting of the energy density z
and the momentum density j a , appear on the right hand
side of the constraints (25);
• The initial data for Makino variable w and the velocity
vector uα of the perfect fluid.
The only type of Sobolev spaces which are known to be
useful for existence theorems for the constraint equations in
an asymptotically flat manifold, are the weighted Sobolev
spaces Hk,δ , where k ∈ N and δ ∈ R. These spaces were
introduced by Nirenberg and Walker and Cantor, and they are
the completion of C0∞ (R3 )-functions under the norm
2
X Z 
(7)
kuk2k,δ =
(1 + |x|)δ+|α| |∂ α u| dx.
|α|≤k

Due to the presence of the equation of state (5) and the Makino
2
variable (6), we have to estimate kw γ−1 kk,δ . So it is perhaps
worth discussing the estimate of the Sobolev’s norm of uβ in
more details for β > 1. For simplicity we discuss this in the
ordinary Sobolev space H k = H k (R3 ). The simplest case is
when β ∈ N, then kuβ kH k ≤ C(kukL∞ )kukH k and there
is no restriction on k. When β 6∈ N, then we obtain the
same estimate, provided that k ≤ β. This bound on k was
improved by Runst and Sickel to k < β + 21 . Applying this
2
to β = γ−1
, and taking into account the Sobolev embedding
∞
kukL ≤ CkukH k for k > 32 , we get a lower and upper bound
for k:
3
2
1
(8)
<k<
+ .
2
γ−1 2

2
is an integer. Note
The only exception is the case when γ−1
that for certain values of γ, inequalities (8) possesses no integer
solution. Hence, for these values of γ it is impossible to obtain
a solution to the Einstein–Euler system in Sobolev spaces of
integer order. So in order to be able to solve the coupled
system for the maximal range of the power γ, and in addition,
to improve the regularity of the solutions, we are considering
the Cauchy problem in the weighted fractional spaces Hs,δ ,
where s is real number (see Definition 1). These spaces
were introduced by Triebel, and they generalize Hk,δ to a
fractional order. In [2] the authors constructed initial data for
coupled systems (1), (2) and (4) with the equations of state (5).
This includes the solution to the constraint equations (25), as
well as the solution to the compatibility problem between the
matter variable (z, j a ) and the fluid variables (w, uα ), (26),
in the Hs,δ -spaces. Here we will establish the well-posedness
of Einstein–Euler systems in the weighted fractional Sobolev
spaces Hs,δ .
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1.2

p
The construction of the Spaces Hs,δ

We obtain the well-posdeness in the weighted Sobolev spaces
of fractional order. So we first recall their definition. Let
∞
3
{ψj }∞
j=0 ⊂ C0 (R ) be a sequence of cutoff function such
that, ψj (x) ≥ 0 for all j ≥ 0, supp(ψj ) ⊂ {x : 2j−2 ≤ |x| ≤
2j+1 }, ψj (x) = 1 on {x : 2j−1 ≤ |x| ≤ 2j } for j = 1, 2, ...,
supp(ψ0 ) ⊂ {x : |x| ≤ 2}, ψ0 (x) = 1 on {x : |x| ≤ 1} and
|∂ α ψj (x)| ≤ Cα 2−|α|j ,
where the constant Cα does not depend on j. We restrict
ourselves to the case p = 2 and denote the Bessel potential
spaces by H s with the norm given by
Z
2
kukH s = (1 + |ξ|2 )s |û(ξ)|2 dξ,
where û is the Fourier transform of u.

kukHs,δ

2

=

∞
X
j=0

1.3

The main results

Since the principal symbol of the field equations (1) is characteristic in every direction, it is impossible to solve (1) in the
present form. We study these equations under the harmonic
gauge condition
F µ = g βγ Γµβγ = 0,

(11)

where g αβ is the inverse matrix of gαβ . Then the field
equations (1) are equivalent to the reduced Einstein equations
(12) g µν ∂µ ∂ν gαβ = Hαβ (g, ∂g)−16πTαβ +8πg µν Tµν gαβ ,

D EFINITION 1 For s, δ ∈ R,
(9)

is the norm of the weighted fractional Sobolev space Hs,δ (M).
For the definition of the norm kχ0 ukH s (Ω) on the manifold M.
Note that the norm (10) depends on the partition of unity, but
different partitions of unity result in equivalent norms. In the
following we will omit the notation M, that is, we will write
kukHs,δ instead of kukHs,δ (M) .

3

2( 2 +δ)2j k(ψj u)(2j ) k2H s ,

where fε (x) = f (εx) denotes the scaling by a positive number
. The space Hs,δ is the set of all tempered distributions having
a finite norm given by (9).
The Hs,δ -norm of a distribution u in an open set Ω ⊂ R3 is
given by
kukHs,δ (Ω) = inf kf kHs,δ (R3 ) .
f |Ω =u

D EFINITION 2 Let M be a 3 dimensional smooth connected
manifold and let h be a metric on M such that (M, h) is
complete. We say that (M, h) is asymptotically flat of the
s
class Hs,δ if h ∈ Hloc
(M) and there is a compact set S ⊂ M
such that:
1. There is a finite collection of charts {(Ui , ϕi )}N
i=1 which
covers M \ S;
3
2. For each i, ϕ−1
i (Ui ) = Eri := {x ∈ R : |x| > ri } for
some positive ri ;

3. The pull-back (ϕi∗ h)ab is uniformly equivalent to the
Euclidean metric δab on Eri for each i;
4. For each i, (ϕi∗ h)ab − δab ∈ Hs,δ (Eri ).
The Hs,δ -norm on the manifold M is defined as follows. Let
U0 ⊂ M be an open set such that S ⊂ U0 and U0 b M. Let
{χ0 , χi } be a partition of unity subordinate to {U0 , Ui }, then
(10) kukHs,δ (M) := kχ0 ukH s (U0 ) +

N
X
i=1

kϕ∗i (χi u)kHs,δ (R3 )

where Hαβ (g, ∂g) is a quadratic function of the semi–metric
gαβ and its first order derivatives. Since g µν has a Lorentzian
signature, (12) is a system of quasi-linear wave equations.
Taking into account the equation of state (5), the normalization
condition (2), and the Makino variable (6), then the system of
wave equations (12) becomes
g µν ∂µ ∂ν gαβ
(13)

2

= Hαβ (g, ∂g) − 8πw γ−1 (1 − Kw2 )gαβ

+2(1 + Kw2 )uα uβ .

So the unknowns of the system (13) coupled with the Euler
equations (4) are the semi–metric gαβ , the velocity vector uα
and the Makino
variable w. Note that even if w is a smooth
2
function, w γ−1 might not be smooth in certain regions. The
initial data consist of the triple (M, hab , Kab ), where M is a
space-like manifold, hab is a proper Riemannian metric on M
and Kab is its second fundamental form (extrinsic curvature).
The semi–metric gαβ takes the following data on M :
(14)

g00 |M = −1, g0a |M = 0, gab |M = hab
a, b = 1, 2, 3.
− 12 ∂0 gab |M = Kab ,
The remaining initial data for ∂0 gα0 |M are determined through
the harmonic condition F µ = 0. We compute them by
inserting the initial data (14) in the harmonic gauge condition
(11). Since ∂a g00 |M = ∂a gb0 |M = 0, this results in the
following expressions for ∂0 gα0 |M :
(15)



∂0 g00 |M
∂0 g0c |M

=
=

2hab (Kab )

1
ab
2 h (∂a hbc − ∂c hab ) .

In addition, the initial data of the velocity vector uα and the
Makino variable w are given on M. We denote the Minkowski
metric by ηαβ .
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2
T HEOREM 3 (M AIN RESULT ) Let 23 < s < γ−1
+ 21 and
3
− 2 ≤ δ. Assume M is asymptotically
flat of class Hs+1,δ ,

Kab ∈ Hs,δ+1 , u0 − 1, ua , w M ∈ Hs+1,δ+1 , w(0) ≥ 0
and uα (0) is a timelike vector. Then there exists a positive
T , a unique semi–metric gαβ , a unit timelike vector uα and
w satisfying the reduced Einstein equations (13) and the Euler
equations (4) such that

(gαβ (t) − ηαβ ) ∈ C([0, T ], Hs+1,δ ) ∩ C 1 ([0, T ], Hs,δ+1 )
and

u0 − 1, ua , w ∈ C([0, T ], Hs+1,δ+1 ) ∩ C 1 ([0, T ], Hs,δ+2 ).

R EMARK 4 (O N THE DIFFERENTIABILITY ) Note that we
have a lower and an upper bound of the differentiability index
2
is an integer, then there is no upper
s, however, in case γ−1
bound.
A necessary and sufficient condition for the equivalence between the reduced Einstein equations (13) and the field equations (1) is that the geometric data (h, Kab ) satisfy the constraint equations whose treatment we describe in the next
section, where we use weighted Besov spaces to solve these
equations.

1.4

Symmetric Hyperbolic Systems

The main result is proved by transforming the coupled system
(13) and (4) into a symmetric hyperbolic system. We therefore
recall its definition.
D EFINITION 5 (S YMMETRIC HYPERBOLIC SYSTEM ) A
first order quasi–linear k × k system is symmetric hyperbolic
system in a region G ⊂ Rk , if it is of the form
(16)

L[U ] = Aα (U )∂α U + B(U ) = 0,

where the matrices Aα (U ) are symmetric and for every arbitrary U ∈ G, there exists a covector ξ such that
(17)

ξα Aα (U )

is positive definite. The covectors ξα for which (17) is positive
definite, are called timelike with respect to equation (16).
If ξ can be chosen to be the vector (1, 0, 0, 0), then condition
(17) implies that the matrix A0 (U ) is a positive definite matrix,
and we may write system (16) in the form
(18)

A0 (U )∂t U = Aa (U )∂a U + B(U ).

We just present the Euler equations written as a symmetric
hyperbolic system and omit its tedious derivation:
(19)

κ2 uν
σκP ν β

 



w
0


=
.
 κσP ν α
 ∇ν uβ
0
Γαβ uν

√

Kγ
2
where κ = γ−1
1+Kγ−1 . On the other hand equation (15) is
equivalent to the system
(20)
∂t gαβ
= hαβ0

∂t hαβ0
= (−g 00 )−1 2g 0a ∂a hαβ0 + g ab ∂a hαβb
+Hαβ (g, ∂g)
2
.
− 8πw γ−1 (1 − Kw2 )gαβ
+2(1 + Kw2 )uα uβ
00 −1 ab
(−g ) g ∂t hαβa = (−g 00 )−1 g ab ∂a hαβ0

The coupled system (20) and (19) can be written in the form of
(16), where Aα are 55×55 symmetric matrices which depends
on the unknowns (v, ∂t v, ∂x v) = (gαβ − ηαβ , ∂t gαβ , ∂x gαβ ),
where ηαβ denotes the Minkowski metric and ∂x denotes the
set of all spatial derivatives. We also set (e0 )α = (1, 0, 0, 0)
and W = (w, uα − eα
0 ) represents the Makino and the
fluid variables. Finally, U = (v, ∂t v, ∂x v, W ) represents the
unknowns of the coupled system. Theorem 3 is then proved
by energy estimates and a standard iteration procedure whose
details can be found in [3].

2

Elliptic equations in Weighted Besov spaces

A special feature of the Einstein equations is that initial data
cannot be prescribed freely. They must satisfy constraint
equations. To prove the existence of a solution of the Einstein
equations, it is first necessary to prove the existence of a
solution of the constraints. The usual method of solving the
constraints relies on the theory of elliptic equations. Since
asymptotically flat metric falls off only as r−1 as r → ∞ on
a spacelike slice and the positive mass theorem implies that
any attempt to impose faster fall-off excludes all but the trivial
solution the metric does not belong to a Sobolev space. The
usual way to get around this is to replace the ordinary Sobolev
space by a weighted one. Therefore much attention has been
devoted to solutions of the Einstein constraint equations in
asymptotically flat space–times by means of weighted Sobolev
spaces as an essential tool. These spaces are defined as the
completion of C0∞ (Rn ) with respect to the norm


(21) kukm,p,δ = 

X Z

|α|≤m

p
and denoted by Wm,δ
.

p

 p1

(1 + |x|)δ+|α| ∂ α u dx ,

p
Elliptic equations on Wm,δ
spaces were first considered by
Nirenberg and Walker. We refer to our article [1] for a review
of previous obtained results. One of our main results is the
extension of the regularity result of Holst to asymptotically flat
p
manifolds. In doing so we use Triebel’s extension of the Wm,δ
–
p
spaces to the fractional order spaces Ws,δ –spaces, where s
p
and δ are real numbers, (see definition 6). The Ws,δ
–spaces
s
are constructed by means of the Besov space Bp,p (see (22)).
To conclude, our results generalize the results of Maxwell to
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p ∈ (1, ∞), and improve the regularity of Choquet Bruhat et
al. One of the essential difficulties is to prove the continuity
p
of the Yamabe functional (24) in terms of the norm of Ws,δ
.
n
In previous publications the restriction of p > 2 was caused
by two reasons: the Sobolev embedding theorem; and a certain
application of the generalized Hölder inequality that requires
the condition p > n2 . We, however, overcome this obstacle
p
by improving the multiplication property of functions in Ws,δ
–
spaces.

2.1

p
The construction of the Spaces Ws,δ

We turn now to the construction of the weighted-Wsp space.
We also use a dyadic partition of unity, which we introduced in
section 1.2.

p
D EFINITION 6 (W EIGHTED B ESOV SPACES Ws,δ
) Let
p
n
s, δ ∈ R and p ∈ [1, ∞), the Ws,δ (R )-space is the set of
all tempered distributions u such that the norm

(23)
is finite.

:=

∞
X

(δ+ n
p )pj

2

(ψj u)(2j )

j=0

p
Wsp

.

p
The Ws,δ
-norm of distributions in an open set Ω ⊂ Rn is given
by
kukW p (Ω) = inf kf kW p (Rn ) .
s,δ

2.2

f |Ω =u

−∆g u + a0 u = F (u, ·)
p
has a unique non–negative solution u ∈ Ws,δ
(M).

2.3

In this subsection we sketch the construction of the weighted
Besov spaces. We start by fixing the notations and recalling
s
the definition of the Besov spaces Bp,p
. Let S denote the
Schwartz class of rapidly decreasing functions in Rn and S 0 its
∞
n
dual. Let {φj }∞
j=0 ⊂ C0 (R ) be a dyadic partition of unity
n
of R such that supp(φ0 ) ⊂ {|ξ| ≤ 2}, supp(φj ) ⊂ {2j−1 ≤
|ξ| ≤
2j+1 } for j ∈ N, all the function φj are nonnegative
P∞
and j=0 φj (ξ) = 1. Let F(u) be the Fourier transform of a
distribution u, s ∈ R and 1 ≤ p < ∞, then


∞

X
s
(22) Wsp := Bp,p
= u ∈ S 0 : kukWsp := 

j=0


1/p
p
jsp
−1
2
F (φj F(u)) Lp
<∞ .

kukpW p (Rn )
s,δ

T HEOREM 7 Assume (M, g) is an asymptotically flat manp
p
ifold of the class Ws,δ
, a0 ∈ Ws−2,δ+2
, a0 ≥ 0, s ∈
n
n
( p , ∞) ∩ [1, ∞) and δ ∈ (− p , −2 + pn0 ). Then the equation

s,δ

Semi–linear elliptic equations

In this section we establish an existence and uniqueness theorem for a semi–linear equation whose principal part is the
Laplace–Beltrami operator on an asymptotically flat Riemannian manifold. Let
F (u, x) := h1 (u)m1 (x) + · · · + hN (u)mN (x),

be a function, where hi : (−1, ∞) → [0, ∞) is C 1 non–
p
increasing function, mi ≥ 0 and mi ∈ Ws−2,δ+2
(M). The
−αi
typical example of hi (t) is (1 + t)
with αi > 0.

The Brill–Cantor criterion

p
Let (M, g) be an asymptotically flat manifold of class Ws,δ
and R(g) be the scalar curvature. Throughout this section
n−2
2n
and sn = 4(n−1)
. Following
n ≥ 3. We set 2∗ = n−2
Choquet–Bruhat, Isenberg, and York and Maxwell, we define.

D EFINITION 8 An asymptotically flat manifold (M, g) is in
the positive Yamabe class if
(24)

inf
∞

ϕ∈C0 (M)

(∇ϕ, ∇ϕ)(L2 ,g) + sn hR(g), ϕ2 i(M,g)
2

kϕkL2∗

> 0.

This condition is conformal invariant under the scaling g 0 =
4
p
φ n−2 g. For s ≥ 2 the metric g ∈ W2,δ
(M) R(g) ∈ Lp (M),
which can be rewritten as follows:
inf

ϕ∈C0∞ (M)

R

M


(∇ϕ, ∇ϕ)g + sn R(g)ϕ2 dµg
2

kϕkL2∗

> 0.

Though condition (24) is similar to the Yamabe functional
on compact manifolds, it has a different interpretation on
asymptotically flat manifolds, namely, in that case being in
the positive Yamabe class is equivalent to the existence of a
conformal flat metric.

T HEOREM 9 Let (M, g) be an asymptotically flat manifold
p
of the class Ws,δ
, and assume that s ∈ ( np , ∞) ∩ [1, ∞) and
δ ∈ (− np , −2 + pn0 ). Then (M, g) is in the positive Yamabe
class if and only if there is a conformally equivalent metric g 0
such the R(g 0 ) = 0.
This type of result was first proven by Cantor for s > np + 2
2n
and 1 < p < n−2
. Since then the regularity assumptions
were improved by several authors, however, they dealt only
with Sobolev spaces of integer order, and when s = 2 they are
restricted to p > n2 . For p = 2 it was proven for all s > n2
by Maxwell. Thus Theorem 9 improves regularity and extends
the range of p to (1, ∞).
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Applications to the Constraint Equations of the
Einstein–Euler Systems

In this section we describe briefly the initial data for the
Einstein–Euler system, for more details we refer to [2, 3].
In [2] we constructed the initial data in the Hilbert space
2
Ws,δ
(M) and here we apply the results of the previous sections
in order to construct the initial data in the weighted Besov
p
spaces Ws,δ
(M) for 1 < p < ∞. The initial data of the
Einstein–Euler system are a proper Riemannian metric g and
a symmetric (2, 0)–tensor Kab , given on a three dimensional
manifold M. The matter variables are (z, j a ), where z denotes
the energy density and j a the momentum density, and in
addition, there are initial data for the fluid. These are the
Makino variable w and the velocity vector uα . The data must
satisfy the constraint equations,
(25)

R(g) − Kab K ab + (g ab Kab )2 = 16πz Hamiltonian
(3)
∇b K ab − ∇b (g bc Kbc )
= −8πj a Momentum
Let ũα denote the projection of the velocity vector uα on the
initial manifold M. The projections of the energy–momentum
tensor Tαβ twice on the unit normal nα , once on nα and once
on M, lead to the following relations

a b
z =
ρ + (ρ +
pp)gab ũ ũ
.
(26)
j α = (ρ + p)ũa 1 + gab ũa ũb
We use the well–known conformal method for solving the constraint equations (25). This method starts by giving some free
quantities and the solutions of the constraints are obtained in
the end by rescaling these with appropriate powers of a scalar
function φ. This function is the solution of the Lichnerowicz
equation (27).
1
(27)
− ∆ĝ φ = 2πẑφ−3 + K̂a b K̂ba φ−7 .
8

[0, 1) → R such that if
(28)

0≤z

γ−1
2



p
≤ S z −1 gab j a j b ,

then system (28) has a unique inverse.

Since Condition (28) is not invariant under scaling, the unscaled initial data for the energy and momentum densities must
satisfy it. Therefore there are two types of free data, the
geometric data (ḡ, Āab ) where ḡ is a Riemannian metric, Āab is
γ−1
divergence and trace free form, and the matter data (ẑ 2 , ĵ a ),
which are constructed using (26) but with the flat metric ĝ. We
also assume that (M, ḡ) belongs in the positive Yamabe class
p
(see Definition 8) and has no Killing vector fields in Ws,δ
(M)
3
(for p = 2 and s > 2 this assumption was verified by Maxwell
T HEOREM 11 (S OLUTION OF THE CONSTRAINT EQUATIONS )
.Let M be a Riemannian manifold and (ḡ, Āab , ẑ γ−1
2 , ĵ a )
be free data such that (M, ḡ) is asymptotically flat of
p
the class Ws,δ
and belongs to the positive Yamabe class,
γ−1

p
p
Āab ∈ Ws−1,δ+1
(M), (ẑ 2 , ĵ a ) ∈ Ws,δ+2
(M), s ∈
2
1
n
n
n
( p , γ−1 + p ) ∩ [1, ∞) and δ ∈ (− p , n − 2 − p ).

1. Assume (ẑ, ĵ a ) satisfy (28) with respect to a flat metric
a
γ−1
ĝ, then (w, ũa ) = Φ−1 (z 2 , jz ) are initial data for
the fluid and satisfy the compatibility condition (26) in
the term of the metric g = φ4 ĝ, where z = φ−8 ẑ and
j a = φ−10 ĵ a and φ is the solution to the Lichnerowicz
p
equation (27). Moreover, (w, ũ0 −1, ũa ) ∈ Ws,δ+2
(M).
2. There exists a conformal metric g, (2, 0)–symmetric
form Kab which satisfy the constraint equation (25) with
the right hand side (z, j a ). The pair (M, g) is asymptotp
p
ically flat of the class Ws,δ
and Kab ∈ Ws−1,δ+1
(M).

In the case of the fluid the quantities which can be rescaled in a
way which is consistent with the general scheme are z and j a ,
and not the quantities w and ũa . Therefore, in order to provide
initial data for the fluid variables (w, ũa ), equations (26) must
be inverted. Taking into account the variable change (6) and the
equation of state (5), then (26) is equivalent to the inversion of
the map (see [2, §4] for details)



 γ−1
a
2
Φ (w, ũ ) :=
w 1 + 1 + κw2 gab ũa ũb
,
!
p

1 + κw2 ũa 1 + gab ũa ũb
1 + (1 + κw2 ) (gab ũa ũb )


a
γ−1 j
=
z 2 ,
.
z

2
R EMARK 12 The upper bound γ−1
+ p1 for the regularity
index s is caused by the equation of state (6), and it is not
2
is an integer.
needed whenever γ−1

The inversion of this map under certain condition was established in [2].
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Explicit blow-up time for complete porous medium
problems
Giuseppe Viglialoro∗

Abstract— Mainly, this paper deals with the blow-up phenomena of solutions to porous medium problems, prescribed by
reaction-diffusion equations, defined in a bounded domain of Rn , with n = {2, 3}. We distinguish two situations, depending
on the presence or not of a gradient nonlinearity in the reaction term of the corresponding equation. Specifically, important
theoretical and general results regarding estimates of blow-up time t∗ to solutions of such problems are summarized. More
exactly, by means of an energy function explicit lower bounds for t∗ , if blow-up occurs, are derived in the case n = 3. On the
other hand, first a general resolution method is proposed and, then, it is applied in the two dimensional case for some examples
to both compute the explicit blow-up times of such unbounded solutions and to analyze and discuss some of their properties.
Keywords: Nonlinear parabolic systems, porous medium equation, blow-up time, gradient nonlinearity.

1

and

Introduction

Several reaction-diffusion phenomena, naturally appearing in
various physical, chemical and biological applications, are
formulated through nonlinear parabolic problems. For results dealing with global existence and nonexistence, blow-up,
blow-up rates and lower and upper bounds of blow-up time of
solutions to such problems we refer the reader to [1], [2], [3],
[7], [11], [15] and [16].
Due to its importance in real applications, many authors pay
attention to estimates of the blow-up time to those problems
whose source (reaction) term depends on the solution and also
on its gradient (see, for instance, [8], [9], [14] and [18] and the
references therein).
In this sense, here we are concerned with this reactiondiffusion problem, known as complete Porous Medium Equation (see [17]),
ut = ∆(um ) + f (u, |∇u|),
where m belongs to a suitable subset of R+ and where the
reaction f may also contain the convection term associated to
|∇u|.
Precisely, the aim of this work is to control the blow-up time t∗
of solutions to the following two problems

m
p
∗

ut = ∆(u ) + u , x ∈ Ω, t ∈ (0, t ),
(P1 )
u = 0,
x ∈ ∂Ω, t ∈ (0, t∗ ),


u = u0 (x) ≥ 0,
x ∈ Ω,
∗ Department

(P2 )


m
p
q
∗

ut = ∆(u ) + u − |∇u| , x ∈ Ω, t ∈ (0, t ),
u = 0,
x ∈ ∂Ω, t ∈ (0, t∗ ),


u = u0 (x) ≥ 0,
x ∈ Ω,

where Ω is a bounded and smooth domain of Rn (with n =
{2, 3}), for some constants p ≥ 2, m > 1 and p > q, and
where u0 (x) is nonnegative in Ω, satisfying the compatibility
homogeneous Dirichlet condition u0 (x) = 0 on ∂Ω. More
exactly, we assume that both (P1 ) and (P2 ) admit a nonnegative
classical solution for a certain period of time but that may
present a delta function at some finite time t∗ .
We also point out that in (P2 ) we set p > q, since for p ≤ q
the negative convection gradient term can contrast the power
source term and the solution does not blow up in finite time
(see some details in [12]).
The rest of the work is so organized. In §2 we give the main
theoretical results, summarized in Theorems 2 and 3. Specifically, once an appropriate (time depending) energy function
is defined (the so called E-energy), it is possible to derive
lower bounds to solutions to problems (P1 ) and (P2 ) that are
unbounded in such energy.
In §3 we deal with the resolution method of the two problems;
starting from a general joint weak formulation, we propose
an algorithm based on a mixed Finite Element Method in
space and Euler Method in time capable of numerically solving them. This resolution approach is implemented in the
two dimensional case to analyze the evolution in time of the
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aforementioned E-energy and, therefore, the behaviors of the
solutions and, also, of the blow-up time t∗ .
Finally, the paper is complemented by some conclusions (§4).

2

Lower bound for blow-up time

In this section we establish results concerning lower bounds for
blow-up solutions to problems (P1 ) and (P2 ).
We, previously, need this
D EFINITION 1 For any nonnegative solution u of (P1 ) (or
(P2 )), let us introduce the E-energy
Z
(1)
E(t) =
um(p−1) dx,
Ω

R

with E(0) = E(u0 ) =

m(p−1)

Ω

u0

dx > 0.

We say that u blows up (or is unbounded) in E-energy (1) at
finite time t∗ if
(2)

lim E(t) = ∞.

t→t∗

In this way we have the following two theorems
T HEOREM 2 Let Ω be a bounded domain of R3 with Lipschitz boundary. Assume p ≥ 2 and d = (m − 1)/(p − 1),
with 2 − 1/p < m < p. If u is a nonnegative classical solution
of (P1 ) becoming unbounded in E-energy (1) at time t = t∗P1 ,
then
Z ∞
dη
∗
= TP1 ,
(3)
tP1 ≥
γ
E(0) c1 η

c2 and c3 being two computable constants depending on the
data.
R EMARK 4 We want to underline some aspects concerning
the solution u of (P1 ) (or (P2 )) in terms of the energy (1):
I as represented in Figure 1, if E(t) is unbounded at finite
time t∗ , there exists a time t1 (that might be also 0)
such E(t1 ) = E(0) and E(t) > E(t1 ), ∀ t ∈ (t1 , t∗ );
subsequently, it is possible to estimate t∗ only in terms
of the initial energy E(0), exactly as in (3) and (5).
II The blow-up time t∗ depends on the choice of the energy
function. In fact, the choice of the E-energy (1) is not
unique; anyway, due to technical reasons in order to
obtain theoretical results it is important to define in a
suitable way such energy.
III If the energy function is bounded in time, u is a global
(or bounded) solution. Specifically, in this circumstance
the energy decreases in time or, possibly, increases but
reaches a constant value (see Figure 2); hence, we
improperly set “t∗ = ∞”.

Figure 1: Possible behaviors of the E-energy in terms of time,
once E(t) is supposed to blow up at finite time t∗ .

where
(4)

γ=

2m + 3d − 1
> 1,
2m + 3d − 3

c1 being a computable constant depending on the data.
T HEOREM 3 Let Ω be a bounded domain of R3 with Lipschitz boundary. Assume p ≥ 2, p > q and δ a real number
verifying
 2m + 3d − 3 
2
,
1 < δ < (m + d)
3
2m + 3d − 1
where d = (m − 1)/(p − 1), with 2 − 1/p < m < p. If u is a
nonnegative classical solution of (P2 ) becoming unbounded in
E-energy (1) at time t∗P2 , then
Z ∞
dη
∗
(5)
tP2 ≥
= TP2 ,
α
αβ
E(0) c2 η + c3 η
where
(6)

(
α=
β=

2(m+d)−δ
2(m+d)−3δ
2m+3d−1
2m+3d−3α

> 1,
> 1,

Figure 2: Possible behaviors of the E-energy in terms of time,
once E(t) is supposed to be bounded in time.

IV Qualitatively, the expression up − |∇u|q models a sort
of competition between a source effect (represented by
the power term), that increases the internal energy of the
system and therefore accelerates the blow-up time, and
a damping effect (represented by the gradient term), that
slows down such an energy and, subsequently, contrasts
its growth.
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The behaviors of the solutions (P1 ) and (P1 ) is represented in
Figure 3: for problem (P1 ) (respectively, (P2 )), the solution
u is bounded for any t belonging to [0, TP1 ) (respectively,
[0, TP2 )), i.e. the E-energy defined in (1) is finite. In addition,
the interval [0, TP1 ) (respectively, [0, TP2 )) is not maximal and
it is not known a priori the length of the interval (TP1 , t∗P1 )
(respectively, (TP2 , t∗P2 )). On the contrary, TP1 < TP2 and
t∗P1 < t∗P2 , as explained in comment IV of Remark 4 and also
through a direct analysis of estimates (3) and (5).

Remark 4, we get
Z ∞
Z ∞
dη
dη


=

γ
γ

c
η
c

E(0) 1 η
E(t1 ) 1



for problem (PZ1 ),
Z ∞
t∗ ≥
∞
dη
dη


=


α
αβ
α + c η αβ

c
η
+
c
η
c
η
3
3
E(0) 2

 E(t1 ) 2

for problem (P2 ),
and estimates (3) and (5) are proven.

We refer to [13] and [19] for the complete proofs of Theorems
2 and 3, respectively.


3

Figure 3: General analysis and comparison of lower bounds
and blow-up times of solutions to problems (P1 ) and (P2 ).

S KETCH OF THE PROOF OF T HEOREMS 2 AND 3.
Let u be a nonnegative solution of (P1 ) (or (P2 )). If we
set s = p − 1, by differentiating expression (1), due to the
divergence theorem and the homogeneous Dirichlet boundary
conditions, we lead to

Z

2

− m s(ms − 1)
ums−3+m |∇u|2 dx



Ω

Z





+
ms
us(m+1) dx,



Ω


for problem
(P1 ),
0
Z
E (t) =

2
ms−3+m

− m s(ms − 1)
u
|∇u|2 dx



Ω

Z
Z



s(m+1)


+ ms
u
dx − ms
ums−1 |∇u|q dx



Ω
Ω


for problem (P ).

In this section a resolution procedure for both (P1 ) and (P2 ) is
presented: it is based on a mixed semi-discrete in space and a
single-step method in time. Exactly, in order to derive a general
numerical procedure, let us formulate such problems in this
joint way:

m
q
∗

ut = ∆(u ) + fp (u, |∇u|), x ∈ Ω, t ∈ (0, t ),
(8)
u = 0,
x ∈ ∂Ω, t ∈ (0, t∗ ),


u = u0 (x) ≥ 0,
x ∈ Ω,
where

fpq (u, |∇u|)

3.1

(7)

0

E (t) ≤

(

c1 E(t)γ , for problem (P1 ),
c2 E(t)α + c3 E(t)αβ , for problem (P2 ),

γ, α and β being real numbers defined in (4) and (6).
Since we are assuming that u blows-up at t∗ , after integrating
(7) between t1 and t∗ and taking into account comment I of

(
up ,
if (P1 ) is considered,
=
up − |∇u|q , if (P2 ) is considered.

Finite element method: semi-discretization in
space

If a mesh of Ω is fixed, and N represents the number of the
internal nodes of Ω, let U be the numerical approximation of
the solution u of (8): therefore,
(9)

2

Using techniques based on functional and algebraical relations,
it is possible to obtain a main inequality only in terms of the Eenergy; specifically, we can write

Numerical resolution method and examples

U(x, t) =

N
X

ui (t)ϕi (x),

i=1

where ϕi (x) ∈ H01 (Ω) is the standard hat basis at the vertex
xi , for i = 1, ..., N .
Thanks to the divergence theorem, multiplying the first equation of (8) by a generic test function ϕj (x) and taking, again,
into consideration the homogeneous boundary condition, this
variational form in space is achieved:
(10)

(Ut , ϕj ) + (∇U m , ∇ϕj ) = (fpq (u, |∇u|), ϕj ),

with j = 1, . . . , N, t ≥ 0, and where (·, ·) stands for the usual
L2 inner product.
In order to compute the evolution in time of the coefficients ui
appearing in (9), let ∆t = tk+1 − tk be a given time step, with
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k = 0, 1, 2, . . . (t0 = 0), and Uk the approximation of U(x, t)
at time tk . By applying the forward Euler finite difference
approximation to system (10), it is seen that

Data: u0 , ∆t, ε0 , k = 0
solving (11)



uk

(

O

Uk+1 − Uk j
, ϕ ) + (∇Ukm , ∇ϕj ) = (fpq (Uk , |∇Uk |), ϕj ),
∆t

updating the threshold by (12)

(

solving (11)

i.e., through (9),
w

(11)

M

uk+1 − uk
q
+ Kum
k = Fp (uk ),
∆t

with
(
R
M ∈ RN ×N : Mij = Ω ϕi (x)ϕj (x)dx,
R
K ∈ RN ×N : Kij = Ω ∇(ϕi (x))m · ∇ϕj (x)dx,
and Fpq (uk ) ∈ RN such that

Z X
N




uik ϕi (x))p ϕj (x)dx,
(



Ω i=1




if (P1 ) is studied,




N
Z X
uik ϕi (x))p ϕj (x)dx
(
Fpq (uk )j =

Ω

i=1



N

X



−(
uik |∇ϕi (x)|)q ϕj (x)dx,




i=1



if (P2 ) is studied.

T
Let us note that we have set uk = (u1k , . . . , uN
k ) , where T
represents the transposition operator. In these circumstances,
uik is the approximation of the solution u of problem (8) at
time tk , for k = 0, 1, 2, . . ., and at space point xi , for i =
1, 2, . . . , N.

With regards to the approximated value of the blow-up time
t∗ , the following numerical resolution algorithm is proposed.
Let ε0 be a fixed threshold: once the initial datum u0 and
an integration step ∆t are given, u1 is computed from (11).
Successively, u1 is used to update u2 , and so on. Moreover,
according to (1) and (2), we exit the loop when the E-energy
at step k

(12)

εk =

Z X
N
Ω

i=1

m(p−1)
uik ϕi (x)
dx,

is greater than the threshold ε0 (Stopping Criterion); eventually, t∗ ≈ k∆t (see the scheme in Table 1).

εk

if εk ≤ε0

k =k+1

if εk >ε0

4T

Solution: t∗ ≈ k∆t

Table 1: Computation of the blow-up time t∗ . The necessary
input are the threshold ε0 , the time step ∆t and the initial datum
u0 ; successively, it is possible to calculate the sequence uk and
εk and, therefore, to compute t∗ .
R EMARK 5 It is well known that the forward Euler method
is an explicit first order method which presents only a linear
accuracy with respect the step size, and its local truncation
error is O((∆t)2 ). Moreover, it can manifest undesirable
numerical instabilities.
On the other hand, we could obtain stability by means of
implicit methods, for instance through the backward Euler
method (or others that have higher order; see [5]); anyway,
such approach is more expensive to be implemented since
expression (11) is replaced by
M

uk+1 − uk
q
+ Kum
k+1 = Fp (uk ),
∆t

and, hence, uk+1 has to be computed solving an implicit and
nonlinear equation.
Nevertheless, since it is very simple to implement and also
very intuitive, we prefer to impose specific conditions on the
time step size capable to make the explicit Euler method
stable. Specifically, if h represent the diameter of the largest
element in the mesh, by choosing ∆t/h2 small enough the
forward method is immune to oscillations and totally suitable
to compute the solution as close to the exact one (see again [5]
for details). Therefore, such approach totally fits the aims of
this research.

3.2

Numerical simulations in R2

In order to appropriately interpret the results that will be
successively presented, let give a general and not exhaustive
physical description of the porosity.

3.2.1

Interpretation of porosity

As usual, studying the evolution of physical, biological, chemical phenomena the spatial diffusion of the quantity in consideration is modeled according to the heat diffusion law: the
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flow is proportional to the gradient of the temperature and has
the opposite direction. This law, also known as Fourier’s law,
states that in an homogeneous medium the temperature moves
towards those zones that are less dense with respect to other.
Such derivation is based on the following not realistic assumption: the spread moves up with an infinite velocity and reaches
instantly all the points, exactly due to the homogeneity of the
media. In this sense, a more suitable model is represented by
that in which the diffusion arises with finite velocity; this situation is physically appropriate to describe processes involving
flow of an isentropic gas through porous (not homogeneous)
media, like for instance, sand or gravel (see [6] and [10] for a
complete theory).

3.2.2

in the paper by using the software package FreeFem++ (see
[4]). This is a free programming language based in the
Finite Element Method, focused on solving partial differential
equations (PDE). FreeFem++ is implemented in terms of the
variational forms of the corresponding problems, so that it is
straightforward to solve problems involving PDE.
Table 2 emphasizes how the blow-up time t∗ of unbounded
solutions u to problem (P1 ) decreases with p increasing, once
m and E(0) are given and also with E(0) increasing, for m
and p fixed. In addition, if E(0) is not big enough, t∗ = ∞
so that u is bounded in time, in the sense of comment III of
Remark 4. Finally, t∗ decreases with the porosity coefficient
m and the initial energy E(0) increasing.
m
p
E(0)
t∗P1

Expected results

As it is well known, mathematically the diffusion term effecting the unknown u for heat transfer phenomena (corresponding
to a spread velocity v that is infinity) is prescribed by ∆u;
for flow in porous media (finite spread velocity) this term
is replaced by ∆(um ), m > 1 representing the porosity
coefficient.
Intuitively, it is possible to connect the values of v and m: the
larger m is, the smaller v, that is v is a decreasing function of
m and, in particular, the limit case m → 1 ⇒ v → ∞ holds.

Numerical illustrations

As previously specified, we solve system (8) to discuss some
aspects of the solutions to (P1 ) and (P2 ). More exactly, for
both problems we focus on
◦ the analysis of the value of t∗ with p, q and m varying.
◦ the influence of the initial energy E(0) on t∗ .
We have considered (8) in the domain Q = B1 (0) × R+
0,
being B1 (0) = {x = (x, y) ∈ R2 : x2 + y 2 − 1 < 0}.
Moreover, we have chosen ∆t = 0.001, the diameter of the
mesh h ≈ 0.0616 (in this way ∆t/h2 ≈ 0.267), ε0 = 107 and
u0 (x) = α(1 − x2 − y 2 ), where α > 0 is a parameter whose
value influences that of the initial E-energy, E(0). The results
are summarized in Tables 2 and 3.
R EMARK 6 We want to point out that these numerical simulations have been obtained by solving the algorithm presented

1.2
2.4
10.99
0.108

1.3
2.4
10.99
0.157

1.3
2.4
12.57
0.101

1.3
2.4
9.42
∞

Table 2: Analysis of problem (P1 ).
On the other hand, by observing Table 3 the same conclusions
can be drawn for (P2 ). In addition, this table also highlights
how q slows down the blow-up time t∗ of unbounded solutions
u to problem (P2 ); it is justified by the dumping effect
associated to the term |∇u|q .
m
p
q
E(0)
t∗P2

After that, and also in line with statement IV of Remark 4,
we expect that the blow-up time increases with the porosity
increasing and decreases if the source term increases. On the
other hand, the same blow-up time decreases if the dumping
effect or the initial energy decreases.

3.2.3

1.2
2.3
10.99
0.186

1.2
2.4
1.4
10.99
∞

1.2
2.6
1.3
10.99
0.057

1.4
2.6
1.3
10.99
0.107

1.4
2.4
1.3
12.57
0.062

Table 3: Analysis of problem (P2 ).

4

Concluding remarks

Primarily, this paper studies the blowing-up and nonnegative
solutions of two nonlinear parabolic problems defined in a
bounded domain of Rn , with n = {2, 3}. Both equations
contain a diffusive term associated to the laplacian of a power
of the solution and, also, a reaction term. In one case, this
reaction is modeled only through a power of the solution
(source effect) and in the other by means of the difference
between such power and the norm of the gradient of the same
solution (damping effect). Moreover homogeneous Dirichlet
boundary conditions are fixed.
First we review theoretical results concerning with lower
bounds of solutions to such problems, in a three dimensional
domain. Specifically, by means of functional and algebraical
relations, a main first order differential inequality in terms of a
suitable energy function is achieved and, subsequently, lower
bounds of unbounded solutions are derived.
In addition, we also propose and employ a procedure capa-
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ble to numerical calculate the solutions of the problems, in
both R2 and R3 . This algorithm is attained by applying a
mixed semidiscrete in space and a single-step method in time.
Furthermore, to check the efficiency of the algorithm, the
problems are numerically solved in the two dimensional case.
The analysis of the results shows that the numerical method is
coherent with respect the expected results, since the solutions
obey natural laws. Moreover, the investigated problems are
sensitive with respect small variations of its data, in fact, initial
conditions or parameters slightly different each other can return
both blowing up or global solutions.
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Unfolding operator in thin domains
with an oscillatory boundary
J. M. Arrieta∗ and M. Villanueva-Pesqueira†

Abstract— In this paper we analyze the behavior of solutions of the Laplace operator with Neumann boundary conditions in
2-dimensional thin domains with an oscillatory boundary. Using the unfolding operator method we derive the homogenized limit
problem depending on the order of the oscillations. In this framework, we obtain new strong convergences for the solutions and
their gradients. We emphasize that this method is well-suited for this kind of periodic problems assuming weak geometrical
assumptions on the thin domain.
Keywords: Thin domains, oscillatory boundary, homogenization, unfolding method.

1

Introduction

In this work we show how to adapt the periodic unfolding
method, see [10] for a comprehensive presentation of the
method, to thin domains with an oscillatory boundary. We
apply the method to study the asymptotic behavior of solutions
to Poisson’s equation with Neumann boundary conditions as
the thickness of the domain tends to zero.
We will work on thin domains with order of thickness  > 0
defined as follows
(1)
n
o
R = (x1 , x2 ) ∈ R2 | x1 ∈ (0, 1), 0 < x2 <  g(x1 /α ) ,

where α > 0 and g : R → R is a Lebesgue−measurable
L−periodic function satisfying 0 < g0 ≤ g(·) ≤ g1 for
some fixed positive constants g0 and g1 . Moreover, in the
whole paper we assume that the function g is not a constant
function almost everywhere and we require the existence of
the Poincaré−Wirtinger inequality in the representative cell
Y ∗ = {(y1 , y2 ) ∈ R2 | y1 ∈ (0, L), 0 < y2 < g(y1 )}.
Note that the frequency of the oscillations depends on the value
of the parameter α. We will distinguish three different cases:
resonant case (α = 1), weak oscillations (0 < α < 1) and
extremely high oscillatory boundary (α > 1). We will show
the similarities and the main differences between the three
cases.
Then, adapting the unfolding operator method we study the
behavior of solutions of the following Neumann problem as

the thickness of the domain goes to zero

−∆u + u = f in R
(2)
∂u
on ∂R
∂N  = 0
where f ∈ L2 (0, 1), N  is the unit outward normal to ∂R and
R is the thin domain introduced in (1).
Observe that the existence and uniqueness of solutions to
problem (2) for each  > 0 is guaranteed by Lax-Milgram
Theorem.
R EMARK 1 To simplify the presentation we consider f ∈
L2 (0, 1) but the case where f  is the non-homogeneous term
in L2 (R ) uniformly bounded can be carried out in much the
same way.
There are several papers addressing the homogenization for
problems in thin domains with oscillating boundaries. We
mention a few of them here but we also refer to their respective
references. The resonant case was studied in [3, 13] using
standard techniques in homogenization, the problem on thin
domains with an extremely oscillatory boundary was analyzed
in [5] including locally periodic oscillations and the case where
the thin domain presents weak roughness was presented in [2].
Other related works are [6, 8].
The unfolding operator method, which we will adapt to get the
homogenization results, has been successfully applied to study
the effect of rough boundaries on the behavior of the solution
of partial differential equations. Among others papers, we can
cite [12] for an application of the method to a 2-dimensional
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domain with oscillating boundaries, [1] in the framework of
the linearized elasticity and [11] in the context of fluid flows.
Let us point out that the unfolding operator method allows
to consider a larger class of thin domains in the case of
periodic problems. Note that in this paper we may replace
the extra regularity conditions on the thin domain assumed in
the previous approaches by a weaker geometrical hypothesis:
the open set Y ∗ satisfies the Poincaré−Wirtinger inequality.
However everything is more complicated if problems beyond
the periodic case are considered , see [4, 7, 9].
The paper is organized as follows. In Section 2, we introduce
the unfolding operator and prove its main properties. In
Sections 3, 4 and 5 we study the cases α = 1, α < 1 and
α > 1 respectively.

2

Definition of the Unfolding operator and main
properties

We consider two dimensional thin domains with a highly
oscillatory behavior in its boundary defined as follows
n
o
Ω = (x1 , x2 ) ∈ R2 | x1 ∈ I  , b < x2 <  g(x1 /α ) ,

where , α > 0, the function g satisfies hypothesis described in
the Introduction and b ∈ R verifies b ≤ g0 ≤ g(x) ≤ g1 for
all x ∈ R where g0 = minx∈R {g(x)}. Observe that Ω can be
disconnected.
The representative cell which describes the thin structure is the
domain given by
Y ∗ = {(y1 , y2 ) ∈ R2 | y1 ∈ (0, L), b < y2 < g(y1 )}.
For x1 ∈ R, [x1 ]L denotes the unique integer such that
x1 ∈ [x1 ]L L, ([x1 ]L + 1)L and {x1 }L is such that x1 =
[x1 ]L L + {x1 }L .
Then, forh each
 > 0nand o
for every x1 ∈ R there exist a unique
x1
x1 i
∈ [0, L) such that
integer, α , and α
 L
 L
hx i
nx o
1
1
x 1 = α α + α α .
 L
 L
In addition, we will use the following notations
N
n[
o
• I  = Int
[α kL, α L(k + 1)] where N is the
k=0

biggest integer such that α L(N + 1) 6 1.

• Λ = I\I  .

• e denotes the standard extension by zero.

1,p
• W#
(Y ∗ ) is the space of functions ϕ ∈ W 1,p (Y ∗ )
1
which are L−periodic in the first variable. H#
(Y ∗ ) =
1,2
W#
(Y ∗ ).

D EFINITION 2 Let ϕ be a Lebesgue-measurable function in
Ω . The unfolding operator T is defined as follows

 hx i
1
T (ϕ)(x1 , y1 , y2 ) = ϕ α α L + α y1 , y2 ,
 L
for (x1 , y1 , y2 ) ∈ I  × Y ∗ and T (ϕ)(x1 , y1 , y2 ) = 0 for
(x1 , y1 , y2 ) ∈ Λ × Y ∗ .

Note that the operator T transforms Lebesgue-measurable
functions on the thin domain Ω into Lebesgue-measurable
functions on the fixed domain (0, 1) × Y ∗ which are piecewise
constant with respect to x1 .
R EMARK 3 In order to simplify the exposition we assume
that for all  considered there exists an integer, N , such that
I  = (0, 1). So, we will suppose that for every  considered
the thin domain may be written as the interior of the union of
rescaled basic cells, that is Λ = ∅.
P ROPOSITION 4 The unfolding operator T has the following
main properties:
i) T is a linear operator and T (ϕψ) = T (ϕ)T (ψ) ∀ ϕ, ψ
Lebesgue-measurable functions in Ω .
ii) Let ϕ ∈ L1 (Ω ), one has the following integration
formula
Z
1
T (ϕ)(x1 , y1 , y2 )dx1 dy1 dy2
L (0,1)×Y ∗
Z
1
=
ϕ(x1 , x2 )dx1 dx2
 Ω

iii) For every ϕ ∈ Lp (Ω ), T (ϕ) ∈ Lp (0, 1) × Y ∗ , with
1 ≤ p < ∞. In addition, the following relationship
exists between their norms:
 1
 = L p kϕkLp (Ω ) .
(0,1)×Y ∗


kT (ϕ)k

Lp

In the special case p = ∞,
kT (ϕ)k

L∞ (0,1)×Y ∗

 ≤ kϕkL∞ (Ω ) .

iv) For every ϕ ∈ W 1,p (Ω ), 1 ≤ p ≤ ∞, one has

 ∂ϕ 
 ∂ϕ 
∂
∂
and
.
T (ϕ) = α T
T (ϕ) = T
∂y1
∂x1
∂y2
∂x2

v) Let ϕ be a measurable function on Y ∗ extended by
L−periodicity in the first variable. Then, ϕ (x1 , x2 ) =
ϕ( xα1 , x2 ) is a measurable function on Ω such that
T (ϕ )(x1 , y1 , y2 ) = ϕ(y1 , y2 ).
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vi) Let ϕ ∈ Lp (0, 1), 1 ≤ p < ∞. Then considering ϕ as a
function defined in Ω we have

T (ϕ) −→ ϕ s − Lp (0, 1) × Y ∗ .

T HEOREM 6 Let u be the weak solution
 of problem (2).

1
Then, there exist u ∈ H 1 (0, 1) and u1 ∈ L2 (0, 1); H#
Y∗
such that, up to subsequences

T (u ) * u w − L2 (0, 1); H 1 (Y ∗ ) ,
 ∂u 

∂u
∂u1
T
(3)
*
+
w − L2 (0, 1) × Y ∗ ,
∂x1
∂x1
∂y1
 ∂u 

∂u1
T
*
w − L2 (0, 1) × Y ∗ .
∂x2
∂y2

Proof. These properties are straightforward from the Definition
2. We prove the second assertion which is fundamental for the
unfolding method.
Z
1
T (ϕ)(x1 , y1 , y2 ) dx1 dy1 dy2
L (0,1)×Y ∗
∂u
Moreover, we have u1 (x1 , y1 , y2 ) = −X(y1 , y2 ) ∂x
(x1 ),
N Z (k+1)α L Z


1
1X
α
α
ϕ  kL +  y1 , y2 dy1 dy2 dx1 where X is the unique solution which is L-periodic in the first
=
L
α
Y∗
variable of the problem
k=0 k L
Z

N


X
−∆X = 0 in Y ∗ ,

α
α
α

ϕ  kL +  y1 , y2 dy1 dy2
= 

∂X

∗


k=0 Y
 ∂N = 0 on B2 ,
N Z (k+1)α L Z g(x1 /α )
∂X
(4)
1X
= N1 on B1 ,


=
ϕ(x1 , x2 ) dx2 dx1

Z
∂N


α

b

k=0 k L

X dy1 dy2 = 0,
Z
1
Y∗
ϕ(x1 , x2 )dx1 dx2 . 
=
 Ω
where B1 and B2 are the upper and the lower boundary of Y ∗
To conclude this section we introduce U which is the for- respectively.


mal adjoint of the unfolding operator. Let ϕ a function in The function u ∈ H 1 (0, 1) is the unique weak solution of the
Lp ((0, 1) × Y ∗ ), p ∈ [1, ∞], then for all (x1 , x2 ) ∈ Ω we following Neumann problem
set

−q0 uxx + u = f (x), x ∈ (0, 1)
Z L h i
n
o

(5)
1
x1
x1
x2
α
u0 (0) = u0 (1) = 0
U (ϕ)(x1 , x2 ) =
ϕ
L+ y1 , α ,
dy1 .
L 0
α L
 L 
where the homogenized coefficient is defined by
Z n
o
∂X
1
3 Resonant case, α = 1
1−
q0 = ∗
(y1 , y2 ) dy1 dy2 .
|Y | Y ∗
∂y1
In this section we apply the periodic unfolding operator to
obtain the limit problem of (2) as the parameter α is equal to Proof. We will give some ideas on how this result can be
one. First we state an important compactness result.
proved. We start by obtaining the a priori estimates of u .
Considering u as a test function in the variational formulation
T HEOREM 5 Let ϕ be in W 1,p (R ) for every  > 0, α = of (2) we get
1 and 1 < p < ∞, with −1/p ||ϕ ||W 1,p (R ) uniformly
−1/2 ||u ||H 1 (R ) ≤ C.
1,p
bounded. Then, there exist
 a function ϕ in W (0, 1) and Then, by the compactness theorem
that there
1,p
 we can ensure

ϕ1 ∈ Lp (0, 1); W#
(Y ∗ ) such that, up to subsequences
1
2
1
∗
exist u ∈ H (0, 1) and u1 ∈ L (0, 1); H# Y
such that

they verify the convergences (3).
i) T (ϕ ) * ϕ w − Lp (0, 1); W 1,p (Y ∗ ) ,


 Finally, using suitable test functions in the variational formulaii) T ∇ϕ * ∇x1 x2 ϕ + ∇y1 y2 ϕ1 w − Lp (0, 1) × Y ∗ . tion and thanks to properties of the unfolding operator we can
pass to limit in order to obtain the equations satisfied by u and
Proof. We will give a sketch of the proof. Using the properties u1 . First we consider as a test function a function depending
1
stablished in Proposition 4 and by weak compactness it is not only on x1 , φ ∈ H (0, 1), and then we choose as a test
difficult to prove the first convergence. In order to prove that function
x x 
2
1

ϕ ∈ W 1,p (0, 1) we see that it is the limit of the sequence {v  }
,
, (x1 , x2 ) ∈ R .
v
(x
,
x
)
=
φ(x
)ψ
1
2
1
R 2 g0 
2



where v (x1 ) = g0 0 ϕ (x1 , s) ds.
1
where φ ∈ D(0, 1) and ψ ∈ H#
(Y ∗ ).

To obtain the second
convergence
we
get
the
limit
of
the
op

R
erator Z := 1 T (ϕ ) − |Y1∗ | Y ∗ T (ϕ ) dy2 dy1 which has We complete this section with a corrector result which shows


some strong convergences without any additional regularity
mean value zero in Y ∗ and it verifies ∇y1 y2 Z = T ∇ϕ .
condition on the boundary of the thin domain.
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P ROPOSITION 7 Assume that hypothesis of Theorem 6 are
satisfied. Then, one has

where u1 is the unique function, up to constants, such that

1  ∂u
∂u1
= −1+
,
∂y1
gM( g1 ) ∂x1

i) −1/2 ||u − u||L2 (R ) → 0.
ii) The following strong convergences
 ∂u 

∂u
∂u1
→
T
+
s − L2 (0, 1) × Y ∗ ,
∂x1
∂x1
∂y1
 ∂u 

∂u1
→
T
s − L2 (0, 1) × Y ∗ .
∂x2
∂y2

iii) Let X be the unique solution of (4). Then, the following
norm tends to zero
 ∂u 
∇y1 y2 X(x1 /, x2 /)||[L2 (R )]2 .
−1/2 ||∇u − ∇u + U
∂x1

Weak oscillations, α < 1.

4

In this section we study the behavior of the solutions of
problem (2) for the case of weak roughness. To obtain the
homogenized limit problem we will follow a similar approach
as the previous section. Then, we begin this section with the
corresponding compactness result.
T HEOREM 8 Let ϕ be in W 1,p (R ) for every  > 0 and
1 < p < ∞, with −1/p ||ϕ ||W 1,p (R ) uniformly bounded.
Then, there exist a function ϕ in W 1,p (0, 1) and ϕ1 ∈

∂ϕ1
1,p
Lp (0, 1); W#
(Y ∗ ) with
= 0 such that, up to subse∂y2
quences

i) T (ϕ ) * ϕ w − Lp (0, 1); W 1,p (Y ∗ ) ,
 

∂ϕ
p
∗
1
ii) T ∂ϕ
* ∂x
+ ∂ϕ
.
∂x1
∂y1 w − L (0, 1) × Y
1

Proof. The proof follows the same arguments as the corresponding one for α = 1. Note that in this case we consider
the operator
Z

1
1

Z := α T (ϕ ) − ∗
T (ϕ ) dy2 dy1 .

|Y | Y ∗
 
1−α

Therefore, since ∂Z
T ∂ϕ
∂y2 = 
∂x2 and 1 − α > 0 we have
∂ϕ1
∂y2

= 0.



Now we are in conditions to get the homogenized limit for
problem (2) as 0 < α < 1.
T HEOREM 9 Let u be the weak solution
 of problem (2).

1
2
1
Then, there exist u ∈ H (0, 1) and u1 ∈ L (0, 1); H#
Y∗
∂u1
with
= 0 such that, up to subsequences
∂y2

T (u ) * u w − L2 (0, 1); H 1 (Y ∗ ) ,
 ∂u 

∂u
∂u1
(6)
T
*
+
w − L2 (0, 1) × Y ∗ ,
∂x
∂x1
∂y1

and u ∈ H 1 (0, 1) is the unique solution of the Neumann
problem
(7)

(

−

0

L
|Y ∗ |M

1
g

0

 uxx + u = f (x),

x ∈ (0, 1),

u (0) = u (1) = 0.

Proof. Convergences (6) follow from the a priori estimates and
the compactness result, Theorem 8. To obtain the equations
satisfied by u and u1 we find suitable test functions which
allows us to pass to the limit. First we take φ ∈ H 1 (0, 1)
as a test function in the variational formulation of our problem.
Then, by the integration formula of the unfolding operator, see
ii) of Proposition 4, and using the convergences above we can
pass to the limit to get


Z
∂u1  ∂φ
∂u
+
+ uφ dx1 dy1 dy2
∂x1
∂y1 ∂x1
(0,1)×Y ∗
Z
=
f φ dx1 dy1 dy2 ∀φ ∈ H 1 (0, 1).
(0,1)×Y ∗

To identify u1 , we take as test function v  ∈ H 1 (R ) defined
by
v  (x1 , x2 ) = α φ(x1 )ψ(x1 /α )
∂ψ
1
= 0.
where φ ∈ D(0, 1) and ψ ∈ H#
(Y ∗ ) such that ∂y
2

Taking into account the properties of v and, by density, we get
at the limit
Z
 ∂u
∂u1  ∂ψ
(8)
+
dx1 dy1 dy2 = 0,
∂y1 ∂y1
(0,1)×Y ∗ ∂x1


1
for all ψ ∈ L2 (0, 1); H#
(Y ∗ ) with

∂ψ
∂y2

= 0.

Consequently, since u1 is L-periodic we get

 ∂u
∂u1
1

= −1+
.
1
∂y1
gM g ∂x1

Replacing u1 by its value in the equation (8) we obtain the
weak formulation of (7).

To end this section we give a corrector result which improves
the convergences obtained in Theorem 9 without additional
assumptions.
P ROPOSITION 10 Assume that hypothesis of Theorem 9 are
satisfied. Then, one has
i) −1/2 ||u − u||L2 (R ) → 0.

557

Unfolding operator in thin domains

ii) The following strong convergences hold
 ∂u 

∂u
∂u1
→
T
+
s − L2 (0, 1) × Y ∗ ,
∂x1
∂x1
∂y1
 ∂u 

2
T
→ 0 s − L (0, 1) × Y ∗ .
∂x2


ii) Let ϕ ∈ Lp (R−
), 1 ≤ p < ∞. Then,
 ).
kΠ (ϕ)kLp (R− ) = −1/2 ||ϕ||Lp (R−


iii) For ϕ ∈ W 1,p (R−
), 1 ≤ p ≤ ∞ one has

 ∂ϕ 
∂Π (ϕ)
= Π
,
∂x1
∂x1

iii) lim −1/2 ||∇u − ∇u − U (∇y1 y2 u1 )||[L2 (R )]2 = 0.
→0

Extremely high oscillatory behavior, α > 1

5

In this section we analyze the behavior of the solutions of
the Neumann problem (2) as the upper boundary of the thin
domains presents a very high oscillatory behavior.
We would like to point out that even though we use the
unfolding operator to get the homogenized limit problem, the
approach is different to the two previous cases. The roughness
is so strong that we can not obtain a compactness theorem using
the same arguments as Theorem 5 or Theorem 8.

 ∂ϕ 
∂Π (ϕ)
= Π
∂X2
∂x2

We state now the homogenization result.
T HEOREM 13 Let u be the solution of problem (2). Then,
there exists a unique element u ∈ H 1 (0, 1) such that, as  goes
to zero,

T (u|R ) * u w − L2 (0, 1); H 1 (Y+∗ ) ,
+

Π (u|R )
−

*

u w − H 1 R− )

Moreover, u is the unique weak solution of this problem
(
0
uxx + u = f, x ∈ (0, 1),
− |Y ∗Lg
+ |+Lg0
(9)
0
u (0) = u0 (1) = 0.

We divide the thin domain in two thin parts: one of them,


, is a non
, presents high oscillations and the other one, R−
R+
oscillating thin domain,
n
 x o
1

R+
= (x1 , x2 ) ∈ R2 | x1 ∈ (0, 1), g0 < x2 <  g α ,
Proof. In order to simplify the notation we denote the restric
n
o

 
 and u
2
tion of the solution by u+ := u |R+
.

− := u |R−
R− = (x1 , x2 ) ∈ R | x1 ∈ (0, 1), 0 < x2 < g0 .
Moreover, we set
Y+∗
R−
R+

= {(y1 , y2 ) ∈ R2 : 0 < y1 < L, g0 < y2 < g(y1 )}.

=
(x1 , X2 ) ∈ R2 | x1 ∈ (0, 1), 0 < X2 < g0 ,

=
(x1 , X2 ) ∈ R2 | x1 ∈ (0, 1), g0 < X2 < g1 .

Then, in order to get the convergence of the weak solutions of
(2) and to identify the homogenized limit problem we apply the
unfolding operator introduced in Definition 2 to the functions

restricted to R+
and we introduce a rescaling operator, Π , to
deal with functions restricted to the thin non oscillating part.

D EFINITION 11 For any ϕ ∈ L2 (R−
), the rescaling operator
is defined as follows

The first point is to obtain a uniform bound of the solutions
u . To do so, we choose u as a test function in the variational
formulation of (2). Then, we have
−1/2 ||u ||H 1 (R ) ≤ C

Therefore, we can ensure that there exist u− ∈ H 1 (0, 1),
u+ ∈ L2 (0, 1) and u1 ∈ L2 (0, 1) × Y+∗ ) such that, up to
subsequences,

(10)

Π (ϕ)(x1 , X2 ) = ϕ(x1 , X2 ), for (x1 , X2 ) ∈ R− .
The following properties are straightforward from the definition.
P ROPOSITION 12 The rescaling operator Π has the following properties:

i) Let ϕ ∈ L1 (R−
). Then,
Z
Z
1
ϕ(x1 , x2 ) dx1 dx2 .
Π (ϕ) dx1 dX2 =

 R−
R−

∀ > 0.

Π (u− )
 ∂u 
−
Π
∂x1
T (u+ )
 ∂u 
+
T
∂x1

u− w − H 1 R− ),
∂u−
*
w − L2 R− ).
∂x1

* u+ w − L2 (0, 1); H 1 (Y+∗ )

* u1 w − L2 (0, 1) × Y+∗ .
*

Now, we will prove that u1 = 0 almost everywhere. To do
this, we consider the following function test in the variational
formulation

x2  n x1 o
ϕ (x1 , x2 ) = α ϕ̃ x1 ,
ψ
, (x1 , x2 ) ∈ R ,

α

∞
where ϕ ∈ D(R+ ) and ψ ∈ C#
[0, L]. Applying the unfolding
operator it is not difficult to prove that at the limit one gets
Z
ũ1 (x1 , y1 , x2 )ψ 0 (y1 ) dy1 = 0, for a.e (x1 , x2 ) ∈ R+ .
(0,L)
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∞
Since it is satisfied for any ψ ∈ C#
[0, L] we have that ũ1 does
not depend on y1 and, thus, we can conclude that ũ1 = 0.

As it is reasonable to expect we check now that u− = u+ for
a.e. x1 ∈ (0, 1). It is obvious that the following traces coincide
u |x2 =g0 = Π (u )|X2 =g0 .

Therefore, considering u |x2 =g0 and Π (u )|X2 =g0 as functions in one variable we can apply the unfolding operator to
get


T (u |x2 =g0 ) = T Π (u )|X2 =g0 .

Moreover, due to that T (u |x2 =g0 ) = T (u )|y2 =g0 we obtain


(11)
T (u )|y2 =g0 = T Π (u )|X2 =g0 .




Observe that, on the one hand, weak convergences (10) imply
strong convergence of the trace Π (u )|X2 =g0 to u− and taking
into account basic properties of the unfolding operator we
obtain


T Π (u )|X2 =g0 → u− s − L2 (0, 1).

On the other hand, from the continuity of the trace operator we
get
T (u )|y2 =g0 * u+ |y2 =g0 = u+ w − L2 (0, 1).

Hence, passing to the limit as  goes to zero in (11) we obtain
the desired equality u+ = u− in L2 (0, 1). Note that, we denote
by u the limit of T (u+ ) and the limit of Π (u− ) which we have
just proved that they are the same.
Finally, we obtain the limit weak formulation satisfied by u.
Let us apply the unfolding and the rescaling operator to the
original variational formulation of (2) for any φ ∈ H 1 (0, 1)
and passing to the limit we get
Z 1
 |Y ∗ |

∂u ∂φ
+
+ g0 uφ dx1
+
g0
∂x ∂x1
L
0
Z
|Y+∗ | + Lg0
=
f φ dx1 dy1 dy2 , ∀φ ∈ H 1 (0, 1),
L
(0,1)
which is the variational formulation of (9).
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Γ-convergence of functionals
depending on vector-valued functions
M. Briane∗, J. Casado-Díaz†, M. Luna-Laynez† , A. J. Pallares-Martín†

Abstract— In this contribution, we are interested in the Γ-limit of a sequence of weakly equi-coercive integral functionals
unbounded from above and defined on a bounded regular domain Ω ⊂ RN . In the scalar case, as a consequence of the maximum
principle, assuming the weak compactness in L1 for the coefficients, it is well known that the structure of the functionals is
stable by Γ-convergence. Here we consider the case of nonlinear systems where the maximum principle does not apply. Using a
compensated compactness result recently obtained by the first two authors, we get some sufficient conditions on the integrability
of the coefficients ensuring the stability under Γ-convergence of the family of functionals.
Keywords: Homogenization, Γ-convergence, Non equi-bounded coefficients.

1

Introduction

From an engineering point of view, it is important to deal with
non-homogeneous materials where some physical parameters
such as the conductivity or the stress are strongly oscillating
and can take values of very different order due to the different
nature of their components. From the Mathematical point of
view this means that we have to consider partial differential
problems where the coefficients oscillate and can take very
large or very small values at different points. This complicates a lot both the qualitative and numerical study of this
type of problems. To tackle these difficulties one idea is to
construct a simpler macroscopic model which provides a good
approximation of the solution to the original problem. This
is the main task of the homogenization theory which gives the
corresponding macroscopic model by passing to the limit in the
sequence of problems with oscillating coefficients.
Among the most classical results in homogenization theory
we emphasize those related to linear elliptic problems with
uniformly coercive and uniformly bounded coefficients. In this
case it is known the existence of a subsequence (which does not
depend on the right-hand side nor on the boundary conditions)
such that the solutions of the partial differential problems
converge to the solution of a problem of the same nature. This
result was proved by S. Spagnolo [19] assuming symmetric
coefficients and later extended to the case of non-symmetric
ones by F. Murat and L. Tartar [17, 21]. Although the limits
hold in the weak topology of H 1 , this work also provides a
corrector, i.e. a strong approximation of the solutions in the

strong topology of H 1 which is constructed from the solution
of the limit problem. In the proof of the Murat-Tartar results, a
very important tool is the div-curl theorem which is a particular
case of the compensated compactness theory also developed by
these authors [18, 20, 21]. It establishes that if un and vn are
0
vector-valued sequences which converge weakly in Lp and Lp ,
where p, p0 ∈ (1, ∞) are conjugate exponents, i.e.
1
1
+
= 1,
p p0

(1)

and if the divergence of un and the curl of vn converge strongly
in W −1,p , then the scalar product un · vn converges in the
distributional sense to u · v. This result has also been a
useful tool in the study of other problems in partial differential
equations such as the existence of solution for conservation
laws or for nonlinear elasticity.
Afterwards many authors have contributed to extend the results
by S. Spagnolo, F. Murat and L. Tartar to nonlinear problems
where moreover the coefficients are not necessarily bounded
nor elliptic. In this general setting, it is simpler to consider
the case where the partial differential problem corresponds to
the Euler equation for the minimum of some functional. Thus,
the problem is to study the convergence of the solutions of a
minimum problem of the type
Z

(2)
min
Fn (x, Du) − f (x)u dx
u

Ω

where Ω is a bounded domain in RN and where some restrictions, such as boundary conditions, can be also imposed to u.
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This has the advantage that assuming some positivity condition
for Fn , the functional is well defined for every u, taking it equal
to infinity when Fn (x, Du) is not integrable. Recall that we
deal with non uniformly bounded coefficients.

and of vn in Lq with

Assuming some coercivity conditions to Fn such as

Recently, an improvement of this result has been obtained in
[6] where p and q just satisfy

1
1 1
+ ≤1+ .
p q
N

∀ ξ ∈ RN , a.e. x ∈ Ω,

Fn (x, ξ) ≥ α|ξ|,

for some α > 0, the problem is equivalent to study the Γ-limit
in L1 of the sequence of functionals
Z
(3)
u 7→
Fn (x, Du) dx.
Ω

This problem was studied by L. Carbone and L. Sbordone in
[10]. They proved that if Fn is convex with respect to its second
argument and there exists a number p > 1 and a sequence of
functions an compact in the weak topology of L1 such that
Fn (x, ξ) ≤ an (x) (1 + |ξ|p ) ,
then, for a subsequence, there exists a function F satisfying
similar properties to the ones satisfied by the functions Fn such
that for every smooth enough function u, the Γ-limit of the
functionals given by (3) for the strong topology of C 0 agrees
with
Z
F (x, Du) dx.
Ω

This means that for every smooth enough f , the limit of the
sequence of partial differential problems corresponding to the
Euler equations for (2) has the same structure.

1 1
1
+ <1+
.
p q
N −1
The purpose of the present paper is to use this result to get
some sufficient conditions ensuring that the Γ-limit of the
sequence of functionals defined by (3) with non uniformly
bounded coefficients, in the case of vector-valued functions
has still the same structure. In fact, a result in this sense has
already been obtained in [6] but taking Fn (·, ξ) as a quadratic
function in ξ, which corresponds to linear systems. A different
result using other techniques has been also obtained in [5].
Here we are interested in nonlinear problems. Hence, the divcurl lemma cannot be directly applied since the considered
nonlinearities are not necessarily reduced to the products of
two terms. Therefore, rather than using directly the div-curl
lemma in [6], our proof is based on a few lemmas which can
be also found in [6].
The density functions Fn (·, ξ) which appear in the functionals
(3) are not assumed to be convex in ξ, since the convexity is
a too strong assumption for systems. Moreover, our ellipticity
conditions will be written under an integral form, because the
usual pointwise ellipticity does not hold in the most interesting
cases like the elasticity system.

A counterexample to the case where an is just bounded in
L1 has been obtained in [15]. We also refer to [16] where it
is obtained the general form of the Γ-limit of the functionals
defined by (3) when Fn (·, ξ) is quadratic in ξ, p = 2 and an
bounded in L1 . Indeed, the counterexamples to the CarboneSbordone result when an is bounded in L1 were always obtained assuming p ≤ N −1 with N the dimension of the space.
When p > N − 1 it has been proved in [2] that the CarboneSbordone result still holds.

2

The homogenization result

The proof of the above results relative to the Γ-limit of (3) is
based on the maximum principle. Thus, it cannot be extended
to systems. A different tool consists in using some extensions
of the classical div-curl theorem. This procedure was used in
[1] and [2] to prove that, in the case of equations, the CarboneSbordone result still holds for quadratic functionals in dimension 2 and an just bounded in L1 . Extensions to the elasticity
system, to the Stokes system and to the membrane equation,
still in dimension 2, have been obtained in [3, 8]. These papers
use particular versions of a general div-curl lemma obtained
in [7]. More precisely, assuming that the divergence of un and
the curl of vn converge strongly in suitable spaces, the classical
0
weak convergences of un in Lp and of vn in Lp , where p, p0
satisfy (1), are extended to the weak convergences of un in Lp

where p > 1, M ≥ 1, Ω is a bounded open set in RN , N ≥ 2,
0
f is a source term in Lp (Ω)M and Fn is a sequence of energy
functionals defined by

We study the homogenization of media whose microscopic
behavior in the equilibrium is determined by the minimization
problem

(4)

min

u∈Lp (Ω)M

(5)
Fn (u) =

 R



Fn (u) −

Fn (x, Du(x)) dx
+∞
Ω

Z

Ω


f · u dx ,

if u ∈ W01,p (Ω)M ,
if u ∈ Lp (Ω)M \ W01,p (Ω)M .

The sequence Fn is assumed to satisfy the following conditions:
• Fn (·, ξ) is measurable for every ξ ∈ RM ×N .
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• There exists α > 0 such that for every u ∈ W01,p (Ω)M ,
we have
Z
Z
(6)
Fn (x, Du) dx ≥ α
|Du|p dx,
Ω

Ω

• Fn (·, 0) is bounded in L1 (Ω).
• There exist γ > 0 and two sequences hn and an ≥ 0,
bounded in L1 (Ω) and Lr (Ω) respectively, with

1
if p > N − 1,
r=
r > Np−1 if p ≤ N − 1,
such that for every ξ, η ∈ RM ×N , and a.e. x ∈ Ω, we
have
|Fn(x, ξ) − Fn (x, η)|

≤ hn (x) + Fn (x, ξ) + Fn (x, η)+
 p−1
1
p
+|ξ|p + |η|p
an (x) p |ξ − η|.

|Fn (x, λξ)| ≤ hn (x)+γ (Fn (x, ξ) + |ξ|p ) , ∀ λ ∈ [0, 1].
In particular, taking η = 0, a simple application of Hölder’s
inequality shows the existence of β > 0 such that
Fn (x, ξ) ≤ βhn (x) + β(an (x) + 1)|ξ|p .
This is similar to the growth assumption imposed by L. Carbone and C. Sbordone in [10] to the sequence Fn in the scalar
case.
We need to recall some results about the Γ-convergence theory,
which was introduced by E. De Giorgi [11, 12, 13, 14].
D EFINITION 1 Let X be a metric space and Gn : X →
[0, ∞] a sequence of functionals in X. We say that Gn Γconverges to a functional G if the two following conditions
hold:
• If xn ∈ X converges to some point x ∈ X then
lim inf Gn (xn ) ≥ G(x).
n→∞

• For every x ∈ X, there exists a sequence xn converging
to x such that
∃ lim Gn (xn ) = G(x).
n→∞

The main application of the Γ-convergence is referred to the
convergence of the minimizers for Gn . In fact, assuming the
existence of ε > 0 and a compact set K ⊂ X such that
n
o
x ∈ X : Gn (x) < inf Gn + ε ⊂ K, ∀ n ∈ N,
X

we get that G attains its minimum and for every sequence
xn ∈ X with
Gn (xn ) − inf Gn → 0,
X

there exists x ∈ K such that xn converges to x and such that
lim inf Gn = lim Gn (xn ) = G(x) = min G.

n→∞ X

n→∞

X

In particular, if Gn attains its minimum, then the minimizers
for Gn converge to minimizers for G.
We also recall that the existence of a Γ-limit is ensured by a
general compactness result which claims that if X is separable,
then every sequence of functionals in X admits a subsequence
which Γ-converges to some functional G.
Taking into account these results for the Γ-convergence, assumption (6) and the compact embedding of W 1,p (Ω)M into
Lp (Ω)M we deduce that the problem of studying the asymptotic behavior of the possible solutions of (4) is equivalent to
study the Γ-limit of these functionals. Moreover, since the
functional
Z
u 7→
f · u dx
Ω

is continuous in Lp (Ω)M it is also known that


Z
Γ-limit Fn (u) −
f · u dx
Ω

= Γ-limit Fn (u) −

Z

Ω

f · u dx,

and so, we just need to study the Γ-limit of Fn in Lp (Ω)M .
Another important remark is referred to the existence of solution for the problem (4). In this sense, we observe that this
follows from the direct method of calculus of variations if we
also assume that Fn is lower semicontinuous in Lp (Ω)M . If
this assumption does not hold, the idea is to replace Fn by
its lower semicontinuous envelope F n in Lp (Ω)N . Indeed it
is also known that the Γ-limit of F n agrees with the Γ-limit
of Fn .
Beyond the functional Fn defined by (5), we will consider
 Z

Fn (x, Du) dx, if u ∈ W01,p (O)M ,
FnO (u) =
O

+∞,
if u ∈ Lp (O)M \ W01,p (O)M ,
where O is an open subset of Ω. This will allow us to show the
local dependence of the Γ-limit with respect to Fn .

From the point of view of the applications, thinking for example of the nonlinear elasticity, the structure of Fn corresponds to a strongly heterogeneous material that we want
to approximate by the homogenized material whose elastic
potential energy is given by F . The local dependence shows
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that the macroscopic behavior of Fn at a certain point x ∈ X
only depends on the behavior of Fn in an arbitrarily small
neighborhood of x.

T HEOREM 2 There exists a subsequence of n, still denoted by
n, such that for every open set O ⊂ Ω, there exists the Γ-limit
of FnO .
Moreover, there exist a Radon measure µ on Ω and a function
F : Ω × RM ×N → R with the following properties:
• If p ≤ N − 1, µ agrees with the Lebesgue measure.
• If p > N − 1, the measure µ is absolutely continuous
with respect to the weak-∗ limit in the measures of an .
• The function F (x, ξ) is µ-measurable in x for every
ξ ∈ RM ×N , and is continuous in ξ for µ-a.e. x ∈ Ω,
such that for every open set O ⊂ RN , we have
Z
O
F (u) =
F (x, Du) dµ,
O

pr
1, r−1

(O)M if p ≤ N − 1, and for every
for every u ∈ W0
1
u ∈ C (O) if p > N − 1.
Furthermore, if for some open set O b Ω, a sequence
un
pr
converges weakly in W 1,p (O)M to u ∈ W 1, r−1 (O)M if
p ≤ N − 1, and to u ∈ C 1 (O) if p > N − 1, and fulfills
Z
∃ lim
Fn (x, Dun ) dx =
n→∞
 O

Z
 lim inf
(7)
Fn (x, Dwn ) dx : 
n→∞
,
min
O


wn − un * 0 in W01,p (O)M

then we have the weak-∗ convergence in the sense of the Radon
measures
Fn (·, Dun ) * F (·, Du) dµ

in M (O).

R EMARK 3 In particular property (7) holds true if there exists
0
f ∈ W −1,p (O)M such that for every n ∈ N, un is the solution
of the Dirichlet problem
Z

min
Fn (x, Dw) dx − hf, wi .
1,p
w−un ∈W0

(O)M

O

As mentioned in the introduction, the proof of Theorem 2
relies on a compensated compactness result which was recently
established by the first two authors (see Lemma 2.6 in [6]).
This result holds for bounded sequences in W 1,q (Ω) and is
based on the embedding
∗

1
1
1
= −
,
q∗
q
N −1

where SN −1 denotes the unit sphere in RN −1 .

Our main result is the following theorem.

∗

with

W 1,q (SN −1 ) ⊂ Lq (SN −1 ),
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Patterns on evolving surface
M. Sattari∗ and J. Tuomela∗

Abstract— The Schnakenberg model is commonly used to model the emergence of patterns on the animal skin. The model
is quite challenging both analytically and numerically because it is a nonlinear system of PDE and usually the computational
domain evolves with time. To model the growth of the organsim we consider it to be topologically a sphere whose Riemannian
metric depends on time. In our approach we can quite conveniently describe a large class of surfaces. Once the appropriate
framework is established we can then use finite elements to compute the solution. We also analyze the relationship between the
eigenfunctions of the Laplacian and the patterns observed.
Keywords: diffusion driven instability, Schnakenberg model, evolving surfaces.

1

Model

The analysis of the emergence of patterns goes back at least
to Turing, see [5] for a comprehensive introduction to this
topic. Here we study the Schnakenberg model [7] which can
be written as follows:
∂t u1 − d1 ∆u1 = f1 (u) = γ(a − u1 + u21 u2 )

∂t u2 − d2 ∆u2 = f2 (u) = γ(b − u21 u2 )

Here uj are concentrations of some interacting substances and
dj , a, b and γ are some positive constants. The model admits a
constant solution u = a + b, b/(a + b)2 and by a pattern we
mean any stationary solution which is not constant.
This is one of the models where diffusion driven instability
occurs. This means that if d1 = d2 = 0 and the values of
parameters a, b and γ are chosen appropriately the constant
solution is stable, but choosing certain positive values for dj
the constant solution becomes unstable. It is straighforward
to compute that a necessary condition for diffusion driven
instability is given by following inequalities:
(a + b)3 + a − b > 0 , a < b
p

r
(a + b) a + b + 2b(a + b)
d2
>
d1
b−a

In biological context it has been observed that in many cases
the patterns emerge when the organism grows. This can now
be interpreted rather naturally. The growth tends to move the
spectrum to the left, so that eventually some eigenvalue hits
the critical interval from the right. Also it is clear that if the
organism is too small there can be no patterns because in this
case the first positive eigenvalue is too big and hence outside
of critical interval.
These remarks make it clear that in realistic simulations the
computational domain should be time dependent. There is
also another complication. Since we are interested in patterns
on animal skin, it is also natural to view the computational
domain as a topological sphere, see Figure 2. Hence we
can view the computational domain as a topological sphere
whose Riemannian metric is time dependent. In particular the
Laplace operator in the model has to be taken with respect to
an appropriate Riemannian metric.

2

In particular d2 > d1 . To get sufficient conditions one must
analyze the eigenvalues of the Laplacian. When the system
is linearized at the constant solution it turns out that there are
exponentially growing modes only if some eigenvalue divided
by γ belongs to a certain interval, called the critical interval,
which depends on the parameters a, b and dj .
Incidentally this analysis shows that the parameter γ in the
∗ Departament

model is in a certain sense superfluous. Recall that scaling
the domain, i.e. scaling the Riemannian metric, scales the
eigenvalues. But from the point of view of stability analysis
this has the same effect as scaling the parameter γ.

Variational formulation

There have been several approaches to the numerical solution
of Schnakenberg model, see [2] [3] [4]. In most cases one considers the surface as a submanifold of R3 . In this approach one
has to move the mesh during the computation which is certainly
possible but has its own problems. We will parametrize the
sphere as explained below and hence reduce the computations
to the coordinate domains. Note that in our approach we do not
approximate the surface in R3 so we do not need moving grids

of Physics and Mathematics, University of Eastern Finland, Joensuu (FINLAND). Email: jukka.tuomela@uef.fi, mahdieh.sattari@uef.fi

565

566

M. Sattari, J. Tuomela

and avoid the possible problem of mesh tangling.

D` → R3
 


z1
1
−1/2  
−1/2 
z2
z2 
ϕ1 = γ1
, ϕ2 = γ2
1
2 − z1


z1
−1/2 
1  where
ϕ3 = γ3
2 − z2
γ1 = 1 + z12 + z22

,

γ2 = 1 + (z1 − 2)2 + z22

γ3 = 1 + z12 + (z2 − 2)2

Here D1 = (−1, 1) × (−1, 1), D2 = (1, 3) × (−1, 1) and
D3 = (−1, 1) × (1, 3) and we set further D`+3 = D`
and ϕ`+3 = −ϕ` . It is easy to check that in this way we
parametrize the unit sphere and that in the coordinate domains
this corresponds to the identifications indicated in Figure 2.
Now the relevant integrals can be computed using the formula

Figure 1: Patterns on fish.

Z

Our starting point is the observation that one can write the variational formulation corresponding to Schnakenberg model on
any compact Riemannian manifold with or without boundary.
Since we are interested in the case of a topological sphere we
consider only manifolds without boundary.
Let St be a family of compact Riemannian manifolds without
boundary with Riemannian metric g t where t ≥ 0. We assume
that all St are diffeomorphic to each other. The surface S0 is
called the initial shape and S∞ is called the final shape. The
time dependence of the metric can be thought of as a kind of
isotopy between the initial shape and the final shape.
Let us also introduce some fixed manifold S with Riemannian
metric g and a family of diffeomorphisms Φt : S → St . Using
Φt we can reduce everything to a fixed manifold. Denoting by
ψ : S → R some test function we can write the variational
form of the Schnakenberg system as follows:

∂t

Z

S

uj ψ ω + dj

Z

S

g(∇uj , ∇ψ) ω =

Z

fj ψ ω

S

Here ω = det(dΦt )ωS and ωS is the volume (or area) form
defined by g. Hence in the simulations one should define
an appropriate family of diffeomorphisms Φt and evaluate
integrals on some fixed reference manifold S. Let us consider
the latter problem first.
We have chosen the unit sphere S 2 in R3 as the reference
manifold and we parametrize it with the following maps ϕ :

S2

ψ ωS 2 =

6 Z
X
`=1

D`

−3/2

ψ ◦ ϕ` γ`

dz1 ∧ dz2

Let us next describe one convenient way to define a large
class of maps Φt which model the growth of the domain. Let
ρ : R3 \ {0} → R be a positive and positively homogeneous
function, i.e. ρ(c x) = ρ(x) for all c > 0 and let us define a
map Φ : S 2 → S by the formula Φ(x) = ρ(x) x. Evidently
S is a smooth surface which is a topological sphere and it is
given by the equation |x| = ρ(x).
Now we can easily make a family of surfaces by allowing ρ to
depend on time. One possibility is to choose an initial shape
given by ρinit and the final shape given by ρfin and setting

(1)


ρt = 1 − ζ(t) ρinit + ζ(t) ρfin

Here ζ is a function with the following properties: (i) ζ(0) = 0,
(ii) ζ 0 (t) ≥ 0 and (iii) limt→∞ ζ(t) = 1.
In this way we can compute easily the appropriate components
of the Riemannian metric in our coordinate domains. The
formulas are very messy and we do not give them here.
However, it is quite straightforward to program and use them
in the computations that follow.
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2

Let now ωt be the appropriate time dependent area form on
S 2 . This leads to the following semi discrete variational
formulation:

8
1

4

7

6

D3

D6

(V) find (u1,h , u2,h ) of the above form such that for all
1 ≤ j ≤6 m

1
3

D1

3

∂t

D5

D4

D2

5

Z

uk,h ψj ωt + d1

ZS

=

2

S2

5

fk ψj ωt

S2

8

2

7

8
7

6

D6
6

1

,

g(∇uk,h , ∇ψj )ωt

1≤j≤m

4

Dc that g also depends on time. To obtain a more conveNote
nient formulation we introduce the following (time dependent)
matrices and tensors:
Z
Z
Mij =
ψi ψj ωt
Rij =
g(∇ψi , ∇ψj )ωt
2
2
ZS
ZS
Eijk` =
ψi ψj ψk ψ` ωt
Fi =
ψi ωt
S2
S2
X
M̃ij =
Eijk` c1k c2`

D

1

Z

k,`

3

3

M̂ij =

D5

D4

D2

2

7

Dc

4

Figure 2: The construction of the parametrization of the sphere
using appropriate maps. The arrows indicate the orientation of
the boundary used in the identification.

3

Discretization

Our approach has led to a formulation where the relevant
functions are considered to be defined on the unit sphere, but
the Riemannian metric on the unit sphere depends on time.
Now we can introduce some finite dimensional finite element
space on S 2 and proceed in a standard way with the method
of lines. Let Vh be some finite dimensional space of functions
defined on S 2 :

Vh = span ψ1 , . . . , ψm
Let us first look for the approximate solution of the form
uh = (u1,h , u2,h ) where
ui,h (x, t) =

m
X
j=1

Eijk` c1k c1`

k,`

5

D

X

cij (t)ψj (x) ≈ ui (x, t)

Evidently M (resp. R) is symmetric and positive definite (resp.
positive semidefinite). Also E, M̃ and M̂ are symmetric and
one can show that E and M̂ are positive definite. M̃ is positive
definite, if the approximations u1,h and u2,h are positive.
One could say that M̃ is ”only” conditionally positive definite
in the sense that this property depends on the fact that the
solution stays positive while the positive definiteness of M̂
and E does not depend on this. Note that if the approximate
solution does not stay positive then the numerical solution has
failed so that in successful computations M̃ must be positive
definite.

Setting now cj (t) = cj1 (t), . . . , cjm (t) we can now write our
semidiscrete problem as


∂t M c1 + d1 Rc1 = γ aF − M c1 + M̃ c1


∂t M c2 + d2 Rc2 = γ bF − M̂ c2

To write a fully discrete formulation let δt be the time step
and let the superscript n denote the approximation or the value
of some quantity at time instant nδt. Now if we use implicit
Euler method to solve the semidiscrete system we should solve
a nonlinear algebraic system at each time step because matrices
M̃ and M̂ depend on the solution. To ”linearize” the resulting
system we use the approximations
M̃ n+1 c1,n+1 ≈ M̃ n c1,n+1

and M̂ n+1 c2,n+1 ≈ M̂ n c2,n+1
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This gives the following system


M n+1 + δt γM n+1 + d1 Rn+1 − γ M̃ n




c1,n+1

= M n c1,n + δt γ aF n+1

M n+1 + δt d2 Rn+1 + γ M̂ n c2,n+1

= M n c2,n + δt γ bF n+1

The equations can be solved independently. Note that the
second equation can be solved for any time step, but for the
first equation we can only say that it is solvable for sufficiently
small δt. Hence our fully discrete problem is well-posed for
sufficiently small δt. In general, however, there is no guarantee
that the numerical solution stays positive. However, in all
computations that follow the solution always stayed positive,
and there never was any porblem of stability. One could
summarize by saying that if one chooses a time step which
is reasonable from the point of view of accuracy then the
computed solution seems to remain stable and stay positive.

4

Implementation

It remains to choose our approximation spaces and actually
assemble the matrices in the fully discrete formulation. The
first step is to triangulate the coordinate domains. When doing
this we must take care that the triangulation respects the identifications in Figure 2 in the sense that the vertices of triangles at
the identified boundaries are at the corresponding places. This
is rather easy to arrange with standard algorithms and we have
used FreeFEM to triangulate the coordinate domains [1]. In
addition it is helpful to give the appropriate Riemannian metric
to the triangulation algorithm so that the resulting triangulation
is approximately uniform in the modified metric, see Figure 4.
We chose P1 elements for our method. After computing
the elementary matrices in the individual coordinate domains
we one has to take into account the identifications of the
boundaries of the coordinate domains as in Figure 2. This
cannot be done with FreeFEM or other standard packages so
we had to implement the identifications with C++. One has to
change the numbering of the vertices several times to get the
global matrix. While this is somewhat tricky to program one
needs to do it only once and the computing time is negligible.
One could use similarly other elements but the computations
below were done with P1 elements. The relevant matrices
depend on time, so that in principle they should be computed
at each time step. This is surely unnecessarily time consuming
in practice. However, in the present paper we did not attempt
to optimize the computing time and left it for future work.

Figure 3: Using an appropriate Riemannian metric we obtain a
quasiuniform triangulation on the surface.

5

Results

In all cases below we have used a small random perturbation of
the constant solution as the initial condition. Let us then choose
some surface of revolution as the final shape and a sphere as
an initial shape. A surface of revolution can be conveniently
specified by giving the profile curve. We chose a curve which
in polar coordinates is given by
rfin (θ) = 10 − 3 cos(θ) + 6 cos(2θ) − cos(3θ)
Then choosing the radius 4 for the initial sphere we use the
following convex combination to define a family of surfaces of
revolution:

(2)
rt (θ) = 4e−3t + rfin (θ) 1 − e−3t
Choosing parameters as shown in Table 5 we have initially
two eigenvalues in the critical interval and taking into account
multiplicities there are thus initially 16 unstable modes.
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Patterns on evolving surface
d1
1

d2
10

γ
12.5

a
0.1

b
0.8

the solution is quite far from constant. Indeed after this the
solution barely changes at all.

Table 1: Parameters in the Schnakenberg model for the family
of surfaces defined by (2).

There were 2890 nodes in the mesh and we used δt = 0.1 as
the time-step. In Figure 6 there are u1 and u2 when t = 30. In
Figures red corresponds to large and blue to small values of the
solution. Note that the shape is practically the final shape long
before t = 30, but it takes a certain time before the solutions
become stationary. The emergence of almost regular patterns
is clear. Note that there seems to be a certain scale for the
patterns, i.e. the details of the patterns are of similar size all
over the surface. Anyway since there are already initially some
unstable modes the solution stabilizes realtively fast. For the
final surface there are 127 unstable modes. However, this has
no importance because then the solution is already far from the
constant solution.

6

Eigenfunctions

Recall that the (in)stability of the constant solution depends on
the eigenvalues of the Laplacian. To analyze the relationship of
the eigenfunctions to the nature of patterns let us consider the
surface which was studied in [2]. Here it is easier to desrcibe
the surface as an equation but of course in actual computations
we used the approach explained above.
The equation of the surface is given by
(3)

x21 + x22 + q 2

where q and L are given by

 x 20
3

L

= q2

q = 0.18 − 0.08e−t/2
5
L=
3 + 7e−t/2
The parameters in the Schnakenberg model for this case are
given in Table 6.
d1
1

d2
20

γ
72

a
0.2

b
1.0

Table 2: Parameters for surface (3).

Using these parameters there are initially no eigenvalues in the
critical interval and hence initially the solution remains close
to the constant solution. However, at t = 1.6 the second
positive eigenvalue has already entered the critical interval and

Figure 4: Final patterns for u1 and u2 for surfaces defined by
(2).

In Figure 6 there is the corresponding eigenfunction as well as
the solution to the problem. The patterns are almost identical.
Intuitively we can explain this as follows. Recall that in generic
situations the eigenvalues of the Laplacian are simple. Now
suppose that initially there are no eigenvalues in the critical
interval. When the domain starts growing then eventually some
eigenvalue enters the critical interval from the right. This
eigenvalue makes the solution unstable, and if the domain
does not grow too fast the solution has time to settle before
some other eigenvalue enters the critical interval. In this case
it seems to be the case that the pattern resembles strongly
the eigenfunction corresponding to the eigenvalue which first
enters the critical interval.
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eigenfunction corresponding to the first positive eigenvalue
is of a constant sign. This implies that the eigenfunctions
corresponding to larger eigenvalues oscillate more and more.
So different modes corresponding to the same eigenvalue tend
to have oscillations in the same scale.
Finally let us observe that the above discussion suggests that
the patterns on big surfaces should have finer details relative to
the size of the surface than small surfaces.

7

Conclusion

Our approach described above could also be used to study other
PDE on the topological spheres. Also the general idea, i.e.
using coordinate domains and appropriate identifications could
be used to study surfaces more complicated than spheres.
Our method of computation allows a very flexible way to define
families of surfaces. One could even try to imitate actual
biological forms. The resulting formulas would of course be
quite complicated to write down, but they would be easy to
implement for the computer.
We have previously used a similar approach to analyze another
model where the computational domain is the real projective
plane with (fixed) standard metric [6]. Note that this is in a
way easier than the sphere because projective plane is obtained
from the sphere by identifying the opposite points so that only
three coordinate domains are needed.
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On the influence of pellet shape on the effectiveness factor
of homogenized chemical reactions
J. I. Díaz∗, D. Gómez-Castro∗ and C. Timofte†

Abstract— One of the most popular principles of Nanotechnology, especially in the context of composite media, says, roughly
speaking, that one of the reasons for the optimality of certain composite media comes from the fact that when the size of the small
particles decreases (maintaining a prescribed total volume) then their total surface increases and this leads to peculiar properties
which cannot be observed when the particles are big. What is really relevant in this context is a suitable balance between the
total surface and the homogenized diffusion. In order to fix ideas, we consider the case of adsorption chemical reactions on the
surface of a set of particles in a periodic composite structure (medium). We know that the solution of our problem converges
to the solution of a related homogenized semilinear elliptic problem. Our main goal is to study the behaviour of the so-called
effectiveness factor ηε for the chemical reactions, defined at the microscale, and to establish the relation between this factor and
the corresponding one η defined for the homogenized problem. Moreover, we shall study the effect of the shape of the pellets
(in particular, their total surface |∂T | and the homogenized diffusion coefficient a0 (T )) in the homogenized effectiveness factor.
We prove the existence of an optimal convex shape of the particles for the effectiveness functional.

functionals. We shall prove the existence of convex shapes
which maximize the effectiveness.

Introduction
Let Ω be an open bounded connected set in RN and let us
insert in it a set of identical periodically distributed obstacles
T ε . Let us denote the resulting domain by Ωε ε being a small
parameter related to the characteristic size of the obstacles. We
assume that the size of the obstacles is of the order of r(ε). In
such a domain, we shall study a semilinear problem involving
diffusion and suitable chemical reactions taking place on the
boundary of the inclusions. There exists a critical size of the
inclusions that separates different asymptotic behaviours of the
solution of such a problem. We shall discuss here only the case
of the so-called big particles. The case of small particles and,
in particular, the interesting case of critical particles will be
addressed in a forthcoming paper. Under suitable hypotheses,
it is well-known that the solution of our problem converges, as
ε goes to zero, to the solution of a new elliptic PDE, containing
an extra-term generated by the chemical reactions taking place
on the surface of the particles.
Our main goal is to study the behaviour of the so-called
effectiveness factor ηε and to establish the relation between this
factor and the corresponding one defined for the homogenized
problem. We shall be also interested in analyzing the effect
of the shape of the particles (in particular, their total surface
|∂T | and the homogenized diffusion coefficient a0 (T )) in both

One of the most popular principles of Nanotechnology, especially in the context of composite media, says, roughly
speaking, that one of the reasons for the optimality of certain
composite media comes from the fact that when the size of
the small particles decreases (maintaining a prescribed total
volume) then their total surface increases and this leads to peculiar properties which cannot be observed when the particles
are big (see e.g. [22], [18] and [5]).
We show some numerical experiments in which this ratio is
not the only relevant parameter, but rather the one given by a
balance between the measure of the surface of the pellets and
their shape.

1

Problem setting

Let Ω ⊂ RN , with N ≥ 3, be a bounded connected open set
such that |∂Ω| = 0 and let Y = (− 21 , 12 )N be the reference cell
in RN . Let ε be a real parameter taking values in a sequence
of positive numbers converging to zero. ε represents a small
parameter related to the characteristic size of the particles. Let
T be another open bounded subset of RN , with the boundary
∂T of class C 2 . T will be called the elementary particle and
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we assume that 0 belongs to T and that T is star-shaped with
respect to 0. Since T is bounded, without loss of generality, we
can assume that T ⊂ Y . Let r : R+ → R+ be a continuous
map, related to the size of the pellet. We shall assume that
r(ε) ∼ ε. These are known as big particles. The case of small
particles, when limε→0 r(ε)/ε = 0 and r(ε) < ε/2, will be
treated in a forthcoming paper.
R EMARK 1 Even though the usual term in homogenization
theory for the inclusions is holes (in order to give the idea that
something has been removed from the domain) here we will
avoid this terminology. For us, these inclusions will be pellets,
for example the ones that can be found in fixed bed reactors
and towers. Therefore, we will refer to these holes as pellets,
particles or even inclusions and obstacles.
For each ε and for any vector i ∈ ZN , we shall denote by
Tiε the translated image of r(ε)T by the vector εi, i ∈ ZN :
Tiε = εi + r(ε)T. Also, let us denote by T ε the set of all the
pellets contained in Ω, i.e.
[
Tε =
Tiε | Tiε ⊂Ω, i ∈ ZN

and let the number of pellets be n(ε) = # i ∈ ZN : Tiε ⊂Ω .
Set Ωε = Ω \ T ε . Therefore, Ωε is a periodically perforated
structure with pellets of the size r(ε). Let us notice that the
inclusions do not intersect the fixed boundary ∂Ω.
Let S ε = ∪{∂Tiε | Tiε ⊂Ω, i ∈ ZN }. So, ∂Ωε = ∂Ω ∪ S ε . We
shall consider the homogenization of problems in the form

in Ωε ,
 −∆uε = f
∂uε
(1)
+ µ(ε)g(uε ) = 0 on S ε ,
 ∂ν
uε = 1
on ∂Ω,
where ν is the exterior unit normal to S ε ,
(2)

g is a maximal monotone graph such that g(0) = 0,

P ROPOSITION 2 (W ELL - POSSEDNESS ) Under the assumptions (2) and (3), there exists a unique solution u ∈ H 2 (Ω) of
(1).
P ROPOSITION 3 (S TRONG MAXIMUM PRINCIPLE ) Under
the assumptions (2) and (3), uε > 0 in Ωε .
Proof. . By the maximum principle, we have that uε ≥ 0.
Now, we can apply the comparison principle with uε , the nonnegative solution of

−∆uε = f
in Ωε ,
on ∂Ω ∪ S ε ,
uε = 0
to obtain uε ≥ uε in Ωε . For uε , we can apply the bound found
in [15]
Z

f (y) d(y, ∂Ωε ) dy d(x, ∂Ωε ), x ∈ Ωε ,
uε (x) ≥ c
Ω

which proves the result.



We can see a couples of the steps of the homogenization
process in the following COMSOL simulation.

(a) ε = 0.33

(b) ε = 0.11

Figure 1: Fixed bed reactors with big pellets (rε = ε) and the
level set of the solution of problem (1) for f = 0, (4) where
p = 12 , µ(ε) = ε.

(single-valued or even multivalued) and
(3)

f ∈ L2 (Ω),

f ≥ 0.

A particular case we shall discuss is the Freundlich isotherm:
(4)

g(u) = |u|p−1 u,

p ∈ (0, 1].

Also, we can consider the limit case of zero order reactions:

u < 0,
 0
[0, 1] u = 0,
(5)
g(u) =

1
u > 0.

We address here the interesting cases in which µ(ε)|S ε | =
O(1). In fact, we can consider that if r(ε) = εα , then µ(ε) =
ε−γ , γ = α(N − 1) − N. In our case, i.e. for big particles,
α = 1, and so γ = −1.
Through standard procedures in weak solution theory, one
easily gets the following result (see, e.g., [6]).

2

Homogenization of the state equation

Assume that r(ε) = ε and either a smooth kinetic
(6)

|g 0 (v)| ≤ C(1 + |v|q ),

0≤q<

N
N −2

or not necessarily a smooth one with bounded growth
(7)

|g(v)| ≤ C(1 + |v|q ),

0≤q<

N
.
N −2

Following the theory in [9] and [10], the solution uε of problem
(1), properly extended to the whole of Ω, converges weakly in
H 1 (Ω), as ε → 0, to u ∈ H 1 (Ω), i.e. uε * u, where u is the
unique solution of the following homogenized problem
(
|
− div (a0 (T )∇u) + |Y|∂T
in Ω,
\T | g(u) = f
(8)
u=1
on ∂Ω.

On the influence of pellet shape and dimensional size on the effectiveness factor of chemical reactions
The proof of existence and uniqueness of a weak solution for
this problem can be found, e.g., in [12]. Here, a0 (T ) ∈
MN (R) is the classical homogenized matrix (see, e.g., [9]).
If we write a0 (T ) = (qij ), then
Z
∂χj
1
dy,
qij = δij +
|Y \ T | Y \T ∂yi
where χi are the solutions of the so-called cell problems:

in Y \ T,
 −∆χi = 0
∂(χi +yi )
(9)
=
0
on ∂T,
∂ν

χi
Y -periodic.

For the corresponding result in the case of small particles, we
refer to [16]. Let us mention that in the critical case, i.e. the
case in which r(ε) = εN/(N −2) , the extra-term arising in the
homogenized equation is defined in terms of the solution of a
functional equation involving the nonlinear function g.

2.1

Effectiveness and homogenization

For the case of smooth kinetics, we shall assume that g(0) = 0
and we shall impose growth condition (6) on the nonlinearity
g. Inspired by the definition given in the linear case p = 1 by
the chemical engineer R. Aris (see [1] and [2]), we define the
notion of effectiveness of the pellet in this more general setting
as follows:
Z
1
g(uε )dσ.
(10)
ηε (T ) =
|Sε | Sε
This is well defined since g(uε ) ∈ W01,q̄ (Ω), q̄ =

2N
q(N −2)+N .

Definition (10) can be naturally extended to the homogenized
case, as follows
Z
1
(11)
η(T ) =
g(u)dx.
|Ω| Ω
P ROPOSITION 4 For ε → 0, it follows that ηε (T ) → η(T ).
Proof. From [8] (see also [9]), it holds that
Z
Z
|∂T |
ε
ε
g(u (x))dσ →
g(u(x))dx,
|Y | Ω
Sε

as ε → 0.

as ε → 0,

we have that |Sε |ε → |Ω||∂T |, as ε → 0. Hence, as ε → 0,
Z
Z
1
1
ηε (T ) =
g(uε (x))dσ →
g(u)dx = η(T ),
|Sε | Sε
|Ω| Ω
which proves the result.

R EMARK 5 It is an open problem whether or not this convergence remains true under more general nonlinearities g. Our
proof of the convergence relies on [8], in which one requires
differentiability of g(uε ). We can define the effectiveness ηε by
means of g(trSε (uε )). However, the proof, in essence, requires
that we consider trSε (g(uε )). It is our belief that a proof of the
general case might need an extension of the results in [8] or a
completely new approach.
R EMARK 6 The convergence remains true for the kinetic (4)
in the case of domains in which there exists δ > 0 such that
uε ≥ δ uniformly on ε, that is, no dead core exists. For the
solution u, the region where u = 0 (which might have positive
measure) is known in the literature as a dead core. Conditions
for the existence and location of a dead core in this and other
kinds of equations can be found in [12], [4] and the references
therein. In the case when a dead core exists, even though the
limit theorem does not apply, the strong maximum principle
(Proposition 3) suggests that the effectiveness is higher prior to
the homogenization process.

3

Existence of optimal pellet shapes

Once we know the effect that a general obstacle T causes, it
seems reasonable to perform domain optimization. First, we
show an abstract result of existence of optimal hole shape. We
will focus on the homogenized model (8). Our main result is
the following one:
T HEOREM 7 Let 0 < θ < |Y |, C, D be fixed proper subsets
of Y and ε̃ > 0. Let us consider the hypothesis
(12)

T satisfies the uniform ε̃-cone property.

We define
Uadm = {C ⊂ T ⊂ D : T satisfies , (12) and |T | = θ},

Cθ (D) = {T ⊂ D : T is open, convex and |T | = θ}.

At fixed volume θ ∈ (0, |Y |), there exists a domain of maximal
effectiveness in the class of T ∈ Uadm ∩ Cθ (D).

Since, by explicit computation, |Sε | = n(ε)|∂(εT )| =
n(ε)εN −1 |∂T |, when the cells tend to cover the total volume,
n(ε)|Y |εN = n(ε)|εY | → |Ω|,
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R EMARK 8 Optimization of the effectiveness considering the
homogenized domain Ω (the chemical reactor) has also been
studied (see [13], [14] and the references therein). In this
situation, the existence of a dead core affects the effectiveness
negatively.
R EMARK 9 Dealing with the optimization of the domain Ω,
there exist no optimal shapes considering a general framework (see [4], [14]). We conjecture that new results may be
also obtained by applying methods analogous to the ones that
follow.
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R EMARK 10 As in [9], the problem in which we consider
reactions inside the pellets can also be addressed. Let us
consider the system of equations

−Df ∆uε = f
in Ωε ,



ε
ε

 −Dp ∆v + ag(v ) = 0 in Ω \ Ωε ,
ε
ε
−Df ∂u
= Dp ∂v
on S ε ,
∂ν
∂ν

ε
ε

u =v
on S ε ,


 ε
u =1
on ∂Ω,

with a, Df , Dp > 0 and f ∈ L2 (Ω). If we introduce the
matrix A = Df χY \T + Dp χT where I is the identity matrix in
MN (R), then the homogenized problem for big pellets is (see
[9])
(
in Ω,
− div (A0 ∇u) + a |Y|T\T| | g(u) = f
u=1
on ∂Ω,
where A0 = (a0ij ) is the homogenized matrix, whose entries
R
∂χ
are defined as follows: a0ij = Y (aij + aik ∂ykj )dy, in terms of
the functions χj , i = 1, ..., N, Y -periodic solutions of the cell
problems −div(A∇(yj + χj )) = 0. In this context, the results
would be analogous and the proofs perhaps even simpler.
We see in (8) that the effect of T is present in three terms:
a0 (T ), |∂T | and |Y \ T |. Therefore, any sensible choice of
topology for the set of admissible domains T in a search for
optimal obstacles must make this expressions continuous.
A logical choice of topology in the space of shape is the one
given by the Hausdorff distance
dH (Ω1 , Ω2 ) = sup{ sup d(x, Ω2 ), sup d(x, Ω1 )}.
x∈Ω1

x∈Ω2

has the following property: for open domains, dH c (Ωn , Ω) →
0 as n → ∞ implies lim inf n |Ωn | ≥ |Ω|. However, lower
semicontinuity of the measure of the boundary (|∂T |) is, in
general, false (see [17] for some counterexamples). Nevertheless, the set of convex domains has a number of very interesting
properties (see [24]).
L EMMA 13 ([24]) The topological spaces (Cθ (D), dH ) and
(Cθ (D), dH c ) are equivalent.
The continuity of the boundary measure is provided by the
following theorem, proved in [7].
L EMMA 14 ([7]) Let (Ωn ), Ω ∈ Cθ (D). If Ω1 ⊂ Ω2 , then
d

H
Ω, then |Ωn | → |Ω| and
|∂Ω1 | ≤ |∂Ω2 |. Moreover, if Ωn →
|∂Ωn | → |∂Ω|, as n → ∞.

For the continuity of solutions with respect to T , we need the
following theorem of continuity of Nemitskij operators (see,
for example, [19], [11] and [21]).
L EMMA 15 ([21]) Let G : Ω → R → R be a Carathéodory
function such that (7) with q = rt with r ≥ 1 and t < ∞.
Then, the map
Lr (Ω) → Lt (Ω)

v 7→ G(x, v(x))

is continuous in the strong topologies.
L EMMA 16 Let A be the set of elliptic matrices and let g
satisfy (7). Then, the application
A × R+ → H 1 (Ω)

(A, λ) 7→ u,

For the optimization, we will restrict ourselves to a general
enough family of domains, but in which we can define a
topology which makes the family compact. It is well known
(see, for example, [23]) that the following result holds true.

where u is the unique solution of

−div(A∇u) + λg(u) = f,
u = 1,

T HEOREM 11 ([23]) The class of closed subsets of a compact set D is compact for the Hausdorff convergence.

is continuous in the weak topology.
Ru
Proof. . Let G(u) = 0 g(s)ds and
Z
Z
Z
1
(A∇v) · ∇v +
λG(v) −
f v.
JA,λ (v) =
2 Ω
Ω
Ω

A proof for the continuity of the effective diffusion under the
Hausdorff distance in Uadm can be found in [17].
L EMMA 12 ([17]) If Uadm is compact with respect to the
Hausdorff metric and if Tn → T , (Tn ) ⊂ Ua as n → ∞,
T ∈ Uadm , then a0 (Tn ) → a0 (T ) in MN (R).
The behaviour of the measure |Y − T | is slightly more delicate
(we include a commentary even though, in our family, this will
be constant). For this, a distance with a definition similar to
Hausdorff metric, the Hausdorff complementary distance
dH c (Ω1 , Ω2 ) = sup |d(x, Ωc1 ) − d(x, Ωc2 )|,
x∈Rn

in Ω,
on ∂Ω,

We know that u(A, λ) is the unique minimizer of this functional. Let An → A and λn → λ be two converging sequences.
It is easy to prove that un = u(An , λ) is bounded in H 1 (Ω)
and, up to Ra subsequence, un * uRin H 1 as n → ∞.
Therefore, Ω (A∇u)∇u ≤ lim inf n Ω (An ∇un )∇un . We
can apply Theorem 15 to show that G(un ) → G(u) in L1
as n → ∞ (see details for a similar proof, for example, in [9])
and we have that u = u(A, λ).

C OROLLARY 17 RIn the hypotheses of the previous lemma,
the map (A, λ) 7→ Ω g(u(A, λ)) is continuous.
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With these tools, we can prove now our main result.
Proof. of Theorem 7 First, we have that Lemmas 12 and 14
imply that the application T 7→ (a0 (T ), λ(T )) is continuous.
Then, Corollary 17 implies that T 7→ η(T ) is continuous.
Therefore, since Cθ (D) is closed and Uadm is compact, by
Lemma 12 we have the compactness of Uadm ∩ Cθ (D) and
the existence of maximizers.

(a) Circular inclusions

4

Effectiveness for obstacles with some symmetries. Numerical experiments

There exists a large literature on the computation and behaviour
of the homogenized coefficient a0 (T ), both from the mathematics and the engineering part (see, e.g., [3], [17], [20]). In
these papers, one can find power series techniques and numerical analysis, generally for spherical obstacles. As it is common
in the literature (e.g. [3]), we use the commercial software
COMSOL. As said on the introduction, in nanotechnology,
however, it is a common misconception that the measure of
the surface alone, |∂T |, is a good indicator of the effectiveness
of the obstacle.
Considering obstacles with some symmetries (for N = 2
it is sufficient that they are invariant under a 900 rotation)
in general, it is well known that a0 (T ) = α(T )I, where
α(T ) is a scalar (see, for example, [3], [20]) and I is the
identity matrix in MN (R). In this case, it can be easily
proved that the effectiveness is an decreasing function of
λ(T ) = |∂T |/(α(T )|Y \ T |) (it is a direct consequence of
the comparison principle, see [12]). In fact, this is the only
relevant parameter (once g(u) is fixed) of the equation (8). The
behaviour of the effectiveness with respect to the coefficient λ
can also be numerically computed:

(b) Square inclusions

Figure 3: Two obstacles T , and the level sets of the solution of
the cell problem (9)
We can numerically compute the homogenized diffusion coefficient a0 (T ) via a parametric sweep on the size of the obstacle.

Figure 4: The effective diffusion coefficient α(T ). Circular
particles in red and square particles in blue
Now, we can couple this with direct computations of |∂T | and
compare the behaviour of both indicators.

(a) Classical coefficient |∂T |.

(b) New coefficient λ(T ) as a function
of the concentration |Y \ T |

Figure 5: Coefficients |∂T | and λ(T ). Circular particles in red
and square particles in blue
Figure 2: Plot of η as a function of λ when Ω is a 2D circle.

Let us consider, in two dimensions for simplicity, the following
obstacles:

Since |Y \ T | = 1 − θ and since η is monotone decreasing with
respect to λ, what Figure 5 represents is a comparison between
the effectiveness of circular and square pellets for different θ.
We can conclude that, in the computed cases, circular pellets
are more efficient. This could have also been deduced solely
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from the consideration of |∂T |. However, even though the
relative order is not affected, what we see in Figure 5 is that
the behaviour close to minimum and maximum admissible θ
(which correspond with θ = 0 and the pellet touching the
boundary of the cell) on each is radically different (notice the
steepness). The fact that the circle appears to be more effective
contrast with the fact that in the homogenized reactor Ω a
sphere is worst (see [4], [13], [14]).
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A Continua of Solutions for a Quasilinear
Elliptic Singular Problem
J. Carmona∗, A. Molino† and L. Moreno-Mérida†

Abstract— Our purpose is to study the existence of positive solutions in H01 (Ω) ∩ C(Ω) for some quasilinear elliptic equation,
whose model is
|∇u|2
= λup + f0 (x), x ∈ Ω, γ, λ, p ≥ 0.
−∆u +
uγ
Using topological methods we obtain the existence of an unbounded continuum of solutions for every λ ≥ 0 if 0 < γ < 2 and
0 < p < 1.
Keywords: Continua of solutions, Nonlinear elliptic equations, Singular lower order term with quadratic growth
MSC[2010] 35J25, 35A16, 35J62, 35J75

1

Existence results concerning (3) for λ 6= 0 were obtained in
[2, 9] with γ < 1 and non existence in [16] with γ ≥ 2.
In this communication, we complete the previous results and
we obtain an unbounded continuum Σ of solutions of (3) for
γ < 2, namely, a connected and closed subset of

Introduction

In [10] we study the following boundary problem,

|∇u|2

−∆u
+
= λup + f0 (x)
in Ω,
γ
β
(1)
 u=0 u +u
on ∂Ω,

M = {(λ, u) ∈ [0, +∞) × C(Ω) : u is a solution of (3)}

where Ω is a smooth bounded and open subset of RN , N ≥ 3,
0 ≤ γ ≤ β, p > 0 and 0
f0 ∈ Lq (Ω) for some q > N/2.
By a subsolution (respectively, supersolution) of problem (1)
we mean a function u ∈ H01 (Ω) ∩ C(Ω) with u > 0 a.e.
|∇u|2
x ∈ Ω, γ
∈ L1 (Ω) and which satisfies the following
u + uβ
condition:
Z
Z
Z
|∇u|2 ϕ (≥)
(2)
∇u∇ϕ +
≤
(λup + f0 )ϕ ,
γ
β
Ω
Ω u +u
Ω
for every ϕ ∈ H01 (Ω) ∩ L∞ (Ω). A solution is a function which
is both a subsolution and a supersolution. We present here the
main results for the particular case γ = β, i.e.,


|∇u|2
= λup + f0 (x)
in Ω,
−∆u +
γ
(3)
u
 u=0
on ∂Ω.

The case λ = 0 has also been extensively studied in [4, 5, 6, 12]
and existence of solutions was discussed in [1] in the case
γ < 2 by imposing the following condition
(4)

ess inf{f0 (x) : x ∈ ω} > 0 , ∀ω ⊂⊂ Ω .

∗ Departamento

in particular we prove the following theorem
T HEOREM 1 Assume f0 ∈ Lq (Ω) with q > N2 satisfies (4).
Then, for γ < 2 and 0 < p < 1 the problem (3) admits at
least one solution for every λ ≥ 0. Moreover, there exists an
unbounded continuum Σ of solutions of (3), such that there
exists uλ solution of (3) with (λ, uλ ) ∈ Σ for every λ ≥ 0.

2

Preliminary results

Consider, for n ∈ N, the approximated problems

|∇u|2

−∆u +
= λ up + f0 (x) , in Ω,
(5)
(u + n1 )γ

u = 0,
on ∂Ω,

Next lemma is consequence of the classical Stampacchia
method [14].

L EMMA 2 Let Λ be a positive number. Assume that 0 < p <
1 and f0 ∈ Lq (Ω) with q > N2 , then there exists a positive
constant C > 0 such that, for every n > 0 and every solution
u of (5) with 0 < λ < Λ, one has kukL∞ (Ω) ≤ C.
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Next result, whose proof can be found in [1, Proposition
2.3], gives sufficient conditions to assure that solutions of (5)
are uniformly bounded from below by a positive constant in
compact subsets.
L EMMA 3 Assume that f0 ∈ L1 (Ω) verifies (4) and h ∈
C((0, +∞)) is a nonnegative
√ function, nonincreasing in a
neighborhood of zero with h ∈ L1 (0, 1). Then for each
ω ⊂⊂ Ω there exists a positive constant cω such that z(x) ≥
cω > 0 a.e. x ∈ ω, for every 0 < z ∈ H01 (Ω) ∩ C(Ω)
supersolution of
−∆z + h(z)|∇z|2 = f0 in Ω.

3

in H01 (Ω), therefore we can assume that uk converges weakly
to u in H01 (Ω). Now we prove that u is solution of problem (7),
i.e. u > 0 and satisfies,
Z
Z
Z
|∇u|2
 ϕ = (λwp + f0 )ϕ,
(8)
∇u∇ϕ +
1 γ
Ω
Ω
Ω u+ n

for every ϕ ∈ H01 (Ω) ∩ L∞ (Ω). By Lemma 3 given ω ⊂⊂ Ω
there exists cω > 0 such that uk (x) ≥ cω a.e. x ∈ ω for every
k ∈ N. In particular, using that uk converges strongly to u in
C(Ω), we deduce u > 0 in Ω. To finish, by [6] (see also [8]
and references therein) u satisfies condition (8). 
Finally, next result ensures existence of an unbounded, connected and closed subset Σn of Mn .

Continua of solutions of approximated prob- T HEOREM 5 Assume γ < 2, 0 < p < 1 and f0 ∈ Lq (Ω)
with q > N/2 satisfies (4). Then, for each n ∈ N there exists
lems

For each n ∈ N fix, let Mn be the solution set for (5), namely
Mn = {(λ, u) ∈ [0, +∞) × C(Ω) : u is a solution of (5)}.
Continua of solutions Σn ⊂ Mn are obtained in this section by
[13] using degree computations and Rabinowitz continuation
theorem. In this way, we set (5) as a fixed point problem for a
compact operator.
The following lemma ensures the compactness properties required later to deal with our topological approach.
L EMMA 4 Fix n ∈ N, assume that γ < 2, 0 < p < 1,
0 f0 ∈ Lq (Ω) with q > N2 and 0 < uk ∈ H01 (Ω) ∩ C(Ω)
satisfies

2
 −∆u + |∇uk |  = λ wp + f
in Ω,
k
k k
0
γ
1
(6)
uk + n

uk = 0
on ∂Ω,

with 0 ≤ λk bounded in R and 0 ≤ wk bounded in C(Ω).
Then, up to a subsequence, uk is strongly convergent in C(Ω)
to u ∈ H01 (Ω) ∩ C(Ω). If, in addition, λk → λ, wk → w in
C(Ω) and f0 verifies (4) then u is a solution of problem

2
 −∆u + |∇u|  = λwp + f (x)
in Ω,
0
γ
1
(7)
u+ n

u=0
on ∂Ω .

Proof. Since the sequence fk := λk wkp + f0 is bounded
in Lq (Ω) for some q > N/2, we can deduce by using the
Stampacchia technique in [14] that kuk kL∞ (Ω) ≤ c∞ for some
positive constant c∞ . In addition, applying [11, Theorem 6.1]
we deduce that the sequence uk is bounded in C 0,α (Ω). Consequently, Ascolí-Arzelá Theorem assures that uk possesses a
subsequence converging in C(Ω). This conclude the first part
of the lemma. In order to prove the second part we observe that,
taking ϕ = uk as a test function, the sequence uk is bounded

an unbounded continuum Σn ⊂ Mn such that (0, un ) ∈ Σn ,
where un is the unique solution of (5) for λ = 0.
Proof. Firstly, we observe the problem (5) for λ = 0 admits
a unique solution 0 < u ∈ H01 (Ω) ∩ C(Ω). Indeed, the
existence is due to [6] (see also [1, Theorem 1.1]) and the
uniqueness is deduced using [5]. Hence, we can define K :
[0, 1] × R × C(Ω) → C(Ω) by setting K(t, λ, w) as the unique
solution 0 < u ∈ C(Ω) of the problem

|∇u|2

−∆u + t
= λ+ (w+ )p + f0
in Ω,
(9)
(u + n1 )γ

u=0
on ∂Ω,

for every λ ∈ R, t ∈ [0, 1] and w ∈ C(Ω). With this notation
problem (5) can be rewritten as a fixed point problem, namely,
u = Kλ1 (u),

with Kλt (u) = K(t, λ, u). Moreover, Lemma 4 assures that K
is compact and we can use Leray-Schauder degree to study (5).
The result follows, as in [2], from the Rabinowitz’s Theorem
[13, Theorem 3.2]. We only have to compute the index of
the solution u0 and show that it is different from zero. Let
us denote ut = K(1 − t, 0, 0) i.e., ut is the unique positive
solution in H01 (Ω) ∩ C(Ω) of the problem

|∇u|2

−∆u + (1 − t)
= f0
in Ω,
(10)
(u + n1 )γ

u=0
on ∂Ω .

Define the homotopy J : [0, 1] × C(Ω) → C(Ω) by J(t, w) =
ut for every t ∈ [0, 1] and w ∈ C(Ω). Observe that
J(t, w) = K(1 − t, 0, 0) and thus, using Lemma 4, we have
that J is compact. Moreover, J(0, w) = u0 and J(1, w) =
(−∆)−1 (f0 (x)). Therefore i(K01 , u0 ) = i(J(0, ·), u0 ) =
i(J(1, ·), u1 ) = i((−∆)−1 (f0 (x)), u1 ) = 1. Consequently,
since i(K01 , u0 ) = 1, we conclude the proof by using Rabinowitz’s theorem. 
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4
4.1

a.e. x ∈ ω. In particular, there exists a positive constant Cφ
(depending only on φ) such that

Proof of the main theorem
Existence of solutions

Let {un } be the sequence of solutions un of (5). Firstly we
prove the first part of Theorem 1. We obtain a solution of (3)
as a limit of the sequence {un }. Indeed, by the previous results,
there exists a function u ∈ H01 (Ω) ∩ L∞ (Ω) such that, up to a
subsequence, un converges to u weakly in H01 (Ω). Moreover,
the Sobolev embeddings imply that un converges to u strongly
in L2 (Ω) and a.e. x ∈ Ω. In addition, by Lemma 3, we have
|∇u|2
∈ L1 (Ω), we fix
u > 0 in Ω. In order to prove that
uγ
Tδ (un )
δ > 0 and take ϕ =
as a test function in (5). Hence,
δ R
1
dropping the positive term δ Ω |∇Tδ (u)|2 we have
Z

Ω

Z

|∇un |2 Tδ (un )
≤
δ
(un + n1 )γ

Ω

(f0 + λupn )

Tδ (un )
.
δ

Since {un } is bounded in L∞ (Ω) we deduce passing to the
limit as δ tends to zero that
Z
|∇un |2
1 γ ≤ C , ∀n ∈ N ,
Ω (un + n )
where C is a positive constant which not depend on n. Therefore, adding that {∇un (x)} converges to ∇u(x) a.e. x ∈ Ω
(see [7, Theorem 2.1]) we conclude by Fatou Lemma that
Z
|∇u|2
∈ L1 (Ω) .
γ
Ω u
Now, following closely [6], we prove that u satisfies the
equation (2). Since ϕ = ϕ+ + ϕ− , it is enough to prove
(2) for every nonegative function ϕ ∈ H01 (Ω) ∩ L∞ (Ω).
Furthermore, by density, it is sufficient to prove it when 0 ≤
ϕ ∈ H01 (Ω) ∩ Cc (Ω). We claim that u is a subsolution.
|∇un |2
Indeed, since
≥ 0, ∇un converges weakly to
(un + n1 )γ
∇u in (L2 (Ω))N and a.e. x ∈ Ω and upn converges to up
strongly in L2 (Ω), then applying the Fatou lemma we prove
the claim. We claim now that u is a supersolution. Indeed, we
fix 0 ≤ φ ∈ H01 (Ω) ∩ Cc (Ω) and we define the function
H(t) =

Z

1

t

1
ds,
sγ

Let call ω = supp φ and observe, thanks to Lemma 3 there
exists a positive constants cω such that cω ≤ un in ω for every
n ∈ N. Moreover, the boundedness in L∞ (Ω) of the sequence
{un } implies un ≤ c∞ . Therefore, for n big enough
Z c∞
1
|H(u) − H(un )| ≤
ds
γ
s
cw
≤ (c∞ − cω )

1
,
cγw

eH(u)−H(un ) φ ≤ Cφ .
Even more,



∇ eH(u)−H(un ) φ =


∇un
∇u
H(u)−H(un )
e
φ γ − φ γ + ∇φ ∈ L2 (Ω).
u
un

Thus, taking ϕ = eH(u)−H(un ) φ as a test function we get
Z
Z
∇u
H(u)−H(un )
∇un eH(u)−H(un ) φ
∇un ∇φ e
+
γ
Ω
Ω u
Z
−
(λupn + f0 ) eH(u)−H(un ) φ
Ω

Z 
1
1
− γ
|∇un |2 eH(u)−H(un ) φ .
=
uγn
un + n1
Ω

Next, we want to pass to the limit in the above expression.
Observe that, since ∇un converges weakly in (L2 (Ω))N , we
have
Z
Z
∇un ∇φ eH(u)−H(un ) −→
∇u∇φ.
Ω

Ω

In addition, since the function φh(u) and the sequence upn are
bounded, we obtain using the Lebesgue Theorem
Z
Z
∇u
|∇u|2
H(u)−H(un )
∇u
e
φ
−→
φ,
n
γ
γ
Ω u
Ω u
and

Z

Ω

(λupn + f0 ) eH(u)−H(un ) φ −→

Z

(λup + f0 ) φ .

Ω

1
1
To finish, since γ − γ
≥ 0, we deduce the inequality
un
un + n1
desired applying the Fatou Lemma in the right hand side.

4.2

Existence of an unbounded continuum of solutions

Finally, we prove the second part of Theorem 1. For that
purpose we use a topological lemma to obtain the continuum
of solutions Σ as the limit of the continua of solutions Σn of
approximated problems.
L EMMA 6 ([15] W HYBURN ) Let X be a metric space.
S If
{Sn } is a sequence of connected subsets of X such that Sn
is relatively compact and lim inf Sn is not empty, then the
lim sup Sn is connected.
Now by Theorem 5, there exists a continuum Σn in [0, +∞) ×
C(Ω) of positive solutions of (5) such that (0, un ) ∈ Σn where
un is the unique solution of (5) for λ = 0. Besides, one can
observe that by Lemma 2, one has Proj[0,∞) Σn = [0, ∞).
For obtaining the existence of an unbounded continuum Σ of
solutions of (3) we apply the result of Lemma 6. Indeed,
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for every Λ > 0 we take Sn,Λ the connected component of
Σn ∩ [0, Λ] × C(Ω) such that (0, un ) ∈ Sn,Λ . Since Σn
is unbounded and Proj[0,∞) Σn = [0, ∞), we deduce that
Proj[0,Λ] Sn,Λ = [0, Λ]. Moreover, Lemma 4 with λk = 0
assures that, up to (not relabeled) subsequences, un converges
strongly to u solution of (3) for λ = 0, which implies (0, u) ∈
lim inf Sn,Λ and thereforeSit is not empty. Even more, given
a sequence (λm , um ) ∈ k∈N Sk,Λ we have that, for some
km ∈ N

|∇um |2

 −∆um + 
γ = λm upm + f0
in Ω,
1
(11)
um + km


um = 0
on ∂Ω,

with 0 ≤ λm < Λ and kum kL∞ (Ω) ≤ cΛ . If km → ∞, arguing
as in the proof of previous subsection, it assures
Sthat (λm , um )
admits a strongly convergent subsequence in k∈N Sk,Λ . By
the other hand, if the sequence km S
is bounded then, up to a subsequence, (λS
m , um ) converges in
k∈N Sk,Λ . In particular we
deduce that k∈N Sk,Λ is relatively compact. Now we can use
Lemma 6 to deduce that ΓΛ := lim sup Sn,Λ is a continuum
which is contained in M. In fact, since for every n ∈ N there
exists (Λ, un ) ∈ Sn,Λ , then we have that Proj[0,Λ] ΓΛ = [0, Λ].
Furthermore,
S by construction, ΓΛ is increasing in Λ and we can
take Σ = n∈N Γn . Observe that since (0, u) ∈ Γn for every
n ∈ N then Σ ⊂ M is aSconnected set in [0, +∞) × C(Ω).
Moreover, Proj[0,∞) Σ = n∈N [0, n] = [0, ∞).
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On the construction of bounds for the effective transport
properties of a two-phase
transversely isotropic composite material
C. Calvo-Jurado∗ and W. J. Parnell†

Abstract—
In this work, we present a direct manner for the construction of the Hashin-Shtrikman bounds for the effective transport properties
of a transversely isotropic two phase composite, i.e. a material is embedded in another one which represents the host. The scheme
takes into account independently the inclusions shape and their spatial distribution that are assumed with ellipsoidal symmetry.
Of specific interest in the construction process is the fact that the corresponding so called P-tensors can be derived analytically.
The derived scheme is of great interest due to the fact that Laplace’s equation governs a great variety of physical applications, e.g.
electrical conductivity and permittivity, thermal conductivity or magnetic permeability. As consequence, the results presented
here are of great utility in composite design and also covers a multitude of media including both layered and fiber reinforced
media. Some examples will be implemented to validate the effectiveness of this model showing its improvement over other
existing ones.
Keywords: effective transport properties, Hashin-Shtrikman bounds, two phase composite materials.

1

Introduction

The prediction of effective elastic and transport properties of
heterogeneous materials obtained by mixing different phases,
usually on a very small scale denoted ε > 0, has attracted
great attention of scientists and engineers before the early
1960s. The understanding of the overall behavior of ceramics
or superconducting fibre-reinforced materials, the exploration
of the nature of hydrocarbon reservoirs, could be some known
applications in some industrial sectors as aerospace, textile
industry or biotechnology applications. However these kind
of models are very difficult to study, precisely due to the small
size ε of the heterogeneities. There are different methods to
treat this problem. One of them is the homogenization theory,
that passing to the limit as ε → 0 gives an homogenized
limit problem that has the advantage that their coefficients
are constants, and then permits one determine the effective or
average properties of the mixture. Indeed, there are some well
known results that characterize its eigenvalues due to Murat,
Tartar ([11], [7]) and Lurie & Cherkaev [5].
Besides the homogenization techniques, the use of expressions
defining bounds for physical properties of a mixture starting
from variational principles has been studied extensively by
several authors ([3], [6], [10], [12]), because gives the possible

range of variation for such properties. When the only information about the microstructure is the volume fraction φr of the
rth phase, key results were given by Wiener [13] in 1912 for
effective conductivity and Voigt [12] and Reuss [10] in 1889
and 1928 respectively in the case of elastic modulus. These
latter, are identified as upper and lower bounds (respectively)
on the effective elastic properties C∗ , and for a composite
whose rth constituent modulus is labelled Cr , r = 0, ..., n are
respectively
!−1
n
n
X
X
CV =
φ r Cr ,
CR =
φr (Cr )−1
,
r=0

CR ≤ C∗ ≤ CV .

Unfortunately, these expressions are independent of any characteristic of the symmetry of the microstructure and therefore,
they are usually two wide to be of predictive interest. Using a
variational principle, better results were obtained by Hashin &
Shtrikman (HS) [3], who provided the tightest possible range
of variation for the property of interest without information
about the distribution of the phases. HS bounds have been
improved and revised by many authors. In particular, PonteCastañeda & Willis [9] using some statistical distribution functions derived an expression where the inclusions shape could
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be select independently of their spatial distribution.

i.e.:

However, works concerning the construction of such bounds
from first principles (volume fractions, elastic or transport properties, shapes of phases of the composite and their spatial distribution) of a given material are not easily found. Furthermore,
in the literature very little discussion of the required tensorbasis for transverse isotropy is given and even the uniformity
of the so-called Eshelby’s tensor is not exploited completely
since expressions for it were usually found in integral form,
rather than explicit expressions. In particular at this point,
it seems that although knowledge of explicit bounds is very
useful it is, perhaps, less important than being able to construct
the bounds from first principles. For these reasons, our main
interest will be the derivation of a mechanism by which the
HS bounds could be constructed in a direct manner from first
principles. To do it, we will use the correct tensor basis set
for transverse isotropy and the appropriate expressions for the
Eshelby tensors which will previously derived for spheroidal
inclusions and distributions. At this respect, instead of the
usual integral form, the uniformity of the so-called Eshelby’s
tensor will be exploited completely. As consequence, the results presented here are of great utility in composite design, and
specially for engineers, materials scientists and industrialists
who may wish to construct the HS bounds for a multitude of
composites including both layered and fiber reinforced media.
Applications will be provided to validate the effectiveness of
this model by comparing the predictions with other theoretical
predictions.

T |∂Ω0 = T |∂Ω1 ,

2

Setting of the problem

Consider a two-phase composite material occupying a domain
Ω ⊂ R3 and two parameters ρ, ε > 0 that correspond to the
aspect ratio of the distribution and shape of the heterogeneities
respectively. The behaviour of the composite is determined
by the geometric arrangement of the host phase Ω0 and the
inclusion phase Ω1 satisfying Ω0 ∪ Ω1 = Ω, with respective
transport properties given by second order tensors denoted by
K0 , K1 . By simplicity, in the following we refer them as
thermal conductivity tensors, and therefore we will restrict the
work to the thermal conductivity setting. We assume constant
volume fractions φ0 and φ1 of each phase, defined by φ0 =
|Ω0 |/|Ω| ∈ (0, 1) and φ1 = 1 − φ0 = |Ω1 |/|Ω| respectively,
where | · | denotes a volume. The problem governing the steady
state of the temperature T ∈ H 1 (Ω) is given by the following
linear elliptic equation
−div (K(x)∇T ) = f

in Ω

where we have denoted by f the internal source term and K is
the thermal conductivity of the composite defined by
 0
K (x) if x ∈ Ω0
K(x) =
K1 (x) if x ∈ Ω1 .

The usual continuity conditions on the matrix-inclusions interface for temperature and for the heat flux density are assumed,

K0 ∇T ·ν 0 = K1 ∇T ·ν 1 on ∂Ω0 ∩∂Ω1 ,

where ν r is the outward normal unit vector to ∂Ωr , r = 0, 1
(then ν 0 = −ν 1 ). We will assume that the two materials are
transversely isotropic so that we can write
(1)

r
Kij
= κr (Θij + αr δi3 δj3 ),

r = 0, 1,

where we have introduced αr as the measure of anisotropy,
with αr = 1 for an isotropic medium. Furthermore Θij =
δij − δi3 δj3 , where δ is the second-order unit tensor.
It is usual to characterize a composite by its macroscopic
effective properties, represented by a second order conductivity
tensor K∗ giving the linear relationship between the body
averages of heat flux and the thermal gradient as follows
q̄ = K∗ ē,
e(x) = ∇T (x),
Z
1
ξdx denotes the volume average of a given
where ξ¯ =
|Ω| Ω
local field ξ. Following Hill [4] the average energy density for
the composite is defined by
Z
1
1
1
W ∗ (ē) = min
W (x, e) dx = ē · q̄ = ē · K∗ ē.
e∈E |Ω| Ω
2
2

where E is the set of admissible temperature gradients given by
E = {e / ∃T ∈ H 1 (Ω) such that e = ∇T , T = T̄ on ∂Ω}.

We will need the following definitions

D EFINITION 1 A composite is statistically homogeneous if
p(x) the probability density of finding an inclusion centered
at a point x, is a constant equal to p = n/|Ω| with n equal to
the number of inclusions of phase Ω1 .
D EFINITION 2 A composite has ellipsoidal symmetry (see
[14]) for the distribution of the inclusions if the conditional
probability density function p(x0 |x) for finding an inclusion of
phase 1 centered at x0 given that there exists another centered
at point x, depends on x00 = x0 −x only through the expression
|Ad x00 |, for some matrix Ad which defines an ellipsoid ωd =
{z : |Ad z| < 1}.
R EMARK 3 By simplicity, we will suppose that the inclusion
phase is a distribution of (possibly different sized) aligned
prolate and oblate spheroids but where each spheroid has the
same aspect ratio ε = a3 /a and where the long/short axis
(same direction as the semi-axis a3 of the spheroid) is aligned
with z (see Figure 1). The distribution of the inclusion phase
will be taken with ellipsoidal symmetry (see Remark 2); in the
sense that there exists ρ > 0 such that inside the spheroid ωdρ of
aspect ratio ρ, p(x0 |x)=0. That is, the conditional probability
density function for finding an inclusion centered at one point
x0 , given that there exists another centered at x is equal to
zero. As consequence, the microstructure of the composite
will depends on two spheroids, one characterizing the inclusion
shape, and the other regarding to their distribution.
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z
c

R EMARK 5 Recall that the subscripts s and d refer to the
shape and distribution of inclusions depending on ε and ρ
respectively.

z
c

a

a

a

a
y

y

x

x

R EMARK 6 Note that limits when ε → 0 and ε → ∞
correspond to particular cases of disc or layered medium and a
long fibre-reinforced medium respectively. The Hill-tensor (3)
in these cases are simplified as follows

Figure 1: Prolate and oblate spheroidal inclusions.
Pijf ibre =
Following Ponte-Casteñeda & Willis’ [9] derivation of the
variational principle for the elasticity context, under the hypotheses above, in [1] (see also [8]) is stated the following
result for the conductivity setting.
T HEOREM 4 Consider a linear comparison material with
homogeneous conductive modulus tensor given by Kc =
max{K0 , K1 } (resp. Kc = min{K0 , K1 }) in the sense that
e · (Kc − Kr )e ≥ (≤) 0, r = 0, 1. Assume that the two-phase
composite is statistically homogeneous and that the distribution
of inclusion phase is defined by ellipsoidal symmetry. Then,
given ρ, ε > 0 the Hashin-Shtrikman upper KB = K+ (resp.
lower K− ) bound on the effective modulus tensor K∗ (resp.
KB = K− ) is given by
(2)

Kc + τ̄ ∗ · ē−1 := KB

with τ̄ ∗ = φ0 τ0∗ + φ1 τ1∗ the average of the so-called optimal
polarizations τk∗ , k = 0, 1, which satisfy the relations
 0

(K − Kc )−1 + (Qεs − φ1 Qρd ) φ0 τ0∗ −
(Pεs − φ1 Pρd )φ1 τ1∗ = φ0 ē,

−(Qεs − φ1 Qρd )φ0 τ0∗ +
 1

(K − Kc )−1 + (Pεs − φ1 Pρd ) φ1 τ1∗ = φ1 ē,

φ1 ρ
φ1 ε
Ps , Qρd =
P . Here, Pεs and Pρd denote
φ0
φ0 d
the uniform Hill-tensors associated with the aspect ratios ε, ρ
of the spheroidal inclusion phase and their distribution. Their
components are given by (see [8] for details)
1
Pijγ =
(ϕΘij + ϕ3 δi3 δj3 ),
κ
0
(3)
1
1
γ
ϕ = (1 − α0 ϕ3 ), ϕ3 =
S( √ ), γ = ε, ρ,
2
α0
α0

where Qεs =

where γ = a3 /a is the aspect ratio of the spheroidal inclusion
or distribution, and the function S is given by the expression
1
x
S(x) =
−
·
2
1−x
1 − x2

1


∀x ∈ (1, +∞) (problate),

1 arccosh(x),
(x2 − 1) 2
1


∀x ∈ [0, 1) (oblate) .

1 arccos(x),
(1 − x2 ) 2

1
Θij ,
2κ01

Pijlayered =

1
δi3 δj3 .
κ01

If the heterogeneity has spherical shape (ε = 1), (3) leads to
Pij =

1
(ϕΘij + ϕ3 δi3 δj3 ),
κ01
ϕ3 =

1
1
S( √ ),
α
α

ϕ=
α=

1
(1 − αϕ3 ),
2

κ02
.
κ01

In the particular case of spherical inclusions embedded inside
an isotropic phase (K0 = κ0 δ, K1 = κ1 δ), the Hill-tensor can
1
be simplified in P = 0 δ.
3κ

2.1

Definition of ε and ρ

In order to avoid particle overlapping, note that given the aspect
ratio ε and the volume fraction φ1 of the inclusion phase, the
aspect ratio ρ of the spheroid associated to its distribution,
(and therefore the P-tensor Pρd ) must be define as an safety
spheroid, containing a single spheroidal inclusion, which is not
intersected by any other security spheroid. This depends on
whether ε > ρ or ε < ρ (see Figure 2). Simple calculations
show that when ε > ρ we have 0 ≤ φ1 ≤ ρ2 /ε2 , whereas
if ε < ρ we have 0 ≤ φ1 ≤ ε/ρ. This analysis explains the
dependence of the parameters ε and ρ to each other (ρ(ε, φ1 )).
Similar conclusions, can be derived when the distribution
aspect ratio ρ and the volume fraction φ1 are fixed.

<ρ

>ρ

Figure 2: Spheroidal distributions (aspect ratio ρ) containing
spheroidal inclusions (aspect ratio ε). The vertical axis here
is the axis of symmetry of TI and of the inclusions and
distributions.
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Particular cases

Some particular expressions for the HS bounds can be obtained. Let us first consider the case when the comparison
phase can be chosen as either the host or inclusion phase. Note
that this may not always be possible however.

3.1

Comparison phase can be identified as either
matrix or inclusion phase

Let us first suppose that we are able to identify the matrix as
the more insulating phase (i.e. K0 ≤ K1 ). Then, taking Kc =
K1 the lower and upper bounds follow from the following
expressions
−1
K− = K0 + φ1 (K1 − K0 )−1 + Pεs − φ1 Pρd
K+

= K1 + φ0 (K0 − K1 )−1 + Qεs − φ1 Qρd

−1

And the opposite, if the matrix phase is the highest conductive
material (i.e. K1 ≤ K0 ).

3.2

Inclusions have same shape as their distribution

When the distribution of inclusions has the same symmetry as
them (Pρd = Pεs = Pε ), one can write down a the following
clean form involving the comparison phase.
KB =

−1
φ0 (δ+(K0 − Kc )Pε )−1 +φ1 (δ+(K1 − Kc )Pε )−1


φ0 (δ+(K0 − Kc )Pε )−1 K0 +φ1 (δ+(K1 − Kc )Pε )−1 K1

4

Construction of the HS bounds for TI tensors

Our aim in this contribution is to describe a direct procedure
for constructing the HS bounds for TI materials that take into
account not only the inclusions shape but also their spatial
distribution. We will do it in terms of the conductive modulus
tensors K0 , K1 and the P-tensors Pρd and Pεs with z as the
axis of transverse symmetry. This kind of implementations for
anisotropic phases can cause great difficulty. To simplify this
question, we shall proceed as follows. First, we observe that a
second order TI tensor can be defined with respect to the tensor
basis set
(4)

(1)

(2)

1
2
1
{Iij , Iij }, where Iij
= Θij , Iij
= δij − Iij
.

Hence, given (4) in order to define a TI (conductive) tensor
r
Kij
given by (1), the short-hand notation Kr = (κr1 , κr2 ),
r = 0, 1, will be adopted. The parameters κr1 , κr2 correspond to
the transport property (thermal conductivity) in the transverse
and the axial direction respectively. This permit us to define
some basic operations over the set of second-order tensors with
coefficients in R2 .
1
2
D EFINITION 7 Given two TI tensors Kij
and Kij
defined in
1
1
1
2
2
short-hand notation by K = (κ1 , κ2 ) and K = (κ1 , κ22 ), we

define the operations of addition A[H1 , H2 ] : R2 × R2 → R2 ,
double contraction C[H1 , H2 ] : R2 × R2 → R2 and inversion
I[H1 ] : R2 → R2 in the following way
A[H1 , H2 ] := (κ11 + κ21 , κ12 + κ22 ),
(5)

C[H1 , H2 ] := (κ11 κ21 , κ12 κ22 ),
I[H1 ] := (1/κ11 , 1/κ12 ).

Therefore, given the explicit expressions for the HS bounds (2),
one can directly construct them using (5) and introducing the
tensors coded as functions with arguments as 2-vectors.

5

Examples

In this section, we will exhibit the implementation of the
scheme by showing the effective conductivity of an heterogeneous media containing aligned spheroidal inclusions of
kovar embedded in a host matrix made up of aluminum. By
simplicity we just compute the transversal effective component
κ∗1 of the composite. Aluminum is maybe the most common matrix employed for metal-matrix composites for both
structural and electronic applications due to its low density.
In order to lower the coefficient of thermal expansion (CTE)
and therefore to solve the heat dissipation inconvenient, we
will use inclusions of kovar. According to D. Chung [2] the
numerical values of thermal conductivities for aluminum and
kovar are, respectively κ1 = 247 W/Km (CTE= 23 10−6 /o C)
and κ1 = 17 W/Km (CTE= 5.1 10−6 /o C). The HS bounds
are plotted as a function of the volume fraction φ = φ1 of the
kovar inclusion phase.
In Figure 3 we suppose that ε = ρ (then Ps = Pd ). It shows
on the left (solid lines), spherical kovar inclusions uniformly
distributed with spherical symmetry in the aluminum host
phase (ρ = ε = 1). Therefore the effective material is
isotropic. We also plot the Reuss (lower) and Voigt (upper)
bounds (dashed lines) on these effective properties together
with the HS bounds, noting the improvement of the HS bounds
over those. On the right, we consider the case of spherical and
spheroidal kovar inclusions with general aspect ratio ε = 1
(solid line), ε = 0.1 (dashed lines) respectively distributed
with spheroidal symmetry. So that the effective material is
transversely isotropic. Limiting cases ε → ∞ (dotted line) and
ε → 0 (dot-dashed line) corresponding to long fibre-reinforced
and layered materials are also represented. As it occurs in the
elasticity context (see [8]) the bounds coincide in the (layered)
limit when ε → 0, as can also be observed in the plot on the
left of Figure 5 for φ = 0.3. It is also seen that the transverse
modulus is not affected greatly by increasing ε from unity. In
fact, the fibres do not have to be particularly long before they
reach this limit: ε = O(10) it is enough for this limit to be
reached.
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Figure 3: Pεs = Pρd : All the inclusions have the same shape
and are distributed with the same spheroidal shape.

This work has been partially supported by the project MTM
2011-24457 of the “Ministerio de Ciencia e Innovación” of
Spain and the research group FQM-309 of the “Junta de
Andalucía”. William Parnell is grateful to the Engineering and
Physical Sciences Research Council for funding his fellowship
“NEMESIS” (EP/L018039/1).

References
In Figure 4 we consider the case when the distribution spheroid
has different shape to that of the inclusion shape (Pεs 6= Pρd ).
On the left, we take spherical √
kovar inclusions (ε = 1) and
consider both oblate with ρ = φ (dot-dash lines) and ρ = φ1
for the prolate (dashed lines) distributions. On the right, we
consider the effect when the inclusion becomes
√ a spheroid with
(oblate and prolate) aspect ratio ε = φ, 1/ φ (dot-dash and
dashed lines resp.) and the distribution is spherical (ρ = 1). Of
course, each point on these curves represents a different type
of composite in the sense that the inclusion and the distribution
has different spheroidal statistics. Voigt-Reuss bounds (solid
lines) are also represented.
κ∗
250

κ∗
250

150

150

50
0.6

φ
0

1

0.2

0.6

1

Pρd :

6=
Figure 4:
All the inclusions have the same
spheroidal shape different of their distribution symmetry.
Pεs

On the right of Figure 5, we plot the influence of spheroidal
inclusions with aspect ratio ε, possibly distinct from the aspect
ratio ρ of the spheroidal distribution for a fixed φ = 0.3. We
plot two set of curves, one set corresponding
to spheroidal
√
distribution with aspect ratio ρ = ε 0.3 (solid lines) and
other set corresponding to the same aspect ratio as that of the
inclusion ρ = ε (dashed lines). Note that the plot has log-linear
scaling and as should be expected the most significant effect is
felt away from the limiting cases when ε → 0 and ε → ∞
corresponding to the layer and long fibre limits.
180

180

140

140

102

102
10−2 10−1 1

10 102 103

[3] Z. Hashin and S. Shtrikman, A variational approach to the theory of
the elastic behaviour of multiphase materials, J. Mech. Phys. Solids 11
(1963) 127–140.
[4] R. Hill, Elastic properties of reinforced solids: Some theoretical principles, J. Mech. Phys. Solids, 11 (1963), 357–372.

[6] G. W. Milton, The Theory of Composites, Cambridge University Press
(2002).

50
0.2

[2] D.D.L. Chung, Materials for thermal conduction, Appl. Thermal Eng.,
21 (2001) 1593–1605.

[5] K. A. Lurie, A. V. Cherkaev, Exact estimates of conductivity of composites, Prc. Royal Soc. Edinburgh, A99 (1984) 71–84.

φ
0

[1] C. Calvo-Jurado, William J. Parnell, Hashin Shtrikman bounds on the
effective thermal conductivity of a transversely isotropic two phase
composite material, J. Math. Chem., 53, 3 (2015) 828–843.

[7] F. Murat, L. Tartar, H-Convergence, in Topics in the Mathematical Modelling of composite Materials, ed. A. Cherkaev, R. Khon, Birkhäuser,
Boston, 21–43.
[8] William J. Parnell, C. Calvo-Jurado, On the computation of the Hashin
Shtrikman bounds for transversely isotropic two phase linear elastic
fibre-reinforced composites, J. Eng. Math., DOI10.1007/s10665-0149777-3.
[9] P. Ponte Castañeda, J.R., Willis, The effect of spatial distribution on the
effective behaviour of composite materials and cracked media, J. Mech.
Phys. Solids, 43 (1995) 1919–1951.
[10] A. Reuss, Calculation of the flow limits of mixed crystals on the basis
of the plasticity of mono-crystals, Z. Angew. Math. Mech., 9 (1929)
49–58.
[11] L. Tartar, Estimations fines de coefficients homogénéisés, in Ennio De
Giorgi Colloquium, ed. P. Kree, Research Notes in Mathematics 125,
Pitman, London, 1985, 136–212.
[12] W. Voigt, Ueber die Beziehung zwischeden beiden Elasticitäts constanten, Annalen der Physik, 38 (1889) 573–587.

ε
10−2 10−1 1

10 102 103

ε

Figure 5: Effect of the inclusion aspect ratio on the transverse
effective conductivity. On the left: Pεs = Pρd . On the right:
Pεs 6= Pρd .

[13] O. Wiener, The theory of composites for the field of steady flow. First
treatment of mean value estimates for force, polarization and energy, 32
(1912) 509-604.
[14] J.R. Willis, Bounds and self-consistent estimates for the overall moduli
of anisotropic composites, J. Mech. Phys. Solids, 25 (1977) 185–202.

P ROCEEDINGS OF THE XXIV C ONGRESS ON D IFFERENTIAL E QUATIONS AND A PPLICATIONS
XIV C ONGRESS ON A PPLIED M ATHEMATICS
Cádiz, June 8-12, 2015, pp. 587–590

A weak form of the boundary point lemma
J. Sabina de Lis∗

Abstract— The boundary point lemma (BPL), also known as the Hopf maximum principle, is a classical result in both elliptic
and parabolic equations theory ([10], [6], [11], [12]). However, this result fails when the equations have a divergence structure,
leading coefficients are not differentiable and accordingly, solutions are regarded in weak sense ([6], [10], [12]). In the present
communication we are discussing how the BPL can be rescued for a reasonable class of operators provided that the above
mentioned coefficients exhibit a suitable degree of continuity (see an analysis of the two–dimensional case in [3]). Some
applications will also be addressed.
Keywords: Elliptic equations in divergence form, weak solutions, maximum principles.

1

Introduction

Consider a symmetric positive definite matrix A(x) =
(aij (x))1≤i,j≤N defined in a smooth bounded domain Ω ⊂
RN , i. e. verifying
(1)

N
X

aij (x)ξi ξj > 0

i,j=1

x ∈ Ω, ξ ∈ RN \ {0}.

The operator −div (A(x)∇u) satisfies a boundary point lemma
(BVP) in Ω, alternatively a Hopf maximum principle, if for
every u ∈ C 1 (Ω) solving in weak sense the equation
(2)

− div (A(x)∇u) = 0

in Ω, and such that there exist x0 ∈ ∂Ω and an open ball B ⊂ Ω
with x0 ∈ ∂B ∩ ∂Ω (B is “inner tangent” to ∂Ω at x0 ) so that
u(x) < u(x0 )

for all x ∈ B,

in the coefficients aij . In fact, just the same argument as in
the classical case works when the coefficients aij ∈ C 0,1 (Ω).
However, BPL becomes plainly false even if the aij ∈ C(Ω)
(Section 5). This fact seems to have not been taken into account
sometimes in the literature. See, for instance, the statement of
Proposition 1.16 in [1] or the proof of Proposition 2.2 in [7]
(Section 4 below).
A weak form of the BPL for equation (2) was obtained in [3]
(see Lemma 7) provided that N = 2 and the aij are Hölder
continuous (see [5] for a later improvement). Moreover, it was
asserted in [3] (see Remark 2 in p. 35) that: “The proof of
Lemma 7 can be extended to n dimensions for equations of the
form (2)”. The objective of this communication is to present a
statement of this result for N ≥ 2 arbitrary and for a class of
equations wider than (2). Interested reader is referred to [13]
for detailed proofs.
Our main result is the following.

the strict inequality

∂u
(x0 ) > 0
∂n
holds, n being the outward unit normal at x0 .
While different versions of both the weak and the strong maximum principles are satisfied by a broad class of elliptic and
parabolic equations ([6], [11], [12] and [4] for both classical
and weak statements), it is well–known that the BPL fails for
elliptic equations in divergence form (see [12], [6], [10] and a
further simple example in Section 5).
When dealing with operators with a divergence structure, the
difficulty in showing a BPL lies on the lack of differentiability

T HEOREM 1 Let Ω ⊂ RN be a class C 2 bounded domain
while functions aij ∈ C α (Ω), 1 ≤ i, j ≤ N , satisfy aij (x) =
aji (x) together with the ellipticity condition (1), i. e. matrix
A(x) = (aij (x)) is uniformly elliptic in Ω. Assume in addition
that coefficients bi ∈ L∞ (Ω) for 1 ≤ i ≤ N , c ∈ L∞ (Ω)
while
(3)

c(x) ≥ 0

a. e. in Ω.

Suppose that u ∈ C 1 (Ω) satisfies in weak sense the equation:
(4) −

N
N
X
X
∂
∂u
∂u
(aij (x)
)+
bi (x)
+ c(x)u ≤ 0,
∂x
∂x
∂x
i
j
i
i,j=1
i=1
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in Ω, while for some x0 ∈ ∂Ω there exists a ball B ⊂ Ω with
x0 ∈ ∂B where u = u(x) satisfies:
u(x) < u(x0 )

x ∈ B.

If u(x0 ) ≥ 0 then
∂u
(x0 ) > 0,
∂ν

(5)

L EMMA 3 Assume that Ω ⊂ RN and the coefficients aij , bi , c
satisfy the hypotheses of Theorem 1. Then problem (6) exhibits
the following features.
a) It has a unique positive solution v ∈ C 1,α (Aρ ) for all
0 < ρ < ρ0 .
b) As a function of the parameter ρ,
∂v
(x0 ) → −∞
∂ν

being ν any outward direction, i. e. any unitary vector ν ∈ RN
so that hν, ni > 0, with n = n(x0 ) the outward unitary normal
at x0 .

(7)

R EMARK 2 As it turns out clear from the proof, restriction
u(x0 ) ≥ 0 can be removed if c = 0 in (4). In the same vein,
the sign of c is alike irrelevant provided that u(x0 ) = 0 ([13]).

In fact, a sharper account on the asymptotic behavior (7) can
be given. Next result, which is interesting in its own right,
assumes that A(x0 ) = I, I the identity N × N matrix. The
general case is reduced to this situation by means of a linear
transformation.

2

An auxiliary result

As in the classical case ([6], Chapter 3), the proof of Theorem 1
relies on the choice of a suitable “barrier function” v. Solution
u to (4) will be then compared with a perturbation of v.
If x0 ∈ ∂Ω is the reference point in the statement of Theorem
1, there exists ρ0 > 0 small such that the annulus (Figure 1):
Aρ = {x :

ρ
< |x − yρ | < ρ},
2

yρ = x0 − ρn(x0 ), is contained in B for all 0 < ρ < ρ0 .
Moreover, it is inner tangent to ∂Ω at x0 .
dW

n
r

ρ → 0+,

being ν ∈ RN any outward unitary direction to Aρ at x0 .

L EMMA 4 Under the assumptions of Lemma 3 solution v to
(6) satisfies the exact asymptotic estimate:
CN
∂v
(x0 ) ∼
hν, ni
∂ν
ρ

(8)
where

CN =

ρ → 0+,

N −2
,
2N −2 − 1

and ν ∈ RN is any unitary vector.

Notice that (7) is a direct consequence of the estimate (8). See
[13] for the details on the proofs of Lemmas 3 and 4.

n

3

xo
yr
Ar

Proof of Theorem 1

With Lemma 3 on hand, proof of Theorem 1 proceeds in the
following standard way. Set u(x0 ) = u0 and define
w = u − u0 + εv,
in Aρ , with v the solution to (6) and ε > 0 a parameter.
Function w satisfies:

W

−div (Aw) + b∇w + cw ≤ −cu0 ≤ 0,
Figure 1: Auxiliary annulus Aρ .

Consider the auxiliary boundary value problem in Aρ :

in Aρ
 −div (A∇u) + b∇u + cu = 0
u=1
|x − yρ | = ρ/2
(6)

u=0
|x − yρ | = ρ,

where b(x) = (bi (x))1≤i≤N . The following is the key tool for
the proof of Theorem 1.

in Aρ . On the other hand, ε > 0 can be chosen so that w ≤ 0 on
∂Aρ . Thus, weak maximum principle ([6]) entails that w ≤ 0
in Aρ . In particular,
∂w
(x0 ) ≥ 0,
∂ν
for every outward direction ν at x0 . This implies that
∂u
∂v
(x0 ) ≥ −ε (x0 ),
∂ν
∂ν
and the last term becomes positive (Lemma 3, b)) if ρ is small
enough. This completes the proof of Theorem 1.
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4

Comparison principles

Consider two p-harmonic functions u, v ∈ W 1,p (Ω), p > 1,
defined in a plane domain Ω. If u ≤ v on the boundary ∂Ω
then either u ≡ v in Ω or u(x) < v(x) for all x ∈ Ω. At
the present moment, this is the most general known version
of the strong comparison principle for the p–Laplace operator
∆p u = div (|∇u|p−2 ∇u) (see [9]). However, to achieve
a more ambitious statement still remains an open problem.
Nevertheless, some few special situations have been addressed
since [9]. Next statement is an example of it and constitutes
Proposition 2.2 in [7].

R EMARK 6 New comparison results for the convective perturbation Lu = −∆p u + b(x)|∇u|p−2 ∇u of the p–Laplacian,
b ∈ L∞ (Ω, RN ), have been recently obtained in [2].

5

A counterexample

Next simple counterexample (in the line suggested in [10])
shows that the BPL is not true in weak form, even if the leading
coefficients aij are continuous in Ω.
x1

T HEOREM 5 ([7]) Let Ω ⊂ RN be a C 2 bounded domain,
u, v ∈ C 1 (Ω) solutions of equations −∆p u = f and −∆p v =
g, respectively, u = v = 0 on ∂Ω, where f, g ∈ L∞ (Ω) and
g ≥ f ≥ 0. If the set {x ∈ Ω : f (x) = g(x) a. e.} has empty
interior then either
or

u(x) < v(x) for all x ∈ Ω.

Moreover, in the later case the strict inequality
(9)

∂v
∂u
(x) >
(x)
∂n
∂n

y2

U+

W BR
(0,0)
BR

x2

(0,0)

y1

x ∈ ∂Ω,
Figure 2: Local rectification of Ω at (0, 0). Observe that x1 and
x2 axis have been rotated in the figure on the left.

holds true.
We deem that the proof of (9) exhibits a gap and propose the
following alternative argument. Choose x0 ∈ ∂Ω and suppose
that (9) is not true at x0 . This means that
(10)

y=g(x)

Ç

u≡v

W

∂u
∂v
(x0 ) =
(x0 ).
∂n
∂n

Consider the plane domain Ω enclosed by the C 1 curve ρ =
ϕ(θ), ϕ(θ) = exp(−θ tan θ) if |θ| < π/2, ϕ(±π/2) = 0
(Figure 2). The function

Then, a small ball B centered at x0 exists such that
min{|∇u(x)|, |∇v(x)|} ≥ k > 0
in a neighborhood U := B ∩ Ω. In fact, the strong maximum
principle ([14]) ensures us that v > 0 in Ω together with
∂v
∂n < 0 on ∂Ω. Thus, the difference w = v − u solves in
U an elliptic equation of the form
−div (A(x)∇w) ≥ 0,
with the uniform elliptic matrix


Z 1
∇wt
∇wt
A(x) =
|∇wt |p−2 I + (p − 2)
⊗
dt,
|∇wt | |∇wt |
0
where wt = (1 − t)u + tv, I is the identity matrix and for
∂v
ξ ∈ RN , (ξ ⊗ ξ)ij = ξi ξj , 1 ≤ i, j ≤ N . Since ∂n
(x0 ) 6= 0
this implies, by reducing B if necessary, that |∇wt (x)| > 0 for
all x ∈ U , t ∈ [0, 1]. Taking into account that u, v ∈ C 1,α (Ω)
for some 0 < α < 1 ([8]) then coefficients aij of matrix A
belong to C α (U ). In this respect it should be remarked that
∇u(x) 6= 0 and ∇v(x) 6= 0 in U are not enough to ensure
us that aij ∈ C α (U ). Finally, Theorem 1 can now be used to
conclude that (10) is not possible. Hence, (9) holds at x0 .

u=<

 z 
ln z

z = x1 + ix2 ,

is harmonic and negative in Ω meanwhile the BPL fails at
(0, 0) since ux1 (0, 0) = 0 ([6]). To get a divergence structure
equation we straighten the boundary ∂Ω near (0, 0) by means
of a C 1 diffeomorphism (y1 , y2 ) = φ(x1 , x2 ) mapping BR ∩Ω,
BR a small ball centered at (0, 0), into a small neighborhood
U + of (0, 0) in {y2 ≥ 0} (Figure 2). In new coordinates y,
u solves an elliptic equation of the form div (A(y)∇u) = 0
in U + , with a matrix A which is continuous up to y2 = 0. In
addition, uy2 (0, 0) = 0 and hence the BPL is not satisfied at
(0, 0). This example is much simpler than the one proposed in
[6] (Problem 3.9).
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Sub-supersolution method for elliptic systems with
quadratic gradient lower order terms and singularities
J. Carmona∗, P. J. Martínez-Aparicio† and A. Suárez‡

Abstract— In these notes we collect some results concerning with the sub-supersolution method for the existence of positive
solution of quasilinear elliptic systems, with lower order terms having quadratic growth in the gradient and singularities, such as

|∇u|2


−∆u + g1 (v) α = f1 (x, u, v) in Ω,


u


|∇v|2
−∆v + g2 (u) β = f2 (x, u, v) in Ω,



v



1
u, v ∈ H0 (Ω),
Keywords: Elliptic systems, Natural growth, singular systems, Sub-supersolutions.

1

Introduction
Z

Z
|∇u|2
∇u · ∇φ +
g1 (v) α φ −
f1 (x, u, v)φ ≤ 0 ≤
u
Ω
Ω
Ω
Z
Z
Z
|∇u|2
≤
∇u · ∇φ +
g1 (v) α φ −
f1 (x, u, v)φ
u
Ω
Ω
Ω

We consider the following quasilinear elliptic system

(1)


|∇u|2


= f1 (x, u, v) in Ω,
−∆u
+
g
(v)

1


uα

|∇v|2
−∆v + g2 (u) β = f2 (x, u, v) in Ω,



v



1
u, v ∈ H0 (Ω),

for every v ∈ L∞ (Ω) such that v ≤ v ≤ v, almost everywhere
in Ω.

where Ω ⊂ R a smooth bounded domain, 0 < α, β < 1
and f1 , f2 , g1 , g2 are regular nonnegative functions. We present
here the sub-supersolution method obtained in [9] for the
existence of positive solution of (1).
N

D EFINITION 1 We say that (u, u), (v, v) is a pair of subsupersolutions for (1) if u, u, v, v ∈ H 1 (Ω) ∩ C(Ω), u, v ∈
H01 (Ω) with
1. 0 < u ≤ u, 0 < v ≤ v almost everywhere in Ω,
2.

|∇u|2 |∇u|2 |∇v|2 |∇v|2
, α , β , β ∈ L1 (Ω),
uα
u
v
v

3. given φ ∈ H01 (Ω) ∩ L∞ (Ω), φ ≥ 0,
∗ Departamento

Z

4. given φ ∈ H01 (Ω) ∩ L∞ (Ω), φ ≥ 0,
Z
Z
|∇v|2
g2 (u) β φ −
f2 (x, u, v)φ ≤ 0 ≤
∇v · ∇φ +
v
Ω
Ω
Ω
Z
Z
Z
|∇v|2
f2 (x, u, v)φ
≤
∇v · ∇φ +
g2 (u) β φ −
v
Ω
Ω
Ω

Z

for every u ∈ L∞ (Ω) such that u ≤ u ≤ u, almost everywhere
in Ω.

The scalar singular equation with natural growth has been
widely studied. For example, given 0 < k, 0 < θ < 1 and
f ∈ L2 (Ω) with f
0, existence of positive solution for the
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boundary value problem

|∇w|2

 −∆w + k
= f (x),
wθ


w ∈ H01 (Ω),

1. 0 < w ≤ w almost everywhere in Ω,
in Ω,

it is proved for example in [1] and [6] while uniqueness is
proved in [4] by means of a comparison principle. A slightly
improvement in this comparison result allow us to use the subsupersolution method to study in [8] the problem
−∆w + k

|∇w|2
= f (w),
wθ

with f (w) = λwq or f (w) = λw − wp . Observe that f (0) = 0
and we can not use the bifurcation techniques used in [2], the
approximative scheme in [7] or the recent improvements of
both in [10].
A general comparison principe recently obtained in [3] allows
to consider more general lower order terms, in particular the
case k = k(x) non constant. Using this result we can deal in
[9] with the sub-supersolution method for the singular system
(1).

2

Comparison principle

In this section we introduce the main results concerned with
the scalar singular problem in order to deal with the subsupersolituon method for (1). Observe that, if we fix v in the
first equation of (1) or u in the second one then we are led to
the singular problem

|∇w|2

 −∆w + m(x)
= f (x, w), in Ω,
wθ


w ∈ H01 (Ω),

for convenient functions m(x), f (x, s) and θ equal to α or β.
If there exists a positive constant M such that f (x, s) + M s
is nondecreasing for s > 0, existence of positive solution
is proved in [8], in the case m(x) constant, using the subsupersolution method obtained from a comparison principle for
(2)

− ∆w + m(x)

|∇w|2
+ M Ψ(w)eH(w) = f0 (x) in Ω,
wθ

where 0 ≤ f0 (x) ∈ L2N/(N +2) (Ω), f0 6≡ 0 and for some
1
positive function h ∈ C(0,
Z s+∞) ∩ L (0, 1) we denote H(s) =
Rs
h(t)dt and Ψ(s) :=
e−H(t) dt for every s > 0. In the
1

2.

|∇w|2 |∇w|2
,
, Ψ(w)eH(w) , Ψ(w)eH(w) ∈ L1 (Ω)
wθ
wθ

3. given φ ∈ H01 (Ω) ∩ L∞ (Ω), φ ≥ 0,
Z
Z
Z
|∇w|2
m(x)
φ+M
Ψ(w)eH(w) φ ≤
∇w · ∇φ +
wθ
Ω
Ω
Ω
Z
≤
f0 (x)φ ≤
Ω
Z
Z
Z
|∇w|2
≤
m(x)
φ
+
M
∇w · ∇φ +
Ψ(w)eH(w) φ.
θ
w
Ω
Ω
Ω
Arguing as in [3] we prove in [9] the following comparison
principle for (2).
P ROPOSITION 3 Assume that w, w ∈ C(Ω) is a subsupersolution pair for (2) with 0 < θ < 1, 0 < m(x) ∈ L∞ (Ω)
and 0 ≤ h ∈ C 1 (0, +∞) ∩ L1 (0, 1) such that for some τ ≥ 0
we have

 


m(x)θ
m(x)
0
τ
−h (s) − θ+1
+ −h(s) + θ
h(s) ≥
s
s
2

m(x)
(3)
.
≥ −h(s) + θ
s
a.e. x ∈ Ω and for 0 < s < max{kwkL∞ (Ω) , kwkL∞ (Ω) }.
Then w ≤ w.
R EMARK 4 We also show in [9] that fixed m1 , ν > 0 there
exist h ∈ C 1 (0, ∞)∩L1 (0, 1) and τ such that for any 0 ≤ m ∈
L∞ (Ω) with kmkL∞ (Ω) ≤ m1 and w, w sub-supersolution
pair for (2), with max{kwkL∞ (Ω) , kwkL∞ (Ω )} ≤ ν, the
function h satisfies condition (3).
Existence of (a unique) solution for (2) is also established in
[9], where we prove the following result.
P ROPOSITION 5 Assume that 0 < θ < 1, 0 < m(x) ∈
L∞ (Ω), 0 ≤ h ∈ C 1 (0, +∞) ∩ L1 (0, 1) and f0 ∈
L2N/(N +2) (Ω), f0
0. Then there exists a unique solution
w ∈ H01 (Ω) ∩ C(Ω) of (2).

3

Sub-supersolution method

Using the comparison principle in the previous section we
prove in [9] the following result

0

case m(x) = m, for some positive constant m, the function h
is given by h(s) = smθ . The main difficulty dealing with (2) for
a non constant m(x) is precisely to find a suitable function h
which allow us to prove a comparison principle.

D EFINITION 2 We say that w, w ∈ H 1 (Ω) ∩ C(Ω) is a subsupersolution pair for (2) if w ∈ H01 (Ω) with

T HEOREM 6 Assume that (u, u), (v, v) is a sub-supersolution
pair of (1) and denote
I := {(u, v) ∈ C(Ω) × C(Ω) : u ≤ u ≤ u, v ≤ v ≤ v}.
Assume also that functions f1 , f2 , g1 and g2 satisfy the following conditions:

Sub-supersolution method for elliptic systems with quadratic gradient lower order terms and singularities

(F) There exists a nonnegative constant M such that, for
all (u, v) ∈ I, f1 (x, s, v(x)) + M s is nondecreasing
in s ∈ [0, supΩ u] and positive, f2 (x, u(x), r) + M r is
nondecreasing in r ∈ [0, supΩ v] and positive.
(G) g1 , g2 are nonnegative functions and gi (s) = 0 if and
only if s = 0 for i = 1, 2.
Then, there exists a solution (u, v) ∈ I of (1).
Idea of the proof.
It follows from Schauder Fixed Point
Theorem for a convenient operator T : I → I. More precisely,
we define, for every (w, z) ∈ I, T (w, z) = (u, v), where
u, v ∈ H01 (Ω) ∩ C(Ω) are the unique solutions respectively
of
2

−∆u + g1 (z(x))

|∇u|
+ M Ψ1 (u)eH1 (u) = F1 (x),
uα

and
−∆v + g2 (w(x))

|∇v|2
+ M Ψ2 (v)eH2 (v) = F2 (x),
vβ

with
F1 (x) := f1 (x, w(x), z(x)) + M Ψ1 (w(x))eH1 (w(x)) ,
F2 (x) := f2 (x, w(x), z(x)) + M Ψ2 (z(x))eH2 (z(x)) ,
Rs
and for functions h1 , h2 to be chosen Hi (s) = 1 hi (t)dt and
Z s
Ψi (s) :=
e−Hi (t) dt for every s > 0, i = 1, 2.
0

One of the main difficulties here is the choice of h1 and h2
in order to have T well defined. This is possible taking into
account Remark 4 for m1 > 0 such that
0 < g1 (z(x)), g2 (w(x)) ≤ m1 , ∀(w, z) ∈ I,

(condition (G) is used), ν = max{kukL∞ (Ω) , kvkL∞ (Ω) } and
θ is alternatively α and β. Moreover, using condition (F)
we have that F1 , F2 > 0 and F1 , F2 ∈ L∞ (Ω). Hence,
the existence and uniqueness of u and v can be obtained
from Proposition 5. Even more, condition (F) also assures
that f1 (x, s, z(x)) + M Ψ1 (s)eH1 (s) is nondecreasing in s ∈
[0, supΩ u] and f2 (x, w(x), r)+M Ψ2 (r)eH2 (r) is nondecreasing in r ∈ [0, supΩ v], for every (w, z) ∈ I. This implies, using
the Definition 1 and Proposition 3, that T (I) ⊂ I.
In order to prove that T is compact we observe that standard
regularity arguments (see [13] and [11]) show that T (I) ⊂
C 0,α (Ω)2 and the compact embedding of C 0,α (Ω) in C(Ω)
implies that T maps bounded sets into relatively compact sets.
Finally the continuity of T is deduced using the Fatou Lemma
approach as in [6].
Therefore, applying the Schauder Fixed Point Theorem we
conclude the proof.
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Existence of positive solutions for nonlinear elliptic
singular systems with natural growth via
sub-supersolution method
J. Carmona∗, P. J. Martínez-Aparicio† and A. Suárez‡

Abstract— We apply a sub-supersolution method to the following model problem

2

 −∆u + g1 (v) |∇u| = f1 (x, u, v) in Ω,

α

u


|∇v|2



−∆v + g2 (u) γ = f2 (x, u, v)


v

u=v=0

in Ω,
on ∂Ω,

where Ω is a smooth bounded domain of R , 0 < α, γ < 1 and g1 , g2 , f1 , f2 are regular functions.
N

Keywords: Sub-supersolution method; natural growth; singular gradient systems; Lotka-Volterra

1

Introduction

In [3] we use the sub-supersolution method to study the problem
|∇w|2
−∆w + k
= f (w),
wθ
with k, θ > 0 and f (w) = λwq or f (w) = λw −wp . A general
comparison principe recently obtained in [1] allows to consider
the case k = k(x) non constant, with 0 < k(x) ∈ L∞ (Ω).
Using this result we can deal in [4] with the sub-supersolution
method for elliptic systems with quadratic gradient lower order
terms and singularities. Specifically, we deal with the following model problem

|∇u|2


= f1 (x, u, v) in Ω,
−∆u
+
g
(v)

1

uα


|∇v|2


−∆v + g2 (u) γ = f2 (x, u, v)



v

u=v=0

in Ω,

on ∂Ω,

where Ω is a smooth bounded domain of RN , 0 < α, γ < 1
and g1 , g2 , f1 , f2 are regular functions.
We apply this method (see [4]) to prove existence of positive
solution for the classical Lotka-Volterra models confronted

with the Laplacian operator perturbed by a singular gradient
term, that is, the following systems.

|∇u|2


−∆u + g1 (v) α = u(λ − u − bv) in Ω,


u
(1)
|∇v|2

−∆v + g2 (u) γ = v(µ − v − cu) in Ω,


v

u=v=0
on ∂Ω,

where λ, µ ∈ R and b · c > 0. Here, u(x) and v(x) denote
the densities of two species, λ and µ represent the growth rates
of the species, b and c measure the interaction rates between
both species; if b, c > 0 they are competing and if b, c < 0
cooperating. Moreover, in (1) a nonlinear convective term is
included with a singular term. This term is accompanied by
a nonlinear function depending on the other species. We give
conditions on λ and µ that assure the existence of a coexistence
state of (1), that is, a solution with both components positive.

D EFINITION 1 We say that (u, u), (v, v) is a pair of subsupersolutions for (1) if u, u, v, v ∈ H 1 (Ω) ∩ C(Ω),
u, v ∈ H01 (Ω) with
1. 0 < u ≤ u, 0 < v ≤ v almost everywhere in Ω,
2.
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3. given φ ∈ H01 (Ω) ∩ L∞ (Ω), φ ≥ 0,
Z
Z
|∇u|2
g1 (v) α φ −
f1 (x, u, v)φ ≤ 0 ≤
∇u∇φ +
u
Ω
Ω
Ω
Z
Z
Z
|∇u|2
(2) ≤
∇u∇φ +
g1 (v) α φ −
f1 (x, u, v)φ
u
Ω
Ω
Ω
Z

for every v ∈ L∞ (Ω) such that v ≤ v ≤ v, almost everywhere
in Ω.
4. given φ ∈ H01 (Ω) ∩ L∞ (Ω), φ ≥ 0,
Z
|∇v|2
g2 (u) γ φ −
f2 (x, u, v)φ ≤ 0 ≤
∇v∇φ +
v
Ω
Ω
Ω
Z
Z
Z
|∇v|2
(3) ≤
∇v∇φ +
g2 (u) γ φ −
f2 (x, u, v)φ
v
Ω
Ω
Ω
Z

Z

for every u ∈ L∞ (Ω) such that u ≤ u ≤ u, almost everywhere
in Ω.

It is well known that there exists a unique positive solution
of (4) if and only if λ > λ1 (−m). If we denote the unique
positive solution by θλ+m we have that
(5)

where we have denoted mM = supΩ m.
Now consider the logistic equation with a singular term and
natural growth


|∇u|2
−∆u
+
k
= u(λ + m(x) − u) in Ω,
(6)
uα
 u=0
on ∂Ω,
where k > 0, 0 < α < 1, λ ∈ R and m ∈ L∞ (Ω).
Equation (6) was studied in [3] when m ≡ 0.
We prove in [4] the following result.
T HEOREM 3 Any weak solution u of (6) is bounded, in fact,
u ∈ C 0,α (Ω) and

We prove in [4] the following method.
T HEOREM 2 Assume that (u, u), (v, v) is a sub-supersolution
pair of (1) and denote
I := {(u, v) ∈ C(Ω) × C(Ω) : u ≤ u ≤ u, v ≤ v ≤ v}.
Assume also that functions f1 , f2 , g1 and g2 satisfy the following conditions:
(F) There exists a nonnegative constant M such that, for
all (u, v) ∈ I, f1 (x, s, v(x)) + M s is nondecreasing
in s ∈ [0, supΩ u] and positive, f2 (x, u(x), r) + M r is
nondecreasing in r ∈ [0, supΩ v] and positive.
(G) g1 , g2 are nonnegative functions and gi (s) = 0 if and
only if s = 0 for i = 1, 2.
Then, there exists a solution (u, v) ∈ I of (1).
And then, we apply such sub-supersolution method to different
systems. For that, we need some previous results.
Given q ∈ L∞ (Ω), we denote by λ1 (q) the principal eigenvalue of

−∆u + q(x)u = λu in Ω,
u=0
on ∂Ω.
Recall that the map q 7→ λ1 (q) is increasing. For simplicity,
we denote by λ1 := λ1 (0).
First consider the classical logistic equation

−∆u = u(λ + m(x) − u) in Ω,
(4)
u=0
on ∂Ω.

θλ+m ≤ λ + mM ,

u ≤ θλ+m

in Ω.

Moreover, there exists a positive solution of (6) if and only if
λ > λ1 (−m).
Furthermore, in this case there exists a maximal positive solution of (6), denoted by Θ[λ+m,α,k] .
Finally, λ + m 7→ Θ[λ+m,α,k] is increasing and
k → Θ[λ+m,α,k] is decreasing.

2

Competition Lotka-Volterra systems

We consider the system

(7)


|∇u|2


−∆u + g1 (v) α = u(λ − u − bv) in Ω,


u
|∇v|2

−∆v + g2 (u) γ = v(µ − v − cu) in Ω,


v

u=v=0
on ∂Ω,

where λ, µ ∈ R, b, c ≥ 0, and g1 and g2 verify (G). When
g1 ≡ g2 ≡ 0 system (7) is the classical competition LotkaVolterra model, studied extensively in the last years, see for
instance [2].
First, it is clear that if λ ≤ λ1 or µ ≤ λ1 then (7) does not have
positive solution. So, assume that λ, µ > λ1 . Again, it is clear
that f1 (x, u, v) = u(λ − u − bv) and f2 (x, u, v) = v(µ − v −
cu) verify (F ) for any pair of sub-supersolution of (7).
T HEOREM 4 Assume that one of the following conditions
holds:

Existence of positive solutions for nonlinear elliptic singular systems with natural growth via sub-supersolution method

1. g1 and g2 are increasing and (λ, µ) satisfies
λ > λ1 (bΘ[µ,γ,g2 (0)] )
(8)

and

µ > λ1 (cΘ[λ,α,g1 (0)] );

2. g1 and g2 are decreasing and (λ, µ) satisfies
λ > λ1 (bΘ[µ,γ,g2 (λ)] )
(9)

and µ > λ1 (cΘ[λ,α,g1 (µ)] );

3. g1 is increasing, g2 is decreasing and (λ, µ) satisfies
λ > λ1 (bΘ[µ,γ,g2 (0)] )
(10)

Take R ≥ g1 (v).
Observe that by the increase of the map λ + m 7→ Θ[λ+m,α,k] ,
it follows that
u ≤ Θ[λ,α,R] ≤ Θ[λ,α,g1 (0)] = u,

this last inequality because R ≥ g1 (0).

(2) Assume that g1 and g2 are decreasing. Then, take
(u, v) = (Θ[λ,α,g1 (µ)] , Θ[µ,γ,g2 (λ)] ),
(u, v) = (Θ[λ−bΘ[µ,γ,g2 (λ)] ,α,g1 (0)] , Θ[µ−cΘ[λ,α,g1 (µ)] ,γ,g2 (0)] ).
Indeed, observe that, with a similar argument to the used in the
first paragraph, u satisfies the second inequality in (2) if

and µ > λ1 (cΘ[λ,α,g1 (µ)] ).

Then (7) possesses a least a positive solution.
R EMARK 5 Observe that conditions (8), (9) and (10) define
regions in the plane (λ, µ) which could eventually be empty.
For the semilinear case, that is g1 ≡ g2 ≡ 0, it can be shown,
see for example [7] and [6], that these regions are not empty,
imposing some conditions (b or c small). Let us remark some
aspects. Observe that the map
λ ∈ [λ1 , ∞) 7→ λ1 (cΘ[λ,α,g1 (0)] )
is increasing. Hence, for example, the region defined by (8) in
not empty if b or c is small.

u(λ − u) − g1 (µ)

for some positive constants R and S to be chosen. Since u, v, u
and v are solutions of logistic equations as (6), then items (1)
and (2) of Definition 1 are satisfied.
Using the equation of u, it can be shown that u satisfies the
second inequality in (2) if
u(λ − u) − g1 (0)

|∇u|2
|∇u|2
u(λ
−
u
−
bv)
−
g
(v)
≥
,
1
|u|α
|u|α

or equivalently,

g1 (v) ≥ g1 (µ).

But, from (5) we have that v ≤ θµ ≤ µ, and since g1 is
decreasing, it follows that
g1 (v) ≥ g1 (µ).

With respect to u, it can be proved that u satisfies the first
inequality in (2) because g1 (v) ≤ g1 (0).
Again, it can shown that u ≤ u.
(3) Assume that g1 is increasing and g2 is decreasing. Then,
take in this case

buv + (g1 (v) − g1 (0))

|∇u|
≥ 0,
|u|α

which is true because g1 in increasing and v > 0.

3

Symbiotic Lotka-Volterra systems

We consider the system

|∇u|2


−∆u + g1 (v) α = u(λ − u + bv) in Ω,


u
(11)
|∇v|2

−∆v + g2 (u) γ = v(µ − v + cu) in Ω,


v

u=v=0
on ∂Ω,
where λ, µ ∈ R, b, c > 0, g1 and g2 verify (G).

T HEOREM 6 Assume that bc < 1 and (λ, µ) satisfies
λ > λ1 (−bΘ[µ,γ,g2 ] ) and


λ + bµ
when g2 is increasing.
1 − bc
Then (11) possesses a least a positive solution.
g 2 = g2

∀v ∈ [v, v].

µ > λ1 (−cΘ[λ,α,g1 ] ),

where g i = gi (0) when gi is decreasing and


µ + cλ
g 1 = g1
when g1 is increasing,
1 − bc
and

For u, we need that
|∇u|2
(g1 (v) − R) ≤ 0,
|u|α

(u, v) = (Θ[λ,α,g1 (0)] , Θ[µ,γ,g2 (λ)] ),
(u, v) = (Θ[λ−bΘ[µ,γ,g2 (λ)] ,α,R] , Θ[µ−cΘ[λ,α,g1 (0)] ,γ,g2 (0)] ).

(12)
2

|∇u|2
|∇u|2
≥
,
u(λ
−
u
−
bv)
−
g
(v)
1
|u|α
|u|α

for what it is sufficient that

Idea of the proof. (1) Assume that g1 and g2 are increasing.
Then, take
(u, v) = (Θ[λ,α,g1 (0)] , Θ[µ,γ,g2 (0)] ),
(u, v) = (Θ[λ−bΘ[µ,γ,g2 (0)] ,α,R] , Θ[µ−cΘ[λ,α,g1 (0)] ,γ,S] ),
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Idea of the proof. First, recall that Θ[µ,γ,g2 ] ≤ µ, and then if
λ and µ verify (12), we have that
λ > λ1 (−bΘ[µ,γ,g2 ] ) ≥ λ1 (−bµ) = λ1 − bµ,
and so λ + bµ > 0. Analogously, µ + cλ > 0.
Now, take
where R and S are large positive constants and
(u, v) = (Θ[λ+bΘ[µ,γ,g2 ] ,α,g1 ] , Θ[µ+cΘ[λ,α,g1 ] ,γ,g2 ] ).
Indeed, R and S must verify
and µ − S + cR ≤ 0.

Since bc < 1, we can take
R=

λ + bµ
,
1 − bc

S=

µ + cλ
.
1 − bc

On the other hand, u is subsolution provided of
g1 (v) ≤ g 1 ,

µ ∈ [λ1 , ∞) 7→ λ1 (−bΘ[µ,γ,g2 (0)] )

are decreasing, and so the region defined by (12) is non empty
when g1 and g2 are decreasing, see also [5] for the semilinear
case g1 ≡ g2 ≡ 0.
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(u, v) = (R, S)

λ − R + bS ≤ 0

and

∀v ∈ [v, v].

Then, if g1 is decreasing (respectively increasing) we can take
g 1 = g1 (0) (respectively g 1 = g1 (v) = g1 ( µ+cλ
1−bc )).
Finally, observe that
u = Θ[λ+bΘ[µ,γ,g2 ] ,α,g1 ] ≤ λ + b(Θ[µ,γ,g2 ] )M ≤
≤ λ + bµ ≤

λ + bµ
= u.
1 − bc

R EMARK 7 Observe again that condition (12) could define an
empty region in the plane (λ, µ). As in Remark 5 we point out
that the maps
λ ∈ [λ1 , ∞) 7→ λ1 (−cΘ[λ,α,g1 (0)] )
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A decomposition result for the pressure of a fluid in a thin
domain and some applications
J. Casado-Díaz∗, M. Luna-Laynez∗ and F. J. Suárez-Grau∗

Abstract— In this paper we consider a family of thin smooth bounded domains Ωε in RN such that Ωε ⊂ Rk × εBN −k (0, R),
with N ≥ 2, k ∈ {1, . . . , N − 1} and R > 0 three fixed constants, BN −k (0, R) is the open ball in RN −k of center the origin
and radius R, and where ε is a positive parameter devoted to tend to zero. We prove that every pε ∈ Lq (Ωε ) with null mean
value in Ωε , admits a decomposition as pε = ε−1 p0ε + p1ε in Ωε , where p0ε ∈ C ∞ (ωε ), with ωε the projection of Ωε into Rk ,
and p1ε ∈ Lq (Ωε ) satisfy kp0ε kW 1,q (Ωε ) + kp1ε kLq (Ωε ) ≤ Ck∇pε kW −1,q (Ωε )N , for every ε > 0. As an application of this
decomposition result we study the asymptotic behavior of the velocity uε and the pressure pε of a fluid in the thin domain Ωε as
ε tends to zero. We also obtain a decomposition result for the deformation of a thin elastic structure.
Keywords: Thin domains, Decomposition results, Navier-Stokes equations, Linearized Elasticity.

1

Introduction

This work has been motivated by the study of the behavior
of a fluid in a thin smooth bounded domain Ωε in RN which
satisfies
Ωε ⊂ Rk × εBN −k (0, R),

with N ≥ 2, k ∈ {1, . . . , N − 1} and R > 0 three fixed constants (BN −k (0, R) denotes the open ball in RN −k of center
the origin and radius R), and where ε is a positive parameter
devoted to tend to zero. We assume that the velocity uε and the
pressure pε of the fluid are a solution of the following NavierStokes problem

in Ωε

 −ν∆uε + (uε · ∇)uε + ∇pε = fε
div uε = 0
in Ωε
(1)


uε = 0
on ∂Ωε ,

where the viscosity ν > 0 and the external forces fε ∈
H −1 (Ωε )N are given. The more usual way to estimate pε is by
using a classical inequality which allows to estimate the norm
in L2 (Ωε ) by the norm in H −1 (Ωε )N (see [12], [13], [17],
[18]). It is known that for the thin domains Ωε this inequality
reads
Z
C
1
(2) kpε −
pε dxkL2 (Ωε ) ≤ k∇pε kH −1 (Ωε )N ,
|Ωε | Ωε
ε
for every pε ∈ L2 (Ωε ), ε > 0, where C is a positive constant
independent of pε and ε. The same inequality holds if we
replace L2 (Ωε ) by Lq (Ωε ), and H −1 (Ωε )N by W −1,q (Ωε )N ,
for q > 1, with possibly a different constant C.

In some cases where the thin domains Ωε have rough boundaries (oscillating boundaries), inequality (2) is not completely
satisfactory to obtain the limit behavior of the fluid because the
coefficient Cε−1 is blowing up as ε tends to zero. In this paper
we improve this inequality by showing that every pε ∈ Lq (Ωε )
admits a decomposition as

pε =

1
|Ωε |

Z

1
pε dx + p0ε + p1ε
ε
Ωε

in Ωε ,

where p0ε ∈ C ∞ (ωε ), with ωε the projection of Ωε into Rk , and
p1ε ∈ Lq (Ωε ) satisfy
kp0ε kW 1,q (Ωε ) + kp1ε kLq (Ωε ) ≤ Ck∇pε kW −1,q (Ωε )N ,
for every ε > 0. Remark that in particular this result gives
(2), but does not improve the coefficient Cε−1 . The main
advantage of our result is the fact that the term of order ε−1 is
not only in Lq (Ωε ), but it is in W 1,q (Ωε ). Moreover, it only
depends on the variable x0 .
This paper is organized as follows. Section 2 is devoted to state
the decomposition result for the pressure and as an application
also a decomposition for the deformation of a thin elastic
structure. In section 3 we use our result to characterize the
limit behavior of problem (1) in a case where the domains Ωε
have a rough boundary. Detailed proofs of all the results are
given in a forthcoming paper ([10]).

∗ Departamento de Ecuaciones Diferenciales y Análisis Númerico, Universidad de Sevilla, Calle Tarfia s/n, 41012 Sevilla (SPAIN). Email: jcasadod@us.es,
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Some notations and definitions
Along this paper we fix two positive integers k, N with k < N .
We express the elements x ∈ RN as x = (x0 , x00 ) with
x0 ∈ Rk , x00 ∈ RN −k . By x0 and x00 we also denote generic
points in Rk and RN −k respectively. Confusions are avoided
by the context.
We define π 0 : RN −→ Rk , π 00 : RN −→ RN −k as the
projections of RN into Rk and RN −k , i.e.
π 0 (x) = x0 ,

π 00 (x) = x00 ,

∀ x = (x0 , x00 ) ∈ RN .

Given h > 0, θ ∈ (0, π/2) and ξ ∈ RN with |ξ| = 1, we
denote by C(ξ, h, θ) the open cone in RN with vertex the origin,
aperture 2θ, height h, and axis in the direction of ξ, i.e.

C(ξ, h, θ) = z ∈ RN : |z| < h, |z| cos θ < z · ξ .

2

Decomposition results

This section is devoted to state the main result of this paper and
to deduce some consequences.
For ε > 0 we consider a family of thin domains Ωε in RN (not
necessarily bounded) and we denote ωε = π 0 (Ωε ). We assume
that the domains Ωε satisfy the following hypotheses:
(H1) There exist r, R > 0, with r < R, such that
ωε × BN −k (0; rε) ⊂ Ωε ⊂ ωε × BN −k (0; Rε), ∀ε > 0.
(H2) For every ε > 0 and every x0 ∈ ωε there exists ξx0 ∈
Rk × {0}N −k , with |ξx0 | = 1, such that
(z 0 , 0) + C(ξx0 , εh, θ) ⊂ Ωε , ∀z 0 ∈ Bk (x0 ; ε) ∩ ωε .
(H3) For every ε > 0 and every x0 ∈ ωε there exist Λ > 0,
q > 1, such that
pε −

1
bε (x0 )|
|B

Z

pε dz

bε (x0 )
B

≤ Λk∇pε kW −1,q (Bbε (x0 ))N ,
bε (x0 ) denotes the open set
where B

bε (x0 ))
Lq (B
bε (x0 )),
∀pε ∈ Lq (B

bε (x0 ) = {z ∈ Ωε : |z 0 − x0 | < ε}.
B

R EMARK 1 The simplest family of thin domains Ωε which
satisfy (H1), (H2), (H3) is given by
Ωε = ω × εS,

∀ε > 0,

with ω ⊂ Rk , S ⊂ RN −k bounded Lipschitz domains. Our
hypotheses also allows us to work with thin domains with a
more complex structure, in particular with domains with rough
boundaries, such as we show in section 3.

T HEOREM 2 Let us consider a family of domains Ωε , ε > 0,
such that (H1), (H2), (H3) hold. Then there exists C > 0
such that for every ε > 0 and every pε ∈ Lq (Ωε ) there exist
p0ε ∈ C ∞ (ωε ) and p1ε ∈ Lq (Ωε ) such that
1
pε (x) = p0ε (x0 ) + p1ε (x) a.e. x ∈ Ωε ,
ε
0
0
k∇x pε kLq (Ωε )k + kp1ε kLq (Ωε ) ≤ Ck∇pε kW −1,q (Ωε )N .
R EMARK 3 The estimate for p0ε , since it does not depend on
x00 , can be written as
ε

N −k
q

k∇x0 p0ε kLq (ωε )k ≤ Ck∇pε kW −1,q (Ωε )N .

Assuming the thin domains Ωε bounded and admitting a uniform Poincaré-Wirtinger inequality in their projections ωε , we
have the following corollary of Theorem 2:
C OROLLARY 4 Let us consider a family of bounded domains
Ωε , ε > 0, such that (H1), (H2), (H3) hold. Let us also suppose
there exists CP W > 0 such that
Z
1
wε dz 0
≤ CP W k∇x0 wε kLq (ωε )k ,
wε −
|ωε | ωε
Lq (ωε )
for every wε ∈ W 1,q (ωε ), ε > 0. Then, there exists C > 0
such that for every ε > 0 and every pε ∈ Lq (Ωε ) there exist
p0ε ∈ C ∞ (ωε ) and p1ε ∈ Lq (Ωε ) satisfying
Z
1
1
pε (x) =
pε dz + p0ε (x0 ) + p1ε (x) a.e. x ∈ Ωε ,
|Ωε | Ωε
ε
kp0ε kW 1,q (Ωε ) + kp1ε kLq (Ωε ) ≤ Ck∇pε kW −1,q (Ωε )N .

R EMARK 5 Corollary 4 proves in particular (2). As we
mentioned in the introduction, this inequality gives the most
classical procedure for estimating the pressure when we work
with thin domains. However, Corollary 4 provides more
information. It gives a decomposition of the pressure where
it appears a term of order ε−1 , but it only depends on x0 and is
not in Lq , but in W 1,q . Together with this term, we need to add
another one which is in Lq and is no longer of order ε−1 , but
of order one.
It is well known that an inequality as (2) gives a Korn type
inequality easily. In fact it is enough to use the equality
2
∂ij
uε,r = ∂i ejr (uε ) + ∂j eir (uε ) − ∂r eij (uε ),

for every i, j, r ∈ {1, . . . , N }, to deduce immediately from (2)
the Korn inequality
Z
1
k∂j uε,r −
∂j uε,r dxkLq (Ωε )
|Ωε | Ωε
C
C
≤ k∇(∂j uε,r )kW −1,q (Ωε )N ≤ ke(uε )kLq (Ωε )N ×N ,
ε
ε
for every j, r ∈ {1, . . . , N }, uε ∈ W 1,q (Ωε )N , ε > 0.
Analogously, we can derive from Theorem 2 the following
result
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T HEOREM 6 Let us consider a family of bounded domains
Ωε , ε > 0, such that (H1), (H2), (H3) hold. Let us also suppose
b satisfying
there exists a positive constant C
Z
1
b x0 wε kW −1,q (ω )N ,
≤ Ck∇
wε −
wε dz
ε
|ωε | ωε
Lq (ωε )

in [16], where the asymptotic behavior of the solutions of
the linearized elasticity system in thin beams is studied. In
fact, Corollary 7 allows us to recover the results in [16] easily
because essentially reduces the study of the behavior of a
sequence uε which has its symmetric part of the derivative
e(uε ) bounded to the study of other sequence vbε which has
all its partial derivatives Db
vε bounded in Lq .

for every wε ∈ Lq (ωε ), ε > 0. Then there exists C > 0 such
that for every ε > 0 and every uε ∈ W 1,q (Ωε )N there exist
bε ∈ RN ×N skew-symmetric, u
b
aε ∈ RN , A
bε ∈ W 2,q (ωε )N −k ,
1,q
N
1,q
vbε ∈ W (Ωε ) , and Zbε ∈ W (ωε )(N −k)×(N −k) with
bε (x0 ) skew-symmetric for a.e. x0 ∈ ωε , such that
Z


00
0 tx
0
−D
u
b
(x
)
x ε


ε
bε x + 
 + vbε (x),
uε (x) = b
aε + A
 1
00 
x
0
0
bε (x )
u
bε (x ) + Z
ε
ε
kb
uε kW 2,q (Ωε )N −k + kZbε kW 1,q (Ωε )(N −k)×(N −k)

+kb
vε kW 1,q (Ωε )N ≤ Cke(uε )kLq (Ωε )N ×N .

In the particular case of a thin beam (N = 3 and k = 1) last
result gives
C OROLLARY 7 Let S be a bounded Lipschitz domain in R2 ,
and for every ε > 0 let us define Ωε = (0, 1) × εS. Then
there exists C > 0 such that for every ε > 0 and every uε ∈
bε ∈ R3×3 skew-symmetric,
W 1,q (Ωε )3 there exist b
aε ∈ R3 , A
2,q
2
(b
uε,2 , u
bε,3 ) ∈ W (0, 1) , zbε ∈ W 1,q (0, 1), vbε ∈ W 1,q (Ωε )3
such that
bε x
uε (x) = b
aε + A

db
uε,2
db
uε,3
x2
x3
−
(x1 ) −
(x1 )

dx1
ε
dx1
ε

 1
x
3
+
bε,2 (x1 ) + zbε (x1 )
 u
ε
 ε

1
x2
u
bε,3 (x1 ) − zbε (x1 )
ε
ε






 + vbε (x),




kb
uε,2 kW 2,q (0,1) + kb
uε,3 kW 2,q (0,1) + kb
zε kW 1,q (0,1)

+

1

|Ωε |

1
q

kb
vε kW 1,q (Ωε )N ≤

1

1

|Ωε | q

ke(uε )kLq (Ωε )N ×N .

R EMARK 8 Whereas Theorem 2 is very useful to obtain the
asymptotic behavior of the pressure of a fluid in a thin domain,
Theorem 6 is a great key to study the deformation of a thin
elastic structure.
In this sense, if we analyze the decomposition given by Corolbε x represents
lary 7 in the setting of elasticity, the term b
aε + A
a three-dimensional rigid displacement, the term defined by
(b
uε,2 , u
bε,3 ) and its derivatives is known as a Bernouilli-Navier
displacement, and the term defined by zbε is a two-dimensional
rotation. This decomposition recalls the corrector obtained

3

Asymptotic behavior of a fluid in the thin
domains

As an application of Theorem 2, we study the asymptotic
behavior of a stationary fluid governed by the Navier-Stokes
problem (1) in dimension N = 3, when the upper and the lower
part of the boundary of the thin domains Ωε are rough. We assume this roughness is defined by periodic functions of period
and amplitude equal ε. More precisely, we fix ω a bounded
Lipschitz domain in R2 and Ψb , Ψt ∈ W 1,∞ (R2 ) two periodic
functions of period the unitary cube Y 0 = (−1/2, 1/2)2 in R2
and such that Ψb < Ψt , and then we define
 0 
 0

x
x
< x3 < εΨt
.
Ωε = x ∈ R3 : x0 ∈ ω, εΨb
ε
ε

With respect the notation, observe that we are considering the
case k = 2 and we are denoting x3 instead of x00 .
For simplicity, we assume that the source term fε is equal to a
given f = (f 0 , f3 ) ∈ L2 (ω)3 (i.e., it is independent of ε and
does not depend on the variable x3 ). .
It is well known that (1) has at least a solution (uε , pε ) in
H 1 (Ωε )3 × L20 (Ωε ) (L20 (Ωε ) denotes the elements of L2 (Ωε )
with null integral in Ωε ). Moreover, we can prove the following
estimates for the velocity
kuε kL2 (Ωε )3 ≤ Cε5/2 ,

which gives

kDuε kL2 (Ωε )3×3 ≤ Cε3/2 ,

k∇pε kH −1 (Ωε )3 ≤ Cε3/2 ,

∀ε > 0.

From this estimate and Corollary 4 (with q = 2), we get that
pε = ε−1 p0ε + p1ε in Ωε , with p0ε ∈ C ∞ (ω) and p1ε ∈ L2 (Ωε )
such that
(3)

kp0ε kH 1 (ω) ≤ Cε,

3

kp1ε kL2 (Ωε ) ≤ Cε 2 .

As it is usual when we deal with thin domains (see [3], [4], [5],
[6]), to study the asymptotic behavior of (1) we introduce a
rescaling in the height variable y3 = ε−1 x3 wich transforms
the domains Ωε in domains with fix height. However this
rescaling does not provide the information we need about the
behavior of uε in the part of Ωε close to the rough boundary. As
in [8], [9], to tackle this difficulty we use an adaptation of the
unfolding method (see [2], [7], [11], [14]), which is strongly
related to the two-scale convergence method (see [1], [15]).
For this purpose we need some definitions.
For x0 ∈ Rk , we define κ(x0 ) = (κ1 (x0 ), . . . , κk (x0 )) ∈ Zk by
κi (x0 ) − 1/2 ≤ x0 < κi (x0 ) + 1/2,

∀i{1, . . . , k}.

602

J. Casado-Díaz, M. Luna-Laynez and F. J. Suárez

e Ye , ⊂ R3 by
We define Λ,

e = y ∈ R2 × R : Ψb (y 0 ) < y3 < Ψt (y 0 )
Λ

Ye = {y ∈ Y 0 × R : Ψb (y 0 ) < y3 < Ψt (y 0 )} ,

1 e
1
and we denote by L2# (Ye ), L20,# (Ye ), H#
(Y ), H0,#
(Ye ) the
functional spaces
Z
n
2 e
2
e
L# (Y ) = w
e ∈ Lloc (Λ) :
|w|
e 2 dy < +∞,
e
Y
o
e
w(y
e 0 + k 0 , y3 ) = w(y)
e
∀k 0 ∈ Z2 , a.e. y ∈ Λ

Z
n
o
L20,# (Ye ) = w
e ∈ L2# (Ye ) :
w
e dy = 0
e
Y

Z
n
o
1 e
1 e
H#
(Y ) = w
e ∈ Hloc
(Λ) ∩ L2# (Ye ) :
|∇y0 w|
e 2 dy < +∞
n
1
1 e
H0,#
(Ye ) = w
e ∈ H#
(Y ) :

e
Y

1
u
eε , pe0ε and pe1ε by (4). Then there exist u
e ∈ L2 (ω; H0,#
(Ye ))3 ,
1 e
pe ∈ H 1 (ω), qe0 ∈ L2 (ω; H#
(Y )) and pe1 ∈ L2 (ω; L2# (Ye )),
such that
u
eε
1
*u
e in L2 (ω; H0,#
(Ye ))3
ε2
1 0
pe * pe in H 1 (ω)
ε ε
1
∇y0 pe0ε * ∇x0 pe + ∇y0 qe0 in L2 (ω; L2# (Ye ))2
ε
pe1ε
* pe1 in L2 (ω; L2# (Ye )).
ε
Moreover we have:

• pe is a solution of the Reynolds problem



f∇x0 pe − M f = 0 in ω
 divx0 M



f∇x0 pe − M f n = 0 on ∂ω,
M

o where n is the outside normal vector to ω on ∂ω.
w
e (y 0 , Ψb (y 0 )) = w
e (y 0 , Ψt (y 0 )) = 0 a.e. y 0 ∈ Y 0 .
•u
e and the sum qe = qe0 + pe1 are univocally defined by
We denote by {e1 , e2 , e3 } the usual basis of R3 and by (e
ui , qei ),
2
X
1
 i
i ∈ {1, 2, 3}), the unique solution in H0,#
(Ye )3 × L20,# (Ye ) of
fi (x0 ) − ∂xi pe(x0 ) u
e (y) + f3 (x0 )e
u3 (y)
u
e(x0 , y) =
the Stokes problems
i=1


ei + ∇y qei = ei

 −ν∆y u
divy u
ei = 0


u
ei = 0

e
in Λ
e
in Λ

e
on ∂ Λ.

Then we define M ∈ R2×3 by
Z
Mij =
Dy u
ei (y) : Dy u
ej (y) dy,
e
Y

f the 2 × 2
for every i ∈ {1, 2}, j ∈ {1, 2, 3}, and denote by M
2×2 f
f
principal submatrix of M , that is M ∈ R , Mij = Mij , for
every i, j ∈ {1, 2}.
Given (uε , pε ) a solution of (1), we consider the decomposition
of pε = ε−1 p0ε + p1ε given by Corollary 4 and we define


  0
x

0
0

+ εy , εy3
u
eε (x , y) = uε εκ



ε







x0
0 0 0
0
0
peε (x , y ) = pε εκ
+ εy
(4)

ε


  0



x


+ εy 0 , εy3 ,
 pe1ε (x0 , y) = p1ε εκ
ε
a.e. (x0 , y) ∈ ω × Ye .
Our goal is to describe the asymptotic behavior of these new
sequences, and this is given by the following result

T HEOREM 9 Let (uε , pε ) ∈ H 1 (Ωε )3 × L20 (Ωε ) be a solution
of system (1), and let p0ε ∈ C ∞ (ω), p1ε ∈ L2 (Ωε ) be such
that pε = ε−1 p0ε + p1ε in Ωε and estimate (3) holds. We define

qe(x0 , y) =

2
X
i=1


fi (x0 ) − ∂xi pe(x0 ) qei (y) + f3 (x0 )e
q 3 (y).

R EMARK 10 In the decomposition of pε = ε−1 p0ε + p1ε ,
the term ε−1 pe0ε is the term of greater order since pe1ε converges strongly to zero in L2 (ω; L2# (Ye )) (observe that u
eε also
1
converge strongly to zero in L2 (ω; H0,#
(Ye ))3 ). Theorem 9
provides a characterization of its limit pe as the solution of an elliptic problem with a Neumann boundary condition (Reynolds
f, do
problem) whose coefficients, the entries of the matrix M
f
not depend on the external forces f . The matrix M depends on
the viscosity ν and on the functions Ψb , Ψt which define Ωε ,
and it collects the effects of the rough boundary on the limit
behavior of the fluid. When the boundaries of the thin domains
do not oscillate, for example when Ωε = ω × (−ε, ε), with ω
a bounded Lipschitz domain in R2 (this corresponds with the
choice Ψb = −1, Ψt = 1), we can obtain explicit expressions
f is a
for (e
ui , qei ), i ∈ {1, 2, 3}), and can prove that the matrix M
scalar matrix and therefore that the differential operator in the
Reynolds problem is the Laplacian.
Assuming additional smoothness properties, the other limit
terms in Theorem 9 (i.e. u
e, qe0 , pe1 ) allows us to build
approximations of uε and pε in strong topologies.
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Existence of positive solutions for nonlinear elliptic
equations with a nonlocal diffusion coefficient
C. Morales-Rodrigo∗, T.F. Sousa∗† and A. Suárez∗

Abstract— The goal of this work is to show the existence of positive solutions for an elliptic problem with a nonlocal diffusion
coefficient. This kind of equations has many applications in different sciences, for example, in models arising in the population
dynamics. In this work we will study several classes of problems like, for instance, the logistic equation.
Keywords: Elliptic equations, nonlocal diffusion.

1

2. f (x, u) = λuq with 0 < q < 1;

Introduction

In this research we consider the elliptic problem with a nonlocal diffusion coefficient given by

Z


−a
u dx ∆u + c(x)u = f (x, u) in Ω,
(1)
Ω

u=0
on ∂Ω,

where Ω ⊂ RN is a bounded, smooth domain N ≥ 1,
c(x) ∈ L∞ (Ω), f (x, u) is a regular function detailed below
and the nonlocal coefficient is defined by a continuous function
a : [0, ∞) → (0, ∞) satisfying
0 < aL ≤ a(s),
where aL =

inf

s∈[0,∞)

for s ∈ R,

s∈[0,∞)

Nonlocal problems have been used in different contexts. We
focus our attention on models arising in the population dynamics. In this way, u(x) represents the population density of a
species inhabiting in Ω, the habitat, c(x) and f (x, u) measure
the growth rate and the reaction term of the species. Finally, in
(1) the diffusion of the species depends on the total population,
not the population at one point. This kind of equations was
introduced as a model of single-species dynamics in [6].
Our objective is to study the set of positive solutions to (1). In
particular, several cases of f are considered:
1. f (x, u) = λu + f (x);

where λ ∈ R and b(x) and f (x) are non-negative functions.
We show existence, uniqueness or multiplicity of positive solutions of (1). For that, we use several methods, including fixed
point theorems, bifurcation methods and eigenvalues problems
associated to (1).

2

Linear Case

In this section, our aim is to find a positive solutions to
(2)


a(s). We also define
aM = sup a(s).

∗ Departamento

3. f (x, u) = λu − b(x)u2 ,



−a

Z

u=0

Ω


u dx ∆u + c(x)u = λu + f (x) in Ω,

on ∂Ω.

We remark that in the case c(x) ≡ 1 and λ = 0, (2) has been
analyzed in [2] with different boundary conditions.
When c(x) ≡ 0 and λ = 0, problem (2) becomes

(3)





−a

Z

u=0

Ω


u dx ∆u = f (x)

in Ω,
on ∂Ω.

Problem (3) was studied previously in [3]. In order to state the
next theorem, we introduce the following auxiliary function.
Let ϕ ∈ H01 (Ω) the unique solution to

−∆ϕ = 1 in Ω,
(4)
ϕ=0
on ∂Ω.

de Equaciones Diferenciales y Analisis Numericas, Universidad de Sevilla, Calle Tarfia s/n, 41012 Sevilla (SPAIN). Email: cristianm@us.es,
suarez@us.es
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We have the following result whose proof can be found in [3].
We include it for the readers convenience.

L EMMA 3 For d > 0, we have the following:
1. The map d 7→ λ1 [−d∆ + c(x)] is continuous and
increasing.

T HEOREM 1 Let f ∈ H −1 (Ω). There exists a solution of
(3) if and only if there exists µ ∈ R solution of the algebraic
equation
(5)

2. lim+ λ1 [−d∆ + c(x)] = cL where cL = inf c(x),

where h, i denotes the duality bracket between H −1 (Ω) and
H01 (Ω).
Proof: Let u be a solution de (3). On multiplying (3) by ϕ and
integrating over Ω, we get
Z
Z
(6)
a
udx
∇u · ∇ϕdx = hf, ϕi.
Ω

Ω

d↓0

a(µ)µ = hf, ϕi,

3. lim λ1 [−d∆ + c(x)] = ∞.
d↑∞

In the following result, we study (2) when f is positive.
T HEOREM 4 Assume f ≥ f0 > 0 and denote by
a(∞) = lim a(s).

Ω

Arguing in the same manner with (4) we have
Z
Z
(7)
∇u · ∇ϕdx =
udx.
Ω

If
λ < λ1 [−a(∞)∆ + c(x)],

Ω

then there exists a positive solution to (2).

Replacing (7) into (6), we get
Z
Z
a
udx
udx = hf, ϕi.
Ω

s→∞

Proof: We denote by ud ∈ C 1 (Ω) a positive solution to

Ω

(10)

Conversely, let µ be a solution to (5). Let u be the weak
solution to

−a(µ)∆u = f (x) in Ω,
(8)
u=0
on ∂Ω.
Multiplying by ϕ, we have
Z
a(µ)
∇u · ∇ϕdx = hf, ϕi = a(µ)µ.
Ω



−d∆ud + c(x)ud = λud + f
ud = 0

It is well known that (10) possesses a positive solution if and
only if λ < λ1 [−d∆ + c(x)].
Z
It can be shown that d →
ud is continuous. Hence, we have
a positive solution to (2) if
(11)

Ω

d=a

Z

Ω

By (7) we get
µ=

Z

Ω

∇u · ∇ϕdx =

Z

in Ω,
on ∂Ω.


ud .

First, we claim that
udx.

Ω


R EMARK 2 Note that in general the equation (5) can have
multiplicity of solutions.
Now, we study (2). For this purpose, we need to introduce
some notation. For a given c ∈ L∞ (Ω), we denote the
principal eigenvalue of

−d∆ϕ + c(x)ϕ = λϕ in Ω,
(9)
ϕ=0
on ∂Ω,
by λ1 [−d∆ + c(x)] and by ϕd1 its eigenfunction associated.
In the following result, we recall the main properties of
λ1 [−d∆ + c(x)], see for instance [8].

(12)

lim

d↑∞

Z

ud = 0.

Ω

Indeed, let Ω1 ⊃ Ω and denote the principal eigenvalue to


−∆ψ = µψ
ψ=0

in Ω1 ,
on ∂Ω1 .

by µ1 and by ψ1 its eigenvalue associated.
Now, we take as a super-solutions of (10), u = Kψ1 , where
K=

fM
,
(dµ1 + cL − λ)(ψ1 )Ω
L

607
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In the case f (x) ≡ 0, (2) becomes in the following nonlocal
eigenvalue problem.

Z


−a
u dx ∆u + c(x)u = λu in Ω,
(14)
Ω

u=0
on ∂Ω.

fM = max f and (ψ1 )Ω
L = min ψ1 . Then
Ω

x∈Ω

Z

0<

Ω

ud ≤ K

Z

ψ1 .

Ω

Taking d → ∞ we conclude (12).

We have the following result.

Now, we distinguish the proof in two cases:
Case 1: Assume that λ ≤ cL . Then by Lemma 3,
λ < λ1 [−d∆ + c(x)] ∀d > 0.
Z

Since a
ud ≥ aL there exists a small enough d0 > 0

such that

Ω

a

Z

ud0

Ω



T HEOREM 6 If λ ∈ [λ1 [−aL ∆ + c(x)], λ1 [−aM ∆ + c(x)]]
then there exists a positive solution to (14).
Proof: If λ ∈ [λ1 [−aL ∆ + c(x)], λ1 [−aM ∆ + c(x)]], by
Lemma 3 then there exists a unique d∗ > 0, such that

≥ aL > d0 .

λ = λ1 [−d∗ ∆ + c(x)].

Therefore, using (12) there exists d1 > 0 such that
Z

d1 = a
ud1 .
Ω

∗

Let ϕd1 Z the eigenfunction associated to λ1 [−d∗ ∆ + c(x)] ,
∗
where
ϕd1 dx = 1. Since, aL ≤ d∗ ≤ aM and a is
Ω

continuous, then there exists K such that
a(K) = d∗ .

This concludes the proof in this case.
Case 2: Assume that λ > cL . Now, by Lemma 3, there exists
a unique d∗ (λ) > 0 that
∗

λ = λ1 [−d (λ)∆ + c(x)].
Observe that the solution ud of (10) exists if d > d∗ (λ) > 0.
We claim that
Z
ud = ∞.
(13)
lim∗
d↓d

Ω

We take as a sub-solution of (10) u = ϕd1 where
=

fL
,
λ1 [−d∆ + c(x)] − λ



Ω

ϕd1 ≤

R EMARK 7 If aM = ∞ the condition is equivalent to λ ∈
[λ1 [−aL ∆ + c(x)], +∞).

3

Concave Case

Now, we will study the problem given by

Z


−a
u dx ∆u = λuq
(15)
Ω

u=0

in Ω,
on ∂Ω,

Problem (15) has been studied in [1] using bifurcation method
and a Bolzano Theorem. We employ here a fixed point
argument.

Ω

Z



where 0 < q < 1.

fL = min f and kϕd1 k∞ = 1. Then
Z

∗

As a consequence, u = Kϕd1 is a solution to (14).

ud .

Ω

When d → d∗ and taking into account the continuity of the
principal eigenfunction ϕd1 with respect to d, we obtain (13).

T HEOREM 8 Problem (15) has a positive solution if and only
if λ > 0.

By (12), (13) and (11), we conclude that there exists a positive
solution if a(∞) > d∗ (λ), that is, λ < λ1 [−a(∞)∆ + c(x)].

Proof: If λ ≤ 0, the maximum principle implies that a
nonnegative solution is trivial.


R EMARK 5 If a(∞) = ∞ the condition λ < λ1 [−a(∞)∆ +
c(x)] is equivalent to λ < ∞.

Let λ > 0. We know that the problem

−∆u = uq in Ω,
(16)
u=0
on ∂Ω,
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has a unique positive solution, denoted by u1 . We take u =
Ru1 , and then, u is solution of (15) if
 Z

a R
u1 R1−q = λ.
Ω

Thanks to the properties of a, we conclude the existence of
R > 0 that verifies the above equation. This concludes the
proof.


4

Logistic Equation

We study the following problem

Z


−a
u dx ∆u = λu − b(x)u2
(17)
Ω

u=0

in Ω,
on ∂Ω,

where b ∈ C(Ω) and b(x) ≡ 0, ∀x ∈ Ω0 ⊂⊂ Ω, where Ω0 is a
proper subdomain of Ω.
We start showing that from the trivial solution u ≡ 0, an
unbounded continuum of positive solutions emanates at λ =
a(0)λΩ
1.
T HEOREM 9 From (a(0)λΩ
1 , 0) bifurcates an unbounded in
R × C(Ω) continuum C of positive solutions of (17).
Proof: We write the problem (17) in the following way
(18)
!
λ
1
1
b(x)
−
 u2 .
R
−∆u =
u+λ
u− R
a(0)
a(0)
a Ω udx
a Ω udx

Taking L = (−∆)−1 , a linear and compact operator, on both
sides of (18), we obtain

where
h(λ, u)

=
−

λL
L

1
1
−
a(0)
udx
Ω
!
b(x)
2
u .
R
a Ω udx
a

R

lim

Proof: Assume that u is a positive solution of (17). Multiplying (17) by u and integrating by parts, we get
Z
Z
Z
2
a
udx
|∇u| +
b(x)u3 dx
Ω
Ω
Ω
Z
λ =
u2 dx
Ω
Z
2
|∇u|
≥ aL ZΩ
≥ aL λΩ
1.
2
u dx
Ω

Ω0
0
Consider ϕΩ
1 a positive eigenfunction associated to λ1 . We
define
 Ω0
ϕ1
in Ω0 ,
Φ=
0
in Ω \ Ω0 .
0
Since ϕΩ
= 0 on ∂Ω0 , we have that Φ ∈ H01 (Ω). Then,
1
multiplying (17) by Φ and integrating, we get
Z
 Z

Z
Ω0
0
a
udx
−∆ϕΩ
udx
+
∂
ϕ
udx
η
1
1
Ω0
∂Ω0
Z Ω
0
= λ
ϕΩ
1 udx,

Ω0

where η is the outward unit normal vector to Ω0 . By the strong
0
maximum principle, ∂η ϕΩ
1 < 0 on ∂Ω0 , therefore we get
Z

Ω0
0
λ<a
udx λΩ
1 ≤ aM λ1 .


!

u

T HEOREM 11 Assume aM < ∞. Then there exists λ ∈
Ω0
[aL λΩ
1 , aM λ1 ] such that, if
Ω0
λ ∈ (min{a(0)λΩ
1 , λ}, max{a(∞)λ1 , λ})

there exists a positive solution uλ to (17) and
lim

It is not difficult to show that
kuk∞ →0

Ω0
aL λΩ
1 < λ < a M λ1 .

Ω

λ
Lu + h(λ, u),
a(0)

u =

T HEOREM 10 If (17) possesses a positive solution, then

λ→a(0)λΩ
1

kh(λ, u)k∞
= 0.
kuk∞

Now, by the global bifurcation theorem of Rabinowitz (see also
Theorem 6.3 in [9]) we conclude the proof.

In the following result, we give a necessary condition on λ to
obtain a positive solution to (17).

kuλ k∞ = 0,

lim kuλ k∞ = ∞.

λ→λ

Proof: From Theorem 9 there exists an unbounded continuum
C in R × C(Ω) of positive solutions of (17) emanating at
λ = a(0)λΩ
1 . On the other hand, since aM < ∞, by Theorem
0
10, (17) does not possess positive solutions for λ ≥ aM λΩ
1
Ω0
Ω
Ω
nor λ ≤ aL λ1 . Then, there exists λ ∈ [aL λ1 , aM λ1 ] such
that C goes to infinity at λ = λ. This concludes the proof.
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Existence of positive solutions
Now, we use a fixed point argument to show the existence of
positive solution of (17).
Let us recall the main results concerning to the local problem

−d∆u = λu − b(x)u2 in Ω,
(19)
u=0
on ∂Ω.
For that, we need to introduce some notation. Given a subdomain D ⊂ Ω, we denote by λD
1 the principal eigenvalue of the
problem
−∆u = λu

in D, u = 0 on ∂D.

We can modify slightly some results in [7] to get the following
one:
P ROPOSITION 12 There exists a unique positive solution θd
of (19) if and only if


λ
λ
,
.
d∈
0
λΩ
λΩ
1
1
Moreover,
(20)

lim kθd k∞ = 0,

d↑

λ
λΩ
1

lim kθd k1 = ∞.

d↓

λ
Ω
λ1 0

R EMARK 15
1. Observe the difference between the case
of local diffusion (a ≡ 1) and non-local diffusion. In
the case of local diffusion, the presence of a refuge for
the species u (that is, Ω0 ) implies that (17) does not
possess positive solutions for λ large. However, when
the diffusion is non-local and a(∞) = ∞ there exists at
least a positive solution of (17) for all λ > a(0)λΩ
1.
2. We can use the Crandall-Rabinowitz theorem (see [5]) to
determine the bifurcation direction at λ = λΩ
1 a(0). This
direction depends on the sign of a0 (0).
3. Observe that Theorems 11 and 13 are complementary.
Indeed, whereas Theorem 13 gives a interval on λ where
(17) possesses at least a positive solution, Theorem 11
provides the behaviour of the solution at λ = λ and
λ = a(0)λΩ
1.
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Abstract— We provide a-priori L∞ bounds for classical positive solutions to a class of subcritical elliptic problems in bounded
C 2 domains. Our analysis widens the known ranges of subcritical nonlinearities for which positive solutions are a-priori bounded.
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1

in the sense of distributions, where δ is the Dirac distribution,
and C depends on N and on the best Sobolev constant in RN ,
see [1], [15].

Introduction

Consider the boundary value problem:

−∆u = f (u),
(1)
u = 0,

in Ω,
on ∂Ω,

where Ω ⊂ RN , N ≥ 2, is a bounded C 2 domain, and f is a
subcritical nonlinearity. For simplicity we assume N > 2, but
our techniques fit well to the case N = 2.
We prove the existence of a priori bounds when f (s) =
N +2
s N −2 / ln(s + 2)α , with α > 2/(N − 2), see Corollary 3.
∗

N +2
2 −1
The exponent 2∗ − 1 = N
−2 of a nonlinearity f (s) = s
is critical from the viewpoint of Sobolev embedding, observe
1
2∗
that 2∗ = N2N
−2 , and the embedding H (Ω) in L (Ω) is not
compact. Pohozaev proved that problem (1) does not have a
solution if Ω is starshapped, see [18], and Bahri and Coron
proved that problem (1) has a solution if Ω has non trivial
topology in a certain sens, see [2]. Moreover Trudinger [20]
proved that any weak solution in H 1 (Ω) is in fact in L∞ (Ω)
and consequently in C ∞ (Ω).

If

f (s)
= 0,
s2∗ −1
∗
the problem is of subcritical nature. Consider f (s) = s2 −1−ε
for ε > 0. It is well known that problem (1) has a solution
uε , see P. L. Lions [17] and references therein. Atkinson and
Pelletier for balls in R3 , and Han for non-spherical domains,
proved that there exists x0 ∈ Ω and a sequence uε such that
lim

s→∞

lim uε = 0

ε→0

and

in

C 1 (Ω \ {x0 })

lim |∇uε |2 = Cδx0

ε→0

A-priori bounds in the L∞ -norm of positive solutions provided
a great deal of information, and it is a longstanding open
problem, raised for instance by Gidas and Spruck in [12] as
well as by Figueiredo, Lions and Nussbaum in [11]. The results
in [12] depend heavily on the blow up method which requires
f to be essentially of the form
f (x, s) = h(x)sp ,

and h(x) continuous and strictly positive. In [11] the nonlinearity f is assumed to satisfy
θF (s) − sf (s)
≥ 0,
for some θ ∈ [0, 2∗ ),
s→+∞
s2 f (s)2/N
Rs
where F (s) = 0 f (t) dt. They conjecture that this condition
is not necessary, but it is essential in proving their results. It
can be seen that for
lim inf

∗

f1 (s) = s2

−1

/ ln(s + 2)α

with α > 0,

θF1 (s) − sf1 (s)
= −∞,
for any θ ∈ [0, 2∗ ),
s2 f1 (s)2/N
Rs
where F1 (s) = 0 f1 (t) dt, see Remark 4.
lim inf
s→+∞

We prove the existence of apriori bounds when f (s) =
∗
s2 −1 / ln(s + 2)α , with α > 2/(N − 2), see Corollary 3. Our
main result is:
T HEOREM 1 Assume that Ω ⊂ RN is a bounded domain
with C 2 boundary. Assume that the nonlinearity f is locally
Lipschitzian and satisfies the following conditions
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(H1)

f (s)
s2∗ −1

is nonincreasing for any s > 0.

(H2) There exists a constant C1 > 0 such that f (s) is
nondecreasing for any s > C1 .
(H3) There exists a constant C2 > 0 and a non-increasing
function H : R+ → R+ such that
(H3.1) lim inf
s→+∞

2N F (s) − (N − 2)sf (s)
≥ C2 > 0,
sf (s)H(s)

and
(H3.2)

lim

s→+∞

2∗ −1

s

f (s)

 2 = 0.
H(s) N −2

f (s)
> λ1 , where λ1 is the first eigenvalue of
s
−∆ acting on H01 (Ω).

(H4) lim inf
s→+∞

Then,
(C) there exists a uniform constant C, depending only on Ω and
f, such that for every u > 0, classical solution to (1),
kukL∞ (Ω) ≤ C.
We refer to [5, Theorem 1.1] and [6, Theorem 1.1] for a proof.
Our analysis substantially extends previous results, widen the
known ranges of subcritical nonlinearities for which positive
solutions are apriori bounded and also applies to non-convex
domains. Hypothesis (H3) looks rather cumbersome. However
∗
we prove that functions such as f1 (s) = s2 −1 / ln(s + 2)α
satisfy our hypotheses for α > 2/(N − 2) with H(s) =
1/ ln(s + 2), see Corollary 3, but not those of [11] or [12],
see Remark 4.
Theorem 1 give a step forward in answering the question on the
a priori bounds and consequently on the existence of solutions
for subcritical elliptic boundary value problems, see [6], [7].
Our proof of Theorem 1, as in [11], use moving plane arguments, the Kelvin transform, and a Pohozaev identity, see [18].
These ideas are well known but we combine them in a different
way widening the range of subcritical nonlinearities for which
there are apriori bounds.
The arguments split into two ways, depending on the convexity
of the domain. The reason is the following one. If Ω is convex,
and the nonlinearity f satisfies (H4), then any positive solution
is a priori bounded in a neighborhood of the boundary, more
precisely, there exists a constant C depending only on Ω and f
but not on u, such that
(2)

max u ≤ C,

Ω\Ωδ

where Ωδ := {x ∈ Ω : d(x, ∂Ω) > δ}, see [11].

If Ω is a general bounded domain, not necessarilly convex,
the argument on the a priori bounds in a neighborhood of
the boundary relies on the Kelvin transform. In that case, if
the nonlinearity f satisfies (H1) and (H4), then any positive
solution is a priori bounded in a neighborhood of the boundary,
in other words, conclusion (2) is reached, see [11].
Applying a Kelvin transform to positive solutions of (1), the
moving planes method determines regions where the transformed function has no critical point. Recovering then the
solution u, one sees that (2) holds, and also that its maximum
in the entire domain Ω, is bounded above by a constant C
multiplied by the maximum of the same solution on an open
subset ω strongly contained in Ω. The constant C and the open
subset ω ⊂⊂ Ω, depend only on geometric properties of Ω,
and they are independent of f and u, see [11].
Brezis and Nirenberg in [4] study the bifurcation problem for
∗
a nonlinearity λs + s2 −1 , with λ ∈ R. They proved that if
N ≥ 4 there exists a positive solution if λ ∈ (0, λ1 ); and if Ω
is starshaped, there is no solution for λ 6∈ (0, λ1 ); moreover,
when N = 3 and Ω is a ball, there exists a positive solution if
and only if λ ∈ (λ1 /4, λ1 ). We study the bifurcation problem
N +2
for a nonlinearity f2 (λ, s) = λs + s N −2 / ln(s + 2)α , with
α > 2/(N − 2), for the convex case and also for the general
case, see Corollary 5 and Corollary 6 respectively.
This paper is organized in the following way. In Section 2
we collect some Preliminaries and well known results. In
Section 3 we collect results on the a priori bounds for the
subcritical nonlinearity f1 (s), see Corollary 3. Finally, we
include two Corollary for the associated bifurcation problem
with a nonlinearity f2 (λ, s), see Corollary 5 and Corollary 6.

2

Preliminaries and known results

The moving planes method was used by Serrin in [19]. For
second order elliptic equations with spherical symmetry satisfying over-determined boundary conditions, he proved that
positive solutions exists only when the domain is a ball and
the solution is spherically symmetric. The proof is based on
Maximum Principle and the moving planes method, which
basically moves plains to a critical position, and then shows
that the solution is symmetric about this limiting plane.
Gidas, Ni and Nirenberg in [13], using this moving planes
method and the Hopf Lemma, prove symmetry of positive solutions of elliptic equations vanishing on the boundary. See also
Castro-Shivaji [8], where symmetry of nonnegative solutions is
established for f (0) < 0. In [13] the authors also characterized
regions inside Ω, next to the convex part of the boundary, where
a positive solution cannot have critical points. Those regions,
called maximal caps, depend only on the local convexity of
Ω, and are independent of f and u. This non-existence of
critical points in a whole region, is due to a strict monotonicity
property of any positive solution in the normal direction. This
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is a key point to reach local apriori bounds in a neighborhood
of the boundary.
In order to prove (2) in the non-convex case, let us start by
defining a Kelvin transform, see [14, proof of theorem 4.13,
p. 66-67]. Let us recall that every C 2 domain Ω satisfy
the following condition, known as the uniform exterior sphere
condition,
(P) there exists a ρ > 0 such that for every x ∈ ∂Ω
there exists a ball B = Bρ (y) ⊂ RN \ Ω such that
∂B ∩ ∂Ω = x.

Let u solve (1. The Kelvin transform of u at the point x0 ∈ ∂Ω
e := h(Ω), see fig. 1 (a),
is defined in the transformed domain Ω
by
(4)
 N −2 

 N −2
1
y
1
u (h(y)) =
u
.
v(y) :=
|y|
|y|
|y|2
e
for y ∈ Ω.

Gidas, Ni and Nirenberg in their classical paper pose the
following problem, see [13, p. 223].
Problem: Suppose u > 0 is a classical solution of (1). Is there
some  > 0 only dependent on the geometry of Ω (independent
of f and u) such that u has no stationary points in a neighborhood of ∂Ω?
This is true in convex domains, and for N = 2, see [13, Corollary 3 and p. 223]. Dancer in [9] provided a counterexample in
annuli, for a nonlinearity f (s) = (sp − s)/ε, with p < 2∗ − 1.

Ω
B
B

1/R

h(Ω)

e
Σ

(a)

(b)
e
h−1 (Σ)

(c)
Figure 1: (a) The exterior tangent ball and the inversion of
e in the
the boundary into the unit ball. (b) A maximal cap Σ
−1 e
transformed domain h(Ω). (c) The set h (Σ) (i.e. the inverse
e in the original domain Ω.
image of the maximal cap Σ)
Let x0 ∈ ∂Ω, and let B be the closure of a ball intersecting Ω
only at the point x0 . Let us suppose x0 = (1, 0, · · · , 0), and B
is the unit ball with center at the origin. The inversion mapping
x
(3)
x → h(x) =
,
|x|2
is an homeomorphism from RN \ {0} into itself; and observe
that h(h(x)) = x. We perform an inversion from Ω into the
unit ball B, in terms of the inversion map h |Ω , see fig. 1 (a).

On the other hand, for non-convex domains with N > 2, if
the nonlinearity f satisfies (H1), then it is known that, for any
e see
x0 ∈ ∂Ω its maximal cap in the transformed domain Σ,
fig. 1 (b), is nonempty. This is the statement of the following
Lemma, see [10] for a proof.
L EMMA 2 Let h denote the inversion map defined in (3), and
e = h(Ω) denote the image through the inversion map into
let Ω
the ball B. For any x0 ∈ ∂Ω, let ñi (x0 ) be the normal inward
e and let Σ
e = Σ(ñ
e i (x0 ))
at x0 in the transformed domain Ω,
N
be its maximal cap, (see fig. 1(b)). If Ω ⊂ R is a bounded
domain with C 2 boundary, then for any x0 ∈ ∂Ω, there exists
e = Σ(ñ
e i (x0 )) non empty.
a maximal cap Σ

In fig. 2(a) we draw the inversion of the boundary into the
unit ball at an inflexion point; more precisely we set Γ1 :=

3
(x, g1 (x)) : g1 (x) = x2 + 1, x ∈ [−π/4, π/4] , which has
an inflexion point at x = 0.
The above Lemma could seem surprising in presence of highly
oscillatory boundaries. For example, suppose the boundary of Ω includes Γ2 = (x, g2 (x)) : g2 (x) := 1 +
x5 sin x1 , x ∈ [−0.01, 0.01]
 , to visualize the scale, see
in fig. 2(b)
x, x5 sin x1 ,
x ∈ [−0.01, 0.01] . Let
h(Γ2 ) be the image through the inversion map into the unit
ball B, and let Γ3 be the arc √
of the boundary ∂B given by
Γ3 = {(x, g3 (x)) : g3 (x) := 1 − x2 , x ∈ [−0.01, 0.01]},
see fig. 2(c). At this scale, the oscillations are not appreciable.
We plot in 2(d) the derivative of the ’vertical’ distance between
the boundary Γ2 and the ball, concretely we plot g20 (x) − g30 (x)
for x ∈ [−0.01, 0.01]. We plot in 3(a) the second derivative
of the ’vertical’ distance between the boundary and the ball,
which is g200 (x) − g300 (x) for x ∈ [−5 · 10−4 , 5 · 10−4 ]. Let us
observe that this second derivative is strictly positive, and that
g200 (0) − g300 (0) = 1. Consequently, the first derivative is strictly
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increasing, and therefore the ’vertical’ distance g2 (x) − g3 (x)
does not oscillate.
−10

1

x 10

where C only depends on Ω and it is independent of f and u.
Next, moving x0 ∈ ∂Ω we obtain that there are C and δ > 0
depending only on the geometry of Ω (independent of f and u)
such that
(5)

Γ1

max u ≤ C max u
Ω

Ωδ

0

B
h(Γ1)

−10

−1
−0.01

0

(a)

1

0.01

x 10

(b)
0

1.0005

0.01

Γ2

0.9995
−5

0

−1
−2

5

0

B
h(Γ2)

2
−12

−4

x 10

x 10

0

(a)

(b)
−5

−12

−0.01
−0.01

0

(c)

5

0.01

x 10

x 10

(d)

5

Figure 2: (a) An inflection point at the boundary Γ1 joint
with the inversion h(Γ1 ), and the unit circumference; (b) A
degenerated critical point at the boundary Γ2 ; (c) Γ2 joint
with its inversion into the unit ball, h(Γ2 ), and the arc of
circumference, Γ3 ; (d) g20 (x) − g30 (x) for x ∈ [−0.01, 0.01]

Moreover, let us consider the image through the inversion map of the straight line y = 1, i.e. h(x, 1) =
h ({(x, 1), x ∈ [−0.01, 0.01]}) . In fig. 3(b)-(c) we plot the
second coordinate of the difference h(Γ2 ) − h(x, 1). The
oscillation phenomena is present here. In fig. 3(d) we plot
the second coordinate of the difference h(Γ2 ) − h(∂B). This
difference does not oscillate.
Finally, from the moving planes method, its Kelvin transform
v, defined by (4), has no critical point in the maximal cap
e Therefore, for each point x0 ∈ ∂Ω, there exists δ > 0
Σ.
depending only on the geometry of Ω, (independent of f and
u), such that the Kelvin transform of u at x0 has no stationary
point in Bδ (x0 ) ∩ h(Ω), see [11, Eq. (8’), p. 51]. Therefore,
the Kelvin transform of u at x0 is a priori bounded in Bδ0 (x0 )∩
h(Ω) for some δ 0 depending only on Ω. Retrieving the solution
u of (1 we deduce that it is a priori bounded in Bδ00 (x0 ) ∩ Ω for
some δ 00 depending only on Ω. Moving x0 ∈ ∂Ω, and as a first
conclusion, we deduce that (2) holds even in the non-convex
case.
Also, retrieving the solution u of (1 we deduce that the
maximum of u at Ω is upper bounded by a constant C only
dependent of Ω and independent of f and u, multiplied by the
e see fig. 1 (c). As a second
maximum of u at Ω \ h−1 (Σ),
conclusion, we obtain that
max u ≤ C
Ω

max

Ω\Bδ0 (x0 )

u

0

−5
−1

0

0
−1

1

0

−13

1
−6

x 10

x 10

(c)

(d)

Figure 3: (a) g200 (x) − g300 (x) for x ∈ [−5 · 10−4 , 5 · 10−4 ];
(b) Second coordinate of the difference h(Γ2 ) − h(x, 1) where
h(x, 1) is the image of the straight line y = 1; (c) a zoom
of the same graphic; (d) Second coordinate of the difference
h(Γ2 ) − h(Γ3 ).

3

Some examples

C OROLLARY 3 Assume that Ω ⊂ RN is a bounded domain
with C 2 boundary.
Let us consider any u > 0, classical solution to
(6)

(

2∗ −1

u
−∆u = ln(2+u)
α,
u = 0,

in Ω,
on ∂Ω,

with α > 2/(N − 2).
Then, there exists a uniform constant C, depending only on Ω
and f, such that for every
kukL∞ (Ω) ≤ C.
∗

Proof. We will prove that f (s) = s2 −1 / ln(s + 2)α with α >
2/(N − 2) satisfies our hypotheses for H(s) = 1/ ln(s + 2).
Hypothesis (H1) and (H2) holds trivially. Let us prove (H3).
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(H3.1) From definition, and integrating by parts

Next, we provide sufficient conditions guarantying that either
for any λ < λ1 there exists at least a positive solution, or
for any continuum (λ, uλ ) of positive solution, there exists a
λ∗ < 0 such that λ∗ < λ < λ1 and

∗

F (t)

t2
1
∗
2 ln(2 + t)α
α+1 2∗
Z 
α t
1
s
+ ∗
ds
2 0 ln(2 + s)
2+s

=

(7)

k∇uλ kL2 (Ω) → ∞,

Therefore, using l’Hôpital rule, and simplifying we can write

ln(2+t)α+1

α
= lim

t→+∞

(8)

=

2∗ −1



1
ln(2+t)

α+1

t
2∗ ln(2+t)
α+1 − (1 + α)

α
> 0,
2∗



∗

t2
2+t

1
ln(2+t)

α+2

t2∗
2+t

and so (H3.1) hods.
(H3.2) From definition of f and H,

 2 −α
f (t)
= lim ln(2 + t) N −2
= 0,
2


t→+∞
t→+∞ 2∗ −1
t
H(t) N −2
lim

for any α >

2
(N −2) .



R EMARK 4 Keeping the notation of the above Corollary, we
will observe that
L := lim

t→+∞

θF (t) − tf (t)
= −∞,
t2 f (t)2/N

for any θ ∈ [0, 2∗ ).

Set
F (t)
,
t→+∞ tf (t)H(t)

L1 = lim

2∗ F (t) − tf (t)
,
t→+∞
tf (t)H(t)

L2 = lim

and
L3 = lim

tf (t)H(t)

t→+∞ t2 f (t)2/N

then L = [(θ − 2∗ ) L1 + L2 ] L3 .
From (7) and (8) we can write
∗

L1 =
=

1
lim
2∗ t→+∞

t2
ln(2+t)α

+α

Z t
0

1
ln(2 + s)
t2∗

α+1

with α > 2/(N −2). If there exists one positive solution to (9),
then λ < λ1 . If 0 ≤ λ < λ1 , then there exists at least a positive
solution to (9). Moreover, either (9) has a positive solution for
any λ < λ1 , or for any continuum (λ, uλ ) of positive solution
to (9), there exists a λ∗ < 0 such that λ∗ < λ < λ1 and
k∇uλ kL2 (Ω) → ∞, as λ → λ∗ .
In case Ω is convex, for any λ < λ1 there exists at least a
positive solution, see [6, Theorem 2.4].
C OROLLARY 6 Assume that Ω ⊂ RN is a bounded, convex
domain with C 2 boundary. Let us consider any u > 0, classical
solution to
(
?
u2 −1
in Ω,
−∆u = λu + ln(2+u)
α,
(10)
u = 0,
on ∂Ω,
with α > 2/(N − 2). Then, (9) has a positive solution if and
only if λ < λ1 .
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∗

s2
ds
2+s

ln(2+t)α+1


1
α
lim
ln(2
+
t)
+
= +∞.
2∗ t→+∞
2∗

see [7, Theorem 2].
C OROLLARY 5 Assume that Ω ⊂ RN is a bounded domain
with C 2 boundary. Let us consider any u > 0, classical
solution to
(
?
u2 −1
in Ω,
−∆u = λu + ln(2+u)
α,
(9)
u = 0,
on ∂Ω,

2∗ F (t) − tf (t)
t→+∞
tf (t)H(t)
α+1 2∗
Z t
1
s
α
ds
ln(2
+
s)
2
+s
0
= lim
∗
t2
lim

t→+∞

as λ → λ∗ ,

Therefore limt→+∞ (θ − 2∗ ) L1 = −∞, for any θ ∈ [0, 2∗ ).
From (8) we know that L2 = 2α∗ . Finally, from definition we
obtain L3 = +∞, consequently L = −∞.

References
[1] F. V. Atkinson, and L. A. Peletier, Elliptic equations with nearly
critical growth , J. Differential Equations, 70:(3)349–365, 1987. ISSN
0022-0396. http://dx.doi.org/10.1016/0022-0396(87)
90156-2,
[2] A. Bahri, and J. M. Coron, On a nonlinear elliptic equation involving
the critical Sobolev exponent: the effect of the topology of the domain,
Comm. Pure Appl. Math., 41:(3) 253–294, 1988. http://dx.doi.
org/10.1002/cpa.3160410302

616
[3] H. Brezis. Functional analysis, Sobolev spaces and partial differential
equations. Universitext. Springer, New York, 2011. ISBN 978-0-38770913-0.
[4] H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic
equations involving critical Sobolev exponents, Comm. Pure Appl.
Math., 36, (4):437–477, 1983. ISSN 0010-3640, http://dx.doi.
org/10.1002/cpa.3160360405
[5] A. Castro and R. Pardo, A priori bounds for positive solutions of
subcritical elliptic equations. Preprint.
[6] A. Castro and R. Pardo, Branches of positive solutions of subcritical
elliptic equations in convex domains. To appear in AIMS Proceedings.
[7] A. Castro and R. Pardo, Branches of positive solutions for subcritical
elliptic equations. To appear in Progress in Nonlinear Differential
Equations and Their Applications: "Contributions to Nonlinear Elliptic
Equations and Systems: A Tribute to Djairo Guedes de Figueiredo on
the Occasion of his 80th Birthday".
[8] A. Castro and R. Shivaji, Nonnegative solutions to a semilinear Dirichlet problem in a ball are positive and radially symmetric. Comm. Partial
Differential Equations, 14(8-9):1091–1100, 1989. ISSN 0360-5302.
URL http://dx.doi.org/10.1080/03605308908820645.
[9] E. N. Dancer, Some singularly perturbed problems on annuli and
a counterexample to a problem of Gidas, Ni and Nirenberg, Bull.
London Math. Soc., 29, (3):322–326, 1997. ISSN 0024-6093, http:
//dx.doi.org/10.1112/S0024609396002391
[10] W. Fenchel, Convex Cones, Sets and Functions. Lecture Notes at
Princeton University. Department of Mathematics, Princeton, N.J, 1953.
[11] D. G. de Figueiredo, P.-L. Lions, and R. D. Nussbaum, A priori
estimates and existence of positive solutions of semilinear elliptic
equations. J. Math. Pures Appl. (9), 61(1):41–63, 1982. ISSN 00217824.

R. Pardo and A. Castro

[12] B. Gidas and J. Spruck, A priori bounds for positive solutions of
nonlinear elliptic equations. Comm. Partial Differential Equations, 6
(8):883–901, 1981. ISSN 0360-5302. URL http://dx.doi.org/
10.1080/03605308108820196.
[13] B. Gidas, W. M. Ni, and L. Nirenberg, Symmetry and related properties
via the maximum principle. Comm. Math. Phys., 68(3):209–243,
1979. ISSN 0010-3616. URL http://projecteuclid.org/
getRecord?id=euclid.cmp/1103905359.
[14] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations
of second order, volume 224 of Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, second edition, 1983. ISBN 3-540-13025-X.
[15] Han, Zheng-Chao, Asymptotic approach to singular solutions for
nonlinear elliptic equations involving critical Sobolev exponent, Ann.
Inst. H. Poincaré Anal. Non Linéaire, 8(2): 159–174, 1991.
[16] Ladyzhenskaya, Olga A. and Ural0 tseva, Nina N., Linear and quasilinear elliptic equations. Translated from the Russian by Scripta Technica,
Academic Press, New York-London, 1968.
[17] P. L.Lions, On the existence of positive solutions of semilinear elliptic
equations. SIAM Rev., 24(4):441–467, 1982. ISSN 0036-1445. http:
//dx.doi.org/10.1137/1024101
[18] S. I. Pohozaev, On the eigenfunctions of the equation ∆u+λf (u) = 0.
Dokl. Akad. Nauk SSSR, 165:36–39, 1965.
[19] J. Serrin, A symmetry problem in potential theory. Arch. Rational
Mech. Anal., 43:304–318, 1971. ISSN 0003-9527.
[20] N. Trudinger, Remarks concerning the conformal deformation of
Riemannian structures on compact manifolds. Ann. Scuola Norm. Sup.
Pisa (3), 22:265–274, 1968. http://www.numdam.org/item?
id=ASNSP_1968_3_22_2_265_0

P ROCEEDINGS OF THE XXIV C ONGRESS ON D IFFERENTIAL E QUATIONS AND A PPLICATIONS
XIV C ONGRESS ON A PPLIED M ATHEMATICS
Cádiz, June 8-12, 2015, pp. 617–621

A Caginalp model with convection for solidification
processes in 3D domains
B. M. R. Calsavara∗ and F. Guillén-González†

Abstract— We study the existence of global in time weak solutions for a coupled diffuse-interface phase-field and Navier-Stokes
problem with free boundary modeling a solidification/melting process in 3D domains, where the convection in the liquid phase
is treated via a phase-dependent viscosity that degenerates in the solid part.
Keywords: latent heat, free boundary problem, Allen-Cahn phase field model, existence of weak solutions.

1

Description of the model

The solidification of a liquid or the melting of a solid lead
to complex free boundary problems involving many different
physical effects. For example, latent heat is set free at the
interface and a competition between surface energy and diffusion leads to instabilities. A sharp interface resulting model
is a Stefan problem with boundary conditions taking surface
energy effects and kinetic effects at the interface into account.
Within the classical mathematical setting of free boundary
problems, only results with simple geometries or for small
times have been rigorously derived mathematically. In practical computations, this formulation leads to difficulties when the
interface develops a complicated geometry or when topology
changes occur.
The numerical simulation of time-dependent Stefan problems,
or variants of it, is a difficult task since the evolving free
boundary has to be computed. Hence, direct front tracking type
numerical methods need to adequately capture the geometry of
the interface and to evolve the interface approximation, often
with a coupling to other physical fields.
Phase-field methods are an alternative approach to solve solidification phenomena in the framework of continuum modeling.
In phase field approaches a new non-conserved order parameter
α is introduced, which in the two phases is close to two
different prescribed values and which smoothly changes its
value across a small diffuse-interface. A parabolic partial
differential equation for α is then coupled to an energy balance, which results in a diffusion equation for the temperature
taking latent heat effects into account, see for instance the two
review articles [4, 19] for further details. The relation of the
diffuse interface models to classical sharp interface models has
∗ Universidade

been classically established by (formal) matched asymptotic
expansions.
The first rigorous mathematical analysis for a diffuse-interface
phase-field problem modeling a solidification/melting process
was done by Caginalp in [14]. Along the time, models
were considered, among others are the works of Hoffman
and Jiang [16], Bates and Zheng [13], Moroşanu and Motreanu [17, 18] and Cârja et al. [15].
Convection flow in the liquid phase has received less attention
than conduction owing to the computer limitations in the past
and considerable complexities entailed in the mathematical
treatment. However, the convection flow can have a very
significant influence on the phase change process, because the
convection affects not only the rate of melting or solidification
but also the resulting structure and distribution of the solutes in
the liquid phase of a multicomponent system.
Some efforts have been made to include fluid motion in the
liquid phase by coupling a momentum equation to the phasefield and temperature equations. Anderson et al. [2] derive
a phase-field model in which the solid is modeled as a very
viscous liquid.
Using the Carman-Kozeny approximation to model the effects
in the mould as a porous media, a penalized friction term is
added to the momentum conservation law with a degenerates
coefficient when the solid fraction (denoting the proportion of
solid in the mould) goes to 1, in order to enforce zero velocity
in the solid area. This formulation is used to prove some
mathematical results, see [3, 8, 5, 6].
In this talk, we will present a mathematical result of existence
of global in time weak solutions for a phase-field free boundary

Estadual de Campinas, Campinas (BRAZIL). Email: biancamcalsavara@gmail.com
EDAN and IMUS, Universidad de Sevilla, Facultad de Matemáticas, 41012 Sevilla (SPAIN). Email: guillen@us.es

† Departamento

617

618

B. M. R. Calsavara and F. Guillén-González

problem considering convection in the fluid phase and rigid
motion in the solid one, via a phase-dependent viscosity that
degenerates to +∞ in the solid phase. Here, we present the
main features of this result, see [7] for the details.
Let us consider a continuous material filling a domain Ω ⊂ R3
in the time interval (0, T ), denoting Q = (0, T ) × Ω to the
corresponding cylinder time-space domain.
The problem that we are going to study is described by the
temperature τ , the phase field function α localizing the solid
(α = 1), the liquid (α = 0), and mushy zones (0 < α < 1),
and the kinematical variables in the liquid zones given by the
velocity field v and the pressure p. In fact, τ is the deviation
from the melting temperature τm (here τm = 0) and the phase
field α can be identified with the solid fraction.
Then, the following free energy is introduced:
E=

1
1
Eheat (τ ) + Ekin (v) + Ephase (α),
l
λ

where l > 0 (latent heat), λ > 0 (capillarity),
Z
Z
1
ρ0
2
Eheat (τ ) =
τ dx, Ekin (v) =
|v|2 dx
2 Ω
2 Ω
with ρ0 > 0 (constant density, ρ0 = 1 for simplicity), and
Z
Z
ε
1
Ephase (α) =
|∇α|2 dx +
F (α) dx,
2 Ω
ε Ω
with ε > 0 a parameter related to the interface width and F (α)
is a double-well potential, whose wells α = 0 and α = 1
correspond to the pure cases (solid and liquid, respectively).
The solidification model is given by the following system

(τ + l G(α))t + v · ∇ (τ + l G(α))




−∇ · (k(α)∇τ ) = 0
in Q,










δE
1 0


− G (α)τ = 0 in Q,
αt + v · ∇α + γ


δα
ε




(1)
vt + v · ∇v − ∇ · (2µ(α)Dv)


δE

−


∇α + ∇p = −ρ(τ, α)g →
e 3 in Qml ,
−λ


δα







div v = 0
in Qml ,






Dv = 0
in Qs ,

filled with the initial and boundary conditions:

∂τ
∂α
=
= 0 on ∂Ω × (0, T ),
∂n
∂n
v = 0 on ∂Ω × (0, T ),
τ = τ0 ,

α = α0 ,

v = v0

in Ω × {t = 0}.

We use the notation Dv = (∇v+(∇v)t )/2 for the deformation
tensor. The L2 (Ω)-variational derivative of the energy is
identified as
δE
δEphase
1
=
= −ε∆α + F 0 (α).
δα
δα
ε
Moreover, G(α) is an interpolation function, with G(α) = 1
for α ≤ 0 (the liquid phase), G(α) = 0 for α ≥ 1 (the solid
phase) and 0 < G(α) < 1 in the mushy zone 0 < α < 1.
A degenerate viscosity µ(α) is considered that is µmin > 0
in the liquid zones (the constant viscosity coefficient of the
material in the completely liquid state) and increases to +∞
as the material approaches the solid state, where α is a regular
average of the phase field α defined by
(2)

α(x, t) = (η ∗ Ext(α))(x, t),

with Ext(α) an extension of α outside of (0, T ) × Ω and
η = η(x, t) a suitable kernel (a positive
R R regular function with
compact support in B(0; ) ⊂ R4 and B(0;) η(y, s) dy ds =
1 with  > 0 a fixed small enough constant). In these
conditions, the non-solid and solid subdomains are defined via
α by
(3)

Qml = {(x, t) ∈ Q : α(x, t) < 1},
Qs = {(x, t) ∈ Q : α(x, t) = 1}.

At the right hand-side of the Navier-Stokes problem (1)3 , the
external force field is given by the Boussinesq approximation
−
−ρ(τ, α)g →
e 3 , where
ρ(τ, α) = ρ0 (1 − c1 τ + c2 α)

is the (linear-dependent) density, g > 0 is the (constant) gravity
−
acceleration and →
e 3 = (0, 0, 1)t acts in the vertical direction.
In particular, we assume that density increases wrt. the solid
fraction α and decreases wrt. the temperature.
R EMARK 1 Since the kernel η = η(x, t) is a continuous
function, then from (2) α is also a continuous function, and
consequently, Qml is an open set. This is very important from a
mathematical point of view because it let us to impose correctly
momentum system (1)3 and incompressibility equation (1)4
only in Qml .
R EMARK 2 The term depending on the interface in (1)3 can
be rewritten as
1
δE
−λ
∇α = ελ∆α∇α − ∇(F (α)),
δα
ε
where λ > 0 is related to the superficial tension, ∆α with
the interface curvature and ∇α has the normal direction to the
interface. Moreover, there exists the so-called Korteweg tensor,
σmix (α) = ε (−∇α ⊗ ∇α) such that
δEphase
∇α + ∇ (Ephase ) .
δα
In fact, the potential function p appearing in (1)3 is in fact equal
to p = pr + λ Ephase where pr models the pressure force.
−∇ · σmix (α) = −
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Now, we will describe each equation appearing in the model.

1.1

Energy equation

To obtain the Caginalp model let us introduce the enthalpy
functional
H(τ, α) = τ + l G(α).
Here, the first term τ depends on the heat energy and l G(α)
on the latent heat (l > 0). In fact, the function G = G(α)
will be an interpolation function, with G ≡ 0 in the solid phase
(α ≥ 1), G ≡ 1 in the liquid phase (α ≤ 0) and 0 < G < 1 in
the mushy zone (0 < α < 1). A classical example is given by
G(α) = (α − 1)2 (1 + α)
for α ∈ [0, 1], G(α) = 0 for α ≥ 1 and G(α) = 1 for α ≤ 0.
Let us assume that this enthalpy functional H(τ, α) satisfies
the conservative PDE
(4)

DH
= ∇ · (k(α)∇τ ) ,
Dt

where D/Dt = ∂/∂t + v · ∇ denotes the material derivative
in time and the term ∇ · (k(α)∇τ ) models the heat diffusion.
Note that the total enthalpy is conserved, because from (4) is
easy to deduce
Z
d
H = 0.
dt Ω

1.2

Phase field equation

To deduce the equation for the phase field function α, we
consider the modified Ginzburg-Landau potential
F mod (α) = F (α) − G(α)τ
which derives to the modified free energy functional:

Z 
ε
1
mod
2
Ephase (α, ∇α, τ ) =
|∇α| + (F (α) − G(α)τ ) dx,
ε
Ω 2
where ε > 0 and F is a double-well potential, whose wells
α = 0 and α = 1 correspond to the pure cases. An classical
example is
F (α) = α2 (1 − α)2 .

In this modified free energy functional, the double well potential F (α) is modified by −G(α)τ , in such a way that
F (α) − G(α)τ has the same two minimum points at α = 0
and α = 1, but modifying its values in these wells depending
on the temperature. In fact, where τ < 0 (or τ > 0) the wells
α = 0 up (or down) and then the minimum in α = 1 (or α = 0)
is dominant, i.e. the solidification (or melting) is the dominant
process.
R EMARK 3 Here the solidification and melting temperature
of the material is fixed to τs = τm = 0. In general, the double
well potential F (α) is modified by F (α) − G(α)(τ − τs ).

R EMARK 4 The phase-field equation (1)2 satisfies the following maximum and minimum principle; if 0 ≤ α0 ≤ 1 in Ω,
then 0 ≤ α0 ≤ 1 in Q. In particular, 0 ≤ Ext(α) ≤ 1 and
consequently 0 ≤ α ≤ 1 in Q.
When the system is not at equilibrium, the dynamic of the
phase field variable α can be derived from the following AllenCahn PDE equation
mod
δEphase
Dα
= −γ
,
Dt
δα

where γ > 0 is a proportionality parameter (a relaxation
time) between the material time derivative Dα
Dt and the static
equilibrium problem

1.3

mod
δEphase
δα

= 0.

Fluid system

In the modified Navier-Stokes equations for the flow system (1)3 , which can be obtained by the balance of linear
momentum, the viscosity µ(α) is a increasing function that
degenerates to +∞ when α → 0+ , i.e. in the solid zones. This
phase-dependent viscosity acts as a penalization term related
to an internal dry friction that achieves its positive minimum in
the liquid state and increases to +∞ as the material approaches
the solid state. Thus, the function µ(·) is a given non-negative
function being µmin > 0 at the liquid region, strictly increasing in the mushy region and it is considered +∞ in the solid
region. This term brings a singularity to the system (1)3 , and
this is the reason that it holds only in the a priori unknown
non-solid region Qml . This term also enforces the symmetric
gradient of velocity Dv to become 0 in the solid region Qs . A
classical viscosity term is
µ(α) = µmin + α2 /(1 − α)3 ,
where µmin > 0 is the constant viscosity of the material in the
liquid state.
The external force field is
−
−ρ(τ, α)g →
e3
(with ρ(τ, α) = ρ0 (1 − c1 τ + c2 α) the density) models the
Boussinesq approximation, where g is the (constant) gravity
−
acceleration and →
e 3 = (0, 0, 1)t . Notice that the modified
density ρ(τ, α) = ρ0 (1 − c1 τ + c2 α) decreases wrt. the
temperature and increases wrt. the phase field.
Finally, the constraint Dv = 0 in Qs let rigid motion in the
solid phase.
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Hypotheses and main result

We will introduce some classical functional spaces for NavierStokes type equations. For each open set U ⊂ R3 let

T HEOREM 5 Assume that hypotheses (5) and (6) hold. Then,
there exist a weak solution (τ, α, v) in Q of problem (1), that is
τ ∈ L∞ (0, T ; L2 (Ω)) ∩ L2 (0, T ; H 1 (Ω)),
v ∈ L∞ (0, T ; H) ∩ L2 (0, T ; V ),

V(U ) = {w ∈ (Cc∞ (U ))3 : div w = 0}.
Then, Lpσ (U ) is the closure of V(U ) in (Lp (U ))3 and V (U ) is
the closure of V(U ) in (H01 (U ))3 . Besides, Lpσ = Lpσ (Ω),
H(U ) = L2σ (U ) and H := H(Ω) and V := V (Ω). The
Navier-Stokes type equations will be studied in the functional
spaces L2 (0, T ; V ) and L∞ (0, T ; H).
Next, for easy reference, we collect some hypotheses that we
will assume for the rest of this work.
For the data of the PDE system:
• Ω ⊂ R3 is a bounded C 2 -domain. 0 < T < ∞ and
Q = Ω × (0, T ).
• l, γ, λ are positive constants (latent heat, relaxation time
and surface tension).
• k = k(s) is a given strictly positive function in C([0, 1]),
with k(s) ≥ kmin > 0 (thermal conductivity).
• G ∈ C 1 (R) satisfies G(α) ≡ 1 for α ≤ 0, G(α) ≡ 0
for α ≥ 1 and 0 < G(α) < 1 for 0 < α < 1, this
is called a interpolation function. A classical example is
G(α) = (α − 1)2 (1 + α) for α ∈ [0, 1] and constant
otherwise.
• F ∈ C 2 (R) satisfies F (α) ≥ 0 for each α ∈ R, F 0 (α) <
0 if α < 0, F 0 (α) > 0 if α > 1, F (0) = F (1) = 0
and F 00 (α) ≥ −c, with c ≥ 0. A classical example is
F (α) = α2 (1 − α)2 .
• µ ∈ C 1 ([0, 1)) is a non-increasing function related
to the viscosity such that µ(0) = µmin > 0 and
lims→1− µ(s) = +∞. A classical example is µ(α) =
µmin + α2 /(1 − α)3 .
For initial conditions we will assume
(5)

τ0 ∈ H 1 (Ω), α0 ∈ H 2 (Ω),
0 ≤ α0 ≤ 1 in Ω, ∂α0 /∂n = 0 on ∂Ω.

And for initial velocity field:
(6)

v0 ∈ H;
Dv0 (x) = 0 a.e. x ∈ Ωs (0)

where
Ωs (0) = {x ∈ Ω : α0 (x) = (η ∗ Ext(α0 )(·, 0))(x) = 1} .
The main result that we will present is the following:

α ∈ L∞ (0, T ; H 1 (Ω)) ∩ L2 (0, T ; H 2 (Ω)),
with
0≤α≤1

a.e. in Q,

satisfying the following weak formulation:
 Z TZ


−
(τ + l g(α))θt dxdt



0 Z ΩZ


T




+
(− (τ + l g(α)) v + k(α)∇τ ) · ∇θ dxdt



Z0 Ω




(τ0 + l g(α0 )) θ(0) dx ∀ θ ∈ Θ,

 =

Ω









δE
1 0


αt + v · ∇α + γ
− G (α)τ = 0, a.e. in Q,


δα
ε




α
=
α
,
on
Ω
×
{t
=
0},

0



∂α


= 0, on ∂Ω × (0, T ),



 ∂n
Z TZ
Z TZ


−
v
·
w
dxdt
+
(v · ∇)v · w dxdt

t


0
Ωml (t)
0
Ωml (t)


Z
Z

T



+
2µ(α)Dv : Dw dxdt



0
Ωml (t)


Z
Z

T

δE


∇α · w dxdt
−λ



0
Ωml (t) δα

Z




=
ρ(τ0 , α0 ) v0 · w(0) dx



Ωml (0)


Z TZ




−g
ρ(τ, α) w3 dxdt, ∀ w ∈ Wml ,



0
Ωml (t)






Dv = 0, a.e. in Qs ,
where

Θ = {θ : θ ∈ L2 (0, T ; H 1 (Ω)) : θt ∈ L2 (0, T ; (H 1 (Ω))0 ),
θ(T ) = 0 in Ω, θ has compact support ⊂ Q}
and
Wml = {w : w ∈ L2 (0, T ; V ) ∩ L4 (0, T ; L6 (Ω)),
wt ∈ L2 (0, T, V 0 ),
w(T ) = 0 in Ω,
w has compact support ⊂ Qml ∪ Ωml (0)},
with Qml and Qs are given by (3) and
Ωml (0) = {x ∈ Ω : α0 (x) = (η ∗ Ext(α0 )(·, 0))(x) < 1} .
Notice that α has one order plus of regularity of τ and v and
therefore the α-equation is satisfied point-wisely, while the τ equation and the v-system are only satisfied in a variational
form.

A Caginalp model with convection for solidification

3

Ideas of the proof, see [7] for details.

Given  > 0, we will construct a extended function of α:
Ext(α) ∈ C([−, T + ]; L2 (R3 )) ∩ Cw ([−, T + ]; H 1 (R3 ))
satisfying:
• Ext(α)|Q = α;
• kExt(α)kL2 (−,T +;H 1 (R3 )) ≤ C()kαkL2 (0,T ;H 1 (Ω)) ,
• If 0 ≤ α ≤ 1, then 0 ≤ Ext(α) ≤ 1.
The free boundary problem is regularized, cutting the degenerated viscosity coefficient by a small coefficient δ > 0 like
µδ (α) = µ((αδ − δ)+ )
Then the existence of global in time weak solutions (τ, α, v) of
the regularized problem can be obtained by using the maximum
principle property for the phase field
0≤α≤1

in Q

and the dissipation of the system, which satisfies the energy’s
law:
Z
Z
1
1
dE
+
µ((α − δ)+ )|Dv|2 dx +
k(α)|∇τ |2 dx
dt Z λ Ω
l
Z
Ω
1
1
2
(αt + v · ∇α) dx +
h((α − δ)+ )|v|2 dx
+
γ ΩZ
λ Ω
Z
1
1
f τ dx − g
(1 − c1 τ + c2 α))v3 dx.
=
l Ω
λ Ω
Finally, a solution of the free-boundary problem is found by a
compactness argument taking limits as δ → 0.
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A Nonlinear Elliptic Problem With
Non-Local Boundary Condition
L. S. Costa Filho∗, M. Delgado†, and A. Suárez†

Abstract— In this paper we study a nonlinear elliptic problem with non-local boundary condition. We study in detail the
eigenvalue problem associated to the nonlinear problem, and we prove the existence of principal eigenvalue and its properties.
As consequence, we show the existence and uniqueness of a positive solution of the nonlinear problem.
Keywords: Elliptic equations, non-local boundary conditions, sub-supersolution method.

1

Introduction

In this work we study the following nonlinear equation with
non-local boundary condition

2
 −∆u +
Z c(x)u = λu − u , in Ω,
(1)
K(x, y)u(y)dy, on ∂Ω,
 Bu =
Ω

where Ω ⊂ RN , N ≥ 1, is a bounded domain with smooth
boundary, λ ∈ R, c ∈ L∞ (Ω), K ∈ C(∂Ω × Ω) is a
nonnegative and nontrivial function and
Bu := α0 ∂η u + β(x)u,
where β ∈ C(∂Ω), η is the outward unit vector and two cases
are considered: α0 = 1 and β can change sign (Robin case) or
α0 = 0 and β ≡ 1 (Dirichlet case).
Problem (1) models the behaviour of a population (u(x) measures the population density) inhabiting in Ω, where the flux
across the boundary ∂Ω, at any given point, is proportional to
the total population, in a linear way. See [2] for the biological
meaning of the model.
Before to study the main problem (1), we need to analyze the
eigenvalue problem

 −∆u +
in Ω,
Z c(x)u = λu,
K(x, y)u(y)dy, on ∂Ω.
 Bu =

(2)

T HEOREM 1 There exists the principal eigenvalue of (2),
denoted by λ1 [−∆ + c; B; K]. This eigenvalue is simple and
possesses a unique eigenfunction, up to multiplicative constants, which can be taken positive. Moreover, the principal
eigenfunction is strongly positive and λ1 [−∆ + c; B; K] is
the only eigenvalue of (2) possessing a positive eigenfunction.
Furthermore, any other eigenvalue σ of (2), satisfies
Re σ > λ1 [−∆ + c; B, K].
Problem (1) has been studied in [1], [5] and [6], when K
verifies stronger condition. In [1], K(x, y) is a function
depending only on y, and hence some results of that work can
not be applied here. By the other side, in [5] and [6], was
considered the condition
Z
K(x, y)dy < 1, ∀x ∈ ∂Ω,
Ω

which is not imposed in our work.

(2) has been analyzed in [7], when K is a positive constant and
in [1], when K depends only on y.
Using mainly the sub-supersolution method, we show:
T HEOREM 2 There exists a positive solution of (1) if, and
only if, λ > λ1 [−∆ + c; B; K]. Moreover, this is the unique
positive solution of (1).

2

Ω

Throught the Krein-Rutmann theorem, we prove the existence
of the principal eigenvalue of (2), an eigenvalue with a positive
eigenfunction. Specifically:

Before to prove our main result, we introduce some notations.
We write the cone of positive solutions as

∗ Becario
† Dpto.

Preliminaries

P =: {u ∈ C(Ω) : u ≥ 0 in Ω}.
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Recall that

3

int(P ) := {u ∈ P : u > δ0 in Ω, for some δ0 > 0}.
We say that a function u is positive, we write u ≥ 0, if u ∈ P
and strongly positive if u ∈ int(P ).
Given f ∈ C(Ω), we denote by
and

fL := min f (x)

fM := max f (x).

x∈Ω

x∈Ω

We denote by λ1 [−∆ + c; B], see [4] for example, the principal
eigenvalue of the problem

−∆u + c(x)u = λu, in Ω,
(3)
Bu = 0,
on ∂Ω.

Linear problem

Here, we are going to prove Theorem 1. Let R > 0 be an
enough large constant, such that cR (x) := c(x) + R > 0.
Then, (2) becomes

 −∆u +
Z cR (x)u = (λ + R)u, in Ω,
K(x, y)u(y)dy,
on ∂Ω.
 Bu =
Ω

We apply the Krein-Rutmann theorem to the operator associated to this equation. So, we consider the following linear
equation:

 −∆u +
Z cR (x)u = f (x), in Ω,
K(x, y)u(y)dy, on ∂Ω,
 Bu =

(5)

Denote by

Ω

+

u := max{u, 0}

and

−

u := min{u, 0}.

Furthermore, we define sub and supersolution and after, its
method:
D EFINITION 3 A function u ∈ C 2 (Ω) ∩ C 0 (Ω) is called
subsolution of (1) if

2
 −∆u +
Z c(x)u ≤ λu − u , in Ω,
(4)
K(x, y)u(y)dy, on ∂Ω.
 Bu ≤

for f ∈ C(Ω).

Previously the proof of Theorem 1, we prove the following
result:
P ROPOSITION 6 Consider the operator
T : C(Ω) 7→
f

Ω

Similarly, u is called supersolution if it satisfies the reversed
inequalities in (4).

C(Ω)

7→ T (f ) := u,

where u is the solution of (5). Then, there exists R0 > 0 such
that, for R ≥ R0

And the pair (u, u) are said to be ordered if u ≤ u in Ω.
Moreover, every classical solution of (1) is an supersolution
as well as a subsolution.

1. T is well defined and it is a continuous and compact
operator.

Finally, we describe the method, see [5].

2.

T HEOREM 4 Let K(x, y) ≥ 0 and let (u, u) be a pair of
ordered sub and supersolution of (1). Then, there exist two
solutions u∗ , u∗ of (1) such that u∗ ≤ u∗ . Moreover, if u is
any other solution of (1) that verifies
u≤u≤u
in Ω.

L EMMA 5 For any ε > 0 there exists a positive constant
C(ε) > 0 such that
Z
Z
Z
2
2
u ≤ε
|∇u| + C(ε)
u2
1

for every u ∈ H (Ω).

Ω

Proof: We are going to show that

b) If f

Finally, we recall a known result that will be used in the next
sections, see [3] for a proof.

∂Ω

that is, T is a strongly positive operator.

a) For each f ∈ C(Ω), there exists a unique u ∈ C 2 (Ω) solution
of (5).

verifies too
u∗ ≤ u ≤ u∗

T (P \ {0}) ⊂ int(P ),

Ω

0, then u ∈ int(P ).

Observe that we can take R > 0 large enough, such that
λ1 [−∆ + cR ; B] > 0.
Let φ1 be an eigenfunction associated to the eigenvalue of (3),
that is,

−∆φ1 + (c(x) + R)φ1 = λ1 [−∆ + cR ; B]φ1 , in Ω,
Bφ1 = 0,
on ∂Ω.
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The proof depends on the boundary condition. So, we distinguish two cases:
1- Assume that α0 = 1. Given f ∈ C(Ω), we consider (5) in
the weak sense. And we say that u ∈ H 1 (Ω) is weak solution
of (5) if

−

Z

Z

Ω

∇u · ∇v +

Z

β(x)uv +

∂Ω

Z

(c(x) + R)uv =

Ω

∂Ω

Z

f v−

Ω

Z


K(x, y)u(y)dy v(x)dx

Ω

for all v ∈ H 1 (Ω). Now, we define the bilinear form
a : H 1 (Ω) × H 1 (Ω) 7→ R,

−C||K||L∞

Z

Ω

−

Z

∇u · ∇v +
Z

∂Ω

Z

Ω

Z

It is easy to show that a is continuous.

=

Z

∂Ω

∂Ω

∂Ω

 Z

Z
≤ ||β||L∞ (∂Ω) ε
|∇u|2 + C(ε)
|u|2 .
Ω

Ω

Ω


K(x, y)u(y) u(x) ≤

≤ ||K||L∞ (∂Ω×Ω)
≤ C||K||L∞

Z

Ω

Z

Z

2

|u|

Ω

|u|

Z

∂Ω

 12 Z

∂Ω

|u|

 12

K(x, y)u(y) u− (x)dx =

Ω

Z

Z

Ω

≤
≤ ||K||L∞

Z

∂Ω

Z

Ω

Z

Ω

Z

u−

Ω

f u− ≤ 0.


K(x, y)u(y) u− (x)dx =

K(x, y)u+ (y) +

Ω

Z


K(x, y)u− (y) u− (x)dx ≤


K(x, y)u (y) u− (x)dx ≤
−

Ω

Z

∂Ω

u− ≤ ||K||L∞

Z

Ω

|u− |

Z

∂Ω

|u− | ≤

≤ C||K||L∞ ||u− ||L2 (Ω) ||u− ||L2 (∂Ω) .

Thus, by Lemma 5, the reasoning used to the bilinear form and
then by (6), results
C1 (ε)||u− ||2H 1 (Ω) + C2 (R, ε)||u− ||2L2 (Ω) ≤ 0,
and these constants are not the same than before. So, now we
chose other ε and another R, larger, to have positive constants.
Which implies that u− ≡ 0, and hence u ≥ 0 in Ω. Finally, we
can take f 0 for (5) and, so

|u| ≤
2

Z

∂Ω



∂Ω

On the other hand , taking u = v, and using Lemma 5, it results
Z
Z
2
u2 ≤
βu ≤ ||β||L∞ (∂Ω)

∂Ω

∂Ω

And then,

K(x, y)u(y)dy v(x)dx.

Ω

We can see too that
Z Z

Ω

Z

∂Ω



.

Now, we prove that T is strongly positive. Consider in the
definition of weak solution of u, v = u− and it follows that
Z
Z
Z
(6)
|∇u− |2 + (c(x) + R)(u− )2 +
β(u− )2 −
−

β(x)uv−



Hence, using the Lax-Milgram Theorem, it is clear that T is
well defined and, using elliptic regularity, it can be shown that
is compact.

Ω

(c(x) + R)uv +

1
εC(ε) +
4ε

From where, we fixe ε such that C1 (ε) > 0, and then we can
take R very large to have C2 (R, ε) > 0. Thus, the bilinear
form a is coercive.

by
a(u, v) =



≤

1
≤ C||K||L∞ (εkuk2L2 (∂Ω) + kuk2L2 (Ω) ) ≤
4ε
1
≤ C||K||L∞ (ε2 k∇uk2L2 (Ω) + (εC(ε) + )kuk2L2 (Ω) ).
4ε
Therefore, it follows that the bilinear form
a(u, u) ≥ C1 (ε)||∇u||2L2 (Ω) + C2 (R, ε)||u||2L2 (Ω) ,
where
C1 (ε) = 1 − ||β||L∞ (∂Ω) ε − C||K||L∞ ε2 ,

−∆u + cR (x)u = f ≥ 0 in Ω,

C2 (R, ε) = R − ||c||L∞ (∂Ω) − ||β||L∞ (∂Ω) C(ε)−

on ∂Ω,

and thus, by strong maximum principle, u ∈ int(P ).
2- For the Dirichlet case, α0 = 0 and β ≡ 1. We reason in a
different way. So, (5) becomes

 −∆uZ+ cR (x)u = f (x), in Ω,
(7)
K(x, y)u(y)dy, on ∂Ω.
 u=
Ω

Define the map

S : C(∂Ω) 7→ C(∂Ω)

and

Bu ≥ 0

g

7→ S(g) :=

Z

Ω

K(x, y)ug (y)dy,
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where, for each f , ug is the unique solution of

−∆ug + cR (x)ug = f (x), in Ω,
(8)
ug = g(x),
on ∂Ω.

First, we show that for R large we have that
Z
(10)
K(x, y)e(y)dy < 1.
Ω

Then, let ug1 and ug2 be different solutions of (8) and calling
w = ug1 − ug2 , it follows that

−∆w + cR (x)w = 0, in Ω,
(9)
w = g1 (x) − g2 (x),
on ∂Ω.

Indeed, taking ϕ > 0 in Ω and ϕ = 0 on ∂Ω, and e = e−C(R)ϕ ,
we can show that e is supersolution if it verifies,

We will obtain a priori bounded of the solution of (9)

Now, we have u ≡ 0, u = e is a sub-supersolution of (7).
Hence, by Theorem 4, and the existence of a solution u, it
follows that u ≥ 0 and u 6= 0. Again, the strong maximum
principle concludes that u ∈ int(P ).

For each M ∈ R, take ϕ ∈ C(Ω), ϕ > 0 and ϕ = 0 on ∂Ω.
This way, M e−C(R)ϕ is supersolution of (9) if
g1 − g2 ≤ M
and

on ∂Ω,

for which is enough that

C 2 (|∇ϕ|2 )M − C(∆ϕ)L − (cL + R) ≤ 0.
This brings us that, for each R > 0 large enough, there exists
C(R) such that C(R) → +∞ as R → +∞. Thus, w verifies
−C(R)ϕ

.

Using now −M e−C(R)ϕ , a subsolution of (9), we have
|w| ≤ ||g1 − g2 ||L∞ (∂Ω) e−Cϕ ,
with C(R) → +∞ as R → +∞. And, hence we have proved
that S is a contraction. Indeed,
Z
|ug1 − ug2 | ≤
||Sg1 − Sg2 ||L∞ (∂Ω) ≤ ||K||L∞ (∂Ω×Ω)
Ω

≤ ||K||L∞ (∂Ω×Ω) ||g1 − g2 ||L∞ (∂Ω)

Again, we can take C(R) → ∞ as R → ∞. This proves (10).



C 2 |∇ϕ|2 − C∆ϕ − (c(x) + R) ≤ 0,

w ≤ ||g1 − g2 ||L∞ (∂Ω) e

C 2 (|∇ϕ|)M − C∆ϕ − (cL + R) − fM eC(R)ϕ ≤ 0.

Z

e−Cϕ dy <

Ω

< L||g1 − g2 ||L∞ (∂Ω) .

where, in the inequality above, we used the Dominated Convergence Theorem, when R → ∞ implies that
Z
e−C(R)ϕ dy → 0.
Ω

Therefore, by the Banach Fixed Point Theorem, S possesses a
fixed point; for which, (7) has solution.
So, S is well defined and it can be proved that is compact. Now,
we consider f 0 in (7) and let be the problem

−∆e + (cL + R)e = fM , in Ω,
e = 1,
on ∂Ω,
where, we denoted by e the unique positive solution for R > 0
large.

Next, it is proved the goal of this section.
Proof of Theorem 1: We apply Krein-Rutmann’s Theorem,
to conclude the existence of the spectral radius of T (and S).
Thus,
1
,
λ1 [−∆ + cR ; B; K] =
spr(T )
and hence,
λ1 [−∆ + c; B; K] =

1
−R
spr(T )


We prove now two results that will be used more ahead. First,
we introduce a definition.
D EFINITION 7 We say that a positive function u ∈ C 2 (Ω) ∩
C(Ω) is a strict supersolution of (2) if
Z
−∆u+c(x)u ≥ 0 in Ω, Bu ≥
K(x, y)u(y)dy on ∂Ω,
Ω

with some inequality strict.

P ROPOSITION 8 There exists a positive strict supersolution u
for (2) if, and only if, λ1 [−∆ + c, B, K] > 0.
Proof: If λ1 [−∆ + c, B, K] > 0, it is clear that a positive
eigenfunction associated to λ1 [−∆ + c, B, K] is a strict supersolution of (2).
By the other hand, suppose that exists supersolution u > 0 for
(2). This means in particular that

−∆u + c(x)u ≥ 0, in Ω,
Bu ≥ 0,
on ∂Ω,
with one of the inequalities strict. Hence, it results that
λ1 [−∆ + c; B] > 0. Now, suppose, by absurd, that λ1 [−∆ +
c, B, K] ≤ 0.
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Define,
Λ := {ε ≥ 0 : εϕ1 ≤ u}

where ϕ1 is eigenfunction associated to λ1 [−∆ + c, B, K].
Observe that Λ 6= ∅ and sup Λ < +∞. Let

(⇐) Reciprocally, we suppose that λ > λ1 [−∆ + c; B; K]. So,
let ϕ1 be an eigenfunction related to λ1 [−∆ + c; B; K]. We
can see that the couple
(u, u) = (εϕ1 , M ϕ1 ),

ε0 = sup Λ > 0
and take w = u − ε0 ϕ1 ≥ 0. So,
−∆w + c(x)w = (−∆u + c(x)u) − ε0 (−∆ϕ1 + c(x)ϕ1 ) ≥ 0,
in Ω, and
Bw ≥

Z

Ω

K(x, y)wdy ≥ 0,

on ∂Ω.

is, respectively, a sub and supersolution of (1), which means
that
−∆(εϕ1 ) + c(x)εϕ1 = λ1 εϕ1 ≤ λ(εϕ1 ) − (εϕ1 )2
and

Now, since λ1 [−∆ + c; B] > 0, by strong maximum principle,
that w is strictly positive. But, this is not possible because ε0
is the supremum of Λ.

−∆(M ϕ1 ) + c(x)M ϕ1 = λ1 M ϕ1 ≥ λ(M ϕ1 ) − (M ϕ1 )2 ,
considering

The Dirichlet case can be done in a similar way.
0<ε<


P ROPOSITION 9 The principal eigenvalue λ1 [−∆ + c; B; K]
is increasing in c.
Proof: Assuming that c1 ≥ c2 , c1 6= c2 in Ω, and denoting ϕ1
the positive eigenfunction associated to λ1 [−∆+c2 ; B; K], we
have
−∆ϕ1 + c1 ϕ1 > −∆ϕ1 + c2 ϕ1 = λ1 [−∆ + c2 ; B; K]ϕ1 .
That means
(−∆ + c1 − λ1 [−∆ + c2 ; B; K])ϕ1 > 0,
and
Bϕ1 =

Z

in Ω,

and
M>

on ∂Ω.

λ − λ1 [−∆ + c; B; K]
.
(ϕ1 )L

Hence, using Theorem 4, we conclude that (1) has a positive
solution.
Now, we will prove that the solution in (1) is unique. Consider
u1 and u2 two solutions of (1), we call w = u1 −u2 and verifies
(11)

K(x, y)ϕ1 dy,

λ − λ1 [−∆ + c; B; K]
(ϕ1 )M


 −∆w +
Z c(x)w = λw − (u1 + u2 )w, in Ω,
K(x, y)wdy,
on ∂Ω.
 Bw =
Ω

Ω

Therefore, this new problem has ϕ1 as supersolution and
thanks to Proposition 8 we obtain

And it follows, for some j ≥ 1, that

λ = λj [−∆+c(x)+u1 +u2 ; B; K] > λ1 [−∆+c(x)+u1 +u2 ; B; K] >

λ1 [−∆ + c1 − λ1 [−∆ + c2 ; B; K]; B; K] > 0.
In this way

> λ1 [−∆ + c(x) + u1 ; B; K] = λ.

λ1 [−∆ + c1 ; B; K] > λ1 [−∆ + c2 ; B; K].


4

What is a contradition. Hence, w ≡ 0 and (1) must have a
unique solution.

Nonlinear problem

In this section study the nonlinear problem (1).
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Long-time behavior of a Cahn-Hilliard-Navier-Stokes
vesicle-fluid interaction model
B. Climent-Ezquerra∗ and F. Guillén-González∗

Abstract— A model about the dynamic of vesicle membranes in incompressible viscous fluids is introduced. The system consists
of the Navier-Stokes equations with an extra stress depending on the membrane, coupled with a Cahn-Hilliard phase-field
equation in 3D domains. This problem has a time dissipative energy which leads, in particular, to the existence of global in time
weak solutions. By using some extra regular estimates, we prove that every weak solution is strong and unique for sufficiently
large times. Moreover, the asymptotic behavior of these solutions is analyzed. We prove that the w-limit set is a subset of the set
of equilibrium points and demonstrate the convergence of the whole trajectory to a single equilibrium.

1

Introduction

In this paper, we consider a model for the dynamic of vesicle
membranes in incompressible viscous fluids, developed from
the geometry of the membranes. This type of models was
introduced by Helfrich [7]. The system consists of the NavierStokes equations with an extra stress depending on the membrane, coupled with a Cahn-Hilliard phase-field equation.

bounded strong one after a sufficiently large time. Its longtime behavior has already studied identifying a unique critical
point as the limit of the trajectories as the time approaches to
infinity, by means of an appropriate Lojasiewicz Lemma and a
continuous dependence result.

1.1

The membranes are formed by lipid bilayers. Under appropriate conditions, they withdraw into itself forming a sort of
bag, named vesicle. The equilibrium configurations of vesicle
membranes can be obtained minimizing the Helfrich bending
elastic energy, under fixed surface area and volume constraints.
Numerous studies have been devoted to this type of models
and a detailed description of they can be seen in [4] and
references therein. A phase function is also used to model
the vesicle membrane as a diffuse interface in subsequents
papers. In [9] and [12], a coupled Allen-Cahn and NavierStokes problem is studied approaching both constrains, area
and volume, in a penalized manner. In the first one, existence
and uniqueness of local in time solution is proved. In the
second one, with periodic boundary conditions, also stability
near local minimizers of elastic bending energy is investigated.
In [1], a Cahn-Hilliard phase-field model is introduced, without
taking into account the vesicle-fluid interaction. Now a CahnHilliard-Navier-Stokes model with Neumann boundary conditions will be considered. An advantage is that by using the
volume conservation of the Cahn-Hilliard equation, the volume
constraint is implicitly imposed and then, only the surface area
constraint must be approximated via penalization.
We obtain existence of global weak solution for arbitrary initial
data and prove that any global weak solution will become a
∗ Departamento

Notations
• In general, the notation will be abridged. We set Lp =
Lp (Ω), p ≥ 1, H01 = H01 (Ω), etc. If X = X(Ω) is a
space of functions defined in the open set Ω, we denote
by Lp (0, T ; X) the Banach space Lp (0, T ; X(Ω)). Also,
boldface letters will be used for vectorial spaces, for
instance L2 = L2 (Ω)N .
• The Lp -norm is denoted by | · |p , 1 ≤ p ≤ ∞, the H m norm by k · km (in particular | · |2 = k · k0 ). The inner
product of L2 (Ω) is denoted by (·, ·). The boundary
H s (∂Ω)-norm is denoted by k · ks;∂Ω .
• We set V the space formed by all fields u ∈ C0∞ (Ω)N
satisfying ∇ · u = 0. We denote H (respectively V)
the closure of V in L2 (respectively H1 ). H and V are
Hilbert spaces for the norms | · |2 and k · k1 , respectively.
Furthermore,
H = {u ∈ L2 ; ∇ · u = 0, u · n = 0 on ∂Ω},
V = {u ∈ H1 ; ∇ · u = 0, u = 0 on ∂Ω}
• From now on, C > 0 will denote different constants,
depending only on the fixed data of the problem.
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The model

We will analyze the case where the bending energy Eb is given
by a simplified elastic Willmore energy modified to penalize
the surface area constraint [5]:
(1)
Z
1
1
1
(−ε∆φ + F 0 (φ))2 dx + M (A(φ) − α)2
Eb (φ) =
2ε Ω
ε
2
where F 0 (φ) = (|φ|2 − 1)φ for each φ ∈ R, being F (φ) =
1 2
(φ − 1)2 the Ginzburg-Landau potential, M > 0 is a
4
constant of penalization, ε is related to the interface width, and

Z 
ε
1 0
2
A(φ) =
|∇φ| + F (φ) dx,
2
ε
Ω
is a mesure of the surface area. The phase function φ is used
to model the vesicle membrane as a diffuse interface and takes
the value 1 inside of the
Z vesicle membrane and −1 outside. By
1
φ0 (x) dx and defining the mean value
denoting m0 =
|Ω| Ω
variables:
ψ(x, t) = φ(x, t) − m0 ,

and z =

δEb (φ)
δEb (φ)
−h
i,
δφ
δφ

the equations of model are
(2)

∂t u + (u · ∇)u − ν∆u − λz∇ψ + ∇q̃ = 0,

(3)

∇ · u = 0,

(4)

∂t ψ + u · ∇ψ − γ∆z = 0,

ε∆2 ψ + G(ψ) − z = 0,

(5)
where

G(ψ) = G(ψ + m0 ) − hw(ψ + m0 )i

= G(ψ + m0 ) − hG(ψ + m0 )i

and
1
G(ψ + m0 ) = − ∆F 0 (ψ + m0 )
ε
1 0
1
+ 2 F (ψ + m0 )(−ε∆ψ + F 0 (ψ + m0 ))
ε
ε
1
+M (A(ψ + m0 ) − α)(−ε∆ψ + F 0 (ψ + m0 ))
ε
The variable u is the velocity field of the fluid and q̃ is a variable
related with the pressure. The constants ν > 0, λ > 0 and
γ > 0 are different coefficients depending on the viscosity,
elasticity and the mobility. The system (2)-(5) is completed
with the (Dirichlet) boundary conditions
(6)

u|∂Ω = 0, ∂n ψ|∂Ω = 0, ∂n ∆ψ|∂Ω = 0, ∂n z|∂Ω = 0,

and the initial conditions
(7)

u(0) = u0 ,

ψ(0) = ψ0 := φ0 − hφ0 i in Ω.

For compatibility, we assume u0 |∂Ω = 0 with ∇ · u0 = 0,
∂n φ0 |∂Ω = 0 and ∂n ∆φ0 |∂Ω = 0.
R
R
Observe that, Ω ψ dx = 0 and Ω z dx = 0. Moreover, by
denoting E b (ψ) = Eb (ψ + m0 ), then,
z=

δE b (ψ)
= ε∆2 ψ + G(ψ).
δψ

This identification has been done in L2∗ .
Let us introduce the following spaces of functions of mean
zero:

R
H∗k = z ∈ H k ; Ω z = 0
k≥1

H1k = z ∈ H∗k ; ∂n z = 0 on ∂Ω
k ≥ 2,

k
k
H2 = ψ ∈ H∗ ; ∂n ψ|∂Ω = 0, ∂n ∆ψ|∂Ω = 0
k ≥ 4.

We will use equivalent norms deduced of the inequality of
Poincaré with mean zero.

3

Weak Solution

D EFINITION 1 Let u0 ∈ H and ψ0 = φ0 − m0 ∈ H12 , we
say that (u, ψ, z) is a global weak solution of (2)-(5),(7) in
(0, +∞), if
(8)

u in L∞ (0, +∞; H) ∩ L2 (0, +∞; V),

(9)

z in L2 (0, +∞; H∗1 ).

(10)

ψ in L∞ (0, +∞; H12 ).

satisfying
(11)
 h∂t u, ūi + ((u · ∇)u, ū) + ν(∇u, ∇ū)




− λ(z∇ψ, ū) = 0, ∀ū ∈ V,



h∂t ψ, z̄i + (u · ∇ψ, z̄) + γ(∇z, ∇z̄) = 0, ∀z̄ ∈ H 1 ,





ε(∆ψ, ∆ψ̄) + (G(ψ), ψ̄) − (z, ψ̄) = 0, ∀ψ̄ ∈ H12 ,

and the initial conditions (7)

We define the totalR free energy E(u, ψ) = Ek (u) + λE b (ψ),
being Ek (u) = 12 Ω |u|2 the kinetic energy. Then, by taking
ū = u, z̄ = z and ψ̄ = ∂t ψ as test function in (11) and
taking into account the expression of z, we obtain the following
energy equality:
(12)

d
E(u(t), ψ(t)) + ν|∇u(t)|22 + λγ|∇z(t)|22 = 0,
dt

which shows the dissipative character of the model with respect
to the total free energy E(u, ψ). Moreover, assuming the initial
estimates |u0 |22 ≤ C and kψ0 k22 ≤ C, the uniform “weak”
bounds in the infinite time interval (0, +∞) hold, hence (8)(10) can be obtained
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3.1

Additional estimates for ψ in H25

4.1
1/2

1/2

By using the interpolation inequality |u|3 ≤ C|u|2 kuk1 ,
and previous weak estimates (8)-(10), we can deduce
|u · ∇ψ|22 ≤ |u|26 |∇ψ|23 ≤ Ckuk21 .

(13)

Since ψ ∈ L∞ (H 2 ), in particular ψ ∈ L∞ (L∞ ), then F 0 (p),
F 0 (ψ), F 000 (ψ) and f 000 (ψ) are also bounded in L∞ (L∞ ).
Therefore, we also obtain
|G(ψ)|2 ≤ C,

Strong estimates for velocity for large times

The first equations of (11) can be rewrite as:
h∂t u, ūi+((u·∇)u, ū)+ν(∇u, ∇ū)−λ(∇z ψ, ū) = 0∀ ū ∈ V,

by means of taking −Au + ∂t u as a test function (A being
the Stokes operator), by applying interpolation, Hölder and
Young’s inequalities, we attain:

d
|∇u|22 + ν|Au|22 + |∂t u|22 ≤ C |(u · ∇)u|22 + |(∇z)ψ|22
dt

≤ C |u|26 |∇u|23 + |∇z|22 |ψ|2∞
≤ C kuk31 kuk2 + |∇z|22 kψk1 kψk2

(14)

|∇G(ψ)|2 ≤ C(1 + kψk3 ),

(15)

|∆G(ψ)|2 ≤ C(1 + kψk4 ).

≤
Therefore, we obtain

Therefore, from (5),


ν
d
kuk21 + kuk22 + |∂t u|22 ≤ C kuk61 + |∇z|22 .
dt
2

(18)

By denoting

kψk4 ≤ C(1 + |G(ψ)|2 + |z|2 ) ≤ C(1 + |z|2 )

Φ1 (t) := kuk21 ,
Ψ1 (t) :=

is obtained. In particular, from (15)
(16)

|∆G(ψ)|2 ≤ C(1 + |z|2 ) ≤ C(1 + |∇z|2 )

On the other hand, from (5), (14) and the interpolation in1/2
1/2
equality kvk3 ≤ kvk2 kvk4 , we deduce kψk5 ≤ C(kzk1 +
1/2
1/2
kψk2 kψk4 ) and, therefore, kψk5 ≤ C(kzk1 + 1). Hence,
ψ ∈ L2loc (0, +∞; H 5 ).

(17)

For instance, weak solutions furnished by a limit of Galerkin
approximate solutions satisfy the corresponding energy inequality (changing in (12) the equality = 0 by ≤ 0) and
this energy inequality suffices to prove rigorously all previous
estimates (8)–(10) and (17) .

4

D EFINITION 2 Let u0 ∈ V and ψ0 = φ0 − m0 ∈ H23 , we
say that (u, ψ, z) is a global strong solution of (2)-(5),(7) in
(0, +∞), if
u ∈ L∞ (0, +∞; H1 ) ∩ L2 (0, +∞; H2 ),
z ∈ L2loc (0, +∞; H12 )
ψ∈L

(0, +∞; H23 ),

B1 (t) := |∇z|22 ,

ν
kuk22 + |∂t u|22 ,
2

(18) can be rewritten as
0

Φ1 + Ψ1 ≤ C(Φ31 + B1 ).

(19)

Where B1 (t) ∈ L1 (0, +∞), from (8).

∗
From Corollary 2.5 of [3] , there exists Treg
≥ 0 (sufficiently
large) such that
∗
u ∈ L∞ ([Treg
, +∞); H1 ),

(20)

and ku(t)k1 → 0 as t ↑ +∞. Moreover, integrating (19) in
[0, t] for all t > 0, we obtain the following regularity:
∗
u ∈ L2 ([Treg
, +∞); H2 ),

4.2

∗
∂t u ∈ L2 ([Treg
, +∞); L2 ).

Global in time strong estimates for ψ

By taking z = ∂t ψ and z̄ = ∆∂t ψ ∈ H12 in the two last
equations of (11) we obtain

Strong Solution

∞


ν
kuk22 + C kuk61 + |∇z|22 .
2



ψ∈

6
L∞
loc (0, +∞; H2 ),

satisfies the system (2)–(5), almost everywhere in (0, +∞)×Ω
and the initial conditions (7)

ε

1 d
|∇∆ψ|22 + |∂t ψ|22 = −(u · ∇ψ, ∂t ψ) − (∆G(ψ), ∂t ψ).
2 dt

Therefore,
(21)

ε

d
|∇∆ψ|22 + |∂t ψ|22 ≤ C(|u · ∇ψ|22 + |∆G(ψ)|22 )
dt

From previous estimates of ψ is possible to prove that
(22)

kψk26 ≤ C(1 + |∂t ψ|22 + kuk21 ).

By using (22), (13) and (16) in (21), we obtain
(23)


d
kψk23 + C0 kψk26 ≤ C 1 + kuk21 + |∇z|22
dt
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By denoting
Φ2 (t) := kψk23 ,

B2 (t) := kuk21 + |∇z|22 ,

from (23), in particular,
(24)

0

Φ2 + C0 Φ2 ≤ C(1 + B2 ).

Multiplying (24) by et and integrating in time, we obtain
Z t
Φ2 (t) ≤ Φ2 (0) + C(1 − e−C0 t ) + C
B2 (s) ds.

L EMMA 3 If (uε , ψ ε , z ε ), for some ε > 0, and (u0 , ψ 0 , z 0 )
are two regular solutions in (0, T ∗ ) of (2)-(5), (6); associated
to the different initial conditions, (uε0 , ψ0ε ) ∈ H1 × H23 and
(u0 , ψ0 ) ∈ H1 × H23 , respectively, then uε − u0 , ψ ε − ψ 0
and z ε − z 0 depend continuously of the initial values in the
following sense: If uε0 → u0 weakly in H1 (and strongly in L2 )
and ψ0ε → ψ0 weakly in H23 (and strongly in H12 ), then,
uε − u0 → 0

ψε − ψ0 → 0

0

Since B2 (t) ∈ L1 (0, +∞), we have that Φ2 ∈ L∞ ([0, +∞)).
Moreover, integrating (21) and (23) in [0, t], we obtain
(25)

ψ ∈ L∞ (0, +∞; H23 ),

ψ ∈ L2loc (0, +∞; H26 ),

1 d
(|u|22 + ε2 kλ|∆ψ|22 ) + ν|∇u|22 + λγ|∇z|22 =
2 dt
−((u · ∇)u2 , u) + λ(z1 ∇ψ, u) − λ(u1 ∇ψ, z)
4
X
+λ(G(ψ ε ) − G(ψ 0 ), ∂t ψ) :=
Ii .

Moreover, from (5),
(28)

Observe that in this model, it has been possible to obtain the
estimates for the velocity and for the phase separately of each
other.
Consequently, fixed the initial datum (u0 , ψ0 ) ∈ H × H12 , by
using a Galerkin Method and proceeding in analogous way
to Subsection 3.3 of [2], one can prove existence of weak
solutions of (2)-(5), (6), (7), in (0, +∞), and also, existence
∗
, +∞) for a large
(and uniqueness) of strong solution in (Treg
∗
enough time Treg ≥ 0.

5

By using the regularity obtained for u and ψ, each term of (28)
can be estimate. For example, by using
|G(ψ ε ) − G(ψ 0 )|2 ≤ Ckψk2

|∇G(ψ ε ) − ∇G(ψ 0 )|2 ≤ Ckψk3 ,
we obtain:
I4 = λ(G(ψ ε ) − G(ψ 0 ), −u∇ψ 0 − u1 ∇ψ + γ∆z)
where

From the energy-equality, (12), we have
(26)

i=1

≤ C(kψk2 |u|2 + kψk22 + I41 ).

Convergence at infinite time

E(u(t), ψ(t)) − E(u0 , ψ0 ) +

in L∞ (0, T ∗ ; H12 ) ∩ L2 (0, T ∗ ; H25 ).

Proof: We denote u = uε − u0 , ψ = ψ ε − ψ 0 and z = z ε − z 0
By means of taking u, z and ∂t ψ, respectively, as test functions
in the difference between the equations for (uε , ψ ε , z ε ) and
(u, ψ, z), the following equality is attained:

∂t ψ ∈ L2loc (0, +∞; L2∗ )

z ∈ L2loc (0, +∞; H12 ).

in L∞ (0, T ∗ ; L2 ) ∩ L2 (0, T ∗ ; H1 ),

Rt
0

(ν|∇u|22

+λγ|∇z|22 ) dτ ≤ 0.

I41 = (∇G(ψ ε ) − ∇G(ψ 0 ), ∇z) ≤ Ckψk3 kzk1
1/2

1/2

≤ C(kψk2 (|G(ψ ε ) − G(ψ 0 )|2
1/2

3/2

In particular, there exists a number E∞ ≥ 0 such that the total
energy satisfies

≤ C(kψk2 kzk1 + kψk2 kzk1 )

(27)

≤ δ|∇z|22 + Ckψk22 .

E(u(t), ψ(t)) & E∞ in R

as t ↑ +∞.

The ω-limit set of a fixed global weak solution, (u, ψ), associated to the initial data, (u0 , ψ0 ) ∈ H × H12 , is defined as
follows:
ω(u, ψ) = {(u∞ , ψ∞ ) ∈ V × H23 : ∃{tn } ↑ +∞ s.t.

(u(tn ), ψ(tn )) → (u∞ , ψ∞ ) weakly in H1 × H23 }.

Let S be the set of equilibrium points of (2)-(5):
S = {(0, ψ) : ψ ∈

H24 (Ω)

2

: εk∆ ψ + G(ψ) = 0 a.e in Ω}.

1/2

+ |z|2 )kzk1

1/2

≤ C(kψk2 (|∇z|2 + kψk2 ) + kψk2 (|∇z|2 + kψk2 )3/2
for any δ > 0 a sufficiently small constant. Therefore, we
arrive at



 d |u|22 + |∆ψ|22 ≤ a(t)(|u|22 + |∆ψ|22 )
dt


|u(0)|22 = |uε0 − u0 |22 |∆ψ(0)|22 = kψ0ε − ψ0 k22

where a(t) is bounded in L1 (0, T ) for all T > 0. Applying
Gronwall’s Lemma,
|u(t)|22 + |∆ψ(t)|22 ≤ (|uε0 − u0 |22 + kψ0ε − ψ0 k22 ) e

Rt
0

a(s) ds
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and the convergence in L∞ (0, T ∗ ; L2 ) and L∞ (0, T ∗ ; H12 ),
respectively, is obtained. Coming back to the equations
d
(|u|22 + ε2 kλ|∆ψ|22 ) + C(ν|∇u|22 + λγ|∇z|22 )
dt
≤ a(t)(|u|22 + |∆ψ|22 ),

otherwise, if it exists some e
t > 0 such that E(u(e
t), ψ(e
t)) =
E(0, ψ), then, from the energy equality (12) for each t ≥ e
t,
E(u(t), ψ(t)) = E(0, ψ), |∇u(t)|22 = 0 and |∇z(t)|22 = 0.

we obtain the convergence in L2 (0, T ∗ ; H1 ) for u, in
L2 (0, T ∗ ; H∗1 ) for z, and therefore, in L2 (0, T ∗ ; H25 ) for ψ.

Therefore, u(t) = 0 and z(t) is constant ∀t ≥ e
t. In particular,
by using the z-equation, then ∂t ψ(t) = 0, and hence ψ(t) = ψ
for each t ≥ e
t. In this situation the convergence of the ψtrajectory is trivial.
The proof is now divided into three steps.

T HEOREM 4 The set ω(u, ψ) is nonempty and ω(u, ψ) ⊂ S.
Moreover, for any (0, ψ) ∈ S such that (0, ψ) ∈ ω(u, ψ), then
E b (ψ) = E∞ holds.
Proof: By applying Corollary 2.5 of [3] in (19), we obtain
that u(t) → 0 in H10 , therefore, u∞ = 0. Let (u, ψ) be
a weak solution of problem of (2)-(5), (6), associated to the
initial conditions, (u(0), ψ(0)) = (u0 , ψ0 ) and let (0, ψ∞ ) be
an element of the ω-limit set, that is,
∃{tn } ↑ +∞ s.t. (u(tn ), ψ(tn )) → (0, ψ∞ ) weakly in H

1

as n ↑ +∞

for t̄ ∈ [0, T ∗ ]. By applying Lemma 3 with u0 = 0, ψ0 = ψ∞ ,
uε0 = u(tn ) and ψ0ε = ψ(tn ), then
2

kψ(t) − ψk2 ≤ β

1

un → v in L∞ (0, T ∗ ; L ) ∩ L2 (0, T ∗ ; H ),
ψn → ξ in L∞ (0, T ∗ ; H 2 ) ∩ L2 (0, T ∗ ; H 5 )
as n ↑ +∞ and E(un (t̄), ψn (t̄)) → E(v(t̄), ξ(t̄)) in R.
d
Therefore, E(v(t̄), ξ(t̄)) = E∞ . Since E(v(t̄), ξ(t̄)) = 0,
dt
from the energy equality for (v, ξ), we obtain
ν|∇v(t̄)|22 + λγ|∇z̃(t̄)|22 = 0,
where z̃ = ε2 k∆2 ξ + G(ξ). Taking into account that v(0) = 0,
then for t̄ ∈ [0, 1], v(t̄) ≡ 0 and also, z̃(t̄) is constant and
∆z̃ = 0. Therefore, from the z̃-equation, ∂t ξ + v∇ξ = 0 and
hence, ∂t ξ = 0. Consequently, v(t̄) = 0 and ξ(t̄) = ψ∞ for all
t̄ ∈ [0, 1].
T HEOREM 5 Under the hypotheses of Theorem 4, there exists
ψ ∈ H25 such that ψ(t) → ψ in H23 weakly as t ↑ +∞, i.e.
ω(u, ψ) = {(0, ψ)}.
Proof: Let (0, ψ) ∈ ω(u, ψ) ⊂ S, i.e, there exists tn ↑ +∞
such that u(tn ) → 0 in H1 and ψ(tn ) → ψ in H23 weakly.
Without any loss of generality, it can be assumed that
E(u(t), ψ(t)) > E(0, ψ)(= E∞ ) for all t > 0, because

and

|u(t)|2 ≤ 1

∀ t ≥ t?

∗
where the solution is strong in (Treg
, +∞) and α > 0 is a
constant, then the following inequalities hold:


d
(E(u(t), ψ(t)) − E(0, ψ))θ
dt
+C θ (|∇u(t)|2 + |∇z(t)|2 ) ≤ 0, ∀ t ≥ t?

(29)

×H23 .

∗
be and (v, ξ) the unique regular solution
Let tn ≥ Treg
in (0, T ∗ ) of (2)-(5), (6), associated to the initial condition
(0, ψ∞ ). Since E(u(t), ψ(t)) & E∞ in R as t ↑ +∞, we
also have

E(u(tn + t̄), ψ(tn + t̄)) & E∞ in R

∗
Step 1: Assuming there exists t? > Treg
such that

(30)

Z

t2

t0

k∂t ψkH∗−1 ≤

C
(E(u(t0 ), ψ(t0 )) − E(0, ψ)))θ ,
θ

forall t2 > t1 ≥ t? , where θ ∈ (0, 1/2].
Indeed, the energy equality (12) can be written as

d
(E(u(t), ψ(t)) − E∞ ) + C |∇u(t)|22 + |∇z(t)|22 = 0.
dt

hence, in particular,

d
(E(u(t), ψ(t)) − E∞ )+
dt
C(|u(t)|2 + |z(t)|2 )(|∇u(t)|2 + |∇z(t)|2 ) ≤ 0,

∀t ≥ 0.

Therefore, by taking the time derivative of the (strictly positive)
function
H(t) := (E(u(t), ψ(t)) − E∞ )θ > 0,
we obtain
(31)

dH(t)
+ θ(E(u(t), ψ(t)) − E∞ )θ−1
dt
C(|u(t)|2 + |z(t)|2 ) (|∇u(t)|2 + |∇z(t)|2 ) ≤ 0, ∀t ≥ 0.

On the other hand, by recalling that the unique critical point
of the kinetic energy is u = 0, by taking into account that
1
|Ek (u) − Ek (0)| = |u|22 and since 2(1 − θ) > 1 and
2
|u(t)|2 ≤ 1, then forall t ≥ t?
|Ek (u(t)) − Ek (0)|1−θ =

1
2(1−θ)
|u(t)|2
≤ C|u(t)|2 .
21−θ
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By using the Lojasiewicz-Simon inequality appearing in
Lemma 5.2 of [12] we obtain
1−θ

(E(u(t), ψ(t)) − E∞ )

≤ |Ek (u(t)) − Ek (0)|

1−θ

+|E b (ψ(t)) − E b (ψ)|1−θ ≤ C(|u(t)|2 + |∇z(t)|2 ),

and hence, by using the Poincare inequality for u:
(32)
(E(u(t), ψ(t)) − E∞ )θ−1 ≥ C(|∇u(t)|2 + |∇z(t)|2 )−1
forall t ≥ t? . From (31) and (32), we obtain
dH(t)
+ θ C(|∇u(t)|2 + |∇z(t)|2 ) ≤ 0,
dt

∀ t ≥ t?

and (29) is proved.
Integrating (29) into [t1 , t2 ] for any t2 > t1 ≥ t? , we have
(33)

(E(u(t2 ), ψ(t2 )) − E∞ )θ
Rt
+θ C t12 (|∇u(t)|2 + |∇z(t)|2 )dt
≤ (E(u(t1 ), ψ(t1 )) − E∞ )θ .

The z-equation, ∂t ψ = −u · ∇ψ + ∆z, by using the weak
estimate kψ(t)k2 ≤ C, yields
k∂t ψkH∗−1 ≤ C(|∇u|2 + |∇z|2 )

Therefore,
kψ(tn ) − ψkH∗−1 ≤ kψ(tn ) − ψkH∗−1
Rt
+ tnn k∂t ψkH∗−1 ≤ (1 + C)ε,

which implies that limn→+∞ kψ(tn ) − ψkH∗−1 = 0. Since ψ is
bounded in L∞ (t∗ , +∞; H23 ), (ψ(t))t≥t∗ is relatively compact
in H 2 . Therefore, there exists a subsequence of ψ(tn ), which
is still denoted as ψ(tn ), that converges to ψ in H 2 . Hence,
kψ(tn ) − ψk2 < α for a sufficiently large n, which contradicts
the definition of tn .
Step 3: There exists a unique ψ such that ψ(t) → ψ weakly in
H23 as t ↑ +∞.
By using Steps 1 and 2, from (30) it is deduced that, for all
t2 > t1 ≥ tn0 ,
Z t2
kψ(t2 )−ψ(t1 )kH∗−1 ≤
k∂t ψkH∗−1 → 0, as t1 , t2 → +∞.
t1

Therefore, (ψ(t))t≥tn0 is a Cauchy sequence in H∗−1 as t ↑
+∞, and hence the H∗−1 -convergence of the whole trajectory
is deduced, i.e. there exists a unique ψ ∈ H∗−1 such that
ψ(t) → ψ in H∗−1 as t ↑ +∞. Finally, the weak H24 convergence by sequences of ψ(t) proved in Theorem 5, yields
ψ(t) → ψ in H24 weakly.

By using this inequality in (33), (30) is attained.
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On some classes of quasilinear problems with quadratic
growth respect to the gradient
L. Moreno-Mérida∗

Abstract— We are going to study existence and regularity of solutions of some quasilinear Dirichlet problems with quadratic
growth respect to the gradient. These problems can be seen, at least formally, as a generalization of the Euler-Lagrange equation
of the funcional
Z
Z
1
J(v) =
(a(x) + |v|r )|∇v|2 −
f v,
2 Ω
Ω
defined on a suitable subset of W01,2 (Ω) and with a(x) a positive bounded function, r > 0 and f belongs to a suitable Lebesgue
space.
We distinguish two cases: either r > 1 or 0 < r < 1.
Keywords: Quasilinear elliptic equations, natural growth terms, singular problems, Euler-Lagrange equations.

1

Introduction

We are going to show a brief summary of a kind of quasilinear Dirichlet problems with quadratic growth respect to the
gradient. These problems can be seen, at least formally, as a
generalization of the Euler-Lagrange equation of the funcional
Z
Z
1
J(v) =
(a(x) + |v|r )|∇v|2 −
f v,
2 Ω
Ω
defined on a suitable subset of W01,2 (Ω). In particular, we will
consider problems whose basic model is the following one:
(1)
−div [(a(x) + |u|r ) ∇u(x)] + 2r u |u|r−2 |∇u|2 = f (x) in Ω
u(x) = 0 on ∂Ω ,

which produces a regularizing effect over the solutions even if
f belongs only to L1 (Ω). That is to say, this assumption will
be useful to prove existence of finite energy solutions even if
the right hand side is only a summable function.
Our aim is to show existence and regularity results of non
variational problems whose basic model is the problem (1).
In order to do it, we remark that there is a difference between
the case r > 1 and 0 < r < 1. Indeed, if 0 < r < 1 a new
difficulty appears: “the lower order term of the problem (1)
becomes singular where the solution is zero" since it depends
on a negative power of the solution. Hence, this situation
makes us to consider solutions which are strictly positive in
Ω. That is we will study existence results for the following
problem

where Ω is an open bounded subset of RN , a(x) is a strictly
positive bounded function, r > 0 and f belongs to Lm (Ω)
with m ≥ 1.

u > 0 in Ω ;
r
−div [(a(x) + u ) ∇u(x)] + 1−r |∇u|2 = f (x) in Ω ;
2u
u(x) = 0 , on ∂Ω .
r

On the one hand, observe that the elliptic operator of the
problem (1) is unbounded and that the lower order term
g(x, u, ∇u) = b(x)u|u|r−2 |∇u|2
depends quadratically on the gradient. On the other hand, we
point out that the lower order term satisfies the sign condition,
i.e.,
u g(x, u, ∇u) ≥ 0 ,
∗ Departamento

Consequently, we divide these notes in two different sections.
In the first one we will treat with the non singular case r > 1
and in the second one with the singular case 0 < r < 1.
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The non singular case

In the general non variational framework, we consider the
problem
(2)
−div [(a(x) + |u|q )∇u(x)] + b(x) u |u|p−1 |∇u|2 = f in Ω
u = 0 on ∂Ω
where Ω is an open, bounded subset of RN , p , q > 0,
a(x) , b(x) are measurable functions satisfying
(3)

0 < α ≤ a(x) ≤ β and a.e. x ∈ Ω ,

(4)

0 < µ ≤ b(x) ≤ ν a.e. x ∈ Ω ,

N
(C) if N2N
+2 ≤ m ≤ 2 , q ≥ 1, 2p ≥ q − 1 ≥ p, then u belongs
(q+1)m∗∗
to L
(Ω).

This theorem is improved in [6] by obtaining existence results
without any sign restriction over f and without any restrictions
over the parameters p and q. In order to deduce such a result, it
is given a different notion of solution that seems to be natural
in this framework: this is based on taking test function in
W01,∞ (Ω) instead of W01,2 (Ω) ∩ L∞ (Ω). Specifically, it is
proved the following theorem (see Theorem 1 of [6]).
T HEOREM 2 If p , q > 0, a(x) , b(x) are measurable functions satisfying (3), (4), and f ∈ L1 (Ω) then there exists a
solution u ∈ W01,2 (Ω) of (2) in the following sense:

and f ∈ L1 (Ω).

(a(x) + |u|q ) |∇u| ∈ L1 (Ω) , b(x) |u|p |∇u|2 ∈ L1 (Ω) ,

Observe that, when q = r , b(x) = r/2 and p = r − 1, the
problem (2) is the problem (1) with r > 1.

Z

We will show here a complete study (depending on the parameters) of the existence of solution of these types of problems:

for all ϕ ∈ W01,∞ (Ω).

In the first place, we mention that the existence of weak
solutions of this kind of problems is studied in [3] when f ≥ 0
and under suitable assumptions on the summability of the data
f and on the positive parameters p and q. In particular, it is
proved the following result (see Theorem 2.3 of [3]) :

In this paper it is also studied the problem with some restrictions on the parameters p and q obtaining the same regularity
results of Theorem 1.

T HEOREM 1 Let f be a positive function belonging to Lm (Ω)
with 1 ≤ m ≤ N/2 and let a(x) , b(x) be measurable
functions satisfying (3) and (4). Moreover we assume one of
the following three assumptions.
(A) m = 1, p ≥ 2q;
(B)

2(q+1)N
2N +p(N −2)+4q

(C)

2N
N +2

≤m≤

≤m≤

N
2,

N
2,

Then, there exists a positive weak solution u ∈
of (2)
in the sense that, b(x) up |∇u|2 ∈ L1 (Ω) and
Z
Z
Z
(a(x) + uq ) ∇u∇ϕ +
b(x) up |∇u|2 ϕ =
f ϕ,
Ω

Ω

for all ϕ ∈ W01,2 (Ω) ∩ L∞ (Ω) .

N

(A) If m = 1, p ≥ 2q, then u belongs to L(p+2) N −2 (Ω);
belongs to L

≤

(Ω);

b(x) |u|

2

u |∇u| ϕ =

Z

f ϕ,

Ω

N
2,

2q ≥ p ≥ q − 1, then u

The singular case

In this section we study a class of quasilinear problem having a
quadratic lower order term which is singular where the solution
is zero. The paper [1] gave a strong impulse to the study of
these singular quasilinear problems.
In particular, we consider the non necessarily variational problems:
(5)

Moreover

2(q+1)N
2N +p(N −2)+4q ≤ m
(p+2)m∗∗

Ω

p−1

The key point of the proof of Theorem 2 consists in finding a
solution of (2) as limit of a sequence of solutions of approximated problems. Keeping this in mind, it is considered some
approximated problems and it is studied its properties. In order
to pass to the limit in the approximated problems to obtain a
solution of the problem it is used a technique which has been
introduced in [4] and then applied in other papers. We point
out here that we do not need strong convergence in W01,2 (Ω)
of the truncations of the approximating solution to pass to the
limit and to obtain a solution.

3
W01,2 (Ω)

(B) if

(a(x) + |u| ) ∇u∇ϕ+

Z

2q ≥ p ≥ q − 1;

q ≥ 1, 2p ≥ q − 1 ≥ p.

Ω

Ω

q

u > 0 in Ω,
−div([a(x) + uq ]∇u) + b(x) u1θ |∇u|2 = f in Ω,
u = 0 on ∂Ω,

where it is assumed that a(x) , b(x) are measurable functions
satisfying (3) and (4), q > 0 , 0 < θ < 1 , and
f ≥ 0 , f 6= 0 ,

f ∈ Lm , m ≥ 1 .
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Observe that problems like (5) can be seen as the Euler Lagrange equation of the functional J defined in the introduction
when 0 < r < 1. In fact, if f belongs to L2 (Ω) and
r = 1−θ,

and

r
b(x) ≡ ,
2

then solutions of the problems are minima of our functional J.
The aim of this section is to show existence and regularity
results for the problem (5). Next, we present the recent results
obtained in [5] following the approach of [2]. The main
theorem is the following one (see Theorem 1.1 of [5]).
T HEOREM 3 Suppose that f belongs to L1 (Ω), q > 0, 0 <
θ < 1 and (3) and (4) hold true. Then there exists a solution u
of the problem (5), with u > 0 in Ω,
[a(x) + uq ]|∇u| ∈ Lρ (Ω) , ∀ρ <

N
,
N −1

Ω

Z

Ω

b(x) |∇u|2
ϕ=
uθ

Z

f ϕ,

Ω

for every ϕ in W01,p (Ω), p > N . Furthermore, we have the
following summability results for u:
(A) if 0 < q ≤ 1−θ, u belongs to W01,r (Ω), with r =
(B) if 1 − θ < q ≤ 1, u belongs to
N (q+1)
r<N
+q−1 ;

W01,r (Ω),
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Well posedness of an angiogenesis related
integrodifferential diffusion model
A. Carpio∗ and G. Duro†

Abstract— We prove existence and stability of positive solutions for a nonlocal in time integrodifferential diffusion system
connected to angiogenesis descriptions. An iterative scheme of linearized parabolic problems provides approximate solutions,
constructed by means of adequate fundamental solutions. Convergence of the scheme relies on uniform bounds obtained
exploiting integral expressions and comparison principles.
Keywords:Integrodifferential, diffusion, nonlocal, fundamental solutions.

1

Introduction

Models for blood vessel generation (angiogenesis) display a
complex mathematical structure, combining transport operators, degenerate diffusion, integral terms and, eventually, measure valued sources (see [4]). We study here a simpler diffusion
system that retains part of the mathematical difficulties, mainly,
the nonlocal in time integrodifferential sink:

0

p(0, x, v) = p0 (x, v),

∂
C(t, x) − d∆x C(t, x) = −ηC(t, x)|j(t, x)|,
∂t

-Section 4 considers the full system (1).
These results set a basis for the study of more realistic models
involving Fokker-Planck operators, for which the theory of
fundamental solutions is more complicated [5].

C(0, x) = C0 (x),
Z
j(t, x) = v0 p(t, x, v0 ) dv0 ,

2

set in the whole space (x, v) ∈ IR2 × IR2 , for t ∈ [0, ∞).
Here, p represents the density of blood vessel tips growing in
response to the production of tumor angiogenic factor C. σ, γ
and η are positive constants. ρ(v) is a gaussian profile centered
at a point v0 .
The unknown p represents a density. Positivity is a key property of the solutions, to be preserved. For positive p the sign
of the source term in (1) is negative, which forbids applying
∗ Departamento
† Departamento

- Section 2 recalls results on existence of fundamental solutions
and comparison principles for linearized versions of (1).
- Section 3 proves convergence of an iterative scheme to the
unique positive solution p of the nonlinear problem when
α = 0. Existence of positive solutions for the scheme follows
from the theory of fundamental solutions for diffusion operators. Heat equations yield upper solutions providing uniform
Lq bounds. The uniform bounds on derivatives required for
compactness derive from energy inequalities.

∂
p(t, x, v) − σ∆xv p(t, x, v) =
∂t
α(C(t, x))ρ(v)p(t, x, v)
Z t Z
−γp(t, x, v) d s dv0 p(s, x, v0 ),

(1)

standard maximum principles to control the sign. A possibility to generate approximate solutions with a positive sign
is to linearize the integral coefficient, including the linearized
integral source in a linear diffusion operator. The exposition is
organized as follows:

Linear problem

The key linearized diffusion problem is:
(2)
(3)

Lp =

∂
p(t, x, v) − σ∆xv p(t, x, v) +
∂t
a(t, x)p(t, x, v) = f (t, x, v),
p(0, x, v) = p0 (x, v),

when (x, v) ∈ IR2 × IR2 , t ∈ [0, ∞), with a ∈ L∞ ∩
L1 ([0, ∞) × IR2 ), σ ∈ IR+ , f ∈ L∞ (0, ∞; L∞ ∩ L1 (IR2 ×

de Matemática Aplicada, Universidad Complutense, Madrid 28040 (SPAIN). Email: carpio@mat.ucm.es
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IR2 )) and p0 ∈ L∞ ∩ L1 (IR2 × IR2 ). Solutions are constructed
using fundamental solutions of the parabolic operator. Its
properties depend on the regularity of the coefficient a. Let
us first recall bass facts about fundamental solutions. The, we
will discuss bounds for solutions of (2)-(3) when a ≥ 0.
A fundamental solution of Lp = 0 is a function
Γ(t, x, v; τ, x0 , v0 ) defined for x, v, x0 , v0 ∈ IR2 and t, τ ∈
IR+ , t > τ verifying:
(i) for fixed (τ, x0 , v0 ), the equation LΓ = 0 holds for all
x, v, t > τ ,
(ii) for every continuous function ψ
Z Z
Γ(t, x, v; τ, x0 , v0 )ψ(x0 , v0 )dx0 dv0
lim
t→τ

IR2

IR2

= ψ(x, v).

We assume that a(t, x) is a continuous function verifying a
Hölder condition:
0

0 α

|a(t, x) − a(t, x )| ≤ A|x − x | ,

0 < α < 1,

0 < Γ(t, x, v; τ, x0 , v0 )|

|

0 2
0 2
∗ (|x−x | +|v−v | )
4(t−τ )

0 2
0 2
∗ (|x−x | +|v−v | )
4(t−τ )

,

with zi = xi or vi , i = 1, 2, for σ ∗ < σ and C(T ) > 0. Given
continuous data f (t, x, v) and p0 (x, v) on [0, ∞) × IR2 × IR2
and IR2 × IR2 , respectively, and verifying:
2

|f (t, x, v)| ≤ Cf eh(|x|

+|v)|2 )

for Cf , Cp > 0 and h <
(4)
=
+

Z tZ
0

IR2

Z

Z

IR2

Z

σ
4T

0

0

0

Γ(t, x, v; 0, x , v )p0 (x , v )dx dv

0

IR2

Γ(t, x, v; τ, x0 , v0 )f (τ, x0 , v0 ) dτ dx0 dv0

IR2

is a solution of (2)-(3). The positivity of the fundamental
solution ensures the positivity of solutions when f ≥ 0 and
p0 ≥ 0. The integral expression (4), together with known
bounds of Γ in terms of heat kernels imply:


Z t
(5) kp(t)k∞ ≤ C∞ kp0 k∞ +
kf (s)k∞ ds
0


Z t
(6)
kp(t)k1 ≤ C1 kp0 k1 +
kf (s)k1 ds ,
0

Under hypotheses on L that hold for constant positive σ and
measurable, bounded a, a fundamental solution Γ verifying the
bounds [1, 2, 11, 9]:
+|v−v0 |2 )
C1 e−C1 (t−τ ) −γ1 (|x−x0 |2t−τ
e
(t − τ )n/2
≤ Γ(t, x, v; τ, x0 , v0 ) ≤

(9)

+|v−v0 |2 )
C2 eC2 (t−τ ) −γ2 (|x−x0 |2t−τ
e
,
(t − τ )n/2

(10)
p(t, x, v)

0

∂
Pt,τ ψ(x, v) = [σ∆x,v − a(t, x)]Pt,τ ψ(x, v)
∂t
(8)
limt→τ Pt,τ ψ(x, v) = ψ(x, v)
(7)

,

, the function:

0

IR2 ×IR2

,

h(|x|2 +|v)|2 )

|p0 (x, v)| ≤ Cp e

When the coefficient a is only a bounded function, weak
fundamental solutions have been constructed. A measurable
function Γ(t, x, v; τ, x0 , v0 ) is a weak fundamental solution for
(2)-(3) if the function
Z
Pt,τ ψ(x, v) =
Γ(t, x, v; τ, x0 , v0 )ψ(x0 , v0 )dx0 dv0

for any continuous ψ with compact support, x, v, x0 , v0 ∈
IR2 × IR2 , t, τ ∈ [0, ∞), t > τ . For σ constant, the solution is
unique [9].

,

∂Γ(t, x, v; τ, x0 , v0 )
|
∂zi

≤ C(T )(t − τ )−(n+1)/2 e−σ

Existence of solutions for measurable, bounded or integrable
data follow by a regularization procedure. We regularize the
data using convenient mollifiers [3, 10]: p0 = ρ ∗ p0 and
f = δ ∗ f in adequate variables. These C ∞ sequences
converge to p0 and f in Lq , 1 ≤ q < ∞, being bounded,
when p0 , f ∈ L1 ∩ L∞ . The associated classical sequences of
solutions, together with their derivatives, are bounded in all the
Lq spaces. Passing to the limit in the weak formulations and
the integral equations, the limit is a weak solution verifying a
similar integral equation. Such solutions preserve positivity for
positive data and satisfy the Lq bounds (5)-(6).

verifies:

for some A > 0. Following [8], there exists a fundamental
solution for L satisfying the following bounds:

≤ C(T )(t − τ )−n/2 e−σ

where C∞ , C1 depend on σ, n, T , M0 , H and α.

exists for t, τ ∈ [0, ∞) such that τ < t and x, v, x0 , v0 ∈ IR2 .
n = 4 in our case. The constants C1 , C2 , γ1 , γ2 depend on σ
and kakL∞ .
Depending on the regularity of the coefficients [11, 9], equations (7)-(8) must be understood in a weak sense: the function
Pt,τ (x, v)
Z

IR2 ×IR2
ZZ
t

Pt,0 ψ(x, v)φ(x, v)dxdv −

=

0 IR2 ×IR2

Z

ψ(x, v)φ(x, v)dxdv

IR2 ×IR2

[σ∆xv − a(s, x)]Ps,0 ψ(x, v)φ(x, v)dxdvds

for φ, ψ ∈ C0∞ (IR2 × IR2 ).
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In our problem, b = 0 and σ. Thus, the fundamental solution
is more regular. It can be viewed as a solution of a heat
equation with source −ap, bounded by heat kernels. This
yields estimates on its derivatives in terms of heat kernels too,
similarly to the classical case.
The integral expression (4) persists for solutions of the initial
value problem with continuous and bounded data p0 , f . A
regularization procedure broadens the integral equation to solutions with bounded or integrable data. Thanks to the lower
bound (9), the solution of (2)-(3) remains positive for positive
f and p0 .

2.1

R
where p̃k (t, x) =
p (t, x, v)dv and ak−1 (t, x) =
IR2 k
Rt
p̃
(s,
x)ds.
These
equations,
and fundamental solutions
0 k−1
in dimension n = 2, yield Lq regularity, 1 ≤ q ≤ ∞,
for p̃k ≥ 0 and ak ≥ 0, whereas equations (13)-(14), with
their fundamental solutions in dimension n = 4, ensure Lq
regularity for pk .
This iterative scheme allows us to establish the existence result:
Theorem 1. There exists a positive solution p satisfying
p ∈ L2 (0, T ; H 1 (IR2 × IR2 )) ∩
L∞ (0, T ; L∞ ∩ L1 (IR2 × IR2 )),

Comparison principle

1
2
1
2
p ∈ L∞ (0, T ; L∞
x ∩ Lx (IR ; Lv (IR ))), of

From the integral expression (4) for the solutions of (2)-(3)
and the positivity of the fundamental solutions we infer that
whenever
(11)

f (1) ≤ f (2) ,

(1)

(2)

p0 ≤ p0 ,

the corresponding solutions p(1) and p(2) maintain the ordering:
(12)

3

p(1) ≤ p(2) .

Integrodifferential problem for the density

For k ≥ 2, we consider the iterative scheme:

(13)

∂
pk (t, x, v) − σ∆xv pk (t, x, v)
∂t
+ak−1 (t, x)pk (t, x, v) = f (t, x, v),

(14)

pk (0, x, v) = p0 (x, v),

for (t, x, v) ∈ [0, ∞) × IR2 × IR2 , with σ ∈ IR+ , f ∈
L∞ (0, ∞; L∞ ∩ L1 (IR2 × IR2 )), p0 ∈ L∞ ∩ L1 (IR2 ×
IR2 ), f ≥ 0 and p0 ≥ 0. The coefficient ak−1 (t, x) =
Rt R
ds IR2 dv0 pk−1 (s, x, v0 ). We choose p1 (t, x, v) as the so0
lution of the heat equation when a0 = 0.
Since a0 is bounded, an induction process ensures existence
of solutions pk ∈ L∞ (0, T ; L∞ ∩ L1 (IR2 × IR2 )) such that
1
2
1
2
pk ∈ L∞ (0, T ; L∞
x ∩ Lx (IR ; Lv (IR ))). It also guarantees
that ak ≥ 0 for all k.
Let us assume that ak−1 is a bounded function. A positive
solution pk exists thanks to Section 2. It is given by the integral
expression (4), involving fundamental solutions satisfying (10)
with n = 4. L1 − L∞ bounds (5)-(6) on pk and L∞ bounds
on ak with constants depending on σ, T , kak−1 k∞ follow.
Integrating (13)-(14) with respect to v we get

(15)

∂
p̃k (t, x) − σ∆x p̃k (t, x)
∂t
+ak−1 (t, x)p̃k (t, x) = f˜(t, x),

(16)

p̃k (0, x) = p̃0 (x),

(17) +

Z

0

(18)

∂
p(t, x, v) − σ∆xv p(t, x, v)
∂t

Z
ds dv0 p(s, x, v0 )p(t, x, v) = f (t, x, v),

t

IR2

p(0, x, v) = p0 (x, v),

if f ∈ L∞ (0, T ; L∞ ∩ L1 ∩ H 1 (IR2 × IR2 )), p0 ∈
L∞ (0, T ; L∞ ∩ L1 ∩ H 1 (IR2 × IR2 )), f ∈ L∞ (0, T ; L∞
x ∩
2
2
1
1
(I
R
)),
f
≥
(I
R
;
L
∩
L
L1x (IR2 ; L1v (IR2 ))), p0 ∈ L∞
v
x
x
0, p0 ≥ 0 and σ ∈ IR+ .
The proof is as follows. First, we establish uniform estimates
on pk , ak . pk is the solution of a diffusion equation with
a negative source −ak−1 pk . By comparison principles, it is
bounded from above by the solution of linear heat equations
with the same data, uniformly in k. This yields uniform
Lq estimates. The energy inequality provides uniform L2
estimates on the derivatives.
Next, we pass to the limit in (13), to obtain a solution of (17)(18) bounded in different norms in terms of the data.
∂
−1
Uniform bounds on k ∂t
pk (t)kL2 (0,T ;Hxv
) follow from (13).
1
Notice that the injection Hxv
⊂ L2xv is compact [3]. Classical compactness results in [10, 14] ensure the existence of
a subsequence pk0 converging to a limit p in L2 (0, T ; L2xv ).
We keep the notation pk for this subsequence for simplicity.
1 ) and
Thanks to the uniform bounds on kpk (t)kL2 (0,T ;Hxv
∂
2
1
−1 , pk tends to p weakly in L (0, T ; H
pk (t)kL2 (0,T ;Hxv
k ∂t
xv )
)
∂
∂
2
−1
and ∂t pk tends to ∂t p in L (0, T ; Hxv ) weakly.

The weak formulation of (13)-(14) reads as follows. For any
φ(t, x, v) ∈ Cc∞ ([0, T ) × IR2 × IR2 ),
Z TZ
0=
[σ∆xv −ak−1 (s, x)]φ(s, x, v)pk (s, x, v)dxdvds
0 IR2 ×IR2
Z
− p0 (x, v)φ(0, x, v)dxdv.
IR2 ×IR2
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Letting k → ∞, p is a solution of (17)-(18) in the sense of
−1
distributions and in L2 (0, T ; Hxv
).

4

As before, the existence proof relies on the convergence of

Coupled system for densities and concentra- an iterative scheme. After showing that the scheme is well
tions
defined, we obtain uniform a priori bounds on pk , ak , jk and

We address now the full system (1) coupling the TAF (tumor
angiogenic factor) variable C to the density p. The equation
for p includes now an additional linear term in p:
∂
p(t,x,v)−σ∆xv p(t,x,v)+γa(t,x)p(t,x,v)
∂t
= α(C(t,x))ρ(v)p(t,x,v).
ρ(v) is a smooth, integrable and bounded positive function
with compact support. This equation is coupled to a heat
equation for C:
∂
C(t, x) − d4C(t, x) = −ηC(t, x)|j(t, x)|,
∂t
where

Ck . A solution of (1) follows passing to the limit.
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On some parabolic equations in RN
with low regularity initial data
C. Quesada González∗ and A. Rodríguez Bernal∗

Abstract— We study a variety of parabolic problems. We first develop an abstract setting where we study an abstract nonlinear
integral equation in a general scale of Banach spaces. We determine the range of spaces in which the initial can be taken so that
the problem is well posed. Uniqueness, blow up estimates, and bootstrapping effects of the solution are exhibited. We give some
examples, involving nested and not nested scales of spaces, that show the wide applicability of this approach.

We are going to consider parabolic problems in RN . As it turns
out in the examples, it is very common that the initial data can
be taken not only from one, but from many spaces in the same
“scale” of spaces, and thus it is natural to consider the problem
in such scale. A very well known example is the linear heat
equation in Ω = RN or in a bounded smooth domain Ω with,
say, Dirichlet boundary conditions, that can be solved with an
initial data in either one of the spaces Lq (Ω), for 1 ≤ q ≤ ∞.
Then the solution remains in the same space and in fact enters
in any other Lp (Ω) space with p > q at a precise rate, which
are the classical estimates for the heat equation, see e.g. [7].
One of the advantages of considering the initial data in a scale
of spaces is that we can study well-posedness for data in many
spaces in the same scale at the same time. In that spirit, given a
problem we find a range of spaces where initial data can chosen
and the problem is well posed in the sense of Hadamard. This
approach was used in [16] for linear and nonlinear second order
problems and also in [15] for fourth order linear problems.
Furthermore, many different problems can be treated with the
same approach, as the nature of different problems lay in the
same abstract functional framework. For example, in [12], the
scale of fractional power spaces associated to the elliptic part
of the equation is used systematically for linear and nonlinear
problems; see also [10, 14]. Similar approach to the ones
above can be found in [1],[13] as well. Also, abstract results
in this direction for linear problems are compiled in [2]; see in
particular Chapter 5 in the latter reference.
Finally, other properties will be obtained, such as regularization effect of the solution or blow-up estimates.
There are several previous works that have been inspiring for
us. We should also mention [18, 19], [6] and [11]. All
these references use the scale of Lebesgue spaces (13) for
∗ Departamento

problems like (11) with a = b = 0. Also, [3] made use
of the abstract scale of fractional power spaces associated to
a sectorial operator, as developed in [12], and applied their
results to problems similar to (11), with a = b = 0 in
similar scales to (14). A similar approach but particularized
for linear equations, can be found in [16], with applications
to second order linear parabolic equations, and in [15], for
higher order equations. This work is inspired in [8], which is a
natural, nonlinear continuation of the two last references, and
many properties of the underlying scales and linear semigroups
are taken from them, in particular, the results concerning the
uniform Bessel scale (14).

1

Abstract framework

Consider a family of Banach spaces {X γ }γ∈J where J is an
interval of real indexes. The norm of the space X γ is denoted
by k · kγ . We assume that we have given a linear semigroup
defined in each of these spaces, that is, {S(t) : t ≥ 0} is for any
γ ∈ J a C 0 analytic semigroup of bounded linear operators in
X γ and, moreover,
(1)

kS(t)kL(X γ ,X γ 0 ) ≤

M0
γ
t 0 −γ

0 < t ≤ T, γ, γ 0 ∈ J , γ 0 ≥ γ,

where M0 := M0 (γ, γ 0 , T ) is a positive constant which can
be chosen uniformly for T in bounded time intervals. Hence
we say that we have a semigroup {S(t) : t ≥ 0} in the scale
{X γ }γ∈J .
Observe that no further relation is assumed among the spaces
of the scale unless explicitly stated. For example, some times
we may assume that the spaces are “nested”, that is,
(2)

0

X γ ,→ X γ

f or γ, γ 0 ∈ J ,
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The next step is then to consider a nonlinear problem in this
scale of spaces. Hence, given a semigroup in a scale, as above,
we will consider a nonlinear mapping satisfying
(3)
f : X α → X β f or some α, β ∈ J with 0 ≤ α − β < 1
and that there exist ρ ≥ 1, L > 0 such that


ρ−1
ku − vkα ,
(4) kf (u) − f (v)kβ ≤ L 1 + kukρ−1
+ kvkα
α

for u, v ∈ X α . Thus f is continuous and

(5)
kf (u)kβ ≤ L 1 + kukρα , u ∈ X α

where the constants in (4) and (5) can be chosen the same. Note
that this setting includes a particular case where f : X α → X β
is globally Lipschitz, that is ρ = 1.
Hence, our main goal is the analysis of the abstract nonlinear
integral equation
(6)
Z t
u(t; u0 ) = S(t)u0 +
S(t−τ )f (u(τ ; u0 )) dτ,
0 < t ≤ T,
0

where u0 is taken from some space X γ in the scale. As stated
above, we want to obtain the range of γ for which (6) has a
solution for any u0 ∈ X γ and for some T = T (u0 ). For such
solutions we will also study the uniqueness and continuous
dependence with respect to the initial data. The smoothing
0
effect will also be studied, that is, in which other spaces X γ
does the solution enter and estimates of the norm k · kγ 0 of the
solution.
Note that (6) is the corresponding variation of constants formula for mild solutions of the nonlinear problem
(7)

ut + Au = f (u),

We first define a suitable notion of solution to (6). In any case,
to make sense of (6), any definition of solution has to include
the minimal requirements that u : (0, T ] → X α and, that for
any 0 < τ < T and for all τ ≤ t ≤ T , u(t) satisfies
Z

τ

For this class of solutions we can show existence, uniqueness
and continuous dependence with respect to the initial data, for
the following ranges of γ:
(
(α − ρ1 , α], if 0 ≤ α − β ≤ ρ1
γ ∈ E(α, β, ρ) = αρ−β−1
[ ρ−1 , α], if ρ1 < α − β < 1.
The case γ = αρ−β−1
is called critical and subcritical otherρ−1
wise. In particular, we can prove
T HEOREM 2 (Existence and uniqueness of γ-solutions)
Assume (1), (3)-(5) then for
γ ∈ E(α, β, ρ)
all of the following hold.
i) Assume γ ∈ E(α, β, ρ) as above. Then there exists r > 0
such for any v0 ∈ X γ there exists T > 0 such that for any u0
such that ku0 − v0 kγ < r there exits a γ–solution of (6) with
initial data u0 defined in [0, T ]. In the subcritical case r can be
taken arbitrarily large.
ii) For these solutions, if tα−γ kS(·)u0 kα,α−γ,t → 0 as t →
0+ , then
tα−γ kukα,α−γ,t → 0 as t → 0+ .

Also when γ ≥ β or the scale is nested, we have u ∈
C([0, T ], X γ ).
These solutions regularize, that is, they enter continuously in
other spaces of the scale. In particular, we have the following
result which can in fact be proved a priori

u(0) = u0 .

For details on why the solution of (6) is also a solution of (7)
see for example Lemma 3.2.1 in [12].

u(t) = S(t − τ )u(τ ) +

Notice that, from (1), the behaviour of the γ–solution at t = 0
is the same as that of the linear semigroup S(t)u0 .

t

S(t − s)f (u(s)) ds.

Additionally, it is also natural to require that for any τ > 0, u ∈
L∞ ([τ, T ], X α ). Also, any suitable notion of solution must
incorporate information on the initial data and the behavior of
the solution near t = 0. In particular, we define
D EFINITION 1 If u0 ∈ X γ , then a function that satisfies
tα−γ ku(t)kα ≤ M , t ∈ (0, T ] for some M > 0, u(0) = u0
and (6) for 0 < t ≤ T is called a γ–solution of (6) in [0, T ].

P ROPOSITION 3 Assume (1), (3), (5) and let γ ∈ E(α, β, ρ).
Assume that for some u0 ∈ X γ there exists a γ-solution of
(6) in [0, T ] as in Definition 1, denoted u(·, u0 ), then the γ–
solution satisfies the following properties.
i) Time continuity: for β ≤ γ 0 < β + 1 and γ 0 ≥ γ,
0

u(·, u0 ) ∈ C((0, T ], X γ )
ii) Continuity at t = 0: Assume β ≤ γ 0 < β + 1 − ρ(α − γ),
γ 0 ≥ γ or, if γ 0 = β + 1 − ρ(α − γ) assume moreover that
0
tα−γ ku(·, u0 )kα,α−γ,t → 0 as t → 0+ . If u0 ∈ X γ , then
0

u(·, u0 ) ∈ C([0, T ], X γ ).
If the scale is nested, i) and ii) hold also for γ 0 < β and γ 0 < γ.
In particular, if γ ≤ β then we can take γ 0 = β, if γ ≥ β
we can take
then we can take γ 0 = γ, and if γ ≥ (ρ+1)α−β−1
ρ
0
γ = α. If the scale is nested, we can always take γ 0 = γ.
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iii) Apriori bounds: for β ≤ γ 0 < β + 1 and γ 0 ≥ γ, we have
the estimate
tγ

(8)

0

−γ

ku(t, u0 )kγ 0 ≤ K,

t ∈ (0, T ]

for some K
>
0 which depends on the norm
tα−γ ku(·, u0 )kα,α−γ,T of the γ–solution, T and ku0 kγ .
γ

iv) Smallness at t = 0: Assume u0 ∈ X is such that
tα−γ kS(·)u0 kγ 0 ,γ 0 −γ,t → 0 as t → 0+ ,

(9)

for some β ≤ γ 0 < β+1 and γ 0 ≥ γ, and either γ ∈ E(α, β, ρ)
(critical
(subcritical case) or ρ1 < α − β < 1 and γ = αρ−β−1
ρ−1
t→0+

case) and tα−γ ku(·, u0 )kα,α−γ,t → 0.
Then
(10)

Then problem (11) is solved in several different scales of
spaces. For example, assuming a = b = 0, it is first solved
in the (not nested) Lebesgue scale
(13) Lq (RN ) := X γ(q) ,

for which, by [15], the semigroup generated by −(−∆)m
satisfies (1) (except the C 0 continuity when γ = 0, that is
q = ∞), and
kS(t)kL(Lq (RN ),Lp (Rn )) ≤

The conditions of Theorem 2 are essentially optimal. Uniqueness can be improved into larger classes of functions that,
satisfying the minimum requirements described above and (6),
are bounded at t = 0 in X γ in the subcritical case, or
continuous at t = 0 in X γ in the critical one. Estimates on
the existence time and the possible blow–up rate for different
norms are also studied. See [8] for full details and precise
statements on all this topics.

t

for all 0 < t ≤ T , 1 < q ≤ p ≤ ∞.
In this setting we will prove the following results. See [8] for
full details and comments on related results.
T HEOREM 4 (Existence and regularity) Assume that a = b =
N
0 and define p0 = 2m
(ρ − 1). Then
i) if p0 ≤ 1, or equivalently, ρ ≤ ρ∗ = 1 +
1 < p < ∞, or

2m
N ,

then take

ii) if p0 > 1, or equivalently, ρ > ρ∗ = 1 +
p0 ≤ p < ∞.

2m
N ,

then take

Then for any p as above there exist r > 0 and T = T (r, p) > 0
such that for v0 ∈ Lp (RN ), and any u0 satisfying ku0 −
v0 kLp (RN ) < r, there exists a solution of (11) u(·, u0 ) such
that for all p ≤ q ≤ ∞, u(·, u0 ) ∈ C([0, T ], Lp (RN )) ∩
C((0, T ], Lq (RN )),
N

Examples

1

Fourth order equations in Lebesgue spaces

1

t 2m ( p − q ) ku(t, u0 )kLq (RN ) ≤ M (u0 , q),
N

We now apply these techniques to concrete problems. Typically, there exist many admissible pairs (α, β) such that the
nonlinear term f satisfies (4). Such admissible pairs make
up an admissible region S for each problem that we consider.
Using a general bootstrapping argument, we obtain the largest
range of γ for which the solution can be constructed as well
as to the largest range of spaces into which the solution regularizes. We can then apply the abstract arguments in Section 1
above to concrete PDE problems in concrete scales of spaces.

2.1

M0
N
1
1
2m ( q − p )

t→0+

tα−γ ku(·, u0 )kγ 0 ,γ 0 −γ,t → 0.

When the scale is nested we also obtain (8), (10) for any
γ 0 ∈ [γ, β + 1).

2

−N
−N
∈ J := (
, 0]
2mq
2m

γ(q) =

1

1

t 2m ( p − q ) ku(t, u0 )kLq (Rn ) → 0,

for 0 < t ≤ T

as t → 0,

p 6= q.

If p0 < p, then r can be taken arbitrarily large, that is, the existence time is uniform in bounded sets in Lp (RN ). Furthermore,
there exists M > 0 such that for all ui0 ∈ Lp (RN ), i = 1, 2
such that kui0 − v0 kLp (RN ) < r, we have, for any p ≤ q ≤ ∞,
ku(t, u10 ) − u(t, u20 )kLq (RN ) ≤

M
t

N
1
1
2m ( p − q )

ku10 − u20 kLp (RN ) ,

for t ∈ (0, T ].

C OROLLARY 5 (Blow–up estimate). Let p ≥ p0 be as in
Theorem 4 and u(·, u0 ) be the solution in the theorem for
some u0 ∈ Lp (RN ), and assume the maximal existence time
Np
ρ
τu0 < ∞. Then, for any p ≤ r < N ρ−2mp
when p < N
2m , or
p ≤ r ≤ ∞ otherwise, we have, for t < τu0 close enough to
with m ∈ N, where Dc represents any partial derivative of
τu0 ,
order c ∈ N, h(·, 0) = 0 and for some ρ > 1, L > 0 we have
c
ku(t; u0 )kLr (RN ) ≥
(12)
N
1
1 .
(τu0 − t) 2m ( p0 − r )
|h(x, u)−h(x, v)| ≤ L|u−v|(|u|ρ−1 +|v|ρ−1 ), u, v ∈ R, x ∈ RN .
We first consider the following parabolic problem
(11)
ut + (−∆)m u = f (x, u) := Db (h(x, Da u)), t > 0, x ∈ RN ,
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T HEOREM 6 (Uniqueness) The solution obtained in Theorem
4 is unique in the following classes:
N
(ρ − 1) we take the functions u : (0; T ) →
i) If p ≥ p0 = 2m
p
N
L (R ) such that u(0) = u0 , u(t) is bounded in Lp (RN ) as
t → 0 and u ∈ L∞ ((τ, T ), Lq (RN )), 0 < τ < T , for some
q ≥ p and q ≥ ρ. If p = p0 we furthermore require q > p and
u(t) → u0 in Lp (RN ) as t → 0.
N
(ρ − 1) > 1 we take the funcii) If p = p0 = 2m
tions u : (0; T ) → Lp (RN ) such that u(0) = u0 and
1
1
N
ku(t)kLp (RN ) ≤ M , t 2m ( p − q ) ku(t)kLq (RN ) ≤ M , and
1

N

1

t 2m ( p − q ) ku(t)kLq (RN ) → 0 as t → 0 for some q > p and
q ≥ ρ.
These results recover and slightly improve results in [18, 19],
[6].

2.2

Fourth order equations in Bessel spaces

For a, b 6= 0, we solve (11) in the Bessel scale
X α = Hp2mα (RN ),

(14)

for some 1 < p < ∞, which is a nested scale; see [17]
for details. Note that by the results in [15], the semigroup
generated by −(−∆)m satisfies (1) and for any γ 0 ≥ γ
kS(t)kL(H γ (RN ),H γ 0 (RN )) ≤
p

p

tγ 0 −γ

When

N
2mp

aρ+b
1
+ 2m(ρ−1)
− ρ−1
>

N
2m



1
p

−

1
ρ



+

a
+ 2m
− ρ1 then

aρ+b
N
1
the above hold also for γ = γc = 2mp
+ 2m(ρ−1)
− ρ−1
. If
b
γc < γ < 1 − 2m then r can be taken arbitrarily large, that is,
the existence time is uniform in bounded sets in Hp2mγ (RN ).

C OROLLARY 8 (Blow–up estimate) With the notations
above, let 1 > γ ≥ γc , u(·, u0 ) be the solution in the theorem
for some u0 ∈ Hp2mγ (RN ), and assume τu0 < ∞.
Then, for any γ 0 ≥ γ (with strict inequality when γ = γc =
N
1
2mp − ρ−1 ) we have,
(15)

lim sup ku(t, u0 )kH 2mγ 0 (RN ) = ∞.
p

t→τu−0

(ρ−1)
], for any t < τu0 close
In particular, for γ ∈ (γc , N2mpρ
enough to τu0 ,

(16)

α ∈ J := R

M0

for t ∈ (0, T ].

ku(t; u0 )kHp2mγ (RN ) ≥

c
1
N
( p1 − p
)
γ+ 2m

(τu0 − t)

0

(ρ−1)
, 1), for any t < τu0 close enough to τu0 ,
and for γ ∈ ( N2mpρ

(17)

ku(t; u0 )kHp2mγ (RN ) ≥

for all 0 < t ≤ T.

c
1−γ

(τu0 − t) ρ−1

.

T HEOREM 9 (Uniqueness) The solution obtained in Theorem
b
7
is unique in the following class: For 1 − 2m
> γ ≥
Therefore we get the following results.
2mγ
N
γc we take functions u : (0, T ) → Hp (R ) such that
2mγ
N
T HEOREM 7 Denote k = a + b < 2m and assume p0 < u(0) = u0 , u(t) is bounded in Hp (R ) as t → 0 and
0
k
N
N
∞
2mγ
ρp(1 − 2m ) with p0 := 2m (ρ − 1). Then for
(R )), 0 < τ < T for some γ 0 > γ
u ∈ L ((τ, T ), Hp


a
 and γ 0 ≥ A := N 1 − 1



+ 2m
.
2m p
ρ
aρ+b
a
1
1
1
N
1
N
+
+ 2m − ρ , 2mp + 2m(ρ−1) − ρ−1
γc = max 2m p − ρ
+

<γ <1−

Also, if

b
2m

there exist r > 0 and T > 0, such that for any v0 ∈
Hp2mγ (RN ) and any u0 satisfying ku0 − v0 kHp2mγ (RN ) <
r, there exists a solution of (11), u(·, u0 ) such that for
0
b
all γ ≤ γ 0 < 1 − 2m
, u ∈ C((0, T ], Hp2mγ (RN )) ∩
C([0, T ], Hp2mγ (RN )) and
tγ

0

−γ

t

ku(t)kH 2mγ 0 (RN ) ≤ M (u0 , γ 0 ),

γ 0 −γ

p

ku(t)kH 2mγ 0 (RN ) → 0
p

f or 0 < t < T
0

as t → 0, γ 6= γ.

Also, there exists M > 0 such that for all ui0 ∈ Hp2mγ (RN ),
i = 1, 2 such that kui0 − v0 kHp2mγ (RN ) < r, we have for
0

γ ∈ [γ, 1 −

b
2m )

aρ+b
1
N 1
1
a
1
2m(ρ−1) − ρ−1 > 2m ( p − ρ )+ + 2m − ρ and
aρ+b
N
1
2mp + 2m(ρ−1) − ρ−1 we also require u(t) → u0
N

N
2mp

+

γ = γc =
in Hp2mγ (R ) as t → 0.

2.3

Fourth order equations in uniform Bessel spaces

Finally, (11) is considered, with b = 0, in the uniform Bessel
scale
X α := ḢU2mα,p (RN ),

(18)

for 1 < p < ∞. Note that this scale is nested, see [4] for
details, and by the results in [15], (1) and for γ, γ 0 ∈ R, γ 0 ≥ γ
kS(t)kL(Ḣ γ,p (RN ),Ḣ γ 0 ,p (RN )) ≤
U

ku(t, u10 ) − u(t, u20 )kH 2mγ 0 (RN ) ≤
p

M
tγ 0 −γ

ku10 − u20 kHp2mγ (RN ) ,

α ∈ R,

U

M0
for all 0 < t ≤ T.
tγ 0 −γ

Notice that the spaces (18) are Bessel–Sobolev like spaces
constructed over the locally uniform Lebesgue space LpU (RN ),
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Fourth order nonlinear
1 ≤ p < ∞, composed of the functions f ∈ Lploc (RN ) such
that there exists C > 0 such that for all x0 ∈ RN
Z
(19)
|f |p ≤ C
B(x0 ,1)

endowed with the norm kf k
= supx0 ∈RN kf kLp (B(x0 ,1)) .
These spaces have been used for linear and nonlinear heat
equations in [4, 5, 9]. Such spaces are very useful because,
among other properties, they are very large spaces whose
functions do not satisfy any smallness behavior at infinity
and contain the standard Bessel–Lebesgue spaces as closed
subspaces. Also, these spaces contain constant functions and
are embedded as Lebesgue spaces are in a bounded domain.
In this setting we obtain similar results for (11) to Theorems 7
and 9 with b = 0.
N
Lp
U (R )

2.4

Strongly damped wave equation

We consider the following strongly damped wave equation
(
wtt − ∆wt + wt − ∆w = h(x, w), t > 0, x ∈ RN ,
w(0, x) = w0 (x), wt (0, x) = z0 (x), x ∈ RN ,
which, after being written as a system with z = wt , is
considered in the scale

1
N
2α
N

α ∈ [− 21 , 12 ],
H (R ) × H (R ),
α
w
1
N
1
N
X = {[ z ] ∈ H (R ) × H (R ) :


w + z ∈ H 2α (RN )},
α ∈ [ 12 , 1].
Hence, we let X 0 = H 1 (RN ) × L2 (RN ) and define {X α }α
as the extrapolated fractional power scale of order m generated
by (X 0 , A) (see [2, Chapter V, p 266] or [12]), for which
(20)

kS(t)kL(X β ,X α ) ≤

M0
,
tα−β

t > 0, α ≥ β ≥ −m.

T HEOREM 10 Assume that h satisfies (12) for some L > 0
and ρ such that either
N = 1, 2

and

ρ>1

or

N ≥3

and

1<ρ≤

N +2
N −2

Then for any

there exist r > 0 and T > 0, such that for any v0 ∈ X γ and
any u0 satisfying ku0 − v0 kX γ (RN ) < r, there exists a function
u(·, u0 ) in [0, T ] such that for all γ < γ 0 < min{1 − β(ρ), 1 +
0
1
γ + ρ−1
}, u(·, u0 ) ∈ C([0, T ], X γ ) ∩ C((0, T ], X γ ) and
(22) tγ
(23)

0

−γ

tγ

0

ku(t, u0 )kX γ 0 ≤ M (u0 , γ 0 )

−γ

ku(t, u0 )kX γ 0 → 0

f or 0 < t < T,

as t → 0,

u(t, u0 ) = S(t)u0 +

Z

0

t

S(t − s)h(u(s, u0 ))ds

t ∈ [0, T ]

with S(t) as in (20).
Also, there exists M > 0 such that for all ui0 ∈ X γ , i = 1, 2
satisfying kui0 − v0 kX γ < r, we have for all γ < γ 0 <
1
min{1 − β(ρ), 1 + γ + ρ−1
}
(25)
M
ku(t, u10 ) − u(t, u20 )kX γ 0 ≤ γ 0 −γ ku10 − u20 kX γ , t ∈ (0, T ].
t
For each γ as above radius r as above can be taken arbitrarily
large. In particular, the existence time is uniform in bounded
sets of X γ .
T HEOREM 11 (Uniqueness) The solution obtained in Proposition 10 is unique in the following class: For 1 − β(ρ) > γ >
γc = − 12 − ρ1 we take functions u : (0, T ) → X γ such that
u(0) = u0 , u(t) is bounded in X γ as t → 0 and
0

u ∈ L∞ ((τ, T ), X γ ),

0<τ <T

for some γ 0 > γ and γ 0 ≥ − 12 .

All these results are obtained by means of the general tools
and procedures developed in [8]. When applied to concrete
problems, as the ones above, these techniques allow to encode
all the information on the scale of spaces, the linear semigroup
and the nonlinear term in a sort of algebraic setting from
which optimal ranges of existence, uniqueness, regularity and
behavior near blow–up time can be extracted. This illustrates
the flexibility and sharpness of this abstract approach. Many
other problems might be approached this way as well.
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Existence of inverse integrating factor.
A. Algaba∗, N. Fuentes∗, C. García∗ and M. Reyes∗

Abstract— We study the existence of an inverse integrating factor for a class of systems, in general non-integrable, whose lowestdegree quasi-homogeneous term is a Hamiltonian system and its Hamiltonian function only has simple factors over C[x, y].
Keywords: Integrability, inverse integrating factor, orbital equivalent normal form.

1

Introduction

We consider an autonomous system
(1)

ẋ = F(x) = (P(x), Q(x))T , x ∈ C2 ,

where F is an analytic or polynomial vector field defined in
a neighborhood of the origin U ⊂ C2 having an equilibrium
point at the origin, i.e., F(0) = 0.
A non-null function f (or a curve f (x, y) = 0) with f ∈
C[[x, y]] (algebra of the power series in x and y with coefficients in C), is an invariant function (or an invariant curve) of
system (1) on U , if for some K ∈ C[[x, y]], LF f = Kf , being
∂f
LF f := ∂f
∂x P + ∂y Q. The function K is called the cofactor of
the invariant curve f = 0.

the existence of limit cycles of a vector field, because the zeroset {V = 0}, formed by orbits of the system (1), contains the
limit cycles of the system (1) which are in U, whenever they
exist, see [6, 7, 8]. The zero-set {V = 0} also contains the
homoclinic and heteroclinic connections between hyperbolic
saddle equilibria, see [9]. Moreover, the cyclicity of a limit
cycle is related with the vanishing order of V , see [10]. The
expressions of V usually are simpler than the expressions of
the first integrals, see [5, 11]. The domain of definition and
the regularity of V usually are larger than the domain and the
regularity of the first integral, see [12, 13, 14, 15].

2

Previous concepts and statement of the main
results

A non-null function V is an inverse integrating factor of system
(1) on U if V = 0 is an invariant curve of system (1) whose
cofactor is the divergence of the vector field, i.e. LF V =
∂Q
div(F)V, being div(F) := ∂P
∂x + ∂y .

Given t = (t1 , t2 ) non-null with t1 and t2 non-negative integer
numbers without common factors, we will denote by Pkt to the
vector space of quasi-homogeneous polynomials of type t and
degree k, i.e.

If V ∈ C[[x, y]] we call it formal inverse integrating factor. In
the case that V ∈ C((x, y)) ( C((x,y)) denotes the quotient field
of the ring of the power series C[[x,y]]), we call it algebraic
inverse integrating factor.

Pkt = {f ∈ C[x, y] : f (εt1 x, εt2 y) = εk f (x, y)},

There exists many reasons for the study the existence of inverse
integrating factor. For instance, the concepts of inverse integrating factor is strongly related to the integrability problem.
It is known that, if system (1) has a formal inverse integrating
factor, non-zero at origin then system (1) is formally integrable.
Therefore, if system (1) is not formally integrable and it has
an inverse integrating factor V , then V (0) = 0. For more
details about the relation between the integrability and the
invere integrating factor see [3, 5].
Another reason to study the existence of inverse integrating
factor is that this concept plays an important role in the study of

and by
t
t
Qtk = {F = (P, Q)T : P ∈ Pk+t
, Q ∈ Pk+t
}
1
2

to the vector space of the quasi-homogeneous polynomial
vector fields of type t and degree k. Any vector field can be
expanded into quasi-homogeneous terms of type t of successive degrees. Thus, the vector field F can be written in the
form
F = Fr + Fr+1 + · · · ,

for some r ∈ Z, where Fj = (Pj+t1 , Qj+t2 )T ∈ Qtj and Fr 6≡
0. Such expansions will be expressed as F = Fr + q-h.h.o.t.

If we select the type t = (1, 1), we are using in fact the Taylor
expansion, but in general, each term in the above expansion
involves monomials with different degrees. We cite some

∗ Departamento de Matemáticas, Universidad de Huelva, Campus del Carmen s/n, Huelva (SPAIN). Email: algaba@uhu.es, natalia.fuentes@dmat.uhu.es,
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653

654

A. Algaba, N. Fuentes, C. García and M. Reyes

properties that can be seen in [2]-[3].
• D0 := (t1 x, t2 y)T ∈ Qt0 ,
t
• If h ∈ Pr+|t|
, |t| = t1 + t2 , then Xh
(−∂h/∂y, ∂h/∂x)T ∈ Qtr ,
• Every Fk ∈ Qtk can be expressed as
(2)

:=

Fk = Xh + µD0

with h = (D0 ∧ Fk )/(k + |t|) and µ = div(Fk )/(k + |t|).
This sum is known as the conservative-dissipative splitting of
a quasi-homogeneous vector field.
t
In this work, fixed a type t and h ∈ Pr+|t|
having simple
factors in its factorization on C[x, y], we deal with the systems
of the form

(3)

ẋ = Xh + q-h.h.o.t.,

i.e. systems which can be considered as perturbations of a
Hamiltonian system whose Hamiltonian function h only has
simple factors in its factorization on C[x, y]. It is possible to
prove that these systems have an invariant curve f = 0 of the
form f = h + q-h.h.o.t., see [2].
R EMARK 1 If h has multiple factors, the vector field is not
structurally stable. In this paper we have considered the generic
case, that is, h has only simple factors in its factorization on
C[x, y].
In first time, we calculate a formal orbital equivalent normal
form of system (3), i.e. an expression of this system after a
change of state variables and a reparameterization of the time,
see [1, Theorem 10]. This normal form is given by

t
T HEOREM 2 Let h ∈ Pr+|t|
be. A system ẋ = Xh +
q-h.h.o.t.
is
formally
orbital
equivalent
to ẋ = Xh + µD0 with
P
t
µ =
µ
,
µ
∈
P
,
if
and
only
if it has an invariant
j
j
j
j>r
curve f = 0 of the form f = h + q-h.h.o.t. with f a function
conjugate to h (i.e. there exists a formal diffeomorphism Φ
such that h = f ◦ Φ).

From Algaba et al. [2], the systems formally orbital equivalent
to systems (6) are integrable if and only if µ ≡ 0 and, in such a
case, they have a first integral of the form h + q-h.h.o.t. Therefore, for µ 6≡ 0, the systems orbitally equivalent to systems
(6) do not have any first integral. Our aim is characterize the
existence of a formal inverse integrating factor and an algebraic
inverse integrating factor for system (6). Next we present the
main steps taken to obtain a necessaty and sufficient conditions
for the existence of formal inverse integrating factor.

2.1

Existence of a formal inverse integrating factor.

The following proposition give a type vector fields, which
have formal inverse integrating factor. In fact, this proposition
provide a sufficient condition for the existence of a formal
inverse integrating factor.

P ROPOSITION 3 Consider the system
(7)

ẋ = Xh + µD0

t
with h ∈ Pr+|t| , µ ∈ Pr+s(r+|t|)
, s ∈ N. Then, the function
s+1
V (h) = h
is an inverse integrate factor of (7).

(4)

ẋ = Xh + Xg + µD0
P
with g a polynomial and µ = j>r µj , µj ∈ Cor(`j ), being
Cor(`j ) a complementary subspace to the range of the linear
operator
`j
(5)

t
: Pj−r
−→ Pjt

µj−r −→ `j (µj−r ) := LFr µj−r .

For Fr = Xh , the operator `j can be defined in terms of the
Poisson bracket, namely, `j (µj−r ) = {h, µj−r }.
We focus in the systems with g ≡ 0, i.e. which are formally
orbital equivalent to
X
(6) ẋ = Xh + µD0 , with µ =
µj , µj ∈ Cor(`j )
j>r

t
where h ∈ Pr+|t|
only has simple factors in its factorization on
C[x, y]. They are a wide class of these systems. For instance,
are included in this class, the systems with non-null linear
part, nilpotent system and some generalized nilpotents, among
others.

The following result characterizes these systems.

Proof:
Applying the Euler’s Theorem for quasi-homogeneous functions, i.e. given f ∈ Pst , then LD0 f = sf , we obtain the
following expression,
By one hand,
• LF V = (s + 1)(r + |t|)µhs+1
and by other hand,
• V div(F) = V div(µD0 ) = hs+1 [(r + s(r + |t|)µ
+|t|µ] = (s + 1)(r + |t|)hs+1 µ.
Therefore LF V = V div(F).



Our principal result is shown in the following theorem, that
provides necessary and sufficient conditions for the existence
of a formal inverse integrating factor for system (6). In
other words, ensures that the system (6) has formal inverse
integrating factor if and only if it is a Hamiltonian system or it
can be carried, by orbital equivalence, to a system of the form
(7). For more detail, see [1]
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T HEOREM 4 System (6) has a formal inverse integrating factor if, and only if, it is formally orbital equivalent either to
ẋ = Xh (integrable system) or to

T HEOREM 7 System (6) has an algebraic inverse integrating
factor if, and only if, it is formally orbital equivalent either to
ẋ = Xh (integrable system) or to

(8)

(10)

ẋ = Xh + µN D0

with N = r + s(r + |t|), being s a natural number and
µN ∈ Cor(`N ) \ {0} (non-integrable system). Moreover,
the formal inverse integrating factor is V = hs+1 , up to a
multiplicative constant.
As an application of our results, we find the systems of several
families which have a formal inverse integrating factor. Next
one of them is shown

ẋ = Xh + µN D0 ,

with N a natural number and µN ∈ Cor(`N ) \ {0} (nonN +|t|

integrable system). Moreover, the AIIF is h (r+|t|) , up to a
multiplicative constant.
As application we deal with the following generalized nilpotent
systems
Family 2.
(11) (ẋ, ẏ)T

=

(y 2 + σx2 , −2σxy)T + (a21 x2 y + a12 xy 2

+ a03 y 3 , b30 x3 + b12 xy 2 + b03 y 3 )T

with σ = ±1 and a21 , a12 , a03 , b30 , b12 and b03 real
numbers. These systems consist in a quadratic Hamiltonian
system, whose Hamiltonian function is h = − y3 (y 2 + 3σx2 ) ∈
(1,1)
P3 , perturbed by cubic terms.
T HEOREM 5 The system (9) has a formal inverse integrating
factor if and only if it satisfies one of the following conditions:

(y 2 , x3 )T + (a30 x3 + a21 x2 y + a12 xy 2

+ a03 y 3 , b21 x2 y + b12 xy 2 + b03 y 3 )T .

Family 1. We consider the family of systems
(9) (ẋ, ẏ)T

=

with a30 , a21 , a12 , a03 , b12 , b21 and b03 real numbers. These
systems consist in a Hamiltonian system, whose Hamiltonian
(3,4)
function is h = 41 x4 − 13 y 3 ) ∈ P12 , perturbed by cubic terms.
It has the following result,
P ROPOSITION 8 System (11) with 3a30 + b21 6= 0 is not
formally integrable. Moreover, if it has an algebraic inverse
integrating factor, then 13(a21 + b12 ) + (3a30 + b21 )(4a30 −
3b21 ) = 0 and the algebraic inverse integrating factor is equal
to (4y 3 − 3y 4 + h.o.t.)13/12 .

1. a12 + 3b03 = b12 + a21 = 0, (Hamiltonian system),

Moreover, we have studied this family in two cases described
below.

2. a12 = b03 = 0, b12 + a21 6= 0, (Reversible system).

• Case a30 = 0, a03 = 0. The family has the form,
(ẋ, ẏ)T

(y 2 , x3 )T + (a21 x2 y + a12 xy 2 ,

Moreover, all of them are formally integrable except for

(12)

a12 = b03 = 0, b12 + a21 6= 0, b30 (b30 − σ(b12 − 2a21 )) 6= 0.

with a21 , a12 , b12 , b21 and b03 real numbers.

2.2

We obtain the following result,

Existence of an algebraic inverse integrating factor.

The process used to characterize the existence of a algebraic
inverse integrating factor is very similar to described in the case
of formal inverse integrating factor. The key in this process has
been, previously, to prove the following proposition. In it, we
give the form that have the algebraic inverse integrating factor.
The steps to prove it can be seen in [4].
P ROPOSITION 6 If (6) has an algebraic inverse integrating
factor, then system (6) admits an algebraic inverse integrating
factor of the form V = W q , being W a formal series (W =
h + q-h.h.o.t.) and q a positive rational number.
Our principal result, in this case is the following,

=

b21 x2 y + b12 xy 2 + b03 y 3 )T .

T HEOREM 9 We assume that system (12) has an algebraic
inverse integrating factor. It has that:
1. If b21 6= 0, then 13(a21 + b12 ) = 3b221 , (non-integrable
case),
2. If b21 = 0, then system (12) has a formal inverse
integrating factor (integrable case).
Moreover, in such a case, system (12) is one of the
following systems
(a) b21 = a21 + b12 = a12 + 3b03 = 0, (hamiltonian
case).
(b) a21 = a03 = b21 = b12 = 0, a12 + 3b03 6= 0,
(non-hamiltonian case).
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• Case a30 6= 0, a21 = a12 = a03 = b12 = 0. The family has
the form,
(13)

(ẋ, ẏ)T = (y 2 , x3 )T + (a30 x3 , b21 x2 y + b03 y 3 )T ,

with a30 6= 0. It has the following result.
T HEOREM 10 System (13), with a30 6= 0, has an algebraic
inverse integrating factor if, and only if, it satisfies one of the
following conditions:
1. 3a30 + b21 = b03 = 0, (hamiltonian system), or
2. 3b21 − 4a30 = 0 and b03 = 0, (non-integrable system).
Moreover, in this case, the algebraic inverse integrating
factor is V = (4y 3 − 3x4 )13/12 .
Next we show a summary of the two principal result that
we obtain in this work. We have collected in the following
theorem:
T HEOREM 11 System (3), i.e.,
ẋ = Xh + q-h.h.o.t.
t
with h ∈ Pr+|t|
having simple factors in its factorization on
C[x, y], has a formalalgebraic inverse integrating factor if,
and only if, it is orbitally equivalent to
X
ẋ = Xh + µD0 , with µ =
µj , µj ∈ Cor(`j )
j>r

and it is satisfies one of the following conditions:
• µ ≡ 0 (integrable system)

t
(non-integrable system) with N = r +s(r +|t|)
• µ ∈ PN
and s a natural number. In this case the formal inverse
integrating factor is of the form, V = (h + · · · )s+1 .
t
PN

• µ ∈
(non-integrable system). In this case the
algebraic inverse integrating factor is of the form, V =
N +|t|

(h + · · · ) r+|t| .
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Limit cycles of Abel equations of the first kind
A. Álvarez Sánchez∗, J. L. Bravo Trinidad∗ and M. Fernández García-Hierro∗

P
ni
Abstract— Consider the scalar differential equation P
x0 = m
i=0 ai (t)x , where ai (t) are T -periodic analytic functions, and
m
n0
1 ≤ ni ≤ n. For any polynomial Q(x) = x − i=1 αi xni , the equation writes x0 = a0 Q(x) + R(t, x). Let W be the
Wronskian of Q and R with respect to x, and Q̃, W̃ the previous polynomials after removing multiplicity of roots and solutions
of the differential equation. We shall prove that if the vector field defined by the differential equation is “transversal” at every
point of Q̃(x) = 0 or W̃ (t, x) = 0, then the number of limit cycles (isolated periodic solutions in the set of periodic solutions)
of the differential equation is at most 3n − 1.
Keywords: Periodic solutions, limit cycles, Abel equation.

1

has at most three limit cycles.

Introduction

Consider the differential equation
m

(1)

X
dx
ai (t)xni := P (t, x)
= x0 =
dt
i=0

where 1 ≤ ni ≤ n, and ai (t) are T -periodic analytic functions.
The problem of determining the number of limit cycles of
(1) goes back to S. Smale and C. Pugh and it is motivated
by Hilbert’s 16th problem, since for some important families
of polynomial planar systems the problem of determining the
limit cycles around a critical point is equivalent to determining
the limit cycles of (1) with ai (t) trigonometric polynomials
(see [8, 11, 12, 16]).
A second motivation for the study of (1) comes from its application for modeling real world fenomena (see [4, 9, 13, 19] and
references therein).
When n = 3, A. Lins-Neto [16] proved that for any N ,
there exist trigonometric polynomials ai (t) such that (1) has
at least N limit cycles. This implies that, for bounding the
number of limit cycles, some additional hypotheses must be
imposed. Most of the partial results obtained impose that some
of the coefficients have definite sign. To cite just some of
the most relevant, V.A. Pliss [17], proved that when n = 3
and the leading coefficient of P (t, x) as a polynomial in x
has definite sign, then (1) has at most three limit cycles. Yu.
Ilyashenko [15], obtained a bound of the solutions of (1) when
the leading coefficient is 1, in terms of the ∞-norm of the rest
of the coefficients. A. Gasull and J. Llibre [10], proved that
when n = 3 and the coefficient of x2 has definite sign, then (1)

When the coefficients of (1) have no definite sign, there are
two families of results. The first one assumes symmetries (and
signs) on some of the coefficients (see for instance [6, 7]),
while the second one imposes that some linear combination of
the coefficients has definite sign and some restrictions on the
possible monomials of (1) (see [2, 5, 14]; for more details we
refer the reader to the last section of the paper).
In this paper we generalize this second family of results in such
a way they can be applied to general familes of Abel equations
(previous results impose that the maximum number of different
degrees in x is three). In order to precise the results, let us fix
αi ∈ R, 1 ≤ i ≤ m. We may rewrite (1) as
x0 = a0 (t)Q(x) + R(t, x),

(2)
where

Q(x) := x

R(t, x) :=

m
X

n0

bi (t)xni ,

−

m
X

αi xni ,

i=1

bi (t) = αi a0 (t) + ai (t).

i=1

Let u(t, x) denote the solution of (1) determined by u(0, x) =
x. Note that u(t, x) is periodic if and only if u(T, x) =
x, therefore, isolated zeroes of the displacement function,
∆(x) := u(T, x) − x, are the limit cycles of (1).
In Proposition 4, we will prove that if u(t, x) is a limit cycle of
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(2), such that Q(u(t)) 6= 0 in [0, T ], then
!
Z T
W (t, u(t, x))
ux (T, x) = exp
dt ,
Q(u(t, x))
0
where W is the Wronskian of Q and R as functions in x, i.e.,
W (t, x) = Q(x)Rx (t, x) − R(t, x)Q0 (x).

T HEOREM 1 Assume that there exist α1 , . . . , αm ∈ R such
that for every t ∈ [0, T ] and x ∈ R the following conditions
hold:
(C1 ) P (t, x), Q̃(x) have no common real zeroes
(P 2 (t, x) + Q̃2 (x) 6= 0).

(Troughout this paper the subindices in a function denote the
corresponding partial derivatives.)

(C2 ) C(t, x), W̃ (t, x) have no common real zeroes

In particular, we will prove that this implies that if V is a
connected component of

(C 2 (t, x) + W̃ 2 (t, x) 6= 0).

U = {(t, x) ∈ R2 : W (t, x)Q(x) 6= 0},
then there is at most one limit cycle with trajectory included
in V . Under additional conditions that imply that limit cycles
are either contained in U or disjoint with U , Theorem (1) gives
the upper bound 3n − 1 (the maximum number of connected
components of U ) for the number of limit cycles of (1).
Let us precise the conditions assuring that limit cycles are
either contained in or disjointed with U . Since ai (t) and
bi (t) are periodic and analytic, (1) is defined on the cylinder
S1 × R and all considered functions are polynomials in x
with coefficients in the domain of analytic functions C w (S1 ),
in particular, they belong to the principal ideal domain of
polynomials M (S1 )[x], where M (S1 ) is the field of fractions
of C w (S1 ). Therefore, the greatest common divisor of any two
elements of this ring of functions always exists and it can be
computed.
In order that Q and W have all their roots simple, we divide
every polynomial by the greatest common divisor of the polynomial and its derivative. We denote by Q̂ and Ŵ these new
polynomials.

Then 1 has at most 3n − 1 limit cycles.
R EMARK 2 To prove Theorem 1.1, we will use (C1 ) to obtain
that if x0 is a zero of (1), then for every t, either α(t) ≡ x0
is an upper or a lower solution of (1). Accordingly, we can
replace condition (C1 ) by “for every x0 such that Q(x0 ) = 0,
P (t, x0 ) ≥ 0 for every t or P (t, x0 ) ≤ 0 for every t ∈ [0, T ]”.
The condition (C2 ) will imply that any connected component
of W̃ (t, x) = 0 is a simple curve that divides the cylinder
into two regions, such that one of them is positively invariant
(consequently, the other is negatively invariant), and therefore,
any periodic solution is contained in one of the regions.
In general, there are no algebraic methods to compute (C1 )
and (C2 ). Nevertheless, (C1 ) and (C2 ) are implied by the
following conditions


(C1∗ ) res P (t, x), Q̃(x) 6= 0,



(C2∗ ) res C(t, x), W̃ (t, x) 6= 0,

C(t, x) = Ŵt (t, x) + Ŵx (t, x)P (t, x),

where res is the polynomial resultant with respect to x. Note
that while (C1 ) and (C2 ) can only be checked in some cases,
(C1∗ ) and (C2∗ ) can be computationally checked, for instance,
when ai (t) are polynomials or trigonometric polynomials (we
shall illustrate this in the last section).

d(x) = gcd(P (t, x), Q̂(x)),


D(t, x) = gcd C(t, x), Ŵ (t, x) ,

R EMARK 3 Theorem 1 gives a generally non-sharp upper
bound of the number of limit cycles of (1), since it simply
considers the maximum number of connected components of
U.

Let us denote by C(t, x) the derivative of Ŵ (t, x) along the
trajectories of (1), that is,

and set

where d, D are chosen to be monic (leading coefficient is 1).
The implicit curve d(x) = 0 contains all the limit cycles of (1)
contained in Q(x) = 0, and the implicit curve D(t, x) = 0
contains all the limit cycles of (1) contained in W (t, x) = 0.
Moreover, let
Q̃(x) =

Q̂(x)
,
d(x)

W̃ (t, x) =

Ŵ (t, x)
.
D(t, x)

Our main result gives an upper bound for the number of limit
cycles of (1) that extends the results in [1, 2, 3, 14].

When conditions (C1 ) and (C2 ) hold for every t ∈ [0, T ] and
x ∈ R, it is possible to (almost) determine the exact number of
limit cycles of (1), as we will show in Remark 8. In order
to do that, in each connected component of U we need to
determine the value of ∆(x) = u(T, x)−x in a neighbourhood
of the “upper” and “lower” border of the connected component.
The “almost” corresponds to the two unbounded connected
components, for which it may be difficult to determine the sign
of ∆(x) in the unbounded border.
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In this section we prove Theorem 1. We begin by computing
the stability of a limit cycle of (1).

Concretely, let V be a bounded connected component of U .
Then
V = {(t, x) ∈ U : si (t) ≤ x ≤ sj (t)},

P ROPOSITION 4 Fix α1 , . . . , αm ∈ R, and let u(t, x) be a
limit cycle of (1) such that Q(u(t, x)) 6= 0 for every t ∈ [0, T ].
Then
!
Z T
W (t, u(t, x))
dt .
ux (T, x) = exp
Q(u(t, x))
0

Let k = i or k = j. Assume that Q(xk ) = 0. If P (0, xk ) 6= 0,
then
sign(∆(xk )) = sign(P (0, xk )).

2

Proof of the main result

As a consequence, if V is a connected component of U , then
(1) has at most one limit cycle with trajectory included in V .

where si , sj are piecewise T -periodic analytic functions,
roots of Q(x)W (t, x) as a polynomial in x, that is,
Q(sk (t))W (t, sk (t)) ≡ 0, k = i, j, and such that sk (0) = xk ,
k = i, j.

If P (0, xk ) = 0, then u(t) ≡ xk is a solution of (1). The sign
of ∆(x) for x in W close to xk is determined by the stability
of the solution u(t).

Next result shows that, under hypothesis (C1 ), limit cycles are
either contained in or disjoint with the implicit curve Q(x) =
0.

Assume that Ŵ (0, xk ) = 0 and Q(xk ) 6= 0. Let s̄k (t) denote
the solution of

P ROPOSITION 5 Assume that there exist α1 , . . . , αm ∈ R
such that condition (C1 ) holds for every t ∈ [0, T ] and x ∈ R.
Then for each limit cycle u(t) of (1), either Q(u(t)) = 0 for
every t ∈ [0, T ] or Q(u(t)) 6= 0 for every t ∈ [0, T ].

determined by the initial condition s̄k (0) = xk (sk (t) = s̄k (t)
in a neighbourhood of the origin). Assume s̄k (t) is bounded.
Since
Ŵt (t, s̄k (t)) + Ŵx (t, s̄k (t))s̄0k (t) ≡ 0,

From condition (C2 ) we can not discard that a limit cycle has
isolated points of W (t, x) = 0, but we shall prove that if u(t)
is a limit cycle, then W (t, u(t)) does not change sign.

C(t, s̄k (t)) = −Ŵx (t, s̄k (t)) (s̄0k (t) − P (t, s̄k (t)))

P ROPOSITION 6 Assume that there exist α1 , . . . , αm ∈ R
such that condition (C2 ) holds for every t ∈ [0, T ] and x ∈ R.
Then for each limit cycle u(t) of (1), either W (t, u(t)) =
D(t, u(t)) ≡ 0 for every t ∈ [0, T ], or W (t, u(t)) has definite
sign in [0, T ].
Now, we are in conditions to prove Theorem 1. We will rewrite
it in a more descriptive version.
P ROPOSITION 7 Assume there exist α1 , . . . , αm such that
conditions (C1 ) and (C2 ) hold. Then the number of limit
cycles of (1) is bounded by
l + l1 + l2∗ − l2 + 1 ≤ 3n − 1 − l2 ,
where l is the number of real roots of W (0, x)Q(x), l1 is the
number of real roots of d(x), l2 is the number of real roots of
D(0, x) but not of d(x) and are simple roots of W (0, x), and
l2∗ is the number of real roots of D(0, x) but not roots of d(x)
and are multiple roots of W (0, x).
R EMARK 8 We can determine the existence of a limit cycle
in each bounded connected component V of U , computing the
sign of the displacement functions at the borders of
V0 = {(t, x) ∈ V̄ : t = 0}.

t0 (s) = −Ŵx (t(s), x(s)),

x0 (s) = Ŵt (t(s), x(s))

then either

has definite sign, which is the sign of ∆(xk )Ŵx (0, xk ), or
C(t, u(t, xk )) ≡ 0, and u(t, xk ) is a limit cycle of (1), which
stability determines the sign of ∆(x) for x close to xk .
Equation (1) has a limit cycle with trajectory included in V if
and only if ∆(x) has opposite signs for x close to xi and xj ,
with (0, x) ∈ V .

3

Computation of the conditions and examples

In this section, we shall detail how to compute the conditions
of Theorem 1, and show some theoretical and computational
examples of application of the result.

3.1

Equations with coefficients without definite sign

The following example shows that Theorem 1 can be applied
even when all the coefficients ai (t) change sign.
Consider the differential equation (1) with m = 2, a0 (t) =
sin(t), n0 = 5, a1 (t) = a1 − 3 sin(t), n1 = 3, a2 (t) =
a2 + 2 sin(t), n2 = 1, that is,
(3) x0 = sin(t)x5 + (a1 − 3 sin(t)) x3 + (a2 + 2 sin(t)) x.
We will obtain values of the parameters a1 , a2 for which
Theorem 1 applies. To simplify the computations we choose
α1 = 3, α2 = −2, obtaining
Q(x) = x(x2 − 1)(x2 − 2),

Q̂(x) = Q(x),
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Q̃(x) = (x2 − 1)(x2 − 2),

3.2


W (t, x) = −2x3 a2 (2x2 − 3) + a1 (x4 − 2) ,


Ŵ (t, x) = −x a2 (2x2 − 3) + a1 (x4 − 2) ,
W̃ (t, x) = a2 (3 − 2x2 ) + a1 (2 − x4 ),

C(x)



= −x a2 (6x2 − 3) + a1 (5x4 − 2)


a2 + a1 x2 + (2 − 3x2 + x4 ) sin(t) .

Now we obtain conditions

(C1∗ )

res(P (t, x), Q̃(x)) =

and

2(2a21

(C2∗ )

computer aided,

+ 3a1 a2 +

a22 )2 ,

res(C(t, x), W̃ (t, x)) = 64a21 (2a1 +3a2 )3 (2a21 +3a1 a2 +a22 )4
(−1 − 2a21 + cos(2t) + 4(3a1 + 2a2 ) sin(t))2 .
We need to determine when these two functions have no
zeroes in [0, 2π]. In order to do that, we apply the change of
variables sin(t) → 2s/(1 + s2 ), cos(t) → (1 − s2 )/(1 + s2 ),
obtaining two rational functions f1 (s), f2 (s). To obtain all
a1 , a2 such that f1 and f2 do not vanish, we use the function
Reduce of Mathematica [18], which gives all regions for which
Theorem 1 applies.
Since the regions are a bit gruesome, we have chosen fixed
values for which Theorem 1 applies, a1 = 2 and a2 = −15/8,
to ilustrate how to determine the “exact” number of limit
cycles.
The sign of ∆(x) in a neighborhood of the origin is obtained
from
!
Z T
0
∆ (0) = exp
Px (t, 0) dt − 1.

Relation with other results

Let us now show how Theorem 1 generalizes some known
results.
First, consider the Abel equation
(4)

x0 = A(t)x3 + B(t)x2 ,

studied in [2]. For this equation,
Q̃(x) = (x − α1 ) ,

P (t, x) = A(t)x + B(t),

W̃ (t, x) = −(α1 A(t) + B(t)).
Moreover, n = 3, l = 2, l1 = 1, and l2 = l2∗ = 0.
Condition (C1 ) holds if and only if there exists α1 such
that α1 A(t) + B(t) 6= 0. If condition (C1 ) holds, then
condition (C2 ) holds trivially, since W̃ (t, x) 6= 0. Indeed,
by Remark 2, it suffices that α1 A(t) + B(t) has definite sign.
From Proposition 7 we obtain that he number of limit cycles
is ≤ l + 1 + l1 = 4. Assume for instance that α1 > 0. As
in Remark 3, we determine the existence of a limit cycle with
initial condition in the interval (0, α1 ) computing the stability
of the limit cycle u(t, 0) ≡ 0 and the sign of the displacement
function at x = α1 . Meanwhile, in [2] it is obtained that (4)
has at most one non-trivial limit cycle by comparation with the
separated variable equations


1
x .
x0 = a0 (t)x2 (x − α1 ), x0 = a1 (t)x2 1 −
α1
Next, consider the equation
(5)

x0 = a0 (t)xn0 + a1 (t)xn1 + a2 (t)xn2 ,

where n0 > n1 > n2 ≥ 1 and a0 , a1 , a2 are T -periodic
analytic functions.

0

It is easy to check that d is decreasing in a neighborhood of the
origin.
√
The roots
are ±1 and ± 2, and the roots of W (0, x)
p of Q̃(x)
√
are ± 15 ± 17/4. To determine the sign of ∆(x) in any
root of Q(x) different from x = 0, we simply evaluate P (0, x)
in that root, obtaining that ∆(x) is positive in every positive
root of Q(x), and negative in every negative root of Q̃(x).
Analogously, to determine the sign of ∆(x) on the roots of
W (0, x), we evaluate C(0, x)/Ŵx (0, x) in these roots, obtaining that ∆(x) is negative in the lowest positive root of W (0, x),
and positive in the greatest positive root. For the negative roots,
∆(x) is positive in the lowest and negative in the greatest.
As a consequence, (3) has at least two and at most four limit
cycles for these values of the parameters.

A first problem, considered in [1], is to bound the number
of limit cycles when a0 , a1 , a2 have definite sign. Consider
n = n0 , and α1 = α2 = 0, then Q̃(x) = 1. Hence condition
(C1 ) holds trivially. Moreover,
W̃ (t, x) = (n1 − n0 )a1 (t)xn1 −n2 + (n2 − n0 )a2 (t).
By Remark 2, one only need to impose that a1 (t) and a2 (t)
have the same definite sign. Furthermore, l = 0, and l1 = 1.
Thus, (5) has at most three limit cycles. If a1 (t), a2 (t) have
opposite sign, again by Remark 2, to apply Theorem 1 it is
sufficient that the root of W̃ (t, x) = 0 is a lower(upper)solution of (5), which are the hypotheses in [1, Corollary 2
and Theorem 3.2].
A second problem, considered in [14], is to bound the number
of limit cycles when n = n0 , α2 = 0, and hypotheses such that
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(C1 ) holds and W̃ (t, x) 6= 0 for every t, x, which implies that
(C2 ) holds.
Let us illustrate how the results in [14, Theorem 2.1 (i)] can be
obtained. Assume that n0 − n1 , n0 − n2 are even. Then,
Q̃(x) = x

n0 −n1

− α1 ,

W̃ (t, x) = (n1 − n0 )b1 (t)xn0 −n2 +
(n2 − n0 )a2 (t)xn0 −n1 + (n1 − n2 )α1 a2 (t).
When α1 > 0, condition (C1 ) is hypothesis (H.2) in [14], i.e.,


n0 −n2
n0 −n1

a0 (t) ±α1





a1 −a2
n0 −n1

+ a1 (t) ±α1



+ a2 (t) 6= 0,

while in the case α1 < 0, condition (C1 ) is trivially satisfied.
On the other hand, W̃ (t, x) 6= 0 if and only if it has the same
sign at x = ±∞ and at any extrema, which are located at x = 0
and
 1

a2 (t) n1 −n2
x= −
,
b1 (t)
when a2 (t) and b1 (t) have different sign. Hence, the following
three functions
(n1 − n0 )b1 (t),

(n1 − n2 )α1 a2 (t),

!

 n0 −n1
a2 (t) n1 −n2
a2 (t)(n2 − n1 )
−
− α1 ,
b1 (t)
must have the same sign.
If α1 > 0, the above three functions have the same sign when
b1 (t)a2 (t) < 0,

n1 −n2
n0 −n1

|a2 (t)| < α1

|b1 (t)|,

wich are the conditions imposed in [14, Theorem 1.2 (i)]. Since
l = 2 and l1 = 1, then Eq. (5) has at most five limit cycles.
If α1 < 0, the above three functions have the same sign when
b1 (t)a2 (t) > 0. Since l = 0 and l1 = 1, then (5) has at most
three limit cycles.
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On controllability of multi-agent linear systems
M. I. García-Planas∗ and S. Tarragona†

Abstract— During recent years, dynamical multi-agent systems have been extensively studied by researchers in the field of
control theory. It is due to the multi-agents appear in different areas as for example in consensus problem of communication
networks, or formation control of mobile robots. Mainly, the consensus problem has been studied from the point of view of
stability. Nevertheless, recently some researchers have started to analyze the controllability problems. The study of controllability
is motivated by the fact that the architecture of communication network in engineering multi-agent systems is usually adjustable.
Therefore, it is meaningful analyze how to improve the controllability of a multi-agent system. In this work we consider
multiagent systems consisting of k + 1 agents with dynamics ẋi = Ai xi + Bi ui , i = 0, 1, . . . , k for some different cases.
Keywords: Multi-agent systems, consensus, controllability, stability.

1

iii) having a special agent ẋ0 = A0 x0 with independent
motion of all other agents, (i.e. B0 = 0).

Introduction

It is well known the great interest created in many research
communities about the study of control multi-agents system,
as well as the increasing interest in distributed control and
coordination of networks consisting of multiple autonomous
(potentially mobile) agents. There are an amount of literature
as for example [4], [8], [10], [12]. It is due to the multi-agents
appear in different areas as for example in consensus problem
of communication networks [9], or formation control of mobile
robots [2].
Jinhuan Wang, Daizhan Cheng and Xiaoming Hu in [10] study
the consensus problem in the case of multiagent systems in
which all agents have an identical linear dynamics and it is an
stable linear system. In [4], this result is generalized to the case
where the dynamic of the agents are controllable.
In this paper multiagent systems consisting of k agents with
dynamics
ẋ1 = A1 x1 + B1 u1
..
.

(1)

ẋk

are considered.
Wei Ni and Daizhan Cheng in [7] analyze the case where
A0 = A1 = . . . = Ak and B1 = . . . = Bk this particular
case has practical scenarios as the flight of groups of birds. It
is obvious that in this case the mechanic of the first system
is independent of the others, then consensus under a fixed
topology can be easily obtained and it follows from the motion
of the first equation. This consensus problem is known as
leader-following consensus problem [7], [5].

2
2.1

Topology of the system

We consider a graph G = (V, E) of order k with the set of
vertices V = {1, . . . , k} and the set of edges E = {(i, j) |
i, j ∈ V} ⊂ V × V.
Given an edge (i, j) i is called the parent node and j is called
the child node and j is in the neighbor of i, concretely we
define the neighbor of i and we denote it by Ni to the set
Ni = {j ∈ V | (i, j) ∈ E}.

= Ak xk + Bk uk

for the following cases
i) all agents have an identical linear dynamic mode, (i.e.
Ai = A, Bi = B for all i).
ii) all agents are of the same order but do not have the same
linear dynamic.

The graph is called undirected if verifies that (i, j) ∈ E if and
only if (j, i) ∈ E. The graph is called connected if there
exists a path between any two vertices, otherwise is called
disconnected.
Associated to the graph we consider a matrix G = (gij ) called
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(unweighted) adjacency matrix defined as follows gii = 0,
gij = 1 if (i, j) ∈ E, and gij = 0 otherwise.
In a more general case we can consider a weighted adjacency
matrix is G = (gij ) with gii = 0, gij > 0 if (i, j) ∈ E, and
gij = 0 otherwise).
The Laplacian matrix of the graph is

(2)


 |Ni |
−1
L = (lij ) =

0

if i = j
if j ∈ Ni
otherwise

ii) If the graph is undirected then 0 is an eigenvalue of L
and (1, . . . , 1)t is the associated eigenvector.
iii) If the graph is undirected and connected the eigenvalue
0 is simple.
For more details about graph theory see [11].

Kronecker product

Remember that A = (aij ) ∈ Mn×m (C) and B = (bij ) ∈
Mp×q (C) the Kronecker product is defined as follows. See [6]
for more information and properties.
D EFINITION 2 Let A = (aij ) ∈ Mn×m (C) and B ∈
Mp×q (C) be two matrices, the Kronecker product of A and
B, write A ⊗ B, is the matrix
A ⊗ B = (aij B) ∈ Mnp×mq (C)
Associated to the Kronecker product, can be defined the vectorizing operator that transforms any matrix A into a column
vector, by placing the columns in the matrix one after another,

D EFINITION 3 Let X = (xij ) ∈ Mn×m (C) be a matrix, and
we denote xi = (x1i , . . . , xni )t for 1 ≤ i ≤ m the i-th column
of the matrix X. We define the vectorizing operator vec, as
vec : Mn×m (C) −→ Mnm×1 (C)
X −→ x1 x2 . . .
Obviously, vec is an isomorphism.

Controllability and stability

D EFINITION 4 The dynamical system ẋ = Ax + Bu is
said to be controllable if for every initial condition x(0) and
every vector x1 ∈ Rn , there exist a finite time t1 and control
u(t) ∈ Rm , t ∈ [0, t1 ], such that x(t1 ) = x1 .
This definition requires only that any initial state x(0) can be
steered to any final state x1 at time t1 . However, the trajectory
of the dynamical system between 0 and t1 is not specified.
Furthermore, there is no constraints posed on the control vector
u(t) and the state vector x(t).

R EMARK 1
i) If the graph is undirected then the matrix
L is symmetric, then there exist an orthogonal matrix P
such that P LP t = D.

2.2

2.3

xm

t

It is easier to compute the controllability using the following
matrix
(3)

C=

B

AB

A2 B

...

An−1 B



.

called controllability matrix, thanks to the following wellknown result.
T HEOREM 5 The dynamical system ẋ = Ax + Bu is controllable if and only if rank C = n.
As we says, controllability of the dynamical system ẋ =
Ax + Bu implies that each initial state can be steered to 0
on a finite time-interval. If only is required that this to happen
asymptotically for t → ∞, we have the following concept.
D EFINITION 6 The system ẋ = Ax + Bu is called stabilizable if for each initial state x(0) ∈ Rn there exists a (piecewise continuous) control input u : [0, ∞) −→ Rm such that
the state-response with x(0) verifies
lim x(t) = 0.

t→∞

R EMARK 7
i) All controllable systems are stabilizable
but the converse is false.
ii) If the matrix A in the system ẋ = Ax + Bu is Hurwitz
then, the system is stabilizable.
It is important the following result
T HEOREM 8 The system ẋ = Ax + Bu is stabilizable if and
only if there exists some feedback F such that ẋ = (A−BF )x
is asymptotically stable (A − BF is Hurwitz).
Sensivity and stability for singular dynamical linear systems
were studied by M.I. García-Planas in [3].
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3

where

Consensus


 1 
x1
ẋ
 .. 
 .. 
X =  .  , Ẋ =  .  ,
xk
ẋk




A
B




..
..
A=
, B = 
,
.
.
A
B
 P


1
j 
K
j∈N1 x − x




..
..
K=
.
, Z = 
.
.
P
k
j
K
j∈Nk x − x

Roughly speaking, we can define the consensus as a collection
of processes such that each process starts with an initial value,
where each one is supposed to output the same value and
there is a validity condition that relates outputs to inputs.
More concretely, the consensus problem is a canonical problem
that appears in the coordination of multi-agent systems. The
objective is that Given initial values (scalar or vector) of agents,
establish conditions under which through local interactions and
computations, agents asymptotically agree upon a common
value, that is to say: to reach a consensus.

3.1

Dynamic of multi-agent having identical dynamical mode

Let us consider a group of k identical agents. The dynamic of
each agent is given by the following linear dynamical systems



Following this notation we can conclude the following.

P ROPOSITION 10 ([10]) The closed-loop system can be described as
Ẋ = ((Ik ⊗ A) + (Ik ⊗ BK)(L ⊗ In ))X .

ẋ1 = Ax1 + Bu1
..
.

(4)

ẋ

k

k

= Ax + Bu

Taking into account that the graph is undirected, following
remark 1, we have that there exists an orthogonal matrix
P ∈ Gl(k; R) such that P LP t = D = diag (λ1 , . . . , λk ),
(λ1 ≥ . . . ≥ λk ).

k

xi ∈ Rn , ui ∈ Rm , 1 ≤ i ≤ k.
We consider the undirected graph G with
i) Vertex set: V = {1, . . . , k}
ii) Edge set: E = {(i, j) | i, j ∈ V} ⊂ V × V
defining the communication topology among agents.
D EFINITION 9 Consider the system 4. We say that the consensus is achieved using local information if there is a state
feedback
X
ui = K
(xi − xj ), 1 ≤ i ≤ k
j∈Ni

such that
lim kxi − xj k = 0, 1 ≤ i, j ≤ k.

t→∞

For simplify we will write z i =

P

j∈Ni (x

i

− xj ), 1 ≤ i ≤ k.

C OROLLARY 11 The closed-loop system can be described in
terms of the matrices A, B, the feedback K and the eigenvalues
of L in the following manner


A + λ1 BK

 b
..
(5)
Xḃ = 
 X.
.
A + λk BK

R EMARK 12 limt→∞ kP xi − P xj k = 0 if and only if
limt→∞ kxi − xj k = 0.
3.1.1

It would seem that if the graph is connected the consensus
problem would be solvable of there is a K such that the system
5 is stabilized. But taking into account that λ1 = 0 this system
is only stabilized if ẋ1 = Ax1 is stable.
Suppose now, that the system (A, B) is controllable, so there
exist K such that the close loop system ẋ = (A+BK)x = Ax
is asymptotically stable and we apply all results presented in
§3.1 over the group of k identical agents, where the dynamic of
each agent is given by the following linear dynamical systems

The closed-loop system obtained under this feedback is as
follows
(6)
Ẋ = AX + BKZ,

Consensus problem

ẋ1
..
.

= Ax1 + Bu1

ẋk

= Axk + Buk ,
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xi ∈ Rn , ui ∈ Rm , 1 ≤ i ≤ k.

λ1 , λ2 = −0.2500 + 0.1936i, −0.2500 − 0.1936i,

L EMMA 13 ([10]) Let (A, B) be a controllable pair of matrices and we consider the set of k-linear systems

λ3 , λ4 = −0.3500 + 0.6910i, −0.3500 − 0.6910i,

i

i

i

ẋ = Ax + λi Bu , 1 ≤ i ≤ k

λ5 , λ6 = −0.5500 + 1.1391i, −0.5500 − 1.1391i,
so, the system has been stabilized.

with λi > 0. Then, there exist a feedback K which simultaneously assigns the eigenvalues of the systems as negative as
possible.

4

More concretely, for any M > 0, there exist ui = Kxi for
1 ≤ i ≤ k such that

We consider now, a multi-agent where the dynamic of each
agent is given by the following dynamical systems

Dynamic of multi-agent having no identical
dynamical mode

Re σ(A + λi BK) < −M, 1 ≤ i ≤ k.
(σ(A + λi BK) denotes de spectrum of A + λi BK for each
1 ≤ i ≤ k).
As a corollary, we can consider the consensus problem.
C OROLLARY 14 ([4]) We consider the system 4 with a connect adjacent topology. If (A, B) is a controllable pair then,
the consensus is achieved by means the feedback of lemma 13
and a feedback K stabilizing (A, B).
Proof: Taking into account that the adjacent topology is
connected we have that 0 = λ1 < λ2 ≤ . . . ≤ λk and
(1, . . . , 1)t = 1k is the eigenvector corresponding to the simple
eigenvalue λ1 = 0.
On the other hand we can find K stabilizing (A, B) and then
we can find K stabilizing the associate system 5, then we find
Z such that limt→∞ Z = 0.
Using Z = (L ⊗ In )X we have that limt→∞ X = 1k ⊗ v for
some vector v ∈ Rn and the consensus is obtained.

(8)

= A1 x1 + B1 u1

ẋk

= Ak xk + Bk uk

xi ∈ Rn , ui ∈ Rm , 1 ≤ i ≤ k. Where matrices Ai and Bi are
not necessarily equal.
The communication topology among agents is defined by
means the undirected graph G with
i) Vertex set: V = {1, . . . , k}

ii) Edge set: E = {(i, j) | i, j ∈ V} ⊂ V × V.
an in a similar way as before, we have the following.
D EFINITION 15 Consider the system 8. We say that the
consensus is achieved using local information if there exists
a state feedback
X
ui = Ki
(xi − xj ), 1 ≤ i ≤ k
j∈Ni

such that

lim kxi − xj k = 0, 1 ≤ i, j ≤ k.

Example 1.

t→∞

We consider 3 identical agents with the following dynamics of
each agent
ẋ1
ẋ2
ẋ3

(7)

ẋ1
..
.

= Ax1 + Bu1
= Ax2 + Bu2
= Ax3 + Bu3






0 1
0
with A =
and B =
. Where the communi0 0
1
cation topology is defined by the graph (V, E):
V = {1, 2, 3}
E = {(i, j) | i, j ∈ V} = {(1, 2), (1, 3)} ⊂ V × V
Taking K = (−0.1 b = −0.5), and K = −(0.5 d = −0.2) the
eigenvalues are

For simplicity we define z i =

P

j∈Ni (x

i

− xj ), 1 ≤ i ≤ k.

The closed-loop system obtained under this feedback is as
follows

where

Ẋ = AX + BKZ



 1
x1
ẋ



X =  ...  , Ẋ =  ...
xk
ẋk



A1
B1



.
..
A=
, B = 
Ak




..



.
Bk
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K=

K1

..

Observing that

.

 P


x1 − xj



..
.
, Z = 
.
P
k
j
Kk
j∈Nk x − x


j∈N1

Z = (L ⊗ In )X

we deduce the following proposition

P ROPOSITION 16 ([4]) The closed-loop system can be deduced in terms of matrices A, B and K in the following manner.
(9)

Ẋ = (A + BK(L ⊗ In ))X

We are interested in Ki such that the consensus is achieved.
P ROPOSITION 17 ([4]) We consider the system 8 which a
connected adjacent topology. If the system 9 is stable the
consensus problem has a solution.
C OROLLARY 18 If the matrices Ai are Hurwitz stable. Then
the consensus is achieved.

The communication topology is defined by the graph V =
{1, 2}, E = {(1, 2)} ⊂ V × V.


1 −1
Taking as K =
we have (A + BK(L ⊗ In )) =
6 −6


1 −1
with eigenvalues −0.2679, and −3.7321, then
6 −5
the system is stable.
But taking k1 = −1 and k2 = −2, clearlythese feedbacks

k1
stabilize the systems, but taking as K =
=
k2




−1
−1 1
we have (A + BK(L ⊗ In )) =
−2
2 −1
with eigenvalues 0.4142, and −2.4142, then the system is not
stable.

5

Dynamic of multi-agent with a leader

In this section we analyze the dynamic of multi-agent with
special agent with independent motion of all other agents.
The dynamic of each agent is given by the following dynamical
systems

R EMARK 19 The system 9 can be written as
Ẋ = AX + BU

with U = K(L ⊗ In )X .

(10)

So,
P ROPOSITION 20 A necessary (but not sufficient) condition
for consensus to be reached is that the system
Ẋ = AX + BU
is stabilizable.
C OROLLARY 21 A necessary condition for consensus to be
reached is that the systems
ẋi = Ai xi + Bi ui , ∀i = 1, . . . , k

ẋ0
ẋ1
..
.

= A0 x 0
= A1 x1 + B1 u1

ẋk

= Ak x k + B k u k

xi ∈ Rn , ui ∈ Rm , 1 ≤ i ≤ k.
The communication topology among agents is defined by
means the undirected graph G with
i) Vertex set: V = {0, 1, . . . , k}
ii) Edge set: E = {(i, j) | i, j ∈ V} ⊂ V × V.
an in a similar way as before, we have the following.

are stabilizable.
R EMARK 22 The feedback K obtained from the feedbacks
stabilizing the systems ẋi = Ai xi + Bi ui does not necessarily
stabilize the system Ẋ = (A + BK(L ⊗ In ))X .

D EFINITION 23 Consider the system 10. We say that the
consensus is achieved using local information if there exists
a state feedback
ui = Ki

Example 2.

X

j∈Ni

We consider the following two one-dimensional systems
x1
x2

= u1
= x2 + u2

(xi − xj ), 0 ≤ i ≤ k

such that
lim kxi − x0 k = 0, 1 ≤ i ≤ k.

t→∞

668

M. I. García-Planas and S. Tarragona

For simplicity we define z i =

P

j∈Ni (x

i

− xj ), 1 ≤ i ≤ k.

The closed-loop system obtained under this feedback is as
follows
Ẋ = AX + BKZ

where







A=





K=


A0

x0
x1
..
.



X =

A1

..

xk





,




.
Ak

K0
K1

Observing that

..

.





Ẋ = 







, B = 



ẋ0
ẋ1
..
.
ẋk
0





..



.
Bk










.


Z = (L ⊗ In )X

we deduce the following proposition

P ROPOSITION 24 The closed-loop system can be deduced in
terms of matrices A, B and K in the following manner.
(11)

We consider now the case where Ai = A and Bi = B for all
1 ≤ i ≤ k and for the first system also A0 = A and we will try
to obtain the matrix K with Ki = k for all 1 ≤ i ≤ k such that
the consensus is achieved.

ẋ0
ẏ 1

P
x0 − xj
Pj∈N0
 j∈N x1 − xj

1


, Z = 
..


.
P
k
j
Kk
j∈Nk x − x


Particular case

Calling y i = xi − x0 , we have that y i − y j = xi − xj and
y 0 = 0 and the multi-agent system can be rewritten as



B1

5.1

Ẋ = (A + BK(L ⊗ In ))X

We are interested in Ki such that the consensus is achieved.
P ROPOSITION 25 We consider the system 10 which a connected adjacent topology. If the system 11 is asymptotically
stable the consensus problem has a solution.
Proof: Remember that the zero state of a system ẋ = Ax is
asymptotically stable if and only if all eigenvalues of A have
negative real parts. For more see [1].
In our particular setup, and by hypothesis, all eigenvalues of
the matrix A = (A + BK(L ⊗ In )) have negative real parts.
So, the solution of the system X = eAt X −→ 0 as t −→ ∞.
t
But X = x0 x1 . . . xk . Then, the result is easily
concluded.
R EMARK 26 If system 10 is stable, then the system ẋ0 =
Ax0 is stable and the systems ẋi = Ai xi + Bi ui , are stabilizable for all 1 ≤ i ≤ k.

..
.
ẏ k

= Ax0
P
= Ay 1 + BK j∈N1 (y 1 − y j ) =
P
= Ay 1 + BK( 06=j∈N1 (1 + α1 )y 1 − y j )

P
= Ay k + BK j∈Nk (y k − y j ) =
P
= Ay k + BK( 06=j∈Nk (1 + α1 )y k − y j )

where αi = 1 if the agent i is in the neighbor of the agent 0,
and αi = 0 otherwise.
In this way we obtain a system in the variables y as the systems
of the subsection 1-C and we can apply the above results.
Notice that in this case, the matrix Ly coincides with the lower
diagonal submatrix of order k of the matrix L of the system 11
for our particular case. We can also observe that this matrix
coincides with the Laplacian of the adjacency matrix of the
graph obtained by considering only the relationship between
agents xi regardless of the agent x0 plus the diagonal matrix
(αi ).
A similar result is obtained by Wei Ni and Daizhan Cheng in
[7].
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On the Solar Sail periodic orbits near the
Earth-Moon libration points
A. Farrés∗, Àngel Jorba∗ and Marc Jorba-Cuscó∗

Abstract— The Solar Radiation Pressure (SRP) is the pressure exercised by electromagnetic radiation upon some body. If the
area-to-mass ratio is big enough, SRP has to be included in the models that describe its motion. SRP allows spatial navigation
with Solar Sails [1, 2]. The aim of this work is to study how this force affects the dynamics of a spacecraft endowed with a
Solar Sail near the Earth-Moon libration points when the gravitational potential of the Sun is also considered. We use the planar
Bicircular Problem (BCP) including the effect of the SRP as a model for the motion of the Solar Sail (BCPS). We will focus on
the numerical continuation of the periodic orbits near the geometric libration point of the BCP [3] as we move the parameters
corresponding to the SRP.

1

Introduction

A Solar sail is a recent proposed form of spacecraft propulsion.
Essentially, it consists of large and wide highly reflecting
membrane mirrors used to magnify the effect of solar radiation
pressure (SRP). The advantages of solar sailing are remarkable:
the acceleration produced by the radiation pressure is, although
smaller than the one achieved by traditional propellers, continuous and limited only by the lifetime of the Sail. This technology opens a wide new range of possible mission applications
that cannot be achieved by traditional spacecraft.
The acceleration given by the sail depends on its orientation
and efficiency. Let us consider that the force due to the
radiation pressure is produced by the reflection of the photons
emitted by the Sun on the surface of the sail. For a more
realistic model, one must include the force produced by the
absorption of a fraction of these by the sail. The force produced
by reflection is directed along the normal direction to the surface of the sail, while the absorption is strictly in the opposite
direction to the Sun. This means that the direction of the
resultant force is titled from the normal direction to the surface
of the sail. Nevertheless, if the sail is perpendicular to the
Sun-sail line, the absorption and reflection forces are parallel
and results in a less efficient sail. Here, as first approach, we
consider the sail to be flat and perfectly reflecting.
As any one thought to describe the dynamics of a human-made
satellite, the model can be raised from the second Newton’s
Law applied to some test particle under the effects of the
gravitational fields of some celestial bodies with a prefixed

motion. Indeed, it is usual to impose the motion of the bodies
with relevant masses and concern about the motion of the
bodies with negligible masses. The paradigmatic example is
the restricted three body problem (R3BP), in which a motion
of two masses (the primaries) is prescribed, typically according
to the solutions of the two body problem, and the equations
of motion describe the dynamics of a massless test particle. Another well known example is the Bicircular problem
(BCP). In this problem there are three primary masses and we
assume one of them, according to our physical experience; the
biggest, to revolve, along with the center of masses of the
two remaining primaries, around the center of masses of the
system. The two masses which revolve together are assumed
also to do it around its common center of masses. Therefore
we have a bicircular motion that, if the frequencies are incommensurable, leads to a quasi-periodic system of ordinary
differential equations. This quasi-periodic dependence of the
time can be avoided if we choose a system of coordinates
that rotates with one of those frequencies, fixing, either the
two primaries whose motion is around its common center of
mass or the single one. The Bicircular problem is not coherent
with Newton’s laws, nevertheless gives good approximations
of physical situations. Both the restricted three body problem
and the bicircular problem are Hamiltonian systems, property
that gives a theoretical framework that helps to break down the
results of the simulations. If we consider that the test particle
is endowed with a solar sail, these conservation law can be
broken for some orientations of the sail. It is also possible that,
even if the system stops being Hamiltonian, some symmetries
remain depending on the orientation of the sail. Unfortunately
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this does not happen in all of the cases and inevitably the model
has to be simplified if a theoretical background is required.
This paper is structured as follows: In section 2 we give a
description of the Model. In section 3 we give some theoretical
background concerning periodic orbits, the dynamical objects
we focus on. In section 4 we describe the results of the
simulations and in section 5 we finish with the conclusions.

the system by taking the following, unit of mass, the sum of
the Earth and the Moon masses; unit of length, the distance
between Earth and Moon; and unit of time such that the period
of the orbit of the Earth and the Moon is 2π. Let us denote by
µ the mass of the Moon, G the universal gravitational constant,
mS the mass of the Sun and ωS the mean angular velocity of
the Sun in these synodic coordinates and aS the semimajor
axis of the Sun. With the units we have taken, the universal
gravitational constant is equal to one. If the reader is interested,
Table 2 contains the values of the constants used during this
work.

1

µ = 0.012150581623433623
ωS = 0.92519598551829646

L4

0.5

L2

L1

L3

Table 1: Values of the constants used for the computations. See
[3] for further information.

0
M

mS = 328900.549999999
aS = 388.811143023351

E

-0.5

We have considered the sail to be flat and perfectly reflecting.
In this situation the acceleration induced by the solar radiation
pressure is given by

L5
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Figure 1: Top: Libration points of the RTBP. Bottom:
Dynamical substitutes of the libration points in the BCP. The
horizontal axis: x, vertical: y.

2

mS
h~rP S , ~ni2~n,
rP2 S

where β is the lightness number, ~rP S is the Sun line direction,
rP S its norm and ~n is the normal direction to the surface
of the Sail. The sail lightness number is the ration between
the acceleration due to the solar radiation pressure and the
acceleration due to the solar gravitational potential. It is a
parameter used to describe the efficiency of the Solar Sail.
For β = 1 the acceleration due to the SRP cancels out the
acceleration inflicted by the gravitational field of Sun. Taking
into account the current technology, we consider reasonable
values of β < 0.05, see [4]. Notice that the force due to
the SRP follows an inverse square law. Since the effect of
SRP is small compared with the gravitational forces, we take
it to be constant with respect to the position of the Sun. This
simplifications do not affect largely the computations but it is
convenient from the theoretical point of view. Indeed, if we
add the simplified SRP term to the BCP the resultant systems
keeps being Hamiltonian while the SRP term with the inverse
square law breaks this conservation rule. The dynamics in
in positions-momenta coordinates is given by the Hamiltonian
function:

The model

In order to describe the motion of a spacecraft endowed with
a solar sail we have taken the Bicircular problem (BCP) and
added the solar radiation pressure (BCPS). We suppose Earth
and Moon to revolve in a circular orbit around their common
centre of mass and both their barycentre and Sun to move
similarly around the barycentre of the system. We use synodic
coordinates (a rotating frame of coordinates) so Earth and
Moon get fixed at the horizontal axis. We adimensionalize

(1)
1 2
1−µ
µ
mS
(px + p2y ) + ypx − xpy −
−
−
2
rP E
rP M
rP S
mS
mS
2
− 2 (y sin θ − x cos θ) + β 2 cos α R(α)s(θ), (x, y) .
aS
aS

H=

where rP2 E = (x − µ)2 + y 2 , rP2 M = (x − µ + 1)2 + y 2 , rP2 S =
(x − xS )2 + (y − yS )2 , with xS = aS cos θ, yS = −aS sin θ,
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θ = ωS t, s(θ) = (cos θ, − sin θ), α the angle between ~rP S and
~n and R(α) is the rotation matrix of angle α.
Let us point out a couple of properties of the model. If β = 0,
α = −π/2 or α = π/2, the model is reduced to the bicircular
problem. Mathematically any position of the Sail given by
α = [−π, π] makes sense but physically the only meaningful
orientations are the ones given by α ∈ [−π/2, π/2].

1

0.8

0.6

0.4

3

Periodic orbits

The correct understating of the dynamics of a certain system
is done by the study of the invariant sets of the system (fixed
points, periodic orbits, invariant tori. . . ). They are, in fact, the
skeleton of the dynamics. In the case of systems that depend
n time in a periodic way, the simplest invariant objects one
can find are periodic orbits. The next result gives a theoretical
motivation of the further numerical exploration.

L EMMA 1 Let x ∈ Rn , t ∈ R. Assume f ∈ C 1 (Rn , Rn )
and g ∈ C 1 (Rn+1 , Rn ). Consider the following Ordinary
Differential equation.
(

(2)

x = f (x) + εg(x, t),
x(t0 ) = x0 .

Suppose that the following hypotheses are fulfilled:

• The point x̄ ∈ Rn is a zero of f .
• For each k ∈ Z we have ik ∈
/ Spec {Dx f (x̄)}.
• The function g is periodic of period T with respect to t.
then:

1. If (2) has a τ -periodic solution, it must hold τ = `T for
some ` ∈ Z.
2. There is ε0 > 0 for which, for each ε < ε0 , (2)
has exactly one periodic solution of period T such that
xε → x̄ when ε → 0.

0.2

0
-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

Figure 2: Continuation of L4 as a periodic orbit with respect
to the mass of he Sun. The dashed part stands for the unstable
fixed points. Horizontal axis: x. The vertical axis represents an
additional parameter ε, when ε = 0, we the model is the RTBP,
when ε = 1 the model is the BCP.
This well known result tells us that the only periodic orbits
that exist in system (1) are the ones with the same period
(or a multiple) as the Sun TS = 2π/ωS . Moreover Lemma
1 also tells us that we can continue (locally, wit respect to
the parameters) the Lagrangian points as TS -periodic orbits.
We call any periodic orbit obtained by continuation of an
equilibrium point a dynamical equivalent of the point and we
will focus on them.
Let us stress a few facts about the system given by the Hamiltoian function (1). Notice that this model lies in the class
of equations treated by Lemma 1. Indeed, system (1) can
be regarded as a TS periodic perturbation of the Restricted
Three Body Problem (RTBP). We can split H in three parts:
the Hamiltonian function associated to the RTBP (HRT BP ),
the contribution of Sun’s gravitational potential (HS ) and the
contribution of the solar radiation pressure which depends on
two parameters (HSS (α, β)). That is:
H = HRT BP + HS + HSS (α, β).
If α = ±π/2 or β = 0, we have HSS (α, β) = 0 (there
is no contribution due to the solar radiation pressure). Our
model gets reduced to the Bicircular Problem (BCP). The well
known BCP is also a TS periodic perturbation of the RTBP,
a system in which TS -periodic orbits appear as dynamical
equivalents of the Lagrangian equilibrium points (see Figure
1). The dynamical equivalents of L1 , L2 and L3 , located at
regions where the gravitationaly dominant masses are Earth
and Moon, are just small unstable periodic orbits that can be
uniquely continued from the corresponding equilibrium point.
The case of L4 and L5 is completely different. In those regions;
comparatively speaking; far away from Earth and Moon, the
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effect of the perturbation due to Sun’s gravity is uniformly
large and this leads to a Saddle-Node bifurcation (see[5]) of
the continuation curve that seems to come from a Pitchfork
bifurcation broken by a loss of symmetry, see Figure 3 and
[3] for further information. Hence, in the BCP, the dynamical
equivalents of L4 (and L5 ) are three TS -periodic orbits, one of
them small and unstable and the other two larger and stable.

3.1

The Stroboscopic map

Now we take advantage on two facts: The first one is that,
since we are interested in the dynamical equivalents of the Lagrangian points, we do know a priory the period of the periodic
orbits we are looking for. The second one, since our system
is non-autonomous, the linearization of the stroboscopic map
given by the evaluation of the flow at time TS , let us name
it Pαβ = ϕαβ (0, x, TS ), do not have the eigenvalue 1 in
its spectrum as in the case of autonomous systems. Notice
that TS -periodic orbits of system (1) appear as fixed points
of Pαβ . In particular, if we select the parameters α and β so
that the effect of SRP is canceled, the periodic orbits of the
bicircular problem that appear as dynamical equivalents of the
Lagrangian points, let us call them x̃1 , x̃2 , x̃3 , x̃i4 , x̃i5 ; i =
1, 2, 3, are fixed points of Pαβ . Rising from these fixed points
there exist surfaces of fixed points parametrized by α and β.
If we fix β = β0 , we get curves of fixed points parametrized
by α. For some fixed β’s, we trace numerically these curves in
order to study how the initial fixed points change with respect
to the parameters. In particular, we are interested in its linear
stability. The linear stability of a fixed point is given by the
spectrum of the monodromy matrix, the linear part of the
stroboscopic map Mαβ (x̄) := Dx Pαβ (x̄). Notice that Mα,β
is a symplectic matrix, therefore its eigenvalues are of the form
λ, −λ, λ̄ and −λ̄. The fixed points of a symplectic map are
allowed to be elliptic or hyperbolic. The stable fixed points
of the BCP are of type centre×centre and the unstable ones
of type centre×saddle. To numerically trace a continuation
curve for a fixed β and parametrized by α we start from x̃1 , x̃2 ,
x̃3 or x̃i4 and α = −π/2, then predict the next point with the
tangent vector of the curve at the chosen point. The correction
is done using a Newton scheme. Due to the large instability
near the collinear points (and even near L4 for some values of
α) a simple continuation method is doomed, it is necessary to
implement a multiple shooting method with some sections of
time (we use four) to succeed. To perform all the integrations,
we have used Taylor’s method, see [6].

4

Results

We stress again that, for α = −π/2 or α = π/2, the effect of
the SRP upon the spacecraft vanishes and the model reduces
to the Bicircular Problem. We fix four different values of β:
β1 = 0.01, β2 = 0.02, β3 = 0.03 and β4 = 0.04. Let us
set up a notation for the curves we track. Given a fixed β, we
call ψβj , j = 1 . . . 5, the continuation curve that starts from

x̃j for j = 1, 2, 3 and x̃1j for j = 4, 5. We start from one of
those fixed points and increase α. We analyze the results in
two groups. The first one is formed by the continuations of
x̃1 and x̃2 , the dynamical equivalents of L1 and L2 , located in
regions where the dominant forces are the ones produced by the
gravitational potential of Earth and Moon. The second group is
formed by the dynamical equivalents of L3 , L4 and L5 . Here
the perturbation due to Sun, considering both gravitational and
solar radiation pressure effects is remarkable.
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Figure 3: Top: Projections of the curves ψβ1i for i = 1, . . . , 4.
Bottom: Projections of the curves ψβ2i for i = 1, . . . , 4.
Horizontal axis: x, vertical: y.

4.1

Eigenvalue collisions

During the study of the linear stability of the fixed points
along the continuation curves, we face three types of collisions.
Recall that Pαβ is symplectic and so the matrix DxPαβ is,
therefore the eigenvalues appear in reciprocal pairs:
1. (Type I) A collision of conjugated eigenvalues at the
point λ = 1. The fixed point goes from elliptic, e±iρ ,
ρ > 0, to hyperbolic, r, 1/r, r > 0, or viceversa. If we
follow the curve of fixed points we see a turning point
and a change of stability. From this collision it may
branch a new family of periodic points.
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2. (Type II) A collision of conjugated eigenvalues at the
point λ = −1. The fixed point goes from elliptic to
hyperbolic or viceversa. From this collision may branch
a new family of 2-periodic points (Period doubling bifurcation).
3. (Type III) A collision of reciprocal eigenvalues at the
point λ = eiη . After the collision the eigenvalues
abandon from the unit circle. The stable and unstable
manifolds that appear are 2-dimensional (Complex instability). If η = pq ∈ Q a branching of a family of
q-periodic fixed points can be produced, but generically
η is irrational and Diophantine, in this case it may branch
a family invariant curves.

β = 0.02
α
Type
-1.429686
I
-1.711267
I
-1.126725
II
-0.874575
II

β = 0.04
α
Type
-1.460538
I
-1.681738
I
-1.240388
II
-1.049999
II
-0.659631
III
-0.375200
III

Table 2: Eigenvalue collisions of the curves ψβ42 and ψβ44 , for
α < 0. The remaining ones can be obtained by symmetry.

4.2

The collisions of ψβ2i occur at λ = 1, again the center manifold
keeps appearing and disappearing with α.

4.3

Continuations near L3 , L4 and L5

Notice that, due to the symmetry with respect {x = 0} of the
system, the analysis of the dynamical equivalents of L4 and L5
are similar. We focus on L4 . For each i, the beginning of ψβ4i
is the same. We start the continuation at x̃14 and we find a first
turning point, then the curve loses stability and crosses x̃24 at the
homotopy level α = −π/2. Once this level is surpassed, the
curve reaches another turning point recovering linear stability,
then, it crosses x̃34 at α = −π/2. In this process, there appear
some fixed points for values of the parameter less than −π/2,
hence there are some of the periodic orbits we find that cannot
be achieved by a Solar Sail.
After that, the curves ψβ4i keep tracking new fixed points for
values of α ∈ (−π/2, π/2). New collisions of eigenvalues
appear as α increases: For i = 1, . . . , 5, ψβ4i has two collisions
in λ = −1, in the first one, loses stability and recovers it at the
second one. For i > 2 there are also two collisions at λ = eiρ .
Again, the curve loses stability and recovers it at the second
collision. All of these collisions, see Table 4.1, may lead to
branching of new fixed points, 2-periodic points and invariant
curves. The accurate study around them is a work in process.
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Continuations near L1 and L2

For each i = 1, . . . , 4, the curves ψβ1i start from x̃1 at
α = −π/2. The points along these curves never abandon its
condition of linearly unstable fixed points. These curves are
closed, the continuation always return to x̃1 when it reaches the
homotopy level {α = π/2}. As β increases the perturbation is
bigger and the size of the curves grows. See Figure 4. If we see
these fixed points as periodic orbits we see how they increase
in size and change its shape as α goes to the homotopy level
α = 0. They decrease back to x̃1 once α is positive and reaches
π/2, where the SRP acceleration vanishes.
For each i = 1, . . . , 4, the curves ψβ2i behave as in the later
case. Notice that, now, the fixed points are not located between
Earth and Moon, therefore they have more room to grow.
Again see Figure 4. As in the case of ψβ1i , this second family
of fixed points are always linearly unstable.
Both x̃1 and x̃2 are of type centre×saddle. If we follow the
evolution of the eigenvalues of the fixed points along the continuation curves, we see that they collide transforming the fixed
points into totally hyperbolic points, of type saddle×saddle.
The collisions of ψβ1i occur at λ = −1 likely with a subsequent
creation and destruction of 2-periodic points while the fixed
points of the main branch lose and recover center manifolds.
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Figure 4: Left: Projection of the continuation curves ψβ32 , ψβ42
and ψβ52 . Right: Projection of the continuation curves ψβ434 ,
ψβ544 and ψβ354 . In both pictures the dashed part stands for the
unstable fixed points. Horizontal axis: α, vertical: y.

From the point of view of periodic orbits, we see orbits around
L4 that increase with α until the parameter reaches the value
zero, again, the orbits decrease back to the orbits of the
bicircular problem.
There exists a value β ∗ = 0.03732 . . . for which the geometry
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of the curves ψβ3 , ψβ4 and ψβ5 changes dramatically if β > β ∗ .
Before going further on this, let us describe the behaviour of
ψβ3i for i = 1, 2, 3, that is, when βi < β∗ . As in the case of
ψβ1i and ψβ2i , the present curve do not have the same richness as
ψβ4 . The gravitational influence of Earth is still dominant and
the perturbation due to Sun (gravity and SRP) only changes
the size and the shapes of the orbits around L3 , reaching their
maximum size when α = 0 and going back to x̃3 when α goes
to π/2.

only consider the perturbation due to the Sun’s gravity, in
particular, Solar Radiation Pressure do not change the well
know instability near L1 and L2 . The case of the remaining
libration points, L3 , L4 and L5 is completely different. Indeed,
we have seen how the change of orientation of the sail can make
a notable difference in the shape and the size of the trajectories
near these libration points. We have also showed that, if the
sail lightness number is big enough, a connection between L3 ,
L4 and L5 appears.

As moving the parameter β through the homotopy level {β =
β ∗ }, the curves ψβ3 , ψβ4 and ψβ5 collide and new connections of
fixed points appear. We change the notation for the resulting
curves, ψβ43 is the curve connecting x̃14 and x̃3 , ψβ54 is the curve
connecting x̃15 and x̃14 , finally, ψβ35 is the curve connecting x̃3
and x̃15 by backwards continuation. In Figure 4.3 we see the
continuation curves for β = β2 and β = β4 . In Figure 4.3 we
focus on the collision by plotting the curves for β = 0.0373
and β = 0.0374.

In the near future we want to address some questions concerning the bifurcations of periodic orbits near L3 , L4 and L5 ,
which corresponds to the fixed points of he Stroboscopic map.
Each of he eigenvalue collisions we have reported gives an
evidence of a bifurcation. In particular, the Krein collisions
(of type III) opens the possibility for stable invariant curves to
bifurcate, the so-called Hamiltonian-Hopf bifurcation. This is
a branching particularly interesting because of its complicated
geometry which is not completely understood. Finally, it wold
be also interesting to use this knowledge to design a feasible
space mission taking into account the advantages of the natural
dynamics modified by a solar sail.
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Dynamical System Tools to Navigate
in the Earth-Sun System
A. Farrés∗ and À. Jorba∗

Abstract— In this paper we focus on the motion of a solar sail in the Earth-Sun system, where we will show how to use the
information on the natural dynamics of the system to navigate around it in a controlled way. We use the Restricted Three Body
Problem (RTBP) including the Solar Radiation Pressure (SRP) as a model for the motion of the solar sail. This model has a
family of “artificial” equilibrium points parametrised by the orientation of the sail. Most of theme are unstable, we will use their
stable and unstable manifolds to drive the trajectory along this family of points.

1

Introduction

Solar Sails are a form of spacecraft propulsion that takes
advantage of the Solar Radiation Pressure (SRP) to propel
a satellite. By providing a satellite with a large and highly
reflecting ultra-thin mirrors, the impact and further reflection of
the photos emitted by the Sun on the mirrors will accelerate the
probe. This acceleration will be small but unlimited, allowing
new and challenging mission concepts [1, 2] as we will see in
this paper.

In section 2.1 we will describe the family of equilibrium points
and their linear dynamics. In section 3 we will show how
changes on the sail orientation affect the motion of a solar
sail close to a given equilibrium point, and how to use this
information to derive simple strategies for the station keeping
(section 3.2) or navigating around the family of artificial equilibria (section 3.1) in a controlled way. Finally in section 4 we
will apply these strategies to an example mission scenario.

2

Solar Sails in the Earth-Sun system

In this paper we focus on the motion of a Solar sail in the
vicinity of the Earth. As a model for its motion we use
the classical circular Restricted Three Body Problem (RTBP)
taking the Earth and the Sun as primaries and adding the effect
of the Solar Radiation Pressure (SRP) due to the sail. Where
the acceleration given by the solar sail will depend on three
parameters: β the sail lightness number which measures the
effectiveness of the sail; and two angles α, δ which define the
orientation of the sail.

To model the motion of a solar sail close to the Earth we use the
RTBP taking the Earth and Sun as primaries and including the
SRP due to sail. Hence, we assume that the two primaries to be
point masses that orbit around their mutual centre of mass in a
circular due to their mutual gravitational attraction. The solar
sail sail is also a point mass that does not affect the motion of
the two primaries but is affected by their gravitational attraction
as well as the SRP.

It is well know that the RTBP (when the SRP is not included)
has five equilibrium points, L1,...,5 , all of them laying on the
ecliptic plane. When we add the SRP these equilibrium points
come closer to the Sun, and by changing the sail orientation we
can artificially displace their position. These new equilibrium
locations result into possible docks for new and challenging
mission applications [1, 2]. Most of these equilibrium points
are unstable and station keeping strategies are needed to remain
close to them [3]. On the other hand we can use their associated
stable and unstable manifolds to go from one equilibria to
another in a controlled way [4].

Moreover, we take a rotating reference frame where the origin
is at the Earth-Sun centre of mass and such that the x-axis
is along the line joining the two primaries, the z-axis is
perpendicular to the orbital plane and the y-axis completes
an orthogonal positive oriented reference system. We also
take normalised units of mass, distance and time such that
the total mass of the system is 1, the Earth-Sun distance is
1, and their orbital period is 2π. In this units the universal
gravitational constant is G = 1, the mass of the Earth is
µ = 3.00348060100486 × 106 and 1 − µ corresponds to the
mass of the Sun.

∗ Departament de Matemàtica Aplicada i Anàlisi, Universitat de Barcelona, Gran Via de les Corts Catalanes 585, 08007 Barcelona (SPAIN). Email:
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Hence, the equations of motion are given by:
(1)
x−µ+1
x−µ
+ ax ,
ẍ − 2ẏ = x − (1 − µ) 3 − µ
3
rps 
rpe

1−µ
µ
ÿ + 2ẏ = y −
+ 3 y + ay ,
3
rpe

 rps
µ
1−µ
+
z + az ,
z̈ = −
3
3
rps
rpe

unstable
stable

0.04
0.02
Z (AU) 0
-0.02

1

where ~a = (ax , ay , az ) p
is the acceleration given by
the
(x − µ)2 + y 2 + z 2 , rpe =
p solar sail and rps =
2
2
2
(x − µ + 1) + y + z are the Sun-sail and Earth-sail distances respectively.

~asail = β

0
0.5

2.1

Artificial Equilibrium Points

It is well known that the RTBP has 5 equilibrium points,
L1 , . . . , L5 , when we include the SRP and vary the sail orientation we displace their position. In other words, for small values
of β the five equilibrium points are replaced by five families of
artificial equilibria parametrised by the angles defining the sail
orientation [5, 6].
In particular, if we consider the solar sail to be perpendicular to
the Sun-sail line, the points L1 , . . . , L5 are displaced towards
the Sun. If we move the sail orientation right or left w.r.t. rs
(i.e. changing α) we will displace the equilibria right/left w.r.t.
the Sun-Li line, and moving up or down the orientation w.r.t. rs
(i.e. changing δ) we displace them up/down w.r.t. the ecliptic
plane.
In Figure 1 (top) we have the family of equilibrium points for
β = 0.05 (a sail lightness number similar to the one for the
Sunjammer mission http://www.sunjammermission.
com/). Each point on the surface corresponds to an equilibrium point for a certain fixed sail orientation. At the bottom
of Figure 1 we have a zoom of the region close to the Earth.
Notice that we have two disconnected regions, the small one
corresponds to the equilibria related to L2 , and the other to the
equilibria close to L1 .

-0.5

X(AU)

-1

-1

0.02
Z (AU)

0

-0.02
-0.04
-0.98

-0.02
-0.01
0
-0.99
X(AU)

The sail orientation is given by the normal direction to the
surface of sail, ~n, which is parametrised by two angles α and
δ that measure the vertical and horizontal displacement with
respect to the Sun-Sail direction ~rs = (x − µ, y, z)/rps .

-0.5

0.04

ms
h~rs , ~ni2~n.
rps

We call sail lightness number to the constant β defined as
the SRP ratio in terms of the Sun’s gravitational attraction, and
gives an idea on the performance of the Solar Sail: β = 1.53/σ
where σ = mass/area (kg/m2 ) of the spacecraft.

0

Y (AU)

As a first approach we consider the solar sail to be flat and
perfectly reflecting. Then the acceleration due to the Solar Sail
will depend its performance and orientation and is given by:
(2)

1
0.5

-0.04

-1

0.01
-1.01

Y (AU)

0.02

Figure 1: Family of equilibria for β = 0.05

If we look at the stability of the different equilibrium points,
those that are close to L1,2,3 are unstable (blue points) and their
linear dynamics is of the type saddle×sink×source, and the
main instability is given by the saddle as the real component of
the complex eigenvalues is very small compared to the positive
real eigenvalue. On the other hand, the equilibria close to L4,5
are practically stable (purple points) as their linear dynamics is
cross products of sinks and source where the real part of the
real eigenvalues is small [3].

3

Moving around the Family of Equilibria

Our goal is to derive simple strategies to: (a) remain close to the
unstable equilibria and (b) navigate along the family of equilibria in a controlled way. We will use the information on the natural dynamics of the system to derive these strategies. We will
focus only on the unstable equilibria (blue points in Figure 1),
whose linear dynamics is close to saddle×centre×centre, and
take advantage of the unstable manifolds to move along the
system.
Hence, if a solar sail is close to one of these equilibrium
points, p0 , with a fixed sail orientation α0 , δ0 , the trajectory
will escape along the unstable manifold while rotating in the
other two centre directions. If we change the sail orientation,
the position of the equilibrium point is displaced as well as
its stable and unstable directions. Now the trajectory will
escape along the new unstable manifold. If we choose an
appropriate new sail orientation we can make the sail come
back to the original equilibrium point, p0 , or to surf towards a
new equilibria p1 .
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We do not have an explicit expression, p(α, δ), for the position
of the equilibrium points as a function of the sail orientation.
But for a given point p0 = p(α0 , δ0 ), if |α − α0 | and |δ −
δ0 | are small, the position of the equilibrium points is well
approximated by:
p(α, δ) = p(α0 , δ0 ) +

where

∂p
∂p
and
can be easily computed numerically.
∂α
∂δ

In order to decide which new sail orientation, (α1 , δ1 ), places
the equilibrium point, p1 = p(α1 , δ1 ), such that its unstable
manifold drives the trajectory where we want to go, we need
an appropriate reference system. This reference system must
contain information on the relative position of the trajectory
with respect to the stable and unstable manifolds. For this
purpose we use a reference frame centered at the equilibrium
point p0 and defined by its eigenvectors {~v1 , ~v2 , ~v3 , ~v4 , ~v5 , ~v6 }.
Hence, the position of the sail at time t, φ(t), is written as:
φ(t) = p0 +

6
X

s1 (t)~vi ,

i=0

where ~v1 , ~v2 are the unstable and stable directions, ~v3 , ~v4
define the first centre projection and ~v5 , ~v6 the second centre
projection.
We use equation (3) in the reference frame defined by equation (4) to find the appropriate sail orientation for our purpose.
Where p(α, δ) is where we want to have the equilibrium point
in coordinates (s̄1 , s̄2 , s̄3 , s̄4 , s̄5 , s̄6 ). Notice that there are
more equations than unknowns, which corresponds to the fact
that we do not have equilibrium points in arbitrary places. We
will use the least-squares method to solve the system and have
a fixed point close to the desired positions. We might have
to add some restrictions when we solve the system in order to
guarantee that the trajectory behaves as expected.
In Figure 2 we try to sketch the effect on the sail trajectory
of two new equilibrium point (p1 , p2 ), that can appear when
we change the sail orientation, in the saddle×centre×centre
reference frame defined in equation (4). In blue we have
the trajectory of the sail close to p0 for α = α0 , δ = δ0 ,
and the dashed line represents the variation of the equilibria
with respect to one of the sail angles. The lines in red and
green represent the effect on the sail trajectory for two given
changes on the sail orientation. The red curve corresponds to
the effect of having p1 as the new equilibria, notice how here
the trajectory in the saddle component comes back to the stable
manifold of p0 and how the trajectory in the centre components
tries to come close to p0 . On the other hand, the green curve
corresponds to the effects of p2 , here the trajectory on the
saddle direction continues to escape from p0 as well as in the
two centre projections. Situations like the one generated by
p1 are interesting for station keeping strategies while situations
like the one given by p2 are interesting for surfing strategies.

p1

p1
p2
p0

v1

∂p
∂p
(α − α0 ) +
(δ − δ0 ),
∂α
∂δ

(3)

(4)

p1
p2

v3

v2

p0

v5

v4

p0
p2

v6

Figure 2: Sketch for possible effects on the sail trajectory for
changes on the sail orientation.

3.1

Surfing strategies

Let us briefly describe the main ideas behind the surfing
scheme, where the goal is to go from one point pini to another
pend .
Before we start we need to know the position of the final
point pend in the reference frame centred at pini and draw an
imaginary line that goes from one point to the other. As it might
be not feasible to get from pini to pend with one change of the
sail orientation, we will need to get a sequence of points, qi (i.e.
a sequence of changes in the sail orientation (αi , δi )) to arrive
to pend . In order not to loose information each time we change
the sail orientation we will recompute the reference frame to be
centre around qi and draw the imaginary line between qi and
pend
pend

pend

q2

q2
q1

q1
v1

pini

pini
Emax

v2

Figure 3: Sketch of the surfing strategy on the saddle and centre
projections of the trajectory.
Hence, imagine we are close to a certain equilibrium point qi .
Then the trajectory will escape along the unstable direction,
and rotate around the centre projections. When the trajectory
is far away from the qi , that is to say that |s1 (t∗ )| > εmax
we will change the sail orientation. We will choose a new
orientation such that the new point qi+1 satisfies |s̄1 | < d·εmax
with d < 1, and ||(s̄3 , s̄4 )||2 > ||(s3 (t∗ ), s4 (t∗ ))||2 and
||(s̄5 , s̄6 )||2 > ||(s5 (t∗ ), s6 (t∗ ))||2 . In other words, the new
unstable manifold takes the trajectory towards pend , and the
trajectory in the centre projection must also moves towards
pend . In Figure 3 we can see a sketch of these phenomena.
We will repeat this until we get close to the final point. We can
play with the parameters εmax and d in order to remain close
to the surface of equilibria or to control the surfing speed.
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3.2

Station Keeping strategies

Let us briefly describe the ideas behind the station keeping
scheme, where the goal is to remain close to the equilibrium
point pini for a long time.
We will always start with a reference frame centred around
the equilibrium point we want to remain close (pini ). As
before the trajectory will escape along the unstable direction
and rotate in the centre projections. When the trajectory is
far from pini (i.e |s1 (t∗ )| > εmax ) we will change the sail
orientation. Now we will chose a new orientation such that the
new equilibrium point, qi , satisfies |s̄1 | > d · εmax with d > 1,
and ||(s̄3 , s̄4 )||2 < ||(s3 (t∗ ), s4 (t∗ ))||2 and ||(s̄5 , s̄6 )||2 <
||(s5 (t∗ ), s6 (t∗ ))||2 . In other words, the new unstable manifold
must take the trajectory towards the stable manifold of pini
and the centre projections must remain bounded. Once the
trajectory comes close to pini (i.e. |s1 (t∗ )| < εm in) we will
restore the original sail orientation. In Figure 4 we have a
sketch of this phenomena.
We will repeat this as long as we want to remain close to pini .
By playing with the parameters εmax and d we can modify how
far away we can get from the orbit and the time it takes the sail
to come back.
q1
q1
v1

pini

pini
Emax

v2

Figure 4: Sketch of the station keeping strategy on the saddle
and centre projections of the trajectory.

4

p1
p2
p3
p4

x

y

z

-9.79998e-01
-9.80036e-01
-9.79998e-01
-9.80036e-01

1.81889e-03
0.00000e+00
-1.81889e-03
0.00000e+00

0.00000e+00
1.73948e-03
0.00000e+00
-1.73948e-03

p1
p2
p3
p4

α (deg)

δ (deg)

-0.74
0.00
0.74
0.00

0.00
2.61
0.00
-2.61

Table 1: Coordinates of the equilibrium points to visit in the
example mission and their corresponding sail orientation for
equilibria.

We have divided the mission into four stages, where each of
them has two different parts. In stage 1 we start close to p0 and
first we surf from p0 to p1 , once we are close enough to p1 we
use the station keeping algorithm to remain there for two years.
Stages 2, 3 and 4 follow the same objective, going from p1 to
p2 (stage 2), from p2 to p3 (stage 3) and from p3 to p0 (stage 4).
The idea of the mission is to orbit around the solar disc while
surfing along the equilibrium points.
When we surf from one point to the other we use the surfing
strategy described in section 3.1 and when we control the
trajectory to remain close to one of the equilibria for 2 years
we use the station keeping strategy described in section 3.2
In Figure 5 we have the trajectory the solar sail follows through
the mission, where each colour corresponds to the different
stages of the mission.

Test Mission

As a test mission we propose a round tour visiting 4 equilibrium points on the surface of equilibria combining the two
strategies proposed in the previous section. The 4 points we
want to visit are displaced 5◦ from the Earth-Sun line, two
of them above and below the ecliptic plane (p1 , p3 ) and the
other two left and right from the Earth-Sun (p0 , p2 ), forming a
rhombus with the Sun in the middle if you look at them from
the Earth.
We have considered a solar sail performance β = 0.051689,
which corresponds to the sail lightness number for the Sunjammer mission (a sail with ≈ 32kg of payload mass and an
area of 38 × 38m2 ). In Table 1 we have the position of the 4
equilibrium points we want to visit and their corresponding sail
orientation.

stage 1

stage 2

stage 3

stage 4

0.006
0.002
Z (AU)
-0.002
-0.006
-0.985
-0.983
-0.981
-0.979
X (AU)

-0.004 -0.002

0.002 0.004
0
Y (AU)

Figure 5: XYZ projection of the solar sail trajectory. Stage 1
in red; Stage 2 in green; Stage 3 in blue; Stage 4 in purple.

681

δ (deg)

α (deg)

Dynamical System Tools to Navigate in the Earth-Sun System

0
-0.2
-0.4
-0.6
-0.8

0

0.5

1

1.5

2
2.5
t (years)

3

3.5

4

2.5
2
1.5
1
0.5
0
0

0.5

1

1.5

2
2.5
t (years)

3

3.5

4

δ (deg)

α (deg)

Figure 6: Stage 1, surfing from p0 to p1 : α, δ variation.
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Figure 7: Stage 2, surfing from p1 to p2 : α, δ variation.
α (deg)

Let us now describe in a little more detail the trajectory for
each strategy. For simplicity and due to space limitations we
only present results for the two parts of stage 1, as the rest of
the stages behave in a very similar way.

Stage 1A: surfing form p0 to p1

4.1

On the top-left hand-side of Figure 10 we can see the Y Z
projection of the first stage of the mission, where we can clearly
see how the trajectory gains altitude while moving towards the
left until it reaches a vicinity of p1 .

0.8
0.6
0.4
0.2
0

0.7
0.5
0.3
0.1
-0.1

the average time to get from one point to the other is around 4
years, except in stage 4 where the sail takes a longer tour as it
can be seen in Figure 5. Moreover, notice how at each ‘step’
the sail orientation gets closer to the orientation required for
the target point.

The other three plots in Figure 10 are the different projections
of the trajectory in the saddle and centre planes related to p0 ,
and the black crosses represent the projection of the equilibria, qi , that play a role in the surfing scheme, these are the
equilibrium positions for the different sail orientations that we
use. Notice how the trajectory in the saddle projection (topright) is a succession of saddle arcs, each of them centered
around the equilibria qi . The trajectory on the other two centre
directions (bottom) also moves along the family of equilibria
qi and rotates around them. A similar behaviour is observed
for the other three stages.
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Figure 8: Stage 3, surfing from p2 to p3 : α, δ variation.
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Figure 9: Stage 4, surfing from p3 to p0 : α, δ variation.

In Figures 6, 7, 8 and 9 we show the variation of the two angles
defining the sail orientation during the mission. As we can see

pend
0

5e-05 1e-04 1.5e-04 2e-04
v3

pini

0
-0.0002
-1.5e-04

-5e-05

0
v5

5e-05

1.5e-04

Figure 10: Different projections of the trajectory of the 1st
stage surfing form p0 to p1 .

4.2

Stage 1B: 2 year station keeping

As we have mentioned before, once we are close to the target
equilibrium points pi we apply the station keeping strategy to
remain close to them for 2 years. The main idea is to check
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how well we are surfing along the surface of equilibria, as well
as to know if we are able to stay around any of the points if
requiered.
0.002

0.00001

0.0018

-0.00001

Conclusions

In this paper we have shown how to use the information on the
dynamics of a system to navigate around it in a controlled way.
The ideas are general enough to be applied to different kind
of dynamical systems. We have applied them to the particular
case of a satellite propelled by a solar sail in the Earth-Sun
system.
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Figure 11: Different projections of the trajectory of the 1st
stage control around p1 .
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We have seen that in the Sun-Earth RTBP with a solar sail we
have a surface of equilibrium points, each point corresponding
to a certain sail orientation. Some of these equilibrium points
are linearly unstable and have a stable and unstable manifolds
associated to them. Hence, for a fixed sail orientation, if
we are close to equilibria, the trajectory will escape along
the unstable manifolds. We also know that when we change
the sail orientation the position of equilibria shifts, then the
trajectory will escape along the new unstable manifold. If we
can compute how these invariant manifolds vary with the sail
orientation, we can derive schemes to make the solar sail surf
around the system in a controlled way.
We have shown how to derive some of these strategies and
applied them to an example mission to surf around the equilibrium points close to L1 . The results show that the strategy
is robust and that we are able to surf around the surface of
equilibria. Nevertheless, we still need to do a more extensive
study in order to minimise the surfing time to go from one point
to the other and see how it depends on the parameters in our
algorithms.
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Figure 12: Stage 1, control around p1 : α, δ variation

References
On the top-left hand side of Figure 11 we have the Y Z
projection of the trajectory of the solar sail during the control
period. As we can see, despite the instability of the region, the
trajectory remains close of the equilibrium point for two years.
The other three plots are the projection of the sail trajectory
on the saddle and two centre projections around the target
point p1 . As we can see, in the saddle projection (top-right)
the trajectory is a connection of saddle arcs, where each time
the trajectory is escaping along the unstable direction, the sail
orientation is changed and the trajectory comes back along the
saddle arc of the new equilibria and comes close to the stable
direction of p1 . The trajectory in the two centre projections is a
connection of rotations around different points, which remains
bounded along time.
Finally in Figure 12 we see the variation of sail orientation
during the two years.

[1] C.R. McInnes, Solar Sailing: Technology, Dynamics, and Mission
Applications, Springer-Praxis, Chichester UK (1999), ISBN 1-85233102-X.
[2] M. Macdonald, C.R. McInnes, Solar sail science mission applications
and advancement, Advances in Space Research, Volume 48, Issue 11,
pp. 1702-1716, December 2011.
[3] A. Farrés, À. Jorba, A Dynamical System Approach for the Station
Keeping of a Solar Sail , The Journal of the Astronautical Science,
Volume 56, Number 2, pp. 199-230, April-June 2008.
[4] A. Farrés, À. Jorba, Solar Sail Surfing Along Families of Equilibrium
Points, Acta Astronautica, Volume 63, Issue 1-4, pp. 249-257. JulyAugust 2008.
[5] C.R. McInnes, A.McDonanld, J.Simmons, E.MacDonald, Solar Sail
Parking in Restricted Three-Body System, Journal of Guidance, Control
and Dynamics, Volume 17, num. 2, pp. 399-406, 1994.
[6] A. Farrés, À. Jorba, Periodic and Quasi-Periodic Motion of a Solar
Sail close to SL1 in the Earth-Sun System, Celestial Mechanics and
Dynamical Astronomy, Volume 107, num. 1-2, pp. 233-253, June 2010.

P ROCEEDINGS OF THE XXIV C ONGRESS ON D IFFERENTIAL E QUATIONS AND A PPLICATIONS
XIV C ONGRESS ON A PPLIED M ATHEMATICS
Cádiz, June 8-12, 2015, pp. 683–687

Orbital-reversibility of planar dynamical systems
A. Algaba∗, I. Checa∗, E. Gamero† and C. García∗

Abstract— We give necessary conditions for the orbital–reversibility for a class of planar dynamical systems, based on properties
of some invariant curves. From these necessary conditions we formulate a suitable algorithm, to detect orbital–reversibility, which
is applied to a family of nilpotent systems.
Keywords: Orbital-reversibility, Planar autonomous systems, Invariant curves

1

Introduction

The presence of involutory reversing symmetries (reversibilities) is very common in systems that occur in many disciplines
of science and engineering. The most frequent cases of reversibility that one finds in the literature are associated to linear
involutions, and more concretely, where the involution consists
in the change of sign in some variable. In such cases, each
solution has a twin, obtained by changing the sign of the time
variable and applying the time–reversing symmetry.
For planar systems, there is a strong connection between
the center problem and the reversibility property of a planar
system: if the system has a non-degenerate center at the origin,
then it is reversible, see [9].
In this work, we are concerned with the orbital–reversibility
problem: a system is called orbital–reversible if there exists
some time-reparametrization such that the resulting system
admits some (nonlinear) reversibility; and our goal is to determine, in the planar case, conditions on the system to be
orbital–reversible. As with the reversibility, the presence
of some orbital–reversibility is useful in the understanding
of the dynamical behavior of the system, because the timereparametrizations do not change the orbits but only the speed
in which they are traversed in time.
The orbital–reversibility property is also closely related to
the center problem. For instance, the existence of an orbital
reversibility in a monodromic vector field ensures the presence
of a center. Also, if a planar system has a nilpotent center at
the origin, then it is orbital–reversible, see [6].
Let us consider a planar analytic autonomous system
(1)

ẋ = F(x), x = (x, y)T ∈ R2 ,

having an equilibrium point located at the origin.
∗ Departamento
† Departamento

The problem of determining if system (1) has some reversibility is considered in [5], where it is shown that if system (1) is
reversible, then it can be transformed into an axis–reversible
one, by using some transformations in the state variables.
Besides transformations in the state variables, we also
reparametrize the time in system (1). It is well known that
the analytic effect of such a time-reparametrization is simple:
dt
if it is given by dT
= µ(x), (with µ(0) > 0), then transformed
vector field is the original one multiplied by µ.
D EFINITION 1 An involution is a diffeomorphism σ such that
σ ◦ σ = Id and σ(0) = 0. In this work, we will deal with
involutions
such that codim (Fix (σ)) = 1 where Fix (σ) =

x ∈ R2 : σ(x) = x is the fixed point set of σ. It is important
to remark here that the involution could be nonlinear.
We say that system (1) (or the vector field F) is reversible if
there exists some involution σ such that σ ∗ F = −F (we
denote pull-back of a vector field of F by a transformation Φ as
Φ ∗ F). Sometimes, we make explicit the involution by saying
that F is σ–reversible.
We say that system (1) (or the vector field F) is orbital–
reversible if there exist an involution σ and a scalar function
µ, with µ(0) = 1 such that σ ∗ (µF) = −µF, (this means
that reparametrizing the time adequately, the system becomes
reversible).
The underlying idea in our analysis is the reduction of the system to a normal form and later to analyze the axis–reversibility
modulo orbital–equivalence (see Proposition 6). In this way,
we get necessary conditions for orbital–reversibility that provide an algorithm, discarding non-orbital–reversible cases.
The algorithm we will use to obtain conditions for orbital
reversibility is based on the following definition of orbital
equivalence:
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D EFINITION 2 Let us consider two vector fields F, G. We
say that F is orbital equivalent to G if there exist a diffeomorphism Φ and a function µ, with µ(0) = 1 such that
G = Φ ∗ (µF).

2

Necessary conditions for orbital–reversibility (3)
of planar vector fields

In our analysis, we use some definitions and terminology,
related to the quasi-homogeneous expansions for planar vector
fields.
A scalar function f is quasi-homogeneous of type t =
(t1 , t2 ) ∈ N2 and degree k if f (εt1 x, εt2 y) = εk f (x, y). The
vector space of quasi-homogeneous scalar functions of type t
and degree k is denoted by Pkt .
A vector field F = (P, Q)T is quasi-homogeneous of type t
t
t
and degree k if P ∈ Pk+t
, and Q ∈ Pk+t
. The vector space
1
2
of quasi-homogeneous vector fields of type t and degree k is
denoted by Qtk .
Given a vector field F, we can formally write it as a quasihomogeneous expansion corresponding to a fixed type t:
(2)

If Fr is not Rx neither Ry –reversible modulo a zero-degree
change of variables, then the full vector field F is not longer
orbital–reversible. So, we analyze the situation when the
principal part of F is Rx or Ry –reversible. Hence, we assume
that F is of the form

F(x) = Fr (x) + Fr+1 (x) + · · · ,

where each term Fk is a quasi-homogeneous vector field of
type t and degree k.
Given a scalar function
µ, to obtain its quasi-homogeneous
P
expansion µ = k µk , with µk ∈ Pkt , it is enough to collect
the terms of its Taylor expansion whose exponents lie in the
straightline t1 x + t2 y = k, for each k. The expansion in quasihomogeneous terms of a vector field F = (P, Q)T is obtained
easily from the ones of the components P , Q.
The lowest non–zero quasi-homogeneous term Fr 6= 0 in (2)
(for some r ∈ Z) is called the principal part of F with respect
to the type t.
Next result, which is deduced from [4, Theorem 2.2], shows
that it is possible to linearize the involution associated to Fr .
T HEOREM 3 Let us assume that the vector field (2) is orbital–
reversible. Then, for any fixed type t, there exists Φ0 ∈
Qt0 such that the diagonal elements of DΦ0 are zero, and
(Id + Φ0 ) ∗ Fr is axis–reversible (i.e., Rx or Ry –reversible).
Also,
there is a near-identity transformation Φ = Id +
P
t
Φ
j>0 j , with Φj ∈ Qj , and a scalar function µ, with
µ(0) = 1, such that (Φ ◦ (Id + Φ0 )) ∗ (µF) is axis–reversible
(F is orbital Rx or Ry –reversible modulo a change of variables
that includes zero-degree terms).
The above theorem gives a first necessary condition for orbital–
reversibility of the vector field based on its principal part Fr
with respect to the type considered.

e r (x) + Fr+1 (x) + · · · , for some r ∈ Z,
F(x) = F

e r 6= 0 is axis–reversible, and Fr+k ∈
where the principal part F
t
Qr+k for all k ∈ N.
R EMARK 4 In order to study the orbital–reversibility respect
to an arbitrary involution for the original system (1), we must
reduce it to the form (3) by means of a zero degree nearidentity transformation, and later analyze the axis–reversibility
modulo orbital equivalence, or in other words, the orbital–
reversibility with respect to Rx or Ry modulo a near identity
transformation.
We will require some properties about operations involving
quasi-homogeneous functions and/or vector fields (for more
detail, see [3]):
• If µ ∈ Pkt and F ∈ Qtl , then µ F ∈ Qtk+l .
t
• If µ ∈ Pkt and F ∈ Qtl , then ∇µ · F ∈ Pk+l
.

• We denote by Xh the Hamiltonian vector field associated
T

∂h
,
.
to Hamiltonian h, that is, Xh = − ∂h
∂y ∂x

It is easy to check that Xh ∈ Qtk if, and only if,
t
h ∈ Pk+|t|
, (here, |t| := t1 + t2 denotes the modulus
of t).

• The divergence of a vector field F = (P, Q)T is
∂Q
div(F) = ∂P
∂x + ∂y .
t
For all F ∈ Qk , we have div (F) ∈ Pkt .
• The wedge product of two vector fields F = (P, Q)T
and G = (R, S)T is the scalar function F ∧ G =
P S − QR.
t
If we take F ∈ Qtk , G ∈ Qtl , then F ∧ G ∈ Pk+l+|t|
.
T

• We denote D0 = (t1 x, t2 y) ∈ Qt0 . Observe that it is a
radial vector field.
For any p ∈ Pkt we have ∇p·D0 = k p (Euler’s Theorem
for quasi-homogeneous vector fields).
A key fact, which can be found in [3], is the following.
Any planar quasi-homogenous vector field can be decomposed
uniquely as the sum of two quasi-homogeneous vector fields,
one of them having zero divergence (conservative part) and
the other one with divergence equal to the original vector field
(dissipative part).
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L EMMA 5 Let us consider a quasi-homogeneous planar vector field Fk ∈ Qtk . Then, there exists an unique couple of
t
quasi-homogeneous polynomials: h ∈ Pk+|t|
, µ ∈ Pkt , such
that
Fk = Xh + µD0 ,
with h =

1
k+|t| D0

∧ Fk , µ =

1
k+|t| div(Fk ).

From now on, we will consider a class of vector fields which
is specified in the next proposition. Specifically, we are
interested in dissipative perturbations of a conservative quasihomogeneous vector field modulo orbital–equivalence.
We define the Lie-derivative operator associated to the principal part of the vector field (2):
t
`k−r : Pk−r
p

→ Pkt
→ `k−r (p) = ∇p · Fr .

We will denote by Cor (`k−r ) to a complementary subspace to
the range of this linear operator.
The following result gives necessary conditions for the orbital–
reversibility for systems that have been reduced to a suitable
prenormal form. (For a proof see [1])
P ROPOSITION 6 Let us assume that F = Xh +
where:

P

j>r

µj D0 ,

t
• h ∈ Pr+|t|
, h(−x, y) = h(x, y), and the factorization of
h on R[[x, y]] only has simple factors; and

• there exists N > r such that µj ∈ Cor (`j−r ),
µj (−x, y) = −µj (x, y), for r < j < N , and µN ∈
Cor (`N −r ), µN (−x, y)+µN (x, y) ∈ Cor (`N −r )\{0},
t
and PN
−r 6= {0}.
Then, F is not orbital Rx –reversible modulo near-identity
transformations.
Analogously we have the following result:
P ROPOSITION 7 Let us assume that F = Xh +
where:

P

j>r

µj D0 ,

t
Pr+|t|
,

• h∈
h(x, −y) = h(x, y), and the factorization of
h on R[[x, y]] only has simple factors; and

As consequences of Propositions 6 and 7, we get the following
results (see [1]):
P
t
T HEOREM 8 Let F = Xh + j>r µj D0 , where h ∈ Pr+|t|
,
h(−x, y) = h(x, y), h only has simple factors in its decomposition on R[[x, y]]; and µj ∈ Cor (`j−r ). Then, F is
orbital Rx –reversible modulo near-identity transformations if,
and only if, it is Rx –reversible.
Analogously we have the following result:
P
t
T HEOREM 9 Let F = Xh + j>r µj D0 , where h ∈ Pr+|t|
,
h(x, −y) = h(x, y), h only has simple factors in its decomposition on R[[x, y]]; and µj ∈ Cor (`j−r ). Then, F is
orbital Ry –reversible modulo near-identity transformations if,
and only if, it is Ry –reversible.

3

Orbital reversibility of nilpotent vector fields

We consider perturbations of the following nilpotent vector
field:
(4)

Fr = (y, σxm )T ,

being σ = ±1, m ∈ N.
It is easy to check that, if m is even then this vector field
is quasi-homogeneous of type t = (2, m + 1) and degree
r = m − 1; whereas if m = 2n − 1 is odd, then it is quasihomogeneous of type t = (1, n) and degree r = n − 1.
Our goal is to analyze the orbital–reversibility of higher-order
quasi-homogeneous perturbations of (4):
(5)

F = Fr + Fr+1 + · · · .

From Remark 4, it is enough to study the orbital Rx and Ry –
reversibilities modulo near-identity transformations of (5), because for this type, the unique zero-degree term are Φ0 (x, y) =
(ax, by)T ∈ Qt0 , and then the unique reversibilities with degree
zero that (4) admits are the axis–reversibilities.
P ROPOSITION 10 The vector field (5) is orbital Ry –
reversible modulo near-identity transformations if, and only if,
it is orbital equivalent to (4).

• there exists N > r such that µj ∈ Cor (`j−r ),
µj (x, −y) = −µj (x, y), for r < j < N , and µN ∈
Cor (`N −r ), µN (x, −y)+µN (x, y) ∈ Cor (`N −r )\{0},
t
and PN
−r 6= {0}.

C OROLLARY 11 Let us assume that the vector field (5), with
m = 2n − 1 odd, is orbital Ry –reversible modulo near-identity
transformations. Then, it is orbital Rx –reversible modulo nearidentity transformations.

Then, F is not orbital Ry –reversible modulo near-identity
transformations.

P ROPOSITION 12 The vector field (5) is orbital Rx –
reversible modulo near-identity transformations if, and only if,
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m = 2n − 1 is odd and it is orbital equivalent to the following
normal form:
(6)

Fr +

2n−2
X

(0)

αj xj D0 +

∞ 2n−2
X
X
l=1

j=n

j odd

Proof: The vector field of the statement can be written as
F = F̃r + Fr+1 , where:

(l)

Fr+1

j=0

j odd

t
where D0 = (x, ny)T ∈ Qt0 , and h = σx2n − ny 2 ∈ P2n
.

Using Remark 4, Propositions 10, 12 and Corollary 11, we get
the main result in this section: (for more detail see [1])
T HEOREM 13 System (5) is orbital–reversible if, and only if,
• m is even and it is orbital equivalent to Fr ; or

with r = 2q and t = (1, 2q+1). We notice that it is a particular
case of the vector field (5), with m = 2n−1, being n = 2q +1.
From Theorem 13, the characterization of the orbital reversibility for system (8) depends on the normal form (6). More
specifically, system (8) is orbital–reversible if, and only if,
the normal form (6) reduces to (7). For that, the following
coefficients of the quoted normal form must vanish:

• m = 2n − 1 is odd and it is orbital equivalent to
(7)

Fr +

2n−2
X

(0)

αj xj D0 +

j=n

j odd

∞ 2n−2
X
X
l=1

(0)

• αj

= 0, if 2q − 1 ≤ j ≤ 4q, j even, and

(l)

αj xj hl D0 ,

(l)

• αj = 0, for all l ∈ N, 0 ≤ j ≤ 4q, j even.

j=0

j odd

where D0 = (x, ny)T ∈ Qt0 and h = σx2n − ny 2 ∈
t
P2n
.

3.1

F̃r = (y, σx4q+1 )T ∈ Qtr ,
T
= a1 xy + a2 x2q+2 , b1 y 2 + b2 x2q+1 y ∈ Qtr+1 ,

αj xj hl D0 ,

A particular family

Let us consider the following family of nilpotent planar vector
fields:

 
 

ẋ
y
a1 xy + a2 x2q+2
=
+
(8)
,
ẏ
σx4q+1
b1 y 2 + b2 x2q+1 y

The effective computation of the normal form in this example
is performed following a procedure based on Lie transforms,
because then we can exploit the strengths of the computer
algebra systems. The details of the procedure can be found in
[2], and the main tool is the Lie product of vector fields. Using
Maple in the computations, we have obtained the following
expressions for the coefficients of the normal form (6).
The first coefficient is:
(0)

where σ = ±1, q ∈ N.

(9)

This family has been studied by several authors. Namely,
the analytic integrability has been studied in [7]; the center
problem for σ = −1 (which corresponds to the monodromic
situation) has been partially studied in [8]; and the reversibility
problem is completely solved in [5].

To study the vanishing of this coefficient, we consider the
following two possibilities:

α2q+2 = a2 ((2q + 3)(2q + 1)a1 + 2qb1 )
+b2 (2qa1 − 3b1 ).

(0)

T HEOREM 14 System (8) is orbital–reversible if, and only if,
one of the following conditions holds:
(a) a2 = b2 = 0.

(1) 2qa1 − 3b1 = 0, and then α2q+2 vanishes in a couple of
cases:
(1a) a2 = 0. In this case, the next normal form
coefficient is

(b) a2 = a1 = b1 = 0, b2 6= 0.
(c) a1 = b1 = 0, a2 6= 0.
(d) a1 + 2b1 = b2 + 2(q + 1)a2 = 0, a2 b1 6= 0.
(e) b2 = (2q + 1)a2 , b1 = (2q + 1)a1 , a2 (a1 + 2b1 ) 6= 0.
R EMARK 15 Items (a)-(d) agree with the cases of reversibility, considered in [5]. Item (e) corresponds to a situation of
a non–reversible system that is orbital–reversible. This item
for σ = −1 presents a new case of center at the origin, not
included in [8], that has been detected by the orbital–reversible
algorithm.

(0)

α2q+4 = b2 a31 ,
which vanishes if
• b2 = 0. In this case, covered in item (a), the
system is Ry –reversible; or
• a1 = 0. The system now is Rx –reversible, this
situation appears in item (b).
(1b) a2 6= 0, (2q + 3)(2q + 1)a1 + 2qb1 = 0. In this
case, a trivial computation provides a1 = b1 = 0.
For these values, the system is Rx –reversible. This
is the situation described in item (c).
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(2) 2qa1 − 3b1 6= 0, and then the normal form coefficient
(0)
α2q+2 vanishes if, and only if,
(10)

b2 = −

(2d) a2 (a1 + 2b1 )(b1 − (2q + 1)a1 ) 6= 0, C4 = 0. In this
case, a deeper study omitted here shows that the next
(0)
(0)
normal form coefficients α2q+6 and α2q+8 cannot vanish
simultaneously. Hence, from Theorem 13, the system is
not orbital–reversible.

(2q + 3)(2q + 1)a1 + 2qb1
a2 .
2qa1 − 3b1

For this value of b2 , we are able to compute the next
normal form coefficient:
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(0)

α2q+4 = a2 (a1 + 2b1 )(b1 − (2q + 1)a1 ) C4 ,

where:
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Center cyclicity of a family of quintic
polynomial vector fields
I. A. García∗, J. Llibre† and S. Maza∗

Abstract— We present a method for studying the Hopf cyclicity problem for the non-degenerate centers without the necessity
of solving previously the Dulac complex center problem associated to the larger complexified family. As application we analyze
the Hopf cyclicity of the centers of the quintic polynomial family written in complex notation as ż = iz + z z̄(Az 3 + Bz 2 z̄ +
Cz z̄ 2 + Dz̄ 3 ).
Keywords: Cyclicity, limit cycle, center problem.

1

Introduction

We consider a family of planar polynomial differential systems
of the form
(1)

ẏ = x + λ1 y + Q(x, y, λ),

Using a transversal section Σ = [0, ĥ) with endpoint at the
origin of coordinates and parameterized by h where ĥ = ĥ(λ),
we have the displacement map d : Σ × Λ → Σ × Λ defined
by d(h; λ) = Π(h; λ) − h, where Π : Σ × Λ → Σ × Λ is the
Poincaré or return map. We note that ĥ > 0 can be finite or
infinite.
Since the differential system (1) is analytic, the displacement
map d(h; λ) is analytic in the variables h ∈ [0, ĥ) and λ.
Hence
we can expand the displacement function d(h; λ) =
P
i
v
i≥1 i (λ)h in Taylor series at h = 0 where the coefficients
vi ∈ R[λ] are called Poincaré–Liapunov constants. For λ1 = 0
the Bautin ideal B at the origin of system (1) is defined as the
ideal generated by all the polynomials vi (λ) with i ≥ 1 in the
polynomials ring R[λ]. This ideal B is Noetherian and then by
the Hilbert’s basis Theorem it is generated by a finite number
of polynomials.
† Departament

(a) initially set MI = {fp }, where fp is the first non-zero
element of B;
(b) check successive elements fj , starting with j = p + 1,
adjoining fj to MI if and only if fj 6∈ hMI i, the ideal
generated by MI .

ẋ = λ1 x − y + P (x, y, λ),

where P, Q ∈ R[x, y, λ] are the polynomial nonlinearities
of system (1) and (λ1 , λ) = (λ1 , λ2 , . . . , λn ) ∈ Λ ⊂ Rn
are the parameters of the family. We assume that for some
(λ1 , λ) = (0, λ∗ ) ∈ Λ system (1) has a center at the origin. Of
course the origin is always a monodromic singularity of family
(1), i.e., it is a center or a focus and clearly when λ1 6= 0 it is a
focus.

∗ Departament

D EFINITION 1 The minimal basis of a finitely generated ideal
I with respect to an ordered basis B = {f1 , f2 , f3 , . . . } is the
basis MI defined by the following procedure:

We will write
(2)

B = hvi1 (λ), vi2 (λ), . . . , vim (λ)i,

where {vi1 (λ), vi2 (λ), . . . , vim (λ)} ⊂ R[λ] is a minimal basis
of the Bautin ideal B. The cardinality m of this basis is called
the Bautin depth of B in [6] and it is associated to the chain of
ideals B1 ⊂ B2 ⊂ · · · ⊂ B where Bs = hv1 (λ), . . . , vs (λ)i for
certain integer s ≥ 1.
Following Bautin’s seminal work [1] in Chapter 4 of [10] and
in Chapter 6 of [11] it is proved that when (2) is a minimal
basis of the ideal B then the displacement map d(h; λ) can be
written in the form
m
X
(3)
d(h; λ) =
vij (λ)hij qj (h; λ),
j=1

where qj (h; λ) are analytic functions in the variables h and
λ near (h, λ) = (0, λ∗ ) such that qj (0; λ∗ ) = 1. Clearly
vij (λ∗ ) = 0 for all j = 1, . . . , m when the differential system
(1) has a center at the origin for λ = λ∗ .
The maximum number of small amplitude limit cycles that can
bifurcate from a center at the origin of family (1) with λ = λ∗
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under arbitrarily small perturbations inside family (1), that is
for kλ − λ∗ k  1, is called the Hopf cyclicity of the center
with parameters λ∗ .It is well known that the Hopf cyclicity of
any center at the origin of (1) is at most the Bautin depth m of
B, see Theorem 2.
We will consider the quintic polynomial family written in
complex form as
(4)

ż = (i + λ1 )z + z z̄(Az 3 + Bz 2 z̄ + Cz z̄ 2 + Dz̄ 3 ),

with z = x + iy ∈ C and parameters λ1 ∈ R and
(A, B, C, D) ∈ C4 . The center problem for this family has
been solved in [8], but the Hopf cyclicity is only stated for the
easier case of having a focus at z = 0. In this work we will
study the cyclicity problem of the center at z = 0 of (4).
The method for bounding the cyclicity does not need to solve
previously the Dulac complex center problem associated to the
larger complexified family.

2

Background on the cyclicity problem

In this section we summarize several results concerning the
cyclicity problem and the approach to that problem using
methods from computational commutative algebra. Most of
this background can be found in the excellent book [11].
Using the rearrangement (3) of the displacement map d(h; λ)
and applying Rolle’s Theorem several times the following
theorem is proved, see for example [1, 6, 11, 10].

Replacing the conjugates z̄ and āj,k by new independent complex state variable and complex parameters, say w and bj,k
respectively, yields a larger complex family of systems
(6)

ż = iz +

N
X

j+k=2

aj,k z j wk , ẇ = −iw+

N
X

bj,k wj z k ,

j+k=2

defined in C2 with complex parameters µ = (aj,k , bj,k ).
Family (6) is called the complexification of family (1) with
λ1 = 0.
Following Dulac [3] one can generalize the concept of center
singularity of systems in R2 to systems in C2 . To be specific we
say that (6) has a (complex) center at the origin (z, w) = (0, 0)
when µ = µ∗ if and only if it admits a formal (complex) first
integral Ĥ(z, w; µ∗ ) = zw+· · · . It is easy to check that system
(1) with (λ1 , λ) = (0, λ∗ ) has a center at the origin if and only
if (5) has a center at the origin for λ = λ∗ .
We shall define the focus quantities gj (µ) ∈ C[µ] with µ =
(aj,k , bj,k ) of the complexification (6). Denote by X̂µ =
(iz + · · · )∂z + (−iw + · · · )∂w the family of vector fields in C2
associated with (6). The focus quantities satisfy that when we
look for a formal first integral Ĥ(z, w; µ) = zw + · · · of X̂µ
P
then X̂µ (Ĥ) = j≥1 gj (µ)(zw)j+1 .

Let I the ideal in C[λ] given by I = hgj (µ) : j ∈ Ni. It is
evident that (6) has a center at the origin when µ = µ∗ if and
only if µ∗ ∈ V(I), the complex variety associated to I . We
refer to I and V(I) as the complex Bautin ideal and complex
center variety respectively.

T HEOREM 2 Let {vi1 (λ), vi2 (λ), . . . , vim (λ)} ⊂ R[λ] be a
minimal basis of the Bautin ideal B associated to the origin of
family (1). Then the Hopf cyclicity of any center at the origin
in (1) is at most m.

In order to avoid solve the Dulac center problem, instead of
working with complex focus quantities gj we will work with
the real focus quantities fj (λ) for family (1) defined as

The Poincaré-Liapunov constants are difficult to work with
mainly because to compute them we must perform quadratures.
Therefore, instead of working with the Poincaré-Liapunov
constants, from the computational point of view it is better
to obtain other polynomials ηj (λ) ∈ R[λ] that arise as the
obstructions in order to get a formal first integral H(x, y) =
x2 + y 2 + · · · of family (1) with λ1 = 0 which is another
characterization of centers, see Poincaré [9] and Liapunov [7].

Theorem 6.2.3 of [11] describes the relationship between the
Poincaré-Liapunov constants vj (λ) and the real focus quantities fj (λ) for family (1). In summary we can finally obtain
an upper bound of the Hopf cyclicity only in terms of the
real focus quantities instead of Poincaré-Liapunov constants
because Theorem 2 can be restated in terms of a minimal Basis
of B formed by real focus quantities. The key point is that
expression (3) of the displacement map can be rewritten as

Using the complex coordinate z = x + iy ∈ C family (1) with
λ1 = 0 can be written into the form ż = iz + F (z, z̄, λ) where
z̄ = x − iy and F is given
 by the polynomial F (z, z̄,λ) =
P 12 (z + z̄), 2i (z̄ − z), λ + iQ 12 (z + z̄), 2i (z̄ − z), λ . We
can adjoin to this complex polynomial differential equation its
complex conjugate forming thus the complex system
PN
(5) ż
= iz + F (z, z̄, λ) = iz + j+k=2 aj,k (λ)z j z̄ k ,
PN
z̄˙ = −iz̄ + F̄ (z, z̄, λ) = −iz̄ + j+k=2 āj,k (λ)z̄ j z k .

(8)

(7)

fj (λ) = gj (aj,k (λ), āj,k (λ) ∈ R[λ].

d(h; λ) =

m
X

f˜kj (λ)h2kj +1 ψj (h; λ),

j=1

where ψj (h; λ) are analytic functions in the variables h and
λ near (h, λ) = (0, λ∗ ) such that ψj (0; λ∗ ) = 1. So we shall
compute real focus quantities instead of the Poincaré-Liapunov
constants due to their computational simplicity.
The problem of finding the depth of the Bautin ideal is in
general a difficult task, that is the reason for which the cyclicity
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problem of a center is not easy to solve. However, the problem
becomes easier when the Bautin ideal√is radical. Recall that the
s
radical of B is defined as the ideal B =
√ {p ∈ R[λ]√: p ∈
B for some s ∈ N} and that clearly B ⊆ B. If B = B then
B is called a radical ideal.

i∂H/∂ z̄ where H(z, z̄) is a function such that exp(H) for
d = 5 and H for d ≥ 7 odd are both real analytic first integrals
in a neighborhood of (x, y) = (0, 0).

But B is not always radical, of course. Next theorem allows us
to obtain an upper bound on the Hopf cyclicity of the center at
the origin of family (1) in some subset of the center variety
when B is not radical. It is based on some ideas from [4]
and its proof is analogous (with small technical differences)
to that presented in [5] for some class of nilpotent monodromic
singularities.
Before stating Theorem 3 we recall that, given a ground field
K, a polynomial ideal J ⊂ K[x] is prime if whenever p, q ∈
K[x] with p q ∈ J then either p ∈ J or q ∈ J . The ideal
J is primary if p q ∈ J implies either p ∈ J or the power
q s ∈ J for some positive s ∈ N. Every radical ideal can be
written as the intersection of prime ideals. Also it is known by
the Lasker-Noether Theorem (see [2]) that an arbitrary ideal
J can be decomposed as the intersection of a finite number of
primary ideals.
T HEOREM 3 Assume that the center problem at the origin
of family (1) has been solved and its center variety V(B)
satisfies that V(B) = V(Bjs ) as varieties in Cn−1 . Let
{fj1 , . . . , fjs } be a minimal basis of Bjs and suppose a primary
decomposition of Bjs can be written as Bjs = R ∩ N where
R is the intersection of the ideals in the decomposition that
are prime and N is the intersection of the remaining ideals
in the decomposition. Then for any system of family (1)
corresponding to λ∗ ∈ V(B) \ V(N ), the Hopf cyclicity of
the center at the origin is at most s.

3

Main Results

It is clear that if you show that V(Bs ) = V(B) for some
integer s ≥ 1 then you have solved the center problem of the
polynomial family. This is the case of [8] where it is proved
that the polynomial differential family
(9)

ż = (i + λ1 )z + (z z̄)

d−3
2

(Az 3 + Bz 2 z̄ + Cz z̄ 2 + Dz̄ 3 ),

with d ≥ 5 odd and being A = a1 + ia2 , B = b1 + ib2 ,
C = c1 + ic2 and D = d1 + id2 has a center at z = 0 if and
only if λ1 = 0 and one of the following two sets of conditions
hold:
(c.1) Integrable case: b1 = 3a1 + c1 = 3a2 − c2 = 0;
(c.2) Reversible case: b1 = a2 c1 + a1 c2 = a21 d1 − a22 d1 −
2a1 a2 d2 = c21 d1 − c22 d1 + 2c1 c2 d2 = 0.
We recall that the integrable case (c.1) means that family (9)
can be written after rescaling by |z|d−3 into the form ż =

Define the reduced focal values as fek ≡ fk mod Bk−1 ,
that is the remainder of fk upon division by a Gröbner basis of the ideal Bk−1 . We have computed the first nonvanishing reduced focal values of (4) with parameters λ =
(a1 , a2 , b1 , b2 , c1 , c2 , d1 , d2 ) ∈ R8 obtaining f2j+1 (λ) ≡ 0
and up to a positive multiplicative constant they are
f2 (λ) = b1 ,
f˜4 (λ) = −a2 c1 − a1 c2 ,
f˜6 (λ) = 3a1 c1 d1 + c2 d1 + 3a2 c2 d1 − c2 d1 −
1

2

6a2 c1 d2 + 2c1 c2 d2 ,

f˜8 (λ)
f˜10 (λ)

= −b2 (9a21 d1 − 9a22 d1 − c21 d1 + c22 d1 −
18a1 a2 d2 − 2c1 c2 d2 ),

= −324a41 d1 + 324a42 d1 + 4c41 d1 − 4c42 d1 +

243a21 d31 − 243a22 d31 − 27c21 d31 + 27c22 d31 +
648a31 a2 d2 + 648a1 a32 d2 + 8c31 c2 d2 +

8c1 c32 d2 − 486a1 a2 d21 d2 − 54c1 c2 d21 d2 +

243a21 d1 d22 − 243a22 d1 d22 − 27c21 d1 d22 + −
f˜14 (λ)
f˜16 (λ)

=

27c22 d1 d22 486a1 a2 d32 − 54c1 c2 d32 ,

(d21 + d22 )2 (9a21 d1 − 9a22 d1 − c21 d1 +

c22 d1 − 18a1 a2 d2 − 2c1 c2 d2 ),

= −(d21 + d22 )(81a31 a2 d21 − 81a1 a32 d21 +
c31 c2 d21 − c1 c32 d21 − 243a21 a22 d1 d2 +

81a42 d1 d2 + 3c21 c22 d1 d2 − c42 d1 d2 +

162a1 a32 d22 + 2c1 c32 d22 ),

The following proposition will be needed later on when we use
Theorem 3 for proving our main result, Theorem 6.
P ROPOSITION 4 The center variety V(B) ⊂ R8 of family (4)
is V(B) = V(B14 ). This equality also holds in C8 .
Notice that B and B14 are ideals in R[λ] because we are
working with real focal values. A key point in Proposition
4 is that the inequality V(B) = V(B14 ) must also hold in
C8 . Recall that given two ideals I and J in R[λ], it can
be that V(I) = V(J) as real varieties included in Rk , but
V(I) 6= V(J) when they are viewed as complex varieties
in Ck . At this point we view family (1) as a system on C2
with complex parameters, i.e., we will study family (1) with
(x, y) ∈ C2 and λ ∈ Cn−1 . Now we do the linear complex
change of coordinates (x, y) 7→ (X, Y ) = (x + iy, x − iy).
Notice that now Ȳ 6= X but anyway (1) is transformed into
(10)

Ẋ = iX + F + (X, Y ; λ), Ẏ = −iY + F − (X, Y ; λ),
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where F ± only contains nonlinear terms in X and Y because


1
i
F ± (X, Y ; λ) = P
(X + Y ), (Y − X), λ
2
2


1
i
±iQ
(X + Y ), (Y − X), λ .
2
2
In this complex setting we can build a formal series H̃(X, Y ; λ) = XY + · · · such that Xλ (H̃) =
P
j+1
being Xλ the vector field in C2 associj≥1 fj (λ)(XY )
ated to (10) and where fj ∈ R[λ] are just the already defined
real focus quantities associated to the origin of family (1).
Hence (10) with λ = λ∗ ∈ Cn−1 has a formal first integral
if and only if fj (λ∗ ) = 0 for all j ∈ N. Since family (1) with
λ1 = 0 is linearly conjugate with family (10) we have that the
complex family (1) with (λ1 , λ) = (0, λ∗ ) ∈ R × Cn−1 has a
formal first integral H(x, y) with H : C2 → C if and only if
fj (λ∗ ) = 0 for all j ∈ N.
The above arguments lead to conclude that the equality of
the varieties V(B) = V(Bk ) holds in Cn−1 whether for any
λ∗ ∈ Cn−1 satisfying f1 (λ∗ ) = · · · = fk (λ∗ ) = 0 there is
a formal first integral H(x, y) = x2 + y 2 + · · · of (1) with
(λ1 , λ) = (0, λ∗ ) ∈ R × Cn−1 and it is proved using only
analytic (not geometric) arguments valid for (x, y) ∈ C2 and
λ ∈ Cn−1 :
We observe that if we have the explicit expression of a formal
or analytic real first integral of certain subfamily of centers of
(1) (this always happens in the Hamiltonian subfamily) we can
directly check whether this first integral can be extended to the
complex setting concluding that equality of the varieties also
holds in the complex setting.
There is a wide class of systems (1), the time-reversible centers,
for which the former is true. We prove this fact in the following
proposition.

I. A. García, J. Llibre and S. Maza

(a) Any nonlinear center at the origin of family (4) has Hopf
cyclicity at most 6 when we perturb it inside this family.
(b) There are perturbations of the linear center ż = iz inside
family (4) producing 6 limit cycles bifurcating from the
origin.
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Robust stabilization of second-order
switched linear systems
C. Pérez∗ and F. Benítez∗

Abstract— This paper studies the robust stabilization of second-order switched linear systems in which the only control action
is the switching law. Based on the method of stabilization known for this kind of switched systems where the switchings are
produced in rays, we define some regions in the plane where the switchings can be produced and the stabilization is also assured.
Hence, the robustness of the method is determined. Moreover, we give a procedure for determining completely these regions.
Finally, in order to illustrate the results, several numerical examples are presented.
Keywords: switched systems, robust stabilization, time-delay, Lyapunov function

1

Introduction

A switched system is a kind of hybrid system that consists
of several subsystems and a switching law determining at any
time instant which subsystem is active. In recent years, the
study of switched systems has received growing attention in
Control Theory and its applications ([6], [7], [12]). They
have been studied from several points of view such as the
controllability ([15]), reachability ([12], [16], or stability ([13],
[8]).
The problem of stability has been studied from several viewpoints ([6], [8]). One of these viewpoints is the problem of
constructing a switching law that makes the switched system
asymptotically stable. It is important to note that in this
problem the only control action is the switching law. In the
literature, there are several two approaches to stabilization for
switched systems. In papers such as [5], [14] or [4] Lyapunov
theory is employed to construct switching laws for a class of
switched systems totally composed of unstable subsystems.
Another approach to this problem is based on detailed analysis
of the vector field. For second-order systems, some necessary
and sufficient conditions for stability/stabilizability have been
obtained in [10] and [17] through analysis on the structure of
the vector field. In [17] the problem of stabilizing two secondorder linear systems is solved; i.e., a method to define switching laws that decide when a switched system is stabilizable is
given. Also, recently, Cong [3] characterises the stability of
these switched linear systems by classifying the switching laws
into only two types.
A common assumption in the above results is that the detection
∗ Dpto.

of the switching signal is instant. However, in many real
switched systems, the switchings cannot be instant, i.e., the
changing of the switching law cannot be detected instantly, but
only after a time period. For this reason, it is important to study
the robustness of these methods of stabilization.
Based on the method of stabilization in [17] where the switchings are produced in rays, we define some regions in the plane
where the switchings can be produced and the stabilization is
also assured.
The remainder of this paper is organized as follows. In Section
2 some definitions and some results are included. In Section
3 we present the main result of this work. Several numerical
examples are given in Section 4 in order to illustrate the main
result. Finally, the conclusions are provided in Section 5.

2

Preliminaries

Consider a switched linear system
(1)

ẋ(t) = Aσ(t) x(t),

where Ai is a 2 × 2 matrix, for i = 1, 2, x ∈ R2 , and
σ : [0, ∞) −→ {1, 2} is a piecewise constant function
called switching law. Such a function σ has a finite number
of discontinuities, which we call switching times, on every
bounded time interval and takes a constant value on every
interval between two consecutive switching times. The role
of σ is to indicate the active subsystem at each time instant t.
Before presenting the method of stabilization we need this
definition:
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D EFINITION 1 Let r1 and r2 be two rays starting from the
origin. The set given by
{x ∈ R2 : x = µz1 + (1 − µ)z2 , z1 ∈ r1 , z2 ∈ r2 , 0 ≤ µ ≤ 1}
will be called the cone delimited by r1 and r2 and denoted by
C(0, r1 , r2 ).
In [17] the stabilizing switching law is given in the following
form:
(2)

laws of type I (resp. II) are stabilizing. Then there exists
T0 ∈ (0, T ) such that the switched system under the switching
law of type I (resp. II) and with time-delay equal to T is

- stable if T ∈ [0, T0 ).

σ(t) = δ(x(t))

where δ : R2 → {1, 2}. Moreover, the switchings are
produced in two rays r1 and r2 , i.e., when the trajectory
intersects these rays, we switch. These rays are always given
by the equation det(A1 x, A2 x) = 0.

- non stable if T ∈ (T0 , T ].

By the results in [17] and [3], in [11] only two kinds of
switching laws are used to study the stabilization: type I or type
II. Under switching laws of type I, the solution rotates around
the origin clockwise or counterclockwise direction (spinning
switching in [3]). On the contrary, under switching laws of type
II, the trajectories of each subsystem are of opposite directions,
thus, the solution remains in a cone (chattering switching in
[3]).

From the proof of this result, it is deduced that for time-delay
T0 , a periodic solution is obtained. Moreover, we obtain two
rays, denoted by s1 and s2 , where the switchings for this timedelay are produced.

The switching laws of type I are defined as follows:

In order to prove this, we need to introduce a concept studied
in [9]. This concept will be employed in the next section.

Under this notation, we prove in the following section
that when the switchings from A1 to A2 are produced in
C(0, r1 , s1 ) and the switchings from A2 to A1 are produced
in C(0, r2 , s2 ), the switched system remains stable.

- σ(t) = 1 (resp. σ(t) = 2) when x(t) ∈ {x ∈ R2 :
det(A1 x, A2 x) > 0} and each subsystem at x(t) is of
the clockwise (resp. counterclockwise) direction.
- σ(t) = 2 (resp. σ(t) = 1) when x(t) ∈ {x ∈ R2 :
det(A1 x, A2 x) < 0} and each subsystem at x(t) is of
the clockwise (resp. counterclockwise) direction.
For switching laws of type II, we need to suppose that there
exists a cone where the subsystems are of opposite directions
and the set {x ∈ R2 : det(A1 x, A2 x) > 0} or {x ∈ R2 :
det(A1 x, A2 x) < 0} is contained in this cone. Hence, if S1
is a cone where A1 is of clockwise (resp. counterclockwise)
direction, A2 is of counterclockwise (resp. clockwise) direction and {x ∈ R2 : det(A1 x, A2 x) > 0} (resp. {x ∈ R2 :
det(A1 x, A2 x) < 0}) is contained in this set, the switchings
under a switching law of type II are produced when the solution
intersects the rays det(A1 x, A2 x) = 0.
In both cases (type I or II), the switchings are produced in rays.
The problem of this is that the stabilization is not assured if the
switchings are not produced in these rays. In [11], the problem
of time-delay in detection of switching law is studied. From
this study it is deduced the following result:
T HEOREM 2 [11] Let A1 and A2 be two unstable 2 × 2 matrices. Suppose that for the switched system (1) the switching

D EFINITION 3 [9] A function HA : R2 → R+ is a generalized first integral of ẋ = Ax if HA (x) is not constant on any
open subset of R2 , HA (x(t)) is piecewise constant along the
trajectories of ẋ = Ax, and attains a finite set of values for all
t ∈ [0, T ] (T finite).

For a system ẋ = Ax with A a 2 × 2 real matrix, a generalized
first integral is constructed in [9] by considering two cases. In
the first, the eigenvalue of A are complex and in the second,
they are real.
The relation between the system ẋ = Ax and its generalized
first integral is the following H(x(t)) = H(x(0)) along the
trajectories of ẋ = Ax, i.e., x(t) coincides with the contour
HA (x(t)) = HA (x0 ) if x is the solution of ẋ = Ax with
x(0) = x0 (see [9] for more details). Therefore, when H is
differentiable, dH(x(t))
= ∇H(x(t))Ax(t) = 0.
dt
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Figure 1: The cones C1 = C(0, r1 , s1 ) and C2 = C(0, r2 , s2 )
and the periodic solution for T0 .

Figure 2: The level curves of V defined for a system with
switching law of type I.

3

It is easy to prove that V (x) ≥ 0 for any x ∈ R2 and, from
definition, V is continuous. However, V is non differentiable
at x with xT P x = 0. For this reason, in order to prove the
stability, we use the upper right Dini derivative for V , that is,

Main result

In this section we present the main result mentioned previously.

T HEOREM 4 Let A1 and A2 be two unstable 2 × 2 matrices.
Suppose that for the switched system (1) the switching laws of
type I (resp. II) are stabilizing. Then there exists two cones
C1 and C2 such that the switched system is stable under a
switching law σ if we switch from A1 to A2 when x(t) ∈ C1
and we switch from A2 to A1 when x(t) ∈ C2 .
PROOF. Firstly, we suppose that the switching law of type I
is stabilizing and the solution under this switching law rotates
around the origin in clockwise direction. Under the notation
in the previous section, we define C1 = C(0, r1 , s1 ) and
C2 = C(0, r2 , s2 ) (see Figure 1).
Now, if σ is a switching law under which the switchings from
A1 to A2 are produced in C1 and the switchings from A2 to
A1 are produced in C2 , we have to prove that the switched
system for σ is stable. In order to do that, we define a Lyapunov
function for this system.
The Lyapunov function is defined as follows:
V (x) =



H1 (x)
if
kH2 (x) if

xT P x ≤ 0
xT P x < 0

where Hi is the first integral of Ai for i = 1, 2, P is the matrix
that defines the quadratic form given by s1 and s2 , and k is
a positive constant defined in order to V be continuous (see
Figure 2).

D+ V (x(t)) = lim sup
τ →0+

V (x(t + τ )) − V (x(t))
τ

It is proved (see [1] or [2] for more details) that if x is the
solution of (1) under the switching law σ and D+ V (x(t)) ≤ 0
for each t ≥ 0, the system is stable.
Therefore, we only have to prove that D+ V (x(t)) ≤ 0 for
each t ≥ 0. Let consider several cases for x(t). If x(t) ∈
C(0, s1 , r2 ) ∪ r2 , then, by the definition of σ, the solution of
the system is given by A1 . Therefore, as x(t)T P x(t) > 0,
D+ V (x(t)) = ∇V (x(t))ẋ(t) = ∇H1 (x(t))A1 x(t) = 0
by the definition of H1 . Analogously, it is proved that if
x(t) ∈ C(0, s2 , r1 ) ∪ r1 , then, D+ V (x(t)) = 0.
If x(t) ∈ C(0, r2 , s2 ), then, by the definition of σ, the
solution of the system can be given by A1 or A2 . If the
system is given by A1 , as x(t)T P x(t) > 0, D+ V (x(t)) =
∇V (x(t))ẋ(t) = ∇H1 (x(t))A1 x(t) = 0. If, on the contrary,
the system is given by A2 , as x(t)T P x(t) > 0, D+ V (x(t)) =
∇V (x(t))ẋ(t) = ∇H1 (x(t))A2 x(t). But, we know that, in
this region, det(A1 x(t), A2 x(t)) > 0, thus, D+ V (x(t)) =
∇H1 (x(t))A2 x(t) < 0. Now, if x(t) ∈ C(0, r1 , s1 ), it can be
proved that D+ V (x(t)) < 0.
If x(t) ∈ s2 , by the definition of σ, the solution of the system
is given by A2 and, D+ V (x(t)) = ∇H2 (x(t))A2 x(t) = 0.
Similarly, if x(t) ∈ s1 , it is proved that D+ V (x(t)) =
∇H1 (x(t))A1 x(t) = 0. And the result is proved for switching
laws of type I.
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Now, we suppose that the switching law of type II is stabilizing.
And we define C2 = C(0, s1 , r1 ) and C1 = C(0, r2 , s2 ) (see
Figure 3). In this case, given a swiching law σ such that
the switchings from A1 to A2 are produced in C1 and the
switchings from A2 to A1 are produced in C2 , we have to prove
that (1) under this switching law is stable.

It is important to note that V , in this case, is only defined in the
region C(0, s1 , s2 ) but, by definition of σ, the solution of the
system is contained in this region. (see Figure 4).
Moreover, in this case, V is differentiable because at x ∈ r1
or x ∈ r2 , A1 x and A2 x are parallel. Thus, we can consider
the derivative of V (x(t)). If we prove that is non positive, we
obtain that the system is stable.
If x(t) ∈ C(0, r1 , r2 ) ∪ r1 ∪ r2 , then, by the definition of
σ, the solution of the system can be given by A1 or A2 . If
= ∇V (x(t))ẋ(t) =
the system is given by A1 , dV (x(t))
dt
∇H1 (x(t))A1 x(t) = 0. If, on the contrary, the system is given
= ∇V (x(t))ẋ(t) = ∇H1 (x(t))A2 x(t). But,
by A2 , dV (x(t))
dt
we know that, in this region, det(A1 x(t), A2 x(t)) > 0, thus,
dV (x(t))
< 0.
dt
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Figure 3: The cones C2 = C(0, s1 , r1 ) and C1 = C(0, r2 , s2 )
and the periodic solution for T0 .

Again, we define a function V and we show that is a Lyapunov
function for this system.

if
x ∈ C(0, r1 , r2 )
 H1 (x)
kH2 (x) if x ∈ C(0, s1 , r1 ) ∪ r1
V (x) =

lH2 (x) if x ∈ C(0, r2 , s2 ) ∪ r2

where Hi is the first integral of Ai for i = 1, 2 and k and l are
positive constants defined in order to V be continuous.

If x(t) ∈ C(0, s1 , r1 ), then, by the definition of σ, the solution
of the system can be given by A1 or A2 . If the system is given
by A2 , dV (x(t))
= ∇V (x(t))ẋ(t) = ∇H2 (x(t))A2 x(t) = 0.
dt
If, on the contrary, the system is given by A1 , dV (x(t))
=
dt
∇V (x(t))ẋ(t) = ∇H2 (x(t))A1 x(t). But, we know that, in
this region, det(A1 x(t), A2 x(t)) > 0, thus, dV (x(t))
< 0.
dt
Analogously, we can prove that if x(t) ∈ C(0, r2 , s2 ), then
dV (x(t))
≤ 0.
dt

4

Numerical examples

Now, in order to illustrate these results, three numerical examples are presented.

4

E XAMPLE 5 Consider a switched linear system given by (1)
where the matrices are the following:

2

0

A1 =



−2
−8

52
6



A2 =



11
10
−50 −9



-2

By applying the method in [17], we obtain that the switching
law of type I is stabilizing and the solution rotates around the
origin in clockwise direction (see Figure 5).

-4
-4

-2

0

2

4

Figure 4: The level curves of V defined for a system with
switching law of type II.

Moreover, applying Theorem 2, a periodic solution is obtained
and two rays s1 and s2 (see Figure 5). Finally, by Theorem 4,
we have that if we switch in the cones C1 and C2 , the solution
is stable .
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Figure 5: Stable solution and periodic solution for Example 1
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Figure 7: Stable solution and periodic solution for Example 2
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Figure 6: Stable solution for initial condition x0 = (1, −0.5)
and cones where the switchings are produced for Example 1
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Figure 8: Stable solution for initial condition x0 = (1, −0.5)
and cones where the switchings are produced.

E XAMPLE 6 Consider a switched linear system given by (1)
where the matrices are the following:

A1 =



1
−2

13
3



A2 =



−1
10

−2
3



By applying the method in [17], we obtain that the switching
law of type II is stabilizing and the solution remains in a region
where the trajectory of A1 is of clockwise direction and the
trajectory of A2 is of counterclockwise direction (see Figure
7).
Moreover, applying Theorem 2, a periodic solution is obtained
and two rays s1 and s2 (see Figure 7). Finally, by Theorem 4,
we have that if we switch in the cones C1 and C2 , the solution
is stable (see Figure 8).

5

Conclusions

In this work the robust stabilization of second-order switched
linear system have been studied. Based on the method of
stabilization of [17] and [3], we have presented a result that
assures the stabilization although the switchings are not produced in the rays given in the existing methods of stabilization.
Two regions have been constructed where the switching can be
produced and the stabilization can be assured.
As future work, it can be studied more regions where the
switchings can be produced. The objective can be obtain
necessary and sufficient conditions for stabilization.
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Homoclinic connections and T-point heteroclinic cycles as
particular solutions of the same global problem in PWLS
V. Carmona∗, F. Fernández-Sánchez∗ and E. García-Medina∗

Abstract— The proof of the existence of a homoclinic connection and a T–point heteroclinic cycle is generally a difficult task,
even in the case of piecewise linear systems (PWLS). Since these global connections are different dynamical objects, the proof
of theirs existence is usually addressed in separate ways. In this work, we do not only prove the existence of these objects in a
piecewise linear system, but we even deduce it as a consequence of a general common result.
Keywords: piecewise linear systems, homoclinic orbits, heteroclinic orbits.

1

Introduction

In the analysis of the dynamic behavior of a differential system, it is interesting to determine the possible homoclinic and
heteroclinic connections because, as it is well known, they are
organizing centers of a very complex dynamic. Among these
complex behavior in three-dimensional systems, global connections have a relevant role since their presence assure, under
certain conditions, the appearance of chaos. Unfortunately, it is
not easy to ensure that a certain dynamical system has a global
connection. Therefore, numerical techniques are often used to
show the existence of such orbits.
Since a homoclinic connection and a reversible T-point heteroclinic cycle are different objects, in [1] and [2], different
proofs were given for the existence and the local uniqueness of
these global connections in the piecewise linear version of the
Michelson system

 ẋ = y,
ẏ = z,
(1)

ż = 1 − y − λ(1 + λ2 )|x|,

where the parameter λ is strictly positive.

Later readings of [1] and [2], leads us to wonder if it would be
possible to include both results in a common theorem.
In order to prove the existence of a global connection in
system (1), it is essential to establish a suitable set of conditions that this global connection must satisfy. First, the sets
of conditions for the existence of a homoclinic connection
and the existence of a reversible T-point heteroclinic cycle of
system (1) are separately described for the purpose of showing

their similarities. After this, a common set of conditions is
established. From it, the main Theorem of this work is stated.
More details can be found in [6] .

2

Conditions for the existence and the local
uniqueness of a homoclinic connection and a
T-point heteroclinic cycle

System (1) is given by two linear systems separated by
the plane {x = 0}, which is called the separation plane.
This system is time-reversible with respect to the involution
R(x, y, z) = (−x, y, −z), whose set of fixed points corresponds to the y–axis, and has two saddle-focus equilibria, which are denoted by p± . More details can be found
in [1, 2, 3, 4, 5].
A direct homoclinic orbit to the equilibrium point p− of
system (1) is one that intersects the separation plane {x = 0} at
exactly two points. Since this system is linear in each zone, the
one–dimensional invariant manifold of p− is locally a straight
line in the half–space {x < 0}. This straight line is generated
by the eigenvector associated with the real eigenvalue λ, passes
through the equilibrium point p− and intersects the separation
T
plane at m− = 0, 1/(λ2 + 1), λ/(λ2 + 1) . The solution
of system (1) with parameter λ and initial condition x(0, λ) =
m− is denoted by x(t, λ) = (x(t, λ), y(t, λ), z(t, λ))T .
In order to obtain a direct homoclinic connection, the orbit
that crosses the separation plane through m− must lie into the
two–dimensional invariant manifold of p− , which is locally
contained in the focal half–plane of p− . This half-plane
intersects the separation plane along the straight-line D− =

∗ Departamento de Matemática Aplicada II, Universidad de Sevilla, E. T. S. de Ingeniería, 41092 Sevilla (SPAIN). Email: vcarmona@us.es, fefesan@us.es,
egarme@us.es

699

700

V. Carmona, F. Fernández-Sánchez and E. García-Medina

{λ2 y + λz = −1, x = 0}. Therefore, system (1) has a direct
homoclinic orbit to p− if and only if there exist two real values
t0 > 0 and λ0 > 0 such that the pair (t, λ) = (t0 , λ0 ) satisfies
the following conditions:
H1: x(t, λ) ∈ {x = 0, λ2 y + λz = −1},
H2: x(s, λ) > 0 for every s ∈ (0, t),
H3: x(t, λ) ∈ S − ,
where S − is the segment determined by q− = (0, 0, −1/λ)T
and its preimage by the Poincaré half–map defined in the half–
space {x < 0}.
The local uniqueness of the direct homoclinic orbit in the
parameter space is guaranteed if for (t, λ) = (t0 , λ0 ), the
following condition is added:
H4: (t, λ) is isolated in the set of points satisfying conditions
H1 and H2.
In a similar way, a set of conditions for the existence and
the local uniqueness of a direct reversible T-point heteroclinic
cycle. Namely, system (1) has a direct reversible T-point
heteroclinic cycle if and only if there exist two real values
t1 > 0 and λ1 > 0 such that the pair (t, λ) = (t1 , λ1 ) satisfies
the following conditions:
T1:
T2:
T3:
T4:

3

x(t; λ) ∈ {x = 0, z = 0},
x(s, λ) > 0 for every s ∈ (0, t).
q = (0, −1/λ2 , 0)T ∈ S − .
(t, λ) is isolated in the set of points satisfying conditions
T1 and T2.

initial condition x(0, λ) = m− is denoted by x+ (t, λ) =
(x+ (t, λ), y + (t, λ), z + (t, λ))T .
Note that conditions H3 and T3 are related. In order to analyze
the relationship between these conditions, let us suppose that
the pair (t, λ) satisfies conditions H1 and H2. By taking into
account the location of m− with respect to the focal half–plane
of p+ , the orbit x+ (s, λ), with s ∈ (0, t), can not intersect
this focal half–plane and so the point x+ (t, λ) must belong to
the segment with end points q and q− . Therefore, condition
T3 implies the condition H3. Moreover, from Proposition
3.3 in [2], it follows that there exists a unique real value λ∗
such that the condition T3 holds for every λ ≥ λ∗ and that
this value λ∗ belongs to the interval (0, 1/2). Hence, we can
change conditions H3 and T3 by the condition λ ∈ [1/2, +∞).
Numerical computations allow us to obtain the value λ∗ '
0.41527.
Following these ideas, the existence and the local uniqueness
of a homoclinic connection and a T-point heteroclinic cycle
can be obtained from a common global problem solved by the
following theorem.
T HEOREM 1 For every k ∈ [0, 1], there exist two real values
tk > 0 and λk > 0 such that the pair (t, λ) = (tk , λk ) satisfies
the following conditions:
C1:
C2:
C3:
C4:

x+ (t, λ) ∈ {x = 0, (1 − k)λ2 y + λz + 1 − k = 0},
x+ (s, λ) > 0 for every s ∈ (0, t),
λ ∈ [1/2, +∞),
(t, λ) is isolated in the set of points satisfying conditions
C1 and C2.

The particular cases of this theorem for k = 0, 1 are collected
in the following result in terms of global bifurcations.

Establishment of the global problem

This section is devoted to establish the main theorem of this
work and its application to the existence and local uniqueness
of direct homoclinic connections and direct reversible T-point
heteroclinic cycles of the piecewise linear system (1).
Observe that the set of conditions for the existence of a pair of
direct homoclinic connections and the existence and the local
uniqueness of a direct reversible T-point heteroclinic cycle
are similar. In view of this similarity, we can establish a
common condition by introducing a new parameter k ∈ [0, 1].
This parameter k is used to create a k-family of straight lines
{x = 0, (1 − k)λ2 y + λz + 1 − k = 0} as a convex
combination of the straight lines {x = 0, λ2 y + λz = −1} and
{x = 0, z = 0}. In addition, since conditions H2 and T2 mean
that the orbit of system (1) that passes through the point m−
remains in the half–space {x > 0} for a certain time interval,
it is enough to consider the linear system corresponding to
this half-space. The solution of system ẋ = A+ x + e3 with

C OROLLARY 2 For λ = λ0 system (1) has two direct homoclinic connections (which are symmetric with respect to the
involution R) and for λ = λ1 system (1) has a direct reversible
T-point heteroclinic cycle. Furthermore, these critical parameter values are locally unique.
Both results have been proven in [6]. Numerical computations
allow us to obtain the parameter values λ0 ' 0.66076 and
λ1 ' 0.65154.
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The composition condition for polynomial Abel
differential equations
J. Giné∗, M. Grau∗ and X. Santallusia∗

Abstract— Polynomial Abel differential equations are considered in the literature as a model problem for the classical Poincaré
center-focus problem for planar polynomial systems of ordinary differential equations. In this work we give two new results in
relation with the composition conjecture.

1

examples of systems of the form (1) which can be transformed
into an Abel differential equation can be found in [17].

Introduction

Consider a planar differential system
(1)

ẋ = −y + P (x, y),

In this context a trigonometric Abel differential equation is an
ordinary differential equation of the form

ẏ = x + Q(x, y),

where the dot denotes derivation with respect to an independent
real variable t, x and y are real and where P and Q are real
analytic functions without constant nor linear terms. We recall
that a singular point is a center if in a neighborhood of the
singular point all the solutions are periodic. In this paper we
only consider the singular point at the origin of coordinates
in system (1). The center problem consists in determining
necessary and sufficient conditions on P and Q such that
system (1) has a center at the origin.
In the particular case that P and Q are homogeneous polynomials system (1) can be transformed into an Abel trigonometric differential equation. In case P and Q are homogeneous polynomials of degree n, with n ≥ 2, the
process is to take polar coordinates (r, θ) and system (1)
becomes ṙ = f (θ)rn , θ̇ = 1 + g(θ)rn−1 , where
f (θ) = P (cos θ, sin θ) cos θ + Q(cos θ, sin θ) sin θ, g(θ) =
Q(cos θ, sin θ) cos θ − P (cos θ, sin θ) sin θ. Now applying
the Cherkas transformation [13] given by ρ = rn−1 /(1 +
g(θ)rn−1 ) system (1) becomes the Abel trigonometric differential equation
dρ
= ((1 − n)f (θ) + g 0 (θ)) ρ2 + ((1 − n)f (θ)g(θ)) ρ3 .
dθ
By the regularity of the Cherkas transformation and its inverse
at r = ρ = 0, system (1) has a center at the origin if and only
if the former ordinary differential equation has a center. Hence
we have transformed the center-focus problem of system (1)
into a center problem for an Abel differential equation. Other

(2)

dρ
= a1 (θ)ρ2 + a2 (θ)ρ3 ,
dθ

where ρ is real, θ is a real and periodic independent variable
with θ ∈ [0, 2π], and a1 (θ) and a2 (θ) are real trigonometric
polynomials. We recall that the center problem for a trigonometric Abel differential equation (2) is to characterize when
all the solutions in a neighborhood of the solution ρ = 0 are
periodic of period 2π.
Some authors also consider polynomial Abel differential equations as a model to tackle the center problem for a trigonometric Abel differential equation, see [6, 7, 8]. We denote as a
polynomial Abel differential equation an ordinary differential
equation of the form
(3)

dy
= p(x)y 2 + q(x)y 3 ,
dx

where y is real, x is a real independent variable considered in
a real interval [a, b] and p(x) and q(x) are real polynomials in
R[x]. The center problem for a polynomial Abel equation (3)
is to characterize when all the solutions in a neighborhood of
the solution y = 0 take the same value when x = a and x = b,
i.e. y(a) = y(b). In this framework, given
R x any real continuous
function c(x), we denote by c̃(x) := a c(σ)dσ and we will
say that a real continuous function w(x) is periodic in [a, b] if
w(a) = w(b). Alwash and Lloyd in [3] provided the following
sufficient condition for an equation (3) to have a center in [a, b].
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T HEOREM 1 [3] If there exists a real differentiable periodic
function w such that
p̃(x) = p1 (w(x)) and

q̃(x) = q1 (w(x))

for some real differentiable functions p1 and q1 , then the
polynomial Abel equation (3) has a center in [a, b].
In [16] it is shown that if the sufficient condition stated in
Theorem 1 is satisfied then there is an infinite set of definite
integrals which need to vanish. In [16] it is also shown that this
is equivalent to the existence of a real polynomial w(x) with
w(a) = w(b) and two real polynomials p1 (x) and q1 (x) such
that p̃(x) = p1 (w(x)) and q̃(x) = q1 (w(x)). This sufficient
condition is known as the composition condition.
To see that the composition condition implies that equation
(3) has a center in [a, b] one can consider the transformation
y(x) = Y (w(x)) in equation (3) in order to obtain the
following Abel differential equation
(4)

dY
= p01 (w)Y 2 + q10 (w)Y 3 .
dw

Hence, there is a bijection between the solutions Y = Y (w)
of equation (4) and the solutions y = Y (w(x)) of equation
(3). Since w is periodic in [a, b], we get that equation (3) has a
center in [a, b] because y(a) = Y (w(a)) = Y (w(b)) = y(b).
It turns out that all the known polynomial Abel differential
equations which have a center in [a, b] satisfy the composition
condition. The composition conjecture, see Conjecture 3,
is that the sufficient condition given in Theorem 1 is also
necessary. That is, if a polynomial Abel equation (3) has
a center in [a, b], the conjecture states that the composition
condition is satisfied.

2

Some other composition conjectures

We consider the polynomial Abel differential equation
(5)

dy
= p(x)y 2 + εq(x)y 3 ,
dx

where y is real, x is a real variable considered on the real
interval [a, b], ε ∈ R and p(x) and q(x) are real polynomials.
Rb
We also assume that a p(s)ds = 0. One of the problems that
can be tackled is to characterize when equation (5) has a center
in [a, b] for all ε with |ε| small enough. This type of centers are
called infinitesimal centers or persistent centers, see [2, 14].

moments is that the moments conditions imply the composition
condition. Moreover, in [9] it is proved that “at infinity” the
center conditions are reduced to the moment conditions.
A counterexample to the composition conjecture for moments
in the polynomial case was given in [21], see also [1, 2, 14]. We
note that if an equation (5) satisfies the composition condition
then the moment conditions are satisfied. Indeed, if an equation
(5) satisfies the composition condition then then the following
conditions
Z b
p(σ)q̃ n (σ)dσ = 0,
(7)
a

are satisfied for all natural numbers n ∈ N ∪ {0}. This is due to
the fact that if p(x) and q(x) satisfy the composition condition
then the integrands of the integrals (6) and (7) are functions of
w(σ) multiplied by w0 (σ) and since w(σ) is periodic in [a, b],
we deduce that they all need to be zero.
In [20], the characterization of all the pairs of real polynomials
p(x) and q(x) for which the moment conditions (6) are satisfied
is given. We note that this result characterizes all the Abel
differential equations (5) with a center at first order of ε.
T HEOREM 2 [20] Given p(x) and q(x) ∈ R[x] and a < b ∈
R. The moment conditions
Z b
q̃(σ) p n (σ) dσ = 0,
a

for all n ∈ N∪{0} are satisfied if and only if there exist w1 (x),
w2 (x), . . ., wm (x) ∈ R[x] with m ≥ 1 and wi (a) = wi (b) for
i = 1, 2, . . . , m such that
p̃(x) = p1 (w1 (x)) = · · · = pm (wm (x)) and q̃(x) =

m
X

qi (wi (x)),

i=1

where pi (x) and qi (x) ∈ R[x] for i = 1, 2, . . . , m.
In [20] several examples are given for which the conditions
stated in Theorem 2 are given and the composition condition is
not satisfied.

To have a center at first order of ε for equation (5) is equivalent
to the conditions
Z b
(6)
q(σ) p̃ n (σ) dσ = 0,

In [14] it is proved that the existence of a center in [a, b]
for all ε small enough of equation (5) (that is, a persistent
center) implies the conditions (6) and (7). Recently in [23]
it is proved that if conditions (6) and (7) for a polynomial
Abel differential equation (5) are verified, then the composition
condition is satisfied. Also in this work [14] the generalized
moment conditions were studied. These conditions are given
by
Z b
Z b
p̃ n (σ)q̃ m (σ)q(σ)dσ = 0 and
p̃ n (σ)q̃ m (σ)p(σ)dσ = 0

for all natural numbers n ∈ N∪{0}, see [2]. Conditions (6) are
called the moment conditions. The composition conjecture for

for all n, m ∈ N ∪ {0}. A proof that the generalized moment
conditions imply that the polynomial Abel equation satisfy the

a

a

a
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composition condition is given in [12, 22]. A proof of the
translation of this fact for the trigonometric Abel equation is
given in [15].

approaches the conjecture from a computational point of view.
The main results of the work are the following.
T HEOREM 5 The following statements hold.

In [16] the authors provide an explicit bound of the number
of generalized moments (also called double moments) that
have to vanish to ensure that an Abel differential equation,
either in the trigonometric form (2) or in the polynomial form
(3), satisfies the composition condition. This result allows to
recognize the centers which satisfy the composition condition
or simply composition centers for polynomial and trigonometric Abel differential equation. This last result is used in
the next section to computationally approach the composition
conjecture. In [10] the definition of universal center was
introduced, which coincides with the definition of composition
center, see [11, 18].

3

Composition conjecture

Given a polynomial Abel differential equation (3), the center
variety is the set of polynomials p(x) and q(x) for which
the equation has a center in [a, b] and the composition center
variety is the set of polynomials p(x) and q(x) for which the
equation has a composition center (that is the composition
condition is verified) in [a, b]. After all that we have said in the
previous sections the statement of the composition conjecture
is the following.
C ONJECTURE 3 For any polynomial Abel differential equation (3) the center variety and the composition center variety
coincide.

(a) For any polynomial Abel differential equation with
max(δp, δq) ≤ 3 the center variety and the composition
center variety coincide.
(b) For any polynomial Abel differential equation with
max(δp, δq) = 4 the center variety and the composition
center variety coincide, with probability close to 1.
The proof of Theorem 5 is given in section 4. In this proof
we will see that when the degree max(δp, δq) = 4, we cannot
end up with all the computations to ensure that both varieties
coincide. We will make use of modular arithmetics and the
algorithm described in [24] which provide the center variety
with a probability close to 1. All the pairs p(x) and q(x) that
we find using this algorithm give rise to composition centers.
Given a polynomial Abel differential equation (3) considered
in the real interval [a, b], with a < b, we can make the following
change of the independent variable x → (x − a)/(b − a).
This leads to an Abel differential equation defined on the real
interval [0, 1].
T HEOREM 6 Consider a polynomial Abel differential equation (3) defined on the real interval [0, 1]. Assume that p and q
only have two monomials, that is,
p(x) = ai xi + aj xj

Conjecture 3 is satisfied under certain restrictions of the coefficients of the polynomial Abel differential equation, see for
instance Theorem 2 in [2] and Theorem 2 in [5].
However a systematic verification of Conjecture 3 has not been
done. The aim of this section is to verify if all the centers of
the polynomial Abel differential equation (3) for lower degrees
of p and q are composition centers. We also analyze the case in
which the number of monomials in p(x) and q(x) is up to 2.
As we have said, in [15] another characterization of the composition centers is provided in terms of the vanishing of a finite
set of generalized moments or double moments. As usual for a
polynomial p(x) ∈ R[x], δp denotes the degree of p.
T HEOREM 4 [16] Given p, q ∈ R[x] with max(δp, δq) = n,
equation (3) has a composition center if and only if for all
i, j ∈ N ∪ {0} satisfying i + j ≤ 2n − 3,
Z b
Z b
i
j
(8)
p̃ (x)q̃ (x)q(x) dx =
p(x) dx = 0.
a

a

This characterization of the composition centers allows to
discriminate the composition centers from other centers and

and

q(x) = am xm + an xn ,

with ai , aj , am , an ∈ R and i, j, m, n ∈ N ∪ {0}. Then the
center variety and the composition center variety coincide.
The proof of Theorem 6 is given in section 5.

4

Proof of Theorem 5

Given an ordinary differential equation of the form (3), there
is a well known general method to compute center conditions
which was proved by Poincaré. We will denote the center
conditions as the Poincaré–Liapunov constants for equation
(3). In order to compute themP
we propose a formal first integral
∞
of the form H(y, x) = y + k=2 hk (x)y k , where hk (x) are
polynomials. We recall that a first integral for an equation
(3) satisfies that Ḣ = ẏ ∂H/∂y + ẋ ∂H/∂x ≡ 0, where
ẏ = p(x)y 2 + q(x)y 3 , ẋ = 1. By imposing that Ḣ = 0,
we obtain the following recursive system of linear differential
equations
(9)
h0k (x) + (k − 1)p(x)hk−1 (x) + (k − 2)q(x)hk−2 (x) = 0,
for k ≥ 2 and with h0 (x) ≡ 0 and h1 (x) ≡ 1. From the
recursive system (9) we compute the polynomials hk (x) and
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we obtain the Poincaré–Liapunov constant vk := hk (b) −
hk (a). The equation has a center in [a, b] if vk = 0 for all
k ≥ 2. We note that vk is a polynomial in the coefficients of
p(x) and q(x).

been able to find the irreducible decomposition of the variety
V (hv2 , v3 , . . . , v16 i).

We will deal with cases (a) and (b) of Theorem 5 at the same
time. We denote the coefficients of p(x) and q(x) in the
P4
P4
following way p(x) = i=0 bi xi , q(x) = i=0 ci xi .

In equation (3) we write p(x) = ai xi + aj xj and q(x) =
am xm + an xn . Using the method of construction of a formal
first integral described at the beginning of the previous section,
we obtain that the first Poincaré–Liapunov constant is v2 =
−(1 + j)ai − (1 + i)aj . The vanish of this constant gives
us ai = (1 + i)aj /(1 + j). The second Poincaré–Liapunov
constant is v3 = −(1 + n)am − (1 + m)an . Vanishing this
constant we obtain an = (1 + n)am /(1 + Rm). We note
x
that at this moment we have that p̃(x) = 0 p(σ)dσ and
Rx
q̃(x) = 0 q(σ)dσ satisfy that p̃(0) = p̃(1) = 0 and
q̃(0) = q̃(1) = 0.

In order to proof the result we have computed fifteen necessary
conditions vk = 0 for k = 2, . . . , 16. These necessary conditions are very long, so we do not present them here. However,
one can check our computations with the help of any available
computer algebra system. In this case, in order to obtain the
families of centers we look for the irreducible decomposition
of the variety V (I) of the ideal I = hv2 , v3 , . . . , v16 i. This
is an extremely difficult computational problem. We have
used the routine minAssGTZ of the computer algebra system
Singular [19] and we have found the irreducible decomposition
of the variety of the ideal I over the field of rational numbers
when max(δp, δq) ≤ 3 and over the finite field Z/(p), with
p = 32003, when max(δp, δq) = 4. In this last case we
have followed the algorithm described in [24] which makes
use of modular arithmetics. The last step of this algorithm has
not been verified. This step ensures that all the points of the
variety V (I) have been found. That is, we know that all the
encountered points belong to the decomposition of V (I) but
we do not know whether the given decomposition is complete.
We remark that, nevertheless, it is practically sure that the given
list is complete, see for instance [4, 24]. Therefore, in the
following we provide sufficient conditions to have a center,
which are practically necessary. We denote this situation by
the expression with probability close to 1.
The obtained decomposition for the case max(δp, δq) = 4
consists of 2 components defined by the following ideals
1) hc4 , 2c2 + 3c3 , 4c0 + 2c1 − c3 , b4 , 2b2 + 3b3 , 4b0 + 2b1 −
b3 i;
2) hb4 c3 −b3 c4 , b4 c2 −b2 c4 , b3 c2 −b2 c3 , b4 c1 −b1 c4 , b3 c1 −
b1 c3 , b2 c1 − b1 c2 , 60c0 + 30c1 + 20c2 + 15c3 +
12c4 , 60b0 + 30b1 + 20b2 + 15b3 + 12b4 i;
The generalized moment conditions ui are obtained computing
the integrals (8) and in this case we have found the irreducible
decomposition of the variety of the ideal J = hu1 , u2 , . . . , u17 i
over the field of rational numbers. To deduce if all the
centers are composition centers we must only compare both
decompositions and in both cases they are the same.
For the case max(δp, δq) = 5 without loss of generality we
can divide the study in two cases: either b5 = 1 or b5 = 0
and c5 = ±1. We get these cases by a rescaling of the form
y = kY with k 6= 0. Even in the simple case that b5 = 0
and c5 = ±1, and using modular arithmetics, we have not

5

Proof of Theorem 6

The third Poincaré–Liapunov constant is given by v4 =
−aj am (i − j)(m − n)(i + j + ij − m − n − mn). We divide
the study of the vanishing of v4 in three cases.
First case: aj am = 0. When aj = 0 we have that ai = 0
and then p(x) ≡ 0. This case gives a differential equation with
separated variables which forms a composition center (recall
that q̃(0) = q̃(1) = 0). In the case that am = 0 we get an
analogous result.
Second case: (i − j)(m − n) = 0. If i = j then p(x)
has a single monomial p(x) = aj xj and then p̃(x) =
aj xj+1 /(j + 1). The condition p̃(1) = 0 implies that aj = 0
and, hence, p(x) ≡ 0. We get again a differential equation
with separated variables which forms a composition center
(recall that q̃(0) = q̃(1) = 0). In the case that m = n we
get an analogous result.
Third case: i + j + ij − m − n − mn = 0. We take
i = (−j + m + n + mn)/(1 + j). The next Poincaré–Liapunov
constant is
v5 = −2a2j am (j −m)(j −n)(m−n)(2j +j 2 −m−n−mn)2 .
Excluding the previous cases, we get that either j = n or
(2j + j 2 − m − n − mn) = 0. In the case that j = n we
get that there exists a constant C such that p(x) = Cq(x)
which forms a composition center. In the latter case (2j + j 2 −
m − n − mn) = 0, we obtain that i = j and, thus, p(x) ≡ 0.
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Completeness of uniformly accelerated trajectories in
General Relativity
D. de la Fuente∗

Abstract— The notion of a uniformly accelerated rectilinear motion of an observer in a general spacetime is analysed in detail. A
uniformly accelerated observer may be seen as a Lorentzian circle. Their trajectories are seen as the projection on the spacetime
of the integral curves of a vector field defined on a certain fiber bundle over the spacetime. Using this tool, we find geometric
assumptions to ensure that an inextensible uniformly accelerated rectilinear observer does not disappear in a finite proper time.
Keywords: Uniformly accelerated motion, General Relativity, Fermi-Walker connection, third-order differential equation,
completeness of inextensible trajectories.

1

Introduction

The definition of uniformly accelerated motion in General
Relativity has been discussed many times over the last 50 years
[6]. In the pioneering work by Rindler [13], it was partially
motivated by some aspects of intergalactic rocket travel by use
of the special relativistic formulas for hyperbolic motion in [9].
The relation between uniformly accelerated motion and
Lorentzian circles in Lorentz-Minkowski spacetime described
in [14] (see also [10, Sec. 6.2]) was used by Rindler in [13] to
define what he named hyperbolic motion in General Relativity,
extending uniformly accelerated motion in Lorentz-Minkowski
spacetime (in agreement with one of two proposed notions
made by Marder a few years before [8]).
First, we present an approach to the study of uniformly accelerated motion in General Relativity in the realm of modern
Lorentzian geometry. In order to do that, we recall that
a particle of mass m > 0 in a spacetime (M, h , i) is a
curve γ : I −→ M , such that its velocity γ 0 satisfies
hγ 0 , γ 0 i = −m2 and points to future. A particle with m = 1
is called an observer. Its (proper) acceleration is given by the
0
covariant derivative of γ 0 , Dγ
dt . Intuitively, the particle obeys
a uniformly accelerated motion if its acceleration remains to
be unchanged. Mathematically, we need a connection along γ
which permits to compare spatial directions at different instants
of the life of γ. In General Relativity this connection is known
as the Fermi-Walker connection of γ. Thus, using the Fermib
D
Walker covariant derivative dt
, we will say that a particle obeys
a uniformly accelerated (UA) motion if the following third∗ Departamento

order differential equation is fulfilled,
 0
b
Dγ
D
(1)
= 0,
dt
dt

i.e., if the acceleration of the observer γ is Fermi-Walker
parallel along its world line.
There are several physical situations where UA motions appear.
For instance, when an electric charged particle (γ(t), m, q)
is considered, in presence of a electromagnetic field F , the
dynamics of the particle is totally described by the well-known
Lorentz force equation,
m

Dγ 0
= q Fe(γ 0 ),
dt

where Fe is the (1,1)-tensor field metrically equivalent to the
closed 2-form F . The vector field Fe(γ 0 ) along γ is called
the electric field relative to γ, [16, p. 75]. The Fermi-Walker
connection of γ allows to define that γ perceives a “constant”
electric field if

b
D
Fe(γ 0 ) = 0.
dt
Thus, if a particle γ is moving in presence of a electromagnetic
field F and its relative electric vector field satisfies previous
equation, then γ obeys a UA motion.
The family of UA observers in the Lorentz-Minkowski spacetime Ln was completely determined long time ago [14] (see
[6] and references therein for a historical approach). It consists
of timelike geodesics and Lorentzian circles. For instance,
in L2 , using the usual
 coordinates (x, t), the UA observer
γ(τ ) = x(τ ), t(τ ) throughout (0, 0) with zero velocity
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relative to certain family of inertial observers (the integral
curves of vector field ∂t ) and proper acceleration a is given
by,
 aτ 


2 
c
,
sinh
x(τ ) = ca cosh aτ
−
1
,
t(τ
)
=
c
a
c

where τ ∈ R is the proper time of γ, and c is the light speed in
vacuum.
The wordline of γ described by the inertial observer is given
by (see, for instance, [14]),
s
 2
i
c2 h
at
x(t) =
1+
−1 ,
a
c
which reduce to the classical one x(t) ≈

1 2
2 at .

In this paper we expose how UA observers can be seen as
Lorentzian circles in any general spacetime (Proposition 6), in
particular, assertion (d) in this result corresponds to the original
notion proposed by Rindler in [13].
After that, we characterize UA observers as the projection on
the spacetime of the integral curves of a vector field defined
on a certain fiber bundle over the spacetime. Using this vector
field, the completeness of inextensible UA motions is analysed
in the search of geometric assumptions which assure that
inextensible UA observers do not disappear in a finite proper
time (in particular, the absence of timelike singularities). In
particular, any inextensible UA observer is complete under the
assumption of compactness of the spacetime and that it admits
a conformal and closed timelike vector field (Theorem 11).
This paper is based on [4].

2

Uniformly accelerated
Lorentzian circle

observer

as

where Tt = Span{γ 0 (t)} and Rt = Tt⊥ . Endowed with the
restriction of h , i, Rt is a spacelike hyperplane of Tγ(t) M . It is
interpreted as the instantaneous physical space observed by γ at
t. Clearly, the observer γ is able to compare spatial directions
at t. In order to compare v1 ∈ Rt1 with v2 ∈ Rt2 , t1 < t2
this paper the signature of a Lorentzian metric is (−, +, ..., +).

Ptγ1 ,t2 : Tγ(t1 ) M −→ Tγ(t2 ) M.

Unfortunately, this linear isometry satisfies Ptγ1 ,t2 (Rt1 ) = Rt2
if γ is free falling (i.e., γ is a geodesic) but this property
does not remain true for any general observer. In order to
solve this difficulty, recall that the Levi-Civita connection ∇
of M induces a connection along γ : I −→ M such that the
corresponding covariant derivative is the well-known covariant
derivative of vector fields Y ∈ X(γ) (the vector fields along γ),
namely, DY
dt = ∇∂t Y ∈ X(γ).
Now, for each Y ∈ X(γ) put YtT , YtR the orthogonal
projections of Yt on Tt and Rt , respectively, i.e., YtT =
−hYt , γ 0 (t)i γ 0 (t) and YtR = Yt − YtT . In this way, we define
Y T , Y R ∈ X(γ). We have, [16, Prop. 2.2.1],
b along γ
P ROPOSITION 1 There exists a unique connection ∇
such that


b X Y = ∇X Y T T + ∇X Y R R ,
∇
for any X ∈ X(I) and Y ∈ X(γ).

b is called the Fermi-Walker connection of γ.
This connection ∇
It shows the suggestive property that if Y ∈ X(γ) satisfies
Y
Y R (i.e., Yt may be observed by γ at any t) then
 = 
b X Y ∈ Rt for any t.
∇
t

b
b
Denote by D/dt
the covariant derivative corresponding to ∇.
Then, we have [16, Prop. 2.2.2],

a (2)

A spacetime is a time orientable n(≥ 2) − dimensional
Lorentzian manifold (M, h , i)1 , endowed with a fixed time
orientation. Along this paper we will denote a spacetime
by M . As usual, we will refer the points of M as events
and we will consider an observer in M as a (smooth) curve
γ : I −→ M , I an open interval of the real line R, such that
hγ 0 (t), γ 0 (t)i = −1 and γ 0 (t) is future pointing for any proper
time t of γ. At each event γ(t) the tangent space Tγ(t) M splits
as
Tγ(t) M = Tt ⊕ Rt ,

1 Along

and |v1 | = |v2 |, the observer γ could use, as a first attempt, the
parallel transport along γ defined by the Levi-Civita covariant
derivative along γ,

b
DY
Dγ 0
Dγ 0
DY
=
+ hγ 0 , Y i
−h
, Y i γ 0,
dt
dt
dt
dt

for any Y ∈ X(γ). Note that
falling.
0

b
D
dt

=

D
dt

if and only if γ is free

0

The acceleration Dγ
satisfies Dγ
dt
dt (t) ∈ Rt , for any t.
Therefore, it may be observed by γ whereas the velocity γ 0
is not observable by γ.
Now, we are in a position to give rigorously the notion of UA
observer. An observer γ : I −→ M is said to obey a uniformly
accelerated motion if


Dγ 0
Dγ 0
(3)
Pbtγ1 ,t2
(t1 ) =
(t2 ),
dt
dt

for any t1 , t2 ∈ I with t1 < t2 , equivalently, if the equation
0
(1) holds everywhere on I, i.e., Dγ
dt is Fermi-Walker parallel
along γ. Clearly, if γ is free falling, then it is a UA observer.

711

Completeness of uniformly accelerated trajectories in GR
Since we deal with a third-order ordinary differential equation,
the following initial value problem has a unique local solution,
 0
b
Dγ
D
(4)
= 0,
dt
dt
γ(0) = p,

γ 0 (0) = v,

Dγ 0
dt (0)

= w,

h , i = gS − h2 dt2 , where gS is a Riemannian metric on S,
h ∈ C ∞ (S), h > 0 and I an open interval of the real line
R. Let γ = γ(s) be any integral curve of the reference frame
Q = h1 ∂t . A direct computation gives
Dγ 0
∇h
=
◦ γ.
ds
h

where p ∈ M and v, w ∈ Tp M such that |v|2 = −1,
hv, wi = 0, |w|2 = a2 , and a is a positive constant.

On the other hand, taking into account [12, Prop 7.35], we get

For any observer we have a conservation result as a consequence of the slightly more general lemma,

|∇h|2 0
D2 γ 0
=
γ .
2
ds
h2

L EMMA 2 Let σ be a curve in M , defined on an open interval
I ⊂ R, which satisfies the equation


0
Dσ 0 2 0
Dσ 0
D2 σ 0
0 Dσ
=
σ
−
σ
,
.
(5)
2
dt
dt
dt
dt
Then,

Dσ 0 2
(t)
dt

is constant on I.
0

De2
= ae1 (t).
dt


R EMARK 3 (a) Observe that no assumption is made on the
spacetime in previous result. On the other hand, the constant
a has a geometrical meaning for a UA observer in terms of its
Frenet-Serret formulas (see next section). (b) The family of
the UA observers lies into a bigger family of observers which
has shown to be relevant in the study of the global geometry
of spacetimes, the so called bounded acceleration observers.
Recall that [1, Def. 6.6] an observer γ : I −→ M is said to
have bounded0 acceleration if there exists a constant B > 0
such that Dγ
≤ B for all t ∈ I. (c) On the other
dt
. hand,
 note

that if a UA observer is not free falling, then 1
is also Fermi-Walker parallel along γ.

Dγ 0
dt

0

Consider a UA observer γ : I −→ M with a = Dγ
> 0
dt
(constant from Lemma 2) and put e1 (t) = γ 0 (t), e2 (t) =
0
1 Dγ
a dt (t). Then, from (6) we have
De1
= ae2 (t),
dt

Proof. Multiplying (5) by Dσ
dt , we directly obtain
 2 0



D σ Dσ 0
1 d Dσ 0 Dσ 0
,
=
,
= 0,
dt2
dt
2 dt
dt
dt
and the proof is done.

From the two previous formulas and (6) it follows that γ is a
UA observer.

Dγ 0
dt

Taking into account formula (2), an observer γ satisfies equation (1) if and only if


D2 γ 0
Dγ 0 Dγ 0
(6)
=
,
γ 0,
dt2
dt
dt
which is a third order equation. Alternatively, γ satisfies (6) if
2 0
and only if Ddtγ2 (t) is collinear to γ 0 (t) at any t ∈ I.
E XAMPLE 4 (a) In any Generalized Robertson-Walker
(GRW) spacetime, each integral curve of the coordinate
reference frame is trivially a UA observer. (b) Consider
now a static standard spacetime M = S × I, with metric

Conversely, assume this system holds true for an observer γ
with a > 0 constant. Then, equation (6) also holds true. In
other words, a (non free falling) UA observer may be seen as
a Lorentzian circle of constant curvature a and identically zero
torsion (see [7]).
R EMARK 5 Circles in a Riemannian manifold were studied
by Nomizu and Yano in [11] in order to characterize umbilical
submanifolds with parallel mean curvature vector field in an
arbitrary Riemannian manifold. They described a circle by a
third-order differential equation similar to the previous equation (6). The results in [11] were extended to the Lorentzian
case by Ikawa in [7].
The previous results can be summarized as follows,
P ROPOSITION 6 For any observer γ : I −→ M , the following assertions are equivalent:
(a) γ is a UA observer.
(b) γ is a solution of third-order differential equation (6).
(c) γ is a Lorentzian circle or it is free falling.
(d) γ has constant curvature and the remaining curvatures
equal to zero.
(e) γ, viewed as an isometric immersion from (I, −dt2 )
to M , is totally umbilical with parallel mean curvature
vector.
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Completeness of the inextensible UA trajecto- Now, we are in a position to define the announced vector
a
field G. Let (p, v, w) be a point of Vn,2
(M ), and f ∈
ries


This section is devoted to the study of the completeness of the
inextensible solutions of equation (6). First of all, we are going
to relate the solutions of equation (6) with the integral curves of
a certain vector field on a Stiefel bundle type on M (compare
with [5, p. 6]).

a
C ∞ Vn,2
(M ) . Let σ be the unique inextensible curve solution of (5) satisfying the initial conditions

σ(0) = p,

σ 0 (0) = v,

Dσ 0
(0) = w.
dt

So, we define

Given a Lorentzian linear space E and a ∈ R, a > 0, denote
a
by Vn,2
(E) the (n,2)-Stiefel manifold over E, defined by

G(p,v,w) (f ) :=

d
dt

t=0

f σ(t), σ 0 (t),

Dσ 0 
(t) .
dt



0
a
Vn,2
(E) = (v, w) ∈ E 2 : |v|2 = −1, |w|2 = a2 , hv, wi = 0 . From Lemma 2 and Lemma 7, we have σ(t), σ 0 (t), Dσ
dt (t) ∈
a
Vn,2
(M ) and G is well defined.
The (n,2)-Stiefel bundle over the spacetime M is then defined
as follows,
The following result follows easily,
[
a
a
Vn,2 (M ) =
{p} × Vn,2 (Tp M ).
a
L EMMA 8 There exists a unique vector field G on Vn,2
(M )
p∈M

0
Dγ
0
such that the curves t 7−→ γ(t), γ (t), dt (t) are the
integral curves of G, for any solution γ of equation (4).
a
Note that Vn,2
(M ) is a bundle on M with dimension 3(n −

1) and fiber diffeomorphic to Sa Hn−1 , the spherical fiber
bundle on the hyperbolic space (n − 1)-dimensional and fiber Once defined G, we will look for assumptions which assert its
completeness.
Sn−2 of radius a.

a
First we construct a vector field G ∈ X Vn,2
(M ) , which is
the key tool in the study of completeness,
L EMMA 7 Let σ : I −→ M be a curve satisfying (5) with
initial conditions
σ 0 (0) = v,

Dσ 0
(0) = w,
dt

where v is a unitary timelike vector and w is orthogonal to v.
Then, we have |σ 0 (t)|2 = −1 for all t ∈ I, and therefore,
0
σ 0 (t), Dσ
dt (t) = 0 holds everywhere on I.
Proof. Multiplying (5) by σ 0 , and after easy computations, we
arrive to the following ordinary differential equation
1 00 1 0 2
x + (x ) − a2 x = a2 ,
2
4

Recall that an integral curve α of a vector field defined on some
interval [0, b), b < +∞, can be extended to b (as an integral
curve) if and only if there exists a sequence {tn }n , tn % b,
such that {α(tn )}n converges (see for instance [12, Lemma
1.56]). The following technical result directly follows from
this fact and Lemma 8.
L EMMA 9 Let γ : [0, b) −→ M be a solution of equation
(4) with 0 < b < ∞. The curve γ can be extended to
b as a solution of (5) if and only if there exists a sequence

0
a
γ(tn ), γ 0 (tn ), Dγ
dt (tn ) n which is convergent in Vn,2 (M ).
Although we know that |γ 0 (t)|2 = −1 from Lemma 7, this
is not enough to apply Lemma 9 even in the geometrically
relevant case of M compact. The reason is similar to the
possible geodesic incompleteness of a compact Lorentzian
manifold (see for instance [12, Example 7.16]).

0

where a := Dσ
is constant, and x(t) := |σ 0 (t)|2 . From the
dt
assumption, we know that x(t) satisfying the initial conditions
x(0) = −1,
and
D
Dσ 0 E
x0 (0) = 2 σ 0 (0) ,
(0) = 2hv, wi = 0.
dt

Since x(t) = −1 is a solution of this initial value problem, the
result is a direct consequence of the existence and uniqueness
of solutions to second order differential equations.


However, it is relevant that if a compact Lorentzian manifold admits a timelike conformal vector field, then it must
be geodesically complete [15]. Therefore, from a geometric
viewpoint, it is natural to assume the existence of such infinitesimal conformal symmetry to deal with the extendibility
of the solutions of (4).
Recall that a vector field K on M is called conformal if the Lie
derivative of the metric with respect to K satisfies
(7)

LK h , i = 2hh , i,
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for some h ∈ C ∞ (M ), equivalently, the local flows of K are
conformal maps. In particular, if holds (7) with h = 0, K is
called a Killing vector field.
Note that for any curve γ : I −→ M , the relation (7) implies
(8)

Dγ 0
d
hK, γ 0 i = K,
+ h(γ)| γ 0 |2 .
dt
dt

On the other hand, if a vector field K satisfies
(9)

∇X K = hX

for

all

X ∈ X(M ),

then clearly we get (7). Moreover, for the 1-form K b metrically
equivalent to K, we have
dK b (X, Y ) = h∇X K, Y i − h∇Y K, Xi = 0,
for all X, Y ∈ X(M ), i.e., K b is closed. We will call to K
which satisfies (9) a conformal and closed vector field.
The following result, inspired from [3, Lemma 9], will be
a
decisive to assure that the image of the curve in Vn,2
(M ),
associated to a UA observer γ, is contained in a compact
subset.
L EMMA 10 Let M be a spacetime and let Q be a unitary
timelike vector field. If γ : I −→ M is a solution of (4) such
that γ(I) lies in a compact subset of M and hQ, γ 0 i is bounded
0
on I, then the image of t 7−→ γ(t), γ 0 (t), Dγ
is contained
dt
0
a
in a compact subset of Vn,2 (M ) where a is the constant | Dγ
dt |.
Proof. Consider the 1-form Qb metrically equivalent to Q and
the associated Riemannian metric gR := h , i + 2 Qb ⊗ Qb . We
have,
gR (γ 0 , γ 0 ) = hγ 0 , γ 0 i + 2 hQ, γ 0 i2 ,
which, by hypothesis, is bounded on I. Hence, there exists a
constant c > 0 such that
0


(I) ⊂ C,

γ(I), γ 0 (I), Dγ
dt

a
C := (p, v, w) ∈ Vn,2
(M ) : p ∈ C1 ,

gR (v, v) ≤ c ,

where C1 is a compact set on M such that γ(I) ⊂ C1 . Hence,
a
(M ).

C is a compact in Vn,2
Now, we are in a position to state the following completeness
result (compare with [3, Th. 1] and [2, Th. 1]),
T HEOREM 11 Let M be a spacetime which admits
a timelike
p
conformal and closed vector field K. If inf M −hK, Ki > 0
then, each solution γ : I −→ M of (4) such that γ(I) lies in a
compact subset of M can be extended.

Proof. Let I = [0, b), 0 < b < +∞, be the domain of a
solution γ of equation (4). Derivating (8), it follows
DK Dγ 0
d
d2
D2 γ 0
hK, γ 0 i =
i − (h ◦ γ).
,
+ hK,
2
dt
dt
dt
dt2
dt
The first right term vanishes because K is conformal and
closed,


Dγ 0
DK Dγ 0
,
= h(γ) γ 0 ,
= 0.
dt
dt
dt
On the other hand, the second right term equals to a2 hK, γ 0 i.
Thus, the function t 7→ hK, γ 0 i satisfies the following differential equation,
(10)

d2
hK, γ 0 i − a2 hK, γ 0 i = (h ◦ γ)0 (t).
dt2

Using now that γ(I) is contained in a compact of M , the
function h ◦ γ is bounded on I. Moreover, since I is assumed
bounded, using (10) there exists a constant c1 > 0 such that
(11)

|hK, γ 0 i| < c1 .

K
Now, if we put Q := |K|
, where |K|2 = −hK, Ki > 0, then
Q is a unitary timelike vector field such that, by (11),

|hQ, γ 0 i| ≤ m c1

on I,

where m = supM |K|−1 < ∞. The proof ends making use of
Lemmas 9 and 10.

R EMARK 12 Note that the previous theorem implies the following result of mathematical interest: Let M be a compact
spacetime which admits a timelike conformal and closed vector
field K. Then, each inextensible solution of (4) must be
complete. Note that the Lorentzian universal covering of M
inherits the completeness of inextensible UA observers form
the same fact on M .
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Getting three limit cycles through simultaneous local and
global bifurcations in piecewise linear Filippov systems
E. Freire∗ , E. Ponce∗ , F. Torres† and A. Rivera‡

Abstract— By considering just a planar discontinuous piecewise linear system, where in a half-plane the dynamics is of focus
type while there is a saddle in the other, a simultaneous generation of three limit cycles surrounding the sliding set is shown: one
of the limit cycles comes from a homoclinic connection while the other two arise from a local bifurcation related to a boundary
focus.
Keywords: Filippov systems, piecewise linear systems, bifurcations, limit cycles.

1

Introduction

Piecewise linear differential systems are widely used nowadays
to model many real process and different engineering devices,
see for instance [2] and the references therein. Its rigorous
mathematical study goes back to Andronov and coworkers [1],
but there still are unsolved questions about these seemingly
simple systems. In fact, in the last years has been a big interest from the mathematical community on understanding their
dynamics, both in the case of continuous and discontinuous
vector fields. Here, we work mainly with the discontinuous
case.
Given a smooth manifold Σ splitting the phase space in two
connected components, the simplest possible configuration is
the aggregation of two linear systems, each one defined in one
of the two components. If the global vector field turns out to
be continuous, then we deal with a continuous piecewise linear
system; otherwise, the vector field can be naturally extended to
points in Σ and then we get a piecewise linear version of a
discontinuous Filippov system.

quadratic one, leading to the simultaneous generation of two
limit cycles. Here, we show that a much richer dynamics can be
obtained by considering just a discontinuous piecewise linear
system, where in a half-plane the dynamics is of focus type
while there is a saddle in the other. Namely, a simultaneous
generation of three limit cycles surrounding the sliding set
is shown: one of the limit cycles comes from a homoclinic
connection and the other two arise from a local bifurcation
related to a boundary focus, in a similar way as it was done
in [4].

2

Preliminary results

Let us assume without loss of generality that the linearity
regions in the phase plane are the left and right half-planes
S − = {(x, y) : x < 0} ,

S + = {(x, y) : x > 0} ,

so that Σ = {(x, y) : x = 0} is the separation line and the
systems to be studied become
 −
A x + b− , if x ∈ S − ,
(1)
ẋ =
A+ x + b+ , if x ∈ S + ,

For a given differential equation a limit cycle is a periodic orbit
that is isolated within the set of all the periodic orbits of the
system. One of the main problems of the qualitative theory of
the differential systems in the plane is the study of their limit
cycles, and in particular a big effort has been devoted to the
determination of the maximum number of limit cycles in planar
piecewise linear systems.

+
+
where x = (x, y)T ∈ R2 , A− = (a−
ij ) and A = (aij ) are 2×2
−
+
− − T
+ + T
constant matrices and b = (b1 , b2 ) , b = (b1 , b2 ) are
constant vectors of R2 . These systems originally have twelve
parameters but as shown in [3], the use of canonical forms
allows us to reduce this number in a considerable way.

In a recent work [5], it was reported the possibility of concurrent homoclinic bifurcation and Hopf bifurcation in a piecewise
smooth system constituted by a linear vector field plus a

−
We assume in system (1) that both a+
12 < 0 and a12 < 0, the
−
+
dynamics in S is of focus type, while in S the dynamics is
of saddle type. Following the approach shown in Proposition 2
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of [3], we can obtain the following Liénard canonical form. In
what follows det and tr stand for the determinant and the trace
of the matrix respectively.
−
P ROPOSITION 1 If in system (1) a+
12 < 0, a12 < 0,
−
− 2
+
4 det A − tr(A ) > 0, and det A < 0, then after some
continuous change of variables we arrive at the normalized
canonical form




2γL
−1
0
ẋ =
x−
, if x ∈ S − ,
γL2 + 1 0
aL
(2)




2γR
−1
−b
ẋ =
x−
, if x ∈ S + ,
2
γR
−1 0
aR

consequence of Proposition 3.7 in [3] is that a necessary
condition for having such a closed orbit is
(3)

2γL σ − + 2γR σ + + bh = 0,

being σ ± = area(Ω± ) . As we intend to work for small values
of b, henceforth we assume γL γR < 0, and to avoid ambiguity,
we take in the sequel −1 < γR < 0 and γL > 0. We remark
that if we assume the existence of a homoclinic connection,
the above necessary condition also must be fulfilled, being
now (0, ys ) and (0, yu ) the intersection points of the invariant
manifold of the saddle with the y-axis.

where |γR | < 1.

Consider a point (0, y0 ) in Σ with y0 > 0 as the initial point
of an orbit living in S − that after a time t− arrives to the point
(0, y1 ) in Σ with y1 < 0. We define for y0 ∈ (0, ∞) the half
return map PL such that y1 = PL (y0 ).

We remark that there appear now only five parameters: γL and
γR are associated to the dynamics in each zone, b determines
the size and properties of the sliding set, and aL , aR rule the
location of equilibria for each linear vector field. In fact, the
abscissas of the equilibrium points are given by

Similarly, consider a point (0, y1 ) in Σ with y1 < b as the initial
point of an orbit living in S + that after a time t+ arrives to the
point (0, y2 ) in Σ with y2 > b. Taking into account that the
linear invariant manifolds of the right saddle point intersect Σ
at the points (0, yu ) and (0, ys ) where

xL =

aL
,
γL2 + 1

xR =

aR
2 − 1,
γR

and we assume from now on that aR < 0, so that xR > 0 and
therefore we have a real saddle equilibrium point in S + .

(4)

yu = b + (γR + 1)xR > b,

and
(5)

ys = b + (γR − 1)xR < b,

we can define for y1 ∈ (ys , b) the half return map PR such that

y

y2 = PR (y1 ),
where PR (y1 ) ∈ (b, yu ). We also assume, as a natural
extension, that PR (b) = b and PR (ys ) = yu .

yu
L−
Γ+

Ω−

Ω+

Γ−

L+

To show the existence of closed orbits is clearly equivalent
to determine the possible fulfillment of the two conditions
y1 = PL (y0 ) and y0 = PR (y1 ), that is, to look for intersections
of the graphs of PL and PR−1 or vice versa.
Let us start by assuming a reference situation when the focus
in located at the boundary (xL = 0) and there is not a proper
sliding set (b = 0). In this specific case, we can easily show
that the graph of PL is a straight line defined by
PL (y) = −eπγL y,

ys

and we also have
Figure 1: A closed orbit and the elements to show the necessary
condition for its existence. The emphasized segment in the yaxis corresponds to the sliding set.

Assume we have a closed orbit Γ crossing the line x = 0
through the points (0, ys ) and (0, yu ) where yu − ys = h > 0,
and define the open regions Ω± = intΓ ∩ S ± . A direct

yu = (γR + 1)xR ,

and ys = (γR − 1)xR ,

so that the bounded graph of PR ends in the point (ys , yu ). By
noting that the straight line passing through this point have the
slope
γR + 1
yu
=
,
ys
γR − 1
and from the properties of the map PR , see [4], we can show
the following result.
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P ROPOSITION 2 Considering system (2) with γL > 0, −1 <
γR < 0, aL = 0, aR < 0, and b = 0, the following statements
hold.
(a) If eπγL < (1−γR )/(1+γR ), then there exists one stable
limit cycle surrounding the unstable boundary focus at
the origin and no homoclinic connections.
(b) If eπγL = (1 − γR )/(1 + γR ), then there exists one
homoclinic connection to the saddle and no periodic
orbits surrounding the boundary focus.
(c) If eπγL > (1 − γR )/(1 + γR ), then the system has no
periodic orbits and no homoclinic connections.
In next section, we keep fixed the condition corresponding to
statement (b) of above proposition and allow for parameters xL
and b to be non zero, in order to show the possible existence of
three limit cycles.

3

Statement of main results

Our first main result comes again from the properties of the
maps PL and PR , see [4].
T HEOREM 3 Considering system (2) with
−1 < γR < 0,

xR > 0,

γL =

1  1 − γR 
ln
> 0,
π
1 + γR

the following statements hold.
(a) For xL = 0, b = 0 the origin is an unstable boundary
focus surrounded by an homoclinic connection and there
are no periodic orbits.
(b) The above homoclinic connection persists on the graph
of a curve defined by b = bH (xL ) in a neighborhood
of the origin in the parameter plane (xL , b). The local
expansion of the function bH (xL ) is given by
b = bH (xL ) = 2γL xL −

(1 + γL2 ) sinh(πγL ) 2
xL + · · ·
2xR

(c) There exists δ ∗ > 0 such that if |xL | < δ ∗ then in
passing from b = bH (xL ) to b < bH (xL ) we pass from
the homoclinic orbit to a stable crossing periodic orbit.
Note that statement (a) is a direct consequence of Proposition
2. Statement (b) is strongly based in the parametric expression
of the map PL in terms of the flight time t, namely

with ϕγ (t) = 1 − eγt (cos t − γ sin t), see [4]. The function
ϕγ (t) was introduced in [1] for the first time, having the
following symmetry property
ϕγ (−t) = ϕ−γ (t).
We remark that for xL > 0 the flight time in (6) satisfies
t ∈ (0, π) while when xL < 0, we have π < t < t̂,
being t̂ ∈ (π, 2π) the first positive zero of ϕγL (t), see [4]
for more details. We emphasize that when xL = 0, for every
y0 > 0 the flight time satisfies always t = π. Therefore the
parametrization (6) is not longer valid, but in this case we have
y1 = −eπγ y0 by direct computation, as mentioned before.
In what follows. we indicate briefly the ideas needed to show
Theorem 3. Let V be some open region of the parameter
plane (t, xL ) containing the point (π, 0) and consider the
continuously differentiable function
F : V 7→ R,

F (t, xL ) = y0 sin t − xL e−γL t ϕγL (t).

Notice that all points satisfying (6) in V also satisfy
(7)

F (t, xL ) = 0,

but we also have F (π, 0) = 0 independently on the value of
y0 . Provided that y0 > 0, since
Dt F (t, xL ) = y0 cos t − xL (γ cos t + sin t − γL e−γL t ),
then Dt F (π, 0) = −y0 < 0, and so by the Implicit Function
Theorem there exist δ > 0, and  > 0 such that the equation
(7) has a unique solution t = t(xL ) for (t, xL ) ∈ Iπ × I0 ⊂ V
where Iπ = (π − , π + ), I0 = (−δ, δ). Consequently the
function giving the left flight time, for each y0 > 0 namely
t : I0 → Iπ ,

xL 7→ t = t(xL )

is analytic in I0 with t(0) = π; moreover, after some calculations we obtain
 1 + e−γL π 2
 1 + e−γL π 
xL −
γL x2L + · · ·
t(xL ) = π −
y0
y0

On the other hand, from (6) we can also define for the same
flight time t ∈ (0, t̂) the analytic function G : (0, t̂) 7→
(−∞, −1),
G(t) :=

y1
ϕ−γL (t)
eγL t − cos t − γL sin t
= −e2γL t
= − −γL t
.
y0
ϕγL (t)
e
− cos t + γL sin t

In particular the Taylor’s expansion of G around t = π gives
the expression
(8) G(t) = −eπγL − 2eπγL γL (t − π) − β(t − π)2 + · · · ,
where

(6)

y0 = xL

e−γL t ϕγL (t)
,
sin t

y1 = −xL

eγL t ϕ−γL (t)
,
sin t

β = β(γL ) =

(5γL2 + 1)eπγL + 3γL2 − 1

.
2 1 + e−πγL
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Consider xL ∈ I0 , so that it is allowed to replace t by t(xL ) in
the expansion (8). Therefore, by writing y1 = G(t(xL ))y0 , we
obtain after some simplifications
(9)
sinh(πγL ) 2
xL +· · ·
y1 = −eπγL y0 +2(1+eπγL )γL xL −(γL2 +1)
y0
Now we are in position to study the existence of the homoclinic
connection to the saddle point in the right zone S + . We recall
that xR > 0, and the intersections of the linear invariant
manifolds of the saddle with Σ are yu and ys . Imposing the
two conditions y0 = yu and y1 = ys and using (9) we obtain
(10)

= −eπγL (b + (γR + 1)xR )
+2(1 + eπγL )γL xL
(γ 2 +1) sinh(πγ )
− Lb+(γR +1)xRL x2L + · · ·

b + (γR − 1)xR

From the hypotheses
γR + 1 =

2
,
1 + eπγL

γR − 1 = −

2eπγL
,
1 + eπγL

and after some simplifications, equation (10) is equivalent to
the vanishing of the following function
H(b, xL ) = b − 2γL xL +

(γL2 + 1) sinh(πγL ) 2
x + ···
b(1 + eπγL ) + 2xR L

Notice that H(0, 0) = 0 and Db H(0, 0) = 1, and then by
the Implicit Function Theorem there exists a positive value
δ1 ≤ δ such that the equation H(b, xL ) = 0 defines a unique
differentiable function b = bH (xL ) for −δ1 < xL < δ1 . It is
easy to see that this function has the following expansion
bH (xL ) = 2γL xL −

(γL2 + 1) sinh(πγL ) 2
xL + · · · ,
2xR

and statement (b) follows.
Statement (c) is not difficult to show, since in moving the
parameter b we only make a displacement of the whole graph
of PR , passing from the origin to the point (b, b) as the initial
point for the graph.
In order to state the second main result of this work, first we
show an adapted version of Proposition 4 in [4] to system (2),
where the existence of at least two periodic orbits of crossing
type is proved for a certain parameter region near the origin of
the plane (xL , b).
P ROPOSITION 4 Assume that γL > 0, xR < 0, γR < 0, in
the system (2). Then there exist δ2 > 0 and two continuous
functions η1 (xL ) and η2 (xL ) satisfying
η1 (xL ) < η2 (xL ) < 0,

and η1 (0) = η2 (0) = 0,

for −δ2 < xL < 0, such that for the parameter sector defined
by −δ2 < xL < 0 and η1 (xL ) < b < η2 (xL ) the system (2)

has at least two nested crossing periodic orbits. Moreover the
first order expansion of η1 (xL ) and η2 (xL ) are given by
η1 (xL ) = −

eγL t̂ sin t̂
xL + O(x2L ),
2

and
η2 (xL ) =

sinh(γL tM ) 
γL 
1
−
xL + O(x2L )
γL2 + 1
γL sin tM

where tM is the only solution of
(11)

tanh(γL t) = γL tan t

in the interval (π, 3π/2).
Now we finish stating the main result of this paper, which is
a direct consequence of an adequate combination of the above
proposition and Theorem 3.
T HEOREM 5 Under the hipotheses of the Theorem 3, there
exists δ∗ > 0 such that for the parameter sector −δ∗ < xL < 0
and η1 (xL ) < b < η2 (xL ) the system (2) has at least three
crossing periodic orbits.
We remark that by starting from a point near the origin in the
parameter plane (xL , b) with xL > 0 and b > bH (xL ) and
entering in the parameter sector given in Theorem 5 we get the
simultaneous bifurcation of three limit cycles.
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Separatrix skeleton and limit cycles
in some 1-parameter families of planar vector fields
M. Caubergh∗

k
Abstract— We consider polynomial vector fields Xm
of degree 4k + 1 given by ẋ = y 3 − x2k+1 , ẏ = −x + my 4k+1 , x, y ∈ R,
k
where m ∈ R is a parameter. For any k ≥ 1 we analyze the bifurcation of the separatrix skeleton of (Xm
)m>0 analytically.
For k = 1 the bifurcation diagram of global phase portraits is deduced. Related to it, we address Hilbert’s 16th Problem and the
nilpotent Center-Focus Problem, restricting both problems to this 1-parameter family. This contribution summarizes the author’s
main results published in Separatrix skeleton for some 1-parameter families of planar vector fields in J Differ Equations 259
k
(2015). Additionally, we discuss the separatrix bifurcation for a generalization of the 1-parameter family (Xm
)m>0 .

Keywords: planar vector field, separatrix skeleton, limit cycle, Hilbert’s 16th problem, nilpotent center problem.

1

Introduction

2

We consider the 1-parameter family of planar vector fields

2.1

k
Xm
↔ ẋ = y 3 − x2k+1 , ẏ = −x + my 4k+1 , (x, y) ∈ R2 ,

where k ≥ 1 is an arbitrary but fixed integer and m a real
parameter. During a conference on stability for differential
equations held in Florence in 1985, Bacciotti asked for the
k
stability type of the nilpotent singularity of Xm
at the origin,
and how its change of stability relates to the appearance of
a polycycle. Shortly after that conference Galeotti and Gori
presented a work in [5] on the stability type of the origin of
k
Xm
. More recently, Gasull, García and Giacomini reconsidered that problem using generalized Lyapunov focus quantities
in [6]; furthermore they present a complete and rather technical
study on limit cycles in the case that k = 1. In [2] the author
1
completes the study of global phase portraits of Xm
, by an
k
analysis of the separatrix skeleton of Xm in function of m, for
all k ≥ 1 (see Sections 2 and 3). Besides, this study is used to
k
exclude centers for Xm
and to prove that the Hilbert number
k
for (Xm )m∈R is finite (see Sections 4 and 5). Both Hilbert’s
16th Problem and the Center-Focus Problem are longstanding
challenges from the beginning of the 20th century, and so-far a
complete solution for them is not yet known beyond linear and
quadratic differential equations respectively.
Here we recall the main results from [2] and we provide
as well with outlines for their proofs, counting on a whole
arsenal of local and global machinery from Qualitative Theory
of Differential Equations. Additionally, we discuss some
k
generalizations to replace Xm
.
∗ Departament

Separatrix skeleton for k ≥ 1
Definitions and main result

Let X be a continuous planar vector field having only isolated
singularities. An orbit Γ of X is called separatrix if it is
homeomorphic to R and for each neighborhood N of Γ there
exists q ∈ N such that α(q) 6= α(Γ) or ω(q) 6= ω(Γ). The
closure of the union of separatrices is called the separatrix
skeleton of X. In next theorem we present the key result from
[2].

k
undergoes a unique separatrix bifurT HEOREM 1 ([2]) Xm
cation for increasing m > 0, giving subsequently rise to the
following three separatrix skeletons:

In the subsequent subsections we prove the existence of a
k
unique parameter value m = mC (k) at which Xm
exhibits
a 2-saddle cycle. For that aim we use a parameter dependent
k
coordinate transformation that brings the family (Xm
)m>0 into
a semi-complete family of indefinitely rotated vector fields.
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Preliminaries

We perform a parameter dependent rescaling of variables and
k
time to each of the Xm
, and obtain the following topologically
k,R
equivalent vector fields Xm
,m > 0
1

k,R
Xm
↔ x̄0 = ȳ 3 − x̄2k+1 , ȳ 0 = m k+1 (−x̄ + ȳ 4k+1 ).

Let mS (k) ≡ (2k + 1)!!/(4k + 1)!!!!. Then it follows from
k,R
the study in [6] that for m 6= mS (k) the vector field Xm
has a nilpotent focus at the origin, which is attracting for
m < mS (k) and repelling for m > mS (k). Besides, for
k,R
m > 0 the vector field Xm
has a fixed pair of hyperbolic
k,R
saddles at p± = (±1, ±1). Clearly the flow of Xm
as well as
k
Xm are invariant with respect to (t, x̄, ȳ) 7→ (t, −x̄, −ȳ). As a
consequence, if there is a connection between the saddles p+
and p− , it immediately follows that a 2-saddle cycle exists. In
particular, polycycles necessarily are 2-saddle cycles.

are bounded, then Γ+ (m) = Γ− (m), and a 2-saddle cycle is
k,R
formed for Xm
. If Γ± (m) is unbounded, then Γ∓ (m) ⊂ C.
k,R
In Section 2.3 we extend the family of vector fields Xm
with
m ∈ (0, ∞) in a natural way to m ∈ [0, ∞].

Furthermore by Poincaré compactification all these polynomial
vector fields can be extended analytically to a compact D1 ,
the so-called Poincaré disc; the compactified vector fields are
k,R
denoted by X̂m
. From the analysis of the critical points
on the boundary of D1 we obtain the asymptotic behavior
of trajectories that become unbounded, as illustrated in next
figure.

Elementary calculations show that the directional vector field
k,R
is given by next figure.
for Xm
m=0
x = −1
y=1
p+

y=0
p0

x = y 4k+1
y 3 = x2k+1

y = −1

x=1

In particular in a neighborhood of p± the separatrices at p±
are localized. Moreover it is straightforward that both saddles
p± have one unbounded stable and unstable separatrix inside
{|x| > 1, |y| > 1, xy > 0}.
Denote by Γ+ (m) (resp. Γ− (m)) the stable (resp. unstable)
k,R
separatrix for Xm
at p+ (resp. p− ) having a non-empty
intersection with the cube C ≡ [−1, 1] × [−1, 1].
P ROPOSITION 2 Let k ≥ 1, m > 0. Polycycles and limit
k,R
cycles of Xm
are contained in the cube C. If both Γ± (m)

m=∞

In particular the behavior near infinity is obtained in a uniform
way (i.e. outside a fixed compact set, which does not change
when m is varied). This is important when replacing the study
k,R
of global phase portraits of Xm
by the study of bifurcations
k,R
inside (Xm )m>0 . In this way it can control the movement
of the separatrices in the global plane for all m > 0 in
Section 2.4, and rule out limit cycles escaping to infinity (socalled large amplitude limit cycles) and localize the global
absence problem of limit cycles for large m in Section 5.3.

2.3

p−

m>0

x=0

At most one separatrix bifurcation

In this section we first recall the definition of a semi-complete
family of rotated vector fields and two principles these families
obey concerning the non-intersection of separatrices and the
splitting of hyperbolic saddle connections. Next we observe
k,R
that Xm
is a semi-complete family of indefinitely rotated
vector fields, which thus implies the existence of at most one
parameter value m = mC (k) with a connection between p−
and p+ .
D EFINITION 3 Let E ⊂ R2 be connected, I ⊂ R an interval
and f = (f1 , f2 ) : E × I → R2 , G : E → R analytic
functions such that G−1 (0) does not contain any cycle of
Xλ ↔ ẋ = f (x, λ). Then, (Xλ )λ∈I is said to be a
1. semi-complete family of positively (resp. negatively)
2
rotated vector fields (mod G = 0) on E if (f1 ∂f
∂λ −
1
f2 ∂f
∂λ )(x, λ) > 0 (resp. < 0) at all (x, λ) ∈ E × I for
which f (x, λ)G(x) 6= 0 and the singularities of Xλ do
not move with λ ∈ I.
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2. semi-complete family of indefinitely rotated vector fields
(mod G = 0), if (Xλ )λ∈I is a semi-complete family
of positively or negatively rotated vector fields on any
connected component C of E \ G−1 (0).
T HEOREM 4 ([8]) Assume that (Xλ )λ∈I is an analytic semicomplete family of positively rotated vector fields.
1. If S(λ) is a separatrix at a hyperbolic saddle of (Xλ )λ∈I ,
then it follows that S(λ1 ) ∩ S(λ2 ) = ∅ for λ1 6= λ2 . Furthermore the tangent line to S(λ) rotates monotonically
in the positive sense as λ increases.
2. Assume that S ± (λ) are separatrices at the hyperbolic
saddles p± of (Xλ ), λ ∈ I, and that there is a saddle
connection at λ = λ0 , i.e. S + (λ0 ) = S − (λ0 ). Then, as
λ varies from λ0 , the saddle connection splits and if Σ
is a smooth curve transverse to S + (λ0 ), the separatrices
S + (λ) and S − (λ) move in opposite directions along Σ
as λ increases.
k,R
Returning to Xm
, m > 0, we let Gk : R2 → R be defined by

Gk (x̄, ȳ) = (ȳ 3 − x̄2k+1 )(ȳ 4k+1 − x̄).

(1)

Hence, the 0-level set G−1
k (0) determines the 0-isoclines for
k,R
k,R
Xm
, m > 0. Then one can easily check that (Xm
)m≥0 is a
semi-complete family of indefinitely rotated vector fields (mod
Gk = 0), that is positively rotated in G−1
k [0, ∞) and negatively
rotated in G−1
k (−∞, 0].

2.4

Existence of separatrix bifurcation

We claim the existence of m0 and m∞ for which Γ+ (m0 ) and
Γ− (m∞ ) are unbounded.
Assuming that our claim is true, it follows by Proposition 2 that
the relative positions of Γ± (m) are opposite in cases m = m0
and m = m∞ . Furthermore the continuous dependence on the
parameter then implies the existence of m0 < m < m∞ for
k,R
which Xm
has a connection between p+ and p− . This idea
is illustrated in next figure.

p+

y+

y+

y−
x−

k,R
vector field for m → 0 (resp. m → ∞). The behavior of Xm
for arbitrarily large m can be obtained by introducing the new
parameter variable η = 1/m, rescaling time, and taking the
limit for η → 0. For η > 0 the vector field Yηk,R thus obtained
is given by

Yηk,R ↔ x̄0 = η 1/(k+1) (ȳ 3 − x̄2k+1 ), ȳ 0 = −x̄ + ȳ 4k+1 .
k,R
k,R
are idenFor m > 0 the phase portraits of Xm
and Y1/m
k,R
,m > 0
tical. Clearly, the families of vector fields Xm
and Yηk,R , η > 0 extend analytically to m = 0 and η = 0
respectively. The limiting vector field X0k,R (resp. Y0k,R )
exhibits a horizontal (resp. vertical) strip flow with a curve
full of singularities. By continuous dependence on initial
conditions and parameter, Proposition 2 and the monotonicity
principle of separatrix intersections for rotated vector fields,
our claim follows.

2.5

Generalizations

Here we provide with a more abstract setting in which the
bifurcation result from Theorem 1 remains valid under some
genericity condition. Besides we consider a particular case in
which the genericity condition is violated though the bifurcation result still partially holds true. For arbitrary fixed integers
k ≥ l ≥ 1, we consider the analytic family of vector fields
k,l
Zm
↔ ẋ = y 2l+1 − f (x), ẏ = m(−x + g(y)),

for analytic functions f, g : R → R that are strictly increasing,
convex and odd (i.e. f (−x) = −f (x) and g(−x) = −g(x))
with jets j2k+1 f0 (x) = x2k+1 and j4k+1 g0 (y) = y 4k+1 . Then
k,l
has exactly 3 singularities (independent of m): a nilpotent
Zm
singularity at the origin and a pair of symmetric singularities
p± . Furthermore each p± has exactly four hyperbolic sectors
k,R
as in the case of Xm
, however the singularities are not necessarily elementary neither topological saddles. The hyperbolic
sectors can be alternated by repelling and attracting sectors
(see [4]). In next figure we present (a) the topological saddle
k
as found for Xm
and (b) an example of a non-elementary
singularity at p+ = (p+,1 , p+,2 ); both are drawn, in relation
to the isoclines and the lines {x = p+,1 } and {y = p+,2 }.

p+

p+
y+

y−

x−

x−
p−

p−

m sufficiently small

p−

m = mC (k)

(a)Topological saddle

(b) a non-elementary singularity

m sufficiently large

Recall that by the rotated property this value mC is unique.

k,R
In case that p+ is a topological saddle, Theorem 1 with Xm
k,l
replaced by Zm is obtained reasoning in the same way.

k,R
To prove our claim we analyze the flow of Xm
for arbitrarily
small m > 0 (resp. large m > 0), relying on the limiting

In case of a non-elementary singularity at p+ , then using a
similar technique as in [3], there still can be found a connected
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set M ⊂ R of parameters with a connection between p− and
p+ . However, in that case, the maximal connected invariant set
containing p+ can change when varying m in M. For instance,
let us assume that p+ is of the topological type sketched in
(b) for all m > 0. Then for 0 < m < min(M) (resp.
m > max(M)), there is a unique separatrix skeleton, that is as
k
the one for Xm
with 0 < m < mC (k) (resp. m > mC (k)), but
with the attracting (resp. repelling) separatrix replaced by an
attracting (resp. repelling) sector; in between, i.e. for m ∈ M,
there are 7 possible separatrix skeletons as illustrated below.

0 < m < min(M)

m∈M

m∈M

3

m∈M

m∈M

m∈M

orbit from each of the canonical regions is called the completed
separatrix skeleton.
As a corollary of Theorem 1, Bendixson-Dulac Theorem,
Poincaré-Bendixson Theorem and the hyperbolicity of the 2saddle cycle, one can rule out limit cycles or prove their existence (see also Section 5), and hence the bifurcation diagram
of global phase portraits can be completed.
T HEOREM 5 ([6, 2]) The bifurcation diagram of the 11
parameter family (Xm
)m>0 is as follows:

m∈M
0 < m < mC (1)
no limit cycles nor polycycles

m = mC (1)
hyperbolic 2-saddle cycle

mC (1) < m < 3/5
1 limit cycle, no polycycles

m ≥ 3/5
no limit cycles nor polycycles

m∈M

m > max(M)

Bifurcation of phase portraits for k = 1

k
, we rely on the TheoTo determine the phase portraits of Xm
rem of Markus, Neumann and Peixoto. It says that continuous
planar vector fields with only isolated singularities topologically are uniquely determined by their so-called completed
separatrix skeleton whose definition is given below.

A limit cycle is a periodic orbit γ that is isolated in the
Hausdorff sense. Then, according to the definition given in
Section 2.1 a limit cycle is not a separatrix and it is not included
in the separatrix skeleton. Furthermore, topological sinks and
sources are considered as degenerate limit cycles and therefore
not included in the separatrix skeleton.
The union of the separatrix skeleton, limit cycles and topological sinks and sources of X is called the extended separatrix
skeleton of X. Maximal connected components in the complement of the extended separatrix skeleton are called canonical
regions of X. Such a canonical region is found to be parallel,
i.e. given either by a strip, an annular or spiral flow (see [4]).
The union of the extended separatrix skeleton together with one

4

Nilpotent Center-Focus Problem

A singularity is called a center if it has a punctured neighborhood full of non-isolated periodic orbits. The Center-Focus
Problem aims at deciding whether a singularity is a center or a
focus. Classically this problem deals with singularities being a
center for the linearization of a polynomial or an analytic vector
field (i.e. having purely imaginary eigenvalues), and is referred
to as the Center Problem of Poincaré. A well-known classical
result says that the analytic linear type center is proved to be a
topological center if an analytic first integral exists.
Furthermore it is known that the Center-Focus Problem is
algebraically solvable, also in the nilpotent case, by calculating
(generalized) Lyapunov quantities (see [1]). However the
expressions in the calculations often become too involved when
the singularity changes stability, that in practice it is not at all
an easy task to distinguish between a center or a focus.
Here, we decide between center and focus in a geometricanalytic way, relating it to the separatrix skeleton. Indeed,
k
suppose that m = mS (k) and that the origin is a center for Xm
.
Then it follows that m = mC (k) and a stability analysis shows
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that for this parameter value the 2-saddle cycle is hyperbolic.
This contradiction leads to the following result.
T HEOREM 6 ([2]) Let k ≥ 1 and m = mS (k). The nilpotent
k
singularity of Xm
at the origin is a focus and not a center.
S (k)
The stability of the origin for m = mS (k) and the bifurcation
of small amplitude limit cycles for m → mS (k) for k ≥ 2 is a
work in progress in collaboration with Ilker Çolak.

5

T HEOREM 8 ([2]) Let k ≥ 1. There exist 0 < m0 (k) <
k
m∞ (k) < ∞ such that Xm
does not have limit cycles
nor polycycles for m < m0 (k) nor for m > m∞ (k).
Furthermore, in these cases the global phase portrait of
k
Xm
is uniquely determined up to topological equivalence:

k
Hilbert 16th Problem for (Xm
)m∈R

Hilbert’s 16th Problem asks, if it exists, for an upper bound
for the number of limit cycles of a planar polynomial vector
field ẋ = Pn (x, y), ẏ = Qn (x, y), only depending on the
degree n of the polynomials Pn , Qn . This problem is very vivid
among specialists and a complete answer to it is not yet known.
Dulac’s problem, which concerns the finiteness of the number
of limit cycles for individual analytic vector fields, is solved
independently by Ilyashenko and Ecalle. Next result deals with
k
)m∈R ; i.e.
the finiteness part of Hilbert’s 16th Problem for (Xm
the existence of a uniform upper bound for the number of limit
k
cycles of Xm
, m ∈ R, only depending on k.
T HEOREM 7 ([2]) For all k ≥ 1 there exists a finite number
k
H(k) that bounds the number of limit cycles of Xm
for all
m ∈ R. Any such upper bound, H(k), is at least one.
In the rest of this section we sketch the proof of Theorem 7.

5.1

periodic set is either a singular point, a periodic orbit or a
graphic of Xλ0 . A proof of this structure theorem can be found
in [9].

Roussarie compactification-localization method

In this section we indicate how Hilbert’s 16th Problem for
k
)k∈R is reduced to so-called cyclicity problems, which are
(Xm
bifurcation problems of limit cycles, inside a compact family.
From [9] there exists the following equivalence between the
global and local bounds for limit cycles, working with a
compact analytic family of planar vector fields (Xλ )λ : the
number of limit cycles of Xλ in D is bounded uniformly with
respect to λ ∈ P if and only if for every limit periodic set
of (Xλ )λ there are only finitely many limit cycles bifurcating
from Γ.
By a compact family of planar vector fields (Xλ )λ we mean
a family of vector fields that are defined on a compact metric
space D, and that depend on a parameter λ, also belonging to
a compact metric space P. A compact set Γ is called a limit
periodic set of Xλ for λ → λ0 if and only if there exists a
sequence (λn )n≥1 with λn → λ0 for n → ∞ such that for all
n ≥ 1 there exists a limit cycle γn of Xλn with γn → Γ when
n → ∞ (in the Hausdorff sense). There exists an analogue
of the Poincaré-Bendixson Theorem determining the structure
of limit periodic sets, in case that the analytic family (Xλ )λ
has only a finite number of singularities. In that case, a limit

0 < m < m0 (k)

m > m∞ (k)

For m ≤ 0 it is found by means of a convenient Lyapunov
k
and hence
function that the origin is a global attractor for Xm
k
Xm does not have any limit cycles. For small m > 0,
in Subsection 5.2, we apply a generalization of BendixsonDulac Theorem to rule out limit cycles. For large m, in Subsection 5.3, we use a Roussarie compactification-localization
procedure to localize the problem of global absence of limit
cycles.
Hence by this theorem the global finiteness problem for
k
), m ∈ R is reduced to the one on a compact parameter
(Xm
interval, m ∈ [m0 (k), m∞ (k)]. By a Poincaré compactificak
tion of Xm
, in Subsection 5.4, the global finiteness question
k
of limit cycles of Xm
for m0 (k) ≤ m ≤ m∞ (k) can thus be
approached by local finiteness problems of limit cycles.

5.2

Proof of Theorem 8 for m < m0 (k)

For each m small enough we apply an interesting generalization of the Bendixson-Dulac Theorem that we recall from [6].

T HEOREM 9 ([6]) Let X : U → R2 be a C 1 vector field
on an open subset U ⊂ R2 such that the boundary of U is
formed by a finite union of algebraic curves. Assume that
V is a rational function and λ ∈ R, λ > 0 such that M =
hX, ∇V i − λV divX does not change sign on U and it vanishes
only along a finite union of points and curves that are not
invariant by the flow of X. (1) If all connected components
of U \ {V = 0} are simply connected, then X has neither
limit cycles nor polycycles entirely in U. (2) If all connected
components of U \ {V = 0} are simply connected, except one,
say Ũ, that is 1-connected, then X has at most one limit cycle
or polycycle in U, that cannot coexist. Furthermore, if a limit
cycle γ exists, then it is hyperbolic and γ ⊂ Ũ; the stability of
γ is given by the sign of V M on Ũ.
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k,R
Returning to Xm
, define Vm (x, y) = 2m1/(k+1) x2 + y 4 and
k,R
M (x, y, m) = hXm
(x, y), ∇Vm (x, y)i
2
k,R
Vm (x, y)divXm
−
(x, y).
2k + 1
For m small enough it is found that M (x, y, m) ≥ 0. Besides, the origin is the only maximal invariant set contained
in M (x, y, m) = 0. Then by Theorem 9(2) there exists at most
one limit cycle or polycycle, and both cannot coexist. Then,
by Poincaré-Bendixson Theorem and a stability analysis of the
origin and the polycycle, limit cycles as well as polycycles are
ruled out for m small enough.

5.3

Proof of Theorem 8 for m > m∞ (k)

The Roussarie localization method can evenly be used to obtain
the global absence of limit cycles uniformly from local absence
results (see [2]). For a limit periodic set Γ of (Xλ ) for λ → λ0 ,
we say that no limit cycles bifurcate from Γ if and only if there
exists a neighborhood VΓ of Γ in the Hausdorff sense and there
exists a neighborhood WΓ ⊂ Rp of λ0 such that for all λ ∈ WΓ
the vector field Xλ does not have any limit cycles in VΓ .
k
For m > 0 the vector field Xm
is topologically equivalent to

Yηk,S ↔ ẋ = y 3 − ηx2k+1 , ẏ = −x + y 4k+1 , where mη = 1.

Obviously, (Yηk,S )0<η≤η0 can analytically be extended to a
compact analytic family (Ŷηk,S )0≤η≤η0 on the Poincaré disc.
Using the Lyapunov function V (x, y) = 2x2 + y 4 it is seen
that the origin of Ŷ0k,S exhibits a global repeller:

for m = m∗ (k) can be (0, 0), a periodic orbit or a 2-saddle
cycle (in the latter case m∗ (k) = mC (k)). The bifurcation
k,R
problem of limit cycles from (0, 0) or a periodic orbit of Xm
is reduced to the bifurcation problem of fixed points of the
analytic family of Poincaré first return maps. Therefore it is
immediately seen that the number of limit cycles bifurcating
from (0, 0) or a periodic orbit is finite. From [7] it follows that
the number of limit cycles bifurcating from the hyperbolic 2k,R
saddle cycle Γ inside (Xm
)m>0 for m near mC (k) also is
finite. It is to say, there exist an integer N (k, Γ), positive constants mk1 , mk2 such that mC (k) ∈ (mk1 , mk2 ) and a neighbork
hood V of Γ in the Hausdorff sense such that Xm
has at most
k
N (k, Γ) limit cycles in V for all m ∈ (m1 , mk2 ). Therefore
all limit periodic sets generate at most a finite number of limit
k,R
cycles in the family (X̂m
)mk0 ≤m≤mk∞ . As a consequence, the
Roussarie compactification-localization method guarantees the
existence of a uniform upper bound H(k) < ∞.

5.5

Lower bound for the Hilbert number

In fact, for k = 1, Theorem 7 follows from Theorem 5 with
optimal upper bound H(1) = 1. For general k ≥ 2 it is seen
that when m passes through mS (k) a Hopf-like bifurcation
takes place. Then the focus at the origin changes its stability
and at least one limit cycle is created for some values m near
mS (k).
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A simple characterization for a degenerate boundary
equilibrium bifurcation in n-dimensional Filippov
systems
M. Ordóñez∗ and E. Ponce∗

Abstract— Given two smooth vector fields f ± : Rn × R → Rn depending each one on a scalar parameter, we consider a
discontinuity manifold Σ = {x ∈ Rn : h(x) = 0}, sufficiently regular and generically transversal to both vector fields. Here,
h : Rn → R is a smooth non-constant scalar function so that Σ splits the phase space into two connected components. We
assume that each vector field is used in each component to define a global vector field. Following the Filippov convention, the
vector field can be extended to the points in Σ where the two vector fields cannot be concatenated in the natural way, leading to
the so called sliding vector field and completing so a Filippov system. Some interaction between equilibria of the two involved
vector fields and those of the sliding vector field defined in Σ (also called pseudo-equilibria) appears whenever, by moving
parameters, a equilibrium point collides with Σ in a boundary equilibrium bifurcation.
Generically, these boundary bifurcations are of co-dimension one, but there are situations where the phenomenon can be of
higher co-dimension. In fact, co-dimension one discontinuity-induced bifurcations can be classified into two generic scenarios:
the persistence of one equilibrium point (a equilibrium point becomes a pseudo-equilibrium or vice versa), and the non smoothfold of equilibria (one equilibrium and one pseudo equilibrium collide to disappear). When the genericity condition fails, we
show how it is still possible to characterize in a easy way the bifurcation, in order to determine which scenario actually appears,
without resorting to study the corresponding higher co-dimension bifurcation.
Keywords: Non-Smooth Dynamical Systems, Filippov Systems, Boundary Equilibrium Bifurcations

1

Introduction

Let us start by reviewing some elementary facts about Filippov
systems according to [5] and adopting the simplest setting, yet
general enough for applications, with particular attention to
equilibria and their possible bifurcations. Suppose that we are
given two smooth vector fields
f ± : Rn × R → R n
depending each one on a scalar parameter and a smooth nonconstant scalar function h : Rn → R, such that the discontinuity manifold,
Σ = {x ∈ Rn : h(x) = 0}
is sufficiently regular and generically transversal to both vector
fields. Let us define the two open regions
S − = {x ∈ Rn : h(x) < 0}
and
∗ Departamento

S + = {x ∈ Rn : h(x) > 0} .

We consider the discontinuous vector field
 −
f (x; µ), if x ∈ S − ,
(1)
ẋ =
f + (x; δ), if x ∈ S + .

Generically, the normal components of the vector fields with
respect to the manifold Σ, are not identically zero on Σ (even
if they could vanish in some points of the manifold). Then,
in general the resulting vector field cannot be continuously
extended to the manifold Σ, so that some procedure must be
designed in order to define appropriately the solutions of the
differential system (1).
Introducing the two Lie derivatives of h with respect to both
vector fields f ± , namely
Lf − h(x) = ∇h(x)·f − (x; µ),

Lf + h(x) = ∇h(x)·f + (x; δ),

we see that the instantaneous change rate of h along a solution
x(t), is given by

d
d
Lf − h(x), if x ∈ S − ,
[h(x(t))] = ∇h(x(t))· x(t) =
Lf + h(x), if x ∈ S + ,
dt
dt
where the above definitions could be extended to Σ when
necessary. We conclude that when Lf − h(x) > 0 (respectively
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Lf − h(x) < 0), for x ∈ Σ, then there exists an orbit coming
from S − that arrives at Σ (respectively moving away from
Σ towards S − ). A similar reasoning for the Lie derivative
Lf + h(x), allows to conclude that if Lf + h(x) < 0 (respectively
Lf + h(x) > 0), for x ∈ Σ, then there exists an orbit coming
from S + that arrives at x ∈ Σ (respectively moving away from
Σ towards S + ). It is then natural to define the crossing set
(sometimes called the sewing part of Σ) as

• admissible or real equilibrium points: the solutions of
f − (x; µ) = 0 that belong to S − and the solutions of
f + (x; δ) = 0 that belong to S + .
• virtual equilibrium points: the solutions of f − (x; µ) = 0
that belong to S + , and the solutions of f + (x; δ) = 0
that belong to S − . Note that virtual equilibria are not
proper equilibria of f but they can rule the dynamics in
the corresponding region.

Σc = {x ∈ Σ : Lf − h(x) · Lf + h(x) > 0} ⊂ Σ.

• pseudo-equilibrium points: the solutions of fs (x) = 0,
with x ∈ Σs .

In points belonging to Σc , standard solutions of the two systems can be joined to form a solution whose orbit crosses the
discontinuity manifold.
According to Kuznetsov et al. [5], we can define the noncrossing part of Σ, or sliding part, as the complement to Σc
in Σ, that is,
(2)

Σs = {x ∈ Σ : Lf − h(x) · Lf + h(x) ≤ 0} .

Within the sliding set, although the two vector fields ‘fight’
in opposition, the Filippov method can be used to construct
solutions that slide along Σs , to be considered as extensions
for solutions of (1). Such a method consists in defining a new
vector field computed from an adequate convex combination of
the two original vector fields, namely
(3)

fs (x) = (1 − λ)f − (x; µ) + λf + (x; δ),

where for each x ∈ Σs the value of λ is selected such that
∇h(x) · fs (x) = 0. A simple computation shows that
(4)

λ = λ(x) =

Lf − h(x)
,
Lf − h(x) − Lf + h(x)

provided the above denominator does not vanish and then, by
using the definition of Σs , one concludes that
0 ≤ λ(x) ≤ 1,

for all x ∈ Σs .

Therefore, we have an explicit definition for the sliding vector
field, namely
(5)

fs (x) =

Lf + h(x) f − (x) − Lf − h(x) f + (x)
.
Lf + h(x) − Lf − h(x)

We exclude here the case L h(x) − L h(x) = 0 for
some x ∈ Σs , where from (2) we deduce that Lf + h(x) =
Lf − h(x) = 0 and so x is a singular sliding point, see [6] for
more details.
f+

f−

Note that the boundary of the sliding set Σs (as a subset of Σ)
is associated to each one of the two equalities Lf − h(x) = 0 or
Lf + h(x) = 0; that is, λ(x) = 0 or λ(x) = 1 with x ∈ Σ.
In short, equilibria of system (1), when extended through the
Filippov convention, can be

As a special case, we must distinguish the boundary equilibrium points which are the solutions of f − (x; µ) = 0 or
f + (x; δ) = 0 and h(x) = 0. A boundary equilibrium point
can be seen as the critical case between admissible and virtual
equilibria and if we exclude the exceptional case of being a
singular sliding point, we deduce from (4) that either λ(x) = 0
or λ(x) = 1. Thus, a boundary equilibrium point is at the
boundary of the sliding set Σs , and so from (5) it can also be
considered a pseudo-equilibrium point.
Thus, some interaction between equilibria of the two involved
vector fields and pseudo-equilibria of the sliding vector field
appears whenever, by moving parameters, a real equilibrium
point collides with Σ. We say then that the system undergoes a
boundary equilibrium bifurcation, see [1, 6]. In next sections,
we discuss how to characterize this bifurcation in generic cases
and, what is the main contribution of this work, how one can
proceed in presence of a degeneracy.

2

Boundary equilibrium bifurcations without
degeneracy

Without loss of generality, we assume that an equilibrium
point in S − , by moving the parameter µ, hits transversally
the manifold Σ so that for µ = 0 the point is at the origin,
which belongs to Σ. Thus, we assume that h(0) = 0, and that
(x, µ) = (0, 0) is a solution of the equation
(6)

f − (x; µ) = 0.

Note that, automatically, we have Lf − h(0) = 0 and from (4)
we get λ(0) = 0 and so, recalling (5) the origin is also a
pseudo-equilibrium for the sliding vector field fs . Assuming
that the Jacobian matrix A− = Dx f − (0, 0) is invertible, by
using the Implicit Function Theorem (IFT) we can assure the
existence of a regular solution branch x̄(µ), with x̄(0) = 0,
such that f − (x̄(µ); µ) = 0 for |µ| sufficiently small.
Effectively, if we apply the IFT to equation (6) by differentiating with respect to µ, then we get
Dx f − (x̄(µ); µ)x̄0 (µ) + Dµ f − (x̄(µ); µ) = 0,
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and, by considering µ = 0, after defining M = Dµ f − (0, 0),
we obtain
x̄0 (0) = −A−1
− M.

(0, 0) for the sliding vector field which will represent a pseudoequilibrium point whenever 0 ≤ λ̃(µ) ≤ 1.

Note that, by defining C T = Dx h(0), our transversality
hypothesis for the equilibrium branch reduces to
(7)

d
h(x̄(µ))
dµ

µ=0

= Dx h(0)x̄0 (0) = −C T A−1
− M 6= 0.

Let us study now the evolution of the pseudo-equilibrium
branch that also passes through the origin for µ = 0. It is not
difficult to show that for determining the pseudo-equilibrium
points, it suffices to solve the system of equations
−

+

(1 − λ) f (x; µ) + λf (x; δ) = 0,
h(x) = 0.
also requiring that the auxiliary variable λ ∈ [0, 1]. Under
our hypotheses, the triple (x, λ, µ) = (0, 0, 0) is a solution
of the above system and so represents a pseudo-equilibrium.
Then, it is well known that under sufficient conditions of
regularity, system (8) has a µ-parametrized branch of solutions
(x̃(µ), λ̃(µ)), for |µ| sufficiently small.
Let us consider the existence of solutions for system (8).
Having in mind the IFT, we consider the following system of
equations obtained by implicit differentiation with respect to µ
in system (8),

 0

x̃ (µ)
(1 − λ) Dx f − + λDx f + f + − f −
+
Dx h
0
λ̃0 (µ)
+



(1 − λ) Dµ f − + λDµ f +
0



=



0
0



,

where we have suppressed the dependence of variables for sake
of brevity.
Taking into account that f − (0, 0) = 0 by our initial hypotheses, introducing the vector B = f + (0, 0), and putting
x = 0, λ = µ = 0 in (8) we obtain
0

0

B
0



=



I
0

A−1
− B
−1
C T A−
B

λ̃0 (0) =

−C T A−1
1
d
− M
= T −1 ·
h(x̄(µ))
−1
T
dµ
C A− B
C A− B

.
µ=0

T −1
Suppose, for instance, that C T A−1
− B > 0. If −C A− M >
0, then we know that for small µ > 0 the equilibrium of
f − (x, µ) becomes non-admissible, since

d
h(x̄(µ))
dµ

>0
µ=0

and then h(x̄(µ)) is an increasing function with h(x̄(0)) = 0.
From the assumptions, we also know that
d
λ̃(µ)
dµ

> 0,
µ=0

so that we conclude that λ̃(µ) > 0 for small µ > 0, and so the
branch corresponds to a pseudo-equilibrium which is entering
into the interior of the sliding part.
All the remaining cases can be shown in the same way, and
so the following result can be stated, see [6]. The hypothesis
B 6= 0 is added to exclude the case of double boundary equilibrium, leading to the simultaneous collision of two branches
of equilibria (each one belonging to a vector field) with the
discontinuity manifold Σ.
T HEOREM 1 Assume that for µ = 0 an equilibrium branch
of the vector field f − (x; µ) crosses the discontinuity manifold
h(x) = 0 at the origin, being this point regular, that is, A− =
Dx f − (0; 0) is a non-singular matrix. Furthermore, suppose
that the crossing is transversal, that is, if M = Dµ f − (0; 0),
C T = Dx h(0), then
d
h(x̄(µ))
dµ

µ=0

= −C T A−1
− M 6= 0.

Then, whenever the non-degeneracy condition C T A−1
− B 6= 0
is fulfilled, where B = f + (0; δ) 6= 0, the following statements
hold.

A− x̃ (0) + B λ̃ (0) + M = 0,
C T x̃0 (0) = 0.
Using the equality


A−
A−1
0
−
CT
C T A−1
−1
−

Moreover, from (8), after some standard manipulation and
recalling (7), we have



,

we see that the regularity condition can be written as


A− B
det
= −C T A−1
− B · det A− 6= 0,
CT 0
and we conclude that for C T A−1
− B 6= 0, there locally exists
a unique equilibrium branch (x̃(µ), λ̃(µ)) with (x̃(0), λ̃(0)) =

(a) (Persistence of one equilibrium for the Filippov system) If
−
C T A−1
and the pseudo− B > 0 the equilibrium branch for f
equilibrium branch for the sliding vector field fs do not coexist
for µ 6= 0 and small. More precisely, when µ varies in a
neighborhood of 0, one admissible equilibrium for f − , which
turns out to be a boundary equilibrium point for µ = 0,
becomes a pseudo-equilibrium, that is, an equilibrium for the
sliding vector field (or vice versa).
(b) (Non-smooth fold or annihilation of equilibria for the
Filippov system) When the condition C T A−1
− B < 0 holds, the
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equilibrium branch for f − and the pseudo-equilibrium branch
for the sliding vector field fs coexist for small values of µ, but
only either for µ < 0 or for µ > 0. That is, when µ varies in a
neighborhood of 0, one admissible equilibrium for f − collides
for µ = 0 with one pseudo-equilibrium and both disappear.

µ<0

µ=0

Σs

µ>0

Σs

Σs

3

The degenerate case C T A−1
− B = 0

In this case we cannot solve system (8) for (x, λ) in terms of
µ in the neighborhood of (x, λ, µ) = (0, 0, 0). However, we
can change the point of view and solve for (x, µ) in terms of
λ in such a neighborhood. Now, the computations lead to the
system
(8)

 0

b (λ)
(1 − λ) Dx f − + λDx f + (1 − λ) Dµ f −
x
Dx h
0
µ
b0 (λ)
+

PE
BEP



f+ − f−
0



=



0
0



,

and evaluating in the point (x, λ, µ) = (0, 0, 0), we now get

E

a)

Σs

Σs

Σs

PE

BEP
E

b)

Figure 1: Sketch of the two different boundary equilibrium
bifurcations in R2 : a) persistence case; b) non-smooth fold or
annihilation case. The thick vertical line corresponds to the
sliding set Σs , PE denotes a pseudo-equilibrium point, E is an
admissible equilibrium point and BEP a boundary equilibrium
point.

The scenario described by this theorem is displayed in Figure
1. In Fig.1.a the persistence case is presented, for µ < 0 a
real equilibrium point exists, becoming a boundary equilibrium
point for µ = 0 and then it is transformed into a pseudoequilibrium point for µ > 0. In Fig.1.b the non-smooth case
is depicted: a real equilibrium point and a pseudo-equilibrium
point existing for µ < 0 collide when µ = 0 at the boundary of
the sliding segment, and both points disappear for µ > 0.
Note that if we have a boundary equilibrium associated to the
vector field f + , then from (3) we also get a zero of the sliding
vector field fs , but now corresponding to λ = 1. This is a dual
case that can be analyzed in a similar way.
We will see in next section that in the degenerate case
C T A−1
− B = 0 with B 6= 0, it is still possible to characterize
in a easy way the bifurcation, in order to determine which
scenario actually appears. In fact, it suffices to compute a
second order expansion of the bifurcation parameter µ with
respect to an appropriately selected auxiliary parameter. We
avoid so the involved computations made in [2], needed to
unfold the associated co-dimension two bifurcation.

Ab
x0 (0) + M µ
b0 (0) + B
b0 (0)
CT x

= 0,
= 0.

Note that in this system of equations, reasoning as before, the
coefficient matrix satisfies


A− M
det
= −C T A−1
− M · det A− 6= 0,
CT 0
and so we can apply the IFT theorem without any problem.
After solving system (9), we obtain for the pseudo-equilibrium
branch
−C T A−1 B
= 0,
µ
b0 (0) = T −1
C A M
and
b0 (0) = −A−1
x
− B.

We remark that the above expressions indicate that the branch
of pseudo-equilibrium points passes for µ = 0 through the
origin in a non-transversal way with respect to the parameter
µ.
As we want to know the position of the branch of pseudoequilibria in the projection of our working neighborhood in the
plane (µ, λ), we need to compute the second derivative along
this branch of the parameter µ with respect to the auxiliary
parameter λ. Then, taking derivatives again with respect to
λ in the first component of (8) we get a long expression, where
b00 (λ) is
the coefficient matrix affecting x
(1 − λ) Dx f − + λDx f + ;

b0 (λ) · µ
the coefficient in x
b0 (λ) is

2 (1 − λ) Dx,µ f − ;

b0 (λ) is
the coefficient in x

2Dx f + − 2Dx f − ;

the terms with only µ
b0 (λ) and µ
b00 (λ) are


−2Dµ f − ·b
µ0 (λ)+(1−λ) Dµ f − · µ
b00 (λ) + Dµ,µ f − · µ
b0 (λ)2 ,

729

Characterazing a degenerate boundary equilibrium bifurcation
and finally, there appears another vectorial term, whose entries
can be defined through the Hessian matrices of the components
of f ± , namely
 0
b0 (λ)T · (1 − λ)Dx,x fi− + λDx,x fi+ ) · x
b (λ).
x

The corresponding equation for λ = 0, taking into account that
µ
b0 (0) = 0, turns out to be
b00 (0) + 2(A− − A+ )A−1
A− x
b00 (0) = 0,
− B + E + Mµ

where E is a vector whose i-th component is

Ei = (A−1 B)T · Dx,x fi− (0; 0) · A−1 B.
Regarding the second component of (8) we get
0

0

T

00

b (λ) · Dx,x h · x
b (λ) + Dx h · x
b (λ) = 0,
x

and defining the Hessian matrix H = Dx,x h(0), we get for our
critical point the condition
−1
T
T 00
b (0) = 0.
(A−1
− B) · H · A− B + C x

Multiplying the first equation from the left by C T A−1
− and
simplifying, we get that the value of µ
b00 (0) is given by

4

The simplest representative piecewise linear
system

Among other possible application examples of our results, we
present here one of the simplest cases with such a degeneration
corresponding to x = (x, y)T ∈ R2 , h(x) = x, and
 −



t x−y
ax − y + b
−
+
f (x; µ) =
, f (x; δ) =
,
d− x − µ
cx + f y + δ
which is a canonical form for planar piecewise linear Filippov
systems with two zones and a straight line of discontinuity, see
Remark 3.2 in [4].
We only consider some strictly discontinuous cases under the
condition d− (af + c) 6= 0, so assuring one equilibrium point
at most for each linear vector field.
Focussing our attention on the vector field f − and taking µ as
the main bifurcation parameter, with the notation of Theorem
1, we have
 −

t
−1
A− = Dx f − (0; 0) =
,
d− 0

−1
−1
−1
T −1
T
2C T A−1
− A+ A− B − C A− E + (A− B) HA− B
.
C T A−1
− M

Observe that in the piecewise linear case with h a linear
hyperplane, we have E = 0 and H = 0, so that the above
coefficient reduces to
(9)

−1
2C T A−1
− A+ A− B
µ
b (0) =
.
C T A−1 M

and

00

We note that, since from (7) the above denominator is related to
the direction of crossing for the equilibrium branch, it suffices
to test the sign of the numerator to detect the actual scenario for
the bifurcation. This is more precisely stated in the following
result, which is a main contribution of this work.
T HEOREM 2 Assume that for µ = 0 an equilibrium branch
of the vector field f − (x; µ) crosses the discontinuity manifold
h(x) = 0 at the origin, under the same hypotheses than in
Theorem 1, and that the non-degeneracy condition fails, that is
C T A−1
− B = 0. Then, a branch of pseudo-equilibrium points
also passes through the origin (in a non-transversal way with
respect to the parameter µ), and by defining the coefficient
−1
−1
−1
T −1
T
γ = 2C T A−1
− A+ A− B − C A− E + (A− B) HA− B

we have a persistence scenario when γ < 0, and a non-smooth
fold scenario when γ > 0.
We illustrate the usefulness of this theorem in next section,
presenting an important low dimensional family where all the
situations can appear. Furthermore, it constitutes a case where
most of the above expressions are easily computable.



a −1
A+ = Dx f (0; δ) =
c f
 
b
B = f + (0; δ) =
δ
+

T

C = Dx h(0) = [1, 0],

−



,

M = Dµ f (0; 0) =



0
−1



where, from the non-vanishing determinants hypothesis, matrix A− is non-singular. In fact, we have


1
0
1
−1
,
A− = −
−d− t−
d
and
d
[h(x̄(µ)]
dµ

µ=0

= −C T A−1
− M =

1
,
d−

C T A−1
− B =

δ
.
d−

Thus Theorem 1 predicts a boundary equilibrium bifurcation at
µ = 0 with persistence when δ/d− > 0, and non-smooth fold
of equilibria when δ/d− < 0.
In the case δ = 0 we see that the non-degeneracy condition
fails. We can apply Theorem 2 by using that γ reduces inn this
case to
2bf
−1
γ = 2C T A−1
− A+ A− B = − − ,
d
and we will have persistence or non-smooth fold of equilibria
depending on the sign of such a fraction.
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Assuming for definiteness that b, d− > 0 in the sequel, then
Theorem 2 predicts persistence, that is, we pass from an
equilibrium to a pseudo-equilibrium point at µ = 0 when
f > 0 and a non-smooth fold in the case f < 0.
In fact, here we can easily compute the dependence on µ for
the different branches of equilibria. Clearly, we have


µ
1
,
x̄(µ) = −
t−
d
and the sliding vector field is


1
0
fs =
.
b f y 2 + (µ + δ)y − µb

Thus, there can be at most two pseudo-equilibrium points according to the quadratic in the second component; we conclude
that the pseudo-equilibrium branch passing through the origin
for µ = 0 is the one corresponding to
p
−µ − δ + (µ + δ)2 + 4µbf
ỹ =
2f
when δ > 0, and
ỹ =

−µ − δ −

p
(µ + δ)2 + 4µbf
2f

when δ < 0. Both branches coincide in a parabolic contact
with the y-axis at the origin of the plane (µ, y) when δ = 0,
what indicates that the branch of pseudo-equilibria is non
transversal with respect to the parameter µ when the nondegeneracy condition fails.
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Improvements in the
Scheduled Relaxation Jacobi method
J. E. Adsuara∗, I. Cordero-Carrión†, P. Cerdá-Durán∗ and M. A. Aloy∗

Abstract— The efficient numerical solution of elliptic partial differential equations is of paramount importance in many
disciplines of physics, mathematics and engineering. Very recently, a new algorithm for the solution of this type of problems
has been devised, the Scheduled Relaxation Jacobi method (SRJ). Obtaining the optimal parameters for SRJ methods becomes
very complex as the number of levels of the algorithm grows above five. We have developed a new methodology that allows
us to overcome the previously existing problems of stiffness in the numerical determination of the optimal parameters of SRJ
algorithms. In the present contribution we provide the optimal parameters for SRJ methods with up to 10 levels and resolutions
of up to 1024 points per dimension.
Keywords: Iterative method, Jacobi method, Finite element method, Elliptic equations.

1

Introduction

Many different physical phenomena are modelled by partial
differential equations (PDE) [1]. The subclass of elliptic
PDEs arise when we are dealing with vector fields derived
from potentials or steady-state problems. In both cases we
face equilibrium problems without real characteristics. The
most common examples of elliptic PDEs are the Poisson and
Laplace equations, which are second order PDEs with and
without source terms, respectively.
Though the aforementioned Poisson and Laplace equations
posses analytic solutions in a handful of simple cases, we usually need a numerical solution when more involved problems
are considered. One of the standard approaches for solving
these equations numerically is using finite differences methods.
In this approach, both functions and operators are discretized
on a numerical mesh, leading to a system of linear algebraic
equations, which can be solved with direct or iterative methods.
One of the simplest and most studied iterative schemes is the so
called Jacobi method [2, 3], whose main drawback is its poor
convergence rate.
In [4] (YM14 henceforth), the authors present an improvement
of the iterative Jacobi algorithm, called the Scheduled Relaxation Jacobi (SRJ) method. The SRJ method can be regarded
as a generalization of the successive overrelaxation method
(SOR; [5]) by including a number P of different levels, in
each of which, the overrelaxation parameter or weight is tuned
to achieve a significant reduction of the number of iterations,
thus leading to a faster convergence rate. The optimal set of
∗ Departamento
† Departamento

weights depend on the actual discretisation of the problem at
hand. In their work, YM14, they present optimal schemes of
up to P = 5 and resolutions of up to 512 points per spatial
dimension.
In this paper, we will give an overview of the SRJ method,
describing in particular the difficulties in finding the weights
for cases in which P > 5 and numerical resolutions higher than
512. We have improved the weight-finding algorithm of YM14
in a way that enables us to compute the optimal solution for the
SRJ method with up to P = 10 and with larger resolutions than
those in the original paper. Furthermore, we have tested the
SRJ method for some physical problems and have found that
the method shows the correct convergence performance index.
Finally, we will comment on the prospects of improvement
of the SRJ methods we have developed, especially on the
possibility of obtaining an SRJ method that can be competitive
with standard solvers for elliptic partial differential equations,
such as spectral methods or multigrid solvers.

2

SRJ schemes

In this section we recap the most salient results obtained by
YM14 and set the notation for the rest of the paper. Furthermore, we rewrite some parts of the YM14 algorithm to make
them amenable for extension to a larger number of levels and
resolutions.
First of all, if we define ωi J as a single step in a weighted
Jacobi iteration using the weight ωi (i = 1, . . . , P ), then the

de Astronomía y Astrofísica, Universidad de Valencia, E-46100, Burjassot, Spain. Email: jose.adsuara@uv.es
de Matemática Aplicada, Universidad de Valencia, E-46100, Burjassot, Spain.
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SRJ method basically consists of the following:
M

}|
{
z
q1
qP
q1
z
}|
{
z
}|
{z
}|
{
ω1 J . . . ω1 J ω2 J . . . ω2 J . . . ωP J . . . ωP J ω1 J . . . ω1 J . . .
|
{z
}

After an SRJ M -cycle, where we apply the algorithm sketched
in Eq. (2) M -times but with P different weights ωi , the
following composition of amplifications factors is obtained
M

}|
{
z
q1
qP
z
z
}|
{
}|
{
Gω1 . . . Gω1 Gω2 . . . Gω2 . . . GωP . . . GωP ,
{z
}
|

q2

PP
i.e., a number M :=
i=1 qi of weighted Jacobi iterations
with prescribed relaxation factors ωi scheduled for each iteration in the cycle. Every wi is used qi times in this M -cycle. In
order to reach a prescribed tolerance goal, we need to repeat a
number times the basic M -cycle of the SRJ method.

In order to simplify the notation, we define ω := (ω1 , . . . , ωP ),
with ωi > ωi+1 and q := (q1 , . . . , qP ) is in one-to-one
correspondence with the previous ω. Also, we define β :=
(β1 , . . . , βP ), where βi = qi /M , is the fraction of the iteration
counts that P
a given weight ωi is repeated in an M -cycle, with
P −1
βP := 1 − i=1 βi .
The basic idea of the SRJ schemes is to find the optimal values
for ω and β that minimize the total number of iterations to
reach a prescribed tolerance for a given M .

3

Finding the optimal parameters

q2

which allows us to define the per-iteration amplification factor
function as:

(4)

Γ(κ) =

P
Y

i=1

|1 − ωi κ|βi .

From the definition of Γ(κ), it is evident that larger values
of the per-iteration amplification factor yield a larger number
of iterations for the algorithm to converge. Thus, the optimal
values for the SRJ parameters are obtained by looking for the
extrema of Γ(κ) in [κm , κM ], which is the interval bounding
the allowed values of κ. These extrema must be minimized
globally, so that the error per iteration decreases as much as
possible.

In the following sections, we explain how to compute the
optimal values of ω and β, following the prescriptions of
YM14.

The extrema of Γ(κ) are located at the edges of the domain,
κm and κM , and also in other P − 1 internal values κi (i =
1, . . . , P − 1) that are obtained from:

3.1

(5)

Theoretical set up

The model problem we employ to test the SRJ scheme on
an elliptic partial differential equation is the solution of the
Laplace equation:
(1)

∆u = 0,

with homogeneous Neumann boundary conditions on a square
domain with unitary size.
We consider a 2nd-order central-difference discretization of
Eq. (1) on a uniform grid consisting of Nx × Ny zones, and
define N = max(Nx , Ny ). Then, we apply the Jacobi method
with a relaxation parameter ω, so that the following iterative
scheme results:
un+1
i,j

(1 − ω)uni,j +
ω n
(2)
(u
+ uni,j+1 + uni−1,j + uni+1,j ),
4 i,j−1
n being the index of iteration. After performing a Fourier
stability analysis, with Neumann boundary conditions, the
amplification factor obtained for the previous scheme reads:
(3)

=

Gω (κ) = (1 − ωκ),

where κ is a function of the wave-numbers in each dimension,
namely, (κx , κy ), which tell us about how the error could grow
up from one iteration to the next one.

∂
∂
Γ=
log Γ = 0.
∂κ
∂κ

From the solutions of Eq. 5, we obtain κi = κi (ω, β), i.e.,
every κi as a function of the rest of the unknowns.
When we start the process, the unknowns are the ω and the β,
so we have 2P − 1 unknowns and we need to solve a system
S(ω, β) with the same number of equations. Following YM14,
we require all maxima be equal:
(6)

Γ(κi ) = Γ(κi+1 ), i = 0, . . . , P − 1.

In this way we obtain the set of the first P equations for our
system. To simplify further the notation, we employ κ0 = κm
and κP = κM . We obtain the second set of P − 1 equations
from the minimization of Γ(κ0 ),
(7)

∂
Γ(κ0 ) = 0, j = 1, . . . P − 1.
∂βj

In this last step, we further assume that ω = ω(β), and thereby,
the differentiation in Eq. (7) introduces P (P −1) new ancillary
∂
unknowns, namely ∂βωij ; i = 1, . . . , P, j = 1, . . . , P − 1. Now,

our system is S(ω, β, ∂ω
∂β ).The final set of P (P − 1) additional
equations to account for the extra ancillary variables results
from
∂
(8)
Γ(κi ) = 0, j = 1, . . . P − 1, i = 1 . . . P.
∂βj
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3.2

Implementation

In principle, we need to solve numerically a non-linear system
of P 2 + 2P − 1 equations with P 2 + 2P − 1 unknowns. The
stiffness of the non-linear system increases with the number
of levels, which prevented YM14 to compute optimal SRJ
schemes for P > 5. We have been able to reduce the complexity of the numerical solution by manipulating the system
of equations analytically. For the numerical solution of the
system we have to employ a floating point system with a very
long word-length, since the accuracy of the results for large
values of P critically depends on having sufficiently large
precision. We resort to a numerical solution using Mathematica
employing up to 24 digits.
A critical point in the numerical solution of the system of nonlinear equations is the choice of initial values for the unknows.
We have been able to rewrite the system S(ω, β, ∂ω
∂β ) as
S(ω, β), since it is possible to obtain κi as a function of β
and ω, which enables us to obtain ∂ω
∂β also as functions of β
and ω. In this stage, we only need to set the initial values for
β and ω. For each of these two sets of variables and a number
of levels equal to P we proceed as follows:
1. Assume we know the values of ω (or of β) for an SRJ
scheme with P − 1. Then we fit the the cloud of pairs
a
(κ, ωi ) (or (κ, βi )) to a conic of the form ωi = bκ−c
+ d.
2. We split the interval [log (κm ), log (κM )] in P + 1
uniform subintervals.
3. The new initial values of ω result from computing the
fit function at the extremes of the previously mentioned
subintervals.
In Sect. 3.1, we have set up the problem taking β as the
reference variables, assuming that ω were, in fact, functions
of these reference variables, i.e., ω = ω(β). However, this is
not the only possibility. We have also considered, alternatively,
ω as reference variables and β as functions β(ω), in which
case, the P − 1 equations equivalent to those of Eq. (8) read:
∂
Γ(κi ) = 0, j = 1, . . . P − 1, i = 1 . . . P.
∂ωj

(9)

model problem (Sect. 3.1). In Fig. 1 we show the evolution of
the residual,

as a function of the number of iterations for SRJ schemes
having different values of P = 2, . . . , 5 compared with the
Jacobi method (magenta line). We observe the decrease of the
number of iterations to reach the prescribed tolerance1 of the
SRJ schemes as P increases with respect to the Jacobi method.
For all the schemes shown in Fig. 1, we have obtained the same
values of the optimal parameters as in YM14.
We have verified that optimal schemes computed for a given
grid size (i.e., for a given value of N ) can be used for larger
grids, though the acceleration of the convergence with respect
to the Jacobi method may not be the largest possible (see
YM14).
However, in order to minimize the possible gaps between
resolutions considered in YM14, we have also computed the
optimal values for a number of intermediate values of N in
Tab. 1, where we further showPthe estimation of the converP
gence performance index, ρ = i=1 ωi βi (see YM14).

Table 1: Parameters w, β and estimation of the convergence
performance index ρ of the P = 5 scheme for a number of
different values of N .
N
100
150
200
250

We have solved the new resulting system employing the same
methodology sketched above, and found that the solution is the
same regardless of the set of reference variables employed.

300

4

400

Results

In order to validate our new methodology to compute the
optimal values of the parameters of the SRJ algorithm, we have
reproduced the results obtained by YM14 for P ≤ 5 and with
the same number of points per dimension, N , and on the same
1 In

Rn := |un+1 − un |,

(10)

350

450
500

ω
β
ρ
ω
β
ρ
ω
β
ρ
ω
β
ρ
ω
β
ρ
ω
β
ρ
ω
β
ρ
ω
β
ρ
ω
β
ρ

P =5
{2846.74, 411.781, 40.0941, 3.97003, 0.659793}
{0.00395334, 0.0134445, 0.0549429, 0.22302, 0.70464}
20.34
{6083.43, 723.916, 58.9841, 4.88096, 0.679269}
{0.00248163, 0.00967631, 0.04472, 0.205462, 0.73766}
26.24
{10402.8, 1077.5, 77.4789, 5.6526, 0.693256}
{0.00176797, 0.00760734, 0.038404, 0.192846, 0.759375}
31.18
{15750.6, 1464.91, 95.6673, 6.33405, 0.704153}
{0.00135255, 0.00628676, 0.0340103, 0.183094, 0.775256}
35.47
{22085.5, 1881.21, 113.603, 6.95081, 0.713063}
{0.00108339, 0.00536588, 0.0307308, 0.175201, 0.787619}
39.29
{29373.9, 2322.91, 131.323, 7.51817, 0.720588}
{0.000896175, 0.00468493, 0.028165, 0.168605, 0.797649}
42.75
{37587.8, 2787.39, 148.854, 8.04621, 0.727091}
{0.000759202, 0.00415986, 0.0260888, 0.162962, 0.806030}
45.91
{46703.1, 3272.60, 166.218, 8.54196, 0.732811}
{0.000655107, 0.00374204, 0.0243656, 0.158048, 0.813189}
48.84
{56698.8, 3776.87, 183.430, 9.01057, 0.737910}
{0.000573622, 0.00340130, 0.0229066, 0.153708, 0.819411}
51.56

all the cases considered in this paper the absolute tolerance is fixed so that Rn < 10−10 .
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Figure 1: Comparison of the evolution of the residual of Eq. (2) of several SRJ schemes (from P = 2 to P = 5) for a grid with
N = 256 zones per dimension. As a reference we also include the evolution of the residual for the Jacobi method.
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Figure 2: Comparision of the evolution of the residual of
Eq. (2) of several SRJ schemes having P = 6 for a grid with
N = 256 zones per dimension. The different variants of the
P = 6 SRJ method are displayed with different color lines
showing the dependence of the performance of the method on
the conversion of the real values of the optimal solution for
βi to the integer values qi = bβi c (green) and qi = dβi e
(magenta).
There is a step in the practical implementation of SRJ methods
that may impact on the performance of the resulting algorithm
(as measured by the number of iterations needed to reduce
the residual below a prescribed tolerance). Once the solution
has been found for the reference variables, i.e., for β, which
are real numbers, one must obtain the values of q, which are
integer numbers. We have tested several possibilities for the
conversion from real to integer, including making q the integer
part of βM , rounding βM to the nearest integer and taking
the ceiling function. While the number of levels is small,
the differences among the distinct conversions from real to
integer do not change much either the number of iterations or

the convergence rate of the resulting scheme. However, when
P > 4, there can be non-negligible changes in the total number
of iterations to reduce the residual of our model equation below
a prescribed tolerance.
In Fig. 2 we show the evolution of the residual as a function
of the iteration number for two different choices of the integer
conversion of β into q in the case P = 6 (the optimal parameters of which can be found on Tab. 2). We note that there
is a difference of more than 1200 iterations (∼ 20%) between
the distinct integer conversions. Unfortunately, changing the
number of levels, the same recipes for converting reals to
integers yield efficiencies of the methods that do not display
a clear trend. Moreover, increasing the number of levels by
one unit results in a reduction of the number of iterations to
reach convergence which is larger than that resulting from any
manipulation of the integer values of qi in an SRJ scheme with
a given P . Hence, in the following, the results we will provide
are obtained by taking qi = bβi c.
Improving on the results of YM14, we have also computed
the optimal values of SRJ schemes with P > 5. Table 2
shows the values obtained with our method for computing
the solution of the non-linear system of equations (Sect. 3.2)
for P = 6, . . . , 10. We point out that thanks to the analytic
reduction of the complexity of the system, not only the optimal
solution is achievable, but also it is reachable with a moderate
computational cost: employing Mathematica on a standard
workstation, the computational time of the optimal parameters
ranges from 72 s for the P = 6 scheme to 8 days for P =
10. We are working along the line of reducing further the
computational cost so that values of up to P ' 18 are feasable
in our method.
In Fig. 3 we show the evolution of the residual for some
of the new optimal SRJ schemes solving the model problem
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Table 2: Parameters for the optima SRJ schemes for P = 6 to P = 10 and various values of N .
N
32
64
128
256
512
1024
N
32
64
128
256
512
1024
N
32
64
128
256
512
1024
N
32
64
128
256
512
1024
N
32
64
128
256
512
1024

Optimal Scheme Parameters for P = 6
ω = {354.762, 126.248, 29.5834, 6.40284, 1.53177, 0.576323}
β = {0.0119532, 0.0222174, 0.051387, 0.123168, 0.282127, 0.509147}
ω = {1349.25, 370.523, 66.1485, 11.0483, 2.01538, 0.59895}
β = {0.0059103, 0.0130086, 0.0356183, 0.100213, 0.271745, 0.573505}
ω = {5098.06, 1070.77, 146.886, 19.1063, 2.67591, 0.62365}
β = {0.00280225, 0.00737736, 0.0239167, 0.0790606, 0.254045, 0.632799}
ω = {19127., 3055.94, 324.322, 33.039, 3.57356, 0.649974}
β = {0.00127813, 0.00405608, 0.0155927, 0.0607468, 0.231752, 0.686574}
ω = {71233.5, 8633.18, 712.561, 57.0344, 4.78697, 0.677408}
β = {0.000562137, 0.00216338, 0.00988896, 0.0456021, 0.207144, 0.734639}
ω = {263274.200, 24182.2023, 1558.26459, 98.1721442, 6.41792734, 0.70540635}
β = {0.000238864, 0.00112020, 0.00611101, 0.0335258, 0.181980, 0.777025}
Optimal Scheme Parameters for P = 7
ω = {370.035, 167.331, 51.1952, 13.9321, 3.80777, 1.18727, 0.556551}
β = {0.0107542, 0.0171537, 0.0336988, 0.0699421, 0.144888, 0.282064, 0.441499}
ω = {1426.38, 523.554, 126.345, 27.5077, 6.01245, 1.48211, 0.57366}
β = {0.005425, 0.00988035, 0.0224061, 0.0531545, 0.125891, 0.28267, 0.500573}
ω = {5473.26, 1613.5, 308.842, 54.2321, 9.55437, 1.86957, 0.592601}
β = {0.00263361, 0.00553096, 0.0144785, 0.0392473, 0.106251, 0.275379, 0.55648}
ω = {20897.4, 4910.51, 749.664, 106.726, 15.2337, 2.37639, 0.613148}
β = {0.00123422, 0.00301272, 0.0091062, 0.0282465, 0.0875342, 0.262111, 0.608755}
ω = {79377.3, 14792.9, 1810.11, 209.596, 24.3177, 3.03654, 0.635029}
β = {0.00055958, 0.00159767, 0.00558101, 0.0198616, 0.0706365, 0.244683, 0.65708}
ω = {299914.156, 44192.3571, 4352.25238, 410.656961, 38.8047154, 3.89292506, 0.65793356}
β = {0.000245852, 0.000825159, 0.00333663, 0.0136687, 0.0559701, 0.224683, 0.701271}
Optimal Scheme Parameters for P = 8
ω = {380.243, 203.177, 76.1463, 24.9346, 7.91926, 2.60779, 0.993193, 0.543507}
β = {0.00977378, 0.0140492, 0.0244443, 0.0454149, 0.0855457, 0.15853, 0.273683, 0.388559}
ω = {1478.41, 666.114, 202.545, 54.3776, 14.2439, 3.8448, 1.19182, 0.55682}
β = {0.0050073, 0.00800348, 0.0157692, 0.0329114, 0.0693924, 0.144485, 0.282072, 0.44236}
ω = {5729.04, 2152.82, 532.541, 118.056, 25.6833, 5.72098, 1.44559, 0.571677}
β = {0.00247575, 0.004441, 0.00991522, 0.0232218, 0.0547725, 0.128023, 0.283006, 0.494145}
ω = {22118.3, 6873.21, 1388.33, 255.434, 46.3503, 8.5623, 1.76811, 0.587956}
β = {0.00118505, 0.00240419, 0.00608363, 0.0159926, 0.0422379, 0.110858, 0.277715, 0.543523}
ω = {83648.1, 21109.1, 3504.48, 539.515, 82.2596, 12.7104, 2.1634, 0.604989}
β = {0.000565345, 0.00129282, 0.00369896, 0.0108933, 0.0321732, 0.094622, 0.267859, 0.588895}
ω = {325872.429, 68072.0251, 9277.08426, 1186.79068, 150.772525, 19.3370248, 2.69130897, 0.62415405}
β = {0.000248331, 0.000656122, 0.00213472, 0.00710128, 0.0236657, 0.0786571, 0.253641, 0.633896}
Optimal Scheme Parameters for P = 9
ω = {387.382, 233.468, 102.424, 38.9705, 14.1267, 5.1286, 1.96283, 0.872543, 0.534479}
β = {0.00895557, 0.0119599, 0.0189643, 0.0322828, 0.0562016, 0.0977771, 0.165994, 0.261519, 0.346345}
ω = {1515.04, 792.702, 289.003, 91.8543, 28.038, 8.56994, 2.7402, 1.0158, 0.545103}
β = {0.00464454, 0.00676243, 0.0119546, 0.0225735, 0.0433789, 0.0833122, 0.156892, 0.275129, 0.395353}
ω = {5910.34, 2656.28, 804.934, 214.987, 55.6093, 14.4, 3.8679, 1.195, 0.557016}
β = {0.00232987, 0.00372963, 0.007362, 0.0154007, 0.0326349, 0.0691242, 0.144247, 0.282116, 0.443056}
ω = {22990.5, 8798.35, 2220.15, 500.707, 110.19, 24.27, 5.50127, 1.41784, 0.570149}
β = {0.00113407, 0.00201056, 0.00443415, 0.0102715, 0.0240097, 0.0561044, 0.129691, 0.283207, 0.489137}
ω = {89163.2, 28855.3, 6079.87, 1162.11, 218.111, 40.962, 7.86335, 1.6937, 0.584415}
β = {0.000536789, 0.00106054, 0.00261378, 0.00670659, 0.0173137, 0.044687, 0.114465, 0.279281, 0.533335}
ω = {344749., 93846.5, 16562.1, 2690.35, 431.24, 69.1555, 11.2738, 2.034, 0.599711}
β = {0.000247452, 0.000547682, 0.00150865, 0.00429171, 0.0122579, 0.0350055, 0.0994484, 0.271262, 0.575431}
Optimal Scheme Parameters for P = 10
ω = {392.56, 258.705, 128.513, 55.3119, 22.4376, 8.96645, 3.64502, 1.57769, 0.792114, 0.527982}
β = {0.0082622, 0.0104568, 0.0154228, 0.0244627, 0.0399088, 0.0655551, 0.106845, 0.169025, 0.248, 0.312061}
ω = {1541.73, 902.275, 380.269, 138.845, 48.1557, 16.5052, 5.73583, 2.10711, 0.90061, 0.536644}
β = {0.00432745, 0.00588253, 0.00954679, 0.0166301, 0.0296487, 0.0531258, 0.094633, 0.164386, 0.264966, 0.356854}
ω = {6043.13, 3109.46, 1109.83, 345.372, 103.01, 30.452, 9.09794, 2.84852, 1.03416, 0.546386}
β = {0.00219628, 0.00323088, 0.00578319, 0.0110516, 0.021504, 0.0419877, 0.081641, 0.155591, 0.276224, 0.40079}
ω = {23632.9, 10600.9, 3204.77, 853.638, 219.81, 56.2401, 14.5015, 3.88488, 1.19745, 0.557168}
β = {0.00108359, 0.00173667, 0.00343275, 0.00719109, 0.015268, 0.0324906, 0.0689461, 0.144074, 0.282159, 0.443618}
ω = {92199.9, 35801.3, 9180.24, 2100.65, 468.194, 103.887, 23.179, 5.33126, 1.39611, 0.568938}
β = {0.000520856, 0.000914849, 0.0019979, 0.00458673, 0.0106325, 0.0246824, 0.0571936, 0.131022, 0.283326, 0.485123}
ω = {358829., 119927., 26140., 5153.43, 995.822, 191.842, 37.1, 7.34695, 1.63687, 0.58163}
β = {0.000244298, 0.000472653, 0.00114063, 0.00287047, 0.00727288, 0.0184432, 0.0467163, 0.117355, 0.280367, 0.525117}

ρ
10.08
17.15
28.28
45.18
69.86
104.5
ρ
10.68
18.67
31.80
52.76
85.20
133.8
ρ
11.14
19.84
34.60
58.98
98.21
160.0
ρ
11.50
20.78
36.87
64.15
109.44
182.96
ρ
11.78
21.54
38.74
68.49
118.99
203.09

738

J. E. Adsuara, I. Cordero-Carrión, P. Cerdá-Durán and M. A. Aloy

���
���
���
���
����

�������
�������

��������

�������
�������
�������
�������
�������
�������
��

�����

�����
�����
��������������������

�����

�����

Figure 3: Comparison of the residual evolution for the optimal SRJ schemes with P = 6, . . . , 10.
described in Sect. 3.1. These new schemes show a progressively larger efficiency as P grows. A good proxy for the
performance of the method is the convergence performance
index, which grows with the number of levels (e.g., the value of
ρ roughly doubles when considering cases with N = 1024 and
P = 6 and P = 10; Tab. 2). This reduction in the number of
iterations to reach convergence comes along with a reduction
in the computational time to solve the model problem. Should
this trend continue, we would expect that for a sufficiently large
value of P SRJ methods become competitive (regarding the
computational time) with the solution of the elliptic problem at
hand employing spectral methods.
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native for the solution of elliptic problems in supercomputing
applications.
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Conclusions and outlook

Building upon the results of YM14, we have devised a new
method for obtaining the optimal parameters for SRJ schemes
applied to the numerical solution of partial differential equations of elliptic type. Our new method reduces the complexity
of the non-linear system of equations from which optimal parameters are computed, allowing us to obtain new SRJ methods
for up to P = 10 and arbitrarily large number of points per
dimension N .
We have shown that the new multilevel SRJ schemes keep
improving the convergence performance index of the scheme,
which means that increasing the value of P we obtain ever
larger acceleration factors with respect to the Jacobi method.
Currently, we have reached ρ ' 203 for P = 10 and
N = 1024, but our on going studies suggest that even larger
acceleration factors (close to ∼ 1000) could be reached for
larger values of P . Thus, we expect that SRJ methods may become competitive with, e.g., spectral methods for the solution
of elliptic partial differential equations for sufficiently large
values of P . Considering the straightforward parallelization
of SRJ methods, we foresee that they are a competitive alter-
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Substructuring preconditioners for the
neutron diffusion equation
A. Vidal-Ferràndiz†, S. González-Pintor‡, D. Ginestar§, G. Verdú∗ and C. Demazière†

Abstract— In order to analyse the steady state of a nuclear power reactor, the neutron diffusion equation in the approximation of
several groups of energy is typically used. This problem corresponds to a differential generalized eigenvalue problem. For the
spatial discretization of the neutron diffusion equation a high order finite element method is used, which makes use of Lagrange
polynomials defined on Gauss-Lobato-Legendre quadrature points. These polynomials provide a natural partition of the shape
functions into vertices, edges, faces and interior shape functions. The most expensive computation to solve the discretized
problem consists of the calculation of the solution of linear systems of equations whose coefficient matrices are associated with
each group of energy. These linear systems are large and sparse, and a preconditioned Krylov iterative method is typically used to
approximate their solution. Classically, a preconditioner based on an incomplete factorization is used. Nevertheless, this kind of
preconditioners is expensive from the point of view of the memory used. Using the natural partition defined by the finite element
basis several alternative preconditioners are investigated in this work, which are cheaper in terms of the memory used. First,
substructuring preconditioners are studied, where the coupling between the different types of shape functions is neglected. Also,
the preconditioned Schur Complement method that algebraically decouples the interior degrees of freedom from the boundary
ones is investigated. The performance of the different approaches is studied numerically using a three-dimensional model of a
reactor core.
Keywords: Neutron Diffusion, Substructuring, Finite Element Method, Eigenvalue problem.

1

equation can be expressed as [1],

Introduction

The neutron diffusion equation is an approximation of the
neutron transport equation that states that the neutron current
is proportional to the gradient of the neutron flux by means of
a diffusion coefficient. This approximation is analogous to the
Fick’s law in species diffusion and to the Fourier law in heat
transfer [1].

(2)


For a given configuration of a nuclear reactor core it is always
possible to force its criticality dividing the neutron production
rate by a positive number, λ, obtaining a neutron balance
equation. This equation is known as the Lambda Modes
problem, and is of the form

where Dg , g = 1, 2 are the diffusion coefficients, Σag , Σf g and
Σ12 are the macroscopic cross sections of absorption, fission
and scattering, respectively. φ1 and φ2 are the fast and thermal
neutron fluxes, respectively.

(1)

1
LΦ= MΦ,
λ

where L is the neutron loss differential operator and M is the
neutron production operator.
The Lambda modes equation in the approximation of two
groups of energy with no upscattering is considered. This

~ 1 ∇)
~ + Σa1 + Σ12
−∇(D
−Σ12

 
0
φ1
=
~
~
φ2
−∇(D2 ∇) + Σa2

 
1 νΣf 1 νΣf 2
φ1
=
,
0
0
φ2
λ

The fundamental eigenvalue (the largest one) is called the keffective of the reactor core. This eigenvalue and its corresponding eigenfunction describe the steady state neutron distribution in the core. In this work, a high order continuous Galerkin
finite element method [2] is used, leading to an algebraic
eigenvalue problem with the following block structure,
(3)



L11
−L21

0
L22


 
1 M11
φ̃1
=
0
φ̃2
λ

M12
0

 
φ̃1
,
φ̃2
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where φ̃1 and φ̃2 are the vectors of coefficients associated with
the fast and thermal neutron fluxes, correspondingly.
The reactor domain, Ω, is divided into non-overlapping subdomains, Ωk (k = 1, ..., K), or cells. In the same way, Γk is
the corresponding element surface which is part of the reactor
exterior boundary. The matrices elements of the different
blocks appering in the Equation (3) are given by
(4a)
(L11 )ij =

K 
X

D1

Z

Ωk

k=1

+ (Σa1 + Σ12 )

Z

ui uj dV

Ωk

(4b)
(L21 )ij =

K
X

Σ12

(L22 )ij =

K 
X

D2

k=1

(M12 )ij =

Z

Ωk

~ i ∇u
~ j dV
∇u

Γk

~ j dS
~ + Σa2
ui ∇u

−D2
K
X

νΣf 1

Z

ui uj dV ,

K
X

νΣf 2

Z

ui uj dV ,

k=1

Z

Ωk

ui uj dV



,

Ωk

where ui is the prescribed shape function for the i-th degree of
freedom. It is worth to notice that all the sub-matrices are symmetric. The shape functions used in the finite element method
are part of Lagrange finite elements defined on Gauss-Lobbato
Legendre quadrature points [2], providing a natural partition
into vertices, edges, faces and interior shape functions, which
will be useful later. More details on the spatial discretization
used can be found in [3].
By means of a formal manipulation, the generalized eigenvalue
problem of equation (3) is reduced to an ordinary eigenvalue
problem of the form,

−1
(5)
L−1
11 M11 + M12 L22 L21 φ̃1 = λφ̃1 ,

which is solved using a Krylov-Schur method from the SLEPc
library [4]. To avoid the calculation of the inverse matrices
−1
L−1
11 and L22 , for each matrix-vector product it is necessary to
solve two linear systems written as,
(6a)

L11 v1 = u1 ,

(6b)

L22 v2 = u2 .

2

Substructuring Preconditioners

Traditinally, substructuring methods are based on the decomposition of the original domain into non-overlapping subdomains. In the last two decades, more interest in these kind of
techniques has been motivated by the development of parallel
processing in particular for elliptic problems [6].

,

Ωk

k=1

(4e)

~ j dS
~
ui ∇u

ui uj dV ,

Z

(4d)
(M11 )ij =



Γk

Ωk

k=1

(4c)

Z

Z

~ i ∇u
~ j dV − D1
∇u

These systems are solved with an iterative scheme as the
preconditioned conjugate gradient method [5]. The classical precoditioner used to solve these systems is based on
incomplete factorizations of the coefficient matrices. These
preconditioners need to explicitly stored the coefficients matrix
in the memory and they are expensive from the point of view
of the memory needed for their storage. As an alternative
the preconditioning of this solver by means of substructuring
methods is studied in the next section.

Here, a domain decomposition approach is used to construct
a preconditioner for the linear systems associated with the
matrices L11 and L22 . It makes use of the natural partition
of the shape functions used in the finite element method into
vertices, edges, faces and interior shape functions, and consists
of decoupling the discrete space of functions U into
(7)

U = Uv ⊕ Ue ⊕ Uf ⊕ Ui ,

where the subspace Uv is the subspace associated with the
vertices of the cells, Ue is the subspace associated with the
shape functions associated with the edges, Uf is the subspace
corresponding to the faces and Ui is the subspace related to the
interior of the subdomains. Figure 1 shows a representation of
the substructuring decompositon for a bidimensional domain
using polynomials of degree 3.

x

x

x

x

x

x

x

x

x

x

x

x

x Dofs in Vertices
Dofs in Edges
Dofs in Interior

Figure 1: Example of the proposed domain decomposition
using cubic polynomials in a bidimensional problem.
The solution of the following linear system is considered,
(8)

Ax = f ,

where A represents the global matrix coming from the finite
element discretization associated with the linear systems of
Equation (6), i.e. L11 and L22 . Using the decomposition
defined by Equation (7), the degrees of freedom of the system
matrix can be grouped in the ones corresponding to the shape
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functions of the vertices of the subdomains (v) in the vector
xv , the ones related to the edges of the grid (e) in the vector
xe , the ones related to the middle of the faces (f ) in the vector
xf and the ones associated with the interior of the subdomains
(i) in the vector xi . This partition of the degrees of freedom is
transfered to the system matrix A, providing following block
the structure,
   

Avv Ave Avf Avi
fv
xv
 ATve Aee Aef Aei   xe   fe 
   
 T
(9)
Avf ATef Af f Af i  xf  = ff  .
fi
xi
ATvi ATei ATfi Aii
Equation (8) is preconditioned with a block Jacobi preconditioner,
(10)

P Ax = P f ,

where the preconditioner P is defined as ,

Bvv
 0
P =
 0
0

0
Bee
0
0

0
0
Bf f
0

−1
0
0 

0 
Bii

where Bvv , Bee , Bf f and Bii are sufficiently good guesses of
the matrices Avv , Aee , Af f and Aii . Different choices for the
Bvv , Bee and Bii matrices are investigated below.

2.1

Preconditioner Pvi

Another improvement will be also to solve the entire matrix
related to the vertices. This matrix Bvv is also called the coarse
mesh matrix because its connectivity pattern (the coupling
between the different vertices) is the same as the system matrix
for degree p = 1. This matrix is also explicitly assembled and
Cholesky factorized. Thus only back substitution is needed
to solve each sub-system. The preconditioner submatrices are
defined as,
Bvv =Avv , Bee = diag (Aee ) ,
Bf f =diag (Af f ) , Bii = Aii .
The matrix connecting the vertices is considered complete due
to its small size, independent of the polynomial order p, and it
is motivated because it provides information about the whole
domain to the preconditioner.

2.4

Preconditioner Pvef i

The matrices Aee and Af f represent the whole set of edges and
faces, respectively. Assembling and inverting these matrices
requires a high computational effort. In order to improve the
previous preconditioner, while keeping a reasonable memory
requirement, each edge and each face is considered independent in the preconditioner. Thus Bee and Bf f also have a block
diagonal structure defined by
Bvv = Avv , Bee = block-diag(Aee ),

Preconditioner Pd

The simplest preconditioner is to use only the diagonal of the
local matrices for preconditioning,
Bvv = diag (Avv ) , Bee = diag (Aee ) ,
Bf f = diag (Af f ) , Bii = diag (Aii ) ,
implementing a diagonal Jacobi preconditioner.

2.2

2.3

Preconditioner Pi

A first improvement of the diagonal Jacobi preconditioning
is to include in the preconditioner the exact inversion of the
matrices associated with the interior of the subdomains while
maintaining the diagonal preconditioning for the other matrices. Here, the preconditioner submatrices are defined as,

Bf f = block-diag(Af f ), Bii = Aii .

3

Schur complement method

The degrees of freedom related to the interior of the finite
elements can be decoupled algebraically from Equation (9)
using a technique known as the Schur complement method.
This manipulation decompose the system into the contributions
related to the subdomanin boundaries, union of the vertices,
edges and faces shape functions; and the interior shape functions obtaining,

   
Abb Abi
xb
fb
(11)
=
,
xi
fi
ATbi Aii

Bvv = diag (Avv ) , Bee = diag (Aee ) ,

where the subscripts b and i refer to the boundary and interior
degrees of freedom, receptively. The equation related to the
boundary degrees of freedom can be decoupled as,

Bf f = diag (Af f ) , Bii = Aii .

(12)

The interior shape functions vanish on the elemental domain
boundaries and within all other elemental domains, therefore
matrix Aii is block diagonal, where each block is associated
to a subdomain, and it can be easily inverted. The interior
subdomain matrix is explicitly assembled and then inverted
using a complete Cholesky factorization.

Sxb = fS ,

where
T
S = Abb − Abi A−1
ii Abi ,

and fS = fb − Abi A−1
ii fi .

Once the Schur complement system is solved the interior
unknowns can be obtained by simple matrix multiplication,
T
xi = A−1
ii (fI − Abi xb )
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In the finite element partitioning the Schur complement matrix
can be built locally, as a sum of the contribution in each cell,
Sk , as follows
S=

K
X

Sk =

k=1

K 
X

k=1


T
Ak,bb − Ak,bi A−1
A
k,ii k,bi ,

where Ak,_ is the corresponding local block matrix associated
with the subdomain k. Then the system matrix A does not need
to be built explicitly.
Since the Schur complement is the stiffness matrix associated
with a subspace of the space generated by the original basis, its
condition number is bounded by the condition number of the
complete matrix A and is typically better [7].
In the same way as the original matrix, the Schur complement
matrix has an structure that can be separated into vertices,
edges and faces degrees of freedom, as follows
(13)



Svv
T
 Sve
T
Svf

Sve
See
T
Sef


 

Svf
xb,v
fS,v
Sef   xb,e  =  fS,e  .
Sf f
xb,f
fS,f

The preconditioner for the Schur complement matrix, SP , is
then defined as
(14)


SBvv
SP =  0
0

0
SBee
0

−1
0
0  .
SBf f

where different substructuring preconditioners for the Schur
complement matrix are defined in the following sections by
different choices for SBvv , SBee and SBf f .

3.1

Preconditioner SPd

The simplest preconditioner for the Schur complement matrix
is to use only the diagonal of the local matrices for preconditioning,
SBvv = diag (Svv ) , SBee = diag (See ) ,
SBf f = diag (Sf f ) ,
implementing a Diagonal Jacobi preconditioner.

3.2

Preconditioner SPv

As with the original matrix, the preconditioner can be improved if the vertices sub-matrix is solved in the preconditioner. This matrix is also explicitly assembled and Cholesky
factorized. In this case, the preconditioner submatrices are
defined as,
SB vv = Svv , SBee = diag (See ) , SBf f = diag (Sf f ) .

3.3

Preconditioner SPvef

Similarly to the original matrix, the sub-matrices See and Sf f
represent the whole set of edges and faces degrees of freedom,
respectively. Then, in the Schur complement preconditioner
each edge and each face is considered independent. Thus
SBee and SBf f also have a block diagonal structure. The
preconditioner blocks are defined by
SBvv = Svv , SBee = block-diag(See ),
SBf f = block-diag(Sf f ).

4

Numerical Results

To study the performance of the finite element method and the
different preconditioners used to determine the criticality of a
nuclear reactor a three dimensional reactor has been considered. For this purpose some magnitudes
have been defined:
R
neutronic power,
Pi = V1i Vi (Σf 1 φ1 + Σf 2 φ2 ) dV,
P |Pi −Pi∗ |
mean relative error, ε̄ = V1t
Vi ,
|Pi |
max absolute error,

i

εmax = max|Pi − Pi∗ | ,
i

eigenvalue error ,
∆λ = 105 |λi − λ∗i |(pcm) ,
∗
where Pi and Pi are the reference power and the obtained
power in the i-th cell (cell averages), respectively. Vi is the
volume of the cell and Vt is the total volume of the reactor, λi
is the reference eigenvalue and λ∗i is the computed eigenvalue.
The code has been written in C++ using the open source finite
element library deal.II [8] and executed in a computer with
an Intel R i7-3770 CPU @ 3.40GHz processor with 16 GB of
RAM running Ubuntu GNU/Linux 14.04. A relative tolerance
of 10−7 has been set for the Krylov-Schur eigenvalue solver in
all the examples. Also a relative tolerance of 10−9 has been set
for the linear systems associated with L11 and L22 .
To compare the performance of the different preconditioners
the average number of iterations needed to solve the systems
associated with matrices L11 and L22 in the eigenvalue calculation is used. Also the memory used by the matrix objects and
the preconditioners is shown.

4.1

IAEA PWR Reactor

The IAEA PWR 3D benchmark has been solved as an example
of a 3D reactor. The core is composed by 241 rod assemblies
including 64 assemblies modelling the surrounding reflector.
The reference values are extracted from [9]. Albedo boundary
conditions are used with a extrapolation distance of 2.13 × Dg .
Table 1 shows a summary of the size of the problem and the
accuracy of the solutions for different degree of the polynomials, p, used in the finite element method. Tables 3 and
Tables 2 display the performance of the different preconditioners in terms of the average number of iterations, memory
used by the matrix elements and CPU time for p = 3 and
p = 5. These Tables and Figures 3 and 3 show a decrease
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of the number of iterations as the preconditioners become
more and more complete. However, this improvement in the
number of iterations does not represent a computation time
improvement if the matrix-free methodology is used because
of the extra overhead to assemble and decompose the different
submatrices. For this methodology the fastest preconditioning
is a simple diagonal Jacobi preconditioner. On the other hand,
the results show that the Schur complement method is faster,
in terms of number of iterations and computation time, than
preconditioning the whole matrix. In this case, when the
polynomial degree of the finite element method p is increased,
the fastest preconditioner is the SPvef . Also, it can be seen
that the partial preconditioners including the vertices as the Pvi
and SPv do not present any improvement with respect to the
previous preconditioners Pi and SPd .

Precon.

its
L11

its
L22

Memory
(MB)

Time
(s)

Mat-Free
Mat-Free
Mat-Free
Mat-Free
Mat-Free
Sparse

None
Pd
Pi
Pvi
Pvei
ILU

50.8
39.7
38.7
38.4
38.2
7.5

59.0
23.9
23.0
22.9
22.6
5.1

10
12
18
21
32
950

130
75
75
78
85
39

Schur
Schur
Schur
Schur
Schur

None
SPd
SPv
SPvef
ILU

35.1
28.0
27.5
26.9
10.0

42.2
20.4
19.1
17.4
6.7

220
220
230
240
410

46
34
34
35
34

None
Pd
Pi
Pvef i

100
10−1

Relative residual

10−2

S None
SPd

10−3

SPvef

10−4

ILU
S ILU

10−5
10−6
10−7
10−8
10−9
10−10

0

10

20

30
Iterations

40

50

60

Figure 2: Convergence graphs for the L11 linear system related
to the second eigenvalue iteration for the system.

101
None
Pd
Pi
Pvef i

100
10−1
10−2
Relative residual

Table 2: Comparison of preconditioners for IAEA PWR reactor with p = 3.

101

S None
SPd

10−3

SPvef

10−4

ILU
S ILU

10−5
10−6
10−7
10−8
10−9
10−10

Table 3: Comparison of preconditioners for IAEA PWR reactor with p = 5.
Precon.

its
L11

its
L22

Memory
(MB)

Time
(s)

Mat-Free
Mat-Free
Mat-Free
Mat-Free
Mat-Free
Sparse

None
Pd
Pi
Pvi
Pvef i
ILU

96.7
81.2
64.5
64.2
62.6
11.0

77.1
48.7
40.6
40.5
39.3
8.0

26
36
340
340
400
12000

870
650
650
650
690
760

Schur
Schur
Schur
Schur
Schur

None
SPd
SPv
SPvef
ILU

49.1
41.6
41.0
34.0
12.9

47.6
27.9
27.5
24.3
9.0

2500
2500
2500
2500
3900

620
540
520
480
500

0

10

20

30
Iteration

40

50

60

Figure 3: Convergence graphs for the L22 linear system related
to the second eigenvalue iteration for the system.

5

Conclusions

The Lambda modes problem associated with the neutron diffusion equation discretized using a high order finite element
method is considered. To solve the resulting eigenvalue problem it is necessary to solve many linear systems which are
large and sparse. Several substructuring preconditioners have
been studied numerically for these linear systems concluding
that, in particular, the preconditioners based on the Schur
complement method can perform better in terms of computing
time and number of iterations than the classical preconditioners
based on incomplete factorizations of the coefficients matrix.
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Table 1: Summary of size and accuracy results for the IAEA PWR reactor.
Degree
p

Number
of cells

Number
of DoF

Eigenvalue
iterations

1
2
3
4
5
6
7

4579
4579
4579
4579
4579
4579
4579

5520
40287
131776
307461
594816
1021315
1614432

48
48
48
48
48
48
48
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Classes of structured matrices related with total positivity
A. Barreras∗ and J. M. Peña†

Abstract— A class of matrices related with totally positive matrices, called SBD matrices, is studied. This class of matrices
contains nonsingular totally positive matrices as well as their inverses. We survey the extension of some results for totally
positive matrices to this class of SBD matrices. These results include LDU decomposition, Schur complement, Hadamard
product and a lower bound for the minimal eigenvalue. Algorithms with high relative accuracy for TP matrices have also been
extended to compute eigenvalues, singular values, inverse and to solve some linear systems with SBD matrices.
Keywords: Totally positive matrices, bidiagonal decomposition, SBD matrices, high relative accuracy.

1

Introduction

The problem of extending properties of totally positive matrices to more general classes of structured matrices is, in general,
a difficult task. We present in this paper the extension of some
results for totally positive matrices. Let us recall that a matrix
is totally positive (TP) if all its minors are nonnegative (cf. [2]
and the book [22]). Let us remind that TP matrices are also
called in the literature totally nonnegative matrices (cf. [12]).
These matrices appear in many important applications that
can be seen in the mentioned references. In this paper we
explore a class of matrices, called SBD matrices, that has
been introduced in [4] and contains nonsingular totally positive
matrices as well as their inverses. In [4] it was shown that
it is possible to carry out many computations (such as the
calculation of singular values, eigenvalues or the inverses) with
high relative accuracy with SBD matrices.
Section 2 introduces bidiagonal decomposition of totally positive matrices as well as the main class of matrices studied in
this paper, SBD matrices. In section 3 we present several characterizations of SBD matrices, algorithms with high relative
accuracy that we can perform with SBD matrices and some
properties of this class of matrices. The Hadamard product
of nonsingular tridiagonal TP matrices is also a nonsingular
tridiagonal TP matrix and we prove in this section that the
Hadamard product of nonsingular tridiagonal SBD matrices
also inherits this property. The Schur complement, which
plays an important role in many fields, is also studied for SBD
matrices. It is well known (cf. [12]) that Schur complements
of invertible principal submatrices of TP matrices with contiguous index sets are also TP, although the result is not valid
for all index sets. However, we see, also in this section, that
Schur complements of principal submatrices of SBD matrices
∗ Centro

always are SBD matrices. Finally, we extend to SBD matrices
the lower bound for the minimal eigenvalue of a nonsingular
totally positive matrix obtained in [21].

2

Bidiagonal decompositions

Given k, l ∈ {1, . . . , n} let Qk,n be the set of strictly increasing
sequences of k integers chosen from {1, . . . , n}. Then α ∈
Qk,n (resp., β ∈ Ql,n ) is any increasing sequence of k (resp.,
l) positive integers not greater than n. Let A be an n × n real
matrix. Then we denote by A[α | β] the k × l submatrix of A
containing rows numbered by α and columns numbered by β.
Besides, let A[α] := A[α | α] be the corresponding principal
submatrix of A.
Given an n × n TP matrix A, then we say that A is oscillatory
if a certain power of A, Ak , becomes strictly totally positive;
that is, all the minors of Ak are strictly positive (see [2]).
Recall that, by [2, Theorem 4.2], a nonsingular TP matrix
A = (aij )1≤i,j≤n is oscillatory if and only if ai,i+1 > 0 and
ai+1,i > 0 for all i = 1, . . . , n − 1. Moreover, observe that
since an oscillatory matrix is TP and nonsingular, we have that
aii > 0 for all i = 1, . . . , n (cf. [2, Corollary 3.8]). Thus,
a tridiagonal oscillatory matrix A = (aij )1≤i,j≤n satisfies
aij 6= 0 for |i − j| ≤ 1.
Some classes of matrices, including TP matrices, can be decomposed as a product of bidiagonal matrices. These decom-
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where k = 1, . . . , n − 1.
Let A be a nonsingular n×n matrix. Suppose that we can write
A as a product of bidiagonal matrices
(1)

(1)

A=L

(n−1)

···L

DU

(n−1)

···U

(1)

,

where D = diag(d1 , . . . , dn ), and, for k = 1, . . . , n − 1, L(k)
and U (k) are unit diagonal lower and upper bidiagonal matrices
(k)
respectively, with off–diagonal entries li := (L(k) )i+1,i and
(k)
ui := (U (k) )i,i+1 , (i = 1, . . . , n − 1) satisfying
1. di 6= 0 for all i,
(k)

= ui

(k)

= 0 ⇒ li+s

2. li

3. li

(k)

ui

(k)

= 0 for i < n − k,
(k−s)

= 0 for s = 1, . . . , k − 1 and

(k−s)

= 0 ⇒ ui+s

= 0 for s = 1, . . . , k − 1.

Then we denote (1) by BD(A) a bidiagonal decomposition of
A. It was proved, in [4, Proposition 2.2], that this decomposition is unique.
Let us recall an important result that characterizes nonsingular
TP matrices in terms of it bidiagonal decomposition (it is a
consequence of Theorem 4.2 of [13]).
T HEOREM 1 A nonsingular n × n matrix A is TP if and only
if there exists a (unique) BD(A) such that
1. di > 0 for all i,
(k)

(k)

2. li ≥ 0, ui
n − 1.

≥ 0 for 1 ≤ k ≤ n − 1 and n − k ≤ i ≤

Let us now define a class of matrices with bidiagonal decomposition with special sign conditions on the entries of bidiagonal
matrices. This class will generalize the class of nonsingular
TP matrices. Recall that a vector ε = (ε1 , . . . , εm ) with
εj ∈ {−1, 1} for j = 1, . . . , m is called signature.

D EFINITION 2 Given a signature ε = (ε1 , . . . , εn−1 ) and
a nonsingular n × n matrix A, we say that A is SBD with
signature ε if there exists a BD(A) such that
1. di > 0 for all i,
(k)

(k)

2. li εi ≥ 0, ui εi ≥ 0 for 1 ≤ k ≤ n − 1 and
n − k ≤ i ≤ n − 1.
We say that A is SBD, if it is SBD with some signature ε.
Observe that these matrices are nonsingular.
Given a signature ε = (ε1 , . . . , εn−1 ), let us define a diagonal
matrix K = diag(k1 , . . . , kn ) with ki satisfying
(2)
ki ∈ {−1, 1} ∀ i = 1, . . . , n, ki ki+1 = εi ∀ i = 1, . . . , n−1.

3

Characterizations and properties of SBD matrices

Let us start this section with three results that provide characterizations of SBD matrices. Some of these characterizations
are given in terms of important matrices decompositions, such
as LDU decomposition or U L decomposition.
The following theorem appeared in [4, Theorem 3.1] and
provides several characterizations of SBD matrices.
T HEOREM 3 Let A = (aij )1≤i,j≤n be a nonsingular matrix
and let ε = (ε1 , . . . , εn−1 ) be a signature sequence. Then the
following properties are equivalent:
(i) A is SBD with signature ε.
(ii) KAK = |A| is TP, where K is any diagonal matrix
satisfying (2).
(iii) A−1 is SBD with signature −ε = (−ε1 , . . . , −εn−1 ).
(iv) |A| is TP and, for all 1 ≤ i, j ≤ n,


 εj · · · εi−1 , if i > j
1, if i = j
sign(aij ) =

εi · · · εj−1 , if i < j

Observe that an SBD matrix with signature (1, . . . , 1) is a
nonsingular TP matrix. As a corollary of Theorem 3 we have
the following result, which corresponds with [4, Corollary 3.3]:

C OROLLARY 4 Let A be a nonsingular matrix. Then the
following properties are equivalent:
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(i) A is SBD with signature (1, . . . , 1).
(ii) A is TP.
(iii) A−1 is SBD with signature (−1, . . . , −1).
Let us now present a characterization of SBD matrices in terms
of their LDU decomposition (cf. [4, Proposition 3.5]).
P ROPOSITION 5 An n × n matrix A is SBD with signature
ε = (ε1 , . . . , εn−1 ) if and only if A = LDU , where L (resp.,
U ) is a lower (resp., an upper) triangular matrix with unit
diagonal and SBD with signature ε and D is a diagonal matrix
whose diagonal entries are positive.
Let us recall that, given a matrix A, a factorization A = BC
is called an U L decomposition if B is upper triangular and
C is lower triangular. In order to characterize SBD matrices
in terms of their U L decomposition, we need to introduce a
new class of matrices (presented in [5]). We say that a matrix
A is signature similar to TP with signature ε, denoted by
SSTP with signature ε, if A = KBK, where B is TP and
K satisfies (2). The following proposition (which corresponds
with [5, Proposition 3.10]) gives a characterization of SBD
matrices by their U L decomposition.
P ROPOSITION 6 A matrix A is SBD with signature ε if and
only if there exists a lower and an upper triangular SSTP
matrices with signature ε, AL and AU , such that A = AU AL .

3.1

SBD matrices and high relative accuracy

An algorithm can be performed with high relative accuracy if
it does not include subtractions (except of the initial data), that
is, if it only includes products, divisions, sums of numbers of
the same sign and subtractions of the initial data (cf. [9]). Up
to now, we only have algorithms with high relative accuracy
for a reduced number of classes of matrices, related with total
positivity (cf. [15], [18], [1], [7], [8]) or diagonal dominance
(cf. [20], [10]). In the problem of finding algorithms with high
relative accuracy, the choice of adequate parameters is crucial
to avoid subtractions during the algorithm. For nonsingular TP
matrices, if we know with high relative accuracy the entries
of (1), then algorithms with high relative accuracy can be
applied (cf. [14], [15]). We recall in this subsection that, with
the same parameters, these algorithms can be used to compute
with high relative accuracy the singular values, eigenvalues,
inverses or the LDU decomposition of SBD matrices (cf. [4]).
Given an SBD matrix A, let us observe that, from (1) and
taking into account that K 2 = I, we have
KAK
(3)

=

(KL(1) K) · · · (KL(n−1) K)(KDK)

(KU (n−1) K) · · · (KU (1) K),

which is the BD(KAK). Besides, taking into account (2), it
can be checked that all factors of BD(KAK) are nonnegative.
As shown in recent references ([11], [16], [14], [15], [17],
[18]), the diagonal entries of the diagonal matrix D of the
BD(A) (see (1)) and the off–diagonal entries of the remaining
factors of (1) can be considered natural parameters associated
with A. In the computation of these parameters, Neville
elimination (see [18]) has been frequently a useful tool. Let
us see that if we assume that we know these parameters with
high relative accuracy for SBD matrices, then we can find
algorithms with high relative accuracy to compute their singular values, their eigenvalues, their inverses or to solve certain
linear systems Ax = b (those with Kb with a chessboard
pattern).
For all the mentioned computations we can follow a procedure
that were presented in [4] and it can be summarized by the
following steps:
1. From BD(A), we obtain BD(|A|), given by (3).

2. We can apply known algorithms with high relative accuracy for TP matrices to BD(|A|). Recall that, by
Theorem 3, |A| is TP if A is SBD.

3. From the information obtained for |A|, we can get the
corresponding result for A.
Let us now explain how to perform each of the previous steps.
As for Step 1, let us assume that we know the BD(A) (see (1))
with high relative accuracy for a given SBD matrix. Then
|A| = KAK for a diagonal matrix K satisfying (2) and so
we can deduce from (3) that
(4)

|A| = |L(1) | · · · |L(n−1) ||D||U (n−1) | · · · |U (1) |

is the BD(|A|). Since all factors of BD(KAK) are nonnegative, we have that |L(j) | = KL(j) K, |U (j) | = KU (j) K for all
j = 1, . . . , n − 1. Thus, (4) follows from (3).
As for Step 2, we apply the corresponding algorithm for TP
matrices with high relative accuracy, using BD(|A|) (given
by (4)). In particular, we consider the following accurate
computations with TP matrices:
A. The eigenvalues of |A| can be obtained by the method
of [14, Section 5].
B. The singular values of |A| can be obtained by the method
of [14, Section 6].
C. The inverse of |A| can be obtained by the method of [15,
p. 736].
D. Observe that Ax = b is equivalent to solving
(KAK)(Kx) = Kb, that is, |A|(Kx) = Kb. Then,
|A|−1 can be calculated accurately by the procedure of
the previous case. By [2, Theorem 3.3], |A|−1 has a
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chessboard pattern of signs and so, since Kb has also a
chessboard pattern of signs, Kx = |A|−1 (Kb) can be
calculated without subtractions and therefore with high
relative accuracy.

As for Step 3, we have the following cases corresponding to
each of the cases os Step 2:
A. We have that |A| = KAK = K AK and so they are
similar matrices and have the same eigenvalues.
−1

B. The singular values of A and |A| coincide because |A| =
KAK, that is, |A| and A coincide up to unitary matrices.
C. We have that |A|−1 = (KAK)−1 = KA−1 K and so
A−1 = K|A|−1 K.
D. If we know Kx, then x = K(Kx).
In addition, let us show that if we have the BD(A) (see (1))
with high relative accuracy, then we can also calculate the
LDU decomposition of A with high relative accuracy, and
even obtain the matrix A with high relative accuracy. In fact,
by the uniqueness of the LDU decomposition of a matrix, it
can be checked that
(5)

L = L(1) · · · L(n−1) ,

U = U (n−1) · · · U (1) .

It is known, by [12, Theorem 8.2.5], that tridiagonal TP
matrices are in the CTP. Then, by [12, Corollary 8.3.2], it can
be deduced the following result (cf. [5, Proposition 3.1]).
P ROPOSITION 8 Let A be an n × n tridiagonal TP matrix and
B an n × n TP matrix. Then det(A ◦ B) ≥ det A det B.
It is known (cf. [22, Proposition 4.12], [6, Corollary 2.7] or [12,
Corollary 8.2.6]) that the Hadamard product of two n × n tridiagonal TP matrices is again a tridiagonal TP matrix. Taking
into account that the nonsingularity of tridiagonal TP matrices
is also preserved by the Hadamard product (see Proposition 8),
we can extend the previous fact to nonsingular tridiagonal TP
matrices. Thus, in [5, Proposition 3.2], a generalization of [19,
Theorem 1] from the class of tridiagonal oscillatory matrices
to the class of nonsingular tridiagonal TP matrices was given.
P ROPOSITION 9 Let A, B be two nonsingular n × n tridiagonal TP matrices. Then A ◦ B is a nonsingular tridiagonal TP
matrix.
We shall now extend Proposition 8 to the class of SBD matrices. Analogously to (6), we define the Hadamard core of the
n × n SBD matrices by
(7)

CSBD := {A : B is SBD ⇒ A ◦ B is SBD }.

Since the bidiagonal matrices L(k) , U (k) satisfy sign properties
of Definition 2, then we have that matrices L and U can
be calculated without subtractions and so with high relative
accuracy. Then we can also compute A = LDU with high
relative accuracy.

The following result (cf. [5, Proposition 3.4]) shows that tridiagonal SBD matrices belong to CSBD.

3.2

The set of tridiagonal SBD matrices form a semigroup with
respect to the Hadamard product as the following corollary ( [5,
Corollary 3.5]) shows. It extends Proposition 9 to tridiagonal
SBD matrices and it is a direct consequence of Proposition 10.

Extension of total positivity results

Several properties of SBD matrices have been studied
in [4], [3]. We sumarize some of them in the following result.
P ROPOSITION 7 Let A, B be two n × n SBD matrices with
the same signature ε. Then
(i) AT is also SBD with signature ε.
(ii) Any principal submatrix of A is SBD.
(iii) AB is also SBD with signature ε.
(iv) A is a P–matrix, that is, it has all its principal minors
positive.
Given two matrices A = (aij )1≤i,j≤n and B = (bij )1≤i,j≤n ,
we define the Hadamard product, or entrywise product, of A
and B as the matrix A ◦ B := (aij bij )1≤i,j≤n . The Hadamard
core of the n × n TP matrices is given by
(6)

CT P := {A : B is TP ⇒ A ◦ B is TP}.

P ROPOSITION 10 Let A be an n × n tridiagonal SBD matrix
and B an n × n SBD matrix. Then A ◦ B is SBD.

C OROLLARY 11 Let A, B be two n × n tridiagonal SBD
matrices. Then the matrix A ◦ B is a tridiagonal SBD matrix.
Besides, Corollary 11 cannot be extended to SBD matrices that
are not tridiagonal, as the following example shows. Observe
that the following matrix is a nonsingular TP matrix


, 1.1 1 1
1 1 ,
A= 1
0
1 1.1

so, by Theorem 3, A is SBD. However, the matrix


, 1.12 1
0
1
1 ,
A ◦ AT =  1
0
1 1.12
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satisfies that det(A ◦ AT ) = −0.9559 < 0. So A ◦ AT is not
a P–matrix. Recall that, by Proposition 7, SBD matrices are
P–matrices, and then, we conclude that A ◦ AT it is not SBD.
Let us recall that given A an n × n matrix, if A[α | β] is
invertible for some α, β ∈ Qk,n , 1 ≤ k ≤ n, then the Schur
complement of A[α | β] in A, denoted by A/A[α | β], is
defined as
(8) A/A[α | β] := A(α | β) − A(α | β]A[α | β]−1 A[α | β).
If α = β, we denote A/A[α | α] by A/A[α].
If A is invertible, we can use formula (1.29) of [2] to derive the
following formula for Schur complement of principal submatrices:
(9)

(A/A[α])−1 = A−1 (α) = A−1 [αc ].

In [12, Proposition 1.5.1], it is shown that the Schur complement of principal submatrices using contiguous index sets,
A/A[α] with α = (i, i + 1, . . . , i + k − 1), of a nonsingular
TP matrix, is TP. However, this result is not valid for general
Schur complements of TP matrices. For SBD matrices, in [5,
Theorem 3.6] it was proved that general Schur complements of
principal submatrices of SBD matrices are again SBD.

P ROPOSITION 13 Let A be an n × n SBD matrix and let λ∗
be an eigenvalue of A with minimal absolute value. For each
i ∈ {1, . . . , n}, let Ji be the index subset defined by (10). Then




X
(11)
λ∗ ≥ min aii −
|aij | .
i 

j∈Ji

The following example (which is included in [5, Example 2.8])
shows that the bound given by Proposition 13 cannot be improved.
E XAMPLE 14 Let us consider the SBD matrix


, 12 −7 −1
6
1 ,
A= 0
0
3
8

The eigenvalues of A are 12, 9 and 5, which coincides with
the eigenvalues of the TP matrix |A|. Observe that the bound
given by (11), λ∗ ≥ 5, cannot be improved, because this bound
is achieved by the smallest eigenvalue. Observe also that the
lower bound given by the Gerschgorin’s Circles Theorem is
λ∗ ≥ min{4, 5, 5} = 4, which is worse than the previous one.

Acknowledgements

T HEOREM 12 Let A be an SBD matrix. Then A/A[α], the
Schur complement of A[α] in A, is SBD for all α ∈ Qk,n ,
1 ≤ k ≤ n.

This research was partially supported by the Spanish Research
Grant MTM2012–31544, by Gobierno de Aragón and Fondo
Social Europeo.

Finally, let us present a lower bound for a minimal eigenvalue of an SBD matrix. Let us recall that the well–known
Gerschgorin’s Circles Theorem provides a lower bound for
an eigenvalue with minimal absolute value, λ∗ , of a matrix
A = (aij )1≤i,j≤n :




X
|λ∗ | ≥ min |aii | −
|aij | .
i 


References

j6=i

The following result improves this bound for SBD matrices.
The next index subset is used in following result: given i ∈
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Iterative determination of H–matrix character and
reducibility
J. A. Scott∗, R. Bru†, M. T. Gassó† and I. Giménez†

Abstract— H–matrices appear in the discretization of differential equations and play an important role in Numerical Linear
Algebra. In recent years the set of H–matrices has been extended to what is known as the set of General H–matrices, and
a partition of this set in three different classes has been done. Different algorithms have been proposed in the literature to
determine the H–matrix character, but they present some problems with reducible matrices. They use the diagonal dominance
of the comparison matrix, then two classes of H–matrices related to singularity are skipped. In [5] a well known algorithm is
proposed to include reducible and singular cases and to determine the class to which belongs the given matrix. In this paper
a classification of non-H–matrices was done. In this work we present an improvement of previous algorithm that allow us to
identify and classify H–matrices and non-H–matrices in a clearer, easier and faster way. The new algorithm determines also the
indices to construct the diagonal blocks of the Frobenius normal form of any reducible matrix.
Keywords: General H–matrices, irreducibility, Frobenius normal form, Jacobi iteration matrix.

1

Introduction

The H–matrices appears in different applications. For instance,
when the H–matrix is the coefficient matrix of a linear system,
the convergence of the classical iterative methods (Jacobi,
Gauss-Seidel [6]) is guaranteed and the H–matrix character
assures that the Krylov iterative methods are breakdown free.
Further, in a Linear Complementarity Problem, the H–matrix
character of the real with positive diagonal coefficient matrix
guarantees the uniqueness of the solution [1].
In the paper [4], a partition of the general H–matrix set into
three mutually exclusive classes was obtained: the Invertible
class where each H–matrices is nonsingular, the Singular class
cosisted only of singular H–matrices, and the Mixed class in
which singular and nonsingular H–matrices coexist. Moreover,
matrices in the singular class have some null diagonal element,
so they are reducible. In addition, the remaining two classes
have always nonsingular diagonal. In particular, matrices in
the invertible class are generalized strictly diagonal dominant
and irreducible matrices in the mixed class are generalized
diagonally dominant.
Many iterative algorithms have been developed for the identification of the H–matrix character of a matrix in the Ostrowski
sense (see, e.g., [6]). Among them, the algorithm introduced
in [2] is basic since its convergence for the invertible class is
guaranteed. However, some problems appear when the matrix
is reducible or singular. Further, the same authors in [3] give

a new algorithm for reducible matrices. Finally, in [5], a
new algorithm, called ABGH, works efficiently even for the
reducible and singular case, identifying also to which class
belongs the original matrix.
To determine the H–matrix character of a reducible matrix, it is
sufficient to study (see [4]) the character of the irreducible diagonal submatrices of its Frobenius normal form (Fnf). Based
on this observation, the ABGH-algorithm consists of three
main parts: (i) Determine the reducible/irreducible character of
matrix A. (ii) Obtain the diagonal blocks of the Fnf of A. (iii)
Identify the H–matrix character of each diagonal block of the
Fnf of matrix A. This part is based on approximate the spectral
radius of the Jacobi matrix of comparison matrices instead of
evaluate the diagonal dominance of each row. Then, the class
to which A belongs can be defined.
In this work we present an improvement of ABGH-algorithm
to determine the reducible character, the diagonal blocks of the
Frobenius normal form of reducible matrices and to identify H–
matrices and non-H–matrices classes. More precisely, we modify part (i) by reducing the computational cost in at least one
order, and part (ii) by formulating a simpler way to obtain the
indices of the diagonal blocks of the Fnf of reducible matrices.
Moreover, we remove a particular step of ABGH-algorithm in
order to determine reducible character and diagonal blocks of
all non-H–matrices, i.e., applying part (i) and (ii) to matrices
0
belonging to n HN
(see [5]). Then, part (iii) is applied and a
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complete classification of H–matrices and non-H–matrices is
obtained.
Finally, the new algorithm concludes if the matrix A is reducible or not and determines the indices of the Fnf of A when
A is reducible. Moreover, this algorithm establishes if A is an
H–matrix or not and to which class it belongs.

2

Background

We are working with square complex matrices either reducible
or irreducible. We recall that a matrix A of order n is reducible
if either is n = 1 and A = [0] or there exists a permutation
matrix P such that


R T
P AP T =
,
O S
where R and S are square matrices of order less than n.
Otherwise, it is call irreducible. When A is reducible, it can be
written by similarity permutation, in an upper triangular block
form (Frobenius normal form), as follows


F11 F12 · · · F1q
 O F22 · · · F2q 


(1)
P AP T =  .
..
..  ,
.
.
.
 .
.
.
. 
O
O · · · Fqq

where Fii ∈ Cni ×ni for i ∈ Q := {1, 2, . . . , q} such that
P
q
i=1 ni = n and where each Fii is an irreducible matrix or
a 1 × 1 zero block. Note that the structure (1) may be lower
triangular. The following is a characterization of irreducible
matrices that we use
(2)

A ∈ Cn×n is irreducible ⇔ nnz(|A| + I)m = n2

for some m ≤ n. Note also that, in this case, ones(|A|+I) =
ones(|A| + |A|2 + · · · + |A|m ). Here, nnz(A) means the
number of nonzero entries, ones(A) is the matrix obtained by
changing all nonzero entries of A by 1, and |A| denotes the
matrix whose elements are the moduli of the corresponding
elements of A.
m

We are going to work with general H–matrices. Then, we
have to consider singular M–matrices. A real matrix A is an
M–matrix if it can be written as A = sI − B with B ≥
0 and s ≥ ρ(B), where ρ(B) represents the spectral radius
of B. When the last inequality is strict, s > ρ(B), A is
a nonsingular M–matrix. Otherwise, when s = ρ(B), A is
singular.

The set of equimodular matrices associated with A is the set
Ω(A) := {B ∈ Cn×n : M(B) = M(A)} [7]. If DA =
diag(A) is nonsingular, the Jacobi iteration matrix associated
−1
with A is denoted by JA = I − DA
A. Further, in this case,
the Jacobi iteration matrix associated with M(A) also exists
and is the nonnegative matrix
(3)

−1
A − I = |JA | .
JM(A) = DA

Classes of H–matrices From [4] we recall the properties of
general H–matrices and its partition in three classes:
Invertible class: A ∈ HI if and only if M(A) is a nonsingular
M–matrix. Then, A is nonsingular and aii 6= 0 for all i ∈ N.
Further, there exists the Jacobi
 matrix of the comparison matrix
of A, JM(A) , and ρ JM(A) = ρ(|JA |) < 1.

In addition, if A is reducible, from (1) one can establish that
A ∈ HI if and only if each diagonal block Fii belongs to HI .
That is, ρ(|JFii |) < 1 for all i ∈ Q.

Mixed class: A ∈ HM if and only if M(A) is a singular M–
matrix and aii 6= 0 for all i ∈ N . Anyway, there exist some
nonsingular matrices in Ω(A).
 Further, there exists the Jacobi
matrix JM(A) and ρ JM(A) = 1.

Moreover, in the reducible case, it is true that A ∈ HM if and
only if ρ(|JFii |) ≤ 1 for all i ∈ Q and there exists at least one
block such that ρ(|JFii |) = 1.

Singular class: A ∈ HS if and only if M(A) is a singular M–
matrix and there exists al least a null diagonal entry. Moreover,
A is reducible and each null diagonal entry determines an 1 × 1
null diagonal block in its Fnf.
In the Fnf (1), we have that A ∈ HS if and only if there exists
at least one i ∈ Q such that Fii = [0] and for each i ∈ Q either
Fii = 0 or ρ(|JFii |) ≤ 1.
Classes of non-H–matrices We recall also the partition defined in [5] of the set of non-H–matrices, denoted by n H, in
three mutually exclusive classes:
i) n H class with nonsingular diagonal: A ∈ n H6 0 ↔ DA is
nonsingular and ρ(|JA |) > 1.
The complementary set of n H6 0 in n H is denoted by n H0 . It
contains the non-H–matrices with singular diagonal. Moreover, n H0 can be divided in two different classes:

The comparison matrix of a matrix A = [aij ] ∈ Cn×n
is defined as the matrix M(A) = [mij ], where mij =
−|aij | if i 6= j and mij = |aij | if i = j.

ii) n H0 class with 1 × 1 null diagonal blocks : A ∈ n HS0 ↔
DA is singular and A is reducible with each zero diagonal entry
forming a 1 × 1 diagonal block of the Fnf of A and there exists
at least one irreducible diagonal block such that ρ (|JFkk |) > 1.

D EFINITION 1 A matrix A ∈ Cn×n is called an H–matrix if
its comparison matrix is an M–matrix.

iii) n H0 class with singular diagonal in an irreducible block:
0
A ∈ n HN
↔ the diagonal of at least one irreducible diagonal
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block Fkk of the Fnf of A is singular (if A is irreducible,
Fkk = A). The matrices in this class can be singular and
0
reducible
Pn or not. Finally, a matrix belongs to n HN if aii = 0
and k=1 |aik aki | > 0 for at least one i ∈ N .

3

Previous algorithms

Alanelli and Hadjidimos [2] propose an algorithm in [2] to
determine if an irreducible matrix A is an H–matrix. It is based
on to compute the spectral radius
of the Jacobi matrix of the

comparison matrix ρ JM(A) . Then, in [3], the same authors
give the version of this algorithm for reducible matrices. These
two algorithms work for H–matrices in the invertible class
HI . The Alanelli-Hadjidimos algorithms can also identify
general H–matrices in the mixed class, but not those general
H–matrices in the singular class, neither the non-H–matrix
character in the reducible case.
Bru, Giménez and Hadjidimos in [5] give the ABGHalgorithm to determine whether or not a given matrix A ∈
Cn×n is an H–matrix and to identify to which class it belongs.
In addition, this algorithm identifies some classes of non-H–
matrices.
The algorithm runs for reducible general H–matrices and is
structured in three different parts.
The first part of ABGH-algorithm, IRR, determines the irreducibility or not of the matrix. To do that the algorithm
computes even powers of an auxiliary matrix and check if any
power satisfies (2). Note that these powers become denser at
each new power. Moreover, this process determines matrices
belonging to n H6 0 class: since a null diagonal entry of A
becomes nonzero in some power. In this case, IRR-algorithm
finishes the total process because the non-H–matrix class has
been determined and then the reducible/irreducible character
and the corresponding Fnf is not done for these matrices.
In the second part, BD-algorithm computes the indices to
determine the Fnf using the auxilliary matrix computed before
by IRR. Additional vectors have to be computed, in a rather
tedious way, to store the indices of each irreducible diagonal
block.
The third part of the algorithm, ModAH, bounds the spectral
radius ρ(|JFii |) of each irreducible diagonal block Fii of the
Fnf of A by a particular modification of the algorithm proposed
in [2].
Finally, the ABGH-algorithm determines the H–matrix or nonH–Matrix class to which A belongs using the properties that
we have given in Section 2, mainly, the value of the spectral
radius and the detection of null diagonal entries.

4

Proposed algorithm

We present a new algorithm with the following goals:

1. obtain the diagonal blocks of the Fnf of reducible matrices.
2. identify all H–matrices and non-H–matrices classes.
This algorithm is based in algorithm given in [5] with the
following modifications:
1. reduction of the time-machine cost for large matrices
avoiding the repeated matrix powers to determine the
reducible/irreducible character of the given matrix.
2. removal of the stop step in the IRR-algorithm to include
0
the reducible character of n HN
matrices.
3. simplification of techniques to determine indices of Fnf
diagonal blocks of A.
The new algorithm has a similar structure to that of ABGHalgorithm. The third part remains unaltered and the output
includes the Fnf of all reducible matrices cases, besides determination of classes. Next sections are dedicated to explain the
corresponding modifications that we have made, the improvements obtained and several examples to ilustrate that all cases
are covered.

4.1

First part: Irreducible/reducible character

In this part the goal is to determine the irreducible/reducible
character of the given matrix. Since this process uses the
characterization shown above in (2), this part of the new
algorithm obtains the densest matrix B = ones((|A| + I)m )
with a different procedure avoiding matrix products as it is
shown below. Moreover, we suppress the ending step of IRRalgorithm in order to complete the process for all matrices.
1. Initially B = ones(A), ZD = {i : aii = 0} and
q = nnz(B).
2. Proceed with the following process repeatedly:
• analyse the null entries of B: if bij = 0, verify if it
is true that bik bkj 6= 0 for some k. In this case, bij
is changed to 1 and the number q of nonzero entries
is increased by 1. If some null diagonal entry of A
becomes a nonzero entry, we should point out that
0
A belongs to n HN
, and the corresponding index of
such entry must be saved.
• Once all null entries of B have been analysed the
process can have finished if:
(a) q = n2 : A is an irreducible matrix.
(b) the number q of nonzero entries of B has not
increased: A is reducible and B is the densest
wanted matrix.
• In another case, B has changed and the process
should be repeated.
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The output of the case 2b leads to the second part of the
algorithm. Then, it is very important to save the obtained
matrix B. In the other case, the second part of the proposed
algorithm is not used.
Note that with this new process the obtained matrix B is equal
0
to that given by IRR-algorithm (except for the n HN
case).
Next we are going to detail the algorithm steps of IRSS.

Note that b41 is the only entry that changes because in the
previous step, b42 b21 6= 0.
The outputs are
• IRR = 0 and RED = 1: A1 is a reducible matrix.
• ZD = ∅ and RZD = ∅: DA1 is a nonsingular matrix.
• B = B1 .

IRRS-algorithm
1. Input: A
2. B = ones(A), ZD = {i : aii = 0}, RZD = ∅,
IRR = 0, RED = 0, p = nnz(B), q = p
3. REPEAT UNTIL IRR + RED = 1
• FOR i = 1 TO n
FOR j = 1 TO n
IF bij = 0 and some bik bkj = 1 :
bij = 1, q = q + 1
• IF bii 6= 0 for some i ∈ ZD : add index i to RZD
and erase it from ZD
• IF q = n2 : IRR = 1
ELSE IF p = q : RED = 1
• p=q

4. Output: IRR, RED, B, ZD and RZD

This algorithm establishes if the input matrix A is irreducible
(IRR = 1) or not (RED = 1). If A is irreducible, matrix B
is a full matrix with all entries equal to 1. If A is reducible, it
obtains the densest matrix B = ones(|A| + |A|2 + · · · + |A|k ).
Note that the entries corresponding to irreducible diagonal
blocks are equal to 1. Then, original null entries corresponding
to 1 × 1 null diagonal blocks remain null (ZD indices), but
they becomes nonzero if they belong to an irreducible diagonal
block (RZD indices).

E XAMPLE 3 Consider the matrix


3 + 4i −1
2
0 −3 0.5  .
A2 = 
4
3
6
The densest matrix obtained by IRRS in this example is:


1 1 1
B2 =  1 1 1  .
1 1 1
Note that the entry b21 changes because b23 b31 6= 0.
The outputs in this case are
• IRR = 1 and RED = 0: A2 is an irreducible matrix.
• ZD = ∅ and RZD = ∅: DA2 is a nonsingular matrix.
• B = B2 .
E XAMPLE 4 Next we are going to study the following matrix


1 2 3
A3 =  4 0 0  .
0 8 9
The densest matrix is


1
B3 =  1
1

Next we present some numerical examples that illustrate how
the new algorithm works.
E XAMPLE 2 Consider the matrix


4 0
3
0
 9 3
8 −3 
.
A1 = 
 −2 0
1
0 
0 2 −1
2
The densest matrix obtained by IRRS is:

1 0 1 0
 1 1 1 1
B1 = 
 1 0 1 0
1 1 1 1




.


1
1
1


1
1 .
1

Note that b22 changes because: b21 b12 6= 0, and b23 changes
because: b21 b13 6= 0 and b13 changes because: b11 b13 6= 0 or
b13 b33 6= 0.
The outputs for this case are:
• IRR = 1 and RED = 0 : A3 is an irreducible matrix.
• ZD = ∅ and RZD = {2}: DA3 is a singular matrix.
• B = B3 .
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E XAMPLE 5 Consider the following matrix


0 −1 0
A4 =  0 −3 0  .
4
3 6
The densest matrix B is


0
B4 =  0
1

1
1
1


0
0 .
1

IDB-algorithm
1. Input: B, ZD
2. N = {1, 2, . . . , n},

3. FOR k = 1 TO card(ZD) :

• ZD = {1}, and RZD = ∅.
• B = B4 .

4.2

SB[k] = 1 and erase IB[k]

• IB[k] = ZD[k],
indices from N

4. REPEAT UNTIL card(N ) = 0 :
• k = k + 1, i = N (1), IB[k] = {j : bij 6= 0},
SB[k] = card(IB[k]) and erase IB[k] indices
from N

The outputs in this example are
• IRR = 0 and RED = 1: A4 is a reducible matrix.

B = sym(B)

5. Output: k (number of diagonal blocks), IB[j] and
SB[j], for j = 1, 2, . . . , k (indices and size, respectively, of each diagonal block)
Now we give two numerical examples.

Second part: Fnf of reducible matrices

If RED = 1 is an output of previous algorithm, and B is the
densest matrix obtained by IRRS-algorithm, we can obtain the
irreducible diagonal blocks of the Fnf of A analizing nonzero
entries of B. Specifically: if
P BP T = [Bkl ],

k, l = 1, 2, . . . , r

is the Fnf of B, diagonal matrices Bkk are full matrices, while
Bkl = [0] for k > l. Then, the entries of diagonal blocks
are symmetrically nonzero. That is bij bji 6= 0 only when i
and j belong to the same diagonal block. On the other hand,
if ZD remains non empty, the Fnf of A contains 1 × 1 null
diagonal blocks. Therefore, the following algorithm computes
the irreducible diagonal blocks of the Fnf of a reducible matrix:
1. We create sym(B) canceling all entries satisfying:
bij bji = 0.
2. If card(ZD) = p, we create p blocks of size equal to 1.
Moreover, we remove these indices from N.
3. For the remainder indices in N, we create new irreducible diagonal blocks using the following technique

E XAMPLE 6 Consider the reducible matrices of examples 2
and 5. Applying IDB-algorithm to A1 we obtain:


1 0 1 0
 0 1 0 1 

sym(B1 ) = 
 1 0 1 0 .
0 1 0 1

Then, the outputs are:
• k = 2.

• IB[1] = {1, 3} and SB[1] = 2.
• IB[2] = {2, 4} and SB[2] = 2.
Note that the Fnf of A1 is a 2 × 2 block matrix


3 −3
9
8
 2
2
0 −1 
.
P A1 P T = 
 0
0
4
3 
0
0 −2
1
For A4 ,

IB = {j : bij 6= 0}.
• As we did in the previous step, from N we delete
indices of IB and we repeat this last process until
having covered all indices, i.e., until N becomes
empty.



0
sym(B4 ) =  0
0

• We take the first index i in N and define the
following set of indices

In this case the outputs are:
• k = 3.
• IB[1] = {1} and SB[1] = 1.

0
1
0


0
0 .
1
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• IB[2] = {2} and SB[2] = 1.

1. Matrix ARC: n = 130 with nonsingular diagonal. IRRS
obtains that ARC is a reducible matrix. IDB determines
that there are two diagonal blocks: one of dimension
1 and the other of dimension 129. Finally, ModAHalgorithm concludes that both diagonal blocks are H–
matrices and belong to the invertible class. Computing
approximately the spectral radius we obtain that ρ ≈
0.12, which confirms our results.

• IB[3] = {3} and SB[3] = 1.
Note that in this case the Fnf of A4 is:

P BP T

4.3



6
= 0
0

4
0
0


3
−1  .
−3

2. Matrix BFW: n = 398 with 3678 nonzero entries. IRRS
obtains that BFW is reducible. IDB determines 2 blocks
of dimension 129 and 209, respectively. Although
the nonsingular character of the diagonal, ModAHalgorithm concludes that the first block is not H–matrix
since its spectral radius is bigger than 1. The conclusion
is that A ∈ n H 6 0 . In fact, the spectral radius of the first
block is approximately equal to 1.18 and the second one:
1.21.

Third part: Character of irreducible diagonal
blocks and complete classification of the matrix

Basically, this part is similar to the ABGH-algorithm (see[5]).
First, we have to check if RZD 6= 0. In this case, the final
0
.
conclusion is: A ∈ n HN
If ZD 6= 0, all these blocks belong to HS and matrix A may
0
belong to HS or to n HS0 because the third option, A ∈ n HN
has been studied already.
The remainder blocks are irreducible matrices and their diagonals are nonsingular. Then, we can apply ModAHalgorithm [5] to approximate ρ(|JFii |) safely. If we obtain
that, ρ(|JFii |) > 1, then, the process finishes and we just have
to discriminate if A belongs to n HS0 or to n H6 0 , according to
ZD.
In another case, ρ(|JFii |) ≤ 1 and A belongs to HI , HM or
HS , according to the classes description.
E XAMPLE 7 The final results for matrices in Examples 2, 3,
4 and 5 are:
• A1 is a reducible matrix with two diagonal blocks of
size 2 × 2. Since ρ(|JF11 |) ≥ 1 and ZD = ∅, then
A1 ∈ n H 6 0 .
• A2 is an irreducible matrix such that ρ(|JA |) ≤ 1. Then,
A2 ∈ H I .
0
• For matrix A3 , we have RZD 6= ∅, then A3 ∈ n HN
.

• A4 is a reducible matrix with three diagonal blocks of
size 1 × 1. These blocks are always H–matrices, but one
of them is null. Then, A4 ∈ HS .
Other examples with large matrices Our algorithm has
been proven with several matrices from the Matrix Market
site. Next we show results of our algorithm with two of these
matrices.

5

Conclusions

In the IRRS-algorithm, to obtain each power of a matrix composed by zeroes and ones, instead of performing n3 arithmetic
operations, we have proposed nz(A) × (n − 1) checkups. By
nz(A) we denote the number of zeroes.
The proposed technique for determining indices of irreducible
diagonal blocks in the new algorithm IDB is simpler, clearer
and easier to program. This is because the previous BDalgorithm uses a permute-function to change indices in N .
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Stabilizing the Hydrostatic Stokes Equations
F. Guillén-González∗, J. R. Rodríguez Galván†

Abstract— New stable Finite Element (FE) schemes for the Hydrostatic Stokes system or Primitive Equations of the Ocean,
which have been recently introduced [10], are reviewed in this work, emphasizing their flexibility for numerical simulations in
standard FE unstructured meshes (without the need of vertical integration required by most hydrostatic schemes in literature).
It is known that stability of mixed formulation approximation for Primitive Equations requires the well-known Stokes LBB
condition besides an extra inf-sup condition [9]. We show that this extra condition can be avoided by the addition of a stabilizing
term to the vertical momentum equation. This way, stability for Stokes-LBB FE combinations (like Taylor-Hood P2 –P1 FE and
mini-element (P1 + bubble)–P1 approximations) can be shown, and also convergence order (optimal in the P2 –P1 case). We
show that optimal order can be obtained (for (P1 + bubble)–P1 ) even for the vertical derivative of pressure if we introduce an
adequate reformulation.
Some new numerical experiments are presented, supporting previous results and emphasizing flexibility and ease of use of our
schemes.
Keywords: Hydrostatic Navier-Stokes Equations, Primitive Equations

1

Introduction

In this work we outline some formulations for the Hydrostatic
Stokes equations (or Primitive Equations of the ocean) for
which usual LBB-stable Stokes Finite Elements (FE) are also
stable. As result, Hydrostatic Stokes equations can be formulated as a mixed (Stokes-like) problem, which can be approximated by standard FE tools and for which vertical integrated
formulations (customary in most schemes in Oceanography)
are avoided.
The equations of geophysical fluid dynamics governing the
motion of the ocean are derived from the conservation laws
from physics. In the case of large scale ocean (see e.g. [6]),
the resulting system is too complex and, from a practical point
of view, numerous simplifications are introduced, including the
“small layer” hypothesis:
ε=

vertical scale
horizontal scale

In this work, constant density is also assumed (although the
variable density case can be straight handled by our schemes
without major modifications), so that we can focus on the
momentum law, with yields to the Navier-Stokes equations.
The anisotropic domain, after a vertical scaling, is transformed
into the following isotropic or adimensional (independent on
† Departamento

Here, the rigid lid hypothesis has been assumed (no vertical
displacements of the free surface of the ocean). We decompose
the boundary into three parts: the surface, Γs = S × {0}, the
bottom, Γb = {(x, −D(x)) / x = (x, y) ∈ S}, and the talus
or lateral walls, Γl = {(x, z) / x ∈ ∂S, −D(x) < z < 0}.
Finally, a ε-dependent scaling of vertical velocity is introduced (see [3]), leading to the following equations (which we
call Anisotropic or Quasi-Hydrostatic Navier-Stokes Equations
and, for the limit case  = 0, Hydrostatic Navier-Stokes or
Primitive Equations) in the time-space domain (0, T ) × Ω:
(1)
(2)
(3)

is very small,

for example a few Kms over some thousand Kms, that is
ε ' 10−3 , 10−4 .

∗ Departamento

the constant ε) domain.

Ω = (x, z) ∈ R3 / x = (x, y) ∈ S, −D(x) < z < 0 .

∂t u + (u · ∇x )u + v∂z u − ∆ν u + ∇x p = f ,

ε ∂t v + (u · ∇x )v + v∂z v − ∆ν v + ∂z p = g,
2

∇x · u + ∂z v = 0,

2
where ∇x = (∂x , ∂y )T , ∇x ·u = ∂x u1 +∂y u2 , ∆ν = νx ∂xx
+
2
2
νy ∂yy
+ νz ∂zz
, being ν = (νx , νy , νz ) the (adimensional
kinematic) viscosity. The unknowns are the 3D velocity field,
(u, v) : Ω×(0, T ) → R3 and the pressure, p : Ω×(0, T ) → R.
The term f = (f1 , f2 )T models a given horizontal force while
g involves the force due to gravity, which can be written in
potential form and incorporated to the pressure term. Hence it
can be assumed g = 0 in (2). Other phenomena like the effects
due to the Coriolis acceleration are not considered in this
work because they are linear terms not affecting to the results
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presented below. The system is endowed with initial values for
the velocity field, (u, v)|t=0 = (u0 , v0 ) and adequate boundary
conditions, for instance:

where the former norms are the adequate energy norms.
Proving these two inf-sup conditions, we can achieve wellposedness of (7)–(9) without vertical integration (see [9]).

(4)

νz ∂z u|Γs = gs ,

v|Γs = 0,

(5)

u|Γb ∪Γl = 0,

v|Γb = 0,

In the discrete case, let Uh ⊂ U, Vh ⊂ V and Ph ⊂ P
be conforming FE spaces and let us consider the following FE
approximation of (7)–(9): find (u, v, p) ∈ U × V × P such
that

(6)

∇x v · nx |Γl = 0,

where gs represents the wind stress and nx is the horizontal
part of the normal vector. Boundary conditions are not imposed
for v on Γl due to its lack of regularity when ε → 0.
The limit (1)–(3) when ε → 0 is studied on rigorous mathematical grounds in [4] (stationary case) and [3] (evolutive
case). As far as we know, all existence and regularity results
and also most numerical schemes, are based on the introduction of an equivalent integral-differential problem. From the
numerical point of view, this idea has advantages but also
some drawbacks (for instance, standard FE in unstructured
meshes, variable density and non-hydrostatic cases are difficult
to handle).
For this reason, in our work we focus on complete differential
formulations of the Navier-Stokes system (1)–(3). The main
difficulty is that, as shown in [9], the strong anisotropy of these
equations when ε is small affects their stability and invalidates
its approximation by means of standard stable combinations
of FE, such as Taylor-Hood P2 – P1 , or the mini-element,
P1,b – P1 .
In fact, in [1, 2] and [9], it was shown that the key is the
instability of vertical velocity. In detail: let us consider the
hydrostatic linear steady variational equations and let us consider the less favorable case ε = 0. The resulting hydrostatic
variational equations read: find (u, v, p) ∈ U × V × P such
that
(7)

ν(∇u, ∇u) − (p, ∇x · u) = hf , ui

(8)

(p, ∂z v) = 0

(9)

(∇ · (u, v), p) = 0

∀u ∈ U,
∀v ∈ V,

∀p ∈ P,

where (·, ·) is the L2 (Ω) scalar product and
n
o
U = H1b,l (Ω) = u ∈ H 1 (Ω)2 / u|Γb ∪Γl = 0 ,
n
o
1
V = Hz,0
(Ω) = v ∈ L2 (Ω) / ∂z v ∈ L2 (Ω), v|Γs ∪Γb = 0 ,
n
o
R
P = L20 (Ω) = p ∈ L2 (Ω) / Ω p = 0 .

Then a new inf-sup condition, which will be called (IS)V ,
must be considered in addition to the Standard LBB or inf-sup
condition, (IS)P :
(IS)

P

(IS)V

(∇ · (u, v), p)
≥ βp kpk
sup
06=(u,v)∈U×V k(∇u, ∂z v)k
sup
06=p∈P

(∂z v, p)
≥ βv k∂z vk
kpk

∀p ∈ P,
∀v ∈ V,

(10) ν(∇uh , ∇uh ) − (ph , ∇x · uh ) = (f , uh ) ∀uh ∈ Uh ,
(11)

(ph , ∂z v h ) = 0

(12)

(∇ · (uh , vh ), ph ) = 0

∀v h ∈ Vh ,
∀ph ∈ Ph .

V
In [1, 2, 9], it is show that if (IS)P
h and (IS)h are the
respective discrete inf-sup inequalities related to (IS)P and
(IS)V , then the following conditions are equivalent:

1. Problem (10)–(12) is well–posed:
V
2. Both (IS)V
h and (IS)h hold.

Finally it is additionally proved in [9] that neither the TaylorHood finite element, P2 − P1 , nor the mini-element, P1,b − P1 ,
satisfy the hydrostatic inf-sup condition (IS)V
h . This is the
reason why the approximation of (1)–(3) is not stable for small
ε.
In Sections 2 and 3 we provide an overview of some consistent
reformulations of the discrete hydrostatic Stokes system related
to (1)–(3) which are discussed in detail in [10]. The first
reformulation (in Section 2) avoids the restriction (IS)V
h and
allows the use of standard Stokes FE combinations like P2 −P1
(for which order O(h2 ) can be proved) or the P1,b − P1 (order
O(h)). The second reformulation (Section 3) introduces an
additional consistent term to the continuity equation (3) which
allows controlling pressure in a stronger norm (with ∂z ph ∈
L2 (Ω)). Order O(h) is obtained for P1,b − P1 (including ∂z p),
although order O(h2 ) is not clear for P2 − P1 .
Finally, some 2D and 3D numerical simulations are provided
in Section 4, where previous schemes are exploited.

2

Stabilization of Vertical Velocity

Let us consider the following reformulation of (7)–(9): to find
(u, v, p) ∈ U × V × P such that
(13)
(14)
(15)

ν(∇u, ∇u) − (p, ∇x · u) = hf , ui

ν(∇ · (u, v), ∂z v) − (p, ∂z v) = 0
(∇ · (u, v), p) = 0

∀u ∈ U,

∀v ∈ V,
∀p ∈ P.

This new system is obtained by adding to (8) the consistent
term ν(∇ · (u, v), ∂z v) (which vanishes in the continuous
problem). Indeed, (9) or (15) imply ∇ · (u, v) = 0 almost
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everywhere in Ω, hence system (13)–(15) coincides with (7)–
(9) and therefore, (13)–(15) is well-posed.
In the discrete case, let Uh ⊂ U, Vh ⊂ V and Ph ⊂ P be
three conforming FE spaces. Let us consider the problem: find
FE functions uh ∈ Uh , vh ∈ Vh and ph ∈ Ph such that
(16)

(17)
(18)

ν(∇uh , ∇uh ) − (ph , ∇x · uh ) = hf , uh i,

ν(∇ · (uh , vh ), ∂z v h ) − (ph , ∂z v h ) = 0,
(∇ · (uh , vh ), ph ) = 0,

for all (uh , v h , ph ) ∈ Uh × Vh × Ph . This system can be
seen as the result of introducing the stabilizing term ν(∇ ·
(uh , vh ), ∂z v h ) in (10)–(12). But the equivalence of both discrete systems can no be guaranteed because, in this case, (18)
cannot be applied to deduce that ν(∇ · (uh , vh ), ∂z v h ) = 0,
due to ∂z Vh 6⊂ Ph in general.
Anyway, as it is going to be outlined in this section (more
details are presented in[10]), (IS)P
h is a sufficient condition for
the well-posedness of (16)–(18), i.e. the discrete hydrostatic
stability constraint (IS)V
h is not necessary when (8) is reformulated as (17) (in consequence, any standard LBB-stable FE
is stable for (16)–(18)). And both stability and error estimates
can be provided for this scheme.
Towards this end, we are going to make use of the theory for
mixed FE (see e.g. [5]). Problem (13)–(15) can be written as:
(19)
(20)

a(w, w) + b(p, w) = hf , wi
b(p, w) = 0

∀w ∈ W,
∀p ∈ P,

for the following bilinear and linear forms:

a(w, w) := ν(∇u, ∇u) + ν(∂z v, ∂z v) + ν(∇x · u, ∂z v),

b(p, w) := −(p, ∇x · u) − (p, ∂z v),

hf , wi := h(f , 0), wiW0 ,W = hf , uiU0 ,U ,

where we denote W = U × V, w = (u, v) and w = (u, v) ∈
W. Similarly, problem (16)–(18) can be written as:
(21)
(22)

a(wh , wh ) + b(ph , wh ) = hf , wh i
b(ph , wh ) = 0

∀wh ∈ Wh ,
∀ph ∈ Ph .

Let us denote by Bh : Wh → Ph0 and Bht : Ph → Wh0 the linear forms defined as hBh wh , ph i = b(wh , ph ) = hwh , Bht ph i,
for all wh ∈ Wh , ph ∈ Ph . From mixed methods theory, one
has well posedness (existence and uniqueness of solution and
stability estimates) of (21)–(22) if:
1. a(·, ·) is coercive on ker Bh , i.e. exists α > 0 such that
(23)

a(wh , wh ) ≥ αkwh k2W

∀wh ∈ ker Bh .

2. And b(·, ·) verifies an inf-sup condition, i.e. there exists
β > 0 such that
(24)
b(wh , ph )
≥ βkph kP/ ker Bht ∀ph ∈ Ph .
sup
wh ∈Wh kwh kW

Using a technical result for controlling k∇x · uk by means of
k∇x uk, one can get (23), while (24) is easy to show provided
(IS)P
h holds. This way we can prove the following result
(see[10] for details):
T HEOREM 1 (S TABILITY ) Let Uh ⊂ U, Vh ⊂ V and
Ph ⊂ P be families of FE in a regular partition Th of Ω
satisfying the inf-sup condition (IS)P
h . Then scheme (16)–(18)
has a unique solution (uh , vh , ph ) ∈ Uh × Vh × Ph , which
satisfies the following stability estimates:
(25)

kuh k2 + k∂z vh k2 ≤

4
kf k2U0 ,
ν2

kph k ≤

5
kf kU0 ,
γp

where γp is the constant in (IS)P
h.
Error estimates from mixed FE theory (see [5, 10]) conduce
also to the following result:
T HEOREM 2 (E RROR E STIMATES ) Under conditions of
Theorem 1, let (w, p) = (u, v, p) be the solution of problem (7)–(9) (or (13)– (15)) and let (wh , ph ) = (uh , vh , ph )
be the solution of scheme (16)–(18). Assume that there exists
a positive constant γp > 0 satisfying (IS)P
h . Then
(26) kw−wh kW ≤ c1
(27) kp − ph kP ≤ c3

inf

wh ∈Wh

inf

wh ∈Wh

kw−wh kW +c2 inf kp−ph kP
ph ∈Ph

kw − wh kW + c4 inf kp − ph kP ,
ph ∈Ph

where c1 , ..., c4 are constants depending on ν, γp .

R EMARK 3 The form a(·, ·) is not symmetric, due to the
stabilization term. A symmetric bilinear form can be defined
introducing the consistent term −ν∇x (∇ · (u, v)) in the horizontal momentum equation (13), thus one has:
â(w, w) = ν(∇u, ∇u) + ν(∇x · u, ∇x · u) + ν(∂z v, ∇x · u)
+ ν(∂z v, ∂z v) + ν(∇x · u, ∂z v).

It can be show that this bilinear is coercive, hence we can get
similar results to Theorems 1, 2.
R EMARK 4 Following a standard reasoning in theory of finite
elements (see [10] and references therein), error estimates (26),
(27) conduce to convergence estimates. For instance, assuming
that uh and vh are approximated in the same space Pr (r ≥ 2)
and ph is approximated in Pr−1 , one has:
k(u − uh )k + k∂z (v − vh )k + kp − ph k ≤


Chr k(u, v)kH r+1 (Ω)d + kpkH r (Ω) .

In particular, order O(h2 ) is obtained in the P2 – P1 case if
(u, v) ∈ H 3 (Ω) and p ∈ H 2 (Ω). In a similar way, order
O(h) can also be obtained for P1,b – P1 if (u, v) ∈ H 2 (Ω) and
p ∈ H 1 (Ω). Our numerical results agree this statement, see
Section 4.
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R EMARK 5 The theory presented above can be extended for
more general (not purely hydrostatic) problems, with ε > 0,
so that more realistic problems from Oceanography can be
modeled. Let us consider the following linear steady variational problem, where the stabilizing term (∇ · (u, v), ∂z v) is
introduced:
(28)
2

ν(∇u, ∇u) − (p, ∇x · u) = hf , ui

∀u∈ U,

(29) ε (∇v, ∇v) + ν(∇ · (u, v), ∂z v) − (p, ∂z v) = 0 ∀v ∈ V,
(30)

(∇ · (u, v), p) = 0 ∀p ∈ P.

The discrete FE problem related to (28)–(30) can be set in
the saddle point framework (19)–(20), by defining the bilinear
form
a(w, w) := ν(∇u, ∇u) + ε2 (∇v, ∇v)

+ ν(∂z v, ∂z v) + ν(∇x · u, ∂z v).

Then, arguing like in previous paragraphs, Theorems 1 and 2
(and Remarks 3, 4) can be extended for the non-hydrostatic
problem (28)–(30).

3

Regularization of the Vertical Derivative of
Pressure

The formulation (13)–(15) of the Hydrostatic Stokes equations
(7)-(9) can be revised for obtaining accuracy rate also for the
L2 (Ω)-norm of ∂z p. The idea is to introduce an additional
consistent term to the stabilized problem (13)–(15).
Concretely, let us consider the pressure space
(31) Pb = Hz1 (Ω) ∩ L20 (Ω) = {p ∈ L20 (Ω) / ∂z p ∈ L2 (Ω)},

endowed with the norm kpk2Pb = kpk2 + k∂z pk2 . Then, let
us consider the following reformulation or (13)–(15): find
(u, v) ∈ W = U × V and p ∈ Pb such that
(32)
(33)

(34)

ν(∇u, ∇u) − (p, ∇x · u) = (f , u), ∀ u ∈ U,
ν(∇ · (u, v), ∂z v) − (p, ∂z v) = 0,
∀ v ∈ V,
(∇ · (u, v), p) + (∂z p, ∂z p) = 0,
∀ p ∈ Pb.

This system is obtained by adding to (15) the term (∂z p, ∂z p),
which is consistent in the sense that it vanishes if p satisfies (8).
Indeed, by a density argument, (8) imply ∂z p = 0 almost
everywhere in Ω, hence it is clear that the solution of (13)–(15)
satisfies (32)–(34). Since we are going tho prove uniqueness
of solution of problem (32)–(34), both problems are equivalent. In particular the solution of (32)–(34) satisfies energy
estimates. Anyway, a new estimate, involving also the L2 (Ω)norm of ∂z p, is provided below.
In this case, the saddle-point approach used in Section 2 can
not be reproduced, because it is not obvious how to obtain inf1
sup conditions, similar to (IS)P
h , involving the Hz -norm of

the pressure space Pb defined in (31). Therefore, a different
approach is adopted, based on the Banach-Necas-Babuska
Theorem (which can be interpreted as a generalized LaxMilgram theorem, see for instance [7], Theorem 2.6): Let us
define the following (non-symmetric) bilinear form on X × X:
A(χ, χ) := ν(∇u, ∇u) + ν(∂z v, ∂z v) + (∂z p, ∂z p)

+ ν(∇x · u, ∂z v) − (p, ∇ · (u, v)) + (∇ · (u, v), p),

where χ = (w, p) ∈ X, with w = (u, v). Then problem (32)–
(34) can be written as:
Find χ ∈ X such that A(χ, χ) = hF, χiX0 ,X

∀χ ∈ X,

where h·, ·iX0 ,X , denotes the duality product and
hF, χiX0 ,X := h(f , 0, 0), χiX0 ,X = hf , uiU0 ,U .
One can prove that A verifies the inf-sup and coercivity hypothesis of the Banach-Necas-Babuska Theorem and therefore
the following results can be stated (see[10] for details):
T HEOREM 6 If Uh , Vh and Pbh are FE spaces satisfying
(IS)P
h with constant γp (independent of h), there exists a
unique solution (uh , vh , ph ) ∈ Uh × Vh × Pbh of the discrete
problem related to of (32)–(34), which satisfies the following a
priori estimates:
k(∇uh , ∂z vh , ph , ∂z ph )k ≤

1
kf kU0 ,
τ

where τ ∈ (0, 1/2] is a constant independent of h (in fact, τ
only depends on ν and γp ).

T HEOREM 7 Assume that (IS)P
h is verified with constant
γp > 0 (independent of h). Then there is a constant C > 0
depending on γp (and independent of h) such that
k(∇(u − uh ), ∂z (v − vh ), (p − ph ), ∂z (p − ph ))k ≤


C
inf ku − uh k+ inf k∂z (v−v h )k+ inf kp − ph kHz1 .
uh ∈Uh

v h ∈Vh

bh
ph ∈P
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results for P1,b – P1 are very similar) and resolution of the
discrete problems. Making use of facilities of FreeFem++
for mesh adaptivity has been straightforward. As indicator
for mesh refinement, we chose the Hessian of the following
function: uh /kuh k∞ + vh /kvh k∞ + ph /kph k∞ . Figure 3
shows the resulting mesh, after one solving+adaptation step,
starting from a triangulation with n = 50 subintervals on Γs
and Γb .
Figure 1 shows pressure isolines for the v-stabilized scheme
(16)–(18) and for the ∂z p-regularized related to (32)–(34).
Results show a quite different behaviour for both schemes:
maximum absolute values are different (≈ 40 and ≈ 20, respectively), and pressure isolines are almost uniformly distributed
in the ∂z p–regularized case, while for the v–stabilized scheme
they are accumulated in corners x = 0 and x = 1, suggesting
a singularity when D(x) = 0.

Figure 1: Pressure in a convex domain without talus (P2 – P1 ).
Top to bottom: Adapted mesh, pressure for the v–stabilized
scheme and pressure for the ∂z p–regularized scheme.
R EMARK 8 For the ∂z p regularized scheme, order O(h) is
obtained, even for ∂z p in L2 (Ω), for the combination P1,b – P1
if u, v, p ∈ H 2 (Ω), what improves the results obtained in
the non ∂z p-regularized scheme. But order O(h2 ) cannot be
reached for P2 – P1 in generic meshes (because a best approximation, for instance P2 , would be required for pressure).

Velocity streamlines are not shown for current test because
they present a standard behaviour for both schemes (with an
identical maximum velocity magnitude, equal to 0.2253936).
The fact that both schemes work in domains without talus is
an important advantage with respect to the integro-differential
formulations of the primitive equations where normally the
imposition of a talus (D(x) > Dmin > 0) is required.

4.2

Realistic 3D test in the Gibraltar strait

R EMARK 9 In the anisotropic case (with ε > 0), a reformulation like (32)–(34) suffers an important modification, because
equation (33) must be replaced by
(∇ · (u, v), p) + (∂z p − ε2 ∆v, ∂z p) = 0,

∀p ∈ Pb,

whose treatment is not straightforward, and it is not considered.

4

Numerical Simulations

In this final section we present some numerical experiments,
exploiting the flexibility of previous schemes for FE approximation in 2D and 3D domains (with standard unstructured
meshes). We also test some convergence orders.

4.1

Cavity test in a convex domain without sidewalls

For the first test, we have considered a 2D convex domain
defined by the surface interval S = [0, 1] and a depth function
D(x) vanishing on x = 0 and x = 1 (hence there are not
sidewalls, namely Γl = ∅) and reaches its maximum at the midpoint x = 0.5 (D(0.5) = −0.25). We fix u = x(1−x) and v =
0 on Γs , while u and v vanish on Γl ∪ Γb . We used a standard
FE software package (FreeFem++, [8]) for mesh construction,
definition of the FE spaces (here we show results for P2 – P1 ,

Figure 2: Stream lines (on the (x, y) plane) and pressure (on
the (x, z) plane) in 3D Gibraltar strait test
We have exploited the facilities of schemes presented above
for 3D tests in unstructured meshes, automatically created in
domains which have been defined by real data.
Specifically, a 3D mesh (using the GMSH format) of the
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Gibraltar strait has been constructed using (using a specific
Python script) from data which is available with free license:
coast lines were obtained from a map dataset available in naturalearthdata.com and bathymetry data was downloaded from
the U.S.A. National Geophysical Data Center (ETOPO2v2).
Then FreeFem++[8] has been employed for programming the
3D P2 – P1 v–stabilized Hydrostatic Stokes scheme (16)–(18),
where (besides rigid lid v = 0 on surface) non-slip Dirichlet
conditions have been imposed for u and v on the bottom,
including both European and African coast boundaries. On
the remaining boundaries, Neumann boundary conditions have
been defined, specifically wind traction for u on Γs (ν∂z u =
gs ), where gs = 1, and null flux ∇(u, v) · n = 0 on the east
(Mediterranean) and west (Atlantic) artificial boundaries.
Figure 2 show velocity streamlines and pressure. Hydrostatic
restriction ∂z p = 0 is satisfactory approximated (note that, due
to computational efficiency, mesh size is not small). Extreme
pressure values are concentrated in coast regions where depth
is extremely small, what suggest the convenience of improving
the meshing process in these regions.

4.3

Error orders

With the aim of testing numerically error orders, we have considered in the unit square domain in R2 the following velocity
and pressure functions, which constitute an exact solution of
the Hydrostatic Problem (7)–(9):
u(x, y) = cos(2πx) sin(2πy) − sin(2πy),
p(x, y) = 2π cos(2πx).

v(x, y) = −u(y, x),

The solution for the v-stabilized scheme (16)–(18) was approximated using both P1,b – P1 and P2 – P1 FE for different
mesh sizes and norms. Figure 3 shows the resulting error
graphics in logarithmic scales, which agree with previous
results (see Reemark 4).

Figure 3 shows graphics for the ∂z p-regularized scheme related
to (32)–(34) for which, as commented in Remark 8, pressure
orders are improved for P1,b − P1 FE.

Figure 4: Error orders for P1,b − P1 FE, ∂z p-regularized
scheme.
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A two-scale homogenization approach for the estimation
of porosity in elastic media
J. Mura∗, A. Caiazzo†

Abstract— We propose a novel method for estimating the porosity of elastic media starting from displacement measurement,
such as the ones obtained from seismogram or elastography data. The idea is based on a two-scale homogenization,
relating geometrical characteristics of the void-elastic solid mixture at the mesoscale with an effective elasticity tensor at the
macroscale.Through analytical approximations of the homogenized equations, the idea can be further extended considering
slight variations in the geometrical properties such as shape of the pore. This procedure leads to an inverse problem formulation
that enable us to recover approximately the porosity field along the domain by means of the finite element formulation of
the effective macroscale problem only. Numerical results validates the multiscale approximation and the two-scale porosity
estimation method.
Keywords: two-scale homogenization, linear elasticity, inverse problem.

1

Introduction

The behaviour of materials characterized by an elastic matrix
and small cavities has been largely studied since it is of
utmost importance for a vast amount of applications in material
sciences, biomechanics and engineering. When describing
mathematically this class of materials, the interaction between
the mesoscopic scale (the cavities) and the macroscopic one
(the matrix) is not negligible and lead to corrective terms in
classical Navier equations. These coefficients can be explicitly derived under certain considerations such as periodicity
– using two-scale or periodic homogenization – and small
contrast between material coefficients – using small amplitude
homogenization. These two approaches can be considered as
special applications of a more general Homogenization theory
(see, e.g., [15]), providing mathematical results that lately has
set the basis for a new class of numerical methods, aiming at
accurately solving multiscale problems without excessive use
of computational resources [7, 10].
In this paper we focus on porous soils, and, in particular,
on detecting the regions characterized by different porosities from seismologic data. This problems corresponds to
characterize the porosity of a soil sample starting from inner
displacement measures resulting from a harmonic excitation
at a given frequency. To this aim, we propose a new method
based on: (i) obtaining an upscaled problem splitting the
dynamics on the meso- and the macroscale, via a homogenized
model for a solid matrix with an array of small cavities; (ii)
∗ School
† WIAS

deriving semianalytical approximations of the solution of the
mesoscopic problem, giving the effective elasticiy tensor as
a function of the porosity; (iii) constructing an optimization
framework to recover the porosity (mesoscopic parameter)
solving a homogenized inverse problem at the macroscale only.
To solve the inverse problem, we adopt an iterative variational
approach based on the solution of an adjoint problem [8, 9].
The algorithm is validated using synthetic displacement data,
obtained simulating the full problem.
The rest of the paper is organized as follows. In Section 2
we describe the multiscale elasticity problem and the corresponding two-scale homogenization. In Section 3 we derive
semi-analytical expressions of the effective tensor coefficients,
which are then used in Section 4 to define a multiscale variational inverse problem for the estimation of porosity starting from
measurement of the internal displacement field. Numerical
results are presented in Section 5, while Section 6 draws the
conclusion.

2

Two-scale modeling of elastic media with void
inclusions

Let us assume to deal with a biphasic material, composed of
an incompressible elastic matrix, with elasticity modulus µ,
and small void inclusions (empty pores) of different sizes.
Furthermore, we assume that the following conditions are
satisfied: (i) the inclusions are very small with respect to the
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matrix and isolated from each other; (ii) they can be organized
into a periodic array; (iii) they have spherical shape.
With the above hypotheses, the properties of the effective material can be obtained via a two-scale homogenization approach,
in order to characterize the effect of the mesoscale geometry
(i.e. the pores) only from a macroscopic point of view [11, 12].
In particular, we adopt the two scales homogenization presented in [3], which is summarized in this section, discussing
the extension of the formulations to a time harmonic regime
(see e.g., [1, 6] for other recently proposed approaches concerning homogenization in the context of elasticity problems).
Let a bounded domain Ω ⊂ Rd (d = 2, 3) represent the
material and let the small parameter 0 <   1, denote the
aspect ratio between the inclusions and the container matrix.
Under the above assumptions, we consider the composite
material as the combination of a finite (but large) number of
equal microscopic cells, i.e.
[
Ω=
Ω,i ,
i

where Ω,i := Y + xi contain a single inlcusion, Y = [0, 1]N
is the unitary cell in RN (N = 2, 3), and xi denotes the center
of the cell (see Figure 1).

Ωǫ
Y

YS
YF

ǫ

Figure 1: Sketch of the microscopic and macroscopic scales in
the composite material.

R EMARK 1 (E FFECTIVE DENSITY ) Let χk, (y) denote the
characteristic function of the solid domain in the cell k. If
the solid matrix has a constant density ρS , then the effective
density in the microscopic cell is given by
X
ρ (y) =
ρS χk,
S (y)
k

(summing up all the contribution of the cells), while the cellaveraged density is
Z
1
|YS |
ρ=
(1)
ρ (y) dy =
ρS = (1 − φ)ρS .
|Y | Y
|Y |

2.1

Since our main motivation is the estimation of soil properties
starting from seismogram data, we start by considering the
time harmonic regime, with the pulsation driven by a known
frequency ω > 0. In this configuration, the displacement of
the material is described by a field d : Ω → Rd (d = 2, 3)
obeying the following equation:
(2)

Y = YS ∪ Γ ∪ YF
where YS and YF stand for the domains occupied by the matrix
and the void, respectively, while Γ denotes the interface between them (as shown in Figure 1). The incompressible elastic
matrix, consisting of the union of all the solid subdomains of
the microscopic cells, will be denoted by Ω . Notice that the
porosity of the material, defined as the fraction of void volume,
is given by
φ = |YF | .

− ρ ω 2 d − div σ(d ) = f in Ω ,

completed with the following boundary conditions



,k

 σ(d )n = 0 on Γ , k = 1, . . .
(3)
σ(d )n = gext on ΓN ,

 
d = dext on ΓD ,
and with the linear constitutive relation given by

σ(d ) = Ce(d ) = λdiv(d )I + 2µe(d ),

where e(d) = 1/2 ∇d + ∇dT stands for the linear strain
tensor.
In (3), the subsets ΓN and ΓD of the ∂Ω denote the external
Neumann and the Dirichlet boundaries, respectively, while n
stands for the outgoing normal vector on the boundary. Finally,
gext , dext denote the external forces and the external imposed
displacements, respectively.

2.2
In this configuration, the unitary cell Y can be decomposed as

Linear elasticity in harmonic regime

Asymptotic expansion

In order to obtain the effective equations in the limit of small
inclusions ( → 0), we use the following multiscale ansatzs for
the displacement field
(4)

d (x) =

2
X

k dk (x, x/) + O(3 )

k=0

Furthermore, denoting with y = x/ the so-called fast variable
(defined in the unit cell Y ), and splitting the spatial derivative
yields ∂ = ∂x + (1/)∂y . Therefore, inserting the ansatz in
equation (2) and collecting terms in same orders , one obtains
a system of equations for the variables x and y, describing the
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macroscopic dynamics and the dynamics at the pore scale at
different orders in . For the leading order it holds

in Ω × YS ,
 −divy σy (d0 ) = 0
(5)
σy (d0 )n = 0
on Ω × Γ,

d0
Y − periodic,

whose solution is given by a displacement field d0 constant in
y (but not in x). For the first order in , collecting the other
terms for d1 yields

 −divy σy (d1 ) = 0 in Ω × YS ,
σy (d1 )n = −σx (d0 )n on Ω × Γ.
(6)

d1
Y − periodic

(7)


− divy σy (d2 ) = ρω 2 d0 + divx (σy (d1 ) + σx (d0 ))





+ divy σx (d1 ) in Ω × YS ,






σy (d2 )n = −σx (d1 )n on Ω × Γ,

d2 Y − periodic

The only contribution of the term associated with the frequency
just appear in the right hand side of (7). This equation will be
used later to obtain the formula of the effective tensor.

Homogenized elasticity tensor

In Rwhat follows, let us denote with hf iYS (x)
=
1
YS YS f (x, y) dy the average of a function f over YS w.r.t.
the fast variable. Integrating the compatibility condition in
(7) over YS with respect to y yields the following differential
problem for the macroscopic variable d0 :
(8)


2 0
0
1
 −ρω d − divx σx (d ) + hσy (d )iYS = f in Ω,

σx (d0 )n = gext on ΓN ,


d0 = dext on ΓD ,
In order to study problem (8), it is convenient to introduce the
change of variable [3]
(9)

d1 (x, y) =

N
X

[ex (d0 )(x)]kl χkl (y).

k,l=1

By inserting (9) into (8), one can conclude that (8) describes the
dynamics of a compressible material, with effective elasticity
tensor
(10)

σijkl = h[σy (χkl )]ij iYS .
A differential equation for the variable χkl on the cell YS can
be obtained from the first order problem (6) [3]:

in YS ,
 −divy σy (χkl ) = 0 P
σy (χkl )n = − j Cijkl nj
on Γ,
(11)

χkl
is Y − periodic.

3

Approximation of the effective tensor

For the sake of simplicity, in what follows we will restrict to the
two-dimensional case and circular holes. For symmetry reasons (see, e.g., [3]) the effective elasticity tensor is completely
defined by three coefficients
(12)
ef f
ef f
C1111
= C1111
= λ + 2µ + h[σy (χ11 )]11 iYS ,
ef f
ef f
C1122
= C2211
= λ + h[σy (χ11 )]22 iYS ,

Notice that, since the frequency is independent from , the
equations (5), (6) and (7) do not depend on the harmonic
waves. In other words, at the spatial scale of the pores, the
length-wave of the excitation is, at first order in , too large to
be perceived with the fast variable y.

2.3

with δijkl := 12 (δli δkj + δki δlj ). Hence, the effective tensor
Cijkl depends on the microscale through the integrals

ef f
Cijkl
= λδij δkl + 2µδijkl + h[σy (χkl )]ij iYS ,

ef f
ef f
ef f
ef f
C1212
= C1221
= C2112
= C2121
= µ + h[σy (χ12 )]12 iYS

(the remaining are being equal to zero).
In order to obtain the macroscopic dynamics for given λ, µ and
inclusion radius, the effective tensor coefficients shall be every
time evaluated solving the corresponding cell problems for the
variable χkl . In order to obtain a faster procedure, we derived
a semi-analytic approximation, following an approach similar
to [5], by exploiting symmetry and linearity properties of (11).
In particular, introducing the notations
a1 = h[σy (χ11 )]11 iYS
a3 = h[σy (χ11 )]22 iYS

a2 = h[σy (χ12 )]12 iYS
a+ = h[σy (χ11 + χ22 )]11 iYS

and the ratio δ = µλ of the Lamé coefficients, one obtains the
following approximations, based on linearity considerations
with respect to λ and µ and on numerical fitting for the
porostity φ:


1
5
(1 + δ)φ
a+ =
− (λ + µ)
,
1−φ
2
1 + 2(2 + δ)φ


φ
δ 4 + 3δ 2 − 1
a1 = a+ −
+
,
2πδ 2(δ 4 + 2δ 2 − 1)
(13)


 2

µ
π 4 1
δ −2
1
a2 = −
+
φ,
−
1−φ 2
3 δ2
5
δ2 + 1


φ
δ4 + δ2 − 1
a3 = a+
+
.
2πδ
2(δ 4 + 2δ 2 − 1)
Numerical results show that these formulas provide satisfactory approximations in the range of small porosity and for
λ = O(µ) (Figure 2). However, further developments are
needed to achieve more general approximations.
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Figure 2: Comparisons of the coefficients of the effective
elasticity tensor computed numerically (red) and with the approximations (13) (blue). Left: λ = µ = 100 MPa. Right:
λ = 30 MPa, µ = 10 MPa.

displacement corresponding to a particular porosity field φ:


2
ef f

 −ρω dφ − div C ex (dφ ) = 0, in Ω,
(15)
C ef f ex (dφ )n = 0 on ΓN ,


dφ · n = dbd on ΓD .

The minimization problem for J(φ) is solved with a variational procedure similar to the one described in [8, 9], shortly
summarized below. First, we compute the derivative of J(φ)
with respect to a given increment θ of the the porosity field by
perturbing the system in the variable φ, yielding a new problem
for the sensitivity of dφ , which will be denoted as ∂φ dφ . Then,
the gradient of the functional J(φ) can be obtained as the
Fréchet derivative of (14):
Z

∂J
,θ =
(dφ − dω
(16)
exp ) · ∂φ dφ θ dx
∂φ
Ω
along any increment direction θ. Introducing the adjoint
problem
(17)


2
ef f
ω
in Ω,

 −ρω zφ − div C ex (zφ ) =dφ − dexp



C ef f ex (zφ )n =0

on ΓN ,

zφ · n =0

on ΓD .

allows to rewrite equation (16) as
Z
∂J
,θ = −
ω 2 ρS dφ · zφ +
∂φ
(18)
Ω



∂φ C ef f e(dφ ) : e(zφ ) θ dx,

which is obtained testing the variational formulation of (15)
with v = zφ and testing the variational formulation associated
with (17) with ∂φ dφ .

4

Estimation of porosity through the homogeUsing (18), a descent direction for J can be obtained defining
nized model

Finally, we exploit the results of Sections 3–4 to define a twoscale variational-based estimation algorithm for the identification of material porosity using harmonic wave analysis. In
particular, the analytical approximations (13) of the effective
tensor coefficients allows us to solve the inverse problem
without resolving numerically the dynamics at the fine scale
(of the pores).
For the set up of the problem, we assume that the porosity
field φ(x) : Ω → [0, 1] is the unknown, and that a set of
displacement measurements at different location and for given
frequency ω s available, described by a field dω : M →
Rd , with M ⊂ Ω. The inverse problem is formulated as a
minimization problem for the objective functional
(14)

J(φ) =

1
2

Z

Ω

2

dφ − dω
exp ,

where dφ denotes the numerical solution for the macroscopic
1

the increment as θ = −αS, where α > 0 is a free parameter,
controlling the length of the step along the θ-direction and


(19)
S = −ω 2 ρS dφ · zφ − ∂φ C ef f e(dφ ) : e(zφ ).

In particular, the tensor ∂φ C ef f in (19), i.e. the derivative of
C ef f with respect to φ, can be computed using (13), without
the need of multiple numerical evaluation for different porosity
(i.e. pore size in the cell problem).
The minimization procedure continues until a given stopping
criterium is satisfied. In the numerical results presented below
we used, as indicators of convergence, either a lower bound
on the magnitude of the increment in porosity or the relative
decrease of the objective functional between successive iterations.

5

Numerical results

This section is devoted to the numerical results. In all cases, the
finite element formulations have been implemented and solved
with FreeFem++ [13, 14]1 .

The scripts for the numerical tests are available at http://wias-berlin.de/people/caiazzo/FreeFem/cedya2015.zip
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In order to validate the two-scale homogenization model, we
2

consider a square computational domain Ω = 0, 23 consisting of an elastic matrix and several small void inclusions,
resulting in a porosity of 0.07 in the outer part and 0.15 in
the inner part (Figure 3, left). The measurements to feed the
minimization algorithm have been obtained solving the full
scale problem (2)–(3) on a very fine mesh (around 130K nodes
and 256K triangles) then interpolating the displacement on a
much coarser mesh (3K nodes and 6K triangles), that does
not resolve the geometry of the inclusions (Figure 3, right).
Finally, the obtained displacement field has been perturbed
with Gaussian noise. The frequency has been fixed to 50 Hz.

Figure 5: Solution obtained with the estimation algorithm in
the case λ = 30 MPa, µ = 10 MPa. Top-Left: result without
adding noise to the mesoscopic solution. Top-Right: result
with 1% of noise. Bottom-Left: 2.5% of noise. Bottom-Right:
5% of noise. All of these results were obtained in the coarse
mesh.

Figure 3: Left. the domain with two different porosity subregions (φ = 0.07 and φ = 0.15) used for testing the two-scale
porosity estimation method. Right: the mesh used for solving
the homogenized problems within the estimation algorithm.

The detailed behavior of the objective functional J(φ) is shown
in Figure 6. In particular, we observe that, also in the noisy
cases, the variational approach is still able to find a descent
direction of the functional.

Figures 4–5 show the estimated porosity for λ = µ = 100 MPa
and λ = 30 MPa, µ = 10 MPa, respectively. In both cases, the
estimation algorithm is able to detect the larger porosity, also
perturbing the interpolated measurements with random noise
(up to an intensity of 5%).

Figure 6: Convergence history of the objective functional for
λ = µ = 100 MPa, for different level of noise. The objective
functional are renormalized with respect to the initial value
(indicated in the legend). Similar results have been obtained
for λ = 30 MPa, µ = 10 MPa (omitted).

Figure 4: Solution obtained with the estimation algorithm in
the case λ = µ = 100 MPa. Top-Left: result without adding
noise to the mesoscopic solution. Top-Right: result with 1%
of noise. Bottom-Left: 2.5% of noise. Bottom-Right: 5% of
noise. All of these results were obtained in the coarse mesh.

Finally, it is worth noticing that the estimation algorithm,
although seeking the minimum with respect to a displacement
field of the small scale problem (2)–(3), is purely based on the
solutions of the homogenized problems (15)–(17). The numerical results, besides drastically improving the efficiency of the
computation, provide an intrinsic validation of the two-scale
approximation of the original elasticity problem in terms of the
local cell problems (11) and the semianalytical approximations
(13).

770

6

J. Mura and A. Caiazzo

Concluding remarks

We presented a novel algorithm for the detection of porosity
in elastic media based on a variational optimization procedure,
extending the two-scale approach firstly presented in [5]. The
main feature of the methodology is that the inverse problem
is based on a homogenized version of the original equation,
parametrizing the upscaled elasticity tensor semi-analitically
in terms of mesoscopic geometrical properties (e.g. the shape
of the pores). We showed that the semi-analytical formulas
provide a good approximation for the detection of void pores in
selected cases of interests (small porosity and λ = O(µ)) and
in moderate harmonic regime. However, further developments
are needed in order to obtain more robust approximations for a
wider range of Lamé coefficients and to extend the procedure
to the high frequency regime.
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3D solidification with macrosegregation of a binary alloy
R. C. Cabrales†, and N. O. Moraga‡

Abstract— We present a control volume finite element method for the numerical simulation of binary alloy solidification. The
model is formed by conserved averaged equations of continuity, momentum, heat and mass, together with some thermodynamical
relationships and hypotheses. The numerical simulations presented involve the macrosegration in a rectangular cavity filled with
a binary alloy.
Keywords: Solidification, Control Volume Finite Element Method, Macrosegregation.

Introduction

To present the several elements associated with the solidification processes, we consider a rectangular cavity Ω = (0, B) ×
(0, H) (called the solidification mould) with boundary ∂Ω,
filled with an incompressible diluted binary alloy in liquid
state, initially with uniform composition and temperature and
under the action of the gravity. The component present in
less percent is called the solute and the another one, solvent,
together forming the solution. The concentration is the variable
that tell us about the proportion of solute in the solution.
The alloy is verted in the mould in a such a way that in the time
t = 0+ , the temperature of the left side of Ω is instantaneously
dropped and maintained under the cooling point meanwhile
that the rest of the sides of Ω are thermally isolated (see Figure
1(a)). This procedure generates a temperature gradient in
the melt and, by adding the gravity force, we obtain solute
and heat transport by convection. The joint action of this
phenomena can induce changes in the ally density. By the other
hand, the region close to the left side of Ω experience a phase
change, passing from the liquid to the solid state. The surface
separating the liquid from the solid is called solidification front
and, in general, their geometry is highly irregular or have a
dendritic form for rapid solidification.
After a while, all the mixture is in solid state. If we make
an analysis of the composition of the resultant material, it
is probably that we found variations in the concentration in
two different scales. In the first one (macroscopic scale), the
variations are due to the solidification front acts as a filter
over the solute. The rejected solute from the solid phase
accumulates close to the front, from where it is transported to
the liquid phase. This phenomena is called micro segregation.
In the second scale (microscopic scale), the dendrites of the
† Depto.
‡ Depto.

solidification front can capture part of the solute rejected from
the solid before transport occurs, generating little grains of
solute highly concentrated. This phenomena is called microsegregation.
We restrict our presentation to the bi-dimensional case, but
extension to three dimensions is straight forward.

G
L
L
Frio

1

S
S
Aislado

(a)

Figure 1: Scheme of the cavity problem, with a detail of the
solidification front. The shadows sides of Ω are insulated while
the left is cooled.

2

The solidification problem

We consider the evolution in time of the solidification phenomena of a binary alloy. By using a volume averaging technique,
a non-linear system of partial differential equations is obtained,
complemented with relationships from thermodynamics and
microsegregation theory, as described as follows.
Linear momentum equations. In this case, the averaging
procedure is done only over the liquid phase, by considering
a laminar, newtonian and incompressible fluid such that, the
viscosity µ of the liquid phase constant, the density ρ varying
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in accordance to the Boussinesq approximation:
(1)

ρ(T, c) = ρ (1 − βT (T − Tr ) − βc (cl − cr )) .

Also, the Darcy’s law is used together with the Carman-Kozeny
to compute the permeability K(fs ), given by
(2)

K(fs ) =

180µfs2
,
− fs )3

λ2 (1

where λ is the interdendritic space. Then, if u, v are the
components of the velocity w, the linear momentum equations
are:
(3)

∂u
1 ∂p µ
K(fs )
+ (w · ∇)u =
+ ∆u −
u,
∂t
ρ ∂x
ρ
ρ

case, the lines indicated as Liquidus and Solidus, are supposed
as straight lines whose expressions are given by
ml
(10)
Tl = Tm + ml c, Ts = Tm +
c,
r
where ml = (Tm − Te )/ce is the liquidus slope and r ∈ (0, 1)
is the segregation ratio. The location of a point (c, T ) in the
phase diagram indicates the state of the alloy in a point of the
mould and a given time according to:

Rl , the point is in liquid state,



R , the point is in solid state,
s
(11) if (c, T ) ∈

Rm , the point is in a zone where we



have coexistence of both.
T

(4)

Because the density ρ is supposed

where the equation relating the temperature T and the enthalpy
H is given by
(7)

H = ρCp T + L(1 − fs ),

where fs is the solid fraction, thus the amount of solid present
in the mould Ω.
Species equation. We suppose the level rule, thus, the relationship between the liquid concentration cl and the concentration
c is
(8)

cl =

c
.
1 − (1 − r)fs

The equation is
(9)

Te
RS

∂u ∂v
+
= 0.
∂x ∂y

Energy. We suppose that there is no energy dissipation or
thermic radiation, the thermal conductivity κ, the density ρ, the
specific heat capacity Cp and the latent heat L, are constants.
Then, the equation is


∂H
(6)
ρCp
+ (w · ∇)T = κ∆T,
∂t

∂c
+ ∇ · (wcl (c, T )) = α∆c.
∂t

Phase diagram relationships. The previous system is completed by some relationships given by the phase diagram. See
figure 2 for a typical phase diagram for a binary alloy. In this

Liq
uid
us
RM

s

(5)

u
lid
So

Continuity equation.
constant, we have

RL

Tm

1 ∂p µ
K(fs )
gρ(T, c)
∂v
+ (w · ∇)v =
+ ∆v −
v+
.
∂t
ρ ∂y
ρ
ρ
ρ

O

ce

c

Figure 2: Typical phase diagram for a binary alloy.

3

The Control Volume Finite Element Method

The Control Volume Finite Element Method, CVFEM, is a
well stablished technique to discretize problems in engineering
modeled by partial differential equations. Consider the conservative form of the general diffusion-convection equation:
∂(ρφ)
+ ∇ · (wφ) = ∇ · (Γ∇φ) + S,
∂t
valid in a spacial domain Ω, for each time t > 0. In (12), ρ and
Γ are positive constants, φ is the variable to be calculated and
w = (u, v) is the velocity of the incompressible flux.
(12)

The first step, is to construct a mesh Th of Ω formed by
Ne elements Thk (triangles and hexahedra in two and three
dimensional case, respectively). The computational nodes are
the vertex of the elements and the control volume associate
to each node is formed with contributions of each element as
depicted in figure 3. In this way, we generate a subdivision of Ω
in Nvc control volumes Ωi , non intersecting and whose union is
equal to the mesh Th of Ω. Integrating (12) on a control volume
Ωi and by using the divergence theorem and the implicit Euler
method to take into account the time derivative, we have


Z
Z

∂φn
ρ
φn − φn−1 dx +
ρuφn − Γ
nx ds +
∆t Ωi
∂x
∂Ωi


Z
Z
∂φn
(13)
+
ρvφn − Γ
ny ds =
S n dx,
∂y
∂Ωi
Ωi
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where nx , ny are the components of the normal vector n to the
boundary ∂Ωi of the element Ωi and ∆t > 0 is the time step.
3

is obtained by translating the origin of the global coordinate
system x − y to the centroid O of V and then, rotating the axis
in such a way that we align the x axis with the direction of uav .
See figure 4.

b
c

O

P
2
a

1

Figure 3: To the left: division of finite element and their
contribution to the control volume of the node 1. To the right:
Typical control volume Ωi associated to the node P .
If Ωi is the control volume associated to the node 1 in figure 3,
equation (13) results in
Z
Z

ρ
φn − φn−1 dx +
ρwn φn · n ds+
∆t V
Z
∂V Z
−
Γ∇φn · n ds −
S n dx
(14)
∂V
V


similar contributions from others elements
+
associates to the node 1
+[boundary conditions, if applicable] = 0.
where V = Ωi ∩ Thk , ∂V = ∂Ωi ∩ Thk and Thk is the element
of vertex 1, 2 and 3 (see figure 3).
Approximating numerically the integrals in (14), we can generate an algebraic system of equations to calculate φnj , the
approximation to the value of φ(xj , yj , tn ). In fact, if |V |
denotes the volume of V , by using the mid point rule we have:
Z


φn − φn−1 dx ≈ |V | φn1 − φn−1
,
1
V
Z
(15)
S n dx ≈ |V |S1n .
V

For the integral of the diffusive flow, Γ∇φn , we suppose a
linear variation for the function φn inside each element, thus:
(16)

φn = Ax + By + C.

To approximate the integral of the convective flow, ρun φn · n,
we introduce a new and local (associated to each element)
coordinate system X − Y . Let us denote by O, the centroid
of the element V and the vector uav of the mean velocity in
the element V :


u 1 + u 2 + u 3 v1 + v2 + v3
,
,
wav =
3
3
where, uj , vj , are the components of the velocity u in the node
(xj , yj ), for j = 1, 2, 3. The local coordinate system X − Y ,

Figure 4: The local coordinate system X − Y obtained by
making a translation and rotation of the global coordinate
system x − y.
Consider Xmax := max{X1 , X2 , X3 }, and Xmin :=
min{X1 , X2 , X3 }, where (Xj , Yj ), j = 1, 2, 3 are the vertex
of V in the local coordinate system. Then, the variation of φn
in each element for the convective flow, is given by
φn = Aξ + BY + C, where
(17)
ξ=

Γ
ρUav



exp



ρUav [X − Xmax ]
Γ



−1



where Uav is the magnitude of vav . The interpolation function
defined in (17) take into account the flux direction and their
magnitude by taking a linear form for highly diffusive flow and
by taking an exponential form when convection is dominant.

4

Computational implementation

Because the equations of the considered model are non-linear
and strongly coupled, an specific numerical procedure it is
necessary to take into account this particularities. Let us
describe how to compute each variable of the solidification
model.
Computation of the velocity components u1 , u2 and pressure p. The velocity-pressure coupling, is solved by using
a collocated algorithm based on the SIMPLER algorithm of
Patankar, presented in [8], where details can be found. The
critical point to avoid spurious modes of the pressure, is to
consider an appropriate interpolation function for the velocity
components in the integral form of the continuity equation (5).
In fact, if we integrate (5) on the control volume Ωi of figure 3,
we have
Z
(unx + vny ) ds
∂V


similar contributions from others elements
(18)
+
associates to the node 1
+[boundary conditions, if applicable] = 0.
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Then, we assume that the variation of u and v in V is given by
 
 
∂p
∂p
m
u
m
v
u = ûe − de
, v = v̂e − de
,
∂x e
∂y e
where ûe , v̂e are linear functions in the element Thk whose
values at each vertex of V is calculated from the algebraic
equation obtained when we apply the CVFEM to (3) and (4),
by considering a linear variation for the pressure p in the
element. In fact, in reference to figure 3 we have for i = 1, 2, 3
P
P
av vnb + bvi
au unb + bui
, v̂e,i = nb nb v
.
ûe,i = nb nb u
ai
ai
meanwhile due = (du1 +du2 +du2 )/3 and dve = (dv1 +dv2 +dv2 )/3,
where
|Ωi |
|Ωi |
dui = u , dvi = v .
ai
ai
Finally the pressure terms are given by (∂p/∂x)e = A, and
(∂p/∂x)e = B where A, B are constants obtained by deriving
the linear function defining the pressure p inside each element,
thus, if p = Ax + By + C, then A = ∂p/∂x and B = ∂p/∂y.
Computation of the enthalpy H. We suppose that the velocity
components u, v are known. By introducing an auxiliary
variable Y n+1 approximating the temperature, and by using
the implicit Euler method in (6), we obtain the following
equations to find the enthalpy (see [5], [1])

 n+1
Y
− Tn
n+1
ρCp
+ (u · ∇)Y
= κ∆Y n+1 .
(19)
∆t
H n+1 = H n + ρCp (Y n+1 − T n ).
Equation (19) is a diffusion-convection equation, so we can
apply the CVFEM described in section 3.
Computation of the concentration c. We suppose that the
velocity components u, v are known. By considering the
approximation cn+1 ≈ cnl + cn+1 − cn , and the implicit Euler
method in (9), (see [5], [1]) we obtain the following equation
to calculate the concentration
(20)

cn+1 − cn
+(u·∇)cn+1 −α∆cn+1 = (u·∇)φ−α∆φ.
∆t

where φ = cn − cnl . Again, equation (20) is a diffusionconvection equation, so we can apply the CVFEM described
in section 3.
Computation of the solid fraction fs . Because we have
choose the enthalpy as the main variable in our algorithm, we
must to describe the solid fraction fsn+1 as a function of the
pair (cn+1 , H n+1 ). See [5], for details. Consider the following
quantities:

ρCp ml n+1
c
.
Hl = ρCp Tm + ml cn+1 +L, Hs = ρCp Tm +
r

The solid fraction fsn+1 is calculated according to:

1. If H n+1 ≥ Hl , then fs = 0.
2. If H n+1 ≤ Hs , then fs = 1.
3. If Hs < H n+1 < Hl , then, firstly we define
 the
L
ml cn+1
r+
quantity: He = ρCp Te −
. The
1−r
Tf − Te
value of fsn+1 is calculated according to
(a) If H n+1 ≤ He , then
fsn+1 = 1 +

ρCp Te − H n+1
.
L(1 − r)

(b) If H n+1 > He , then fsn+1 is the solution of the
following non-linear equation



ml cn+1
n+1
n+1
.
− L 1 − fs
= ρCp Tm +
H
1 − (1 − r)fsn+1
Computation of the liquid concentration cl and the temperature T . In this case, we compute cn+1
and T n+1 as
l
(21)

cn+1
l

=

(22)

T n+1

=

cn+1
,
1 − (1 − r)fsn+1
H n+1 − L(1 − fsn+1 )
.
ρCp

Because the solidification problem is a non-linear and strongly
coupled system, we use an iterative procedure to solve it. More
specifically, by taking into account the previous explanations,
we the following order of operations:
1. Compute the components u, v of the velocity and pressure p,
2. Compute the enthalpy H.
3. Compute the concentration c,
4. Compute the liquid concentration cl ,
5. Compute the solid fraction fs ,
6. Compute the temperature T .
This sequence of calculations are made until converge is declared before to advance to the next time-step. In particular,
the convergence criteria is given by
(23)

|φk − φk−1 | < τ |φk |,

where φk denotes the vector which store the components of the
variables of the problem at each computational node and τ > 0
is a given tolerance. We consider under-relaxations factors for
the equations of the velocity components, pressure, enthalpy
and concentration αu , αv , (also αw in the three dimensional
case) αp , αH , αc .

3D solidification with macrosegregation of a binary alloy
Note that equations (5), (3) and (4) are valid only in those
non-solid zones of the mould Ω (where the fs < 1). In the
implementation of the algorithm, we solve this equations in
all the mould Ω. This is done by considering the following
modification of the Carman-Kozeny function defined in (2):
(24)

K (fs ) =

775
obtained by dividing the domain Ω in 60 × 36 cells. We take
 = τ = 10−8 .
The results obtained for the concentration, density and solid
fraction after 500 seconds are presented in Figures 5, 6 and 7,
respectively. We note that the concentration is not uniform.

180µfs2
,
− fs + )3

λ2 (1

where  is a positive and small number.

5

Results and discussion

The algorithm presented in the previous section were implemented in MATLAB, executed in a computer Dell precision
T7500 and the graphics obtained by using TECPLOT. The
parameters considered are listed in Table 1.
Table 1: Physical properties fo the binary alloy Pb-Sn
Parameter and their units
Value
Density, ρ [kg · m−3 ]
9000
Specific heat, Cp [J · kg −1 · K −1 ]
200
Thermic conductivity, κ [W · m−1 · K −1 ] 30
Dynamic viscosity, µ [P a · s]
0,01
Solute difusivity, α [m2 · s−1 ]
3 × 10−9
◦
Melting temperature, Tm [ C]
327,2
Eutectic temperature, Te [◦ C]
183
Latent heat, L [J m3 ]
4, 8195 × 108
Eutetic concentration, ce [− − −]
0, 19
Liquidus slope, ml [− − −]
-233,4
Segregation ratio, r [− − −]
0,307
Reference temperature, Tr [◦ C]
216
Thermic expansion coefficient, βT [◦ C −1 ] −10−4
Reference concentration, cr [− − −]
Initial
Solute expansion coefficient, βc [− − −]
-0.45
Gravity acceleration, g [m · s−2 ]
-9,81
Secondary dendritic spacing, λ [m]
2 × 10−4
We present two computational examples concerning the solidification of a Pb-48Sn binary alloy. For both experiments, we
take ∆t = 0.1 and αu = αv = αw = 0.5, αp = 0.7. For
experiment 1, we take αT = αc = 0.7 and for experiment 2,
we take αT = αc = 0.9.
The first experiment was presented in [1] and is based on an
experimental work presented by Hebditch and Hunt in [4]. The
geometry correspond to a rectangular cavity of 0.1 m width
and 0.06 m high, where the alloy is initially liquid, perfectly
homogeneous, in rest, at 260 ◦ C of a temperature. In the left
wall we imposed a temperature varying with time t as T (t) =
260 − 0.25t, meanwhile the others walls are adiabatics. The
velocity components are supposed null in all walls, meanwhile
there is no entry or exit of mass. We consider a regular mesh

Figure 5: Concentration of tin for horizontal solidification of
Pb-48Sn after t = 500 seconds.

Figure 6: Density for horizontal solidification of Pb-48Sn after
t = 500 seconds.

Figure 7: Solid fraction for horizontal solidification of Pb-48Sn
after t = 500 seconds.
For the second experiment, the geometry is a rectangular cavity
of 0.03 m length, 0.09 m high and 0.03 m width, where the alloy is initially liquid, perfectly homogeneous, in rest, at of 260
◦
C of temperature. We consider a regular mesh obtained by
dividing the domain in 30 × 30 × 90 cells. We take,  = 10−5 ,
τ = 10−8 . In the upper wall the temperature is maintained
at 260 ◦ C, meanwhile on the bottom wall, is changed with
time t, measured in seconds, according T = 260 − 0.25t.
The others walls are adiabatics. The velocity components
are null in all walls, meanwhile there is no entry or exit of
mass. The results for the concentration, density and solid
fraction after 70 seconds are showed in Figures 8, 9 and 10,
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respectively. As in the previous experiment, we appreciate the
macro-segregation phenomena because the concentration is not
uniform. In fact, we appreciate the formation of a convection
chimney pointed by several authors (see for instance [3]) as the
origin of freckles, a solidification defect that can cause failures
in the final material.

R. C. Cabrales and N. O. Moraga

6

Conclusions

We develop a control finite volume method to simulate the
evolution of the solidification of a particular binary alloy. This
algorithm and the corresponding computational code permit
us to simulate the appearance of macro-segregation maps,
particularly of freckes. We can adapt this algorithm to consider
variants of the mathematical model presented and/or other
alloys with two or more components.
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Figure 8: Concentration of tin for vertical solidification of Pb48Sn after t = 70 seconds. The contour surface is for c = 0.48.
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Pricing adjustable-rate mortgages with prepayment and
default options
M. C. Calvo-Garrido∗ and C. Vázquez∗

Abstract— In this paper we consider the valuation of adjustable-rate mortgages with prepayment and default options where the
stochastic variables are the house price and the interest rate. The mathematical model to obtain the price of the contract is posed as
a free boundary problem associated with a partial differential equation (PDE). The contract rate is linked to an index and it is fixed
for each year of the loan life. Moreover, we propose appropriate numerical methods based on a Lagrange-Galerkin discretization
of the PDE and an Augmented Lagrangian Active Set (ALAS) method. Finally, some numerical results are presented in order to
illustrate the behaviour of the numerical schemes.
Keywords: adjustable-rate mortgages, complementarity problem, numerical methods, Augmented Lagrangian Active Set
formulation.

1

Introduction

A mortgage is a financial contract between two parts (a borrower and a lender) in which the borrower obtains funds
(usually from a bank or a financial institution) by using a risky
asset (in this case a house) as a collateral. The mortgage
value is understood as the present value of the future borrower
scheduled monthly payments without including the insurance
the lender can have on the loan.
The main objective of this paper is the valuation of adjustablerate mortgages (ARM) with prepayment and default options
where the stochastic underlying factors are the house price and
the interest rate. Prepayment can happen at any time during
the life of the loan whereas default only occurs at payment
dates. Thus, we extend our previous work about fixed-rate
mortgages (FRM) developed in [3] by taking into account that
the contract rate is floating and it is linked to an index. In
order to calculate this index we use a 1-year, default-free pure
discount bond in a similar way to [4]. Moreover, for each year
of the loan life, the contract rate is adjusted with a formula that
mainly involves the index plus a margin. This margin is fixed
by means of an iterative process until an equilibrium condition
is satisfied in order to guarantee the absence of arbitrage. That
is, at origination the value of the contract plus the insurance
against default is equal to the amount of money lent to the
borrower. Therefore, a teaser rate can be included in the
interest rate for the first year of the loan. More precisely, a kind
of preprocessing is performed to obtain the contract rate for
each year, the monthly payment and outstanding balance. This
advancement in the valuation methodology was first introduced
∗ Departamento

in [6] and improves the valuation procedure developed in
[4], where an auxiliary variable was used to handle the path
dependency. This variable was evaluated in all the interest
rates for each time step leading to a higher computational
cost. Moreover, additional interpolation skills were required at
each adjustment date increasing the error. This new technique
proposed in [6] assures that once we compute the value of this
structures (contract rate, monthly payment and the outstanding
balance) the complexity of the valuation problem is similar to
the case of fixed-rate mortgages presented in [3].
In order to obtain the value of the contract and the insurance,
the pricing problem can be posed as a sequence of backward
in time partial differential equations, one for each month, with
appropriate linking final conditions at payment dates. Additionally, the option of prepayment leads to free boundary formulations. For the numerical solution, we propose a LagrangeGalerkin method for time and space discretizations [1, 2]
combined with an Augmented Lagrangian Active Set (ALAS)
algorithm [5] for solving the inequalities associated with the
free boundary problems. The application of this numerical
techniques to the valuation of adjustable-rate mortgages is the
innovative point of this work.
This paper is organized as follows. In Section 2 we introduce
the pricing model under consideration, the specifications of the
mortgage contract and the preprocessing carried out to obtain
the contract rate. In Section 3 we describe the numerical
techniques. Finally, in Section 4 we present some numerical
results in order to illustrate the behaviour of the proposed
numerical schemes.
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Mathematical modelling
Underlying stochastic factors

A mortgage can be treated as a financial product, for which
the underlying state variables are the house price and the term
structure of interest rates.
The value of the house at time t, Ht , is assumed to follow the
standard log-normal process satisfying the following stochastic
differential equation:
(1)

dHt = (µ − δ)Ht dt + σH Ht dXtH ,

where µ is the instantaneous average rate of house-price appreciation, δ is the ’dividend-type’ per unit service flow provided
by the house, σH is the house-price volatility and XtH is the
standardized Wiener process for house price.
Under a risk neutral probability measure, we can obtain by
Girsanov theorem the following equivalent SDE for the house
price:
(2)

dHt = (rt − δ)Ht dt + σH Ht dXtH .

and [6]) that index(r) is the mortgage-equivalent rate for a 1year, default-free pure discount bond. In order to calculate this
index, we first introduce the PDE that governs the valuation of
a discount bond B(t, r) when CIR model is used for interest
rates:
(5)

∂B
1
∂2B
∂B
+ σr2 r 2 + κ(θ − r)
− rB = 0,
∂t
2
∂r
∂r

with the final condition B(t = T, r) = 1. The bond price is
given by
(6)

B(t, r) = A(t)e−D(t)r ,

where
(7)
(8)
(9)



2γe(γ+κ)(T −t)/2
A(t) =
(γ + κ)(eγ(T −t) − 1) + 2γ

2(eγ(T −t) − 1)
,
D(t) =
(γ + κ)(eγ(T −t) − 1) + 2γ
p
γ = κ2 + 2σr2 .

2κθ/σr2

,

The other source of uncertainty, the interest rate at time t, rt , is
assumed to be stochastic and its evolution can be modeled with
the following classical Cox-Ingersoll-Ross (CIR) model:
√
(3)
drt = κ(θ − rt )dt + σr rt dXtr ,

We define the pure discount bond yield

Note that, Wiener processes, XtH and Xtr could be correlated
according to dXtH dXtr = ρdt, where ρ is the instantaneous
correlation coefficient.

Assuming that the life of the loan is n years, in order to
determine the contract rate at each adjustment date i, for i =
0, ..., n − 1, we use a recursive process. By considering the
margin margin and the teaser rate teaser, starting from the
initial contract rate, which is known and given by

where κ is the speed
process, θ is the long
rate (steady state spot
parameter and Xtr is
interest rate.

2.2

of adjustment in the mean reverting
term mean of the short-term interest
rate), σr is the interest-rate volatility
the standardized Wiener process for

PDE formulation

By using a dynamic hedging technique, we achieve the PDE
model that governs the valuation of any asset depending on
house price and interest rate [3], in particular the adjustablerate mortgages. So, if we denote by Ft = F (t, Ht , rt ) the
value of any asset depending on house price and interest rate,
then the function F solves the following PDE:

(4)

2.3

√ ∂2F
1 2 2 ∂2F
∂F
+ σH
H
+
ρσ
σ
H
r
H
r
∂t
2
∂H 2
∂H∂r
1 2 ∂2F
∂F
∂F
+ σr r 2 + (r − δ)H
+ κ(θ − r)
− rF = 0.
2
∂r
∂H
∂r

Mortgage contract

In adjustable-rate mortgages, the contract rate is linked to an
index denoted by index(r). In this work we consider (as in [4]

(10)

R(t, r) = [rD(t) − log(A(t)] /(T − t).

Taking into account that the bond principal yield at the continuously compounded rate R(t, r) must be equal to the bond
principal yield at the equivalent monthly compounded rate
index(r), then
h
i
(11)
index(r) = 12 eR(t,r)/12 − 1 .

(12)

c(0) = index(rinitial ) + margin − teaser,

we compute the contract rate for the next adjustment dates in
the following way
c(i, r) = max(min(index(r) + margin, c(i − 1, r) + cy ,
(13)

c(0) + cl ), c(i − 1, r) − cy ),

i = 1, ..., n − 1

where cy is the yearly cap, cl is the life of loan cap and the
index is evaluated in all the possible values of interest rates.
For each year, the contract rate is equal or smaller than the
initial contract rate plus the life of loan cap and it is not bigger
than the previous contract rate plus the yearly cap. The margin
is adjusted by using an iterative process until an arbitrage free
condition is fulfilled.
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Adjustable-rate mortgages
The loan is repaid by a sequence of monthly payments at given
dates Tm , m = 1, ..., M , where M is the number of months of
the loan. Moreover, assuming T0 = 0, let ∆Tm = Tm − Tm−1
the duration of month m and P (0, 0, rinitial ) the initial amount
loaned to the borrower. For j = 0, ..., 12, the unpaid loan at the
j th monthly payment after the ith adjustment date is given by
(14)

P (i, j, r) =

((1 +

c(i,r) 12(n−i)
)
− (1 + c(i,r)
)j )P (i, 0, r)
12
12
.
)12(n−i) − 1
(1 + c(i,r)
12

Note that P (i, 12, r) = P (i + 1, 0, r). The monthly payment
(M P (i, r)) for each year i and interest rate r is computed by
formula
(15)

M P (i, r) =

( c(i,r)
12 )(1 +
(1 +

c(i,r) 12(n−i)
P (i, 0, r)
12 )
.
c(i,r) 12(n−i)
−1
12 )

Following the same notation as in [3], if tm = t − Tm−1
denotes the time elapsed at month m (which starts at t =
Tm−1 ), we introduce τm = ∆Tm − tm as the time until Tm ,
the mortgage value to the lender during month m, V (τm , H, r),
without including the insurance the lender has on the loan,
satisfies the PDE
√ ∂2F
2
∂2F
∂F
2
+ 21 σH
H 2 ∂H
− ∂τ
r ∂H∂r + 12 σr2 r ∂∂rF2
2 + ρσH σr H
m
(16)

∂F
+(r − δ)H ∂H
+ κ(θ − r) ∂F
∂r − rF = 0

while at the other payment dates, it is given by

(19)
V (τm = 0, H, r) = min(V (τm+1 = ∆Tm+1 , H, r)+M P (i, r), H),

where 1 ≤ m ≤ M − 1 and i =

Next, we take into account the prepayment and default options.
On one hand, the option to default on the mortgage can only
happen at payment dates when the borrower does not pay the
monthly amount M P . On the other hand, the option to prepay
the mortgage can be exercised at any time during the life of the
loan. If the borrower decides to fully amortize the mortgage
at time τm , this person should pay the lender the total debt
payment T D(τm , r), which could include an early termination
penalty and is defined as follows:
(17)

T D(τm , r) = (1 + Ψ)(1 + c(i, r)(∆Tm − τm ))P (i, j, r),

where Ψ is the prepayment penalty factor. Moreover, i and j
are computed as functions depending on m.
Thus, at each payment date, the borrower must decide whether
to pay the required monthly payment or default and hand over
the house to the lender. The option to prepay gives the borrower
the right to exercise the prepayment at any time during the
lifetime of the mortgage (American feature).
The mortgage pricing problem starts from the value of the
mortgage at maturity (t = TM ), which just before the last
payment is given by
(18)

V (τM = 0, H, r) = min(M P (n − 1, r), H),

∈ N.

If the borrower defaults, which occurs when the mortgage
value is equal to the house value, the lender will lose the
promised future payments. Then, the lender might have taken
an insurance against default which would cover up to a fraction
of the loss associated with default. In order to obtain the value
of the insurance to the lender, denoted by I(τm , H, r), we must
solve equation (16) with suitable payment date conditions. In
order to pose them, we assume that in case of default the
insurer accepts to pay the lost payments up to a fraction φ
of the currently unpaid balance. By taking this into account,
depending if default occurs or not, the insurance value at
maturity is given by
(20)

I(τM = 0, H, r) =


min([M P (n − 1, r) − H], φM P (n − 1, r))




(Default)



0




(No default)

while at other payment dates which not coincide with adjustment ones is
(21)

I(τm = 0, H, r) =

for 0 ≤ τm ≤ ∆Tm , 0 ≤ H < ∞, 0 ≤ r < ∞. We clarify a
certain abuse of notation: if F denotes the solution of (4) and
F the solution of (16) then F (τm , H, r) = F (Tm − τm , H, r).

m−1
12


min([T D(τm = 0, r) − H], φT D(τm = 0, r))




(Default)



I(τm+1 = ∆Tm+1 , H, r)



(No default)

where 1 ≤ m ≤ M − 1 and Tm is not an adjustment date.
At origination, the following equilibrium condition needs to be
satisfied
V (0, Hinitial , rinitial ; margin)
(22)

+I(0, Hinitial , rinitial ; margin) = (1 − ξ)P (0, 0, rinitial ),

where ξP (0, 0, rinitial ) is the value of the upfront points,
understood as an arrangement fee. It is necessary to find the
value of the margin which satisfies the equilibrium condition
(22) and ensures that the contract is fair and arbitrage free.
It can be obtained by using an iterative method for nonlinear
equations.

2.4

Free boundary problem

Let us consider the following linear operator,
LV
(23)

=

∂τm V −

√
1 2 2
σH H ∂HH V − ρσH σr H r∂Hr V
2

1
− σr2 r∂rr V − (r − δ)H∂H V − κ(θ − r)∂r V + rV.
2

So, the free boundary problem associated with the valuation
of the mortgage contract, can be written as the linear comple-
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mentarity problem
LV ≤ 0,
(24)

(T D(τm , r) − V (τm , H, r)) ≥ 0,

(LV )(T D(τm , r) − V (τm , H, r)) = 0.

The option to prepay can be exercised at any time during the
lifetime of the contract (it is American in type). If V = T D
then it is optimal for the borrower to prepay, otherwise LV = 0
and we are inside the continuation region.

3

Furthermore, for the complementarity problem associated with
the mortgage value during month m, we can pose the following
mixed formulation:
Find V : [0, ∆Tm ] × Ω → R satisfying the partial differential
equation
∂V
+ ~v · ∇V − Div(A∇V ) + lV + P = f
∂τm
(29)

in (0, ∆Tm ) × Ω ,

the complementarity conditions

Numerical solution

In order to obtain a numerical approach of the value of the
contract at origination, we need to solve a free boundary
problem for each month to obtain the value of the mortgage
during that month, jointly with an additional initial value
problem when the lender holds an insurance. Once we know
the value at origination of the contract and the insurance, the
equilibrium condition (22) is checked to find the interest rate
for which the contract is arbitrage free. For this purpose, a
secant method is implemented. For the numerical solution of
the PDE, we first need to replace the unbounded domain by a
bounded one and determine the required boundary conditions
(see [3]) and then, we propose a Crank-Nicolson characteristics
time discretization scheme combined with quadratic Lagrange
finite element method. Finally, in order to treat the free
boundary problem associated with the prepayment option, we
use an Augmented Lagrangian Active Set technique where the
Lagrange multiplier P is an unknown too.

(30) V ≤ T D, P ≥ 0, P (T D − V ) = 0 in (0, ∆Tm ) × Ω

Using large enough values H∞ and r∞ and taking into account
the following change of variables

(35)

(25)

x1 =

H
H∞

and x2 =

r
,
r∞

we can write the equation (16) in divergence form in the
bounded domain Ω = (0, 1)2 with Lipschitz boundary denoted
S2
+
−
by Γ = ∂Ω such that Γ = i=1 (Γ−
i ∪ Γi ), where Γi =
+
{(x1 , x2 ) ∈ Γ | xi = 0} and Γi = {(x1 , x2 ) ∈ Γ | xi = 1}
for i = 1, 2.
As in [6], we consider the case ρ = 0. Thus, the initialboundary value problem for the insurance can be written in the
form:
Find I : [0, ∆Tm ] × Ω → R such that
∂I
+ ~v · ∇I − Div(A∇I) + lI = f
∂τm
(26)
∂I
(27)
= g1
∂x1
∂I
(28)
= g2
∂x2

the boundary conditions
(31)
(32)

on (0, ∆Tm ) × Γ+
1 ,
on (0, ∆Tm ) × Γ+
2

and the initial condition for each month, given either by the
equation (18) or (19).
For both problems, the involved data is defined as follows


(33)
(34)

3.1

A=

~v =

1 2 2
σ x
2 H 1

0

0

2
− x2 r∞ + δ)x1
(σH
− κ(θ − x2 r∞ ))/r∞

( 12 σr2

l = x2 r ∞ ,

f = 0,


,

1 2 x2
σ
2 r r∞

g1 = 0,


,

g2 = 0.

Lagrange-Galerkin method

In order to solve numerically the problems we employ a second
order Lagrange-Galerkin method which is described in detail
in [3]. The method is based on the discretization of the material derivative by means of a Crank-Nicolson characteristics
scheme, which has been analyzed in [1], combined with finite
elements for the spacial discretization [2]. First, we define
the characteristics curve through x = (x1 , x2 ) at time τ̄ m ,
X(x, τ̄m ; s), which satisfies:
(36)

in (0, ∆Tm ) × Ω ,

∂V
= g1
∂x1
∂V
= g2
∂x2

∂
X(x, τ̄m ; s) = ~v (X(x, τ̄m ; s)), X(x, τ̄m ; τ̄m ) = x.
∂s

on (0, ∆Tm ) × Γ+
1 ,

For N > 1 let us consider the time step ∆τm = ∆Tm /N and
n
the time mesh points τm
= n∆τm , n = 0, 12 , 1, 32 , . . . , N . The
material derivative approximation by characteristics method is
given by:

on (0, ∆Tm ) × Γ+
2 ,

F n+1 − F n ◦ X n
DF
=
,
Dτm
∆τm

where the appropriate initial condition for each month is given
either by the equation (20) or (21).

n+1 n
where F = I , V and X n (x) := X(x, τm
; τm ). In view of
the expression of the velocity field the components of X n (x)
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can be analytically computed:
X1n (x)

=

X2n (x)

=

 


σ2
2
x1 exp − σH
+ δ + r − θ ∆τm ×
2κ



−x2 r∞
σr2
θ
− 2 +
exp
(exp(−κ∆τm ) − 1)
κ
2κ
κ


σ2
θ
− r +
(1 − exp(−κ∆τm )) +
2κr∞
r∞
x2 exp(−κ∆τm )

The basic iteration of the ALAS algorithm consists of two
steps. In the first one the domain is decomposed into active
and inactive parts (depending on whether the constraints are
active or not), and in the second step a reduced linear system
associated with the inactive part is solved. More in detail, the
steps of the algorithm are included for the particular case of
mortgage contracts in [3].

Next, we consider a Crank-Nicolson scheme around

n+ 1
n+1
X(x, τm
; τm ), τm for τm = τm 2 . So, for n =
0, . . . , N − 1, the time discretized equation for F = I, V
and P = 0 can be written as follows:
Find F n+1 such that:

(37)

F n+1 (x) − F n (X n (x))
1
− Div(A∇F n )(X n (x))
∆τm
2
1
1
n+1
− Div(A∇F
)(x) + (l F n+1 )(x)
2
2
1
n
n
+ (l F )(X (x)) = 0.
2

For spacial discretization we apply finite elements once we
have obtained the variational formulation of the problem discretized in time (see [3]). We use the following piecewise
quadratic Lagrange finite element space. Thus, we consider
a quadrangular mesh τh of the domain Ω. Let (T, Q2 , ΣT )
be a family of piecewise quadratic Lagrangian finite elements,
where Q2 is the space of polynomials defined in T ∈ τh with
degree less or equal than two in each spatial variable and ΣT
the subset of nodes of the element T . More precisely, let us
define the finite elements space Fh by
(38)

Fh = {φh ∈ C 0 (Ω̄) : φhT ∈ Q2 , ∀T ∈ τh },

where C 0 (Ω̄) is the space of piecewise continuous functions
on Ω̄.

3.2

Augmented Lagrangian Active Set (ALAS) algorithm

In this section we explain how the free boundary problem associated with the prepayment option is solved. The Augmented
Lagrangian Active Set (ALAS) algorithm proposed in [5] is
here applied to the fully discretized in time and space mixed
formulation (29)-(30). More precisely, after this discretization,
the discrete problem can be written in the form:
Mh Vhn + Phn = bn−1
,
h

(39)

with the discrete complementarity conditions
(40)

Vhn ≤ T Dhn ,

Phn ≥ 0,

(T Dhn − Vhn ) Phn = 0,

where Phn denotes the vector of the multiplier values and T Dhn
denotes the vector of the nodal values defined by function T D.

4

Numerical results

In order to obtain the solution of the adjustable rate mortgage
valuation problem we need to specify a set of parameters,
related to the economic environment, contract characteristics
and insurance. All of them, based on the existent literature
(see [4] and [6]), are shown in Table 1. We have chosen
these parameters in order to compare the results obtained with
the ones in [6]. Moreover, concerning the numerical methods
employed to solve the problem, we consider the parameters
collected in Table 4.
In Tables 2 and 3 the influence of different cap values in the
margin, mortgage value and insurance is shown. The values
without parentheses are for a 1.5% teaser rate and the ones with
parentheses are without teaser. Note that numerically the value
infinity in a cap is set to r∞ .
As it is mention in [6], for lower values of the caps, an ARM
is more similar to a FRM. Moreover, the initial contract rate is
lower for higher values of caps, i.e., when the caps are set to
infinity, we obtain the lower values for the initial contract rate.
The value of a teaser rate different from zero leads to an initial
contract rate lower which is compensated with contract rates
higher than usual for the forthcoming years. In the absence of
a teaser rate, negative margin rates can appear causing higher
initial contract rates but preserving the borrower from interest
rate variations.
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Annual Life Initial
cap of loan contract
cap
rate
cy
cl
c(0)
0.5% 0.5% 9.064%
(9.263%)
1%
1% 8.799%
(9.133%)
1%
5% 8.031%
(8.542%)
2%
5% 7.661%
(8.395%)
∞
5% 7.423%
(8.316%)
1%
∞ 7.954%
(8.482%)
2%
∞ 7.379%
(8.208%)
∞
∞ 6.879%
(8.005%)
FRM
9.375%

Economic framework
House price volatility, σH

15 %

Interest rate volatility, σr

10 %

Steady state spot rate, θ

10 %

Speed of reversion, κ

25 %

House service flow, δ

8.5%

Correlation coefficient, ρ

0

Contract specifications
Loan term, n
Initial value of the house, Hinitial

15 years
100000 e

Spot rate rinitial

8%

Initial margin in basis points, margin

100

Prepayment penalty, Ψ

0%

Arrangement fee, ξ

1.5%

Teaser rate, teaser

0,1.5%

Insurance
Insurance coverage, φ

25%

Table 1: Fixed parameters in the mortgage valuation model

Annual Life
Initial
cap of loan contract
cap
rate
cy
cl
c(0)
0.5% 0.5% 8.959%
(9.149%)
1%
1% 8.695%
(9.015%)
1%
5% 7.939%
(8.436%)
2%
5% 7.579%
(8.287%)
∞
5% 7.341%
(8.204%)
1%
∞ 7.864%
(8.378%)
2%
∞ 7.311%
(8.107%)
∞
∞ 6.818%
(7.903%)
FRM
9.233%

Margin
(basis
points)
margin
221.12
(90.11)
194.74
(76.74)
119.16
(18.89)
83.19
(3.99)
59.28
(-4.38)
111.69
(13.02)
56.29
(-14.04)
7.11
(-34.44)

Contract
value

Insurance

V
91718
(91700)
91678
(91644)
91646
(91606)
91614
(91556)
91594
(91540)
91650
(91604)
91618
(91548)
91578
(91530)
92024

I
6782
(6800)
6822
(6856)
6854
(6894)
6886
(6944)
6906
(6960)
6850
(6896)
6882
(6952)
6922
(6970)
6476

Table 2: Initial contract rate, margin, mortgage contract and
insurance values for a 100% loan to value ratio

Margin
(basis
points)
margin
231.62
(101.58)
205.25
(88.59)
128.29
(29.51)
91.28
(14.74)
67.55
(6.88)
120.69
(23.42)
63.12
(-3.94)
13.15
(-24.25)

Contract
value

Insurance

V
85162
(85154)
85142
(85132)
85128
(85114)
85116
(85092)
85116
(85094)
85132
(85108)
85118
(85090)
85108
(85086)
85556

I
3488
(3496)
3508
(3518)
3522
(3536)
3534
(3558)
3534
(3556)
3518
(3542)
3532
(3560)
3542
(3564)
3040

Table 3: Initial contract rate, margin, mortgage contract and
insurance values for a 90% loan to value ratio

Computational domain
H∞
200000e
r∞
40 %
Finite elements mesh data
Number of elements
576
Number of nodes
2401
Time discretization
Time steps per month
30
ALAS algorithm
Parameter β
10000
Table 4: Numerical resolution parameters

5

Conclusions

In this paper we consider the valuation of adjustable rate
mortgages with prepayment and default options. After revising the computation of the floating contract rate and the
PDE modelling, we propose a set of numerical techniques
to obtain the value of the contract and the insurance. More
precisely, a characteristics Crank-Nicolson scheme for time
discretization is applied jointly with finite elements for space
discretization. For the free boundary problem associated with
the prepayment option an Augmented Lagrange Active Set
algorithm is proposed. Moreover, the margin involved in the
formula for the computation of the contract rate is adjusted by
using an iterative process. Finally, some numerical results are
presented to illustrate the behaviour of the developed numerical
techniques.
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A second order local projection Lagrange-Galerkin
method for Navier-Stokes equations at high Reynolds
numbers
R. Bermejo∗ and L. Saavedra†

Abstract— We present a stabilized Backward Difference Formula of order 2- Lagrange Galerkin method for the incompressible
Navier Stokes equations at high Reynolds numbers. The stabilization of the conventional Lagrange-Galekin method is done via
a local projection technique for inf-sup stable finite elements. We prove that for a finite time T the a priori error estimate for
velocity is O(hm + ∆t2 ) whereas the error for the pressure is O(hm + ∆t2 ), with error constants that are independent of the
Reynolds number; here, m denotes the degree of the polynomials of the velocity finite element space. Numerical examples at
high Reynolds numbers show the robustness of our method.
Keywords: Lagrange-Galerkin, finite elements, local projection stabilization, Navier-Stokes, high Reynolds numbers.

1

Introduction

In most of industrial problems, we have to deal with flows
at high Reynolds numbers, namely, convection-dominated
problems, appearing the hyperbolic nature of time-dependent
Navier-Stokes (NS) equations. The classic Lagrange-Galerkin
(LG) method consists in the discretization of the material
derivative along the trajectory of the fluid particles, using a
finite difference scheme. This is a natural way, from a physical
point of view, to introduce upwinding and transforms the NS
equations into a linear Stokes problem. Therefore, at each time
step, one has to solve an algebraic linear system of equations
which is more manageable than the algebraic nonlinear system
of equations produced by conventional implicit time marching
schemes. A priori, these advantages make LG methods look
like efficient methods to integrate NS equations; however,
they have a drawback concerned with the calculation of some
integrals which appear in the formulation of the numerical
solution and whose integrands are defined in two different
meshes; these integrals have to be calculated very accurately
for accuracy and stability reasons, see [1] and [2], requiring
thus the use of high order quadrature rules. Since each
quadrature point has an associated foot of characteristic, this
means that many systems of differential equations have to be
solved backward in time, hence LG methods may become less
efficient than they look at first.
It is relatively easy to prove that LG methods are unconditionally stable if the aforementioned integrals are calculated
exactly; however, it is observed that when the time step,

∆t, is small and the viscosity is not sufficiently high there
are intervals of values of ∆t in which the solution becomes
either unstable or significantly less accurate. In order to fix
this drawback, we present in this work the stabilization of
LG methods in the spirit of the local projection stabilization
approach of [3] and [4], just to cite a few. This stabilization
technique is well suited to LG methods because is relatively
easy to incorporate to any LG method code and maintains the
symmetry of the linear system that has to be solved in every
time step.

2

A Lagrange-Galerkin method for Navier
Stokes equations

Let Ω ⊂ Rd (d = 2, 3), be a bounded domain with Lipschitz
boundary Γ = ∂Ω and let [0, T ] denote a time interval. We
consider the Navier-Stokes equations for a fluid of constant
density (ρ = 1) under the action of an external force field
f : Ω × [0, T ] → Rd and with a known initial condition
v(x, 0) = v 0 (x),
(1)

∂v
+ (v · ∇)v − ν∆v + ∇p = f, divv = 0, v|Γ = 0,
∂t

where v : Ω × [0, T ) → Rd is the flow velocity, p : Ω ×
[0, T ) → R is the pressure and ν is the kinematic viscosity
coefficient, which is assumed to be constant.
Lagrange-Galerkin methods are based on the discretization of
Navier-Stokes equations (1) along the characteristics of the
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D
d
=
+ v · ∇. Thus, we introduce the mapping
Dt
dt
X(x, t; ·) : (0, T ) → Rd solution of the initial value problem
operator

(2)

on the scale separation of turbulent flows. Three scales are
considered:
1. Large scales: in the Kolmogorov cascade those are the
scales containing energy. These are the scales of the
mean flow, perfectly captured in the simulation.

dX(x, t; s)
= v(X(x, t; s), s), X(x, t; t) = x,
ds

which is called characteristic curve through point (x, t). Point
X(x, t; s) represents the position occupied at instant s by the
material point that is in x at instant t and moves with velocity
v. If v ∈ L1 (0, T ; W1,∞ (Ω)) the problem (2) has a unique
solution X defined in [0, T ] for each initial condition (x, t) as
Z s
(3)
X(x, t; s) = x −
v(X(x, t; τ ), τ )dτ.

2. Small resolved scales: the ones of the inertial range,
known as subfilter scales. Kinetic energy is merely transferred to smaller scales, inertial effects are still much
larger than viscous effects. These scales are supposed
to be captured by the mesh.
3. Small unresolved scales: kinetic energy is dissipated by
molecular viscosity at these scales. Their effect on the
other scales has to be modeled.

t

The total derivative along the characteristic can be written as

(4)

D
v(X(x, t; s), s) = v 0 (X(x, t; s), s)
Ds
+∇v(X(x, t; s), s)v(X(x, t; s), s)

The finite element spaces Vh and Mh are decomposed
(7)

In order to obtain our numerical schemes, we divide the
interval [0, T ] in N subintervals of ∆t = T /N size and
approximate the material derivative of velocity along the characteristic curves using a Backwards
SNeDifferential Formula of
second order (BDF2). Let Ωh = j=1
Tj be a regular quasiuniform triangulation of the region Ω, Tj be a simplex of
dimension d and h be the maximum diameter of elements.
We associate with Ωh the H 1 -conforming finite element spaces
Vh ⊂ H 1 (Ω), V0h = Vh ∩ H10 (Ω) and Mh ⊂ L20 (Ω).
In each time step we approximate the weak solution of problem
(1) with two functions (vhn+1 , pn+1
) ∈ Vh0 × Mh . Then the
h
characteristic curve X(x, tn+1 ; ·) is replaced by Xh (x, tn+1 ; ·)
which is the numerical solution of the initial value problem
(2) replacing v with vh . Due to vh (·, t) may not exist if
t∈
/ {t0 , ..., tN } it is usually calculated by some extrapolation
formula using certain values in the set {vhm }nm=0 .
Discrete problem BDF2-LG: Let vh0 = Πh v 0 ∈ V0h , find
N
{(vh , πh )}N
n=1 ∈ (V0h × Mh ) such that


1
(Dhn vh , wh ) + ν ∇vhn+1 , ∇wh + pn+1
, divwh
h
∆t

= f n+1 , wh , ∀wh ∈ V0h ,
(5)

(6)
divvhn+1 , qh = 0, ∀q ∈ Mh .

for n ∈ {1, ..., N − 1} with

1  n+1
Dhn u :=
3u
− 4un ◦ Xhn,n+1 + un−1 ◦ Xhn−1,n+1 ,
2

Πh the L2 -projector and Xhj,n+1 (x) = Xh (x, tn+1 , tj ).

3

Local projection
Galerkin method

stabilized

where Vh , M h are the finite dimension space for the large
scales and Vh0 , Mh0 are the finite element space for the small
resolved scales. In the projection-based variational multiscale
methods the influence of the unresolved small scales on the
large scales is assumed to be negligible. Furthermore, the
action of unresolved small scales on the small resolved scales
is modeled through a term of added viscous stresses of the form
X
(8) c(u0h , vh0 ) =
(τK (I − Πh )∇uh , (I − Πh )∇vh ),
K∈Ωh

where τK is a mesh-dependent coefficient, I : L2 (Ω) →
L2 (Ω) is the identity operator, and Πh : L2 (Ω) → Vh ,
is the projection defined by the relation Πh q = ΠK (q|K ),
being ΠK : L2 (K) → Gh (K) a local projection operator in
the finite dimensional space Gh (K) ⊆ {∇vh|K /vh ∈ Vh }.
This term appears in the equation of momentum for the scales
resolved obtaining the final problem

0
1
(9)
(Dhn vh , wh ) + ν ∇vhn+1 , ∇wh + (vhn+1 , wh0 )
∆t


+ pn+1
, divwh = f n+1 , wh , ∀wh ∈ V0h ,
h

(10)
divvhn+1 , qh = 0, ∀q ∈ Mh .
In the LPS method proposed in this work the spaces Vh and
Mh consists of P2 and P1 finite elements, respectively, and
Vh (K) is formed by P0 finite elements. The added viscosity
is taken as τK = cadd h2k , with cadd a constant whose value has
to be adjust in every simulation.
The error estimate that we have obtained for the velocity, under
some regularity assumptions, is

Lagrange-

The local projection stabilized LG method (LPS) can be interpreted as a variational multiscale method. Those are based

Vh = Vh ⊕ Vh0 , Mh = M h ⊕ Mh0 ,

(11)

k|u − uh k|l∞ (L2 (Ω)) = O(h3 + ∆t2 )

 3
∆t
∆t
h
+ min C
,C
,2
,
f (ν)
h
∆t

with C a constant and f (ν) a function of the viscosity.
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4.1

Two dimensional flow in a square domain

This problem was solved for the modified Lagrange-Galerking
methods in Bermejo and Saavedra [6]. On a domain Ω =
(0, 1)2 we impose suitable initial, boundary conditions and external force term such that the exact solution of incompressible
Navier-Stokes equations, (v, p) is given by

0

10

−1

10

2

In this section we test the behavior of the local projection LG
method through two numerical examples. The first one is a
academic example with known analytical solution, proposed in
Notsu and Tabata [5]. The second example is the flow past
a n airfoil at zero angle of attack. This test was proposed in
Guermond et al [8] to asses the behavior of the subgrid method
proposed.

than the one of the convectional LG method. Figure 2 also
shows that second-order convergence in time is achieved with
the different methods for the pressure and the velocity.

h l (L (Ω))

Numerical results

||u−u || 2

4

−2

10

τK=h2
τK=10h2

−3

10

y=Ch2
−4

10

1/128

1/64

1/32

1/16

1/8

h: mesh size

Figure 1: Space convergence curve of the velocity, Re = 105 ,
∆t = 0.001

0

(13)

v2 (x, t) = −(1 + sin(πt)) sin2 (πx2 ) sin(2πx1 ),

(14)

p(x, t) = (1 + sin(πt)) cos(πx1 ) cos(πx2 ).

The final time was set to T = 1. The results show below have
been obtained with dynamic viscosity values ν = 10−5 and
ν = 10−7 . We calculate the numerical solution in a family
of structured meshes Ωhj formed by right triangles whose legs
lengths are hj = 1/2j , j ∈ {3, 4, 5, 6, 7}. The feet of the
characteristic curves are calculated by a Runge-Kutta method
of order 4.
In our previous work [6] we have seen that due to the use of
numerical integration to compute the terms
Z
(15)
vh (X n,n+1 (x))wh (x)dx,
Ω

instabilities appear when the diffusion is too small. If a
BDF2 formula was used for the discretization of the material derivative, these instabilities were more significant and
appeared before when refining the time step. Also we have
demonstrated that the use of high order quadrature rules delays
the appearance of the instability and this becomes weaker or
even disappears completely. The following results show that, if
a subgrid viscosity technique is used, these type of instabilities
are smoothed. Furthermore, the accuracy achieved with the
stabilized and standard LG methods is similar. A Gaussian
quadrature rule of order ten (25 nodes) is used to approximate
(15).
First, the results for Re = 105 are presented. The norm of
the errors obtained for the velocity are plotted in Figure 1 with
∆t = 0.001. This figure shows that second order convergence
is obtained, as was expected for the theoretical results. In
Figure 2 the time convergence curve is plotted. We notice that
the errors of LG method, are the same as those obtained with
the stabilized method, until the solution becomes unstable. As
can be seen, the stability interval of the LPS method is larger
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Figure 2: Temporal error estimation for the velocity (upper
panel) and the pressure (lower panel) obtained for h = 1/128
at Re = 105
As the previous case, for ν = 10−7 the solution obtained with
standard LG method becomes unstable when the time step decreases, even more if a low-order quadrature rule is used. The
same applies to stabilized methods although the solutions are
more stable. If we use a high order quadrature rule, increasing
the computational cost, we can see that the instabilities appear
for smaller time steps. In Figure 3 the l2 -norm of the velocity
error is plotted using two different quadrature rules (order 6
and 10) with τK = h2 and τK = 100h2 . We notice that the
accuracy in the evaluation of the integrals (15) has stronger
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effect on the stability than the subgrid viscosity. For the sake
of completeness we present the results obtained for a more
stable method: BDF formula of first order and LPS method
with τK = 100h2 . The time convergence curve can be seen in
Figure 4. The space and time convergence curves are depicted
for h = 1/128 and ∆t = 2.5 × 10−5 , respectively.

The definition of geometry of the airfoil NACA0012 is wellknown and the formula to create an airfoil between x = 0 and
x = 1 can be found in a wide number of references. To obtain
some data for our simulations, like the type of meshes and the
experimental data for the comparison we follow the work of the
Langley Research Center [12] where a validation NACA0012
airfoil case for turbulence models is given.

0

||v−vh||l2(L2)

10

The computational domain is Ω = [−5, 10] × [−5, 5] and we
simulate until T = 5s. The no-slip boundary condition is
used on the airfoil, a unit horizontal velocity is imposed on the
boundary {(x, y) ∈ Ω/x = −5} ∩ {(x, y) ∈ Ω/y = −5, 5}
and an outflow condition is set in {(x, y) ∈ Ω/x = 10}.
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The mesh consists of 71785 elements, 182893 velocity nodes
and 37036 pressure nodes, the mesh size inside the boundary
layer is h = 10−3 . This spatial discretization is fine adequate to
capture the viscous boundary layer for the Re = 105 but in the
case of Re = 3 × 106 our simulations could not give accurate
results. In fact, the mesh is too coarse to obtain a solution with
the classical Lagrange Galerkin methods without a turbulence
model. We have obtained solutions that blow up in final times.
Nevertheless, we have kept this mesh to check the behavior of
stabilized methods, even without including turbulence models.
We shown in Figure 5 the mesh around the profile and details
of the regions near the leading and trailing edges.

4
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N: Number of time steps

Figure 3: Time convergence curve of the velocity obtained
with sixth-order (upper panel) and tenth-order (lower panel)
quadrature rules, Re = 107 , h = 1/128.
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Figure 5: Mesh around de airfoil (top) and near the leading and
trailing edges (bottom)
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Figure 4:
Time convergence curve for LPS-BDF1
method,Re = 107 .

4.2

Flow past a NACA0012 airfoil at zero angle of
attack

Now, we show the simulations of the flow past the NACA0012
airfoil at zero angle of attack at Re = 105 and Re = 3 ×
106 . The first value of the Reynolds number corresponds to a
laminar flow and the second one to a fully turbulent flow.

Taking into account the conclusions extracted from the academic test, these simulations are carried out with the first-order
BDF formula and the quadrature rule of order 10. For the
stabilized method the parameter is τK = cadd h2K , where cadd
is a constant value that will be specified in each case. We set the
initial condition to zero. The time step employed for Re = 105
is ∆t = 10−3 and when Re = 3 × 106 is ∆t = 5 × 10−4 .
4.2.1

Results for Re = 105

The purpose of this experiment is to show that, at high
Reynolds numbers, the stabilized LG method gives a stable
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solution whereas the convectional LG method fails.
In Figure 6 we can see the contours of the velocity and the
pressure at t = 5s obtained by the standard LG method and
the stabilized method, with Cadd = 0.1 and Cadd = 1. The
differences between the two methods are clearly observed in
these images and also the influence of the added viscosity in
smoothing the solution.

show in Figure 8 the upper and lowed pressure coefficients
2
cp = 2(p − p∞ )/ρU∞
at t = 5s. We compare our results
with the experimental data given in Gregory and O’Reilly
[9]. At this point, we must say that, although the experiment
is three dimensional, according to [12] the data given in [9]
are appropriate for the validation of surface pressures in twodimensional simulations.
t=5s
1.2

1

cp upper surface, VMS, cadd=2

1

0.8

cp lower surface, VMS, cadd=2
Gregory and O’Reilly data
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0.2
0

0

−0.2

−0.2
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Figure 8: Pressure coefficient on the upper and lower surfaces
at t = 5s with cadd = 1(left) and cadd = 2 compared to the
experimental results at Re = 3 × 106
In order to asses the influence of the subgrid viscosity on the
flow, we plot in Figure 9 the vorticity field and the contours
of the modulus of the velocity at t = 2.5s, for cadd = 1
and cadd = 2. We can see that the vorticity field is very
similar in the two simulations, however there are differences
in the modulus of the velocity. The velocity is fully smooth for
cadd = 2, whereas for cadd = 1 the contours are less smooth.
Nevertheless, in Figure 8, the pressure coefficients show more
oscillations if the artificial viscosity is higher. We think that
this small oscillatory character of both solutions is due to the
fact that the boundary layer is not well resolved.
Figure 6: Velocity and pressure contours at t = 5s obtained
with LG method (top) and with the VMS method: cadd = 1
(middle) and cadd = 0.1 (bottom)

Figure 7: Vorticity field at t=3s for LG method (left) and
stabilized LG method with νadd = 0.1h2 (right)

4.3

Results for Re = 3 × 106

In this section we show the simulations at Re = 3 × 106
with cadd = 1 and cadd = 2, to see the effect of the added
viscosity on the simulation. In this case the boundary layers
should be turbulent over more than half of the airfoil. We

Figure 9: Form left to right, vorticity field and contours of
velocity at t=2.5s and from top to bottom: cadd = 1 and
cadd = 2
We compare the results achieved with the local stabilized
projection method with those obtained using a RANS k − ω
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turbulence model using the commercial ANSYS-Fluent code.
In Figure 10 the upper surface pressure coefficients predicted
at t = 5s with both methods are plotted. We observe that our
results are close to both the experimental and the RANS model
results. As can be expected, the latter are also oscillatory but
with a smaller amplitude than that obtained with the stablilized
method.
1

VMS, c

=1

add

Gregory and O’Reilly data
k−ω model

0.8
0.6
0.4

0
−0.2
−0.4
0.2

0.4

0.6

0.8

1

Figure 10: cp profiles at t = 5s with the stabilized LG method
and the k − ω model
We should notice the good results obtained with the coarse
mesh used for this Reynolds number and without the coupling
of any turbulence model. In spite of this, a more detailed
study about the best choice of parameter cadd values should
be done more than a simple trial and error strategy. As
the only conclusion of our last tests we can say that if we
increase slightly the value of the added viscosity the solution
seems to be a little smother but not necessarily more precise.
Furthermore, studies will be performed which will include a
Smagorinsky-type turbulent viscosity νadd following the works
of John et al [10, 11] (among others).
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LES using nonlinear viscosity and Clark model
J. M. Rodríguez∗ and R. Taboada-Vázquez†

Abstract— In last years, Large Eddy Simulation (LES) has proven to be a very useful tool for simulating turbulent flows if we
are only interested in its “larger” scales (see [13] or [8], for example). Basically, LES consists in applying a filtering operator
to Navier-Stokes equations, obtaining a new equation governing the behavior of the filtered velocity. This approach introduces
in the equations the so called subgrid-scale tensor, that must be expressed in terms of the filtered velocity to close the problem.
One of the most popular models is that proposed by Smagorinsky, where the subgrid-scale tensor is modeled by introducing an
eddy viscosity.
In this work, we shall propose a new approximation to this problem by applying the filter, not to the Navier-Stokes equations,
but to a version of them with nonlinear viscosity. That is, we shall introduce a nonlinear viscosity, not as a method to close the
subgrid-scale tensor, but as part of the model itself. Consequently, we shall need a different method to close the subgrid-scale
tensor, and we shall use Clark model, where the Taylor expansion of the subgrid-scale tensor is computed (see [2] and [14]).
Keywords: Large Eddy Simulation, nonlinear viscosity, Clark model.

1

density of external forces), we obtain

Introduction

It is generally accepted that Navier-Stokes equations accurately
model the behavior of incompressible viscous fluids. Simulating numerically these equations is possible today thanks to
high computing power available. However, Direct Numerical
Simulation (DNS) is limited to relatively low Reynolds numbers, because to simulate Navier-Stokes equations for a given
9/4
value of Reynolds number (Re ) are needed, at least, O(Re )
degrees of freedom (see [8]).
There are several methods to overcome this problem. For
example, Reynolds Averaged Navier-Stokes models, k − ε
models or Large Eddy Simulation (LES). In this paper we shall
talk about LES. Usually, LES is presented as an “averaged” or
“filtered” version of Navier-Stokes equations.
Let us consider a “filter” operator f → f¯ (a spatial filter,
a time filter or both), and let us assume that it is linear
and commutes with spatial and time derivatives (see [13] for
different examples of this kind of filters). If we apply this filter
to Navier-Stokes equations
(1)
(2)

∂u
1
+ (∇u) u + ∇p − ν∆u = f ,
∂t
ρ0
∇ · u = 0,

(where u is the velocity field, p is the pressure, and f is the
∗ Departamento
† Departamento

(3)
(4)
(5)

∂ ū
1
+ (∇ū) ū + ∇p̄ − ν∆ū = f̄ − ∇ · τ,
∂t
ρ0
∇ · ū = 0,
τij = ui uj − ūi ūj ,

where τ is the so called subgrid-scale tensor. To close the
LES model is necessary to express the subgrid-scale tensor
only in terms of ū. One of the most popular LES models is
that proposed by Smagorinsky, where the subgrid-scale tensor
is modeled by introducing an eddy viscosity νe such that

1
∇ū + ∇ūT ,
2

1/2
3
X
√
(7) νe = (CS ∆x)2 2 |D̄|,
|D̄| = 
D̄ij D̄ij  ,

(6) τ = −2νe D̄,

D̄ =

i,j=1

∆x is the subgrid-scale characteristic length and CS is a
constant chosen to allow the model to emulate the kineticenergy dissipation predicted by Kolmogorov (see [1], [8] or
[9]).
The Smagorinsky model is sometimes too dissipative, and it
has other theoretical problems, as the fact that subgrid-scale
tensor in (6) is odd in ū, when by definition (see (5)), it
must be even in ū. This happens because (6) does not try to
approximate the subgrid-scale tensor as defined in (5), but (as
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we have said before) to emulate the kinetic-energy dissipation
predicted by Kolmogorov.
Interested reader can see other LES models in [1], [13], [9] or
[8].

2

Setting of the problem

In previous section, we have pointed out that the Smagorinsky
model introduces dissipation through (6)-(7), in a way that
these equations are more a model than an approximation of
the subgrid-scale tensor.
In this section, we shall propose to model this dissipation by
introducing a nonlinear viscosity in Navier-Stokes equations
and then we shall apply the filter. Thus acting we introduce
the dissipation predicted by Kolmogorov directly in our model
and, when applying the filter, we shall close the LES model by
approximating the subgrid-scale tensor using Clark model (see
subsection 2.2).

2.1

Introducing the nonlinear viscosity

Let us consider the following version of Navier-Stokes equations


∂u
(8)
+ (∇u) u = ρ0 f + ∇ · T,
ρ0
∂t
(9)
∇ · u = 0,
where the stress tensor T is given by
(10)

T = −pI + 2µe D,

D=


1
∇u + ∇uT ,
2

and where the dynamic viscosity µ0 has been substituted by the
effective viscosity µe depending on the norm of the strain rate
tensor D. To fix ideas, let us choose the following effective
viscosity
(11)

µe = µe (|D|) = µ0 1 + λ2 |D|2

where q > 0 and λ > 0.

2.2

In this subsection, we apply a filter to the above equations
((8)-(11)). We are interested in linear filters that commute
with spatial and time derivatives. Although there are several
possible choices (see [13]), we shall consider here a Gaussian
filter:
Z ∞Z
¯
(12)
f (t, x) =
G(s − t, y − x)f (s, y) dy ds
−∞

(13)



1/2 3/2
γT γL
γT s2 + γL |y|2
exp −
G(s, y) =
16π 2 η 4
4η 2

where η > 0 is a small parameter related with the size of the
filter, and γT > 0, γL > 0 are parameters related with the
shape of the filter.
If we approximate f in (12) by its Taylor series, we can easily
prove that this filter verifies for small values of η



1 ∂2f
1
+
∆f + O(η 4 ),
γT ∂t2
γL


1 ∂ 2 f¯
1 ¯
2
¯
(15) f = f − η
+
∆f + O(η 4 ),
γT ∂t2
γL


1 ∂ f¯ ∂ḡ
1 ¯
+
(16) f g = f¯ḡ + 2η 2
∇f · ∇ḡ + O(η 4 ),
γT ∂t ∂t
γL
"
¯
1 ¯
2 ∂ f ∂g
+
(17) f g = f¯g + η 2
∇f · ∇g
γT ∂t ∂t
γL

#
2
1
∂
g
1
+ f¯
+
∆g
+ O(η 4 ),
γT ∂t2
γL
(14) f¯ = f + η 2

and for any smooth enough real function β,
(18)

β(f )g = β(f¯)ḡ
(


1 ¯
1 ∂ f¯ ∂ḡ
2
+
∇f · ∇ḡ
+ η 2β 0 (f¯)
γT ∂t ∂t
γL
"
# )
 ¯2
1 ∂f
1 ¯
00 ¯
+ β (f )
∇f · ∇f¯ ḡ + O(η 4 ).
+
γT ∂t
γL

If we apply filter (12)-(13) to equations (8)-(11) (with q =
1/2), and we take into account (14)-(18), we obtain
(19)
(20)

From the above remark, let us consider the effective viscosity
given by (11) with q = 1/2 in what follows. Thus, we
introduce the dissipation predicted by Kolmogorov as part of
the model, and we shall approach the subgrid-scale tensor in
another way (see (21)-(22)).

R3

with

q

R EMARK 1 If we take q = 0 or λ = 0, equations (8)-(11)
are the Navier-Stokes equations. Otherwise, they are known
as Ladyzhenskaya model, and a unique global weak solution is
guaranteed if q ≥ 1/4 (see [8]). We obtain the Smagorinsky
model if we take q = 1/2, and properly choosing λ, we can
recover the dissipation predicted by Kolmogorov.

Filtering

1
∂ ū
+ (∇ū) ū + ∇p̄ = f̄ + ∇ · (S − τ ) ,
∂t
ρ0
∇ · ū = 0,

where τ is given by
(21)
(22)

τij = ui uj − ūi ūj


1 ∂ ūi ∂ ūj
1
+
∇ūi · ∇ūj η 2 + O(η 4 ),
=2
γT ∂t ∂t
γL
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and S is given by
(23)


2 
µe (|D|)D
ρ0
ij
h
1/2
−1/2
2
= 2ν 1 + λ K1
+ λ2 1 + λ2 K1
K2 η 2
i
−3/2
λ4
−
1 + λ2 K1
K3 η 2 D̄ij
4
−1/2
+ 2λ2 1 + λ2 K1
K̂ij η 2 + O(η 4 )

Sij =

where we have introduced the notation
(24) ν = µ0 /ρ0 ,

2

K1 = |D̄| ,
#

2
1 ∂ D̄mn
1
+
∇D̄mn · ∇D̄mn ,
(25) K2 =
γT
∂t
γL
m,n=1

2
1
1 ∂K1
+
(26) K3 =
∇K1 · ∇K1 ,
γT
∂t
γL
1 ∂K1 ∂ D̄ij
1
+
(27) K̂ij =
∇K1 · ∇D̄ij .
γT ∂t ∂t
γL
3
X

"

R EMARK 2 Formulas (23)-(27) remember us those obtained
in the dynamic procedure proposed by Germano (see [6] and
[10]), so this work could be seen as a new way to deduce this
kind of models.

3

Application to an example: Burgers equation

In order to evaluate this model in the simplest possible case, we
are going to apply in this section the same method to Burgers
equation. The Burgers equation
(28)

∂u
∂u
∂2u
+u
=ν 2 +f
∂t
∂x
∂x

is often considered as an one-dimensional version of the
Navier-Stokes equations. Next, we shall introduce a generalization of Burgers equation


∂u
∂u
(29)
ρ0
+u
= ρ0 f
∂t
∂x


 2 !1/2
∂ 
∂u
∂u

1 + λ2
+ µ0
∂x
∂x
∂x
that can also be considered as an one-dimensional version of
(8)-(11).

3.1

Filtering Burgers equation

Let us now define the equivalent filter to (12)-(13), but one
dimensional in space, so we can apply it to the generalization
of Burgers equation (29),
Z ∞Z ∞
¯
(30)
f (t, x) =
G(s − t, y − x)f (s, y) dy ds
−∞

−∞

1/2 1/2

(31)

γ γ
G(s, y) = T L2
4πη



γT s2 + γL y 2
exp −
4η 2

If we now apply filter (30)-(31) to equation (29), and we take
into account the formulas corresponding to (14)-(18) in the
one-dimensional spatial case, we obtain

∂ ū
∂ ū
∂
+ ū
= f¯ +
(S − τ )
∂t
∂x
∂x

(32)
where
(33)

(34)

i
1h 2
u − (ū)2
2"
 2
 2 #
1 ∂ ū
1 ∂ ū
=
η 2 + O(η 4 ),
+
γT ∂t
γL ∂x

τ=

S =ν 1+



λ2

∂u
∂x

2 !1/2

∂u
∂x


 ∂ ū
= ν K4 + λ2 K5 η 2
+ O(η 4 ),
∂x

and K4 , K5 are defined by
(35)
(36)

3.2

K4 =

1 + λ2



∂ ū
∂x

2 !1/2

2 !−3/2 "
 2 2
∂ ū
1
∂ ū
K5 = 1 + λ
∂x
γT ∂t∂x
 2 2 #
 2 !
∂ ū
1 ∂ ū
2
3 + 2λ
+
γL ∂x2
∂x
2



Some numerical examples

Let us consider the following family of analytical solutions of
the Burgers equation (28):
(37)

u=

−2ν ∂φ
φ ∂x

where
(38)

φ = A0 + B 0 x
+ [A1 sin(ω1 x) + B1 cos(ω1 x)] exp(−νω12 t)
+ [A2 sin(ω2 x) + B2 cos(ω2 x)] exp(−νω22 t)

Next, we shall use MacCormack scheme (see [11]) to solve
numerically problems (28) and (32)-(36) and to compare the
obtained results with the analytical solution (37).
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We shall compare with three different analytical solutions,
obtained choosing the following three different sets of values
for the constants of (37)-(38) , η and λ,

-5

x 10
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9

(39)

ω1 = 2π, ω2 = 50π, A0 = 1000, B0 = −10,
1
1
, B1 = B2 = 0,
A1 = , A2 =
π
100π
1
, η = 0.1, λ = 1.8e6,
ν=
50000

8
7
6
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4
3
2

(40)

(41)
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Figure 2: Constants (40), ∆x = 0.1, ∆t = 0.01, t = 1.

ω1 = 2π, ω2 = 100π, A0 = 1, B0 = −10,
1
−7
−1
−15
, A2 =
, B1 =
, B2 =
,
A1 =
π
10π
π
100π
1
, η = 0.01, λ = 500,
ν=
50000

where ν must not be understood here as the viscosity, but as the
the inverse of Reynolds number in the non-dimensional version
of (28).
We can see in figures 1-3 the good behavior of the numerical
approximation of (32)-(36) if compared with the numerical
approximation of (28). For these simulations, we have chosen
in (31) γT = γL = 6. We have used a spatial step of ∆x = 0.1
and a time step of ∆t = 0.01. We have plotted in blue the exact
solution, in green the numerical approximation of the Burgers
equation (28), and in red the numerical approximation of (32)(36). We have represented the solutions at t = 1.

Despite we have taken a relatively large discretization step,
model (32)-(36) gives in figures 1-3 a good approximation
of the analytical solution of (28), that is, we are able to
approximate the “large scale” behavior of the solution without
needing a small discretization step.
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Figure 3: Constants (41), ∆x = 0.1, ∆t = 0.01, t = 1.
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Figure 1: Constants (39), ∆x = 0.1, ∆t = 0.01, t = 1.

Next, let us show what happens when we decrease the discretization step. In figures 4 and 5 we plot the analytical
solution and their approximations for the same set of values
of the constants as in figure 3, but with smaller discretization
steps (∆x = 0.05, ∆t = 0.005 in figure 4 and ∆x = 0.01,
∆t = 0.001 in figure 5).
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Conclusions

A new LES model has been deduced. We have applied a
filter to the Navier-Stokes equations with a nonlinear effective
viscosity and then we have approximated the subgrid-scale
tensor using the Clark model. The new model thus obtained
reminds us the dynamic procedure of Germano.
We have performed some numerical simulations to test this
new model. We have solved Burgers equation and the model
(32)-(36), obtained with the same technique used previously
for Navier-Stokes equations. We have compared the results
with analytical solutions of the Burgers equations and we have
seen the good numerical behavior of the model that we have
deduced. Even for large discretization steps the filtered model
provides quite good approximations of the exact solutions.
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Figure 6: Constants (41), different values of λ.

4
We can see that MacCormack scheme has a bad numerical
behavior when approximating Burgers equation (28) (oscillations increase when decreasing discretization step), while its
behavior when approximating equations (32)-(36) is very good.
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Numerical approximations for unsteady flows of
incompressible fluids characterized by non-monotone
implicit constitutive relations
J. Málek∗ and G. Tierra∗

Abstract— In this work we propose a numerical scheme to approximate unsteady flows of a class of non-Newtonian
incompressible fluids characterized by non-monotone constitutive relations relating the symmetric part of the velocity gradient
and the deviatoric part of the Cauchy stress. There are many experimental studies (see [9] for a relevant list) documenting that
different substances exhibit such type of behavior. Relevant mathematical models for this type of fluids have been recently
proposed in [6, 9] (some of them can be viewed as a generalization of the models presented in [7]). There is no mathematical
theory concerning the existence of (weak) solutions to relevant initial and boundary value problems. This work represents
an attempt to study these problems computationally. We propose a novel algorithm based on introducing the viscosity being
a nonlinear function of stress as a new variable. We also use Finite Differences to discretize the temporal interval, Finite
Elements to discretize the spatial domain and an iterative algorithm to handle the nonlinearities. Although there are no theoretical
results concerning the existence of solution, the achieved numerical results document the stability of the scheme for the range of
parameters considered.
Keywords: non-Newtonian fluid, implicit constitutive theory, non-monotone relation, unsteady flow, finite element method.

1

Introduction

A key step in modeling the behavior of non-Newtonian fluids
is the specification of the constitutive relation which determines the response of the fluid to the given stimuli. In the
simplest mechanical setting, the constitutive relations provide
explicit expressions for the stress tensor in terms of kinematical variables, but there are experimental results for many
different substances (like colloidal and surfactant suspensions)
that exhibit responses that can not be interpreted under this
standard framework [9]. Therefore, if one wants to model these
substances as a single continuous medium, then the classical
framework must be abandoned in favor of implicit constitutive
relations.
The standard model for unsteady flows of incompressible homogeneous fluid is the Navier-Stokes fluid model:

Dv

 ρ
= div T + ρb ,
Dt
(1)
T = −pI + 2µD ,


div v = 0 .

D·
Here, ρ denotes the density, T the Cauchy stress tensor, Dt
the material derivative, p the pressure, I the identity tensor,

b the given external body forces, D := 1/2(∇v + (∇v)t )
the symmetric part of the velocity gradient and µ the positive
constant viscosity. Denoting Tδ := T − 13 (trT)I the traceless
part of the Cauchy stress tensor it is possible to rewrite the
constitutive relation (1)2 as
(2)

Tδ = 2µD .

To capture non-Newtonian phenomena as shear thickening and
shear thinning, the constitutive relation (2) is usually generalized to
(3)

Tδ = H(D) = 2µ(|D|2 )D ,

where H is a tensorial function that is commonly defined
through a generalized viscosity µ.
Recently, several works, see e.g. [9, 10, 11], have pointed out
that this standard framework for non-Newtonian fluids given
by (3) is too restrictive, and one should rather consider implicit
constitutive relations of the forms
(4)

G(Tδ , D) = O

or

G(T, D) = O ,

where G is a tensorial function and O the zero-tensor.
The main advantage of the implicit constitutive relations (4)
is the ability of capturing phenomena that classical framework

∗ Mathematical Institute, Faculty of Mathematics and Physics, Charles University in Prague, Sokolovská 83, 186 75, Prague 8, (CZECH REPUBLIC).
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characterized through (3) is not able to describe. This concerns
the fluids with pressure dependent viscosity, non-monotone
relations between the stress and the shear rate or responses
involving activation or deactivation criteria such as the yield
stress present in the Bingham or Herschel-Bulkley fluids.
A general mathematical theory for unsteady flows of implicitly
constituted fluids of the form (4)1 characterized by maximal
monotone graphs is developed in [1, 2] (including flows of
Bingham, Herschel-Bulkley and stress power fluids, for example), where large data and long time existence of weak solution
to (1), (4)1 completed by Navier’s slip boundary condition is
proved. On the other hand, the large data analysis for nonmonotonically constituted fluids is open.
In this work we present a numerical algorithm to study computationally unsteady flows of fluids with non-monotone (implicit) constitutive relations. In particular, we consider the
implicit constitutive relation given through (see [6]):
h
i
(5)
D = α(1 + β|Tδ |2 )s + γ Tδ ,

where the constants satisfy α, β > 0, γ ≥ 0 and parameter
s ∈ R is considered to fulfill s < −1/2 in order to define
a non-monotone constitutive relation (see Figure 1 for some
examples).

It is interesting to note that for s < −1/2 the viscosity µ is an
1
increasing function of |Tδ | satisfying γ+α
≤ µ(s) ≤ γ1 for all
s ∈ [0, +∞), see Figure 2.

!"#!#
'("""""")"
&"
#"
!"

#"
$%!"

!"#!#
&"
Figure 2: Viscosity function µ(|Tδ |) introduced in (7).
Introducing the notation p := − d1 trT, expression (6)2 can be
rewritten as
(8)

T = 2µ(|Tδ |)D − pI ,

or
(9)

Tδ = 2µ D .

Using previous relations, we rewrite the problem (6) into the
form: to find (v, p, µ) such that

Dv


= div (2µD) − ∇p ,
Dt
(10)
div
v
=
0,


µ = [α(1 + 4βµ2 |D|2 )s + γ]−1 .

Note that the third equation in (10) is an implicit equation for
the unknown quantity µ. The PDE system (10) is supplemented
with the following initial and boundary conditions:
Figure 1: Examples of non-monotone constitutive relations
given by (5) with α = 10, β = 0.25, s = −0.75 and γ =
0.001, 0.025, 0.05, 0.075, 0.1.

2

The model

Following [6], we consider a bounded domain Ω ⊂ Rd with
d = 2, 3 and we study the following problem: to find (v, T)
such that

 Dv = div T ,
Dt
h
i
(6)
 D = 1 α(1 + β|T |2 )s + γ T .
δ

2

δ

Now, we rewrite the original system considering the viscosity
µ as an nonlinear function that depends on Tδ , such that
(7)

h

2 s

µ = µ(|Tδ |) := α(1 + β|Tδ | ) + γ

i−1

.

(11)

v|t=0 = v0

in Ω

and

v|∂Ω = 0

in (0, T ) .

Hereafter, we denote the inner-product in L2 (Ω) by (·, ·). Note
that testing by v in (10)1 and by p in (10)2 we recover the
following balance of energy:
 Z

Z
d 1
2
(12)
|v| + 2
µ|D|2 = 0 .
dt 2 Ω
Ω

In particular, (12) implies the dissipative character of the
1
kinetic energy (0 < α+γ
≤ µ ≤ γ1 ) and the following a priori
estimates analogous to the Navier-Stokes system:
v ∈ L∞ (0, T ; L2 (Ω)d ) ∩ L2 (0, T ; H01 (Ω)d ) ,
and for the pressure, one expects at least for spatially periodic
problem or for any kind of slipping conditions (see [3]) to
recover the same estimates obtained in the Navier-Stokes case:
p ∈ L2 (0, T ; L2 (Ω))
p ∈ L5/3 (0, T ; L2 (Ω))

if d = 2 ,
if d = 3 .
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3

Numerical scheme

Our aim is to design numerical schemes to approximate model
(10) by Finite Elements in space and Finite Differences in
time, satisfying a discrete version of the non-monotone relation
between the symmetric part of the velocity gradient and the
deviator of the stress tensor (5) described however by a strictly
monotone bounded scalar function (10)3 . We assume an uniform partition of the time interval: tn = n∆t, where ∆t > 0
represents a fixed time step. Moreover, as our interests focus
on the influence of the non-monotone constitutive relation on
the behavior of the system, for the sake of simplicity we neglect
the convective effects in the presentation of the numerical algorithm. However, for all the simulations presented in Section 4,
we have added the convective term into the system considering
the semi-implicit time discretization studied in [4].
Let (v n , pn , µn ) ∈ Vh × Ph × Th be known (in practice, Vh ,
Ph and Th denote Finite Element spaces, related to a regular
triangulation Th of Ω). Then we compute (v n+1 , pn+1 , µn+1 )
as the solution of the following nonlinear scheme:
(13)

 n+1
v
− vn
, v̄ + (2µn+1 Dn+1 , D) + (∇pn+1 , v̄) = 0 ,
∆t
(div v n+1 , p̄) = 0 ,
n+1
(µ
,µ̄)

−1 
− α(1 + β |µn+1 |2 |Dn+1 |2 )s + γ
, µ̄ = 0 ,
for all (v̄, p̄, µ̄) ∈ Vh × Ph × Th . Note that testing by (v̄, p̄) =
(v n+1 , pn+1 ) in (13) we recover the following discrete version
of the balance of energy (12) :
Z
(14) kv n+1 k2L2 (Ω) + 2 ∆t
µn+1 |Dn+1 |2 ≤ kv n k2L2 (Ω) ,
Ω

where µn+1 is given by (13)3 . It is possible to show that there
exists at least one solution of nonlinear scheme (13) (see [8]).

3.1

Iterative algorithm

In order to approximate the nonlinear scheme (13), we propose
the following iterative algorithm to be computed at each time
step:
Initialization:
Define (v 0 , p0 , µ0 ) := (v n , pn , µn ).
Step 1:
Given (v l , pl , µl ), to find (v l+1 , pl+1 ) such that ∀ (v̄, p̄) ∈
Vh × Ph :
(15)

v l+1 − v n
, v̄ + (2µl Dl+1 , D) + (∇pl+1 , v̄) = 0 ,
∆t
(div v l+1 , p̄) = 0 .

η = kµl+1 − µl kL2 (Ω) + kv l+1 − v l kL2 (Ω) .
Then check:
(17)

If η > tol
If η ≤ tol

h
i−1
µl+1 = α(1 + β|µl |2 |Dl+1 |2 )s + γ
.

⇒ Go to Step 1 and iterate again ,
⇒ (v n+1 , pn+1 , µn+1 ) := (v l+1 , pl+1 , µl+1 ) ,

where tol > 0 represents a tolerance parameter.
It is possible to show that there exists an unique solution of
system (15) (see [8]).

4

Numerical Simulations

4.1

Accuracy study for a rotating fluid

Our problem involves nonlinear responses that are not monotone. Thus, it is not evident how to quantify the convergence
of the spatial and temporal discretizations. In this section,
we qualitatively assess the convergence with respect mesh and
time step as well as the efficiency of the proposed algorithm.
In this section, the considered domain is Ω = [0, 1] × [0, 1], the
initial condition is a fluid at the rest (v = 0) and we consider
the same body forces and boundary conditions considered in
[4] to study error estimates for a rotating fluid described by the
Navier-Stokes equations (µ = 1), that is:
(18)
b1 = −4π 2 sin(2πx)e−t ((8π 2 − 1) sin(2πy) cos(2πx)
+(1 − 4π 2 ) sin(2πy)) + e−t (− cos(2πx) sin(2πy)
+ sin(2πy))2πe−t (sin(2πx) sin(2πy))
+e−t (sin(2πx) cos(2πy)
− sin(2πx))2πe−t (− cos(2πx) cos(2πy) + cos(2πy)) ,
b2 = e−t sin(2πx)((8π 2 − 1) cos(2πy) − 4π 2 + 1)
−4π 2 sin(2πy) + e−t (− cos(2πx) sin(2πy)
+ sin(2πy))e−t 2π(cos(2πx) cos(2πy) − cos(2πx))
+e−t (sin(2πx) cos(2πy)
− sin(2πx))e−t 2π(− sin(2πx) sin(2πy)) ,
and
(19)

v1
v2

∂Ω
∂Ω

= e−t (− cos(2πx) sin(2πy) + sin(2πy)) ,
= e−t (sin(2πx) cos(2πy) − sin(2πx)) .

The choice of parameters that determine the constitutive relation is listed in Table 1 (see also Figure 3).
Ω
[0, 1] × [0, 1]

Step 2:
Compute
(16)

Step 3:
Compute the residual

[0, T ]
[0, 10−3 ]

α
10

β
0.25

s
−0.75

γ
1.0e-02

Table 1: Simulation parameters.

tol
1.0e-05
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Figure 3: Constitutive relation for parameters listed in Table 1.

In order to study the influence of the spatial refinement in the
quality of the computed solution, we fix ∆t = 1.0e-07 and
compute simulations for different structured meshes: 60 × 60,
70 × 70, 80 × 80, 90 × 90 and 100 × 100. Figure 4 shows
the numerical approximation of the resulting velocity v, the
pressure p and the viscosity µ when the mesh considered is
100 × 100 at time t = 1.0e-03.

Figure 5: Convergence under uniform grid refinement for µ.
Zoom of the corners of the cutline at the locations indicated by
the vector (1, 1).
Next, in order to illustrate the performance of our numerical
algorithm with respect to the time step ∆t, we have considered
the computed solution taking ∆t = 1.0e-07 using mesh
100 × 100 at time t = 1.0e-03 (Figure 4) as the exact solution
of the system (v ? , p? , µ? ). Then, using this solution we
have computed the experimental order of convergence (EOC)
when different values of ∆t have been considered and the
same parameters and conditions presented in Table 1 and in
expressions (18) and (19), respectively.
In turn, errors and convergence rates are defined as usual
eX (w) = kw? − wkX ,

rX (w) =

log(eX (w)/e
eX (w))
f
log(∆t/∆t)

.

where w is a computed solution for each time step, and the pair
(eX , eeX ) denote the errors computed in two consecutive time
f
steps ∆t and ∆t.

Figure 4: From left to right: Velocity field v, pressure p and
viscosity µ at time t = 10−3 using mesh 100 × 100.

At the scale of the plot, we do not observe significant differences between the results on different meshes (we omit to
plot all these results for each mesh), but some discrepancies
become apparent when we represent a diagonal cutline of each
unknown. Again no significant differences can be observed for
velocity and pressure, but we can observe that in this example
µ is slightly overestimated in the corners of the cutline at the
locations indicated by the vector (1, 1) on the coarser meshes
(Figure 5). These small features of the solution might plays
a role on the long-time dynamics of the flow and need to be
resolved by the computational mesh to ensure accuracy of the
numerical solution.

It is known that in the case of Navier-Stokes equations (µ =
cte) it is possible to derive analytically optimal order of convergence in time for the velocity v and pressure p, that is O(∆t)
(see [4]). From Table 2 we observe that in our simulations as
the time step is refined, these optimal rates of convergence are
attained for the velocity v, the pressure p and the viscosity µ,
that is, the proposed numerical scheme achieves O(∆t) EOC
for all the computed unknowns. Hence, although the analysis
of error estimates is still lacking, we conjecture that this type
of results could be deduced analytically.
∆t
1.0e-05
5.0e-06
1.0e-06
5.0e-07
∆t
1.0e-05
5.0e-06
1.0e-06
5.0e-07

eL2 (v)
1.263e-03
6.251e-04
1.148e-04
5.103e-05
eL2 (p)
4.644e-04
2.31e-04
4.243e-05
1.991e-05

rL2 (v)
−
1.0146
1.0529
1.1699
rL2 (p)
−
1.0076
1.0528
1.0912

eH 1 (v)
1.236e-02
6.123e-03
1.125e-03
5.0e-04
eL2 (µ)
2.419e-05
1.196e-05
2.195e-06
9.755e-07

rH 1 (v)
−
1.0141
1.0527
1.1699
rL2 (µ)
1.0163
1.0535
1.1701

Table 2: Experimental convergence history for v, p and µ.

4.2

Flow through a channel with narrowing

In this section we present the behavior of a flow that satisfies
a non-monotone constitutive relation through a channel where
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The considered domain is a channel Ω = [0, 6] × [0, 1] with
a narrowing at x = 3, the initial condition is a fluid at rest
(v = 0) and we consider no body forces (b = 0) and the
following boundary conditions:

= 0
on Γtop ∪ Γbottom ,

 v
(Tn)n = 0
on Γright ,


 v
=
f0 (−y 2 + y), 0
on Γlef t ,

where Γ = ∂Ω represents the boundary of domain Ω and
f0 > 0 is a constant. The particular choice of the parameters
considered during the simulations are presented in Table 3.
∆t
1.0e-10

α
1.0

β
0.1

s
−0.75

γ
1.0e-06

tol
1.0e-05

Table 3: Simulation parameters.

lation (in continuous red color the original constitutive relation
and in blue triangles the relations obtained in the simulations
for each node of the mesh) and we observe how in this case the
shear stress is not big enough in any region of the domain to
exhibit a non-Newtonian behavior.
Time = 10−7
2.5

Computed Constitutive Relation
Constitutive Relation

2

1.5

||D||

there is a narrowing in the middle of the channel. The idea
is to point out that under a particular choice of the parameters
that defines the constitutive relation we can obtain a behavior
completely different from standard Newtonian models. We
present these results as a confirmation that implicit constitutive
relations are able to describe a wide variety of interesting
and non-trivial phenomena, and also to emphasize that our
proposed numerical scheme is able to capture those non-trivial
phenomena. Moreover, these results persuades us to keep
pushing in the direction of considering implicit constitutive
theories for modeling and simulating real world applications.
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Figure 7: Approximation of the Constitutive Relation at time
t = 1.0e-07 with f0 = 0.1. In continuous red color the
Constitutive Relation for the parameters in Table 3 and in blue
triangles the relations obtained in the simulations.
Then, we increase the value of f0 to 1 and we observe how
the behavior of the system clearly differs from the standard
behavior of Newtonian fluids as can be observed in Figure 8,
where we present the evolution in time of the velocity v.

In Figure 6 we plot the obtained velocity v and viscosity µ
at time t = 1.0e-07 when the inflow is determined setting
f0 = 1.0e-01. We can observe that the viscosity is constant
along the domain and the behavior of the system corresponds
to the one that is expected for a Newtonian fluid.

Figure 8: Evolution of the velocity v in time with f0 = 1. From
up to down v at t = 1.0e-10 , t = 5.0e-08 and t = 1.0e-07.

Figure 6: The distribution of the viscosity µ and the velocity v
at time t = 1.0e-07 with f0 = 0.1.
In Figure 7 we plot the approximation of the non-monotone re-

It is interesting to see the type of dynamics that the system is
producing. In the regions where the shear stress increases up,
that is close to the walls of the channel and in the narrowing
(Figure 9), the viscosity increases drastically (Figure 10). The
ratio between viscosity is so high (at least for the inflow considered, f0 = 1) that the remaining regions where the viscosity
is high interact with the flow almost as solids, producing an
increase of the stress in the nearby regions that also start to
become more viscous, reducing dramatically the part of the
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domain where the fluid can flow freely.

Time = 10−7
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Figure 12: Zoom of the left side of Figure 11.
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Analysis of an osseointegration model
J. R. Fernández∗ and M. Masid∗

Abstract— In this paper, we study, from a numerical point of view, an osseointegrated model, depending on the density of the
osteogenic cells and osteoblasts and one generic growth factor. The problem is written as a coupled system of nonlinear partial
differential equations. The variational formulation leads to two coupled parabolic nonlinear variational equations and an ordinary
differential equation. Then, its numerical approximation is introduced by using the finite element method to approximate the
spatial variable and an Euler scheme to discretize the time derivatives. A priori error estimates are then proved, from which the
linear convergence is obtained under suitable additional regularity conditions. Finally, some numerical simulations are presented
to show the accuracy of the approximation and the behaviour of the solution.
Keywords. Osseointegration, bone cells, growth factor, finite elements, a priori error estimates, numerical simulations.

1

Introduction

The study of the well-known osseointegration process for
endosseous implants is a very interesting issue due to the
increase of the use of many types of implants in clinical
practice. We could cite dental implantation as the area that has
most benefited from the significant innovation and progressive
development of bone implants in recent years (see, e.g., [5]).
Despite of the successful application of these dental implants
in clinical processes, key information about the biomechanical
and biological function of bone implants is still lacking. Many
enginering papers have been published in the last ten years concerning aspects related to the biomechanical point of view (see,
for instance, [2, 6, 7]). However, all these studies do no take
into account mechanobiological aspects which are definitively
important for the understanding of the problems. Recently,
some authors have dealt with the osseointegration process. For
instance, Guan et al. ([4]), using the finite element technique,
evaluated the stress characteristics within the mandible during
a dynamic simulation of the implant insertion process, and
Moreo et al. (see [7, 8, 9]) considered a fully coupled model
to study the evolution of the osseointegration on the surface of
endosseous implants.
Anyway, even if the number of engineering publications dealing with the properties and requirements of the implants or the
osseintegration process is rather high, to our knowledge there
are not mathematical studies of these problems.
Therefore, the aim of this paper is to give a first step to
understand the behaviour of an osseointegrated implant and
to provide an accurate algorithm for the numerical simulation

of the process. Specifically, we focus in the osteoconduction
model in the case of implants, namely the process for which
the cavity between the host bone and the implant is filled
by bone due to the interaction of the cells responsible of it
as osteoblasts, platelets, osteogenic cells, among others (see
[8, 9]).

2

Mechanical problem and its variational formulation

The osteoconduction process involves two cellular types, osteogenic cells and osteoblasts, and one generic growth factor,
s2 , secreted by both types of cells (see [9]).
Let us denote by “·” and k · k the inner product and the
Euclidean norm on Rd . Let Ω ⊂ Rd , d = 1, 2, 3, denote a
domain with a Lipschitz boundary Γ = ∂Ω decomposed into
two disjoint parts Γ1 and Γ2 such that meas (Γ1 ), meas (Γ2 ) >
0. Let [0, T ], T > 0, and ν = (νi )di=1 be the time interval of
interest and the outward unit normal vector to Γ, respectively.
Let m, s2 , b ∈ R be the density of osteogenic cells, the
concentration of osteogenic growth factors (BMPs, TGB-β,
superfamily) and the density of osteoblasts, respectively.
For the density of the osteogenic cells, m, the flux is modelled
with a linear diffusion term and a linear chemotaxis term along
gradient of the growth factor s2 , the kinetics is represented by
a proliferative term consisting of a logistic growth and there is
a linear term related to the differentiation into osteoblasts and
natural cell death.
Concerning the density of the osteoblasts, b, due to biological
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reasons we can assume that there is no flux of osteoblasts and
so, the mathematical model includes, in terms of kinetics, a
source term of differentiation from the osteogenic phenotype
and a decay term representing differentiation into osteocytes.
The evolution of the growth factor, s2 , is modelled with a
linear diffusion term, a kinetic term represented by a source
term corresponding to secretion of s2 by osteogenic cells and
osteoblasts and a natural decay linear term.
Therefore, keeping in mind these constitutive assumptions the
osteoconduction problem is written as follows.
Problem P. Find the density of osteogenic cells m : Ω̄ ×
[0, T ] → R, the concentration of growth factor s2 : Ω̄ ×
[0, T ] → R and the density of osteoblasts b : Ω̄ × [0, T ] → R
such that,
∂m
− Dm ∆m = −∇ · (mBm2 ∇s2 )
∂t


αm s2
+σ 1 +
m(1 − m) − (αmb + Am )m,
βm + s2
∂b
= αmb m − Ab b,
∂t
∂s2
α2 s2
− Ds2 ∆s2 =
(m + b) − As2 s2 ,
∂t
β2 + s2
∂s2
= 0 on Γ1 × (0, T ),
m = 0,
∂ν
∂s2
∂m
= 0,
= 0 on Γ2 × (0, T ),
∂ν
∂ν
m(0) = m0 , s2 (0) = s20 , b(0) = b0 in Ω,
where the first three equations are defined in Ω × (0, T ).
Here, Dm is the diffusion coeficient for the osteogenic cells,
Bm2 is the chemotaxis coeficient, σ is a natural linear rate, αm
and βm are rate coefficients and αmb and Am are the linear
rates for differentiation of the osteogenic cells into osteoblasts
and cell death, respectively. Moreover, Ab is the linear rate
for differentiation of the osteoblasts into osteocytes, Ds2 is the
diffusion coefficient for the growth factor, α2 and β2 are rate
coefficients and As2 is the rate of natural decay of the growth
factor s2 . Finally, m0 , s20 and b0 are given initial conditions
for m, s2 and b, respectively.
In order to obtain the variational formulation of Problem P, let
us define the variational space V as follows,
V = {v ∈ H 1 (Ω) ; v = 0 on Γ1 },

(1)

b(x, t) = e

0

t

αmb e

Ab s

+(αmb + Am )(m(t), u)L2 (Ω)
= Bm2 (m(t)∇s2 (t), ∇u)[L2 (Ω)]d



αm s2 (t)
+σ
1+
m(t)(1 − m(t)), u
,
βm + s2 (t)
L2 (Ω)


∂s2
(t), v
+ Ds2 (∇s2 (t), ∇v)[L2 (Ω)]d
∂t
L2 (Ω)
+As2 (s2 (t), v)L2 (Ω)


α2 s2 (t)
=
,
(m(t) + b(t)), v
β2 + s2 (t)
L2 (Ω)
where the density of osteoblasts b is given in (1).
We note that the existence of solutions to Problem VP is still
an open problem, although we think that the techniques used in
the analysis of damage-like problems could be used here.

3

Fully discrete approximations and an a priori
error analysis

We consider a fully discrete approximation of Problem VP,
which is done as follows. First, we assume that Ω is a polyhedral domain and we consider two finite dimensional spaces
E h ⊂ H 1 (Ω) and V h ⊂ V , approximating the variational
spaces H 1 (Ω) and V , given by E h = {uh ∈ C(Ω) ; uh|K ∈
P1 (K) K ∈ T h }, V h = {v h ∈ C(Ω) ; v|hK ∈ P1 (K) K ∈
T h , v h = 0 on Γ1 }, where P1 (K) represents the space of
polynomials of global degree less or equal to one in K and
we denote by (T h )h>0 a regular family of triangulations of
Ω (in the sense of [1]), compatible with the partition of the
boundary Γ = ∂Ω into Γ1 and Γ2 ; i.e. the finite element spaces
E h and V h are composed of continuous and piecewise affine
functions. Let hK be the diameter of an element K ∈ T h
and let h = max hK denote the spatial discretization paramK∈T h

Integrating in time the equation of the osteoblasts and using the
initial condition b0 , we obtain
Z

Problem VP. Find the density m : [0, T ] → V and the
concentration s2 : [0, T ] → H 1 (Ω) such that m(0) = m0
and s2 (0) = s20 , and, for a.e. t ∈ (0, T ) and for all u ∈ V
and v ∈ H 1 (Ω),


∂m
(t), u
+ Dm (∇m(t), ∇u)[L2 (Ω)]d
∂t
L2 (Ω)

eter. Moreover, we assume that the discrete initial conditions,
denoted by mh0 and sh20 , are given by

with scalar product (·, ·)V and norm k · kV .

−Ab t

Plugging equation (1) into the remaining equations of Problem
P and using the previous boundary conditions, applying a
Green’s formula we derive the following variational formulation of Problem P, written in terms of density m and concentration s2 .



m(x, s) ds + b0 .

mh0 = P h m0 ,

sh20 = P h s20 ,

where P h is the L2 (Ω)-projection operator over E h .
To discretize the time derivatives, we consider a uniform
partition of the time interval [0, T ], denoted by 0 = t0 < t1 <
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. . . < tN = T , and let k be the time step size, k = T /N . For
a continuous function r(t), let rn = r(tn ) and, for a sequence
{wn }N
n=0 , we let δwn = (wn − wn−1 )/k be its corresponding
divided differences.
Therefore, using a hybrid combination of the implicit and
explicit Euler schemes, we obtain the following fully discrete
approximation of Problem VP.
Problem VPhk .
Find the discrete density mhk =
hk N
h
{mn }n=0 ⊂ V and the discrete concentration shk
=
2
h
N
h
hk
h
hk
,
and,
=
s
and
s
}
⊂
E
such
that
m
=
m
{shk
20
0
0
20
2n n=0
for n = 1, . . . , N and for all uh ∈ V h and v h ∈ E h ,


h
δmhk
n , u L2 (Ω)

+

h
Dm (∇mhk
n , ∇u )[L2 (Ω)]d

h
+(αmb + Am )(mhk
n , u )L2 (Ω)

=

1+

αm R2 (shk
2n−1 )

βm + R2 (shk
2n−1 )
!

h
·(1 − mhk
n−1 ), u

Let us denote by (m, s2 ) and (mhk , shk
2 ) the respective solutions to problems V P and V P hk . Therefore, there exists
a positive constant c > 0, independent of the discretization
parameters h and k but depending on the continuous solution
and the problem data, such that for all uh ∈ V h and v h ∈ E h ,
2
hk 2
max kmn − mhk
n kL2 (Ω) + max ks2n − s2n kL2 (Ω)

0≤n≤N

≤ ck
+


h

L2 (Ω)

!

+

,

hk
h
(mhk
n−1 + bn−1 ), v

!

,

L2 (Ω)

N
where the discrete density of osteoblasts bhk = {bhk
n }n=0 is
given by

=

bh0 e−Ab tn

+k

n
X

j=1

∂m
mj − mj−1
(tj ) −
∂t
k

s2 − s2j−1
∂s2
(tj ) − j
∂t
k

2
L2 (Ω)

+ kmj − uj k2H 1 (Ω)

2
L2 (Ω)

+ ks2j − vj k2H 1 (Ω) + Ij2

!
hk
mj − mj−1 − (mhk
j − mj−1 )
h
, mj − uj
k
L2 (Ω)
!
hk
hk
o
s2j − s2j−1 − (s2j − s2j−1 )
, s2j − vjh
+ k2
k
2

+c(km0 −

h
+ Ds2 (∇shk
2n , ∇v )[L2 (Ω)]d

β2 + R2 (shk
2n−1 )

0≤n≤N

N n
X

L (Ω)

L2 (Ω)

α2 R2 (shk
2n−1 )

=

+

R1 (mhk
n−1 )

h
+As2 (shk
2n , v )L2 (Ω)

bhk
n

m ∈ C 1 ([0, T ]; L2 (Ω)) ∩ C([0, T ]; V ),
s2 ∈ C 1 ([0, T ]; L2 (Ω)) ∩ C([0, T ]; H 1 (Ω)).

hk
h
Bm2 (R1 (mhk
n−1 )∇s2n−1 , ∇u )[L2 (Ω)]d

+σ

δshk
2n , v

the regularity:

Ab (tj −tn )
αmb mhk
,
j e

j=1

R1 and R2 are truncation operators introduced for mathematical reasons, and bh0 = P h b0 .
Since the resulting equations of Problem VPhk are now uncoupled, using Lax-Milgram lemma it is easy to obtain the
existence of a unique discrete solution mhk ⊂ V h and shk
2 ⊂
E h to Problem VPhk .
Now, we will derive some a priori error estimates for the
hk
numerical errors mn − mhk
n and s2n − s2n .
Once we have obtained some estimates for the density of
osteoblasts, for the density of the osteogenic cells and for the
concentration of the growth factor using divided differences,
and applying several times the Cauchy’s inequality, we obtain
the following theorem (see [3] for details).
T HEOREM 1 Assume that Problem VP has a unique solution
m(x, t) ∈ [0, 1] and s2 (x, t) ≥ 0, x ∈ Ω and t ∈ [0, T ], with

mh0 k2L2 (Ω)

+ ks20 −

sh20 k2L2 (Ω)

+ kb0 − bh0 k2L2 (Ω) ).

We notice that the above error estimates are the basis for the
analysis of the convergence rate of the algorithm. Hence, under
some additional regularity assumptions, we obtain the linear
convergence of the algorithm that we state in the following (see
[3]).
C OROLLARY 2 Let assumptions of Theorem 1 hold. Under
the additional regularity conditions
m ∈ H 1 (0, T ; V ) ∩ C([0, T ]; H 2 (Ω)) ∩ H 2 (0, T ; L2 (Ω)),
s2 ∈ H 1 (0, T ; H 1 (Ω)) ∩ C([0, T ]; H 2 (Ω)) ∩ H 2 (0, T ; L2 (Ω)).
there exists a positive constant c > 0, independent of the
discretization parameters h and k, such that
hk
max kmn − mhk
n kY + max ks2n − s2n kY ≤ c(h + k).

0≤n≤N

4

0≤n≤N

Numerical results

In this final section, we describe the numerical scheme implemented in MATLAB in order to obtain the numerical approximations of Problem VPhk and then, we present a onedimensional numerical example to exhibit the behaviour of the
solution.

4.1

Numerical scheme

Recall that the finite element spaces E h and V h were defined
in Section 3. Then, given the discrete concentration and the
hk
discrete density at time tn−1 , mhk
n−1 and s2n−1 , respectively,
the discrete concentration and the discrete density at time

806

J. R. Fernández and M. Masid

tn are calculated solving the following uncoupled system of
equations:

hk
h
h
mhk
n , u L2 (Ω) + k Dm (∇mn , ∇u )[L2 (Ω)]d

h
hk
h
+k (αmb + Am )(mhk
n , u )L2 (Ω) = mn−1 , u L2 (Ω)
hk
h
+k Bm2 (R1 (mhk
n−1 )∇s2n−1 , ∇u )[L2 (Ω)]d
!
αm R2 (shk
2n−1 )
R1 (mhk
+kσ
1+
n−1 )
βm + R2 (shk
2n−1 )
!
h
·(1 − mhk
n−1 ), u



Using the discretization parameters h = 0.005 and k = 0.01,
in Fig. 1 the density of osteogenic cells, the concentration of
the growth factor and the density of osteoblast are plotted at
different times. As can be seen, a direct and fast travelling
wave is observed. These results completely agree with those
shown in [9].

,

L2 (Ω)

h
+ k Ds2 (∇shk
2n , ∇v )[L2 (Ω)]d


h
hk
h
2
+k As2 (shk
,
v
)
=
s
,
v
L (Ω)
2n
2n−1
2

h
shk
2n , v

We also note that the chemotaxis term is neglected and so, one
of the main difficulties of the model is removed.

L2 (Ω)

L (Ω)

+k

α2 R2 (shk
2n−1 )
(mhk
n−1
β2 + R2 (shk
2n−1 )

+

h
bhk
n−1 ), v

!

.

L2 (Ω)

Once these density and concentration are calculated, the discrete density of osteoblasts at time tn , bhk
n , is obtained from
the equation
h −Ab tn
bhk
+k
n = b0 e

n
X

Ab (tj −tn )
αmb mhk
.
j e

j=1

The previous problem leads to an uncoupled linear system
which is solved by using classical Cholesky’s method.

4.2

Figure 1: Density of osteogenic cells, concentration of the
growth factor and density of osteoblasts at different times.

Osteoconduction process in a 1D example

We solve Problem P in the one-dimensional domain [0, 100].
This domain represents the space between the host bone and
the implant. Hence, the left end stands for the surface of the
bone while the right one stands for the surface of the implant.
The parameters are set as follows:
Ω = (0, 100), Γ1 = {0}, Γ2 = {100}, T = 150,
Dm = Ds2 = 1.0, Bm2 = 0, σ = 1.5,
αm = βm = 2.0, αmb = 0.1, Am = 1.25,
α2 = 2.5, β2 = 1.0, As2 = 0.5, Ab = 0.05,
and we use the initial conditions:
b(x, 0) = 0, s2 (x, 0) = 0.0887 ∀x ∈ (0, 100),

0.1316 if x < 5,
m(x, 0) =
0 elsewhere.
As boundary conditions we have considered zero flux boundary
conditions at both ends, representing the impossibility of cells
and growth factor to migrate through the surface of the implant
and the bone.
As it is pointed out in [9] (page 16), this case falls within the socalled Regime III, where a travelling wave solution is observed.
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Generation of PDE interactive simulations
M. J. Cano∗, E. Chacón-Vera† and F. Esquembre†

Abstract— In this presentation we propose the use of an authoring tool, Easy Java Simulations [1], to build interactive simulations
for pdes where the computing kernel is FreeFem++ [2]. This tool allows to play with all the parameters of the pde problem at
will, mesh size, pde terms, boundary conditions, etc... and creates for the student applets to play and learn in real time with the
influence of these parameters on the solution of the pde. Simulations for the basic pde problems can be seen in the recent paper
[4]
Keywords: PDE simulations, Easy Java Simulations, FreeFem++

1

Introduction

Teaching Partial Differential Equations (PDEs) carries inherent
difficulties that computer visualization and an active learning
process with interactive simulations might help overcome.
Computer simulations give the student the opportunity to
observe the solution of a particular equation and play with
it. Through interactivity, students can predict and correct a
solution, understand the role of the different parameters and
terms in an equation and have a visual idea of the whole
process. This also helps the construction of mental models
away from the complexity of the mathematical equations. On
the other hand, the generation of this kind of teaching material
implies serious difficulties, mainly in terms of coding efforts.
In this work we use an authoring tool, Easy Java Simulations
[1], to create interactive simulations using FreeFem++ [2] as
a PDE solver engine. These simulations teach some basic
models in a creative manner. The software package generated
can be tuned by no experts in the field, teachers or students.
It makes possible, in a first step, to change some parameters
and even the equations themselves and to get an immediate
feedback. But also it is possible to edit the simulations for
deeper changes.
There exist some tools for the resolution and visualization of
pdes. Some of them require to buy a license, like MATLAB,
Mathematica o MAPLE and others require a steep learning
curve in terms of coding for students and teachers, like OpenFoam [5] or FreeFem++ [2]. All of them offer restricted
interaction possibilities.
This work has been tested in a classroom experience on the
third year of the Mathematics Degree of the University of

Murcia. Students had a two hour computer lab session where
physical phenomena like diffusion, reaction and transport
where observed and tested. Activities where proposed for the
individual study with a guideline that set up the main steps in
the learning process for each model: observation, prediction
and testing. We report the results at the end.
This paper is divided as follows: in Section 2 we introduce EJS,
in Section 3 we explain the interaction of FreeFem++ and EJS.
Here we detail three fundamental aspects: model definition and
resolution with FreeFem++, sending information to EJS and
graphic visualization. In Section 4 we describe an example
in full detail and in Section 5 we describe several examples
that show the capabilities of the software and report our results
in a class experience. Finally, in Section 6 we draw some
conclusions.
We assume that the reader is somehow familiar with the
software FreeFem++ and refer to the web site [2] and wiki
[3] where many examples of different difficulty level are explained.

2

A few words on Easy Java Simulations

We choose Easy Java Simulations [1] because this open-source
tool allows the generation of interactive simulations in a simple
way and it was developed making an emphasis in its versatility
for teaching.
Usually, interactivity is obtained after a complicated coding
process. A high programming level is needed to create the view
and graphical interface and it hinders to make some changes;
this is not the case with EJS. Initially, the teacher supplies
students with close simulations as applets. They provide an

∗ Departamento de Informática y Automática, ETSI de Informática de la UNED, C/Juan del Rosal, 16, E-28040 Madrid, Spain. Email: mjcanovicente@gmail.com
† Departamento de Matemáticas, Universidad de Murcia, Campus de Espinardo, E-30.100, Murcia, Spain. Email: eliseo@um.es, fem@um.es
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interface which allows more or less hard changes in the model.
Once students are familiar with the simulation they could
read the code inside thanks to the modular conception of the
software.
Each simulation consists in three stages and each one has a
different panel window: Description, Model and View.
The Description panel is basically an HTML editor to create
one or more tabs of information about the simulation. Besides
a description of the model, it is possible to add activities and
questions that help on its use.
The Model panel, Figure 1, is the central point of the simulation. It is subdivided into six subpannels where the model
is implemented in a guided and structured way. We describe
them now
• Variables: takes care of the variables, i.e., name, initial
value and type.
• Initialization: lines of code, if needed, to set up these
variables.
• Evolution: lines of code to be run each time step
• Fixed relations: lines of code to be run each time a
change in the view panel has happened
• Custom: user defined functions
• Elements: connect EJS and other softwares or libraries
and allow external contributions to EJS.

Figure 1: Model panel.

The View panel, Figure 2, allows the construction of a graphical interface from a large variety of elements included in EJS
just by a drag and drop process.

Figure 2: View panel.
The connection of FreeFem++ with EJS has been made working with the subpanel Elements and the View panel. This is
described in the next Section.

3

The FreeFem++ element in EJS.

In the subpanel Elements we have the connection with
FreeFem++. A new FreeFem code is added to the simulation
by a drag and drop process of the FreeFem icon in the External
folder to the List of elements on the left side of the window.
With this action we have created a Java object of type FreeFem.
The three properties of this object can be changed by a double
click on it. The last section is just to add comments. We explain
the first two:
• The first group has three text fields that set up the connection with the computer that runs FreeFem++. This
connection can be local or remote. If the fields are empty
then a local execution of FreeFem++-cs is performed.
To connect with a remote server we just give the URL
address of the computer that runs FreeFem++-cs. A user
and a password to secure the access has to be specified.
• The text editor allows the introduction of a FreeFem++
code. True interactivity is obtained when EJS variables, or lines of code, are parsed inside the script
using $(). For instance, we could create an EJS text
variable with the name ftext and initialized to 0. Then
we use this variable in the FreeFem++ script by means
of
func f = $(ftext);
We link this variable ftext to a text field in our
simulation view and, in this way, the user can introduce
new expressions for f using the simulation interface.
Each time the script is run, the current value is taken.
Another important possibility is to parse pieces of code.
For instance, we could use $(DirichletData) and
$(NeumanData) where
DirichletData="+on(1,u=0);"
or
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NeumanData="+int1d(Th,1)(u*v);"
This allows the modification of the type of problem as
follows

To obtain the graphs stored in our variable result we have to
obtain each one of the PDEData inside result, for this we
use the function getData:

problem laplace(u,v) =
int2d(Th)(dx(u)*dx(v)+dy(u)*dy(v))
+int2d(Th)(u*v)
+int2d(Th)(-$(ftext)*v)
$(NeumanData)
$(DirichletData)

PDEData myPDEData = result.getData(pN, dN);

The window of properties corresponding to our EJS element
freeFem can be seen in Figure 3.

Here pN will be an integer that points to each plot of the script,
the first one numbered by 0. The parameter dN will be another
integer value that tells the place that the triangulation or the
solution has in the list of arguments for the selected plot, these
arguments are also ordered from 0.
We include in the panel Initialization, or Fixed relations, the
following lines:
result = freeFem.runScript();
solution = result.getData(0,0);
In this way the solution of our problem is available everywhere
in the variable solution of type PDEData.
The View elements in EJS, Figure 4, are a set of icons to
instantiate different view Java objects in an simple way. To include a new element to our simulation view the corresponding
icon is selected and included to the view tree on the left side of
the window. The code inside of some of these elements comes
from the visualization library in the Open Source Physics [6]
project.

Figure 3: FreeFem element in EJS.
Now the freeFem element can be run from any part of the
simulation, for instance from the initialization subpanel. To
this we use

The first group of icons includes windows, containers and
others elements to design the interface, the second group has
a large variety of objects to make plots and graphics in two
dimensions, and the 3D graphic elements are in the third group.

ScriptOutput result = freeFem.runScript();
The function runScript from the freeFem element gives
back a Java object of type ScriptOutput. This could be saved
in a EJS variable of the same type, named result, any name
woud do it. This object stores all information created during
the running of the script in FreeFem++. For example, the state
of the connection and all the data needed for the visualization
of the functions and objects inserted inside a function plot
from the FreeFem script.
This information has been encapsulated in Java objects to ease
their access and use in other places of the simulations, like from
Initialization, Evolution or even from the View panel.
In this way, each ScriptOutput object has a list of objects of the
type PlotOutput, one for each order plot in the script. Each
one of these PlotOutput could contain moreover one or more
parts of a graphical output, in the form of PDEData objects.
Each PDEData is a triangulation or a solution.

Figure 4: Some of the view elements in EJS.
We have included two new view elements (marked in the image) to simplify the creation of our simulations. A first element
to visualize meshes and solutions in 2D, called Mesh2D and
a different one, Mesh3D, to visualize the 3D models. When
double click on these elements a window to edit its properties
pops up.
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After a FreeFem++ run, a mesh or solution is generated and
it is enough to insert the name of the PDEData variable into
the Data field. The mesh of the problem and its solution, if
available, will be shown in a contour line plot.
To build a simple simulation as the one shown in Figure 5,
just a Frame is included in the view. Then, a PlottingPanel
and a DrawingPanel3D are added to this Frame. The tree of
elements in the View panel would look like in Figure 2. It
could be necessary to adapt the size of the Frame in order
to make it big enough to show both panels. This is done
in the Frame properties. Finally, our PlottingPanel will hold
the Mesh2D element and the DrawingPanel3D will hold the
Mesh3D element.

Figure 5: View of our first FreeFem++-EJS simulation.
Other available configurations allows to change the visibility
of the mesh (Draw lines), the color and thickness of mesh lines
(Line Color and Line Width), the visibility and appearance of
the bound (Draw bound, Bound width) and to draw the fill or
not (Draw Fill and Fill Color).
For a better understanding of the different values in the contour
line plot, a legend can be attached (Show Legend option)
which match the color and the solution value. Furthermore, an
advanced configuration of the color allows to set the number
of levels (Levels) and the color under and above this range
(Floor Color and Ceil Color). To set a same color for boundary
segments with same label is also possible using Bound Colors.
The autoscale option equally distribute the different levels
between the minimum and maximum values of the solution.
In this way, even if the solution changes, all the range of colors
are used. If we want to state a fixed relation between values
and colors, then the option AutoscaleZ must be set to false.
Finally, some slider, numeric or text fields could be added to
the interface of our simulation (Field and TextField elements).
They add interactivity to our simulation.

4

Complete simulation

A complete EJS simulation using the connection to FreeFem++
is described in this section. Simulation EllipticExample.jar
(download from [4]) is the kind of applet a student might

work with. It simulates the behavior of a circular membrane
partially attached on its boundary and under the effect of a load.
The general equations that the surface satisfies are the Laplace
Operator with Dirichlet-Neumann mixed boundary conditions.
−∆ϕ(x)

= f (x),

in Ω,

=

0,

on ΓD ,

∂ϕ(x)/∂~n =

0,

on ΓN

ϕ(x)

By default, see Figure 6, initially the simulation shows the
solution to the problem
−∆ϕ(x)
ϕ(x)

=
=

−6,

0,

in Ω
on Γ

Figure 6: Solution of −∆ϕ = −6 with ϕ = 0 at its boundary.
30-points discretization over the boundary Ω.
This solution is shown as a contour line plot, check the legend
in a different window (Figure 7) to see the correspondence.

Figure 7: Legend shows the correspondence between colors in
the graphic and the exact value of the solution.
As you can see, the top of the simulation view is divided
in three subpanels to modify the problem: Domain (left),
Equation (central) and Boundary conditions (right).

4.1

User interaction.

1. The 3D graphic can be shown from different angles by
dragging the mouse pointer. Also it is possible to zoom
by pressing “Shift” key at the same time the mouse is
clicking and dragging.
2. Changes on the domain: In the left panel the domain
Ω is described. There we can change the size and shape
of the domain choosing between a circle or an ellipse,
only changing the length of the blue arrows or setting a
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different numerical value in the fields labeled as “Axis
A” and “Axis B”. The field is going to keep in yellow
until the ’intro’ key is pressed and the change is not
going to be applied until then. The discretization of the
domain is set by an uniform partition of its boundary.
This number of points can be set on the numeric field
“Points” and gives a more/less accurate solution.
3. Changes on the equations: Different expressions for
the function f = f (x, y) are allowed in the central panel.
Just follow FreeFem++ gramatical rules.
4. Changes on the boundary conditions: Initially the
simulations solves the homogenous problem but non
cero values can be set on the boundary. Using the slider
we can also set a portion of the boundary for Neumann
data.

5

Classroom evaluation

Traditionally the subject of Partial Differential Equations imparted at the Faculty of Mathematics in the University of
Murcia, had been carried out by theoretical lessons with master
classes and some sessions of problems. Last year we designed
a two hours long practical experience with computers to put
into practice this work (thanks to Prof. Balibrea for his time).
This session worked out the three basic models: Laplace
operator, diffusion operator and the wave operator and all
simulations could be downloaded from [4].
Students previously got a detailed documentation with a description of the models and as the interaction with all of the
simulations is quite similar students were introduced, at the
beginning of the session, to the use of numerical fields, sliders
and how to zoom and rotate the graphics at the beginning of
the session.
In the three simulations, after a theoretical description some activities were proposed. The first group of questions offered the
opportunity to the student to get familiar with both simulation
and model. Next questions were focused to make conjectures
about some changes in the model and check them with the
simulation. Finally, some more difficult questions were set and
a higher abstraction level was needed to answer them.
The first simulation introduced was EllipticExample.jar. Next
we proceed with ConvectionDiffusion.jar that simulates a
perforated metallic block which is been warming up. Initially
its temperature is 0 in all the block. Then, a value of 100
is applied on the left side and heat flows freely to the right.
The horizontal boundaries are insulated from outside. The heat
transmission is modeled by the diffusion operator but it is also
possible to add the effect of transport and reaction operators.
Some of the activities proposed were to identify the type of
boundary conditions applied in each segment, to make a table

of the time to achieve certain temperature in a particular portion
of the block, check the result when transport and reaction are
present, to study the stability of the model according to the
Peclet number, etc...
Finally, simulation WaveEquation.jar shows the behavior of
a membrane attached by its border to the horizontal plane
according to the wave operator. The membrane is stretched
by its center until have a initial position and then it vibrates.
The initial position is set by the solution of a Poisson problem.
Introductory activities asked the student to study the initial
position of the membrane and the velocity of the wave propagation depending on the parameters value. Finally students
were guided to detect a loss of precision due to the iterative
computation of the numeric solution.
At the end of the session a short survey was handed out to the
students. They were asked about the experience. Only some
students completed it but they gave good marks to the session.
They gave their opinion about the session, the visualization
of the models, interactivity of the simulations and concepts
acquisition. Students positively qualified the session, pointing
the fact that simulations were easy to be played and activities
were clearly posed.
Positively, but with a lower mark, students stated that the
session improved their knowledge in the matter. Visualization
of the models and their interpretation were well evaluated and
students manifested it had been crucial in their understanding.
To interact with the simulations was simple and the degree
of freedom wide enough. Poor qualifications were set to
the knowledge acquisition, it might be due to the students
insecurity. Also difficult was to associate models and the
different boundary condition types or the different operators,
the most ambitious questions in the survey.

6

Conclusions

This paper shows the design of interactive simulations for
an introductory course on PDEs and the result of a practical
lab session with the students. The building aspects of these
simulations are made easier with EJS and as a solver we use
FreeFem++. This process is initially hidden to the students and
simulations are distributed as independent applets. Students
got simple interfaces which allows set changes in the model.
The complete set of activities that goes with the simulations
guide the students in the study of the model, speculating about
its behavior and checking the real effect of some changes in the
model. In this way they better assimilate the physical meaning
of each PDE element.
A full version of this work can be found in [4].
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A piecewise linear approximation of a fourth order
eigenvalue problem by a mixed finite element method
S. Busto∗ and M. L. Seoane∗

Abstract— In this work, we use a mixed finite formulation in order to solve the eigenvalue problem related to a bending
beam. The original fourth order mono-dimensional equation is rewritten as two second order differential equations coupling
the deflection and the flexural moment. In order to prove the existence of the solution of the spectral problem, the analysis of
the related linear problem is carried out in the context of the classical Brezzi-Raviart theory. The mixed formulation is also
advantageous since it preserves the autoadjoint feature of the operator.
After that, the mixed problem is discretized by a piecewise linear finite element. Whereas high degree spaces are used in most
of the references available for mixed methods, in this work, piecewise linear basis is applied. Nevertheless, fully convergence
is achieved thanks to the exact consideration of the boundary conditions (supported and clamped), which are the same for both
the continuous and the discrete two-point boundary value problem. The solvability is analysed and optimal error bounds of the
mixed finite element discretization are presented.
A shifted inverse power iteration is implemented to solve the finite dimensional spectral problem. Ultimately, the scheme gives
quadratic order for the eigenvalue and linear order in H 1 -norm and quadratic order in L2 -norm for the eigenfunction.
Keywords: Fourth order eigenvalue problem, mixed formulation, piecewise linear approximation, optimal order.

1

Introduction

The studies developed in the last years have found out that
the mixed finite formulations are a reliable and cost-effective
alternative for solving fourth order problems. Their finite
element approximation involves high degree basis. Moreover,
continuity is required for the derivatives since the solution
belongs to H 2 . Hence, an attractive option is to consider a
mixed formulation (see [1], [2], [3]): the differential problem is
decomposed into two involving only second order derivatives,
so they are much easier to solve. Although the weak solution
lies in H 1 , a continuous approximation of the second order
derivative is provided. This result can have interest in several
applications. For instance, in the beam problem it is the flexural
moment.
Furthermore, mixed formulations are well-suited to the eigenvalue problem. The linear problem defines an autoadjoint and
compact operator. Then, the solutions can be characterized according to the Riesz-Fredholm theory and min-max principles
are given.
More precisely, in section 2, a multiplier is introduced and
the original fourth order mono-dimensional equation model
is rewritten in a system of two second order equations. The

abstract functional framework is set. In order to proof the
existence and the uniqueness of solution, an inf-sup condition
for the linear problem is established. The classical min-max
characterization of the eigenvalues completes this recalling.
In section 3, the P1 -Lagrange finite element discretization is
analysed. The existence and the uniqueness of the solution
of the linear problem is proved. The same error estimates
are obtained for both the linear and the spectral problems:
first order in H 1 -norm and second order in L2 -norm. The
approximation of the eigenvalue achieves order two.
In section 4, the power inverse iteration is described. The
solution of the linear system puts together direct and iterative
techniques. The numerical results presented in section 5 show
a good agreement with the theory.

2

A mixed variational formulation for a fourth
order eigenvalue problem

We are interested in finding the finite element solution of the
eigenvalue problem for the fourth order equation. Introducing
a new variable, u, the fourth order operator can be split in two
second order equations:

∗ Departamento de Matemática Aplicada, Universidad de Santiago de Compostela, 15782 Santiago de Compostela (SPAIN). Email: saray.busto@usc.es,
marialuisa.seoane@usc.es
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ϕ4) = λϕ in(a, b),
(1)
ϕ(a) = ϕ(b) = 0,
 0
ϕ (a) = ϕ0 (b) = 0

 00
−ϕ = u in(a, b),


 00
⇔
−u = λϕin(a, b),
(2)
ϕ(a) = ϕ(b) = 0,


 0
ϕ (a) = ϕ0 (b) = 0.

Regardless of the inconsistency in the boundary conditions for
ϕ and the lack of them for u, a mixed variational formulation
can be introduced (see [1], [2]). Let a and b be two bilinear
continuous forms:
a : (u, ψ) ∈ H 1 (a, b) × H01 (a, b) −→ a(u, ψ) =
Z b
u0 (x)ψ 0 (x)dx ∈ R,

with
a+b
∀x ∈ (a, b).
2
Moreover, it is straightforward to prove Z = span ({e, q}).
Besides,
(6)

e(x) = 1,

a(e, ψ) = a(q, ψ) = b(e, q) = 0 ∀ψ ∈ H01 (a, b)

Finally, since Z has a finite dimension b is H 1 (a, b)-elliptic in
Z.
P ROPOSITION 2 There exists a constant β > 0 satisfying
2

a

Then, we can rewrite the eigenvalue problem (2) as
(3)

 Find λ ∈ R and (u, ϕ) ∈ H 1 (a, b) × H01 (a, b) such that
b(u, z) − a(z, ϕ) = 0
∀z ∈ H 1 (a, b),

a (u, ψ) = λ < ϕ, ψ >
∀ψ ∈ H01 (a, b),

where <, > denotes the inner product in L2 (a, b). In this
section, we will recall some facts about the linear problem
related to (3),

 Find (u, ϕ) ∈ H 1 (a, b) × H01 (a, b) such that
b(u, z) − a(z, ϕ) = 0
∀z ∈ H 1 (a, b) ,
(4)

a (u, ψ) =< g, ψ >
∀ψ ∈ H01 (a, b) ,

and the linear operator associated

T : g ∈ L2 (a, b) −→ T (g) = ϕ ∈ L2 (a, b) .

2.1

2

kuk0,2 ≥ β kuk1,2

a

b : (u, v) ∈ H 1 (a, b) × H 1 (a, b) −→ b(u, v) =
Z b
u(x)v(x)dx ∈ R.

q(x) = x −

∀u ∈ Z.

P ROPOSITION 3 Given g ∈ L2 (a, b) there is a unique
(u, ϕ)∈ H 1 (a, b) × H01 (a, b) solution of (4).
Proof: Propositions 1 and 2 show that the hypotheses of [1]
are satisfied. Thus, the system (4) has a unique solution.

2.2

Charaterization of solution of the spectral problem

As H01 (a, b) ,→ L2 (a, b) is a compact embedding, the operator T is compact. Moreover, T is autoadjoint, positive
and injective. The spectral Riesz-Fredholm theory gives the
characterization of the solutions.
T HEOREM 4 (E XISTENCE OF THE SOLUTION ) The spectral problem (3) has an infinite and divergent sequence of real
strictly positive eigenvalues, λ1 ≤ λ2 ≤ · · · ≤ λl ≤ . . . , each
of them of finite multiplicity, and a corresponding sequence
∞
∞
of eigenfunctions {(ul , ϕl )}l=1 such that the system {ϕl }l=1
is orthonormal complete with respect to the inner product in
L2 (a, b).

Existence and uniqueness of a solution of (4)

The study of the linear system (4) can be carried out using the
usual procedure for saddle point problems (see [1]). First, we
state some properties of a and b.
P ROPOSITION 1 For α =
condition



(b − a)2
+1
2

−1/2

> 0 the

a (v, ψ)
sup
≥ α |ψ|1,2
v∈H 1 (a,b) kvk1,2
v6=0

Let us define


E = (v, ψ) ∈ H 1 (a, b) × H01 (a, b) :

b(v, z) − a(z, ψ) = 0 ∀z ∈ H 1 (a, b) .

Then, we can introduce the Rayleigh quotient for the mixed
problem (3),
R (v, ψ) =

b(v, v)
,
< ψ, ψ >

(v, ψ) ∈ E,

and the min-max characterization can be stated.

is satisfied for all ψ ∈ H01 (a, b).

T HEOREM 5 Let {λl }l=1 be the sequence of eigenvalues of
problem (3). Then,

Let us consider

Z = v ∈ H 1 (a, b) : a (v, ψ) = 0 ∀ψ ∈ H01 (a, b) .

(7)

In order to demonstrate that the bilinear form b is H 1 -elliptic
in Z, we should notice that
(5)

H 1 (a, b) = H01 (a, b) ⊕ span ({e, q})

∞

λl =

min
Sl ⊆E

dim Sl =l

max R (v, ψ) .

(v,ψ)∈Sl

b(ul , ul )
, the minimum in (7) is achieved in
<ϕ
l , ϕl >

l
the subspace span {(ui , ϕi )}i=1 .
Whereas λl =
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3

and u0h ∈ Vh0 the solution of

The finite element discretization


Let us consider {a = x1 < x2 < · · · < Nh + 2 = b}, a quasia u0h , ψh =< g, ψh > ∀ψh ∈ Vh0 ,
uniform mesh of the interval [a, b], and Vh , Vh0 the usual
piecewise linear finite element spaces
then, ϕh ∈ H01 (a, b) is obtained solving
n
o
a (ψh , ϕh ) = b(uh , ψh ) ∀ψh ∈ Vh0 .
Vh = v ∈ H 1 (a, b) : v|[x ,x ] ∈ P1 , k = 1, 2, . . . , Nh + 1 ,
k

k+1

dim(Vh0 ) = Nh . Uniqueness: let us consider two solutions (uh , ϕh ), (ûh , ϕ̂h ).
Thus,
Then, the finite element discretization of the problem (3)

becomes
b (γh , zh ) − a (zh , ηh ) = 0 ∀zh ∈ Vh ,

a(γh , ψh ) = 0
∀ψh ∈ Vh0
 Find λh ∈ R, (uh , ϕh ) ∈ Vh × Vh0 such that
b (uh , zh ) − a (zh , ϕh ) = 0 ∀zh ∈ Vh ,
(8)
holds for (γh , ηh ) = (ûh − uh , ϕ̂h − ϕh ) ∈ Vh × Vh0 .

a (uh , ψh ) = λh < ϕh , ψh > ∀ψh ∈ Vh0 .
Therefore, γ ∈ Z and
Vh0 = Vh ∩H01 (a, b) ,

dim(Vh ) = Nh +2,

h

Similarly to the continuous case, we will start by establishing
the existence of the solution of the related linear system: given
g ∈ L2 (a, b) find (uh , ϕh ) ∈ Vh × Vh0 such that

b (uh , zh ) − a (zh , ϕh ) = 0 ∀zh ∈ Vh ,
(9)
a (uh , ψh ) =< g, ψh > ∀ψh ∈ Vh0 .

3.1

2

kγh k0,2 = b (γh , γh ) = a (γh , ηh ) = 0.

2

Hence, γh = 0 and, consequently, a(ηh , ηh ) = |ηh |1,2 = 0, so
ηh = 0.
Let us consider the finite range operator
Th : Vh0 ⊂ L2 (a, b) → Vh0 ,

Existence and uniqueness of a solution of (9)

Firstly, let us point out that the inf-sup condition related to the
discretized problem (9) is the same as in the continuous one.
P ROPOSITION 6 There exist α =
that
sup
vh ∈Vh
vh 6=0



(b − a)2
+1
2

a(vh , ψh )
≥ α |ψh |1,2
kvh k1,2

−1/2

such

∀ψh ∈ Vh0 .

Furthermore, note that
Zh = {vh ∈ Vh : a (vh , ψh ) = 0 ∀ψh ∈ Vh0 } = Z ∩ Vh = Z.
Then
sup
vh ∈Zh

vh 6=0

b(vh , zh )
≥ γ kzh k1,2
kvh k1,2

∀zh ∈ Zh ,

P ROPOSITION 7 Given g ∈ L2 (a, b) there is a unique solution (uh , ϕh ) ∈ Vh × Vh0 of the linear system (9).
Proof: Existence: Defining uh = u0h − me − M q ∈ Vh , with
e, q introduced in (6),
1
b(u0h , e),
b−a

M=

12
3

(b − a)

b(u0h , q)

Th (g) = ϕh ,

where (uh , ϕh ) is the solution of (9) with the data (0, g).
T HEOREM 8 (E XISTENCE OF THE SOLUTION ) The spectral problem (8) has exactly Nh strictly positive eigenvalues,
h
0 < λ1h ≤ · · · ≤ λN
h , and the corresponding eigenfunctions
 l l  Nh

Nh
uh , ϕh l=1 . Furthermore, ϕlh l=1
is an orthogonal basis
of Vh0 with respect to the inner product induced by b.
Furthermore, a min-max characterization of the eigenvalues
can be given in terms of the Rayleigh quotient. For h > 0,
we define
Eh = {(zh , ψh ) ∈ Vh × Vh0 :
b (zh , vh ) − a (vh , ψh ) = 0 ∀vh ∈ Vh } .
For any (zh , ψh ) ∈ Eh , the Rayleigh quotient is defined
Rh (zh , ψh ) =

where γ is a constant independent of h. Hence, the BrezziRaviart approximation theory can be applied.

m=

h

b(zh , zh )
.
< ψh , ψh >

T HEOREM 9 ( MIN - MAX P RINCIPLE ) For 1 ≤ l ≤ Nh
(10)

λlh =

min
S l ⊂Eh
h
l =l
dim Sh

max

l
(zh ,ψh )∈Sh

Rh (zh , ψh ).

The minimum in (10) is attained in the subspace
 i i l
span
uh , ϕh i=1 .
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4

Error estimates

The convergence of the numerical solutions and the related
error estimates are directly obtained from the Brezzi-Raviart
classical theory (see [1]).
T HEOREM 10 Let (u, ϕ) be the solution of (4) and let
(uh , ϕh ) be the solution of discrete problem (9). Then, there is
a constant C > 0 such that
ku − uh k1,2 + |ϕ − ϕh |1,2 ≤




C
inf ku − vh k1,2 + inf |ϕ − ψh |1,2 .
ψh ∈Vh0
vh ∈Vh

vh 6=0

ψh 6=0

In this case, the classical regularity theory for the second
order problem leads to u, ϕ ∈ H 2 (a, b) at least. Thus, the
interpolation error will be enough to obtain the order in terms
of the discretization parameter h.
P ROPOSITION 11 Let v ∈ H 2 (a, b) and consider Πh be the
interpolation projection Πh v(xi ) = v(xi ), i = 1, . . . , Nh .
Then, the inequalities
kv − Πh vkl,2 ≤ Cl h2−l |v|2,2 ,

l = 0, 1

Numerical solution

4.1

The shifted inverse power iteration is applied to the discretized
eigenvalue problem (8) related to the clamped beam. This
method allows us to approach any eigenvalue as well as an
associated eigenvector. Let s ∈ R be close to the searched
eigenvalue. Introducing a new variable u we have

√
−ϕ00 + √ sϕ = u,
⇐⇒ ϕ4) − sϕ = (λ − s)ϕ,
−u00 − su = (λ − s)ϕ
and the variational mixed eigenvalue problem becomes
(11)

 Find λ ∈ R and (u, ϕ) ∈ H 1 (a, b) × H01 (a, b) such that
−b(u, v) + a+ (ϕ, v) = 0
∀v ∈ H 1 (a, b),
 −
a (u, ψ) = (λ − s) < ϕ, ψ >
∀ψ ∈ H01 (a, b),
where

a± (φ, ψ) = a (φ, ψ) ±

ku − uh k1,2 + |ϕ − ϕh |1,2 ≤ O(h).
The classical duality argument (see [3]) gives the L2 −norm
estimations.
P ROPOSITION 13 If the hypotheses of the theorem 10 are
fulfilled, then
ku − uh k0,2 + |ϕ − ϕh |0,2 ≤ O(h2 ).
Eventually, the error estimates for the eigenvalues and the
eigenvectors of the mixed problem are derived from these of
the linear problem using classical arguments (see [4]). Even
more, in this case, they are simpler because its multiplicity is
one.
P ROPOSITION 14 Let (λih , uih , ϕih ) ∈ R × Vh × Vh0 be
the solution of (8) an approximation of (λi , ui , ϕi ) ∈ R ×
H 1 (a, b) × H01 (a, b) a solution of (3). Then, it holds
λi − λih ≤ O(h2 ),
ϕi − ϕih
ϕi − ϕih
i = 1, . . . , Nh .

1,2
0,2

≤ O(h),

ui − uih

≤ O(h2 ),

ui − uih

1,2
0,2

≤ O(h),
≤ O(h2 ),

√

s b (φ, ψ) .

R EMARK 15 If the first eigenvalue is the only one to be
computed, then s = 0 and a+ , a− are the same as a. Moreover,
in spite of the non-definiteness of a− the problem

are satisfied.
P ROPOSITION 12 If the hypotheses of Theorem 10 are fulfilled, then

The inverse power iteration



Given g ∈ L2 (a, b), find v ∈ H01 such that
a− (v, z) =< g, z >
∀z ∈ H01 (a, b),

√
will have a single solution for s outside the spectrum of the
second order operator with homogeneous Dirichlet boundary
condition.
Let us consider the piecewise linear discretization of the spectral problem (11)
(12)


 Find λh ∈ R and (uh , ϕ) ∈ Vh × Vh0 such that
−b(uh , vh ) + a+ (ϕh , vh ) = 0
∀vh ∈ Vh ,
 −
a (uh , ψh ) = (λh − s) < ϕh , ψh > ∀ψh ∈ Vh0 .

The boundary conditions of the function uh ∈ Vh are not
explicitly defined but, similarly to (5), a basis related to the
boundary values is considered. More precisely, let e0h , qh0 ∈ Vh
such that


 − 0
a eh , ψh = a− qh0 , ψh = 0 ∀ψh ∈ Vh0 ,
(13)
e0h (a) = e0h (b) = 1, qh0 (a) = −1, qh0 (b) = 1,



then Vh = Vh0 ⊕span e0h , qh0 . In addition, the last equation
of (12) can be reduced to find u0h ∈ Vh0 such that
a− (u0h , ψh ) = (λh − s) < ϕh , ψh > ∀ψh ∈ Vh0
due to the choice of e0h , qh0 .
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Therefore, since a(e, ψ) = a(q, ψ) = 0 for all ψ ∈ H01 (a, b),
then, the discretized mixed eigenvalue problem can be written
(14)


Find λh ∈ R, u0h , ϕh ∈ Vh0 , m0h , Mh0 ∈ R such that




0
0
0
+

 −b(uh + mh eh + Mh qh , ψh ) + a (ψh , ϕh ) = 0



∀ψh ∈ Vh0 ,
√
0
0
0

b(uh + mh eh + Mh qh , e) − s b(e, ϕh ) = 0,



√

0
0
0


 b(uh + mh eh + Mh qh , q) − s b(q, ϕh ) = 0,

 − 0
a (uh , ψh ) = (λh − s) < ϕh , ψh >
∀ψh ∈ Vh0 .
Moreover, uh = mh e0h + Mh qh0 on the boundary.

In order to make explicit the linear systems in the above mixed

Nh +2
formulation, we consider V = ϕhi i=1
, the usual basis of
 h Nh +1
Vh , where V0 = ϕi i=2 is a basis of Vh0 . Let us define the
−
matrices Ah , A+
h , Ah , Mh ∈ MNh ×Nh , B h , B h ∈ MNh ×2
and Sh ∈ M2×2 as

(Ah )ij = a ϕhj+1 , ϕhi+1 ,


(Mh )ij = b ϕhj+1 , ϕhi+1 ,
A+
h = Ah +

Bh
Bh



i1



i2

(B h )i1

i, j = 1, . . . , Nh ,
i, j = 1, . . . , Nh ,

√

sMh ,
√
A−
sMh ,
h = Ah −

= b e0h , ϕhi+1 , i = 1, . . . , Nh ,

= b qh0 , ϕhi+1 ,

= b ϕhi+1 , e ,

i = 1, . . . , Nh ,

i = 1, . . . , Nh ,


(B h )i2 = b ϕhi+1 , q , i = 1, . . . , Nh ,


(Sh )11 = b e0h , e , (Sh )12 = b qh0 , e ,


(Sh )21 = b e0h , q , (Sh )22 = b qh0 , q .

Thus, the problem (14) becomes
(15)

Find λh ∈ R, ũ0h , ϕ̃h ∈ RNh , m0h , Mh0 ∈ R such that










A+
−Mh −B h
ũ0h

h
√

  Bt
Sh − s B th  (m0h Mh0 )t =
h
−
Ah
O 
O

 ϕ̃h 0 



O
O
O
ũh



 O O O  (m0h Mh0 )t .

(λ
−
s)
h


ϕ̃h
O O Mh

The full blocked system is non-symmetric. Nevertheless, the
usual strategy for general eigenvalue problems can be applied
in the symmetric blocks. Let Ch Cht be the Cholesky decomposition of Mh . Consequently, (15) can be rewritten


λh ∈ R, ũ0h , ϕ̃h ∈ RNh , m0h , Mh0 ∈ R such that

 Find−1

−
−t
t 0
t


 (Ch ) 0 Ah0(Cth ) √(Ch )t ũh =−t(λh −t s) (Ch ) ϕ̃h ,

Sh (mh Mh ) − s B h (Ch ) (Ch ) ϕ̃h =
−B th (Ch )−t (Ch )t ũ0h ,



−1
0
0 t
−1 +
−t
t


 −(Ch ) B h (mh Mh ) + (Ch ) Ah (Ch ) (Ch ) ϕ̃h =

t 0
(Ch ) ũh .

Introducing the change of variables (Ch )t ϕ̃h = ψ̃h , (Ch )t ũ0h =
w̃h0 , an equivalent form, which preserves as much as possible
the symmetry, is given:
(16)

Find λh ∈ R, w̃h0 , ψ̃h ∈ RNh , m0h , Mh0 ∈ R such that



−t 0
(Ch )−1 A−
h (Ch ) √w̃h = (λh − s) ψ̃h ,
0
0
t

S (m M ) − s B th (Ch )−t ψ̃h = −B th (Ch )−t w̃h0 ,

 h h−1 h
−t
0
−(Ch ) B h (m0h Mh0 )t + (Ch )−1 A+
h (Ch ) ψ̃h = w̃h .
Although the matrix A−
h is non singular almost everywhere for
s ∈ R, it could be no definite. Thus, the more efficient way to
solve the linear systems of (16) is the LDLt decomposition.

In order to carry out the inverse power method, we need to
provide the coordinates of the functions e0h , qh0 in the finite
element basis Vh and their transformed ξh0 , ηh0 . Solving (13) the
coordinates ẽ0h and q̃h0 are immediately obtained. The change of
variables needs for the Cholesky decomposition of the enlarged
symmetric matrix Mh ,

(Mh )Nh +1j = b ϕhj+1 , ϕhNh +2 , j = 1, . . . , Nh + 1,

(Mh )Nh +2j = b ϕhj+1 , ϕh1 ,
(Mh )Nh +2Nh +2

j = 1, . . . , Nh + 1,

= b ϕh1 , ϕh1 ,

which can be computed with a small cost since only the two
added rows are new. Now,
ξh0 = (Ch )t ẽ0h ,

ηh0 = (Ch )t q̃h0 .

The inverse power iteration applied to (16) has been implemented as in the following algorithm:
A LGORITHM 1
1. Given ẽ0h , q̃h0 , ξh0 , ηh0 ∈ RNh +2 .
2. Given s ∈ R, ψ̃h0 ∈ RNh , ε > 0.
3. For k = 1, 2, . . .
(a) Find w̃hk , ψ̃hk ∈ RNh and mk ∈ R2 the solution of

−
k−1
 (Ch )−1 Ah√(Ch )−t w̃hk = ψ̃h ,
S mk − s B th (Ch )−t ψ̃hk = −B th (Ch )−t w̃hk ,
 h
−t k
k
−(Ch )−1 B h mk + (Ch )−1 A+
h (Ch ) ψ̃h = w̃h .
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√
(b) ṽhk = w̃hk + ξh0 ηh0 mk − s ψ̃hk .

Nh
51
251
1251

(c) αk = ψ̃hkt ψ̃hk .
ṽ kt ṽ k
(d) σk = h h . If |σk − σk−1 | < ε, then go to 4.
αk
ψ̃hk
.
(e) ψ̃hk ← 1/2
αk

|λ − λh | / |λ|
6.6010E − 3
2.6378E − 4
1.0567E − 5

|ϕ − ϕh |1,2
6.9922E − 1
1.3961E − 1
2.7922E − 2

|u − uh |1,2
6.9780E − 1
1.3961E − 1
2.7921E − 2

Table 1. Eigenvalue relative errors and H 1 eigenfunction
errors.

4. Approach the eigenvalue: σ̂ = σk .

Nh
51
251
1251

5. Compute the eigenvector:
(a) Solve (Ch )t ϕ̂h = ψ̃hk ,
(b) solve (Ch )t û0h = w̃hk ,

(c) ûh = û0h + ẽ0h q̃h0 mk .

kϕ − ϕh k0,2
5.0241E − 3
2.0073E − 4
8.0253E − 6

ku − uh k0,2
4.4595E − 3
1.7804E − 4
7.1201E − 6

iter_p
7
7
7

Table 2. L2 eigenfunction errors and number of iterations.

In the system (3a), the boundary values m of u and the function
ϕ are coupled. The solution is obtained by means of the fixed
point method detailed below.
A LGORITHM 2
1. Given s ∈ R, ψ̃ k−1 ∈ RNh , ε > 0.

2. Find z̃h0 ∈ RNh such that

−t 0
k−1
(Ch )−1 A−
.
h (Ch ) z̃h = ψ̃

3. Bh0 = B th (Ch )−t z̃h0 .

5

Conclusions

Mixed formulations provide an advantageous procedure to
solve fourth order problems. In addition, they are well adapted
for the analysis of the eigenvalue problem. Concerning the
numerical approximation of the linear problem, we obtain optimal order of convergence for piecewise linear finite elements.
Regarding the discretized eigenvalue problem, the order of the
linear problem holds for the eigenfunction and quadratic order
is achieved for the eigenvalue. Finally, iterative methods, as
the inverse power iteration, can be successfully implemented.

4. m1 = M 1 = 0.
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(a) Find φ̃jh ∈ RNh such that
−t j
0
−1
(Ch )−1 A+
Bh
h (Ch ) φ̃h = z̃h + (Ch )

(b) If
kSh (mj , M j )t −

√



mj
Mj



.

s B th (Ch )−t φ̃jh + Bh0 k < ε,

then go to 6.
(c) Find (mj+1 , M j+1 ) ∈ R2 such that
 j+1 
√
m
= s B th (Ch )−t φ̃jh − Bh0 .
Sh
M j+1
6. w̃hk = z̃h0 , ψ̃hk = φ̃jh , mk = (mj , M j )t .
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Regularized solution of a nonlinear problem in
applied Geophysics
P. Díaz de Alba∗ and G. Rodriguez∗

Abstract— The purpose of this work is to detect or infer, by non destructive investigation of soil properties, inhomogeneities
in the ground or the presence of particular conductive substances such as metals, minerals and other geological structures. A
nonlinear model is used to describe the interaction of an electromagnetic field with the soil. Starting from electromagnetic data
collected by a ground conductivity meter, we reconstruct the electrical conductivity of the soil with respect to depth, with a
regularized Gauss-Newton method. We propose an inversion method, based on the low-rank approximation of the Jacobian of
the nonlinear model, which depends on a relaxation parameter and a regularization parameter chosen by automatic procedures.
Numerical experiments on synthetic data sets illustrate the effectiveness of the method.
Keywords: Electromagnetic sounding, regularized Gauss-Newton method, regularization parameter.

1

current, the inter-coil distance, and the height of the instrument
above the ground.

Introduction

Electromagnetic induction (EMI) is a non-invasive technique
used to characterize the spatial variability of soil properties
since the late 1970s. This technique has had widespread use
in archaeological, hydrological, and geotechnical applications.
In all cases, the soil property being investigated must influence
its electrical conductivity either directly or indirectly, for EMI
techniques to be effective. EM induction is becoming increasingly popular because it allows to collect large amount of data
rapidly and inexpensively, and because in some situations it
provides a better characterization of the spatial variations in
soil properties than traditional techniques.
A ground conductivity meter (GCM) is a device often used
in applied geophysics. Its principle of operation is based on
an alternating electrical current which flows through a small
electric wire coils (the transmitter). A second coil (the receiver)
is positioned at a fixed distance from the first one, and the
two coil axes may be aligned either vertically or horizontally.
The transmitting coil generates an electromagnetic field above
the surface of the ground, a portion of which propagates into
it. This EM field, called the primary field HP , induces an
alternating electrical current within the ground, in turn generating a secondary EM field HS , which propagates back to
the surface and the air above. The second wire coil acts as
a receiver, measuring the amplitude and phase components of
both the primary and secondary EM fields. The measurements
obtained by a GCM depend on some instrument settings, like
the orientation of the dipoles, the frequency of the alternating

Assuming a linear dependence between the GCM response and
the subsurface electrical conductivity, a method was presented
in [8] to estimate conductivities for a simple multilayered
earth model, which is applicable for low induction numbers.
The induction number, also called the “response parameter",
combines many of the most significant parameters affecting the
EM response into one single figure, against which to compare
responses. It is defined as
r
µ0 ωσ
B=r
,
2

where σ is the uniform electrical conductivity. The constant
r is the inter-coil distance, µ0 = 4π10−7 H/m is the magnetic
permeability of free space, and ω = 2πf , being f the operating
frequency of the device in Hz.
Adopting this linear model, Borchers et al. [2] implemented
a Tikhonov inverse procedure to reconstruct conductivity profiles from measurements taken using a GCM at various heights
above the ground. Then, to account for high values of the
induction number, Hendrickx et al. [7] fitted the technique of
Borchers et al. [2] to a nonlinear model described in Ward and
Hohmann [11].
In this work, we extend a regularized inversion procedure based
on the damped Gauss-Newton method, introduced by Deidda
et al. [4]. The algorithm described therein takes into consideration the quadrature part of the measured signal, which is

∗ Department of Mathematics and Computer Science, University of Cagliari, 09123 Cagliari (ITALY). Email: patricia.diazdealba@gmail.com, rodriguez@unica.it
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proportional to the “apparent” conductivity of the propagation
medium. In order to investigate the possibility of getting more
information from the available data, we consider either the inphase or the quadrature component of the signal. Moreover, we
introduce the possibility to process data collected at different
operating frequencies, while in the mentioned paper the data
to be inverted were obtained placing the instrument at various
heights above the ground. This new approach is motivated
by the availability of devices which use multiple frequencies
simultaneously for each measurement.

by Yk (λ) and verifies the following recursion

In Section 2 we describe the nonlinear forward problem which
models the experimental setting. Section 3 describes the regularized inversion algorithm, and Section 4 reports the results
of our numerical experiments. Section 5 contains concluding
remarks and discusses possible future developments.

where N0 (λ) = λ/(iµ0 ω). Then, assuming that the instrument
coils are oriented vertically,
Z ∞
HS
3
(1)
λ2 e−2hλ R0 (λ)J0 (rλ) dλ,
= −r
HP
0

2

The nonlinear problem

Height (h)

The model here described is derived from Maxwell’s equations, keeping into account the cylindrical symmetry of the
problem. The input quantities are the distribution of the
electrical conductivity and the magnetic permeability in the
subsurface; the output is the instrument reading at height h.
hm
T

hi

R
r

h2
z1=h1

Ground surface
d1

σ1

µ1

d2

σ2

µ2

dn-1

σn-1

µn-1

dn

σn

µn

Depth (z)

z2
z3
zn-1
zn

Halfspace

The soil is assumed to possess a layered structure with n
layers, each of thickness dk , k = 1, . . . , n; see Figure 1.
As a consequence, the electromagnetic variables are piecewise
constant. The thickness dn of the bottom layer is assumed to
be infinite. Let σk and µk be the electrical conductivity and the
magnetic p
permeability in the k-th layer, respectively, and let
uk (λ) = λ2 + iσk µk ω, where λ is a variable of integration
which has no particular physical meaning.
The characteristic admittance of the k-th layer is given by
uk (λ)
,
iµk ω

k = 1, . . . , n.

The surface admittance at the top of the k-th layer is denoted

Yk+1 (λ) + Nk (λ) tanh(dk uk (λ))
,
Nk (λ) + Yk+1 (λ) tanh(dk uk (λ))

for k = n − 1, . . . , 1. This recursion is initialized by setting
Yn (λ) = Nn (λ) at the lowest layer.
Now let the reflection factor be
N0 (λ) − Y1 (λ)
,
R0 (λ) =
N0 (λ) + Y1 (λ)

where HP and HS denote the primary and secondary magnetic
field. A similar formula holds for the horizontal orientation of
the coils [11]. We remark that (1) defines a complex valued
function which can be evaluated by the Hankel transform.
In many previous works, only the quadrature component of
(1) has been considered. This is justified by the fact that the
imaginary part of HS /HP , scaled by the constant 4/(µ0 ωr2 ),
can be interpreted as an electrical conductivity, and is generally
referred to as the apparent conductivity. In this work we
consider either the in-phase or the quadrature component of
the fields ratio, since they are both measured by a GCM.
To underline the role of the parameters which influence the
measurements, we let m(σ, µ; ω, h) := HS /HP . The entries
of the vectors σ, µ ∈ Rn are the conductivities and permeabilities of the ground layers, ω is the angular frequency of the
instrument, and h is its height above the ground.

3

Figure 1: Discretization and representation of the subsoil.

Nk (λ) =

Yk (λ) = Nk (λ)

Solution of the inverse problem

In this paper, we assume the magnetic permeability to be
known in each of the n layers. So the fields ratio (1) can be
considered as a function of the values σk , k = 1, . . . , n, of the
conductivity in the subsoil layers.
Multiple measurements are needed to recover the distribution
of conductivity with respect to depth, so we assume that each
measurement bij ∈ C is recorded at frequency ωi , i =
1, . . . , mω , and height hj , j = 1, . . . , mh . This amounts to
m = mω mh data points.
Let us consider the error in the model prediction, that is,
b ωi , hj ),
bij − m(σ, µ;

b = (b
where µ
µ1 , . . . , µ
bn )T is the known permeability distribub ωi , hj ), with i = 1, . . . , mω
tion. If the values bij and m(σ, µ;
and j = 1, . . . , mh , are stacked in lexicographical order in the
vectors b, m(σ) ∈ Cm (m = mω mh ), the residual vector can
be written as
(2)

r(σ) = F(b − m(σ)),
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where F(z) denotes either the real or the imaginary part of the
vector z ∈ Cm .
The problem of data inversion consists of computing the conductivity vector σ = (σ1 , . . . , σn )T which determines a given
data set b ∈ Cm . As it is customary, we use a least squares
approach by solving the nonlinear problem
(3)

minn f (σ),

σ∈R

f (σ) =

1
kr(σ)k2 ,
2

where k · k represents the Euclidean norm.
The obvious choice of a solution algorithm for (3) is Newton’s
method. According to it, the step sk in the iteration
σk+1 = σk + sk
is chosen by solving the n × n linear system
f 00 (σk )sk = −f 0 (σk ),
where f 0 (σ) is the gradient vector of f (σ) and f 00 (σk ) is its
Hessian matrix.
The analytical expression of f 00 (σ) is not always available,
as its computation often implies a large computational effort.
To overcome this difficulty, we resort to the Gauss–Newton
method, which minimizes at each step the norm of a linear
approximation of the residual r(σk + sk ); see (2).
Let r(σ) be Fréchet differentiable and let σk denote the current
approximation, then we can write
r(σk+1 ) ' r(σk ) + J(σk )sk ,
where J(σ) is the Jacobian of r(σ) = (r1 (σ), . . . , rm (σ))T ,
defined by
[J(σ)]ij =

∂ri (σ)
,
∂σj

i = 1, . . . , m, j = 1, . . . , n.

The exact expression of the Jacobian matrix is given in [4,
Theorem 3.2].
At each iteration k, the step length sk is the solution of the
linear least squares problem
(4)

To ensure convergence, the damped Gauss–Newton method
replaces the approximation (5) by
(6)

σk+1 = σk + αk sk ,

where αk is a step length to be determined. To choose it, we use
the Armijo–Goldstein principle [9]. This choice of αk ensures
convergence of the method, provided that σk is not a critical
point [1].
The damped method allows us to include an important physical
constraint in the inversion algorithm, i.e., the positivity of
the solution. In our implementation, αk is the largest step
size which both satisfies the Armijo–Goldstein principle and
ensures that all the solution components are positive.
It is well known that problem (3) is extremely ill-conditioned.
In particular, it has been observed in [4] that the Jacobian
matrix J(σ) has a large condition number virtually for each
value of σ in the solution domain. A common remedy to
overcome this difficulty consists of replacing the least-squares
problem (4) by a nearby problem, whose solution is less
sensitive to the error present in the data. This replacement is
known as regularization.
A regularization method which particularly suits our problem,
given the size of the matrices involved, is the truncated singular
value decomposition (TSVD). The best rank ` approximation
(` ≤ p = rank (Jk )) to the Jacobian, according to the
Euclidean norm, can be obtained by the SVD decomposition
Jk = U ΓV T , where Γ = Idiag (γ1 , . . . , γp ) and U , V
are matrices with orthonormal columns ui , vi , respectively
[1]. This factorization allows us to replace the ill-conditioned
Jacobian matrix Jk by a well-conditioned low-rank matrix A` ,
such that
kJk − A` k =

min kr(σk ) + Jk sk,

σk+1 = σk + sk = σk − Jk† r(σk ).

The symbol Jk† denotes the Moore–Penrose pseudoinverse of
the matrix Jk [1].
When the residuals ri (σk ) are small or mildly nonlinear in a
neighborhood of the solution, the Gauss–Newton method is expected to behave similarly to Newton’s method [1]. We remark

min

rank (A)=`

kJk − Ak.

Then, the regularized solution to (4) can be expressed as
s(`) = −A†` r = −

s∈Rn

with Jk = J(σk ) or some approximation, leading to the
following iterative method
(5)

that, while the physical problem is obviously consistent, this is
not necessarily true in our case, where the conductivity σ(z) is
approximated by a piecewise constant function. Furthermore,
in the presence of noise in the data the problem will certainly
be inconsistent.

X̀ uT r
i

i=1

γi

vi ,

where r = r(σk ) and ` = 1, ..., p is the regularization
parameter.
When some kind of a priori information is available on the
problem, e.g., the solution is a smooth function, it is sometimes
useful to introduce a regularization matrix L ∈ Rt×n (t ≤ n),
whose kernel approximately contains the sought solution. In
this case, problem (4) is replaced by
min kLsk,
s∈S

S = {s ∈ Rn : JkT Jk s = −JkT r(σk )},
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under the assumption N (Jk ) ∩ N (L) = {0}. The generalized
singular value decomposition (GSVD) of the matrix pair (Jk ,
L) is the factorization
(7)

Jk = Ũ ΣJ Z −1 ,

L = Ṽ ΣL Z −1 ,

1

0.8

0.6

0.4

0.2

where Ũ and Ṽ are orthogonal matrices and Z is nonsingular.
By the simultaneous factorization (7) it is possible to define a
truncated GSVD (TGSVD) solution s` ; see [4, 5] for details.
Our algorithm for the regularized solution of (3) applies either
TSVD or TGSVD to each step of the damped Gauss–Newton
method (6). For a fixed value of the regularization parameter `,
we substitute sk in (6) by the truncated SVD or GSVD solution
s(`) , obtaining the following iterative method
(8)

(`)

(`)

(`)

σk+1 = σk + αk sk .

We denote by σ (`) the solution at convergence.

0
0

0.5

1

1.5

2

2.5

3

3.5

Figure 2: Graph of the test function used to model conductivity
with respect to depth.
To model the conductivity of the subsoil with respect to depth,
we chose the test function f (z) depicted in Figure 2. For fixed
n and h = (3.5 meters)/n, we let σq = f (qh) and µ
bq = µ0
for q = 1, . . . , n. Then, we apply the forward model described
in Section 2 to generate the instrument readings
bbij = m(σ, µ;
b ωi , hj ),

The choice of the regularization parameter ` is crucial in order
to obtain a good approximation σ (`) of σ. In real applications,
experimental data are affected by noise, so the data vector in
b + e,
the residual function (2) must be expressed as b = b
b
where b contains the exact data and e is the noise vector. If the
noise is Gaussian and an accurate estimate of kek is available,
the discrepancy principle [5] determines ` as the smallest index
such that
kb − m(σ (`) )k ≤ κkek,

with i = 1, . . . , mω and j = 1, . . . , mh , corresponding to
frequency ωi = 2πfi and height hj . Finally, we add Gaussian
noise to the synthetic data by the formula

In the absence of a trustful estimate of the noise level, many so
called heuristic methods have been introduced to approximate
a regularization parameter. The L-curve, introduced by Hansen
[5], is the curve which connects the points with coordinates


log kr(σ (`) )k , log kLσ (`) k , ` = 1, . . . , p.

In order to simulate the use of a particular multifrequency
device, the Geophex GEM-2 conductivity meter, we consider the coils to be in the vertical orientation at a fixed
distance r = 1.66m. The measurement height h is either
1m (mh = 1) or 0.5m and 1m (mh = 2). Each data set
is recorded simultaneously at the operating frequencies fi =
775, 1175, 3925, 9825, 21725, 47025 (all expressed in Hertz),
that is, mω = 6. This instrument setting is currently being
used to process data collected in the Venice lagoon [3].

where κ > 1 is a user-specified constant independent of kek.

In many discrete ill-posed problems this curve exhibits a
typical “L” shape. The L-curve criterion selects the index
` corresponding to the vertex of the “L”. This choice often
produces a smooth solution with a sufficiently small residual.
In our experiments, the corner is identified by means of the Lcorner algorithm [6], which in this particular situation proved
to be the most effective technique; see [10] for a review of
methods.

4

Numerical experiments

To assess the performance of our algorithm and, at the same
time, to understand which experimental setting is the most
effective for the investigation of the soil properties, we performed a set of numerical experiments on synthetic data sets.
The computations were executed in double precision using
MATLAB R2015a on an Intel Core i7 computer with 8 Gbyte
RAM, under the Linux operating system.

b
kbk
b + τ√
w,
b=b
m

where w is a vector with normally distributed entries with zero
mean and unitary variance, m = mω mh , and τ is the noise
level.

In the first experiment we investigate how to choose some
of the parameters of the methods, namely, the regularization
matrix L, the heights number mh , the number of layers n,
and if the function F(z) in the residual (2) is either the real
or the imaginary part of z. For each choice of the parameters,
we apply the above procedure to compute a synthetic data set
setting the noise level to τ = 10−3 , 10−2 , and generating 20
times the random noise vector w, to produce 40 test problems
corresponding to different noise realizations. We measure the
relative error
kσ − σ (`opt ) k
,
E`opt =
kσk

where the regularization parameter `opt has been chosen in
order to minimize the value of E` , ` = 1, . . . , p, so that the
accuracy attainable by the method is maximal.
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Table 1: Best accuracy attainable by the method for selected
choices of the parameters. Each entry of the table is the average
of E`opt across 40 experiments with two noise levels and 20
noise realizations.
L
I
F =R

D1
D2
I

F =I

D1
D2

mh
1
2
1
2
1
2
1
2
1
2
1
2

n = 20
3.6e-01
4.5e-01
3.0e-01
2.4e-01
2.4e-01
2.5e-01
3.2e-01
3.0e-01
1.9e-01
2.1e-01
2.3e-01
2.1e-01

n = 30
3.7e-01
4.5e-01
3.3e-01
2.4e-01
2.1e-01
2.5e-01
3.9e-01
3.4e-01
2.3e-01
1.9e-01
2.0e-01
2.2e-01

n = 40
3.7e-01
4.4e-01
2.9e-01
2.3e-01
2.8e-01
2.3e-01
4.0e-01
3.4e-01
1.9e-01
1.9e-01
2.4e-01
2.1e-01

For each combination of the selected parameters, we report in
Table 1 the average of the values of E`opt across the available
40 test problems. The table confirms that the choice of
the regularization matrix L = I produces the least accurate
results, as observed in [4], while D1 and D2 are more or less
equivalent. The method is not very sensitive upon the number
of layers n and the accuracy does not improve substantially
when mh = 2, with respect to mh = 1. Since increasing mh
implies a larger data acquisition time, in our next experiments
we will set L = D2 , mh = 1, and n = 30. Regarding the
choice of the function F, both the real and imaginary part of the
signal seem to contain the same amount of information about
the solution, with the quadrature component reaching a slightly
better accuracy. This suggests that both components should be
considered in the solution of the least squares problem (3). We
plan to extend the algorithm in this sense in our future work.
In our next experiment, we consider the presence of electromagnetic materials in the subsoil (µ > µ0 in some layer) and
analyze the effectiveness of the L-curve as a method to choose
the regularization parameter `. Table 2 is divided into 2 main
blocks: the first 2 rows concern the optimal choice ` = `opt , the
last 2 rows the choice ` = `L-curve , produced by the L-curve.
The integer number on the bottom of each row represents the
number of failures, that is, how many of the 40 experiments
produced a relative error larger than 1.5. We verified that when
the error is below this limit it is still possible to recover from the
solution significant information, e.g., the localization in depth
of the maximum value. The real number on the top of each
row represents the average of E`opt (first two rows) and E`L-curve
(last two rows) across the acceptable errors. The first column
contains the result corresponding to µ
bq = µ0 , q = 1, . . . , n, as
for the previous experiment. In the second to fourth column,
the magnetic permeability of each layer is set to
µ
bq = µr µ0 f (qh) + µ0 ,

q = 1, . . . , n,

where µr = 10, 102 , 103 , and f (z) is the function of Figure

2. The largest value of µr roughly correspond to the magnetic
permeability of iron.

Table 2: Results in the presence of ferromagnetic materials.
Each row displays the average error and the number of failures;
see text. The upper block concerns the optimal choice of `,
the bottom block the choice by the L-curve; µr is the relative
magnetic permeability.
optimal - R
optimal - I
L-curve - R
L-curve - I

µ0
2.3e-01
0
2.4e-01
0
2.6e-01
0
2.6e-01
0

µr = 10
4.3e-01
13
5.3e-01
6
6.3e-01
20
4.2e-01
23

µr = 102
5.3e-01
9
4.5e-01
4
4.7e-01
18
5.5e-01
10

µr = 103
5.5e-01
19
7.1e-01
12
5.4e-01
27
7.4e-01
16

From Table 2, it is immediately evident that the inversion problem is much harder to solve when µr 6= µ0 . The substantial
number of experiments whose relative error is larger than 1.5
(the failures) suggests that the algorithm, originally conceived
for constant permeability, should be extended to deal with the
general situation. Nevertheless, when the algorithm does not
fail the error for µr > µ0 is only slightly larger than for
µ0 . Preliminary results on field data (see [3]) suggest that
the solutions produced by the method are still accurate for
moderate values of µr .
When the regularization parameter ` is chosen by the L-curve,
rather than optimally, the performance of the method gets
worse, in terms of number of failures, but the error is still
acceptable. This experiment confirms that both the real and
imaginary part of the signal contain substantial information
about the solution.
To illustrate the effect of regularization on the computed solutions we report in Figure 3 the first 4 regularized solutions
σ (`) , that is, the limit solutions of the iterative scheme (8)
when ` = 1, 2, 3, 4. This experiment is characterized by
constant permeability µ0 and noise level τ = 10−3 ; the
solution (green line) is computed by minimizing the real part
of the signal. The exact solution is displayed in each graph
by a blue line. The graphs show that when the parameter is
smaller than the optimal value, the solution is over-regularized
and it is just a sketch of the correct conductivity profile. On
the contrary, when ` is too large, there is no constraint on the
error propagation and the under-regularized solution exhibits
abnormal oscillations.
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Figure 3: Plot of the first 4 regularized solutions, computed by
minimizing the real part of the signal, compared to the exact
solution. The magnetic permeability µ = µ0 is constant, the
noise level is τ = 10−3 .
In Figure 4 we compare the solution obtained by minimizing
the real part of the data (left column) to the one corresponding
to the imaginary part (right column). The blue line is the exact
solution, the black one is the optimal solution, the red line
represents the L-curve solution. The graphs in the top row
correspond to µr = 10 and τ = 10−3 . When F = R, the
L-curve selects the optimal parameter ` = 2, with an error
E`opt = E`L-curve = 0.37; when F = I, the algorithm fails.
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Conclusions and future developments

In this paper we presented an extension of an algorithm proposed in [4] for the inversion of EMI data in a Geophysical
setting. We adapted the algorithm to process data collected by
multifrequency devices, and to fit either the real or the imaginary part of the data. Moreover, we took into consideration the
presence of ferromagnetic materials in the subsoil.
While the results corresponding to low magnetic permeability
(µ = µ0 ) are satisfactory, considering larger permeabilities
makes the algorithm less robust. In the near future, we
plan to modify the inversion procedure in order to deal with
the complex signal as a whole, and with large values of µ.
Another problem we are facing is the determination of both
the conductivity and the permeability starting from the data.
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Improved Arlequin method for
the transient wave equation
J. Albella∗, H. Ben Dhia†, S. Imperiale‡ and J. Rodríguez∗

Abstract— The Arlequin method, originally developed in [1] and recently integrated in an industrial computational platform in
[2], is a flexible tool which allows to couple different models using an overlapping region. In [3] the method was successfully
used as a domain decomposition technique in the framework of the transient wave equation which is of our interest. The main
contribution of this work is to develop some variants that allow even more flexibility on the space discretization procedure and
keep all the good properties of the method. Following [4, 9] the system of ordinary differential equations obtained by the method
of lines is numerically solved using an implicit-explicit time integrator which conserves a discrete energy. The numerical results
show the good performance of all variants and the compatibility with high order discretizations.

1

2

Introduction

For the sake of clarity, let us consider the following one
dimensional model:

Arlequin formulation

To present the Arlequin formulation of (1) we introduce two
overlapping open intervals Ω1 and Ω2 such that
Ω1 ∪ Ω2 = Ω,

Find the solution u(x, t) of:
(1)

ρ ∂t2 u − ∂x (µ ∂x u) = 0

and the following Hilbert spaces V = H 1 (Ω1 ) × H 1 (Ω2 ) and
M = H 1 (ω).

in Ω = (a, b), t ∈ [0, T ],

u(x, 0) = u0 , ∂t u(x, 0) = v0

in Ω,

Then, the Arlequin formulation of (1) reads as:

∂n u(a, t) = ∂n u(b, t) = 0,
where ρ, µ ≥ 0 are assumed to be smooth enough functions,
u0 ∈ H 2 (Ω) and v0 ∈ H 1 (Ω). The boundary conditions and
the presence of a forcing term could be easily handled.
The variational formulation of (1) can be obtained multiplying
by a test function v ∈ H 1 (Ω) and integrating over Ω. Then the
weak problem reads (initial conditions are omitted):

(2)

Ω1 ∩ Ω2 = ω 6= ∅,

Find u(t) ∈ H 1 (Ω) s.t. ∀v ∈ H 1 (Ω)

ρ ∂t2 u, v 0,Ω + (µ ∂x u, ∂x v)0,Ω = 0,

(3)

Find (u(t), λ(t)) ∈ V × M s.t. ∀(v, l) ∈ V × M
a(u, v) + b(λ, v) + b(l, u) = 0,

where ∀ (u, v, l) ∈ V × V × M ,
a(u, v)

=

b(l, v)

=

2
X


αi ∂t2 ui , vi 0,Ω + (βi ∂x ui , ∂x vi )0,Ωi ,
i
i=1

l, v1|ω − v2|ω 1,ω ,

and αi , βi ∈ L∞ (Ωi ) are strictly positive functions such that:
αi
βi
α1 + α2
β1 + β2

e
where (·, ·)k,Ω
e is the usual scalar product in H (Ω) (its corresponding norm will be denoted by k · kk,Ω
e ). It is well known
that a solution of (2) exists, is unique and satisfies
k

u ∈ C 0 (0, T ; H 2 (Ω)) ∩ C 1 (0, T ; H 1 (Ω)) ∩ C 2 (0, T ; L2 (Ω)).

=
=
=
=

ρ
µ
ρ
µ

in
in
in
in

Ωi \ω,
Ωi \ω,
ω,
ω.

The following result concerning the existence and uniqueness
of solution holds:
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T HEOREM 1 There exist a unique solution (u1 , u2 , λ) of (3)
such that
u1 = u|Ω1 , u2 = u|Ω2 ,
where u is the solution of (2).
A priori, the Arlequin formulation (3) allows the use of independent meshes for the approximation Vh = V1,h × V2,h
of V , offering the opportunity to capture with the finest mesh
all the variations of the physical coefficients on ω. However
a mesh for the intersection region ω is also needed for the
discretization Mh of M . These approximation spaces must
satisfy the following compatibility inequality often called the
uniform inf-sup condition, namely:
inf

sup

lh ∈Mh vh Vh

b(lh , vh )
(kv1,h k21,Ω1

1

+ kv2,h k21,Ω2 ) 2 klh k1,ω

≥ γ > 0.

In order to fulfil this condition (among other reasons) Mh is
chosen to be the restriction of V1,h or V2,h to ω, implying that
the mesh for ω is supposed to be a sub-mesh of one of the
meshes of the Ωi , i ∈ {1, 2}. This introduces an important
conformity constraint on the mesh generation. The aim of this
work is to introduce three variants of the Arlequin method,
which allow to overcome this difficulty. The new formulations
are motivated by the equations satisfied by λ, that are derived
in the next section.

(5)

ρ ∂t2 u2 , w



0,Ω2 \ω

+ (µ ∂x u2 , ∂x w)0,Ω2 \ω +

hµ ∂n u2 , wiγ1 = 0,

where γi = ∂ω ∩ ∂Ωi for i = 1, 2 and h·, ·iγ denotes the
1
1
duality product between H − 2 (γ) and H 2 (γ). Moreover by
setting v1 |Ω1 = w|Ω1 , v2 |Ω2 = −w|Ω2 and l = 0 in (3), we
find, due to (4) and (5), that:
2 (λ, w)1,ω = hµ ∂n u1 , wiγ2 − hµ ∂n u2 , wiγ1 +

α2 ∂t2 u2 − α1 ∂t2 u1 , w 0,ω + (β2 ∂x u2 − β1 ∂x u1 , ∂x w)0,ω .

Finally, by application of Green’s formula in the right hand side
one gets:
D
E
2 (λ, w)H 1 (ω) = (µ − β1 |ω )∂n u1 + β2 |ω ∂n u2 , w
−
D
E γ2
+
(µ − β2 |ω )∂n u2 + β1 |ω ∂n u1 , w
γ1

α2 ∂t2 u2 − α1 ∂t2 u1 , w 0,ω −
(∂x (β2 ∂x u2 ) − ∂x (β1 ∂x u1 ), w)0,ω ,

which happens to be the variational formulation of the following partial differential equation:

2 λ − ∂x2 λ = α2 ∂t2 u2 − ∂x (β2 ∂x u2 )−
(6)

α1 ∂t2 u1 + ∂x (β1 ∂x u1 )

in ω,

Interpretation of the Lagrange multiplier

∂n λ =

(µ − β1 |ω ) ∂n u1

in γ2 ,

For the sake of simplicity, ρ and µ are assumed to be continuous while αi , βi are allowed to jump only over ∂ω. Our goal is
to obtain the partial differential equation satisfied by λ.

∂n λ =

(β2 |ω − µ) ∂n u2

in γ1 .

3

Choosing in (3) v2 = 0, l = 0 and v1 ∈ D(Ω1 \ ω) (extended
by zero to Ω1 ) one gets

α1 ∂t2 u1 , v1 0,Ω1 \ω + (β1 ∂x u1 , ∂x v1 )0,Ω1 \ω = 0,

which leads to the following distributional equality
ρ ∂t2 u1 − ∂x (µ ∂x u1 ) = 0

0

in (D(Ω1 \ω)) ,

which also holds in L2 (Ω1 \ ω) (since the first term belongs to
this space).
With the same arguments it is possible to show that
ρ ∂t2 u2 − ∂x (µ ∂x u2 ) = 0

in L2 (Ω2 \ω).

Now, multiplying these last two equalities by w ∈ H01 (Ω),
integrating over Ω1 \ω and Ω2 \ω respectively and using the
Green’s formula we obtain:

ρ ∂t2 u1 , w 0,Ω \ω + (µ ∂x u1 , ∂x w)0,Ω1 \ω +
1
(4)
hµ ∂n u1 , wiγ2 = 0,

4

Alternative formulations

From the interpretation of the Lagrange multiplier (6) it seems
to be interesting to select in some interval ωc ⊂ ω the
parameters αi and βi in such a way that
λ − ∂x2 λ = 0 in ωc ⊂ ω.

(7)

This study could lead to formulations where the volumetric part
of the multiplier is partially avoided.
From theorem 1, u1 = u2 = u in ω which implies that
ρ ∂t2 u1 − ∂x (µ ∂x u1 ) = ρ ∂t2 u2 − ∂x (µ ∂x u2 ) = 0 in ω.
In consequence, choosing
(8)

α1
β1
=
=C
ρ
µ

and

α2
β2
=
=1−C
ρ
µ

in ωc ,

with C ∈ (0, 1) one gets
α1 ∂t2 u1 −∂x (β1 ∂x u1 ) = α2 ∂t2 u2 −∂x (β2 ∂x u2 ) = 0 in ωc ,
that gives (7).
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In this way, the intersection region ω will be divided into three
non-overlapping sub-intervals (some of them possibly being
empty), namely ω1 , ω2 and ωc (see Figure 1 for the notation).
Depending on the configuration of these sub-intervals, three
alternative formulations of (3) will be introduced. In these new
formulations, the coefficients αi and βi will be allowed to jump
between these three sub-intervals.

4.2

Volumetric-Boundary coupling (V-B)

If we consider ω1 6= ∅, ω2 = ∅ and assumption (8), from (7)
one gets the following identity
(λ, w)1,ωc = h∂n λ, wiγ2 + h∂n λ, wi∂ωc \γ2 , ∀ w ∈ H 1 (ωc ).
Then one can choose to introduce (λω1 , λγ2 ) ∈ Mω1 ,γ2 =
H 1 (ω1 ) × H −1/2 (γ2 ) such that λγ2 = ∂n λ and λω1 is the
unique solution of

Figure 1: Decomposition of ω.

Find λω1 ∈ H 1 (ω1 ) s.t. ∀ w ∈ H 1 (ω1 )

(λω1 , w)1,ω1 = (λ, w)1,ω1 + h∂n λ, wi∂ω1 \γ1 .

4.1

Boundary-Boundary coupling (B-B)

If we consider ω1 = ω2 = ∅ (that is, ωc = ω) and assumption
(8), equation (7) provides the following identity
(λ, w)1,ωc = h∂n λ, wiγ1 + h∂n λ, wiγ2 , ∀ w ∈ H 1 (ωc ).
Then one can
=
 choose to introduce (λγ1 , λγ2 )
∂n λ|γ1 , ∂n λ|γ2 in Mγ1 ,γ2 = H −1/2 (γ1 ) × H −1/2 (γ2 ) and
reformulate (3) using
(λ, v1 − v2 )1,ω = hλγ1 , v1 − v2 iγ1 + hλγ2 , v1 − v2 iγ2 .
Our next step is to proof that
(9)

hlγ1 , u1 − u2 iγ1 + hlγ2 , u1 − u2 iγ2 = 0,

for all (lγ1 , lγ2 ) ∈ Mγ1 ,γ2 guaranties u1 = u2 in H 1 (ω). To
do so we select in (3) v2 = 0, l = 0 and v1|ω = w ∈ D(ω)
(extended by 0) one gets

α1 ∂t2 u1 , w 0,ω + (β1 ∂x u1 , ∂x w)0,ω = 0,

which, under condition (8) leads to

ρ ∂t2 u1 − ∂x (µ ∂x u1 ) = 0
− ∂x (µ ∂x u2 ) = 0

(λ, v1 − v2 )1,ω = (λω1 , v1 − v2 )1,ω1 + hλγ2 , v1 − v2 iγ2 .
Arguing as in the previous section we show that u1 and u2
verify the same partial differential equation in ωc . Therefore
(lω1 , u1 − u2 )1,ω1 +hlγ2 , u1 − u2 iγ2 = 0, ∀ (lω1 , lγ2 ) ∈ Mω1 ,γ2
implies that u1 = u2 in H 1 (ω).
In consequence, under assumption (8), the Arlequin formulation (3) is equivalent to:
Find (u(t), λ(t)) ∈ V × Mω1 ,γ2 s.t.∀(v, l) ∈ V × Mω1 ,γ2
a(u, v) + bω1 ,γ2 (λ, v) + bω1 ,γ2 (l, u) = 0,
where ∀ (l, v) ∈ Mω1 ,γ2 × V
bω1 ,γ2 (l, v) = (lω1 , v1 − v2 )1,ω1 + hlγ2 , v1 − v2 iγ2 .

in L2 (ω).

Similarly one obtains
ρ ∂t2 u2

Hence it is possible to reformulate (3) using

2

in L (ω).

Since u1 and u2 satisfy the same partial differential equation
and they are equal on the boundary of ωc (by (9)), then
(l, u1 − u2 )1,ω = 0 ∀l ∈ M.
In consequence, under assumption (8), the Arlequin formulation (3) is equivalent to:
Find (u(t), λ(t)) ∈ V × Mγ1 ,γ2 s.t. ∀(v, l) ∈ V × Mγ1 ,γ2
a(u, v) + bγ1 ,γ2 (λ, v) + bγ1 ,γ2 (l, u) = 0,
where ∀ (l, v) ∈ Mγ1 ,γ2 × V
bγ1 ,γ2 (l, v) = hlγ1 , v1 − v2 iγ1 + hlγ2 , v1 − v2 iγ2 .

The case where ω1 = ∅, ω2 6= ∅ can be similarly handled.

4.3

Volumetric-Volumetric coupling (V-V)

Finally when ω1 , ω2 and ωc are not the empty set and (8)
is satisfied, similar techniques allow to obtain the alternative
formulation (where Mω1 ,ω2 = H 1 (ω1 ) × H 1 (ω2 ))
Find (u(, t), λ(t)) ∈ V × Mω1 ,ω2 s.t. ∀(v, l) ∈ V × Mω1 ,ω2
a(u, v) + bω1 ,ω2 (λ, v) + bω1 ,ω2 (l, u) = 0,
where ∀ (l, v) ∈ Mω1 ,ω2 × V
bω1 ,ω2 (l, v) = (lω1 , v1 − v2 )1,ω1 + (lω2 , v1 − v2 )1,ω2 .
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Space discretization

First of all we introduce Vh = V1,h × V2,h ⊂ V as the P k
Lagrange finite element spaces based on the corresponding
meshes for Ωi , i ∈ {1, 2}. Next, for (A1 , A2 ) ∈ {γ1 , ω1 } ×
{γ2 , ω2 }, let us introduce Mh = MA1 ,h × MA2 ,h ⊂ MA1 ,A2
as the P k Lagrange finite element spaces based on meshes of
the sets A1 and A2 (note that the set Ai might be either a point
or an interval).
Then, the semi-discrete problem reads as follows:
Find (uh (, t), λh (t)) ∈ Vh × Mh s.t. ∀(vh , lh ) ∈ Vh × Mh

be unconditionally stable and implicit) and θj = 0 in the
region with the coarsest mesh (since it provides an explicit
discretization).
The complete error analysis of the semi-discrete and discrete
problem is out of the scope of this paper, we refer to [8] for a
general convergence result in the static case for the original
Arlequin method. Let us only mention that, following the
arguments presented in [9], existence of solution of the semidiscrete problem is related to the invertibility of the matrix
−1
T
BT1,h M−1
1,h B1,h + B2,h M2,h B2,h ,

which is guaranteed if and only if

a(uh , vh ) + bA1 ,A2 (λh , vh ) + bA1 ,A2 (lh , uh ) = 0.
Therefore representing by U1,h , U2,h and Λh the decomposition of u1,h , u2,h and (λA1 ,h , λA2 ,h ) in their Lagrangian basis,
the algebraic version of the semi-discrete variational problem
reads as:
2

d
M1,h dt
2 U1,h
2

d
M2,h dt
2 U2,h

+

S1,h U1,h

+

B1,h Λh

=

0,

+

S2,h U2,h

−

B2,h Λh

=

0,

=

0.

BT1,h U1,h

− BT2,h U2,h

It’s interesting to notice that the Mγi ,h spaces can be build as
the traces on γi of the elements of Vi,h , while a clever choice of
ωi will allow to build the finite element spaces Mωi ,h from submeshes of Ωi . In consequence, these alternative formulations
imposes less constraints on the mesh generation compared to
the original Arlequin formulation.

6

Time discretization

The unknowns U1,h , U2,h and Λh will be approximated at each
n
n
and Λnh . The following second
, U2,h
time tn = n∆t by U1,h
order finite difference scheme with uniform time step ∆t is
used to integrate the differential-algebraic system of equations
obtained after the space discretization
n−1
n
U n+1 −2U1,h
+U1,h
+
∆t2
n+1
n
S1,h θ1 U1,h + (1 − 2θ1 )U1,h

M1,h 1,h

n−1
n
U n+1 −2U2,h
+U2,h
+
∆t2
n+1
n
S2,h θ2 U2,h + (1 − 2θ2 )U2,h

M2,h 2,h

n
n
BT1,h U1,h
− BT2,h U2,h
= 0,


n−1
+ θ1 U1,h
+ B1,h Λnh = 0,

n−1
+ θ2 U2,h
− B2,h Λnh = 0,

where θi ∈ R, i{1, 2} are discretization parameters to be
choosen. A classic study on the energy estimate of the given
scheme gives the following CFL condition:
(10)

Mi,h −

1 − 4 θi 2
∆t Si,h ≥ 0.
4

In consequence, it will be useful to select θi = 1/4 in the
region which contains small elements (since the scheme would

ker(B1,h ) ∩ ker(B2,h ) = {0}.

As pointed out in [9] this last condition can be expressed as a
discrete inf-sup condition.

7

Numerical results

In this section a comparative between the classic Arlequin
coupling and the three new alternatives will be presented. For
that purpose we consider Ω = [0, 3] and a final integration time
T = 15. The initial conditions and the volumetric source term
are zero while the boundary conditions are given by
u(0, t) =

2
(3−2 t)
1[0,7.5) 200·12
2
2
2(t+ 92 ) (t− 15
2 )

µ ∂x u(3, t) +

√

200·122
9
15
e (t+ 2 )(t− 2 )

+200·4

,

µρ ∂t u(3, t) = 0.

The coefficients ρ and µ will be defined later.
The interval Ω is decomposed in Ω1 = [0, 2.25] and Ω2 =
[0.75, 3]. Hence the intersection region is ω = [0.75, 2.25]. A
uniform mesh with N1 elements with space step h1 = |Ω1 |/N1
is applied for Ω1 . Since the original Arlequin method should be
applied (to be compared with the other formulations), this mesh
is chosen to be conforming with ω (notice that the alternative
formulations would not need this constraint on the mesh). For
this reason N1 ∈ {48, 96, 192}. The (non-uniform) mesh
for Ω2 is based on a uniform partition of the interval with
N2 = 5 N1 elements with space step h2 = h1 /5 whose nodes
are shifted by:


x −0.75
xh2 ← xh2 + h32 sin π N22+2 h22.25
.
For the alternative formulations, the following
sets
 27
 are considered
γ
=
2.25,
γ
=
0.75,
ω
=
,
2.25
and ω2 '
2
1
16

1
21
0.75, 16 . The interval ω1 (resp. ω2 ) is chosen in such a
way that its boundary is conforming with the mesh for Ω1
(resp. Ω2 ). Furthermore, the length of both sub-intervals is
approximately a quarter of the length of ω.

Second order Lagrange finite elements are used for the space
approximation, while in the time discretization we choose the
parameters θ1 = 0, θ2 = 41 and the time step ∆t imposed by
the CFL condition (10).
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The numerical convergence rates (shown in Table 1 and Table
2) are computed using relative errors in the following norms
ke1 k :=
ke2 k :=

ku1 −u1,h kL2 (0,T ;H 1 (Ω ))
1
,
ku1 kL2 (0,T ;H 1 (Ω ))
1
ku2 −u2,h kL2 (0,T ;H 1 (Ω ))
2
.
ku2 kL2 (0,T ;H 1 (Ω ))

Arlequin: kem k :=
B-B:

kem1 k :=
kem2 k :=

V-B:

kem1 k :=
kem2 k :=

B-V:

kem1 k :=
kem2 k :=

V-V: kem1 k :=
kem2 k :=

7.1

8

2

kλ−λh kL2 (0,T ;H 1 (ω))
kλkL2 (0,T ;H 1 (ω)) .

kλγ1 −λγ1 ,h kL2 (0,T ;L2 (γ ))
1
,
kλγ1 kL2 (0,T ;L2 (γ ))
1

kλγ2 −λγ2 ,h kL2 (0,T ;L2 (γ ))
2
.
kλγ2 kL2 (0,T ;L2 (γ ))
2

kλω1 −λω1 ,h kL2 (0,T ;H 1 (ω ))
1
,
kλω1 kL2 (0,T ;H 1 (ω ))
1

kλγ2 −λγ2 ,h kL2 (0,T ;L2 (γ ))
2
.
kλγ2 kL2 (0,T ;L2 (γ ))
2

kλγ1 −λγ1 ,h kL2 (0,T ;L2 (γ ))
1
,
kλγ1 kL2 (0,T ;L2 (γ ))
1

kλω2 −λω2 ,h kL2 (0,T ;H 1 (ω ))
2
.
kλω2 kL2 (0,T ;H 1 (ω ))
2

kλω1 −λω1 ,h kL2 (0,T ;H 1 (ω ))
1
,
kλω1 kL2 (0,T ;H 1 (ω ))
1

kλω2 −λω2 ,h kL2 (0,T ;H 1 (ω ))
2
.
kλω2 kL2 (0,T ;H 1 (ω ))
2

Constant coefficients

First we deal with the simplest case where ρ = µ = 1. The
convergence rates for α1 = α2 = β1 = β2 = 12 are shown in
Table 1.

7.2

{1, 2} while all the variations are captured by α2 and β2 (that
are approximated with the fine mesh). The convergence rates
for this case are shown in Table 2. In this case only the errors
for the unknowns ui , i ∈ {1, 2} are shown.

Non-constant coefficients

To illustrate a case with non-constant coefficients we consider
(see Figure 2)
500·62

+4·500
sin( 8πx
3
21
3 )
, µ = 1 + 10 e (x+ 4 )(x− 4 )
.
10
Notice the oscillation on ρ and the bump on µ.

ρ=1−

Conclusions

The results show that the new coupling algorithms, which
impose less constraints on the mesh generation, keep the
optimal convergent rate. However, as shown in the tables, the
error increases with the size of ωc , being the original Arlequin
method the one that provides the smallest relative errors.
It is also of interest how the time step ∆t is affected on the case
of non-constant coefficients. The results show the importance
of having a volumetric coupling on the regions where the physical coefficients have strong variations. This allows, thanks
to the implicit-explicit scheme, to capture all the variations
with the finest mesh keeping the time step induced by the CFL
condition on the course mesh with constant coefficients and
saving computational time.
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Var.
Arlequin

Var.
B-B

V-B

B-V

V-V

h1
0,0469
0,0234
0,0117
h1
0,0469
0,0234
0,0117
0,0469
0,0234
0,0117
0,0469
0,0234
0,0117
0,0469
0,0234
0,0117

∆t
0,0115
0,0057
0,0029
∆t
0,0115
0,0057
0,0029
0,0115
0,0057
0,0029
0,0115
0,0057
0,0029
0,0115
0,0057
0,0029

ke1 k
0,0057
0,0012
0,0003
ke1 k
0,0552
0,0134
0,0033
0,0354
0,0086
0,0021
0,0356
0,0085
0,0021
0,0161
0,0037
0,0009

Slope
2,2348
2,0614
Slope
2,0455
2,0131
2,0459
2,0127
2,0726
2,0260
2,1223
2,0452

ke2 k
0,0065
0,0016
0,0004
ke2 k
0,0545
0,0132
0,0033
0,0348
0,0084
0,0021
0,0358
0,0086
0,0021
0,0169
0,0040
0,0010

Slope
2,0185
1,9912
Slope
2,0406
2,0105
2,0438
2,0102
2,0615
2,0216
2,0739
2,0266

kem k
0,0070
0,0016
0,0004
kem1 k
0,0967
0,0233
0,0058
0,0789
0,0192
0,0048
0,0799
0,0189
0,0046
0,0510
0,0120
0,0029

Slope
2,1589
2,0351
Slope
2,0528
2,0151
2,0373
2,0105
2,0780
2,0279
2,0858
2,0381

kem2 k
0,0957
0,0233
0,0058
0,0737
0,0179
0,0044
0,0766
0,0183
0,0045
0,0525
0,0123
0,0030

Table 1: Relative error for the constant coefficients case with second order elements.

Var.
Arlequin

Var.
B-B

V-B

B-V

V-V

h1
0,0469
0,0234
0,0117
h1
0,0469
0,0234
0,0117
0,0469
0,0234
0,0117
0,0469
0,0234
0,0117
0,0469
0,0234
0,0117

∆t
0,0111
0,0055
0,0027
∆t
0,0042
0,0019
0,0009
0,0111
0,0055
0,0027
0,0042
0,0019
0,0009
0,0111
0,0055
0,0027

ke1 k
0,0187
0,0059
0,0016
ke1 k
0,0156
0,0021
0,0004
0,0357
0,0085
0,0021
0,0134
0,0016
0,0003
0,0144
0,0046
0,0012

Slope
1,6539
1,9319
Slope
2,8686
2,3747
2,0668
2,0261
3,0506
2,5071
1,6636
1,9259

ke2 k
0,0202
0,0062
0,0016
ke2 k
0,0134
0,0021
0,0004
0,0414
0,0101
0,0025
0,0135
0,0023
0,0005
0,0165
0,0050
0,0013

Slope
1,6975
1,9387
Slope
2,6775
2,2574
2,0374
2,0189
2,5254
2,1546
1,7269
1,9381

Table 2: Relative error for the non constant coefficients case with second order elements.

Slope
2,0346
2,0102
2,0398
2,0102
2,0646
2,0239
2,0955
2,0397
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Linear stable splitting schemes for a mixture of
newtonian and nematic fluids with anchoring effects
F. Guillén-González∗, M. A. Rodríguez-Bellido∗ and G. Tierra†

Abstract— The behavior of nematic liquid crystal fluids has been widely studied from a theoretical and numerical mathematical
point of view. However, the coupled system where a mixture of a newtonian fluid and a nematic fluid interact is less known
(see [13, 14, 12], for instance). A numerical analysis has been done in [10], for a model integrating the newtonian and the
nematic models (Navier-Stokes and nematic liquid crystals equations, respectively) by using a phase-field variable through a
Cahn-Hilliard equation. Energy laws are obtained there for the continuous problem and for a discrete scheme, this last one
designed as a linear unconditionally stable numerical scheme. However, the anchoring effects were not taken into account in
the numerical analysis made in [10]. Here, we study a modification of the model presented in [10] and we present a new
linear unconditionally stable splitting scheme for a mixture model including a nematic and a newtonian part, taking into account
viscous, mixing, nematic and anchoring effects. Some numerical simulations are presented with different types of anchoring
effects.
Keywords: linear scheme, unconditional stable splitting, multiphase-flows, anchoring effects.

1

Description of the model

We want to describe the behavior of a mixture of two immiscible fluids: a nematic liquid crystal and a newtonian fluid
with different anchoring effects (parallel, homeotropic or none)
on the interface between them. At the interface between the
nematic and newtonian fluids, liquid crystals prefer to orientate
following a certain direction (called as “easy direction”). In
the parallel case, all directions in the plane of the interface are
easy; in the homeotropic case, the direction is the normal to the
interface.
Let (u, p) be the velocity and pressure of the mixture, and d
be the anisotropic orientation of molecules of the liquid crystal
zones. In order of describe the beviour of this mixed model,
a phase-field function c(x, t) is introduced, localizing the two
components along the domain Ω ⊂ Rd (d = 2 or 3) filled by
the mixture, such that c(x, t) = −1 in the Newtonian Fluid and
c(x, t) = 1 in the Nematic Liquid Crystal. The total energy of
the system is given by
Etot (u, d, c) = Ekin (u) + λmix Emix (c)
+λnem Enem (d, c) + λanch Eanch (d, c)
where Ekin (u) is the kinetic energy, Emix (c) the mixing energy, Enem (d, c) the elastic energy of the nematic liquid crystal
and Eanch (d, c) the anchoring energy that measures the penalty
of deviation from the easy direction. Positive parameters λmix ,
∗ Depto.

λnem and λanch balance the effect of each energy. The precise
expression of each energy is given by:
Z
1
Ekin (u) =
|u|2 dx,
2 Ω

Z 
1
2
(1)
Emix (c) =
|∇c| + F (c) dx,
2
Ω


Z
1
2
(2) Enem (d, c) =
I(c)
|∇d| + G(d) dx,
2
Ω
Z 

1
2
Eanch (d, c) =
δ1 |d|2 |∇c|2 + δ2 |d · ∇c| dx
2 Ω
where the anchoring energy will take different forms depending on the anchoring effect considered, that is,

(0, 0)
no anchoring,



(0, 1)
parallel anchoring,
(3) (δ1 , δ2 ) =



(1, −1) homeotropic anchoring.

The functionals F (c) and G(d) appearing in (1) and (2),
respectively, are assumed to be double-well potentials which,
in both cases, have their minimums (and consequently their
equilibrium states) at ±1:
F (c) =

1 2
(c − 1)2 ,
4ε2

G(d) =

1
(|d|2 − 1)2 ,
4η 2
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and we denote their derivatives as f (c) := F 0 (c) and g(d) :=
G0 (d). The functional I(c) ∈ [0, 1], appearing in (2), represents the volume fraction of liquid crystal in each point x ∈ Ω
and its derivative will be denoted by i(c) := I 0 (c). It could
take different forms but any admissible form must satisfy the
following properties:

0
if c ≤ −1,



∈ (0, 1) if c ∈ (−1, 1),
I ∈ C 2 (R),
I(c) =



1
if c ≥ 1.

and with respect to the phase-field c, µ the chemical potential
of the phase-field, is


1
µ = λmix [−∆c + F 0 (c)] + λnem I 0 (c)
|∇d|2 + G(d)
2
δEanch
.
+λanch
δc
The PDE system (4) is closed with the following initial and
boundary conditions:
(5)

For instance (the choice of I(c) in [10] is fixed), we take:

0



1
I(c) :=
(c + 1)3 (3c2 − 9c + 8)

16


1

hence its derivative i(c) = I 0 (c) is

 15 (c + 1)2 (c − 1)2
i(c) :=
16
 0

if c ≤ −1,
if c ∈ (−1, 1),
if c ≥ 1,

if c ∈ (−1, 1),

in other case.

Here, the total stress tensor of the coupled system σtot reads:
σtot = σvis + σmix + σnem + σanch ,

where the viscosity, mixing and nematic tensors, σvis , σmix and
σnem , are described, respectively, by

σmix
σnem

=

2νDu,

= −λmix ∇c ⊗ ∇c,

= −λnem I(c)(∇d)t ∇d,

and the anchoring tensor σanch has the form:


(σanch )ij = λanch δ1 |d|2 ∇c ⊗ ∇c + δ2 (d · ∇c) (∇c ⊗ d)

being the values of (δ1 , δ2 ) depending on the type of anchoring
defined in (3). The expression of the variational derivative of
Etot with respect to the director vector d, w, is
w = λnem [−∇ · (I(c)∇d) + I(c) G0 (d)] + λanch

d|t=0 = d0 ,

c|t=0 = c0

in Ω,

u|∂Ω = ∂n d|∂Ω = ∂n c|∂Ω = ∂n µ|∂Ω = 0 in (0, T ).

Hereafter, the following lemma will be important (see [3] for a
proof):
L EMMA 1 (R EFORMULATION OF THE STRESS TENSOR )
The following relation holds:
−∇ · σmix − ∇ · σnem − ∇ · σanch = −µ ∇c − (∇d)t w + ∇ϕ

Combining the Least Action Principle (LAP) and the Maximum Dissipation Principle (MDP), we arrive to the following
PDE system [13, 7], fulfilled in the time space domain (0, T )×
Ω:


 ut + u · ∇u + ∇p − ∇ · σtot = 0, ∇ · u = 0,



δEtot
dt + (u · ∇)d + γnem w = 0, w =
,
(4)
δd



δEtot

 ct + u · ∇c − ∇ · (γmix ∇µ) = 0, µ =
.
δc

σvis

u|t=0 = u0 ,

δEanch
,
δd

where






1
1
2
2
ϕ = λnem I(c)
|∇d| + G(d) + λmix
|∇c| + F (c)
2
2

λanch
+
δ1 |d|2 |∇c|2 + δ2 |d · ∇c|2 ,
2

with (δ1 , δ2 ) given by (3).

With the help of Lemma 1, system (4) is related to the following variational equations,

hut , ūi + ((u · ∇)u, ū) + (ν(c)Du, D ū)






−(e
p, ∇ · ū) − ((∇d)t w, ū) + (c ∇µ, ū) = 0,








(∇ · u, p̄) = 0,








hdt , w̄i + ((u · ∇)d, w̄) + γnem (w, w̄) = 0,







¯ + λnem (I(c) g(d), d)
¯

λnem (I(c)∇d, ∇d)



(6)
δEanch
¯ = 0,

+λanch
− (w, d)


δd






(ct , µ̄) − (c u, ∇µ̄) + γmix (∇µ, ∇µ̄) = 0,








λmix (∇c, ∇c̄) + λmix (f (c), c̄)






 


|∇d|2



+λnem i(c)
+ G(d) , c̄


2




δEanch

+λanch
− (µ, c̄) = 0,
δc
¯ µ̄, c̄) ∈ H 1 (Ω) × L2 (Ω) × H 1 (Ω) ×
for each (ū, p̄, w̄, d,
0
0
1
1
H (Ω) × H (Ω) × H 1 (Ω). Here, pe = p + ϕ − c µ. From
now on, (·, ·) denotes the inner product in L2 (Ω) and k · kL2
denotes the corresponding L2 (Ω)-norm.
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R EMARK 2 Taking µ = 1 as test function in (6)5 , we recover
the conservation of volume (standard for Cahn-Hilliard models):
Z
d
c(t, x) dx = 0.
dt Ω
Using adequate test functions, we can prove that (4)-(5) satisfies the following (dissipative) energy law (see [13, 3]):
Z
Z
d
2
Etot (u, d, c) +
ν(c)|Du| dx + γnem
|w|2 dx
dt
Ω Z
Ω
+ γmix
|∇µ|2 dx = 0.
Ω

2

Numerical schemes

Our aim is to design efficient numerical schemes to approximate problem (6), by using Finite Elements in space and first
order Finite Differences in time. The energy-stability of the
scheme (see Definition 3) occurs when the discrete system
satisfies a discrete version of the continuos energy law. Recall
that if these discrete energy dissipation law is not satisfied,
some spurious solutions may occur and the time step sizes must
be carefully chosen.
To this end, we present a linear unconditionally energy-stable
scheme combining ideas for approximating linearly the potentials f (c), i(c) and g(d) with splitting ideas to decouple the
computation of the fluid part from the phase-field one and from
the nematic part (but maintaining the energy-stability).
For simplicity, we describe our numerical scheme using an
uniform partition of the time interval: tn = nk, where k > 0
denotes the (fixed) time step. Moreover, hereafter we denote
an+1 − an
.
k
We recall here the concept of energy-stability already introduced for other energy-based systems [4, 6, 5]:
δt an+1 :=

D EFINITION 3 A numerical scheme is energy-stable if it satisfies
Z
δt Etot (un+1 , dn+1 , cn+1 ) +
ν(cn+1 )|Dun+1 |2 dx
Ω
Z
Z
+γnem
|wn+1 |2 dx + γmix
|∇µn+1 |2 dx ≤ 0, ∀n.
Ω

Ω

In particular, energy-stable schemes satisfy the energy decreasing in time property, i.e.,
n+1

Etot (u

,d

n+1

n+1

,c

n

n

n

) ≤ Etot (u , d , c ),

∀n.

We have designed two splitting first-order schemes (inspired
in [1, 5]), denoted by d-c-u or c-d-u scheme, decoupling
computations for nematic part (dn , wn ) from the phase-field
part (cn , µn ) (or the contrary in the second case) and from the
fluid part (un , pn ) (see [3]). Here, we will only present the first
one.

2.1

Director-concentration-velocity scheme

Let (un , pn , dn , wn , cn , µn ) ∈ Vh × Ph × Dh × Wh × Ch ×
Mh ⊂ H01 (Ω) × L20 (Ω) × H 1 (Ω) × L2 (Ω) × H 1 (Ω) × H 1 (Ω)
be known (in practice, Vh , Ph , Dh , Wh , Ch and Mh will be
Finite Element spaces related to a regular triangulation of Ω).
Step 1: Find (dn+1 , wn+1 ) ∈ Dh × Wh such that, for each
¯ w̄) ∈ Dh × Wh
(d,





















dn+1 − dn
, w̄ + ((u? · ∇)dn , w̄)
k
+γnem (wn+1 , w̄) = 0,




λnem I(cn )∇dn+1 , ∇d¯ + λnem I(cn )gk (dn+1 , dn ), d¯


¯ = 0,
+λanch Λd (dn+1 , cn ), d¯ − (wn+1 , d)


where
u? := un + 2 k (∇dn )t wn+1 ,
gk (dn+1 , dn ) denotes a first order approximation of
g(d(tn+1 )) and Λd (dn+1 , cn ) represents the discrete approxiδEanch
(d(tn+1 ), c(tn+1 )):
mation of
δd
Λd (dn+1 , cn ) := δ1 |∇cn |2 dn+1 + δ2 (dn+1 · ∇cn ) ∇cn
with (δ1 , δ2 ) defined in (3) depending on the type of anchoring.
Step 2: Find (cn+1 , µn+1 ) ∈ Ch × Mh such that, for each
(c̄, µ̄) ∈ Ch × Mh

  n+1
c
− cn


, µ̄ − (cn u?? , ∇µ̄) + γmix (∇µn+1 , ∇µ̄) = 0,


k





λmix (∇cn+1 , ∇c̄) + λmix (fk (cn+1 , cn ), c̄)



 

1

n+1 n
n+1 2
n+1

+λnem ik (c
, c ) |∇d
| + G(d
) , c̄


2







+λanch Λc (dn+1 , cn+1 ), ∇c̄ − (µn+1 , c̄) = 0,
where

u?? := un − 2 k cn ∇µn+1 ,
fk (cn+1 , cn ) and ik (cn+1 , cn ) denote first order approximations of f (c(tn+1 )) and i(c(tn+1 )), respectively,
Λc (dn+1 , cn+1 ) represents the discrete approximation of
δEanch
(d(tn+1 ), c(tn+1 )):
δc
Λc (dn+1 , cn+1 ) := δ1 |dn+1 |2 ∇cn+1 +δ2 (dn+1 ·∇cn+1 ) dn+1
with (δ1 , δ2 ) defined in (3) depending on the type of anchoring.
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Step 3: Find (un+1 , pn+1 ) ∈ Vh × Ph such that, for each
(ū, p̄) ∈ Vh × Ph
  n+1

b
u
−u


, ū + c(un , un+1 , ū) − (pn+1 , ∇ · ū)


k
+(ν(cn+1 )Dun+1 , D ū) = 0,




(∇ · un+1 , p̄) = 0,
where

b :=
u

u? + u??
.
2

This scheme satisfies the following local (in time) discrete
energy law (see [3]):
T HEOREM 4 Scheme given by Step1-3 satisfies the following
local discrete energy law:
δt E(dn+1 , cn+1 , un+1 ) + γnem kwn+1 k2L2
+γmix k∇µn+1 k2L2 + kν(cn+1 )1/2 Dun+1 k2L2
n+1
+NDu

+

n+1 n
NDelast
(c )

+

n+1
NDpenal
(cn )

n+1
n+1
n+1
n+1
+NDphilic
+ NDphobic
+ NDinterp
+ NDanch
=0

Observe that the definition of fk (cn+1 , cn ), ik (cn+1 , cn ) and
gk (dn+1 , dn ) will be crucial in order to make positive the
N D-terms (see [3, 9]). Hence, in particular, the energystability of the scheme holds. Moreover, we will consider
linear approximations with respect to the unknowns cn+1 and
dn+1 . Concretely, we consider:
1
fk (cn+1 , cn ) := fe(cn ) + kfe0 k∞ (cn+1 − cn ),
2

that in our case reduces to
(7)

fk (cn+1 , cn ) = fe(cn ) + (cn+1 − cn )

where fe(c) is the C 1 -truncation of F 0 (c):
(8)


2


(c + 1)
if c ≤ −1,

2

ε


1 2
fe(c) =
(c − 1) c if c ∈ [−1, 1],

ε2


 2


(c − 1)
if c ≥ 1,
ε2

where the numerical dissipation terms are:
1
b k2L2
kun+1 − u
2k
kb
u − u? k2L2 + kb
u − u?? k2L2
+
2

ku? − un k2L2 + ku?? − un k2L2
+
2
Z
k
2
n+1 n
NDelast
(c ) = λnem
i(cn ) δt ∇dn+1 dx,
2 Ω
Z
n+1
n
N Dpenal (c ) = λnem
i(cn )
n+1
=
NDu

R EMARK 5 The choice done in (7) does not coincide with the
frequently considered concave-convex decomposition (see for
instance [2]), that can be written as
fk (cn+1 , cn ) = fec (cn+1 ) + fee (cn )

by using the convex+non-convex decomposition fe(c) =
fec (c) + fee (c) of the function fe(c) defined in (8) with linear
fec (c).

Ω

× gk (dn+1 , dn ) · δt dn+1 − δt G(dn+1 ) dx,
In the same way (see [1]),
Z
k
2
n+1
N Dphilic
= λmix
δt ∇cn+1 dx,
2 Ω
Z

√
n+1
N Dphobic
= λmix
fk (cn+1 , cn ) δt cn+1 − δt F (cn+1 ) dx,
51 n+1
n+1
n
n
Ω
e
(d
− dn ),
(9)
gk (d
, d ) = g (d ) +

Z 
2
n+1 2
|∇d
|
n+1
N Dinterp
= λnem
+ G(dn+1 )
2
Ω
where ge(d) is the C 1 -truncation of g(d):

× ik (cn+1 , cn ) δt cn+1 − δt I(cn+1 ) dx,

 2 (|d| − 1) d if |d| ≥ 1,
and
|d|
ge(d) =
n+1

NDanch
(|d|2 − 1) d
if |d| ≤ 1,
Z 

k
= λanch
δ1 |δt dn+1 |2 |∇cn |2 + |dn+1 |2 |δt ∇cn+1 |2
and the choice of ik is:
2 Ω

n+1
n 2
n+1
n+1 2
+δ2 |δt d
· ∇c | + |d
· ∇δt c
|
dx.
√
5 3 n+1
n+1 n
n
(10)
ik (c
, c ) = i(c ) +
(c
− cn ).
with (δ1 , δ2 ) defined in (3) depending on the type of anchoring.
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Numerical simulations

In this section we present numerical experiments to show the
effectiveness of the numerical schemes and the approximation
of the potentials presented in the paper. In particular, we have
considered the scheme Step1-3 presented in Section 2.1, where
the potential terms fk , gk and ik have been approximated
considering the ideas introduced in (7), (9) and (10), respectively. All the simulations have been carried out in 2D using
Freefem++ ([8]). The newtonian fluid is represented by blue
color while the nematic fluid is represented by red one.
The discrete and physical parameters are presented in Table 1,
where for simplicity we are considering constant viscosity
ν(c) = ν0 .

Ω
[−1, 1]2
λnem
0.1

[0, T ]
[0, 10]
λmix
0.01

h
2/90
λanch
0.1

dt
0.001
γnem
0.5

ν0
1.0
γmix
0.01

Figure 1: (a) initial configuration, (b) state at t = 10 without
considering anchoring effects.

η
0.075
ε
0.05

Table 1: Parameters
Figure 2: (c) state at t = 10 considering parallel anchoring, (d)
state at t = 10 considering homeotropic anchoring.
Moreover, the boundary conditions considered in all the simulations are

(11)

u|∂Ω =

∂d
∂n

=
∂Ω

∂c
∂n

=
∂Ω

∂µ
∂n

= 0,
∂Ω

and the velocity is initially set to zero (u = 0) in all the cases.
For all the simulations, we present the phase field function c
and the vector field associated with the director vector d. In
the figures we have omitted the velocity field u, because our
experiments have been designed such that the kinetic energy is
not playing a main role in the behavior of the system, in order
to be able to identify the influence of the rest of the terms in
the system.
In the first case, we consider a circular droplet of nematic liquid
crystal in an isotropic fluid filling the domain, where initially
the director field is parallel to the y-axis (Figure 1 (a)). In
this case, we observe how the dynamic is completely different
depending on the type of anchoring energy considered. In
Figure 1-(b) we plot the results obtained for the no anchoring
case. In Figure 2, the results for parallel and homeotropic
anchoring ((c) and (d), respectively) appear. It is clear how
the anchoring energy influences the dynamic of the system,
arriving at completely different equilibrium configurations.

In the second case, the initial condition has been designed
combining ideas from numerical experiments for phase field
models and for nematic liquid crystals, in order to see how the
competition of the different processes influence the behavior of
the system. Instead of a circular shape filled with an uniform
field for the director vector, we have considered an elliptic
droplet with two points defects at (±1/2, 0) (Figure 3 (a)): a
Hedgehog defect at (1/2, 0) and an Antihedgehog defect at
(−1/2, 0). This initial configuration for d has been widely
used in the literature related with numerical approximation
of nematic liquid crystals (we refer to [11] for a review and
related references on this topic) and it is generated by using the
function
q
b
b 2 + 0.052 , with db = (x2 + y 2 − 0.25, y) .
d0 (x) = d/ |d|
In this case, three are the main processes that are competing to
determine the dynamic of the system: in order to minimize the
mixing energy the system should arrive to a circular configuration, to minimize the elastic energy the system should annihilate the defects and the shapes that minimize the anchoring
energy are the equilibrium states observed in Figures 1-2.
The results obtained are presented in Figure 3. It is interesting
to see how the evolution of the three cases are completely
different. When no anchoring energy is considered (Figure 3

838
(b)), the system arrives at an equilibrium state formed by
a circular shaped droplet with an uniform director field d
parallel to the x-axis. If the anchoring energy is not zero,
we observe different dynamics. On one hand, the parallel
anchoring energy (Figure 3 (c)) enforces a constraint to the
director vector on the boundary that plays an important role
on the way of how the defects are annihilated. In particular, we
are plotting the results at time t = 10 where the system has not
reached its equilibrium configuration yet and it is still evolving
to the equilibrium configuration that seems it is going to be
the same configuration obtained in the previous experiment
(Figure 2 (c)). On the other hand, the choice of the homeotropic
anchoring energy (Figure 3 (d)) also imposes a constraint on
the possible behavior of the director vector on the boundary and
in this case it makes no feasible to annihilate both defects. As
a result, the equilibrium state correspond to a circular nematic
droplet with a defect in the center.

F. Guillén-González, M. A. Rodríguez-Bellido and G. Tierra
LL1202 (Ministry of Education, Youth and Sports of the Czech
Republic).
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Total Generalized Variation Based Multi-Contrast
Magnetic Resonance Image Reconstruction
A. Martín∗†, I. Chatnuntawech†, B. Bilgic‡, K. Setsompop ‡ , E. Adalsteinsson† and E. Schiavi∗

Abstract— Typical clinical Magnetic Resonance Imaging (MRI) routines include multiple imaging of the same region of interest
under different contrast settings. In this work we extend the second order Total Generalized Variation (TGV) operator to jointly
reconstruct multiple MRI contrasts from undersampled k-space data using one or more receiver coils. The multi-contrast TGV
operator exploits the structural similarities of the multi-contrast images to preserve these details in the reconstruction process. A
discrete frameworks is presented for solving the resulting functional with a primal dual algorithm. The proposed technique yields
to improved reconstruction accuracy when compared to widely used parallel imaging reconstruction methods such as SENSE
and Total Variation regularized SENSE.
Keywords: Energy minimization, Total Generalized Variation, Magnetic Resonance Imaging.

1

Introduction

Magnetic Resonance Imaging (MRI) is one of the most widely
used medical imaging techniques because of its powerful diagnosis properties without using ionizing radiation. However,
MRI acquisition is typically slow compared with other techniques such as Ultrasonography or X-ray Computer Tomography. Furthermore, typical clinical MRI protocols include
multiple acquisitions of the same region of interest under
different contrast setting for a more comprehensive study of
the patient.
How to accelerate MRI acquisition while preserving image
quality is one of the main challenges for the MRI community.
This problem has been tackled from very diverse perspectives
such as the design of faster acquisition trajectories (e.g. echo
planar imaging or spiral imaging) or the use of parallel imaging
(PI), where by combining acquired data from several coils, the
acquisition time is reduced. More recently, MRI has revealed
as one of the most suitable applications for the Compressed
Sensing (CS) theory [1]. The seminal work of Lustig et. al.
[2] demonstrated how MRI can be accelerated by means of
combining a random undersampled acquisition together with
a nonlinear reconstruction using a sparsifying operator such
as Total Variation (TV). More recently, the Total Generalized Variation (TGV) has been introduced as a more suitable
medical image prior than the TV operator [3]. In fact, TGV
favors piecewise linear solutions so alleviating the so-called
staircasing effect typical of the TV operator. In this work,

and combined with PI and CS, we propose to use a multichannel TGV to exploit the shared information across images
with different contrasts of the same patient.

2

A TGV-Based Model for Multi-Contrast MRI
Reconstruction

The second order TGV for vector-valued images u
L1loc (Ω, CL ) is defined in [4] as:
(1)

TGV2α (u)
v∈

= sup

(Z

L
X

∈

ul (div2 vl ) dx |

Ω l=1
2
2
d L
Cc (Ω, Sym (C ) ), kvk∞

≤ α0 , kdiv vk∞ ≤ α1

In our problem, Ω ⊂ Rd , with d = 2 for images or d = 3
for volumes; L is the number of contrasts, and Sym2 (Cd )L
denotes the space of symmetric tensors on (Cd )L . Let gc ∈
L∞ (Ω, CL ) be the acquired data in the frequency space for the
cth -coil. We reconstruct the underlying multi-contrast image
u : Ω → CL by solving the following variational problem:
C

(2)

λX
min 2 TGV2α +
kMl F(Sc ul ) − gc k22
2
u∈BGVα
c=1

where λ is a parameter that weights the amount of regularization required, C is the number of coils and Sc denotes the cth
coil sensitivity profiles. Finally, F and Ml are the Fourier
transform and the undersampling mask for the lth -contrast,
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respectively, and BGV2α = {u ∈ L1loc (Ω, CL ) | TGV2α (u) <
∞}.

3

Numerical Resolution

We describe now the discrete framework in where the problem
is solved (for more details in the notation see [3, 4]). Let u ∈ U
be the multi-contrast image that we want to reconstruct, with
U the vector space CM N L where M and N are the number
of rows and columns of the reconstructed image, and L is the
number of different contrasts. We denote each image contrast
as ul . Let assume there are Nc channels and the corresponding
complex coil sensitivity maps Sc , c = 1, ..., Nc are known.
We denote gc,l ∈ U , with c = 1, ..., Nc and l = 1, ..., L as
the Nc · L measurements of the undersampled k-space. The
undersampled multi-contrast SENSE acquisition process can
be formulated as follows
Ml FSc ul = gc,l
. Let V ∈ CM N L2 , the discrete gradient ∇ : U → V
of the multi-contrast image u is defined using forward finite
differences as done in [3, 4]. Setting W ∈ CM N L3 we define
the symmetrized gradient E = 21 (∇ + ∇T ) : V → W of
an element v ∈ V using backward finite differences. We
reconstruct the multi-contrast image u solving the following
energy minimization problem:
(3)

min

(u,v)∈U ×V

mm3 resolution with FOV = 22cm x 22cm, TEs = 22/55/99ms,
and TR = 4s. The 32-channel data were first combined and
reconstructed. The corresponding k-space data were then retrospectively undersampled along the phase encoding direction
with an acceleration factor of four, five and six (R = 4, 5, 6)
in MATLAB and projected using 8 simulated sensitivity coil
profiles. For each method, we selected the undersampling
type (uniform vs random) that minimizes RMSE. Different
undersampling patterns were used for each contrast. Figure
1 shows the averaged RMSE (AVG. RMSE) across the three
reconstructed contrasts at different R. The proposed method
outperforms SENSE (TV-SENSE) with a relative improvement
of 15.5% (23.9%), 49.6% (23.5%) and 38.2% (15.7%) for R=4,
5 and 6, respectively. Figure 2 shows representative results
of these 3 algorithms at R=5. MC-TGV-SENSE achieves the
best RMSE for the three contrasts. The sum of the absolute
differences (SAD) across the three images is displayed in the
last column. Both SENSE and TV-SENSE difference maps
show more severe structural errors when compared with the
proposed method. This can also be appreciated in the detail
of the reconstructed slice of the first echo shown in Figure 2.b.
Undersampling artifacts are clearly visible in SENSE and to
a lesser extent in TV-SENSE reconstruction. The MC-TGV
operator eliminates the artifacts and avoids the staircase artifact
that is inherent in TV-based reconstructions.

α1 |∇u − v|1V + α0 |Ev|1W
C

+

λX
kMl FSc ul − gc k22
2 c=1

which is the discrete version of problem (2), and where | · |1V
is defined for an element v ∈ V as
v
N
·M u
L 

uX
X
t
x |2 + |v y |2
|v|1V =
|vn,l
n,l
n=1

l=1

and | · |1W is defined for an element w ∈ W as
v
L 
N
·M u

uX
X
t
x |2 + |w y |2 + 2|w xy |2
|wn,l
|w|1W =
n,l
n,l
n=1

l=1

We solve the problem (3) by adapting the primal-dual algorithm presented in [5] as done in [4].

4

Results

We compared the performance of the proposed model to
SENSE [6] and TV-SENSE [7], both implemented using a
non-linear conjugate gradient method [2]. Three different
contrasts and 23 slices were acquired fully sampled from a
healthy volunteer at 3T using turbo spin-echo at 0.9x0.9x3

Figure 1: Reconstruction accuracy results for acceleration
factors of 4, 5 and 6 as measured by the average RMSE
across the three image contrasts reconstructed with SENSE,
TV-SENSE and the proposed method.
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Abstract—
In this paper we discuss some open problems of isogeometric analysis (IGA) and present some contributions and advances in this
issue. First, we describe our strategy [1] for constructing tensor product spline spaces for their use in IGA. The straightforward
implementation of the proposed strategy can make it an attractive tool for its use in geometric design and isogeometric analysis.
We illustrate some examples of its application for a Poisson problem over complex 2D geometry. Secondly, we have developed
a technique [2], based on a novel T-mesh optimization procedure, to construct a T-spline parameterization of 2D geometries for
the application of isogeometric analysis. The algorithm obtains, as a result, a high quality parametric transformation between 2D
objects and the parametric domain, the unit square. The key of the method lies in defining an isomorphic transformation between
the parametric and physical T-mesh finding the optimal position of the interior nodes by applying a new T-mesh untangling and
smoothing procedure.
Keywords: Isogeometric analysis, splines, CAD, parameterization.

1

Introduction

Isogeometric analysis [6] has arisen as an attempt to unify the
fields of CAD and classical finite element methods. The main
idea of IGA consists in using for analysis the same functions
(splines) that are used in CAD representation of the geometry.
The main advantage with respect to the traditional finite element method is a higher smoothness of the numerical solution
and more accurate representation of the geometry. IGA seems
to be a promising tool for solving partial differential equations
with wide range of applications in engineering. However, this
relatively new technique have some open problems that require
a solution. In this work we present our results and contributions
to this issue.
First of all, the main drawback of using B-splines and NURBS
for geometric design and IGA is the impossibility to perform
local refinement due to its tensor product structure: knot insertion propagates through the domain. T-splines were introduced
by Sederberg et al. [5] as an alternative to NURBS. Based on
the idea of admitting meshes with T-junctions (T-meshes) and
inferring local knot vectors by traversing mesh edges, T-splines
have provided a promising tool for geometric modelling that
allows to perform local refinement without introducing a large
number of superfluous control points. However, in order to
be used for numerical analysis, the functions must meet some
requirements: linear independence, polynomial reproduction
property, local supports and the possibility to perform easilly

local adaptive refinement. This issue has been the object of
numerous research works in recent years. In the present paper
we describe a possible alternative for the construction of spline
functions that span spaces with nice properties. The technique
we present here is designed for hierarchical T-meshes (multilevel meshes) with a quad- and octree subdivision scheme.
This type of meshes can be efficiently implemented with tree
data structures which are frequently used in engineering. Due
to the elevated complexity of all current strategies, the main
goal we pursue here is the simplicity and low computational
cost of the implementation, both in 2D and 3D. For that, we
have to assume a restriction on the T-mesh. Namely, the
T-mesh should fulfill the requirement of being a 0-balanced
mesh. A balanced mesh condition is usually imposed to have
gradual transition from the coarse mesh to the finer zones and
thus to guarantee a good quality of the approximation space
constructed over the mesh. In addition, for our technique, this
condition is an obligatory prerequisite that the T-mesh should
fulfill. Assuming this reasonable restriction over the T-mesh,
we can define easily cubic spline functions that span spaces
with desirable properties: linear independence, C 2 -continuous,
cubic polynomial reproduction property, nestedness of spanned
spaces and a straightforward implementation. The key of the
strategy lies in some simple rules used for inferring local knot
vectors for each blending function.
Another drawback of IGA is that it requires a global parameterization of the computational domain. An open problem
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in the context of isogeometric analysis is how to obtain a
spline parameterization of a complex computational domain
from the CAD description of its boundary. Parameterization
is suitable for analysis if it does not have self-intersection, i.e.,
the Jacobian is strictly positive at any point of the computational domain. Moreover, in order to expect a high accuracy
in numerical results it is necessary to obtain a good quality
parameterization. Orthogonality and uniformity of isoparametric curves are desirable for the tensor-product structured
parameterization. This task is not trivial and can be very timeconsuming. For application of IGA it is essential to have an
effective method to construct T-spline parameterization. We
have developed a method [2], based on the ideas of [3], to
define a global parameterization of the domain. The algorithm
obtains, as a result, a high quality parametric transformation
between 2D objects and the parametric domain, the unit square.
The key of the method lies in defining an isomorphic transformation between the parametric and physical T-mesh finding
the optimal position of the interior nodes by applying a new Tmesh untangling and smoothing procedure. Bivariate T-spline
representation is calculated by imposing the interpolation conditions, where the nodes of the T-mesh are used as interpolation
points.

2

Strategy for construction of polynomial spline
spaces over hierarchical T-meshes

In this section we describe our strategy to define bivariate
(trivariate) spline functions over quadtree (octree) T-meshes.
The strategy we propose has some similarity with T-splines
inasmuch as we define the blending functions from local
knot vectors that are inferred by traversing the T-mesh edges.
Some additional rules and requirements are imposed for the
local knot vectors in order to obtain spline spaces with nice
properties. The process of spline space construction for a
given T-mesh can be divided in the following three steps:
Mesh pretreatment (0-balancing); Inferring local knot vectors;
Modification of local knot vectors.

only to regular nodes of the mesh, as it is usual in classical
finite element methods when working with hanging nodes. The
skeleton of a d-dimensional mesh T is the geometric set of
points composed of the union of all (d − 1)-faces of the mesh
and it is denoted by skt(T ). That is, for a 2D space, the mesh
skeleton is the union of all edges of the mesh and the skeleton
of a 3D mesh is the union of all its faces.
To define our cubic tensor product spline blending functions
over a given d-dimensional T-mesh, a local knot vector for d
parametric
 be assigned to each function Nα :
 directions should
j j j j j
j
Ξα = ξ1 , ξ2 , ξ3 , ξ4 , ξ5 , j = 1, ..., d. Similarly to [5], these
knot vectors are inferred by traversing the T-mesh skeleton.
For simplicity, let us describe this procedure for the twodimensional T-mesh. Starting from the central knot (ξ31 , ξ32 ),
i.e. the anchor of the function, we walk across the T-mesh until
intersect perpendicularly with a mesh edge. According to our
strategy, we should skip over the T-junctions where the missing
edge is perpendicular to the direction of our marching, see Fig.
1. When the boundary of the parametric domain is reached
while walking across the mesh, we repeat knots creating an
open knot vector structure along the boundary, see Fig. 1(c).
Note that all interior knots have multiplicity 1. Thus, we obtain
for the mesh T a set of blending functions {Nα }α∈AT , where
AT is the index set. Any interior regular node of the mesh has
exactly one function associated to it and the boundary nodes
have more than one function associated due to the open knot
vector structure. Next, in order to span a spline space with
good properties, some function supports should be modified.

(a)

2.1

Mesh pretreatment. 0-balanced quadtree and
octree meshes.

Due to its simplicity, quadtree and octree are attractive tools
for performing adaptive refinement in IGA and geometric
modeling. The strategy we propose in this paper is designed
exclusively for the 0-balanced T-meshes. A mesh with tree
structure is said to be 0-balanced if for any k, no cell at level k
shares a vertex (0-face) with a cell at level greater than k+1. To
obtain a 0-balanced quadtree, a standard balancing procedure
is applied.

2.2

Inferring local knot vectors

Let us consider a T-mesh T of the squared parametric domain
Ω := [0, 1]d d = 2, 3. We call regular node the node of the
mesh that is not a T-junction. We associate a blending function

(b)

Figure 1: Inferring local knot vectors for a bivariate function
by traversing the T-mesh edges. (a) No T-junction is skipped;
(b) two T-junctions are skipped in each direction.

2.3

Modification of local knot vectors

The key of our strategy lies in some simple rules used for
the modification of the function supports that leads to the
construction of a polynomial spline space over a given 0balanced T-mesh. In order to describe the idea, let us introduce
some notation.
For the local knot vectors Ξjα =


j j j j j
ξ1 , ξ2 , ξ3 , ξ4 , ξ5 , j = 1, ..., d let us denote the length of
j
each knot interval as ∆ji = ξi+1
− ξij , j = 1, ..., d and
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i = 1, ..., 4.
The support of a d-variate blending function Nα is a ddimensional rectangular box: [ξ11 , ξ51 ] × · · · × [ξ1d , ξ5d ]. We are
going to call frame of a function support to the union of all (d−
2)-faces of this box and we will denote it by frm(supp Nα ).
That is, for the rectangular support of a bivariate function, the
frame is the union of the four vertices of this rectangle. For the
cuboidal support of a trivariate function, its frame is composed
of the union of the twelve edges of this cuboid.
The goal of the knot vector modification is to achieve that knot
vectors Ξjα , j = 1, ..., d of each blending function Nα fulfill
the following conditions:
Condition 1: Local knot vectors of the d-variate function Nα
verify
(1)

∆j1 > ∆j2 = ∆j3 6 ∆j4 ,

j = 1, ..., d,

Condition 2: The frame of the function support should be
situated over the mesh skeleton:
(2)

frm(supp Nα ) ∈ skt(T ).

Thus, the function supports that do not meet the Conditions
1 or 2 should be modified. This modification consists in to
extend the original knot vector by skipping over some knot
intervals and changing some knots value until the resulting
support satisfies both conditions.
In the next section we give a detailed description of this
procedure for 2D case. To simplify the notation, in the rest of
the paper we denote the parametric coordinates as (ξ, η, ζ) and
it is related to the previous notation as (ξ 1 , ξ 2 , ξ 3 ) = (ξ, η, ζ).
Consequently, (Ξ1 , Ξ2 , Ξ3 ) = (Ξ, H, Z) and (∆1i , ∆2i , ∆3i ) =
(∆ξi , ∆ηi , ∆ζi ).

2.4

Support modification

Here, we present some simple support extension rules to obtain
local knot vectors that fulfill the Condition 1 and 2 formulated
in the previous section. We proceed as follows. First, if
after traversing the T-mesh skeleton the local knot vectors of
a function do not satisfy Condition 1, we modify some of their
knots in order to meet the Condition 1. Then, the fulfillment
of the Condition 2 is checked and, if it is not satisfied, an
appropriate modification of the support is carried out. As result
of these modifications we obtain a new extended support of a
function with local knot vectors which verify both conditions.

2.4.1

Support modification for 2D meshes

In order to facilitate the description and illustration of the
strategy, some concepts and notation have to be particularized
to the 2D case. The skeleton skt(T ) of a two-dimensional mesh
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T is the union of all edges of the mesh. For a bivariate function
let us denote the vertices of its rectangular support as V1,1 =
(ξ1 , η1 ), V5,1 = (ξ5 , η1 ), V5,5 = (ξ5 , η5 ) and V1,5 = (ξ1 , η5 ).
Then, the frame of a function support is the union of its four
vertices, i.e., frm(supp Nα ) = {Vn,m , n, m ∈ {1, 5}}.
Condition 1 for the local knot vectors Ξ and H of a bivariate
function is trivial and does not need any clarification. The
Condition 2 adapted to 2D case is formulated as follows: The
four vertices of a function support should be situated over the
mesh edges.
If, for example, the local knot vector Ξ of a function does
not satisfy the Condition 1, we modify this vector by skipping
over the minimal number of knots until ∆ξ1 > ∆ξ2 = ∆ξ3 6
∆ξ4 is verified, and analogously, for H. This modification
is made independently for each parametric direction applying
certain simple extension rules. Let see an example of support
extension for a bivariate function. Leftmost function support
shown in Fig. 2(a) does not meet the Condition 1. For the knot
vector Ξ we have ∆ξ3 > ∆ξ4 , so the knot interval ∆ξ4 should be
modified. Let us denote h = max(∆ξ2 , ∆ξ3 ) = max(∆η2 , ∆η3 ).
Note that both maxima coincide due to the quadtree structure
and the fact that the T-junctions are skipped. Then, the fifth
knot ξ5 is redefined as ξ5∗ ← ξ3 + 2h. For the local knot
vector H we have ∆η2 > ∆η3 , so the knots η4 and η5 should
be modified as η4∗ ← η3 + h, η5∗ ← η3 + 2h.
Once the Condition 1 is satisfied, in order to fulfill the
Condition 2, we check weather the vertices of the function
support are situated over the mesh edges. If not, we modify
the knot vectors by skipping over a knot for both parametric
directions and placing this vertex over the mesh edges. Figure
2(b) illustrates this procedure. The checking is performed
independently for each of the four quadrants of the function
support. Note that, for our 0-balanced quadtree, we should
make this checking only for some functions. For example,
without loss of generality, the support vertex V5,5 = (ξ5 , η5 )
must be checked only if ∆ξ3 = ∆ξ4 = ∆η3 = ∆η4 . An example
of a function support violating the Condition 2 is illustrated
in Fig. 2(b). The vertex V5,5 = (ξ5 , η5 ) of this support is not
situated over a mesh edge, so the fifth knots for both parametric
directions should be redefined as ξ5∗ ← ξ3 +3h, η5∗ ← η3 +3h,
and thus, the new vertex V5,5 is placed over the mesh edges.
The extension of any other function support is completely
analogous to these two examples. In all possible cases, the
extension of a function support implies to change one or two
knot intervals by duplicating its size. Generalization of the
strategy to 3D T-meshes is straightforward and can be found
in [1].

846

M. Brovka et al.

3.1

T-mesh optimization

The key of the proposed method lies in the optimization procedure that allows to obtain a high quality physical T-mesh, that
is used to construct the T-spline representation of the object.
(a) Condition 1 is not satisfied because ∆ξ4 < ∆ξ3
and ∆η3 < ∆η2 .

(a)

(b) Condition 2 is not satisfied because V5,5
skt(T ).

∈
/

Figure 2: (a) An example of modification of the local knot
vectors of a bivariate function to satisfy the Condition 1; (b)
an example of modification of the local knot vectors to satisfy
the Condition 2.

3

(b)

T-spline parameterization of complex 2D geometries

In this section we summarize the method of construction Tspline parameterization for 2D domains fron representation of
its boundary. The algorithm includes the following stages:
1. Boundary parameterization and construction of an
adapted T-mesh: A bijective correspondence between
the input boundary of the object and the boundary of
the parametric domain is defined. Then, an adapted Tmesh is generated by refining the initial mesh in order to
approximate the geometry with a prescribed tolerance.
2. T-Mesh optimization: We relocate the inner nodes of the
T-mesh by applying a simultaneous mesh untangling and
smoothing procedure.
3. Construction of a T-spline representation of the geometry: The T-spline parameterization is obtained by imposing interpolation conditions. As interpolation points, we
take the vertices of the physical T-mesh obtained after
the optimization process.
4. Adaptive refinement to improve the mesh quality: If
the quality of the mesh is not satisfactory, we apply an
adaptive refinement in order to increase the degree of
freedom in the areas with high distortion. Then, we
return to step 2 and repeat the process until reaching a
good T-spline parameterization.

(c)

(d)

Figure 3: Triangular decomposition for the local submesh.
(a) Regular node case, where each cell is decomposed in
three triangles; (b) hanging node case, where five triangles are
formed in the cell where the node generates a T-juntion; (c)
barriers (red lines) and feasible region (light blue) induced by
the 12 triangles in the objective function for a regular node; (d)
barriers and feasible region induced by the 11 triangles in the
objective function for a hanging node.

The mesh optimization process is carried out by iterative
relocation of each inner node of the mesh in such a way
that the new position of the node improves the quality of
the local submesh. A local submesh is the set of all the
elements connected with the movable or free node. The optimal
position of each free node is determined by minimizing a local
objective function that is based on algebraic shape quality
metrics proposed by Knupp in [4]. Shape quality metric for a
given triangle is defined in terms of the Jacobian matrix of the
affine mapping from ideal triangle to the given one. This shape
quality metric represents the deviation of the physical triangle
from the ideal one. It attains its maximum value, 1, if the
triangle is similar to the ideal one, and it equals 0 if the triangle
is degenerated. The distortion metric of an element is defined
as the inverse of its quality metric. Shape quality metric for a
quadrilateral element is based on the set of shape quality metric
of its simplicial elements that compose the given quadrilateral.
Therefore, in order to assess the quality of the cells that form
the local submesh for a given free node of a T-mesh, we have
to decompose each cell into triangles and assess the quality of
each triangle. For a T-mesh, this decomposition depends on
the type of the free node. There are two types of free node: a
regular node and a hanging node. A regular node is surrounded
by four cells with equal or different sizes. Local submesh is
decomposed in twelve triangles, three triangles per cell whose
qualities depends on the position of the free node, see Fig. 3.
In a hanging node case, the free node is surrounded by three
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cells and the local submesh is decomposed in eleven triangles.
The cell in which the node forms a T-junction is decomposed in
five triangles whose qualities depend on the position of the free
node. Each one of the other two cells is decomposed in three
triangles, as was described in the case of a regular node. Fig.
3(b) shows the decomposition of a local submesh for hanging
node case and the feasible region of the objective function.
As was said before, shape quality metric for a triangle T can be
defined in terms of the Jacobian matrix S of the affine map that
2σ
takes ideal element TI to the triangle T . Mean ratio, q = kSk
2,
is an easily computable algebraic quality metric of T , where
σ = det (S) and kSk is the Frobenius norm of S. Thus, let
T
x = (x, y) be the position of the free node, and let Sm be
the Jacobian matrix of the m-th triangle connected to this free
node. We define the objective function of x, associated to an
2
m-th triangle as ηm = kS2σmmk . The local objective function
used for mesh quality improvement is defined by means of
the inverse of mean ratio quality metric of each triangle of
the local submesh. The function to be minimized is given by
2
PM
mk
K(x) = m=1 kS
2 σm , where M is the number of triangles in
the local submesh and Sm is the Jacobian matrix associated to
the affine mapping from the ideal triangle to the physical one.
For each triangle of the physical mesh, the corresponding
triangle of the parametric mesh is used as its ideal element.
Therefore, each cell of the physical mesh tends to have the
same shape as its counterpart cell of the parametric mesh.
Thus, repeating this procedure for all the inner nodes of the
mesh, we achieve the physical mesh of the object is as similar
to the parametric one as possible.
Objective function defined above is appropriate to improve
the quality of a valid mesh, but it does not work properly
when there are inverted elements. We have used a modified
objective function K ∗ , where the untangling and smoothing
are carried out in the same stage (see [3]). This modified
objective function K ∗ does not have singularities, it works
as the original function K for the valid elements and tends
to untangle the inverted and degenerated ones. This objective
PM kSm k2
function is defined as K ∗ (x) = m=1 2h(σ
, where h(σ) =
m)
√
1
2
2
σ + 4δ ).
2 (σ +
To assess the quality of the obtained parameterization we use
det(J)
mean ratio Jacobian given by Jr (ξ) = 2 kJk
,, where J
2
is the Jacobian matrix of the mapping S at the point ξ =
(ξ, η) and kJk is its Frobenius norm. Some examples of Tspline parameterization performed with the proposed method
is shown in Fig. 5 and 4.

(a)

(b)

Figure 4: Gran Canaria Island geometry. (a) color map of
the mean ratio Jacobian in the parametric domain; (b) T-spline
representation of the geometry and color map of the mean ratio
Jacobian in the physical domain.

4

Computational example. Poisson problem on
a complex domain

In this section we show an example of application of the
techniques described in the previous sections. The proposed
methods are tested by resolution of 2D Poisson problem using
IGA.
Let us consider the problem
(3)

−4u = f
u=g

in Ω,
on ∂Ω.

The problem is set up in such a way that the analytical solution is a function with steep wave
p front given by u(r) =
arctan(α(r − r0 )), where r = (x − xc )2 + (y − yc )2 , the
parameter α determines the steepness of the wave front and r0
is its location. In this example α = 200 and r0 = 0.6. The
center of the wave front (xc , yc ) = (0, 0) is situated outside
our computational domain, so the function is smooth in Ω.
The parameterization of the computational domain is performed using the algorithm described in our previous work
[2] and section 3 of this paper. The mean ratio Jacobian is
used to assess the quality of the parameterization in the sense
of its orthogonality and uniformity. Figures 5(a) and (b) show
the colormap of the parameterization quality for our parametric
and physical domains.
We perform an adaptive refinement based on a posteriori
residual-type error indicator to improve the quality of the
numerical solution. The numerical solution of the problem
and the mesh corresponding to the final refinement iteration is
shown in Fig. 6. As expected, the error estimator have marked
to refine in the zone of the wave front. The evolution of the
exact error in L2 -norm and H 1 -seminorm are shown in Fig. 7.
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(a)

(b)

Figure 5: Parameterization of the computational domain for
the problem 3. (a) Colormap of the mean ratio Jacobian
represented in the parametric domain; (b) colormap of the
mean ratio Jacobian represented in the physical domain.

(a)

5

Conclusions

All the geometries presented in this work have been parameterized with the unit square. As a next step, we plan on overcome
this limitation and to develop an algorithm to parameterize a
2D object with more complex polygon-type parametric domain
that fits better the geometry. That would allow to parameterize
geometries with holes as well. Also, in future research we
expect to extend the presented method to 3D.
Also in this paper we have presented a strategy for defining tensor product spline spaces over hierarchical T-meshes. The proposed strategy includes simple instructions used for inferring
local knot vectors to define blending functions. The resulting
spline spaces have good properties: lineal independence, C 2 continuity, ability for reproducing cubic polynomials and the
characteristic that spaces spanned by nested T-meshes are also
nested. The implementation of our technique is straightforward
taking into account the balanced tree structure of the mesh.
Example of adaptive refinement using IGA for 2D Poisson
problems have been presented. Optimal rate of convergence
have been obtained. We believe that the simplicity of our
technique can make it an attractive tool for its application in
IGA and geometric design.

(b)
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Reduced Basis Method of Smagorinsky turbulence model
T. Chacón-Rebollo∗, E. Delgado-Ávila∗ and M. Gómez-Mármol∗

Abstract— In this work we present the theoretical development of a Reduced Basis model a posteriori error estimation for the
Navier-Stokes equation with Smagorinsky turbulence non-linear term. This theoretical development of the a posteriori error
estimation is based on [4] and [6], according to the Brezzi-Rappaz-Raviart stability theory, and adapted for our Banach space and
the new non-linear term. The Reduced Basis Model (RBM) is decoupled in a Online/Offline procedure. First, in the Offline stage,
we construct hierarchical bases in each iteration of the Greedy algorithm, by selecting the snapshots which have the maximum
a posteriori error estimation value. To assure the Brezzi inf-sup condition on our Reduced Basis space, we have to define a
supremizer operator on the pressure solution, and enrich the reduced velocity space. Then, in the Online stage, we are able to
compute a speedup solution of our problem, with a good accuracy. Finally, we present a test case, programmed in FreeFem++
[1], in which we show the speedup of the RBM considering the steady Navier-Stokes equations in a backward-facing step.
Keywords: Reduced Basis Method, a posteriori error estimation, Navier-Stokes, Smagorinsky, turbulence,.

1

Introduction

2

Since turbulent fluid flow model simulation might take a long
time computation, it is necessary to develop new techniques
that could accelerate that computation time. With the Reduced
Basis Method (RBM), it is possible to compute a real-time
solution of a parametrized partial differential equation (PDE),
by using Galerkin projection onto a low-dimension space of
basis. This space is properly selected by the Greedy algorithm
for which it is necessary a residual-based a posteriori error
estimation.
First in this work, in section 2, we establish the problem
that will be solved: the Smagorinsky turbulence model. For
the sake of obtaining a Finite Element solution of our PDE
system, we first define a variational formulation, focusing on
the affine parameter dependence of the variational operators.
Then, we analyse the well posedness of our problem, assuring
the existence of the Finite Element solution.
After that, in section 3, we define the RB model and we obtain
the a posteriori error estimator. To obtain this a posteriori error
estimator, we use a “natural norm”.
Finally, in section 4, we present some preliminary numerical
results for the Navier-Stokes equations. We present the test
case of the flow in a backward-facing step, and we consider
a low-range Reynolds, where the solution is laminar. We
compare the RB solution with the solution with Finite Element,
and the error between both approximations, with accurate
results and a speedup over 200.

Problem statement

We want to solve the steady Smagorinsky turbulence model as
follows:
(1)

1

w · ∇w − ∆w + ∇p − ∇ · (νT (w)∇w) = f in Ω



µ




 ∇·w=0
in Ω


w = gD
on ΓDin



w
=
0
on ΓDw








1
∂w

 −pn +
+ νT (w)
=0
on Γout
µ
∂n

Where we are denoting νT (w) = ν1 |∇w|.

These equations are usually used to model the flow of a viscous
Newtonian incompressible fluid. We will consider a spatial
domain Ω ⊂ Rd with d = 2, 3, and we denote by Γ = ΓD ∪
Γout the boundary of our domain Ω, where ΓD = ΓDw ∪ ΓDin .
The solution of our problem is (u(µ), p(µ)), the velocity
and the pressure, which both depend on the parameter, the
Reynolds number. In our case, µ ∈ D ⊂ R. We will assume
that f ∈ (L3/2 (Ω))d and gD ∈ (H 1/2 (ΓD ))d .
To define the variational formulation of (1), obtained by standard integration by parts, we consider the Sobolev spaces
W m,p (Ω), m ∈ N, 1 ≤ p ≤ ∞, equipped with the standard
norms. We introduce a lift function uD ∈ (W 1,3 (Ω))d , such
that uD |ΓDg = gD and uD |ΓD0 = 0. We will assume that

∗ Departamento de Ecuaciones Diferenciales y Análisis Numérico, Universidad de Sevilla, Campus de Reina Mercedes, 41011 Sevilla (SPAIN). Email:
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∇ · uD = 0 in Ω, to assure that u = w − uD is still
incompressible.

where,

2.1

Variational formulation

In order to construct the variational formulation, we define the
spaces Y = WΓ1,3
(Ω)d = {u ∈ W 1,3 (Ω)d , such that u|ΓD =
D
2
0} and M = L (Ω).
We have the following parametrized variational formulation:
(2)
Given µ ∈ D, find (u(µ), p(µ)) ∈ Y × M such that






 a(u, v; µ) + b(v, p; µ) + c(u, u, v; µ)
+c(uD , u, v; µ) + c(u, uD , v; µ)



+aS (u, u, v; µ) = Fe(v; µ)
∀v ∈ Y




b(u, q; µ) = 0
∀q ∈ M.

The corresponding weak solution to problem (1) is defined as
w = u + uD , where u is the solution of problem (2).
The bilinear forms a(·, ·; µ) and b(·, ·; µ) are defined as
Z
1
∇u : ∇v dΩ,
a(u, v; µ) =
µ Ω
Z
b(v, q; µ) = − (∇ · v)q dΩ,
Ω

meanwhile the trilinear form, c(·, ·, ·; µ), and the Smagorinsky
term, aS (·, ·, ·; µ), are given by
Z
c(w, u, v; µ) = (w · ∇u)v dΩ,
Ω

aS (w, u, v; µ) =

Z

Ω

νT (w)∇u : ∇v dΩ,

Finally, the linear form Fe(·; µ) is defined as

where h·, ·i stands for the duality pairing between Y and Y ,
being Y 0 the dual space of Y .
0

By defining X = Y × M , we can denote the solution of
problem (2) as U (µ) = (u(µ), p(µ)) ∈ X. By this way,
we can consider the operators A(·, ·; µ) : X × X → R and
F (·; µ) : X → R, in order that our problem can be read as:
(3)

Ω

Here, Θq0 , Θq1 : D → R are the parameter-dependent functions,
and aq0 (·, ·) : X × X → R, aq1 (·, ·, ·) : X × X × X → R are
the parameter-independent operators.
We shall also have that the operator F , is affine in the parameter
µ too, i.e,
2
X
F (V ; µ) =
Θqf (µ)f q (V )
q=0

where, in our case,
Z
Z
f 1 (V ) =
f v dΩ − (uD · ∇uD )v dΩ Θ1f (µ) = 1,
ΩZ
Ω
1
2
f (V ) = −
∇uD : ∇v dΩ
Θ2f (µ) = .
µ
Ω

Here, again, Θqf : D → R are the parameter-dependent
functions, and f q : X → R are the parameter-independent
operators.

2.2

Fe(v; µ) = hf, vi − a(uD , v; µ) − c(uD , uD , v; µ)

(

Z


a10 (U, V ) = −
(∇ · v)p + (∇ · u)q dΩ
Z
Ω
Z
+ (uD · ∇u)v dΩ + (u · ∇uD )v dΩ
Θ10 (µ) = 1,
Ω
Ω
Z
1
a20 (U, V ) =
∇u : ∇v dΩ
Θ20 (µ) = ,
µ
ΩZ
a11 (W, U, V ) = (w · ∇u)v dΩ
Θ11 (µ) = 1,
ZΩ
a21 (W, U, V ) =
ν1 |∇w| ∇u : ∇v dΩ
Θ21 (µ) = 1.

First of all, we are going to obtain the directional derivative of
A(·, ·; µ) with respect to the first variable, in the direction U ∈
X. We denote the directional derivative, for all W, V ∈ X, as
∂1 A(W, V ; µ)(U ) = lim

λ→0

A(U, V ; µ) =

2
X
q=1

Θq0 (µ)aq0 (U, V ) +

2
X
q=0

∂1 A(W, V ; µ)(U ) =

∀V ∈ X

The operator A is affine in the parameter µ, i.e.,
Θq1 (µ)aq1 (U, U, V )

A(W + λU, V ; µ) − A(W, V ; µ)
λ

Applying this definition, we can express the directional derivative (for a most exhaustive explanation, see e.g., [2]) of the
operator A(·, ·; µ) as

Given µ ∈ D, find U (µ) ∈ X such that
A(U (µ), V ; µ) = F (V ; µ)

Well posedness analysis

2
X

Θq0 (µ)aq0 (U, V )

q=1

(4)

+

2
X

Θq1 (µ)aq1 (U, W, V ) + Θ11 (µ)a11 (W, U, V )

q=0
Z
∇w : ∇u
+
ν1
(∇w : ∇v) dΩ.
|∇w|
Ω
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It is simple to guarantee the “stability” and the continuity of
∂1 A(U (µ), ·; µ), by proving that for any solution U (µ) of (3),
there exist β0 > 0 and γ0 ∈ R such that ∀µ ∈ D,

(5)

0 < β0 < β(µ) ≡ inf sup

W ∈X V ∈X

∞ > γ0 > γ(µ) ≡ sup sup

∂1 A(U (µ), V ; µ)(W )
,
kW kX kV kX

W ∈X V ∈X

∂1 A(U (µ), V ; µ)(W )
.
kW kX kV kX

Then, according with the BRR theory (see [3]), if U (µ) belongs
to a regular branch of solutions of the Smagorinsky model, in
the neighborhood of U (µ) the solution of (3) is unique.

3

The Reduced Basis Method

In this section we present the Reduced Basis Method and
the construction of the low-dimensional spaces by the Greedy
algorithm.
First of all, we define the Finite Element (FE) space X N ⊂ X.
We can obtain a FE solution, U N (µ) ∈ X N , by solving
problem (3) with a Galerkin projection on this space. X N is
called the “trust” space.
For the startup of the Greedy algorithm, we have to choose an
arbitrary parameter value µ1 ∈ D, and compute the corresponding snapshot (u(µ1 ), p(µ1 )). Here D is the discrete interval
where we select the possible values of µ. We will denote by
Nmax the maximum number of bases. Defining an a posteriori
error estimator ∆N (µ), which bounds the error between the
FE solution and the RB solution. We will choose the (k+1)-th
value of µ ∈ D as
µk+1 = arg max ∆k (µ),

k = 1, . . . , N.

µ∈D

In order to guarantee the inf-sup stability of the RB approximation, we need to define the inner pressure supremizer operator
(see e.g. [6],[7]) Tpµ : M → Y 0 , as
(6)

Tpµ , w = b(q, w; µ) ∀w ∈ Y

Thanks to this definition, we are able to define the RB lowdimension spaces, for N = 1, . . . , Nmax , as
(7)

(8)

MN =

span{ξkp

k

:= p(µ ), k = 1, . . . , N }

YN = span{ζkv := u(µk ), Tpµ ξkp , k = 1, . . . , N }

Note that the construction of these spaces is hierarchical, i.e.,
Y1 ⊂ Y2 ⊂ · · · ⊂ YNmax , and the same for the pressure spaces.
Finally, we denote XN = YN × MN , for N = 1, . . . , Nmax .

3.1

Natural norm

Let UN (µ) ∈ XN the reduced basis approximation of U (µ),
obtained by solving the following problem
(9)

A(UN (µ), VN ; µ) = F (VN ) ∀VN ∈ XN

for N = 1, . . . , Nmax .
We introduce the operator TNµ : X → X 0 such that
(10)

hTNµ V, W i = ∂1 A(UN (µ), W ; µ)(V ),

∀V, W ∈ X

We have that
kTNµ V kX 0 = sup

W ∈X

hTNµ V, W i
∂1 A(UN (µ), W ; µ)(V )
= sup
kW kX
kW kX
W ∈X

We require a discrete set D = {µ1 , . . . , µK } ⊂ D and a fixed
integer N ≤ Nmax . We suppose that, ∀µ ∈ D,
(11)
kTNµ V kX 0
∂1 A(UN (µ), W ; µ)(V )
0 < βN (µ) ≡ inf sup
= inf
V ∈X W ∈X
V ∈X
kV kX kW kX
kV kX
(12)
∞ > γN (µ) ≡ sup sup

V ∈X W ∈X

kTNµ V kX 0
∂1 A(UN (µ), W ; µ)(V )
= sup
kV kX kW kX
kV kX
V ∈X

We can now define, for any given µ ∈ D and N , the called
“natural norm”, denoted by ||| · |||µ , as
|||V |||µ = kTNµ V kX 0 .

(13)

This natural norm is equivalent to k · kX thanks to our assumption on βN (µ) and γN (µ).

3.2

The a posteriori error bound

In order to obtain the a posteriori error bound, we can prove
that there exists a positive constant ρµ (µ) such that
∂1 A(Z 2 , W ; µ)(V ) − ∂1 A(Z 1 , W ; µ)(V )
(14)

≤ ρµ (µ)|||Z 2 − Z 1 |||µ |||V |||µ kW kX

for all Z 1 , Z 2 , V, W ∈ X.
Let µ ∈ D, µ ∈ D, N ≤ Nmax , N ≤ Nmax . We define
(15) βµ (µ) = inf sup

hTNµ V, W i
kTNµ V kX 0
= inf
|||V |||µ kW kX kV kX |||V |||µ

(16) γµ (µ) = sup sup

hTNµ V, W i
kTNµ V kX 0
= sup
|||V |||µ kW kX kV kX |||V |||µ

V ∈X W ∈X

V ∈X W ∈X

Then it holds
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L EMMA 1 Assume that βµ (µ) > 0. Then, there can be at
most one solution U (µ) ∈ X to (3) such that


βµ (µ)
U (µ) ∈ Bµ UN (µ),
ρµ (µ)

L EMMA 3 If βµ (µ) > 0 and τN (µ) ≤ 1, then there exists a
unique solution U (µ) to (3) such that

βµ
i.e., |||U (µ) − UN (µ)|||µ ≤
.
ρµ (µ)

H(Z; µ) − UN (µ) = Z − UN (µ) − DA(UN (µ); µ)−1 A(Z; µ)

U (µ) ∈ Bµ (UN (µ), ∆N (µ))
Proof: Let α > 0 and Z ∈ Bµ (UN (µ), α). We consider
We can prove that

ρµ (µ)
N (µ)
|||Z − UN (µ)|||2µ +
.
βµ (µ)
βµ (µ)

Proof. We define the operators A(·; µ) : X → X 0 and
DA(Z; µ) : X → X 0 , for Z ∈ X, associated to A and dA
respectively, and the operator H(·; µ) : X → X as

And, if we consider Z ∈ Bµ (UN (µ), α), we have that

(17)

hA(U ; µ), V i = A(U, V ; µ) − F (V ; µ), ∀U, V ∈ X,

(23)

(18)

hDA(Z; µ)U, V i = ∂1 A(Z, V ; µ)(U ), ∀U, V ∈ X,

(19)

H(W ; µ) = W − DA(UN (µ); µ)−1 A(W ; µ).

We are looking for the lowest possible value of α such that it
is verified
ρµ (µ) 2 N (µ)
(24)
α +
≤ α.
βµ (µ)
βµ (µ)

Then, we can prove that

|||H(Z; µ) − UN (µ)|||µ <

βµ (µ)
, thanks to the previous lemma, it is
ρµ (µ)
simple to see that H is a contraction, and thanks to the Banach
Fixed Point Theorem, it follows that exists an unique solution
U (µ) of (3) such that
Because ∆N (µ) ≤

ρµ (µ)
≤
|||UN (µ) − ξ|||µ |||Z 2 − Z 1 |||µ
βµ (µ)

βµ (µ)
Thus, we can deduce that inside Bµ UN (µ),
,
ρµ (µ)
H(·; µ) is a contraction, and this implies that exists at most
one solution UN (µ) to (3).




U (µ) ∈ Bµ (UN (µ), ∆N (µ)) ,

Then, it follows
T HEOREM 4 Let µ ∈ D, and assume that for µ ∈ D,
βµ (µ) > 0 and τN (µ) ≤ 1. Then there exists a unique
solution U (µ) of (3) such that
(25)

(20)

(21)

(22)

N (µ) = kA(UN (µ); µ)kX 0
τN (µ) =

4N (µ)ρµ (µ)
βµ (µ)2

i
p
βµ (µ) h
∆N (µ) =
1 − 1 − τN (µ)
2ρµ (µ)

R EMARK 2 Note that from (17), N (µ) is the dual norm of
the residual.
It holds

ρµ (µ) 2 N (µ)
α +
βµ (µ)
βµ (µ)

The value which we are looking for it is satisfied when
α = ∆N (µ).

|||H(Z 2 ; µ) − H(Z 1 ; µ)|||µ

Let us define the following quantities:

|||H(Z; µ) − UN (µ)|||µ ≤

|||U (µ) − UN (µ)|||µ ≤

βµ (µ)
ρµ (µ)

the error with respect the natural norm is
(26)

|||U (µ) − UN (µ)|||µ ≤ ∆N (µ)

with effectivity
(27)




2γµ (µ)
∆N (µ) ≤
+ τN (µ) |||U (µ) − UN (µ)|||µ
βµ (µ)

Proof. Since (25) and (26) are proved in Lemma 1 and
Lemma 3, we only have to proof (27). This prove is similar to
the corresponding one in [4].

Then, we have obtained our error estimator ∆N (µ)
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4

Numerical results

In this section, we will solve the RBM with the Navier-Stokes
equations. Our domain will be a backward-facing step as in
Fig. 1.

ΓDw
ΓDin

Γout

ΓDw
ΓDw

Figure 1: Domain Ω with the different boundaries identified.

We are going to consider a low range of Reynolds number as
parameter µ = Re ∈ [20, 250]. With this range of Reynolds
number, the flow through the domain is laminar.

Figure 3: Value of residual norm for the different values of
µ ∈ D, and N=8

To compute the FE solution, we use the Taylor-Hood finite
element, i.e., we consider P2 finite element for the velocity
and P1 finite element for the pressure. With this election, we
assure the inf-sup condition of the FE problem and its
stability. The grid we have is composed by 992 nodes and
1772 triangles.

In our problem, the Offline stage toke approximately 34
minutes. For example, computing a FE solution for µ = 170,
takes about 82 seconds; and the online BR computation, with
the same vale of µ, takes about 0.40 seconds. Thus, the
computational speedup is about 200.

We started the Greedy algorithm with µ1 = 20. Then, we
finish our algorithm with N = 8. Fig. 2 shows the maximum
residual norm for all µ ∈ D. In Fig. 3 we also present the
evaluation of the residual norm for all values of µ ∈ D at
N = 8.

Figure 2: Maximum value of residual norm, ∀µ ∈ D, at
iteration N .

The error between FE solution and BR solution, in the same
case of µ = 170, is 6.89 · 10−5 in norm H 1 for the velocity,
and 4.13 · 10−6 in norm L2 for the pressure.
Finally, in Fig. 4 we show the RB solution of problem (9) for
this parameter value, whereas in Fig. 5 we show the error
between the FE solution and the RB solution, for both velocity
and pressure.

Figure 4: Velocity (top) and pressure (bottom) RB solution for
µ = 170, obtained with FreeFem++ ([5]).
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A Multilayer Approach for the Poisson Problem
T. Chacón Rebollo∗ and D. Franco Coronil∗

Abstract— In this work we introduce a new a multilayer method that we apply to approximate the solution of the Poisson
problem. This method can be seen as a splitting technique, where first we consider a vertical partition of the domain and we
suppose that the solution of the full problem can be approximated at each layer by a smooth function but that is discontinuous in
the vertical component across the interfaces of the layers.
Concretely, to obtain our multilayer system we propose to start from the transposition solution of the variational formulation of
the Poisson problem and to apply the splitting technique approaching the normal derivatives across the interfaces using finite
diferences. Furthermore, we deduce some error estimations that shows the convergence of the solution of the multilayer system
to the weak solution of the full model.
We present some numerical tests based in a Freefem++ code proposed by Frederic Hecht. We obtain good results in particular
a convergence of order two in L2 norm and order one in a H 1 discrete norm that we introduce here, in agreement with the
theoretical expectations. Note that the advantage of the multilayer approach is that it allows to reduce in one dimension the
computational domain.
Keywords: Multilayer methods, transposition solution, finite diferences.

1

Find u ∈ H 1 (Ω) such that

Introduction and motivation

In this paper we deduce a multilayer approach of the Poisson
problem. We consider as computational domain Ω ⊂ R3 a
three dimensional cylinder Ω = ω × (0, L) where ω ⊂ R2
is a 2D bounded domain.
In this work, we shall consider the Poisson problem in Ω as a
test problem:
Given f ∈ L2 (Ω) and g ∈ H 1/2 (∂Ω) , find u ∈ H 1 (Ω) such
that
(1)

(

−∆u =
u

=

f

in

Ω,

g

on

∂Ω.

(2)

−

Z

u ∆ϕ dΩ +

Ω

Z

g ∂n ϕ dΓ =

∂Ω

Z

f ϕ dΩ,

Ω

for all ϕ ∈ H01 (Ω) ∩ H 2 (Ω).
If u is the solution of (1), and ϕ ∈ H 2 (Ω) ∩ H01 (Ω), then u
satisfies (2). Problem (2) can be re-written as
(3)

Z

uv dΩ =

Ω

Z

Ω

f (Lv)dΩ −

Z

g ∂n (Lv) dΓ,

∂Ω

where Lv = ϕ is the solution of

Our objective is to build a multilayer discretization based on
the variational formulation of the problem, in a systematic way.
This multilayer approach will reduce the solution of (1) to a
coupled set of 2D equations, thus decreasing the dimensionality of the problem.

(4)

(

−∆ϕ = v
ϕ

=

0

in

Ω,

on ∂Ω.

The Poisson problem is a model problem. We will extended
the approach to shallow flow problems.

Problem (3) admits a solution in L2 (Ω), and makes sense if f
and g are less smooth whenever the problem (4) is regular, in
the sense that ϕ ∈ H01 (Ω) ∩ H 2 (Ω) (Cf. ([1]))

To obtain our multilayer system, we start from the transposition
solution of the variational formulation of the Poisson problem,
that is defined as follows:

We now approximate the solution of the Poisson problem by a
smooth function at each layer but that is discontinuous in the
vertical component across the interfaces of the layers.

∗ Departamento de Ecuaciones Diferenciales y Análisis Numérico, Universidad de Sevilla, Facultad de Matemáticas, Campus de Reina Mercedes, 41012
Sevilla (SPAIN). Email: chacon@us.es, franco@us.es
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sition problem (2) by parts, we obtain:
Z
N Z
X
α
−
u ∆ϕ dΩ +
g ∂n ϕ dΓ =

ΓT=ΓN+1/2
ΩN
ΓN-1/2
.
.
.

Γl

h

Γα+3/2

Γα+1/2
Ωα
Γα-1/2
.
.
.

Γl

Figure 1: Computational domain.

Then, first the domain Ω is divided along the vertical direction
into N ∈ N plane layers of constant thickness h = 1/N with
N + 1 interfaces Γα+ 12 of equations z = zα+ 21 for α = 0, 1,
. . . , N . Therefore, interfaces consist of N + 1 parallel and
equidistant horizontal planes together as shown in Figure 1.
We assume ∂Ω = ΓB ∪ ΓT ∪ Γl , where ΓB and ΓT are the
boundaries of the bottom and the top, respectively, and where
Γl is the vertical boundary of the domain. We shall denote by
zB = z 12 and zT = zN + 21 the equations of the bottom and the
top interfaces ΓB and ΓT , respectively.
Hence, we split Ω =

N
[

Ωα with the setting

α=1

n
o
Ωα = (x, z); x ∈ w and zα− 12 < z < zα+ 21
where ∂Ωα = Γα− 12 ∪ Γα+ 12 ∪ Γl,α
n
o
Γl,α = (x, z); x ∈ ∂w and zα− 21 ≤ z ≤ zα+ 12 .
N
[

Γl,α .

α=1

We look for u ∈ X =
uα = u|Ωα .

N
Y

α=1

∇uα ∇ϕdΩ+

Ω

Finally we can rewrite this equation to obtain the following
multilayer problem:
Find u ∈ X, such that
N
N
−1 Z
X
X
(uα+1 − uα )∂n ϕ dΓ
(∇uα , ∇ϕ)Ωα +
α=1
α=1 Γα+
Z
Z 21
N
(5)
−
u ∂n ϕ dΓ +
u1 ∂n ϕ dΓ
ΓS
ΓB
Z
Z
Z
=
f ϕ dΩ −
gT ∂n ϕ dΓ +
gB ∂n ϕ dΓ;
Ω

ΓT

ΓB

for all ϕ ∈ H 2 (Ω)∩H01 (Ω) where gB = g|ΓB and gT = g|ΓT .
R EMARK 1 We notice that these multilayer variational formulation (5) is equivalent to the transposition formulation (2).
T HEOREM 2 Assume that problem (4) is regular. If u ∈ X
is a solution of (5), then u is a solution of (3).

2

Multilayer method

In this section we are going to obtain our final multilayer system, approaching the normal derivatives across the interfaces
using finite diferences.
Concretely, as the interfaces are horizontal planes the normal
derivatives across the interfaces are the derivatives in the vertical component ∂n ϕ = ∂z ϕ and then, we can we discretize the
problem (5) using finite diferences in z as follows:

with

Then the vertical boundary is split as Γl =

Ωα

for all ϕ ∈ H 2 (Ω) ∩ H01 (Ω).

Γl

ΓB=Γ1/2

∂Ωα

∂Ω

Γl,α

Γ3/2

Ω1

∂Ω

N Z
X

uα ∂n ϕdΩ +
α=1
α=1
Z
Z
+
g ∂n ϕdΓ =
f ϕ dΩ

−

Ωα+1

Γl,α

α=1 Ωα
N Z
X

H 1 (Ωα ) ⊂ L2 (Ω) and we denote

Now, we consider u of this form and we integrate the transpo-

∂z ϕ|Γα+ 1 '
2

ϕα+1 − ϕα
.
h

Using this discretization and setting uN = gT on ΓT and
u1 = gB on ΓB , we obtain from (5) the multilayer discrete
problem that we propose:
Find uh ∈ V = {u ∈ X / u|Γl = 0}, such that uN =
gT , u1 = gB and
(6)
N
X
(∇uα
h , ∇ϕ)Ωα +
N
−1
X
α=1

Z

α=1

Γα+ 1

2

(uα+1
h

− uα
h)

ϕα+1 − ϕα
dΓ =
h

Z

Ω

f ϕ dΩ,
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for all ϕ ∈ {φ ∈ X

2.1

/

φ|∂Ω = 0} .

Stability

In this section we deduce some results of stability and convergence of system (6). For that, we introduce the following
N
Y
discrete H 1 norm for v ∈
H 1 (Ωα ):
α=1

(7)

kvk21,h =

N
X

α=1

k∇v α k20,Ωα +

N
−1
X

h

α=1

v α+1 − v α
h

2
0,Γα+ 1
2

The following stability result for discretization (6) holds:
T HEOREM 3 The solution uh ∈ V of (6) verifies the following bound
kuh k1,h ≤ kf kV 0
α

1

Then, for each α, we have that {u }h>0 is bounded in H (Ωα )
N
−1 Z
X
h
2
kf k2V 0 ,
uniformly in h, and
|uα+1
− uα
h| ≤
h
2
Γ
α=1
α+ 1
2

3

Convergence results

In this section we prove some error estimates that show the
convergence of the solution of the multilayer system to the
weak solution of the model (1). Concretely, if the solution of
the multilayer system (6) is smooth enough, we have:
T HEOREM 4 Assume that the continuous solution of (1) satisfies u ∈ H 3/2 (Ω) and we denote

C OROLLARY 6 Assume that the continuous solution of (1)
satisfies u ∈ H 5/2 (Ω) . Then, it holds


N
−1 Z
X
keh k21,h ≤ h3 
|∂zz u|2  ≤ C(u) h2 ,
α=1

Γα+ 1

2

where C(u) = k∂zz uk20,Ω + h with h that converges to 0
when h tends to 0.
So we obtain the optimal first order convergence in truncated
H 1 norm.

4

Global error estimates

In this section we deduce some error estimates for a global
reconstruction of the solution uh of (6) in H 1 (Ω) by piecewise
interpolation in z.
First, we build a global reconstruction of a function uh ∈
N
Y
H 1 (Ωα ): For each α = 1, 2, . . . , N , we set the horizontal

α=1

1
plane Γα = w × {z = zα } with zα = (zα− 21 + zα+ 21 ).
2
Then, we define a global function Uh in Ω as a piecewise P1
polynomial in variable z, as follows:
(8)
z1 − z
z − zB 1
Uh =
gB +
u
in [ΓB , Γ1 ],
z1 − zB
z1 − zB h
zα+1 − z α
z − zα
Uh =
u +
uα+1 in [Γα , Γα+1 ],
zα+1 − zα h zα+1 − zα h
∀ α = 1, 2, ..., N − 1
Uh =

zN − z N
z − zT
u +
gT
zN − zT h
zN − zT

in

[ΓN , ΓT ];

uα+1 − uα
− ∂z u with uα = u|Ωα ∀ α.
h

with zα+1 − zα = h for all α = 1, 2, . . . , N − 1, and
z1 − zB = zN − zT = h/2.

Then, the solution of the discretization (6) verifies


N
−1 Z
X
2
keh k21,h ≤ h 
|εα
= kεh k0,Ω,h
h|

Then, we have the following result of global convergence in
H 1 (Ω):

εα
h =

α=1

Γα+ 1
2

α
α
where eα
h = u − uh

Then, we deduce a convergence result

T HEOREM 7 Assume u ∈ H 3/2 (Ω). Then, the global discrete function Uh converges to the continuous solution u when
h tends to 0 in H 1 (Ω).
If in addition u ∈ H 5/2 (Ω), then ku − Uh kH 1 (Ω) ≤ C(u) h.

5
3/2

C OROLLARY 5 Let u ∈ H (Ω) the continuous solution
of (1), then the discrete solution uh converges in X to the
continuous solution u when h tends to 0.
In the case of smooth solutions we obtain error estimates that
follows:

Numerical results

Here we present some numerical tests, that compares the
solution obtained by our multilayer system with the solution of
the Poisson problem (1) in the 2D and 3D cases. These tests
are based in a Freefem++ code proposed by Frederic Hecht that
computes the multilayer approach through an iterative process
layer to layer.
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and this one for the orders of convergence:

Test 1: A two dimensional case

In the first numerical test, we solve the multilayer method (6)
in the rectangle Ω =]0, 3[ × ]0, 1[ and we compare it with
the Galerkin solution of (1) in Ω with Dirichlet boundary
conditions and f = 1 in Ω. For this test, we consider differents
number of layers N = 9, 18, 36, 72.
The following table shows the obtained results for the errors in
the L2 and the H 1 discrete norm introduced in (7):

h
ord0,h
ord1,h

1/9
1.9522
1.9376

1/18
1.9776
1.9747

1/36
1.9603
1.9634

In this 3D case, we deduce similar results to those obtained for
test 1 in relation to the order of convergence.
Figure 2 shows the discrete multilayer solution uh for N = 24
layers:

N
keh k0,h
keh k1,h

9
0.002891
0.004112

18
0.000735
0.001159

36
0.0001847
0.0003200

72
3.8303e-05
8.3218e-05

Then we deduce this table for the orders of convergence in both
norms:
h
ord0,h
ord1,h

1/9
1.9758
1.8270

1/18
1.9926
1.8567

where we denote ordk,h = log2



1/36
2.2697
1.9431

keh kk,h
keh/2 kk,h/2



for k = 0, 1.

How we can see, we obtain good results in particular we get
a convergence of the multilayer solution to the exact solution
and this convergence is of order two in the L2 discrete norm
and near two in the H 1 discrete norm. The order in H 1 norm is
higher than expected from the theoretical results. It is possibly
due to the simmetries of the grid

Figure 2: Solution of multilayer system (6) with 24 layers,
computed with Freefem++ ([3]).

5.2

Acknowledgements

Test 2: A three dimensional case with smooth
exact solution

In this test we solve our multilayer method (6) in the unit cube
Ω = ]0, 1[3 and we compare the solution of our approach with
the smooth exact solution
u(x, y, z) = e

−z

sin(πx) sin(πy)

We have the following table for the norms of the errors:

9
0.006180
0.007968

18
0.001597
0.002080

36
0.0004055
0.0005292
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Spectral shape analysis of the hippocampal structure for
Alzheimer’s Disease diagnosis
G. Maicas∗, A. I. Muñoz∗, G. Galiano†, A. Ben Hamza‡ and E. Schiavi∗,
for the Alzheimer’s Disease Neuroimaging Initiative§

Abstract— We present an automatic pipeline for spectral shape analysis of brain subcortical hippocampal structures with the
aim to improve the Alzheimer‘s Disease (AD) detection rate for early diagnosis. The hippocampus is previously segmented
from volumetric T1-weighted Magnetic Resonance Images (MRI) and represented as a compact Riemannian manifold. It is then
modelled as a triangle mesh on which the spectrum of the Laplace-Beltrami (LB) operator is computed via a finite element method
[6]. A fixed number of eigenvalues and eigenfunctions is then used to compute three different shape descriptors at each vertex
of the mesh. Following [7], the first two feature descriptors are based on the fundamental solution of the heat diffusion equation
on the manifold, yielding the heat kernel signature (HKS) and the scale-invariant heat kernel signature (SIHKS) of the shape.
The third descriptor is the wave kernel signature (WKS), which is based on the Schrödinger equation. Each of these descriptors
is used separately in a Bag-of-Features (BoF) framework. In this preliminary study we report on the implementation of the
proposed descriptors using ADNI (adni.loni.usc.edu), and DEMCAM (T1-weighted MR images acquired on a GE Healthcare
Signa HDX 3T scanner) datasets. We show that the best quality of the DEMCAM dataset images have a great impact on the AD
rate of detection which can reach up to 95%. For further development of the modelling approach, local deformation analysis is
also considered through a spectral segmentation of the hippocampal structure.
Keywords: Spectral shape analysis, Laplace-Beltrami operator, FEM, Alzheimer’s disease detection, NLF.

1

Introduction

Alzheimer’s disease (AD) is the most common form of cognitive disability in older people, and the number of affected
patient is expected to considerably increase in the next future
due to the population longer living. Early diagnosis of AD
would greatly benefit the public health and society, resulting in
patient quality of life and reduced treatment costs.
Hippocampal atrophy in neurodegenerative diseases such as
AD can be evaluated in terms of the global change in the volume of the hippocampus as well as through the quantification
of the global and local changes in its shape. Hippocampal volumetry on MR images has been shown to be a useful tool in AD
diagnosis, providing significant discrimination ability. It is,
however, inadequate to fully describe the effect of the disease
on the morphology of hippocampus. In addition to volumetry,
hippocampal shape analysis is an emerging field enlarging the

understanding of the development of the disease. Among
the different methods employed to model the hippocampus
and to detect the shape changes (deformation) caused by AD,
shape surface processing represented by spherical harmonics
[4] and statistical shape models (SSMs) have been proved to be
efficient in modeling the variability in the hippocampal shapes
among the population. [8].
In this work, we primarily focus on spectral techniques based
on the Laplace-Beltrami operator. Such techniques have
been successfully applied to shape recognition of subcortical
structures [6]. In [9] a heat kernel based cortical thickness
estimation algorithm, which is driven by the graph spectrum
and the heat kernel theory, is used to capture grey matter geometry information from in vivo brain MR. These approaches
allow to compute some shape spectral descriptors such as the
heat kernel signature (HKS), the scale invariant heat kernel
signature (SIHKS) and wave kernel signature (WKS) which

∗ Departamento de Matemática Aplicada, Ciencia e Ingeniería de Materiales y Tecnología Electrónica, Universidad Rey Juan Carlos, ESCET, Móstoles,
28933, Madrid (SPAIN) Email: g.maicas@alumnos.urjc.es,anaisabel.munoz@urjc.es,emanuele.schiavi@urjc.es. This research was performed while G. Maicas
was a member at Universidad Rey Juan Carlos
† Departamento de Matematicas, Universidad de Oviedo, Oviedo 33007 (SPAIN). Email: galiano@uniovi.es
‡ Concordia Institute for Information Systems Engineering, Concordia University, Montreal, QC (CANADA). Email: hamza@ciise.concordia.ca
§ Data used in preparation of this article were obtained from the Alzheimer’s Disease Neuroimaging Initiative (ADNI) database (adni.loni.usc.edu). As such,
the investigators within the ADNI contributed to the design and implementation of ADNI and/or provided data but did not participate in analysis or writing of this
report. A complete listing of ADNI investigators can be found at: http://adni.loni.usc.edu/wp-content/uploads/how_to_apply/ADNI_Acknowledgement_List.pdf
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we apply to the ADNI and DEMCAM datasets. In order
to assist the diagnosis of Alzheimer we merge the spectral
analysis into a Bag of Features (BoF) framework proposed in
[7] for shape retrieval. The diagnosis (discrimination) is then
effected in the space of descriptors through the comparison
of their histograms. Finally we propose a novel method for
anatomical structure segmentation based on the decreasing rearrangement of the 2nd eigenfunction of the Laplace-Beltrami
(LB) operator. As an application, we consider a partition of the
hippocampus into three regions exploring if just one of them
mostly incapsulate the early damages caused by this dementia.

time t. The HK corresponding to the solution to problem (1)(2) can be expressed as

The rest of this paper is organized as follows. In Section 2,
we consider the heat equation on a closed surface, introducing
the LB operator on compact manifolds. In order to expand the
solution into eigenfunctions of the LB operator we define its
discretization using FEM which leads to solve a generalized
eigenvalue problem. In Section 3, the BoF approach for shape
recognition is presented and the three different shape descriptors are introduced. Local analysis is performed in Section 4
through a spectral segmentation algorithm which exploits the
properties of the decreasing rearrangement of a function. The
experiments and results obtained are described in Section 5.
Finally we summarize the conclusions of our study which is
an on-going research in the framework of Project TEC201239095-C03-02: Mathematical Models based Biomarkers.

In order to expand the solution in terms of the eigenpairs, we
need to solve first the following eigenvalue problem:

2

Spectral Analysis of the LB Operator

The heat diffusion process has recently been applied successfully to shape recognition [6, 7]. In this section, we present the
heat equation and eigenvalue problem on a compact manifold
representing the hippocampus surface. We discretize the heat
equation in a triangular mesh in order to find the LB spectrum
using FEM.
Assume M to be a compact connected Riemannian manifold.
Then, the heat diffusion process in the manifold is described
by the following equation
(1)
(2)

ut = ∆M u,

∀ (x, t) ∈ M × [0, ∞)
∀x ∈ M

u(x, 0) = f (x),

where the scalar field u : M × [0, ∞) → R is the amount of
heat at a point on the surface (hippocampus) at time t, and ∆M
is the LB operator defined as follows:
1
∆M f = divM (∇M f ) = √
G

2
X
i=1

2
X

∂ √
∂f
( G
g ij j ),
∂xi
∂x
j=1

where G = det(gij ) and (g ij ) is the inverse of the metric
matrix. Considering u(x, 0) = δ(x − y), the solution k(x, y, t)
of the equation (1) is called the heat kernel (HK), which is a
measure of the amount of heat that moves from x to y after

(3)

k(x, y, t) =

∞
X

e−λi t φi (x)φi (y).

i=1

where (λi , φi ) are the eigenpairs (spectrum) of the LB operator.
Notice that being the manifold closed, we find that λ1 = 0
and the first eigenfunction φ1 is constant. The rest of the
eigenvalues satisfy 0 < λ2 < λ3 < ..., being this sequence
diverging.

(4)

∆M φn = −λn φn ,

n = 1, 2, · · · .

Instead of solving the previous eigenvalue problem, we use a
finite element method (FEM) to find numerically an approximate solution in a triangular mesh [6].
Hence, we consider the following weak formulation of the
problem: Find φ ∈ H 1 (M), such that for any test function
u ∈ H 1 (M), it is satisfied
Z
Z
(5)
(∆M φ)u dV = −λ
φu dV.
M

M

After the weak formulation for the problem is found, its
discretization is the second step according to FEM. Hence, we
consider the manifold representing the hippocampus surface
as a triangular mesh composed of N vertices and L triangles:
L
{V = {pi }N
1 , T = {Tl }1 }. Let Vh be the space generated by
h
those functions: V = {uh ∈ C(M)|uh|k ∈ P1 , k ∈ T h },
where Th is the set of triangles and P1 is the set of twovariables linear functions. Each of the elements in Vh is
called a linear finite element and the superindex h refers to the
diameter of the triangulation. The discrete version of (5) is (see
[6]):
XZ
XZ
∇M φh · ∇M ψih = λh
φh ψih , ∀ψih ∈ S h ,
l

Tl

Tl

l

for i = 1, . . . , N , where S h is a basis of V h consisting on the
element shape functions. Considering the following matrices
involving every element of the mesh:
φh =

N
X
1

xi ψih ,

AhN ×N =

h
BN
×N =

XZ

l

Tl

l

XZ

Tl

∇M ψih ∇M ψj ,

ψih ψjh ,

corresponding to the left and right side of the equation, the
variational problem we want to solve is equivalent to the
following eigenvalue problem:
Ah x = λh Bh x,

Spectral shape analysis of the hippocampal structure for Alzheimer’s Disease diagnosis
where x = (x1 , · · · , xN )T are the unknown associated eigenfunctions (i.e. eigenvectors which can be thought of as
functions on the mesh vertices). This generalized eigenvalue
problem may be efficiently solved using the Arnoldi method of
ARPACK.

which is based on the resolution of the Schrödinger equation,
describes a shape by means of the probability of finding a
quantum particle at a particular point of the shape.

3.2.1

3

Modeling shapes

Methods for recognizing 3D shapes by their meaningful parts
may be broadly divided into two categories. The first, following [7], is the skeleton based method (see [5]). The second
one, which is the one considered in our study, is the surface
based method. In the latter case, a shape is modelled as a
frequency histogram, which is later used to compare it. The
bag of features, the chosen methodology in this work, is an
example of methodology that belongs to this group.

3.1

Bag of features

The bag-of-features (BoF) paradigm is one of the most popular
feature-based methods for shape recognition, retrieval and detection. The steps for the BoF methodology are the following:
First, we detect and extract features from every shape in the
training database. Second, we compute a dictionary of visual
words using the training data, and allocate each feature to the
closest vocabulary word. Next, we obtain the histogram of
frequency for every shape. And finally, given a test shape, we
model it as its histogram of frequency using the same signature,
and we determine its class by majority voting of the closest
training neighbors.
Local descriptors have been proven to perform well on shape
recognition tasks. For every training sample, at each point of
the mesh, a feature vector is computed. We will build different
bag of features using one of the following descriptors: the
heat kernel signature (HKS), the scale-invariant heat kernel
signature (SIHKS) and the wave kernel signature (WKS).
In order to quantize the feature space, the data are clustered
using training samples. These data representatives are called
vocabulary features. In our study, we use the k-means algorithm. As each shape is modelled by a histogram, comparing
shapes is tantamount to measuring histogram similarity. Two
different histograms comparison metrics are used: chi-squared
and Spearman distances.

3.2

Shape descriptors

As introduced before, two different kinds of descriptors will
be used: heat-diffusion and wave based descriptors. The
former measures the amount of heat that remains in a point
of the shape after some time t. Therefore, it is possible
to capture shape information using small diffusion times and
global characteristics when heat diffuses for a longer time. In
addition, several times t or scales will be considered to build a
feature vector for each point in the shape. The latter descriptor,
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HKS

At a given point of the mesh p ∈ M, the heat left after a
time t if initially all of it was concentrated at one point, that
is u(p, 0) = δ(p), is described by k(p, p, t) = Kt (p, p) (see
(3)), where t is the diffusion time or time scale. The heat kernel
signature at each p ∈ M is defined as a n-dimensional vector
HKS(p) = (Kt1 (p, p), · · · , Ktn (p, p)),
where t1 , · · · , tn are different time scales.
The main advantages of the HSK are: it is robust to noise; it
is easy to compute as it is based on the first eigenvalues and
eigenfunctions and the HKS of a shape is unique except under
isometries. A major drawback of HKS is that it depends on the
pixels’ volume of the shape, therefore, the same hippocampus
in two different scales differs on this descriptor.

3.2.2

SIHKS

In order to overcome the just mentioned dependence of HKS
on the scale of the shape, [2] proposed an updated heat kernel signature which is independent on the scale-space. The
scale invariant heat kernel signature, SIHKS (see [7] for more
details), which we consider in our study has been proven to
improve results related to the HKS or the WKS [2],[7].

3.2.3

WKS

Instead of building a descriptor based on the heat diffusion
on the manifold, [1] proposed a signature, the wave kernel
signature (WKS), considering the Schrödinger equation, which
describes the behaviour of a quantum particle in a point along
time. We refer the readers to [7] for a detailed description.
Two important properties led us to include this descriptor in
out study. First, it is invariant under isometries. In addition,
if two shapes have the same WKS for every point of it, then
both shapes are the same except for an isometry. Secondly, it
is robust to noise, scale or holes in the shape.

4

Local deformation

Recent findings suggest that the deformations on the hippocampus due to AD do not occur uniformly [9]. This leads
to the necessity to develop local deformation analysis and
an attempt is done here where we spectrally segment the
hippocampus into different regions (classes).
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We propose to apply the Neighborhood filter (NF) in terms of
the decreasing rearrangement, which has recently been applied
to image segmentation in [3]. In order to find a spectral
segmentation of the hippocampus, we apply this technique
to the quantized values of the second eigenfuntion, since it
captures well topological features and the geometry of the
shape. It is important to remark that this technique is computationally extremely efficient because the integrals involved
are 1-dimensional. After applying the NF, the fixed point
solution is a staircasing piecewise constant function which defines, through thresholding, a partition of the hippocampus into
regions (classes) where each one of them can be understood as
a segmentation of the initial shape [3].

database (adni.loni.usc.edu). The ADNI (Principal Investigator
Michael W. Weiner, MD) began in 2003 as a public-private
partnership. The aim of ADNI has been to test whether
serial magnetic resonance imaging (MRI), positron emission
tomography (PET), other biological markers, and clinical and
neuropsychological assessment can be combined to describe
the development of mild cognitive impairment (MCI) and early
Alzheimer’s disease (AD).

5

5.2

Experimental results

In our experiments we compare hippocampi using the BoF
built with the three different spectral shape descriptors that we
described in Section 3. Our aim is to achieve an acceptation
rate around 80% or above, as volume or surface area discriminate up to 80%.
We classify hippocampi according to two disjoint classes:
AD and control. To evaluate similarity between shapes, we
consider two different histogram metrics, which are the chisquared and Spearman distances. We use a total of seven
eigenpairs of the LB operator to construct the descriptors. Experimentally we found that no clear improvement is achieved
when using a larger number.

5.1

Database

In order to carry out our analysis, we used two datasets.
DEMCAM: The DEMCAM project was a research initiative
developed in Madrid for Alzheimer’s dementia early detection.
This dataset was collected from several hospitals of Madrid. It
consists of thirty-eight subjects, nineteen control patients and
nineteen patients suffering from Alzheimer’s disease. A total
of nine subjects from each class are used as training data and
the rest as test data. For each subject, a 3D high-resolution T1weighted MR image was acquired on a GE Healthcare Signa
HDX 3T scanner.
ADNI: The ongoing Alzheimer’s disease Neuroimaging Initiative (ADNI) has been designed to provide researchers a common data framework to help in the evaluation of new methods
in Alzheimer’s disease detection. We considered a total of
one hundred and eighty subjects, ninety healthy patients and
ninety ill subjects. We built a test data of one hundred samples,
including fifty of each category. Forty of the remaining patients
were used as training data. Notice that the field strenght (1.5T)
is lower in ADNI than in DEMCAM (3T). This fact will affect
the rates of AD detection.
ADNI data used in the preparation of this article were obtained
from the Alzheimer’s Disease Neuroimaging Initiative (ADNI)

Next, we present the experimental results obtained with the two
database considering for classification just the left hippocampus, just the right hippocampus or the whole hippocampal
structure.

DEMCAM database

It is remarkable that SIHKS achieves the best performance with
an acceptance rate of 95%. It outperforms WKS (90%) and
HKS (85%). In addition, as we expected, more information
is captured by combining descriptors from both left and right
hippocampi, and higher results are obtained with SIHKS and
HKS. However, WKS uses right hippocampi to distinguish
better healthier from dementia patients. This suggests that
combining information leads to a better detection and also that
the right hippocampus is more damaged by this disease. In fact,
right hippocampus detection outperforms left hippocampus
diagnosis in the maximum acceptance rates we obtained for
SIHKS, WKS and HKS (see Table 1).

5.3

ADNI database

Once again, SIHKS yields the best performance by correctly
identifying 80% of cases. As it was expected, information
from both hippocampi (left and right) is taken into account
in this outcome. HKS correctly classified 78% of cases while
WKS obtained 74%. Also, these maxima are achieved when
combining information from both left and right hippocampi
(see Table 2). Regarding histogram similarity, the results
show that Spearman distance leads to obtain the maximum
performance for all signatures, as it occurs when considering
the DEMCAM dataset.
Therefore, from this study we can argue that the scale-invariant
heat kernel signature is the most suitable descriptor for detecting Alzheimer’s disease. This conclusion is in agreement with
[7] where it is stated that SIHKS outperformed the HKS and
the WKS in most cases for shape retrieval.

5.4

Local Deformation Analysis

In order to find which zone of the hippocampus encodes more
information for identifying Alzheimer’s disease, we divide
hippocampi into three regions, applying the Neighborhood
filter (NF) in terms of the decreasing rearrangement.

Spectral shape analysis of the hippocampal structure for Alzheimer’s Disease diagnosis
DEMCAM
Left hippocampus
Right hippocampus
Joined

HKS
65
80
85

SIHKS
80
90
95

863

WKS
70
90
85

Table 1: Acceptance rates (%) with the standard BoF using HKS, SIHKS and WKS for DEMCAM data.
ADNI
Left hippocampus
Right hippocampus
Joined

HKS
76
68
78

SIHKS
71
78
80

WKS
67
73
74

Table 2: Acceptance rates (%) with the standard BoF using HKS, SIHKS and WKS for ADNI data.

6

Conclusions

In this paper, we presented the use of three descriptors,
namely HKS, SIHKS and WKS, in the bag-of-features framework for automatic detection of Alzheimer’s disease. Our
results showed that SIHKS is the best signature in detecting
Alzheimer’s disease in the proposed framework using for both
datasets. When the whole hippocampi structure is considered,
the performance of our method further increases.

Figure 1: Segmentation (partition) of a hippocampus into three
classes using the NF in terms of the decreasing rearrangement.
Zone 1: blue-colored region. Zone 2: green-colored region.
Zone 3: red-colored region.

We consider the zones detailed in Figure 1 to build a BoF for
each of the descriptors. The results show that SIHKS encodes
most of the information for detecting Alzheimer’s disease from
zone 3. Region analysis using WKS as signature describes
a similar behavior because encoding information from just
region 2 outperforms the general WKS approach by 1%. On
the other hand, no clear information is obtained by using the
HKS for local analysis. Nevertheless, 71% of hippocampi were
assigned correctly its class just by considering region 2. This
descriptor needs a more global information of the shape for an
accurate diagnosis. Following [7] we also model each shape by
concatenating histograms corresponding to zones one, two and
three, but this does not improve the descriptor performances.

In an effort to study if the hippocampal structure is deformed
uniformly or any of the regions is most damaged by this
dementia, we proposed a spectral segmentation method of the
hippocampus based on the reformulation of a NF using the
decreasing rearrangement. Our preliminary results suggest
that local analysis deformation usually detects a region with a
greater discriminative power, but it can be different for various
descriptors which makes premature any conclusion. Finally,
the detection rates for 3T (DEMCAM) images are relatively
greater than for 1.5T images (ADNI), which is a clear evidence
that the proposed technique benefits from image quality.
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On the convergence rate of the POD expansion for the
parametrized heat equation
A. M. Azaïez∗, B. F. Ben-Belgacem† and T. Chacón Rebollo‡

Abstract— In this work we analyze the convergence of the POD expansion for the solution of the heat conduction parametrized
with respect to the thermal conductivity coefficient. We obtain an exponential rate of convergence for the POD approximation in
“natural ”norm. We present some numerical tests that confirm this theoretical accuracy.
Keywords: Proper orthogonal decomposition (POD), Reduced-order modelling (ROM), Parametrized heat equation, Exponential
convergence rate.

1

Introduction

Karhunen-Loève’s expansion (KLE) is a widely used tool that
provides a reliable procedure for a low dimensional representation of spatiotemporal signals (see [7]). It is referred to as the
principal components analysis (PCA) in statistics (see [10]), or
called singular value decomposition (SVD) in linear algebra
(see [5]). It is named the proper orthogonal decomposition
(POD) in mechanical computation, where it is also widely used
(see [1, 4]).
In the context of solutions of parameter-depending PDEs, POD
analysis allows to obtain a basis with reduced dimension in an
offline stage, which is next used in the online stage to solve
the PDE for each actual value of the parameters required. This
provides a high reduction of computational effort, frequently
of several orders of magnitude. In this paper we study the
possibility of directly using the truncated POD expansion to
obtain an accurate approximation of the solution of the PDE,
without solving the equation in the online stage.
We consider the evolution of the heat equation as a model for
applying the current work. We prove that the POD expansion
converges with an exponential rate with respect to the number
of modes, and that this convergence is uniform with respect to
the diffusion coefficient, whenever it lies within a compact set
of positive numbers.
We use as basic theoretical tool the Courant-Weyl Theorem,
which allows to estimate the velocity of convergence in terms
of a convenient interpolation of the kernel of the POD operator
by polynomial functions. The analyticity of this kernel then

yields the result. The convergence rate of the POD expansion
thus depends on the smoothness of the solutions of the equation
with respect to the parameters of the problem.
We present some numerical results that confirm the theoretical
expectations. We also show that a reduced amount of POD
modes provides a highly accurate approximation of the solution of the heat equation.
The guidelines of this paper are as follows. Section 2 recalls the POD or Karhunen-Loève expansion for bi-parametric
functions. Section 3 analyzes the velocity of convergence
of the POD expansion when applied to the solutions of the
heat equation. Finally, in Section 4 we present the numerical
investigation.
This paper contains the main results and guidelines of [2].

2

Karhunen-Loève decomposition

The Karhunen-Loève decomposition, also known as Proper
Orthogonal decomposition (POD in the sequel) provides a
technique to obtain low-dimensional approximations of parametric functions. For a rapid description of it, we consider
G ⊂ Rd and Q ⊂ Rn two bounded domains, d and n are
integers ≥ 1. Let T be a given function in the Lebesgue
space L2 (G × Q) that we want to approximate in a lowdimensional variety. Define then the integral operator with
kernel T expressed as
(1)

∗ I2M,

ϕ 7→ B ϕ,

(B ϕ)(z) =

Z

T (γ, z)ϕ(γ) dγ.
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B maps L2 (G) into L2 (Q), is bounded and has an adjoint
operator B ∗ defined from L2 (Q) into L2 (G). Let us consider
the POD operator A = B ∗ B, which is also an integral operator
whose kernel K ∈ L2 (G × G) is expressed by
Z
(2)
K(γ, µ) =
T (γ, z) T (µ, z) dz.
Q

The operator A is linear, bounded and self-adjoint, and moreover compact. This arises because the operator B is compact
by the Kolmogorov compactness criterion in L2 (G) (cf. Muller
[9], Chapter 2).
Consequently, there exists a complete orthonormal basis of
L2 (G) formed by eigenvectors (ϕm )m≥0 of A, associated
to non-negative eigenvalues (λm )m≥0 , that we assume to be
ordered in decreasing value, such that lim λm = 0 . Each
m→∞
non-zero eigenvalue has a finite multiplicity, and 0 is the only
possible accumulation point of the spectrum.
Moreover, setting σm = (λm )1/2 , the sequence (vm )m≥0
given by
1
Bϕm ,
vm =
σm
is an orthogonal basis of L2 (Q) , and
B ∗ vm = σm ϕm .

(3)

The (σm )m≥0 are the singular values of B. The positivity
of the operator A makes the kernel K be a Mercer kernel.
Mercer’s theorem yields the following decomposition (see [8])
K(γ, µ) =

X

in G × G.

λm ϕm (γ)ϕm (µ),

m≥0

This decomposition results in the POD expansion,

3

Analysis of parameterized transient temperatures

Let us consider the homogeneous Dirichlet boundary value
problem for the heat equation,
(5)

∂t T − γ ∆T

=

f

in Q,

T

=

0

T (x, 0)

=

a(x)

in ∂Ω × (0, b),

in Ω,

where γ > 0 is the thermal conductivity, and Q = Ω × (0, b),
where Ω ⊂ Rn and b > 0. By the standard theory of linear
parabolic equations, if f ∈ L2 (Q) and a ∈ L2 (Ω) then
problem (5) admits a unique solution T ∈ L2 (0, b; H01 (Ω))
such that ∂t T ∈ L2 (0, b; H −1 (Ω)). We assume that the
thermal conductivity γ ranges in a finite interval [γm , γM ] with
γm > 0.
Let us consider the POD expansion (4) of the temperature
T = T (γ, z) as a function in γ and z = (x, t). We denote
TM the function given the truncated expansion
(6)

TM (γ, z) =

M
X

σm ϕm (γ)vm (z).

m=0

We intend to prove that the rate of convergence of the sequence
TM to T in L2 (G × Q) is exponential.
Let (e` = e` (x))`≥0 be the orthonormal Fourier basis of
L2 (Ω), formed by eigenfunctions of the Laplace operator,
−∆e`
e`

= λ ` e`

in Ω,

=

on ∂Ω,

0

where λ` > 0 is the eigenvalue associated to e` . We assume
the sequence (λ` )`≥0 is non-decreasing. Then lim λ` = +∞.
k→∞

Let us consider the Fourier decompositions of a(·) and f (·, t),
X
X
a(x) =
a` e` (x),
f (x, t) =
f` (t) e` (x),
`≥0

T HEOREM 1 It holds
X
(4)
T (γ, z) =
σm ϕm (γ) vm (z),
m≥0

where

in G × Q,

where the series is convergent in L2 (G × Q).
The main interest of the POD is that it provides the bestapproximation property (cf. [9], Chapter 2). Denote TM the
truncated POD expansion to the order M ≥ 1. The best
approximation property is formulated as
L EMMA 2 ([9]) The following inequality holds
kT − TM kL2 (G×Q) ≤

inf

SM ∈L2 (G,WM )

`≥0

kT − SM kL2 (G×Q)

for any sub-space WM of L2 (Q) of dimension ≤ M.

a` = (a, e` )L2 (Ω) ,

f` (t) = (f (·, t), e` )L2 (Ω) .

The series are respectively convergent in L2 (Ω) and L2 (Q),
and
X
X
|a` |2 ,
kf k2L2 (Q) =
kf` k2L2 (0,b) .
kak2L2 (Ω) =
`≥0

`≥0

Then the solution of problem (5) is given by
X
T (γ, x, t) =
θ` (γ, t) e` (x),
`≥0

where
(7)

θ` (γ, t) = a` e

−γ λ` t

+

Z

t

f` (s) e−γλ` (t−s) ds.

0

We consider the temperature field T as a function from G =
[γm , γM ] into L2 (Q). Our main result is
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T HEOREM 3 Assume that f ∈ L2 (Q) and a ∈ L2 (Ω). The
truncated POD series expansion TM satisfies the error estimate
(8) kT − TM kL2 (G×Q) ≤ Cρ ρ−M ,

∀ρ, 1 < ρ < ρ∗ ,

where Cρ > 0 is a constant depending on ρ and
√
√
( γm + γM ) 2
ρ∗ =
> 1.
γM − γm
.
The key of the proof is the exponential decreasing rate of the
singular values of the integral operator B. This rate is related
to the smoothness of the temperature T with respect to the
conductivity γ. We begin the proof by the analyticity of the
mapping γ 7→ T (γ) .
T HEOREM 4 The function γ 7→ T (γ), mapping ]0, +∞[ into
L2 (Q), is analytic.
Proof (Sketch) According to (7), the total temperature field
T is the sum of two contributions, one is due to the initial
condition a(·) and the other is generated by the source f (·, ·).
The analyticity is here checked out for each of them.
i. — Let us consider the part generated by the initial condition
X
T (γ, x, t) =
a` e−γλ` t e` (x).

R EMARK 5 The analysis of the regularity of T upon γ, which
is the keystone of our analysis, is based on the Fourier decomposition of the temperature. This can be readily extended to
parabolic equations with self-adjoint elliptic operator. Also,
to (eventually mixed) homogeneous Neumann, NeumannDirichlet or Robin conditions. with slight modifications
Another tool required in our study is related to the polynomial
approximation of regular vector-valued functions. We shall
adapt a result by S. Bernstein (in 1912), stated for complexvalued functions, and improved since then in many works (see
for instance [6]). For some ρ > 1, let the set Eρ in the complex
plan be defined as

Eρ = ζ ∈ C;
|ζ − 1| + |ζ + 1| ≤ ρ + ρ−1 ,

ρ is the semi-axis sum. Consider a function F : Eρ → H
where H is a Hilbert space. For a given integer number
M ≥ 0 let FM be the truncated Chebyshev polynomial series
expansion of F of degree M with coefficients in H. We do not
detail the construction of FM as we do not need it. Following
the proof of [6] and (see [11, Theorem 8.2]), we come up with
L EMMA 6 Assume that F is analytic and bounded in Eρ .
There holds that
max kF (ξ) − FM (ξ)kH ≤ Cρ ρ−M .

`≥0

Obviously each of the terms in the series determines an analytic
function from ]0, +∞[ into L2 (Q). The residual is bounded by
X
2
1 X
(a` )2 ,
a` e−γλ` t e` 2
≤
sup
2λ
L
(Q)
0
γ≥

were
Cρ =

2
kF kL∞ (Eρ ) .
ρ−1

`≥L

`≥L

for some L > 0. The series is hence uniformly convergent in
]0, +∞[ and the limit T determines thus an analytic function
in γ.
ii. — Let us consider the part generated by the source f ,

X Z t
(9) T (γ, x, t) =
f` (s) e−γλ` (t−s) ds e` (x).
`≥0

0

Let g ∈ L2 (0, b) and λ > 0 be given, then the function
Z t
G : γ 7→
g(s) e−γλ(t−s) ds,
0

mapping ]0, +∞[ into L (0, b) is analytic. This follows because γ 7→ G(γ) is locally expressed as a convergent power
series. Denote by F` (γ, t) the integral term in the infinite sum
appearing in (9). For a given L we have that
X
2
1 X
sup
F` (γ, ·)e`
≤
kf` k2L2 (0,b) .
2
2 (Q)
(λ
)
L
0
γ≥
2

`≥L

ξ∈[−1,1]

`≥L

Then that the series (9) of analytic functions is uniformly
convergent. As a result, the limit is also analytic. The proof
is complete.

We now need to derive similar approximation estimates
for analytic vector valued functions defined from G into
L2 (G, L2 (Q)). The following result holds
L EMMA 7 There exists a polynomial SM ranging from G into
L2 (Q), with degree ≤ M , such that: forall ρ (1 < ρ < ρ∗ ),
max

x∈[γm ,γM ]

kT (γ) − SM (γ)kL2 (Q) ≤ Cρ ρ−M ,

Proof (Sketch) By Proposition 4, provided that ρ < ρ∗ , the
ellipse
n
Eρ = ζ ∈ C;

|ζ − γM | + |ζ − γm | ≤

o
|G|
(ρ + ρ−1 ) ,
2

where |G| = γM − γm , is included in the analyticity set of T .
The coordinates transformation
ζ = τ (ζ̂) :=

|G|
γM + γm
ζ̂ +
,
2
2

ζ̂ ∈ Eρ

is affine and bijective from Eρ into Eρ and transforms the
reference interval [−1, 1] into G = [γm , γM ]. To construct the
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polynomial SM we start by constructing the truncated Chebyshev series expansion ŜM (ζ̂) of the (transformed) function
T̂ (ζ̂) = T (ζ). Then we set SM (ζ) = ŜM (ζ̂). The error
estimate follows from Lemma 6.
Proof of Theorem 3 (Sketch) Let SM be the vector-valued
polynomial (in γ) constructed in Lemma 7. By Lemma 2, the
following estimates hold,
kT − TM kL2 (G×Q) ≤ kT − SM kL2 (G×Q)

≤ |G|1/2 max kT (γ) − SM (γ)kL2 (Q) .
γ∈G

As these data have square-root singularities, the solutions of
(5), have a low regularity with respect to x and t. The heat
problem is discretized by an Euler scheme/Gauss-LobattoLegendre spectral method see [3] (the time step is δt = 10−2
and the polynomial degree is N = 64).
Calculation for the matrix representations of the POD operators
B and A are realized by means of Gauss-Lobatto quadrature
formulas. The temperatures computed as solutions of the heat
equation by the these very accurate numerical procedures are
used as the “exact” or “reference” solutions to compare with
the truncated POD expansions.

Applying the result stated in Lemma 7 it follows that
kT − TM kL2 (G×Q) ≤ Cρ ρ−M .
Bounds for the singular-values (σm )m≥0 of the POD operator
B may be obtained, as a by-product of the former result.
C OROLLARY 8 There holds that
σM +1 ≤ Cρ ρ−M ,

∀ρ, 1 < ρ < ρ∗ .

Proof (Sketch) Denote L = L(L2 (G), L2 (Q)), for the space
of bounded linear operators mapping L2 (G) into L2 (Q). It
holds (see [12])
(10)

σM +1 =

BM ∈L,

min

rank BM ≤M

kB − BM kL .

The minimum is achieved by the integral operator generated to
the kernel TM , B̃M , given by
Z
(11)
(B̃M ϕ)(z) =
TM (γ, z)ϕ(γ) dγ.
∀z ∈ Q
G

Test 1: Exponential convergence rate.
We have set the thermal conductivities interval to G = [1, 100].
We display, in the left panel of Figure 1, the convergence
history of the POD expansion in terms of the number of modes
in the expansion, for the solutions of the heat equation (6)
corresponding to Data 1 to 3. All the curves are drawn in a
semi-logarithmic scale. We observe that the POD error, the
norm of (T − TM ) in L2 (G × Q), decays exponentially fast
according to the theoretical findings. In the right panel we
draw the singular values. They are decreasing exponentially
fast.
Also, in Figure 2 are depicted the curves representing the
variations of kT − TM kL2 (G×Q) and σM +1 with respect to M .
Their values almost coincide, as expected.
This allows to dynamically determine the number of modes
required to obtain an approximation to T (γ, ·) for some γ ∈ G
below some tolerance, as the singular values provide exact
error estimators.
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Figure 1: History for the POD-error (left). Largest singular values
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Numerical experiments

We test in this section the convergence rate of the POD approximation of some solutions to the parametrized heat equation.
We also analyze its dependency with respect to the interval of
thermal diffusivities G.
We consider the time-dependent heat equation in the domain
Q = (0, 1) × (0, 1).
We select three possible pairs of source terms and boundary
conditions, given by
p
Data 1: f (t, x) = |x − t − 0.3|, T0 (x) = 0,
Data 2: f (t, x) = 0,
p
Data 3: f (t, x) = |x − t − 0.3|,

T0 (x) = |x − 0.4|,

T0 (x) = |x − 0.4|.
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Figure 2: POD-error kT − TM kL2 and the singular value σM +1 (for
Data 1).
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Test 2: Dependence of the convergence rate with respect to the
conductivities range.
Figure 3 displays the convergence history for Data 3,
computed for three different ranges G = [γm , γM ] of thermal
conductivities and three values of the left extremity of G,
actually |G| = (γM − γm ) = 1, 3 and 10, and γm = 1, 5 or
10. The convergence rate degrades when γM increases, and
improves when γm This is in accordance with the fact that
√
√
( γm + γM )2
,
ρ∗ =
γM − γm

is a function of γM and γm which is decreasing with respect to
γM and an increasing with respect to γm .
In Table 1, we compare the computed exponential rates ρ = ρc
(by exponential regression) versus the theoretical ones given
by ρ = ρ∗ . We observe that the effective convergence is about
twice faster than the theoretical one. A possible explanation
is that the truncated POD expansion gives an approximation
more accurate than the truncated Chebyshev series expansion,
on which the result of Theorem 3 relies.
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We have proved that the POD expansion of the solutions of
the heat equation converges with exponential accuracy in the
natural L2 norms associated with the POD expansion. We
also have observed from several numerical experiments that the
singular values are efficient error estimators, and that the POD
expansion converges about twice faster than the Chebysehv
polynomials expansion. Our analysis can readily be extended
to more general linear parabolic equations with symmetric
elliptic operators. Also, to (eventually mixed) homogeneous
Neumann, Neumann-Dirichlet or Robin conditions. with slight
modifications
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Asymptotic expansions of the Pearcey function
P. J. Pagola∗ and J. L. López García∗

Abstract— The Pearcey integral is defined by P̄ (x, y) :=

∞

Z

4

ei(t
−∞

+xt2 +yt)

dt with x, y ∈ R. It belongs to the hierarchy of

canonical diffraction integrals used in the treatment of many short-wavelength problems, such as wave propagation and optical
diffraction, and in the uniform asymptotic expansion of special functions.
In this work, we consider the Pearcey integral P̄ (x, y) and derive new asymptotic expansions for large values of x and y. For
this aim, we use two different methods: on the one hand, in the |x| → ∞ case, we consider the iterative technique used for
differential equations in [Lopez, 2012]; on the other hand, in the |y| → ∞ case, we use the modified saddle point method
introduced in [Lopez, Pérez and Pagola, 2009].

1

Introduction

The mathematical models of many short wavelength phenomena, especially wave propagation and optical diffraction,
contain, as a basic ingredient, oscillatory integrals with several nearly coincident stationary phase or saddle points. The
uniform approximation of those integrals can be expressed in
terms of certain canonical integrals and their derivatives [2],
[11].
Apart from their mathematical importance in the uniform
asymptotic approximation of oscillatory integrals [7], the
canonical diffraction integrals have physical applications in the
description of surface gravity waves [6], [12], bifurcation sets,
optics, quantum mechanics and acoustics (see [1, Sec. 36.14]
and references there in).
In [1, Chap. 36] we can find a large amount of information
about these integrals. First of all, they are classified according
to the number of free independent parameters that describe
the type of singularities arising in catastrophe theory, that also
corresponds to the number of saddle points of the integral.
The simplest integral with only one free parameter, that corresponding to the fold catastrophe, involves two coalescing
stationary points: the well-known integral representation of
the Airy function. The second one, depending on two free
parameters corresponds to the cusp catastrophe and involves
three coalescing stationary points. The canonical form of the
oscillatory integral describing the cusp diffraction catastrophe
is given by the cusp catastrophe or Pearcey integral [1, p.777,
eq. 36.2.14]:
Z ∞
4
2
(1)
P̄ (x, y) :=
ei(t +xt +yt) dt.
∗ Departamento

The integral (1) exists only for 0 ≤ arg x ≤ π and real y.
As it is indicated in [9], after a rotation of the integration path
through an angle of π/8 that removes the rapidly oscillatory
4
term eit , the Pearcey integral may be written in the form
P̄ (x, y) = 2eiπ/8 P (xe−iπ/4 , yeiπ/8 ), with
Z ∞
4
2
(2)
P (x, y) :=
e−t −xt cos(yt)dt.
0

This integral is absolutely convergent for all complex values of
x and y and represents the analytic continuation of the Pearcey
integral P̄ (x, y) to all complex values of x and y [9]. Therefore, it is more convenient to work with the representation (2)
of the Pearcey integral.
We are interested in simple representations of P (x, y) in terms
of elementary or special functions that eventually may be used
for its numerical evaluation. A convergent series expansion
may be found in [1, p. 787, eqs. 36.8.1 and 36.8.2]:
(3)



∞
2n + 1
1X
n
P (x, y) =
(−1) Γ
a2n (x, y),
4 n=0
4

with a0 (x, y) = 1, a1 (x, y) = y and, for n = 2, 3, 4, ...,
an (x, y) =

1
[y an−1 (x, y) + 2x an−2 (x, y)].
n

Another convergent expansion of P (x, y) may be obtained
after an expansion of the cosine term in (2) and interchange
of sum and integral [10]:
(4)

−∞

∞
X
(−y 2 )n
P (x, y) =
Pn (x),
(2n)!
n=0

(x, y) ∈ C2 ,
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with

In the differential equation (8), we consider that the parameter
x ∈ C and the argument of the independent variable y is fixed
(indeed, the independent variable is |y|). Then, the symbol
[0, Y ] stands for the segment of length Y > 0 of the ray that
emanates from the origin at a fixed angle arg y ∈ [0, 2π) with
respect to the positive real axis; therefore 0 ≤ |y| ≤ Y .

(5)



 

1
n
1 1 x2
1


Γ n+
+ , ;
U
if <x ≥ 0,


2
2
4 2 4
2n+3/2










 


n
1
n
1 1 x2
1
Pn (x) :=
Γ
+
M
+ , ;
−

4
2
4
2
4 2 4





if <x < 0,




 


2

n
x
3
n
3 3 x


 − Γ
+
+ , ;
M
4
2
4
2
4 2 4

where M (a, b; z) and U (a, b; z) are confluent hypergeometric
functions [8, Chap. 13]
Apart from convergent expansions, we can also find in the literature several asymptotic expansions of P (x, y). An exhaustive
asymptotic analysis of this integral can be found in [9]. In
particular, a complete asymptotic expansion is given in [9] by
using asymptotic techniques for integrals applied to the integral
(2). The asymptotic analysis of this integral for large |x| is
divided in two regions: | arg x| < π2 and | arg x| > π2 . In the
first region we find that [9]

It is clear that the unique solution P (x, y) of (8) may be writen
in the form
P (x, y) = P (x, 0)V (x, y) + P 00 (x, 0)W (x, y),

(9)

where V (x, y) is the unique solution of the initial value problem:
(
y
x
u000 − u0 − u = 0 in [0, Y ],
2
4
(10)
u(0) = 1, u0 (0) = u00 (0) = 0
and W (x, y) is the unique solution of the initial value problem:
(

x 0 y
u − u = 0 in [0, Y ],
2
4
u(0) = u0 (0) = 0, u00 (0) = 1.

u000 −

(6)

(11)

The asymptotic expansion in the second region is a little bit
more cumbersome, we refer to [9] for details.

Our objective is to derive a couple of sequences of elementary
functions that converge to V (x, y) and W (x, y) respectively.
The starting point is the couple of initial value problems of the
order three (10) and (11). Following the ideas introduced in [3]
for initial value problems of the order two, we define



∞
1 −y2 X (−1)n Γ(2n + 1/2)
1 y2
P (x, y) ∼ √ e 4x
M
−2n;
;
n!x2n
2 4x
2 x
n=0

2

Convergent and asymptotic expansion when
|x| is large

In this section we show that, for any (x, y) ∈ C2 ,

and

P (x, y) = lim [P0 (x)Vn (x, y) − P1 (x)Wn (x, y)] ,
n→∞

with P0 (x) and P1 (x) given in (5). The sequences of functions
Vn (x, y) and Wn (x, y) are elementary functions that may be
computed by means of a simple recursive algorithm and the
limit is uniform for x ∈ C and y in bounded sets of C. The
starting point is the differential equation [1, p.788, eq. 36.10.4]
iy
x
u − u0 − u = 0
2
4
000

(7)

satisfied by the Pearcey integral P̄ (x, y). Here and in the
remaining of the section, x is considered a parameter and y
the independent variable in the differential equations, where
the primes denote derivatives with respect to y. When P̄ (x, y)
satisfies (7), we immediately derive that P (x, y) is the unique
solution of the following initial value problem:
(
y
x
u000 − u0 − u = 0 in [0, Y ],
2
4
(8)
u(0) = P (x, 0), u0 (0) = 0, u00 (0) = P 00 (x, 0),
with
P (x, 0) =

Z

0

∞

e

−t4 −xt2

00

dt , P (x, 0) = −

Z

0

∞

4

t2 e−t

−xt2

φV (x, y) := 1

 r 

 
2
x


cosh y
−1

x
2
φW (x, y) :=

y2


2

if x 6= 0,
if x = 0.

Then, V (x, y) − φV (x, y) and W (x, y) − φW (x, y) are the
unique solutions of the respective initial value problems:
(12)
(
x
y
u000 − u0 = Fµ (x, y, u) := [u + φµ (x, y)] in [0, Y ]
2
4
u(0) = u0 (0) = u00 (0) = 0 with µ = V, W,
We seek solutions of the equation Lµ [u]
:=
x 0
000
u − u − Fµ (x, y, u) = 0 in the Banach space B = {u :
2
[0, Y ] → C; u ∈ C[0, Y ]; u(0) = 0} equipped with the norm
(13)

kuk∞ = sup |u(y)|.
y∈[0,Y ]

We write the equation Lµ [u] = 0 in the form Lµ [u] = M[u] −
dt. Fµ (x, y, u), with M[u] := u000 − x u0 . Then we solve the
2
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equation Lµ [u] = 0 for u in the form u = M−1 [Fµ [x, y, u]],
where M−1 is the inverse of the operator M in the space B.

On the other hand, using the definition (17) we may write
V (x, y) and W (x, y) in the form

By using Green’s function theory and fixed point theorems (see
[4]), we can show that, for n = 0, 1, 2, . . ., the sequence
(14)


V0 (x, y) = 1,





Vn+1 (x, y) =

r


Z y


x
1


1 +
cosh
(y − t) − 1 t Vn (x, t) dt,
2x 0
2

(19)

converges to V (x, y) uniformly for y ∈ [0, Y ]. And, for
n = 0, 1, 2, . . ., the sequence
(15)

 r 


2
x


W
(x,
y)
=
cosh
y
−
1
,
0


x
2






 r 

2
x

cosh
y
−
1
+
W
(x,
y)
=
n+1


xr
2





Z
y


1
x


(y − t) − 1 t Wn (x, t) dt,
cosh
+
2x 0
2
converges to W (x, y) uniformly for y ∈ [0, Y ]. In these
formulas, when x = 0, the expressions



 r 


r
1
x
x
1
(y − t) − 1
cosh y
− 1 and
cosh
x
2
x
2

V (x, y) = 1 +

k=0

00

(16) P (x, y) = lim [P (x, 0)Vn (x, y) + P (x, 0)Wn (x, y)],
n→∞

where the sequences Vn and Wn are computed recursively
using (14) and (15).
We can find an easy bound for the remainders (see [4]).

(17)

V
Rn
(x, y) = [V (x, y) − Vn (x, y)]H
p 
|Y |4n [V − 1]H · x2 ∞
≤
96 · 256n−1 n!(n − 1)!2

RW
n (x, y)
≤

|Y |4n

 r 
x
y
≤
2

 r 
x
= [W (x, y) − Wn (x, y)]H y
≤
2
p 
[W − φW ]H · x2 ∞

96 · 256n−1 n!(n − 1)!2

with
(18)

H(z) :=

(

e

−z

e

z

if < (z) ≥ 0

if < (z) < 0.

RnV (x, y)
p =
H y x2

(20)
W (x, y) = φW (x, y)+
"n−1
#
X
1
p 
+
[W̃k+1 (x, y) − W̃k (x, y)] + RnW (x, y)
H y x2
k=0
with

 r 
x
,
Ṽn (x, y) := [Vn (x, y) − 1]H y
2

n = 0, 1, 2, . . .

and
 r 
x
, n = 0, 1, . . .
W̃n (x, y) := [Wn (x, y)−φW (x, y)]H y
2
Repeating similar arguments to derive (17), we can obtain
(21)
|RnV (x, y)| ≤

2

Therefore, the Pearcey integral (2) may be written in the form

[Vk+1 (x, y) − Vk (x, y)] +

"n−1
#
X
1
p 
=1+
[Ṽk+1 (x, y) − Ṽk (x, y)] + RnV (x, y)
H y x2
k=0

must be replaced by y /4 and (y − t) /4 respectively.
2

n−1
X

|RnW (x, y)| ≤

1 Y2
2n n! x

1 Y2
2n n! x

n

[V − φV ]H(·

p

x/2)

[W − φW ]H(·

p

x/2)

n

∞

∞

,

,

that prove the asymptotic character of the expansions (19) and
(20).
Finally, we illustrate the accuracy of what we consider the most
simple analytical algorithms (3), (4), (6) and (14)-(15)-(16).
In the following tables we show the relative error obtained
with these algorithms for several values of (x, y) and different
orders n of the approximation. As we do not have at our
disposal the exact value of the Pearcey integral, we have taken
the n = 100 approximation (4) as the exact value of P (x, y).

n
1
5
10

Formula (3)
10−1
10−3
10−6

(x, y) = (1, 1)
Formula (6) Formula (4)
10−2
10−3
+3
10
10−10
10+10
10−21

Formula (16)
10−6
10−23
10−49

n
1
5
10

Formula (3)
10+3
10+8
10+15

(x, y) = (100, i)
Formula (6) Formula (4)
10−8
10−6
−19
10
10−19
−32
10
10−37

Formula (16)
10−5
10−22
10−48
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Im(t)

Table1: Numerical experiments about the relative errors in the
approximation of the normalized Pearcey integral P (x, y) for
several values of x, y and of the degree of approximation n.

t2

t1
Γ1 = C 1

−(π+4θ)/6

3

Asymptotic expansion when |y| is large

Re(t)

C

Because P (x, y) = P (x, −y), without loss of generality, we
may restrict ourselves to the half plane <y ≥ 0. Define
θ := arg y (it is restricted to |θ| ≤ π/2). After the change
of variable u = ty 1/3 = t|y|1/3 eiθ/3 we find that

(22)

y 1/3
P (x, y) =
2

Z

∞e−iθ/3

4/3

e|y|

-θ/3

f (t)−xy 2/3 t2

π
π
≤ θ < − , the new integration path
2
8
Γ is just the steepest descent path C1 of the quadratic part of f (t) at
t = t1 .

Figure 1: Case 1. When −

dt,

Im(t)

−∞e−iθ/3

t2

with phase function f (t) := e4iθ/3 (it − t4 ). This phase
function has three saddle points:

t1
Γ2 = C2

(π−4θ)/6

-θ/3

Re(t)

t0 = −

i
41/3

,

t1 =

eiπ/6
,
41/3

t2 =

C

e5iπ/6
.
41/3

Following the idea introduced in [5], we rewrite the phase
function f (t) in the form of a Taylor polynomial at the asymptotically relevant saddle points t1 and t2 :

(23)

π
π
< θ ≤ , the new integration path Γ
8
2
is just the steepest descent path C2 of the quadratic part of f (t) at
t = t2 .

Figure 2: Case 2. When

Im(t)

3ei(4θ+2π)/3
3ei(4θ+π)/3
f (t) =
−
(t − t1 )2 −
4/3
4
21/3
−24/3 ei(4θ/3+π/6) (t − t1 )3 − ei4θ/3 (t − t1 )4 ,
f (t) =

3e

i(4θ−2π)/3

44/3

4/3 i(4θ/3−π/6)

+2

e

−

3e

i(4θ−π)/3

21/3
3

(t − t2 ) − e

(t − t2 )2 +

i4θ/3

−(π+4θ)/6

Γ2

t2
−
Γ2

U

t1

(π−4θ)/6

Γ1
Re(t)

(t − t2 ) .

From [5] we also know that it is not necessary to deform the
path C into one of these paths or the union of them. It is enough
to deform C into a new integration path Γ that contains a
portion of C1 and/or C2 that includes t1 and/or t2 respectively.
The new integration path Γ depends on the value of θ.We
distinguish the three cases that we specify in the following
pictures:

C2
V

4

From [5], we know that it is not necessary to compute the
steepest descent paths of f (t) at t1 and t2 , but only the steepest
descent paths of the quadratic part of f (t) at those points, that
are simpler: they are nothing but straight lines. The steepest
descent path of the quadratic part of f (t) at t1 is the straight
C1 := {t1 + re−i(π+4θ)/6 ; −∞ < r < ∞}. The steepest
descent path of the quadratic part of f (t) at t2 is the straight
C2 := {t2 + rei(π−4θ)/6 ; −∞ < r < ∞}.

C1

C

W

-θ/3
−
Γ1

π
π
≤ θ ≤ , the new integration path Γ
8
8
is the union of the two finite segments Γ1 ⊂ C1 and Γ2 ⊂ C2 and the
two infinite segments Γ̄1 ⊂ C and Γ̄2 ⊂ C.

Figure 3: Case 3. When −

In any of the three cases, the deformation of the original
integration path C to the new path specified in Figures 13 can be justified by using the Cauchy’s residua theorem.
In case 3 it is obvious. In case 1 it follows from the fact
that | arg(e4iθ/3 t4 )| < π2 for − π+4θ
≤ arg t ≤ − θ3 when
6
π
π
− 2 ≤ θ < − 8 . In case 2 it follows from the fact that
| arg(e4iθ/3 t4 )| < π2 for − θ3 ≤ arg t ≤ π−4θ
when π8 < θ ≤
6
π
2.
In case 3, to apply the method introduced in [5], we need to
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show that the contribution of the integral on the paths Γ̄1 and
Γ̄2 is negligible. In fact, the maximum of the real part of
f (t) over the paths Γ̄1 and Γ̄2 is attained at the points W =
π−4θ
π+4θ
t1 + 2−2/3 e−i 6 and U = t2 − 2−2/3 ei 6 respectively
(see Fig. 3). We have that <f (U ), <f (W ) ≤ −1.38077...,
that is the value of <f (U ) for θ = π/8 or the value of <f (W )
for θ = −π/8. Therefore we have that,
(24)
Z

Γ̄1

4/3

e|y|
S

f (t)−xy 2/3 t2

Γ̄2

4/3

dt = O(e−1.38|y|

),

|y| → ∞.

We will see that, in case 3, the integral (24) is negligible
(exponentially small) compared with the integrals on Γ1 and
Γ2 . Therefore, apart from the exponentially negligible term
(24), the integral
S (22) over the path C equals the integral over
the path Γ1 Γ2 in case 3, the integral over the path C1 in
case 1 or the integral over the path C2 in case 2. From [5] we
know that, in case 3, the integral over every path Γk , k = 1, 2,
can be replaced by an integral over the respective path Ck
plus exponentially small terms. Then, we derive an asymptotic
expansion of the integrals on C1 and C2 in any of the three
cases. We define
Z
4/3
2/3 2
y 1/3
e|y| f (t)−xy t dt
k = 1, 2.
Pk (x, y) :=
2 Ck
To compute P1 (x, y) in cases 1 and 3 we introduce the change
of variable t = t1 +u y −2/3 e−iπ/6 and consider the form given
in the first line of (23) for f (t):
(25)
−4/3 2iπ/3 4/3
1
e
y
−4−2/3 xy 2/3 eiπ/3 −iπ/6
×
P1 (x, y) = 1/3 e3·4
2y
Z u+
−1/3 2
u −21/3 xu h1 (u,x,y)
×
e−3·2
e
du,

u−

with
h1 (u, x, y) :=

e2iπ/3 u2 (x + 24/3 u) eiπ/3 u4
+
,
y 2/3
y 4/3

(−∞, ∞) in case 1 !and (u− , u+ )

  2/3
π + 2θ
|y|
−(2|y|2 )1/3 cos
,
in case 3.
3
2

(u− , u+ )

=

=

To compute P2 (x, y) in cases 2 and 3 we introduce the change
of variable t = t2 + uy −2/3 eiπ/6 and write f (t) in the form
given in the second line of (23):
(26)
−4/3 −2iπ/3 4/3
1
e
y
−4−2/3 xy 2/3 e−iπ/3 +iπ/6
P2 (x, y) = 1/3 e3·4
×
2y
Z u+
−1/3 2
u +21/3 xu h2 (u,x,y)
×
e−3·2
e
du,

u−

with
e−2iπ/3 u2 (x − 24/3 u) e−iπ/3 u4
+
,
y 2/3
y 4/3

h2 (u, x, y) :=

(u− , u+ ) = (−∞, ∞) in case 2 !and (u− , u+ )
 2/3


|y|
π − 2θ
−
, (2|y|2 )1/3 cos
in case 3.
2
3

=

In order to find an asymptotic expansion of P1 (x, y) and
P2 (x, y) for large |y|, it is enough to expand the exponentials
eh1 (u,x,y) in (25) and eh2 (u,x,y) in (26) in inverse powers of
y 2/3 [5]. To this end we write
eh1 (u,x,y) =

∞
∞
X
[h1 (u, x, y)]n h2 (u,x,y) X [h2 (u, x, y)]n
,e
=
.
n!
n!
n=0
n=0

Applying the binomial Newton formula to [h1 ]n and [h2 ]n and
rearranging the summation indexes we find that
(27)
∞
∞
X
X
Ān (x, u)
B̄n (x, u)
h2 (u,x,y)
eh1 (u,x,y) =
,
e
=
,
2n/3
y
y 2n/3
n=0
n=0

with

Ān (x, u) := e

−i nπ
3

n
X

2m−n
X

an,m,k (x)u2m+n−k ,

k=0
m=b n+1
2 c

B̄n (x, u) := e

i nπ
3

n
X

m=b n+1
2 c

(28)

an,m,k (x) :=

2m−n
X

an,m,k (x)(−u)2m+n−k ,

k=0

xk 24(2m−n−k)/3 (−1)m
.
k!(2m − n − k)!(n − m)!

Introducing the expansions (27) in (25) and (26) and interchanging sum and integral we find, for k = 1, 2 [5]:
(29)
Pk (x, y) ∼
p

 4/3
π/3
y
y 2/3 −(−1)k i π
x2
−(−1)k 2i π
3
3
∼ 5/6 1/3 Exp 3 4/3 e
− x 2/3 e
+
6
2 y
4
4
∞
X
k
iπ An (x)
×
e(−1) (2n+1) 6 2n/3 ,
y
n=0
with

(30) An (x) :=

n
X

2m−n
X

(−1)n+k an,m,k (x) c2m+n−k (x)

k=0
m=[ n+1
2 ]

and
(31)
cn (x) :=

1
21/6

r

3 −x2 /6
e
π

Z

∞

−∞

−1/3

e−3·2

[ n2 ] 
k
xn X
3
n!
= n n/3
.
2 x2
k!(n − 2k)!
3 2
k=0

u2 +21/3 xu n

u du =
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The coefficients cn (x) may be also computed recursively in the
form:
x
,
c0 (x) = 1;
c1 (x) =
3 · 21/3

Table3: Relative error for x = −2 and several values of y and
the number of terms n of the approximation given by (29) and
(32).

x
n+1
cn+1 (x) +
cn (x), n = 0, 1, 2, ... Acknowledgements
1/3
3·2
3 · 22/3
It is clear that the integral (24) is exponentially small compared The Universidad Pública de Navarra is acknowledged by its financial
with P1 (x, y) + P2 (x, y) in case 3. In summary, we have that
support.
cn+2 (x) =

(32)

P (x, y) =


4


P1 (x, y)+P2 (x, y)+O(e−1.38|y| 3 )







if −

P1 (x, y)










if | arg y| ≤

π
,
8

π
π
≤ arg y < − ,
2
8

π
π
if
< arg y ≤
8
2

P2 (x, y)

where Pk (x, y); k = 1, 2, have the asymptotic expansion (29),
with coefficients given in (30), (31) and (28).
Finally, we illustrate the accuracy of the expansions (29)-(32).
In the following tables we show the relative error for several
values of (x, y) and different orders n of the approximation.
As we do not have at our disposal the exact value of the
Pearcey integral, we have taken the numerical integration of (2)
obtained with the program Mathematica with double precision
as the exact value of P (x, y).

y
5
10
20eiπ/4
20e−3iπ/8
30
40
50

0
0.222317
0.0316421
0.0292638
0.0296318
0.00299077
0.0413675
0.0291708

n
2
0.0000918203
0.00112219
0.000228056
0.000223576
0.0000906066
0.0000658777
0.0000388369

4
0.000876593
0.0000783942
0.0000154281
0.0000434364
2.84074·e-6
1.41449·e-6
4.79637·e-7

Table2: Relative error for x = 1 and several values of y and the
number of terms n of the approximation given by (29) and (32).

y
5
10
20
30eiπ/4
30e−3iπ/8
40
50

n
0
0.137947
0.0443761
0.0312556
0.0237833
0.023678
0.023888
0.00206123

2
0.0115823
0.00254929
0.00045748
0.000209653
0.000206658
0.000110305
0.0000920699

4
0.0159012
0.00115553
0.00006291
0.0000165985
0.0000164115
2.30021·e-6
3.52299·e-6
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Convergence in high order norms of the POD
approximation for the heat equation
M. Azaïez∗, F. Ben Belgacem†, T. Chacón Rebollo‡, M. Gómez Mármol‡ and I. Sánchez Muñoz§

Abstract— In this work we analyze the convergence of the POD expansion for the solution of the heat conduction parametrized
with respect to the thermal conductivity coefficient. We obtain error bounds for the POD approximation in high order norms
in space that assure a exponential rate of convergence, uniformly with respect to the parameter whenever it remains within a
compact set of positive numbers. We present some numerical tests that confirm this theoretical accuracy.
Keywords: Proper orthogonal decomposition (POD), Reduced-order modelling (ROM), Reduced basis (RB), Heat equation.

1

Section 6.

Introduction

The Proper Orthogonal Decomposition (POD) is a method for
deriving low-dimensional approximations of parametric functions. This technique has been successfully used in different
fields (see [3, 4, 5, 7]). In the framework of solutions of
parameter-depending PDEs, is used to obtain a reduced basis
that enables a large computation reduction and a rapid repeated
resolution for different values of the parameters required (see
[6, 8]).
This work is a continuation of [1] where it is studied the
possibility of directly using the truncated POD expansion
to obtain an accurate approximation of the solution of the
boundary value problem, without solving the equation in the
reduced basis in the online stage, as customary. POD method is
applied to the solution of the heat equation parameterized with
respect to the thermal conductivity coefficient and it is proved
that the POD expansion converges in space-time L2 norm with
an exponential rate, uniformly if the parameter remains within
a compact set of positive numbers. In this contribution, we
extend these convergence result to higher order norms in space.
This result is linked to the smoothness of the solutions of the
equation with respect to the parameters considered.
The paper is structured as follows: In Section 2 we introduce
the POD method that we apply in Section 3 to obtain the POD
approximation of solutions of heat equation. Then we analyze
the convergence rate of this approximation, firstly in spacetime L2 norm in Section 4 and later in higher order norms
in space in Section 5. Finally, we present numerical tests in

2

The POD method

To describe the POD method, let G ⊂ Rd be a bounded
domain, with d ≥ 1 a integer, and let H be a Hilbert space endowed with an inner product denoted by (·, ·)H , that commutes
with the inner product in L2 (G). Let T be a given function in
the Lebesgue space L2 (G, H), that we want approximate in a
low-dimensional variety.
The POD method consists in choosing an orthonormal set
of l functions de H, Bl = {vi }li=1 , such that Vl =
span{v1 , . . . , vl } has the following best-approximation property: Vl minimizes the mean square distance between T and
any subspace of H of dimension l, Wl . That is,
Z
Z
(1)
dH (T (µ), Vl )2 dµ ≤
dH (T (µ), Wl )2 dµ,
G

G

where dH (v, Wl ) = inf kv − wkH
w∈Wl

a POD basis of dimension l for T.

for v ∈ H. Bl is called

The components of the POD basis are characterized from the
eigenvectors of the POD operator A : L2 (G) 7→ L2 (G) such
that
Z
Aϕ(µ) =

(T (µ), T (δ))H ϕ(δ)dδ.

G

This operator can be decomposed as A = B ∗ B, where

∗ I2M,

B : L2 (G) → H such that Bϕ = (ϕ, T )L2 (G)
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and
B ∗ : H → L2 (G) such that B ∗ v(µ) = (T (µ), v)H .
The operator A is linear, bounded, non-negative, self-adjoint
and compact. Then, there exists a complete orthonormal basis
of L2 (G) formed by eigenvectors {ϕm }m≥1 of A, associated
to non-negative eigenvalues (decreasingly ordered) {λm }m≥1 .
Each non-zero eigenvalue has a finite multiplicity, and 0 is the
only possible accumulation point of the spectrum. Moreover,
the secuence {vm }m≥1 given by
p
vm = σm Bϕm , with σm = λm ,

is an orthogonal basis of H. Also
ϕm =

1 ∗
B vm .
σm

Then Bl = {vm }lm=1 is a POD basis of dimension l and it
holds the POD expansion:
X
(2)
T (µ) =
σm ϕm (µ) vm , a. e. µ ∈ G.
m≥1

If we denote TM the truncated POD series expansion of T , TM
converges to T in L2 (G, H) and
X
kT − TM k2L2 (G,H) =
λm .
m≥M +1

(Cf. [7]).
Note that, in terms of this approximation, the property (1)
imply
(3)

kT − TM kL2 (G,H) ≤ kT − SM kL2 (G,H) ,

for all SM ∈ L2 (G, WM ) with WM = span(w1 , w2 , . . . , wM )
⊂ H.

3

Convergence analysis in L2 norm

4

POD approximation for heat equation

In this section we apply the POD method to the solution of
the heat equation parameterized with respect to the thermal
conductivity coefficient. Let Ω ⊂ Rn be a bounded domain,
(0, τ ) a time interval and set Q = Ω × (0, τ ). We consider the
following boundary value problem for the heat equation:

in Q
 ∂t T − γ ∆T = f
T = 0
in ∂Ω × (0, τ )
(4)

T (x, 0) = T0 (x) in Ω,

where γ > 0 is the thermal conductivity coefficient. Is well
known, that if f ∈ L2 (Q) and T0 ∈ L2 (Ω) this problem
admits a unique solution T ∈ L2 (0, τ ; H01 (Ω)) and ∂t T ∈
L2 (0, τ ; H −1 (Ω)). We consider the POD expansion (2) of the
function T = T (γ, z) with z = (x, t) and its truncated POD
series expansion, TM , for the purpose of analyzing the rate of
the convergence of TM to T .

Using the notation in the preceding section, we set H = L2 (Q)
and so, L2 (G, H) = L2 (G × Q). The analysis of convergence
of TM to T in L2 (G × Q) norm is realized in [1]. This work
proves that the rate of convergence is exponential with respect
to the number of the modes and this convergence is uniform
with respect to the diffusion coefficient, whenever it remains
in a compact set of positive numbers. More concretely, the
following approximation result holds.
T HEOREM 1 Assume that G = [γmin , γmax ] ⊂ (0, +∞),
f ∈ L2 (Q) and T0 ∈ L2 (Ω). Then the truncated POD series
expansion TM of the solution T of the problem (4) satisfies the
following error estimate
(5)

kT − TM kL2 (G×Q) ≤ Cρ ρ−M , ∀ ρ : 1 < ρ < ρ∗ ,

where Cρ > 0 is a constant depending on ρ and
√
√
( γmin + γmax )2
.
ρ∗ =
γmax − γmin
The keystone of this result is the analyticity of the function T
upon γ and its proof is based on the following results.
P ROPOSITION 2 The function
γ ∈ (0, +∞) 7→ T (γ) ∈ L2 (Q)
is analytic.
L EMMA 3 Let Eρ = {z ∈ C such that |z − 1| + |z + 1| ≤
ρ + ρ−1 } for some ρ > 1. Let F : Eρ → H be analytic and
bounded in Eρ , with H a Hilbert space. For a given integer
number M ≥ 0, let FM be the truncated Chebyshev polynomial series expansion of F of degree M with coefficients in H.
Then it holds
max kF (ζ) − FM (ζ)kH ≤ Cρ ρ−M ,

ζ∈[−1,1]

with Cρ =

2
∞
ρ−1 kF kL (Eρ ) .

L EMMA 4 There exists a polynomial with degree smaller than
or equal to M , SM : G → L2 (Q) such that:
max kT (γ) − SM (γ)kL2 (Q) ≤ Cρ ρ−M , ∀ρ : 1 < ρ < ρ∗ .
γ∈G

Sketch of the proof of Theorem 1:
From Proposition 2, we apply Lemma 3 to the function T (γ)
with the space H = L2 (Q). The polynomial SM given in
Lemma 4 can be constructed from the truncated Chebyshev
polynomial series expansion of T of degree M , transported to
the interval G. Taking in account (3),
kT − TM kL2 (G×Q)

≤

kT − SM kL2 (G×Q)

≤

γ∈G

|G|1/2 max kT (γ) − SM (γ)kL2 (Q)

Then, (5) follows from the bound obtained in Lemma 4.
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5

Convergence analysis in higher order norm

In this section, we extend the convergence result stated in
Theorem 1 to higher order norms in space, assuming the data
of the problem (4) are smoother. It holds the following result.

We analyze the convergence in γ of the serie (8), bounding the
residual. For that, we check out the two terms coming from the
two sums in (9). By one hand,
X

(10)

k≥K

T HEOREM 5 Assume that G = [γmin , γmax ] ⊂ (0, +∞),
f ∈ L2 ((0, τ ), H s−1 (Ω)) and T0 ∈ H0s−1 (Ω), for any integer
s ≥ 1. Then the truncated POD series expansion TM of
the solution T of the problem (4) satisfies the following error
estimate
(6)

kT − TM kL2 (G,H) ≤ Cρ ρ
2

where H = L
in Theorem 1.

((0, τ ), H0s (Ω))

−M

=

X

|ak |

k≥K

=

, ∀ ρ : 1 < ρ < ρ∗ ,

X

≤

(11)

k≥0

k≥0

e−2 γ αk t dt

0

1
(1 − e−2 γ αk τ )
2 γ αk

Z

t

fk (s) e−γαk (t−s) ds

0

is analytic.

k→∞

τ

k≥K

γ ∈ (0, +∞) 7→ T (γ) ∈ L2 ((0, τ ), H0s (Ω))

We consider the Fourier decomposition of the data of problem
(4) T0 and f :
X
X
T0 (x) =
ak ek (x), f (x, t) =
fk (t) ek (x),

Z

1 X s−1
αk |ak |2 .
2γ

Fk (γ, t) =

where αk > 0 is the eigenvalue associated to ek . The sequence
{αk }k≥0 is non-decreasingly ordered and lim αk = +∞.

kek k2H0s (Ω)

By another hand, denoting

P ROPOSITION 6 The function

Proof: Let us consider the orthonormal Fourier basis {ek } of
L2 (Ω) formed by eigenfunctions of the Laplace operator:

−∆ek = αk ek in Ω
ek = 0
on ∂Ω,

2

|ak |2 αks

k≥K

and Cρ > 0 and ρ∗ are given

The proof of this theorem follows the same argument above,
but now is based in the following.

kak e−γ αk t ek k2H

X

k≥K

≤

kFk (γ) ek k2H

X

k≥K

αks kFk (γ)k2L2 (0,τ )

Z τZ τ
X 1
s−1
α
fk (ζ) fk (ξ) dζ dξ
≤
γ k
0
0
k≥K
Z τ
Z τ
1
τ X
s−1
2
≤
(
αk |fk (ζ)| dζ + s−1
|fk (ξ)|2 dξ)
γ
α
0
0
0
k≥K

X
τ
1
(1 + αks−1 )kfk k2L2 (0,τ ) ,
≤ max{1, s−1 }
γ
α0
k≥K

with ak = (T0 , ek )H s−1 (Ω) and fk (t) = (f (·, t), ek )H s−1 (Ω) .

using that αk ≥ α0 , for all k ≥ 0.
0
This series are convergent in H0s−1 (Ω) and L2 ((0, τ ), H s−1 (Ω)),
From the estimates (10) and (11) and taking in account (7),
respectively, and it holds
we deduce that the serie (8) is uniformly convergent in any
X
compacts sub-sets of (0, +∞). Thus, as any term of the sums
kT0 k2H s−1 (Ω) =
αks−1 |ak |2 ,
0
is an analytic function in (0, +∞) (see [1]), the limit is also an
k≥0
(7)
X
analytic function in (0, +∞).
s−1
2
2
kf kL2 ((0,τ ),H s−1 (Ω)) ≥
(1 + αk ) kfk kL2 (0,τ ) .
k≥0
Sketch of the proof of Theorem 5:
From Proposition 6, we applied the Lemma 3 to the function
Then, the solution of problem (4) can be expressed as
T (γ) with the space H = L2 ((0, τ ), H s (Ω)) and the rest of
X
the proof remains analogous to the proof of Theorem 1.
(8)
T (γ, x, t) =
T (γ, t) e (x)
k

k

k≥0

where
(9)

Tk (γ, t) = ak e−γ αk t +

Z

0

t

fk (s) e−γαk (t−s) ds.

R EMARK 7 Note that when s = 1 in Theorem 5, under the
same hypotheses about the data that in Theorem 1, the estimate
of the POD error obtained (6) improves the estimate (5).
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Numerical tests

Acknowledgements

In this section we present the results of some numerical tests
that we have performed for testing the theoretical convergence
predicted by our analysis. For this, we consider the problem
(4) in the domain Q = (0, 1) × (0, 1) with data f (t, x) =
p
|x − t − 0.3| and T0 (x) = |x − 0.4|. Also we fix the
thermal conductivities interval G = [1, 100]. The heat problem
is discretized by an Euler scheme/Gauss-Lobatto-Legendre
spectral method (see [2]) with time step ∆t = 10−2 and
polynomial degree N = 64. Calculation of the correlation
matrix corresponding to the kernel of operator A have been
realized using Gauss-Lobatto quadrature formulas with high
resolution.
In the figure 1, we display the POD error kT − TM kL2 (G,H)
in terms of the number of modes in the approximation TM for
the solution T of the problem proposed. We have considered
H = L2 (Q) and L2 (0, 1; H01 (0, 1)) and, in both cases, we obtain exponential convergence rate according to the theoretical
predictions.
0

10

L2-norm (POD-error)
H1-norm (POD-error)

-2

10
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Approximate Osher-Solomon schemes
for hyperbolic systems
M. J. Castro∗, A. Marquina† and J. M. Gallardo∗

Abstract— The Osher-Solomon scheme is a classical Riemann solver which enjoys a number of interesting features: it is
nonlinear, complete, robust, entropy-satisfying, smooth, etc. However, its practical implementation is rather cumbersome,
computationally expensive, and applicable only to certain systems (compressible Euler equations for ideal gases or shallow water
equations, for example). In this work, a new class of approximate Osher-Solomon schemes for the numerical approximation of
general conservative and nonconservative hyperbolic systems is proposed. They are based on viscosity matrices obtained by
polynomial or rational approximations to the Jacobian of the flux evaluated at some average states, and only require a bound on
the maximal characteristic speeds. These methods are easy to implement and applicable to general hyperbolic systems, while
at the same time they maintain the good properties of the original Osher-Solomon solver. The numerical tests indicate that
the schemes are robust, running stable and accurate with a satisfactory time step restriction, and the computational cost is very
advantageous with respect to schemes using a complete spectral decomposition of the Jacobians.
Keywords: Hyperbolic systems, incomplete Riemann solvers, Osher-Solomon method, ideal magnetohydrodynamics.

1

Preliminaries

Consider a hyperbolic system of conservation laws
(1)

∂t w + ∂x F (w) = 0,

where w(x, t) takes values on an open convex set Ω ⊂ RN and
F : Ω → RN is a smooth flux function. We are interested in
the numerical solution of the Cauchy problem for (1) by means
of finite volume methods of the form
∆t
(2)
win+1 = win −
(Fi+1/2 − Fi−1/2 ),
∆x
where win denotes the approximation to the average of the exact
solution at the cell Ii = [xi−1/2 , xi+1/2 ] at time tn = n∆t (the
dependence on time will be dropped unless necessary). We
assume that the numerical flux is given by
(3)

Fi+1/2 =

Fi + Fi+1
1
− Qi+1/2 (wi+1 − wi ),
2
2

where Fi = F (wi ) and Qi+1/2 denotes the numerical viscosity matrix, which determines the numerical diffusion of the
scheme.
The condition of hyperbolicity of system (1) states that the
Jacobian matrix of the flux at each state w ∈ Ω,
A(w) =

∂F
(w),
∂w

can be diagonalized as A = P DP −1 , where D =
diag(λ1 , . . . , λN ), λi being the eigenvalues of A, and the
matrix P is composed by the associated right eigenvalues of
A. As it is usual, we denote the positive and negative parts of
A, respectively, as A+ = P D+ P −1 and A− = P D− P −1 ,
±
+
where D± = diag(λ±
1 , . . . , λN ), with λi = max(λi , 0) and
−
+
λi = min(λi , 0). It is clear that A = A + A− . On the other
hand, the absolute value of A is defined as |A| = A+ − A− .
It is interesting to note that the well-known Roe’s method
([13]) can be written in the form (3) with viscosity matrix
Qi+1/2 = |Ai+1/2 |, where Ai+1/2 is a Roe matrix for the
system. Several numerical methods have been developed by
using approximations to |Ai+1/2 | as viscosity matrices. A
general approach to build such kind of approximations by
means of polynomial and rational functions has recently been
introduced in [4] and [5]. In particular, it has been shown that a
number of well-known schemes in the literature can be viewed
as particular cases within this general framework: Roe, LaxFriedrichs, Rusanov, HLL, FORCE, and many others.

2

The Osher-Solomon scheme

The Osher-Solomon scheme ([11]) is a nonlinear Riemann
solver that possesses a number of interesting features: it is
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entropy-satisfying, robust, differentiable and good behaved for
slowly-moving shocks. On the contrary, its implementation
is rather cumbersome, computationally expensive, and only
applicable to certain systems.
Let A(w) be the Jacobian of F evaluated at w, and assume the
flux splitting
(4)

F (w) = F + (w) + F − (w),

where

∂F ±
(w).
∂w
The classical Osher-Solomon numerical flux is then defined as
A± (w) =

Fi+1/2 = F + (wi ) + F − (wi+1 ).

To avoid the analytical integration, the integral is evaluated
numerically using a Gauss-Legendre quadrature formula. The
resulting numerical flux, denoted as DOT (Dumbser-OsherToro), has the form (3) with viscosity matrix given by
(8)

Qi+1/2 =

q
X

k=1

ωk A(wi + sk (wi+1 − wi )) ,

where sk ∈ [0, 1] and ωk are the weights of the quadrature
formula. The resulting scheme is simple to implement and
applicable to general hyperbolic systems. On the other hand,
it needs the full eigenstructure of the system, which must be
computed numerically when it is not known or difficult to
calculate.

Let now Φ be a path in the phase-space Ω linking the states
wi and wi+1 , i.e., Φ : [0, 1] → Ω is a Lipschitz continuous
function such that Φ(0) = wi and Φ(1) = wi+1 . Then, we can
write
Z 1
F − (wi+1 ) − F − (wi ) =
A− (Φ(s))Φ0 (s)ds,

3

from which we deduce

in a simple and efficient way. Two approaches will be considered in this section, one based on Chebyshev polynomials and
another relying on rational approximations.

Approximate Osher-Solomon schemes

With the aim of simplifying the computation of the DOT
numerical viscosity matrix (8), it would be desiderable to
approximate the intermediate matrices
A(wi + sk (wi+1 − wi )) ,

0

(5)

Fi+1/2 = Fi +

Z

1

A− (Φ(s))Φ0 (s)ds.

0

Similarly, we could also write
Z
(6)
Fi+1/2 = Fi+1 −

1

A+ (Φ(s))Φ0 (s)ds.

0

Combining (5) and (6), the Osher-Solomon flux can be written
as
Z
1 1
Fi + Fi+1
A(Φ(s)) Φ0 (s)ds.
−
(7) Fi+1/2 =
2
2 0
The expression (7) for the numerical flux depends on the path
Φ in phase-space, so in general it may be difficult to compute.
Osher and Solomon ([11]) proposed a way to build, under
certain assumptions, a path which makes possible to perform
the integration. Unfortunately, the resulting solver is rather
complex, computationally expensive, and only applicable to
certain systems.
In [6] the authors propose a way to circumvent the drawbacks
of the Osher-Solomon solver, maintaining at the same time its
good features. First, the path consisting in segments is chosen:
Φ(s) = wi + s(wi+1 − wi ),

s ∈ [0, 1].

Thus (7) can be written in the form (3), with viscosity matrix
Z 1
Qi+1/2 =
A(wi + s(wi+1 − wi )) ds.
0

k = 1, . . . , q,

Let P (x) be a polynomial approximation to the absolute value
function |x| in the interval [−1, 1], satisfying the stability
condition ([4])
(9)

|x| ≤ P (x) ≤ 1,

∀ x ∈ [−1, 1].

For a given matrix A, if λmax is the eigenvalue of A with
maximum absolute value (or an upper bound of it), |A| can
be approximated as
|A| ≈ |λmax |P |λmax |−1 A).
Denote
(k)

Ai+1/2 = A(wi + sk (wi+1 − wi )),

k = 1, . . . , q,
(k)

where A is the Jacobian matrix of F , and let λi+1/2,max be the
(k)

eigenvalue of Ai+1/2 with maximum absolute value. Then, the
polynomial approximate Osher-Solomon flux is given by (3)
with viscosity matrix
(10)

Qi+1/2 =

q
X

k=1

where
(11)

(k)
(k)
Pei+1/2 = λi+1/2,max P

(k)
ωk Pei+1/2 ,



(k)

λi+1/2,max

−1


(k)
Ai+1/2 .
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R EMARK 1 The advantage of formula (10) with respect to
(8) is that in the latter it is necessary to compute the full
eigenstructure of the system, while in the former only an upper
bound on the spectral radius is needed.
Notice that the closer the polynomial P (x) is to |x| in the
uniform norm, the more similar the approximate flux (10)
will be to the Osher-Solomon flux (8). This suggests to use
accurate polynomial approximations to |x| for building (10).
In particular, Chebyshev approximations will be considered in
the numerical experiments. Specifically, for a given p ≥ 1 we
take P (x) = τ2p (x), where
p
4X
(−1)j+1
2
T2j (x),
τ2p (x) = +
π π j=1 (2j − 1)(2j + 1)

x ∈ [−1, 1],

T2j (x) being the Chebyshev polynomials. As it is well-known,
the order of approximation of τ2p (x) to |x| is optimal in the
L∞ (−1, 1) norm. Moreover, the recursive definition of the
polynomials T2k (x) provides an explicit and efficient way to
compute τ2p (x).
As it is well-known, the order of approximation to |x| can
be greatly improved by using rational functions instead of
polynomials. This suggests to consider rational approximate
Osher-Solomon fluxes of the form (3) with viscosity matrix
(12)

Qi+1/2 =

q
X

k=1
(k)

e(k) ,
ωk R
i+1/2

e
where R
i+1/2 is defined as in (11), but taking as basis function
a rational approximation R(x) to |x| satisfying the stability
condition (9). Following [5], two different families of rational
functions will be considered:
• Given a set of r ≥ 4 distinct points X = {0 < x1 <
· · · < xr ≤ 1}, construct the polynomial
p(x) =

r
Y

(x + xk ).

k=1

The Newman rational function ([9]) associated to X is
defined as
p(x) − p(−x)
Rr (x) = x
.
p(x) + p(−x)
The rate of approximation of Rr (x) to |x| depends on the
choice of nodes X: several possibilities can be found in
the literature. Here, we will take xk = exp(−kr−1/2 ),
which provides an exponential rate of approximation
([9]).
• The Halley rational functions Hr (x) are recursively
defined as ([5])
Hr+1 (x) = Hr (x)

Hr (x)2 + 3x2
,
3Hr (x)2 + x2

H0 (x) = 1.

It can be proved that kHr (x) − |x|k∞ = 3−r .
Both the Chebyshev polynomials τ2p (x) and the Newman
functions Rr (x) do not satisfy the stability condition (9)
strictly, although this can be easily fixed with a slight modification: see [5] for details. However, in practical computations
there are no appreciable differences between both approaches.
On the other hand, Halley functions Hr (x) satisfy (9) by
construction. As long as the functions considered do not cross
the origin, no entropy-fix is needed in the presence of sonic
points.

4

Application to ideal magnetohydrodynamics

In this section we apply the approximate Osher-Solomon
schemes introduced previously to solve some challenging
problems related to the ideal magnetohydrodynamics equations.
The ideal magnetohydrodynamics (MHD) equations read as

∂t ρ = −∇ · (ρv),



 ∂t (ρv) = −∇ · ρvvT + P + 1 B2 I − BBT ,
2
 ∂t B = ∇ × (v × B),





γ
P + 12 ρq 2 v − (v × B) × B ,
∂t E = −∇ · γ−1

where ρ is mass density, v and B are the velocity and magnetic
fields, and E is the total energy. If q and B denote the
magnitudes of the velocity and magnetic fields, the total energy
can be expressed as
E=

1 2 1 2
ρq + B + ρε,
2
2

where the specific internal energy ε is related to the hydrostatic
pressure P through the equation of state P = (γ − 1)ρε, γ
being the adiabatic constant. The total pressure P ∗ is defined
as P + PM , where PM = 12 B 2 is the magnetic pressure.
In addition to the equations, the magnetic field satisfies the
divergence-free condition
∇ · B = 0.
Notice that if B = 0 then the MHD system reduces to the
Euler equations for ideal gases. Let us remark that the spectral
structure of the MHD system has been widely analyzed in the
literature (see, e.g., [3, 12]).
For the numerical experiments, the two-dimensional MHD
equations have been considered. To ensure the stability and
accuracy of the numerical schemes, it is essential to enforce the
divergence-free constraint on the magnetic field. This is done
here using the technique proposed in [2], where a correction is
applied at the end of every time step. Specifically, the magnetic
field B is modified as Bc = B + ∇φ, where φ is a solution of
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the Poisson problem ∆φ + ∇ · B = 0, which is computed here
with a finite difference method.

1.0

For high-order schemes, the WENO-type compact third-order
reconstruction operator introduced in [7] has been considered. The numerical experiments have been performed using
structured meshes, although they can be designed on general
nonuniform quadrilateral meshes following the guidelines in
[7] and the references therein.

0.9

0.8

0.7

0.6

−

4.1

0

Smooth isentropic vortex

The purpose of this test is to analyze the convergence and
stability of the numerical schemes. Specifically, the smooth
two-dimensional convected isentropic vortex for the Euler
equations proposed in [8] has been considered.

N
16
32
64
128

OS-Cheb-4
L1 error
L1 order
1.47E+00
–
7.77E–01
0.92
1.98E–01
1.97
1.37E–02
3.85

OS-Newman-4
L1 error
L1 order
1.47E+00
–
7.95E–01
0.89
2.03E–01
1.97
1.39E–02
3.87

N
16
32
64
128

OS-Halley-2
L1 error
L1 order
1.46E+00
–
7.81E–01
0.90
1.95E–01
2.00
1.33E–02
3.87

DOT
L1 error
L1 order
1.45E+00
–
7.95E–01
0.87
1.96E–01
2.02
1.33E–02
3.88

2

4

x

6

8

10

0.9

0.8

0.7

0.6

−

0

−

OS Cheb 4

0.5

exact

2

4

x

6

8

10

Figure 1: Isentropic vortex. Density cut in the x-direction,
computed with the third-order OS-Cheb-4 scheme. Up: time
t = 10. Down: time t = 100.

4.2
Table 1: Isentropic vortex. Third order results for the density
component ρ at time t = 10.

exact

1.0

The problem has been solved in the computational domain [0, 10] × [0, 10] with periodic boundary conditions and
CFL=0.8. In Table 1 are shown the results obtained after one
time period at t = 10 with the third-order OS-Cheb-4, OSNewman-4, OS-Halley-2 and DOT schemes. As it can be
seen, all the proposed schemes give similar results as the DOT
method. We remark again that the advantage of our schemes is
that the eigenstructure of the system need not to be known.
On the other hand, the solution has been calculated at time t =
100, after ten time periods. Figure 1 shows a cut through the
center of the vortex in the x-direction for the density variable.
The solution has been computed with the third-order OS-Cheb4 method using 128 cells, although any of the other schemes
gives a similar result. As it can be observed, the dissipation is
very small in this case.

−

OS Cheb 4

0.5

Orszag-Tang vortex

The Orszag-Tang vortex system ([10]) has been widely analyzed in the literature, as it provides a model of complex
flow containing many significant features of MHD turbulence.
Starting from a smooth state, the system develops complex
interactions between different shock waves generated as the
system evolves in the transition to turbulence.
The initial data proposed in [15] has been considered. Periodic
boundary conditions are imposed in the x- and y-directions.
The computations have been done using a 192 × 192 uniform
mesh and CFL=0.8.
Figure 2 shows the results obtained with the third-order OSCheb-4 scheme at times t = 0.5, t = 2 and t = 3, for the
density and pressure components (analogous solutions are obtained with the third-order OS-Newman-4, OS-Halley-2, and
DOT schemes). The results are in very good agreement with
those found in the literature, which shows that our schemes are
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robust and accurate enough to resolve the complicated structure
of this vortex system. Finally, Table 2 shows the relative CPU
times with respect to the first-order DOT scheme.

Table 2: Orszag-Tang vortex. Relative CPU times with respect
to the first-order OS solver. Final time: t = 0.2.
Method
DOT
OS-Cheb-4
OS-Newman-4
OS-Halley-2

CPU (first order)
1.00
0.16
0.38
0.50

CPU (third order)
5.82
1.04
2.32
2.79

6

5

4.3

The rotor problem

4

3

2

1

0
0

1

2

3

4

5

6

In this section we consider the rotor problem proposed in [1];
see also [14]. Initially, there is a dense rotating disk at the
center of the domain, while the ambient fluid remains at rest.
These two areas are connected by means of a taper function,
which helps to reduce the initial transient. Since the centrifugal
forces are not balanced, the rotor is not in equilibrium. The
rotating dense fluid will be confined into an oblate shape, due
to the action of the magnetic field.
Figure 3 shows the solutions obtained with the third order OSCheb-4 scheme at time t = 0.295 on a 200 × 200 mesh with
CFL= 0.8. The results are in good agreement with those
in [1, 14]. As in the previous tests, OS-Newman-4 and OSHalley-2 give similar results as OS-Cheb-4. On the contrary,
the DOT scheme fails for this problem around time t ≈ 0.187.
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Life tables: a two-step method for graduation combining
wavelets and PPH techniques
F. Morillas Jurado∗ and I. Baeza Sampere∗

Abstract— In the demographic or actuarial field the graduation of life tables is used to summarize the experience of mortality
observed (or survival) in a region or period. The information is organized to the called biometric function as: the population at
risk of dying, Ex , the number of persons who survey or die at age x, sx or dx respectively; or the probability of dying between
ages x to x + 1, qx . This work focuses its efforts in making estimates of the underlying values of qx , para x = 0, . . . , ω (ω
being the highest age considered in the study), which can be seen as a realization of a time series. The random nature of the
phenomenon of study and the impossibility of its replication makes that the values of biometric functions to be unknown that only
estimations can be obtained. Then, to estimate underlying mortality rates from the observed rates it is common to use graduation
techniques: adjustments to certain families of exponential functions [9], semi-parametric techniques using splines bases [5]; or
nonparametric techniques as Kernel graduation [6] or the wavelet graduation [2].
This study focuses on the wavelet graduation and the objective is to generalize the results obtained in [2]. Thus, a methodology
is presented in order to graduate the mortality observed over the entire range of ages (from birth to the age limit considered). It is
known that mortality has a nonlinear behavior and that it varies by age segments, therefore, an important disadvantage to perform
the wavelet graduation is the amount of data available: you have series with a single annual value, usually not exceeding 100
values. To overcome this difficulty we introduce information synthetically, thereby given the characteristics of the model and the
performed analysis, the PPH interpolation is appropriate.
Then, this paper presents a process in two stages to graduate mortality rates: the graduation technique combines Piecewise
Polynomial Harmonic (PPH) [1] interpolation as a previous step wavelet graduation [2]. The methods validation is numerically
performed and finally applied to real data of the Spanish population.
Keywords: life tables, nonparametric graduation, wavelets, PPH interpolation.

1

Introduction

Human biometrics, as part of Actuarial Statistics, works with
the mortality data from a population. It uses the mortality tables to study survival. The mortality tables collect information
on the variable age of death, the population at risk of dying,
the number of persons who survey or die at any age or the
probability of dying between ages. The study of the age of
death is easier if we consider that the variable is continuous and
we assume that there is a real rate but it is altered by random
fluctuations. We perceive the sum of both and we assume that
rate has a structural behavior. This hypothesis justifies the
extensive development of techniques graduation. Haberman
y Renshaw (view [8]) define graduation as "the principles and
methods by which a set of observed (or gross) probabilities are
adjusted to provide a smooth base that will allow us to make
inferences and also practical calculations of bonuses, reserves,
etc." Graduation is necessary and has an eminently statistical
estimation nature. London in [10] explains the reason why
we have to change and therefore graduate our initial estimates

sequence obtained. This is because for each specific period,
given the corresponding data, we can obtain the sequence of
initial estimates ages that has sometimes abrupt changes, but
it is a particular realization of the evolution of mortality. It
should be satisfied that the difference between the probabilities of death of two consecutive age is not excessively high,
requiring the setting of a function that meets that condition. In
literature we can find different types of techniques graduation.
Parametric graduation tries to find the parameters of a function
that adjusts the rate. De Moivre in 1724 and tries to model
(using a linear model to survival at each age). Gompertz
([7]) represents an exponential growth for mortality. Makeham
(1860) adds a constant component A > 0 to this exponential
growth. Later, Weibull (at 1939) suggests that the mortality
force grows as a power of t rather than exponentially. These
laws apply only to adult ages, and many fail to represent the
hump accidents in adulthood. Heligman and Pollard ([9])
obtained encouraging results for the full width of the interval
of life. Other techniques are the semi-parametric such as [5]
where it’s exposed a brief introduction by splines graduation.

∗ Departament d’Economia Aplicada, Universitat de València, Campus de Tarongers, 46022 Valencia (SPAIN). Email: Francisco.Morillas@uv.es, Ismael.Baeza@uv.es
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The last group of techniques is non-parametric models. They
no functional form for the behavior of the data is assumed.
Mortality rates are obtained by applying smoothing methods
that combine adjacent death rates. The works ([3],[4] and
[6]) are examples of kernel graduation. (Baeza and Morillas
(2011)) propose a wavelet graduation as a non-parametric
method. This study focuses on this latter type of techniques
and its objective is to generalize the results obtained in Baeza
and Morillas (2011), which is useful only in specific mortality
behaviours usually for all ages above 30. In the next section
the wavelet graduation and its problems to be applied in all
range of ages are briefly presented. Section 3 describes the
PPH interpolation. In section 4 we introduce the Wavelet-PPH
graduation and we compare it with kernel graduation in the
evaluation of the Heligman and Pollard law. An application to
real data is also reported. Finally, in section 5 there are some
concluding remarks.

Figure 1: Probability of death for the Spanish population in
2007 (men). Data published by INE. Source: Authors.

2

The Wavelet graduation

At this point, graduation and smoothing can be considered
synonyms and one of the fields where wavelets have been
used most successfully is in signal reconstruction/cleaning or
cleaned. Noise (including random fluctuations) is removed in
order to reproduce the characteristics and patterns that signal
have. In the actuarial field is not usual know the probabilities
of death, we have only the called mortality experiences. In
Figure 1 we can see, on a logarithmic scale, an arbitrary
example of mortality experience with actual data provided by
the Spanish National Statistics Institute (INE). We can see the
three components: the first represents infant mortality, the second one represents mortality in adult ages and it collects what
is called "accidents and maternity hump" or "social hump"
(which includes death by these circumstances). Finally, the
last component, known as "natural mortality curve", reflects
the increased of probability of death due to natural causes.
We assume that every experience is composed of two terms
additives: the true values of the series and the random fluctuations. The wavelet graduation, trying random fluctuation and
noise, reconstructs(recover) the true values of the biometric
function considered. Let us briefly what is a wavelet.

The term wavelet refers to a family of functions that it is
characterized from a generator element: the mother wavelet
function ψ(t). This is a function of real variable t which
should range in time and well localized (decay to zero when
the variable t → ∞). From the mother wavelet other family
elements are defined, these are generated by simultaneous
changes of scaling and translations of ψ (t) . This family of
functions is denoted as: {ψa,b (t) , a > 0, b ∈ R}:


1
t−b
(1)
ψa,b (t) = p ψ
,
a
|a|

where a is the scaling parameter associated to the stretching
or compression of the mother function. b is called the translation parameter and it "locates" temporary the distribution of
energy. From these functions ψa,b (t) we define the Continuous
Wavelet Transform of function through the following expressions:

(2) Wf (a, b) =

Z

+∞

−∞

f (t) ψ a,b (t) dt = hf (t) , ψa,b (t)i .

Discrete Wavelet Transform is similar to the Continuous
Wavelet. In this case the parameters a and b can only take
discrete values and, parameter expansion and translation respectively. Discrete Wavelet Transform is obtained similarly
to Mallat in [11], using the discrete scalar product between
the function to decompose and scaling functions. The result
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of applying the Wavelet Transform (continuous or discrete)
is formed by two functions (or data series), the first part is
called scaling and the second one known as wavelet part.
Scaling parts give us a first approach that includes the trend
obtained. This part lost the details of the original series which
are contained in the wavelet part. Often, these ’details’, the
differences between the original series and the obtained by
scaling, are considered disturbances. Appropriately combining
the two parts we can reconstruct accurately the initial values
of the function (or data set). This process can be applied
iteratively in the scaling part. The second application leads,
on another scale, a new part scaling and wavelet and so on.
The wavelet part and the scaling part obtained are orthogonal,
the information contained in a part is not contained in the other,
i.e., the information it is not redundant. It is usual to assume
that when a series of data has noise, this is in the wavelet
part. So the elimination or reduction of noise is linked to the
treatment of wavelet part. The aim of the wavelet graduation
is to reduce or even eliminate random fluctuations truncating
the values of wavelet part, assuming certain thresholding as an
element that determines whether a value is or not considered as
perturbation.

2.1

Wavelet graduation problems

The wavelet graduation may have more or less significant
drawbacks according to the available information or the functional relationship of the data. In the case of life tables, in
[2], this technique only can be applied to ranges above 30
years of age. For younger age mortality curve has a nonlinear relationship that complicates the analysis by the lack of
information. We consider important to highlight some aspects:
• When we apply the wavelet technique, the incorporation
of symmetric information at the ends of the series introduces noise discontinuity.
• The problem of discontinuity reappears if we use a
wavelet family with a big support or if we make several
scales of the process.
• Some effect, similar to the Gibbs phenomenon, has also
been detected by smoothing the central area, the accident
hump.

3

PPH Interpolation

The PPH interpolation is a fourth order nonlinear and data
dependent interpolation scheme introduces in [1] and based
on a piecewise polynomial harmonic operator. The PPH
interpolation has several desirable features:
• Each polynomial piece is constructed with four centered
point,
1d
x

• On smooth region it is as accurate as its linear equivalent,
• No introduce oscillations and
• Preserve the concavity / convexity of the function.
The PPH polynomial value at is given by the expression:
(3)
where
(4)

 f +f

1e 2
j
j+1
− Dh
Pej xj+ 12 =
2
4

e=
D





2Dj Dj+1
Dj +Dj+1

if Dj Dj+1 > 0

0 otherwise.

and Dj = f [xj−1 , xj , xj+1 ] are the divided differences associates to the interpolatory stencil.

4

Wavelet-PPH Graduation

As we have seen, graduation wavelet has problems when we
apply it to the entire range of age of the biometric function.
To solve this we will introduce some additional information
for inter annual data. These new data will be given by the
PPH interpolation since it allows incorporating additional data
without introducing oscillations and preserving the concavity
(or convexity) of the function. To test this combined graduation technique, we build 10000 "synthetic" death experiences,
which are based on a particular biometric model with a numerically generated random fluctuations. In this paper we
use Heligman and Pollard law in generating synthetic death
experiences. The process described below is carried out as
many times as different experiences you want to generate:
• We start the process using theoretical probabilities of
death given by qx , given by Heligman and Pollard law
for x = 0, 1, . . . , ω and taking into account a random
number of individuals, l0 = 102 , 103 , . . .
• We use that the number of deaths1 at the age of x
follows a binomial distribution: dx ∼ Bi (lx , qx ) and
we generate a random number from this distribution. So,
for x=0, we simulate the number of deaths at the age 0,
obtained by the distribution Bi (l0 , q0 ). We use it for the
estimation of e
l1 and qe1 .

• Then we become to generate a random number that
follows a distribution Bi (l0 , q0 ). We obtain the number
of deaths at age x = 1, de1 , and we use it for the
estimation of e
l2 .

denotes the number of individuals who survive age x but not to the age x + 1; dx = lx − lx+1 , where lx is the number of survivors at age x.
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• The process ends when we obtain the last value deω .

We use the indicators and measures to compare the WaveletPPH technique with the usual Gaussian kernel graduation:
• Mean relative indicator (IRM):
IRM (q) =

ω
1 X |qx − qbx |
ω + 1 x=0 qx

• Mean squared relative indicator (IRCM):
ω
2
1 X |qx − qbx |
IRCM (q) =
ω + 1 x=0
qx

• Whittaker-Henderson smoothness indicator [12]:
S = |S (b
qx ) − S (qx )|
donde S (qx ) =

ω−2
X
x=0

∆ 2 qx

2

In these definitions qx denotes the theoretical probability of
death that the Heligman and Pollard law provided for the preset
parameters and it is used for generating the experiences of mortality; qbx indicates the graduated probability, the value obtained
by applying the graduation to each generated realizations. We
evaluate the ability of the technique in the recovery of the true
values of the function. The defined indicators suggest that the
lower value is the best estimate of the theoretical probability
is obtained, suggesting that another technical improvement in
this regard.
Table 1 shows the results of the comparison between the
Wavelet-PPH graduation and the Gaussian kernel graduation.
In columns 3 and 4 we can see the mean value of the indicators
for the 10000 synthetic death experiences. The last column
presents the percentage of times Wavelet-PPH obtains better
results than Gaussian kernel graduation.

Table 1. Indicators. Comparison Wavelet-PPH vs. Kernel
N

Indicator

Wavelet-PPH

Kernel

Better W-PPH

IRM
IRCM
S
IRM
IRCM
S
IRM
IRCM
S
IRM
IRCM
S

0,0338977
0,00370256
0,00058177
0,034489398
0,003280213
0,000700086
0,034557725
0,003582433
0,000870859
0,035888371
0,00369508
0,002292422

0,03903211
0,00885898
0,00945352
0,0392806
0,009398363
0,009761079
0,039082103
0,009322405
0,00998631
0,038810222
0,009175132
0,010123821

86,74
99,84
100,00
85,37
100,00
100,00
82,74
99,96
100,00
74,07
99,97
100,00

100
200
400
800

The table 2 shows the parameters for the Wavelet-PPH graduation. We opted for the biorthogonal wavelet family. Wavelet
is selected by means of a criterion based on energy retention
instead an exhaustive strategy like in [2]. The measure is given
kb
qx k2
by H = kq
2 . We work with a criterion for thresholding
xk
based on [11].
Table 2. Parameters used in Wavelet-PPH technique
N

Wavelet

Scales

Thresholding

100
200
400
800

Biorthogonal 3.3
Biorthogonal 3.3
Biorthogonal 3.3
Biorthogonal 3.3

2
3
4
5

0,15
0,2
0,25
0,3

In Figure 2, a random realization, the Heligman and Pollard
theorical model and its approximations: kernel and WaveletPPH with N=400 and the parameters given by table 2, are
presented for the entire range of ages. In Figure 3 we see details
more closely.
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Heligmand and Pollard law
Kernel graduation
Wavelet-PPH graduation
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• Iterating this process, we generate random number from
a binomial law with parameters: the estimate number of
survivors in the previous stage (e
lx ) and the risk of death
at the age considered (qx ), estimated by the Heligman
and Pollard law. In this way, we obtain dex and e
lx+1 , this
later one used for the next stepas input of 
a new random
number of the distribution Bi e
lx+1 , qx+1 .
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Figure 2: Comparison. All range of ages. Source: Authors.
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Figure 3: Comparison. Details. Source: Authors.

This paper presents a process in two stages to graduate mortality rates. The process combine wavelets and PPH interpolation
trying to generalize the results obtained in [2]. In the first stage
the PPH interpolation allows to incorporate additional data
without introducing oscillations and preserving the concavity
(or convexity) of the function. The second stage use wavelets
eliminate the noise (or random fluctuations) in order to reconstruct the true values of the biometric function considered.
That technique can be applied to all range of ages and, in the
sense of the indicators used, give us better results than kernel
graduation. Also, the technique presented is more robust in
the sense that, when the indicator considered is better (minus
value) for the kernel graduation than Wavelet-PPH technique,
the relative difference is higher than if we consider the reverse
relation.
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Validation of a simplified physical wildland fire model
M. I. Asensio†, D. Prieto‡, L. Ferragut∗ and J. M. Cascón∗

Abstract— A global sensitivity analysis and parameter adjustment of a simplified physical fire model applied to a well measured
experimental example is developed in order to validate the model.
Keywords: Global sensitivity analysis, parameter adjustment, wildland fire model.

1

Introduction

Wildland fires are a growing problem and the climate change
with higher temperatures and drier landscape increase wildfire
hazard. At broad scales we can expect more large severe
fires (increasing area burned at high severity) into the future.
On the other hand, improved spatial information technology
(sensor monitoring, geographic information systems) increased
computational capabilities (parallel computing) and development of communication technology allow early detection of
any fire and also forecasts of the fire dynamics and spread. In
recent years, thanks to these technological advances, there has
been an increasing development of wildland fire spread models
[1, 2, 3, 4]. These models range from the purely physical
(based on physical and chemical principles involved in the
combustion of biomass fuel and behaviour of wildland fire)
to purely empirical (based on phenomenological description
or statistical regression of observed fire behaviour) passing
through approaches from one end of the spectrum to the other.
The wildland fire model developed by the authors [5, 6, 7, 8, 9]
is a simplified physical model based on the fundamental
physics of combustion and fire spread, that takes into account
the radiation from the flames, the wind, the slope of the
orography, the fuel load and type, the moisture content, and
the energy lost in the vertical direction. With some appropriate
assumptions and using some efficient numerical and computational tools, this model allows that the simulation time be
shorter than the real time.
Mathematical modelling of such highly complex phenomena
as wildland fires should follow several logic steps, one is the
determination of model parameters which are most influential
on model results. A global sensitivity analysis [12] of this parameters is not only critical to model validation but also serves
to guide future research efforts as the parameter adjustment.
For both, sensitivity analysis and parameter adjustment, the
† Inst.

most expensive part in terms of computational time is the
model evaluation. With the goal of reduce the computational
cost, the sensitivity analysis and the parameter adjustment of
our fire propagation model was carried out in this paper for a set
of laboratory experiments reported in [17]. The experimental
scale allows to obtain measurements of many of the involved
variables more feasible and accurate than in real fires.

2

The simplified physical fire model

Let d = [0, lx ] × [0, ly ] ⊂ R2 be a rectangle representing the
projection of the surface S where the fire occurs, defined by
the mapping
S: d −
7 → R3
(x, y) −
7 → (x, y, h(x, y))

where h(x, y) is a known function representing the orography
of the surface S. We shall assume that vegetation can be
represented by a given fuel load M (kg m−2 ) together with a
moisture content Mv , (kg of water/kg of dry fuel), as scalar
functions defined on d.
In order to take into account some three-dimensional effects,
specifically the radiation from the flames above the surface S,
we shall consider the following three-dimensional domain,
D={(x, y, z): x, y ∈ d, h(x, y)< z<h(x, y) + δ}.

where δ is an upper bound of flame height F .

The equations governing the fire model are based on the
energy and mass conservation equations on the surface S, and
the radiation equation in D. The non-dimensional simplified
equations for the fire model are,
(1) ∂t e + βv · ∇e + αu = r
(2)

(3)

e ∈ G(u)

in S
in S

∂t c = −g(u)c in S

t ∈ (0, tmax ),
t ∈ (0, tmax ),

t ∈ (0, tmax ).
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We complete the problem with homogeneous Dirichlet boundary conditions and the following initial conditions,
u(x, y, 0) = u0 (x, y) in S
c(x, y, 0) = c0 (x, y) in S
E
M CT∞ ,

non-dimensional enthalpy, u =
The unknowns, e =
T −T∞
M
T∞ , non-dimensional temperature of solid fuel and c = M0 ,
mass fraction of solid fuel, are bidimensional variables defined
in S×(0, tmax ), where tmax is the time t of study. The physical
quantities E (J m−2 ), T (K) and M (kg m−2 ) are enthalpy,
the temperature of solid fuel and the fuel load respectively, and
C (J K −1 kg −1 ), the heat capacity of solid fuel, T∞ (K), a
reference temperature, and M0 (kg m−2 ), the initial solid fuel
load.
The influence of moisture content is modelled through a
multivalued operator representing the enthalpy. The nondimensional enthalpy e is thus an element of the following
multivalued maximal monotone operator G,

u
if
u < uv ,



[uv , uv + λv ] if
u = uv ,
G(u) =
u + λv
if uv < u < up ,



[up + λv , ∞] if
u = up ,

where uv and up are the non-dimensional evaporation temperature of the water and the non-dimensional pyrolysis temperature of the solid fuel, respectively. The quantity λv is the
non-dimensional evaporation heat related to the latent heat of
evaporation Λv (J kg −1 ) and the fuel moisture content Mv
v Λv
(kg of water/kg of dry fuel), λv = M
CT∞ . In the burned
zone the multivalued operator does not represent the physical
phenomena exactly, since the water vapor is no longer in the
porous medium. This drawback can be avoided by setting
λv = 0 in the burned area.
The convective term, βv · ∇e, represents the energy convected
by the gas pyrolyzed through the elementary control volume,
where the surface wind velocity, v, is re-scaled by a correction
factor β. The surface wind velocity v can be considered as
given data or can be computed for example by means of the
wind model developed by the authors in [10, 11], (coupling of
both models detailed in [6]).
The term αu represents the energy lost by natural convection
in the vertical direction. The parameter α is related to physical
−1
quantities by α = H[t]
m−2 K −1 ) is the
M C , where H (J s
natural convection coefficient and [t] is a time scale.
The right hand side of Eq. (3) represents the loss of solid fuel
due to combustion,

0 if u < up ,
g(u) =
γ if u = up ,
i.e., the loss of solid fuel is null if the temperature is below
the pyrolysis temperature, and it remains constant when the

temperature of pyrolysis is reached. This constant value is
inversely proportional to the solid fuel half-life time t1/2 of
2[t]
.
the combustion of each type of fuel, γ = lnt1/2
The right hand side of Eq. (1) describes the thermal radiation
reaching the surface S from the flame above the layer,
r=

[t]
R.
M CT∞

R represents the incident energy at a point x = (x, y, h(x, y))
of the surface S due to radiation from the flame above the
surface per unit time and per unit area, obtained by summing
up the contribution of all directions Ω; that is
(4)

R(x) =

Z

2π

ω=0

I(x, Ω)Ω · N dω,

where ω is the solid angle and N is the unit outer vector normal
to the surface S. We only consider the hemisphere above the
fuel layer, and each contribution depends on the flame height
F . I is the total radiation intensity, i.e., the integral over all
wavelengths of the radiation energy passing through an area
per unit time, unit of projected area, and unit of solid angle.
The differential equation describing the total radiation intensity
I at any position along a given path s in a gray medium may
be written neglecting scattering as
(5)

dI
+ a(s)I(s) = a(s)Ib (s),
ds

where Ib is the black body total radiation intensity and is
governed by the Stefan-Boltzmann law, corresponding to the
integral over all wavelengths of the emissive power of a black
body Ib = πσ T 4 , where σ = 5.6699 × 10−8 wm−2 K −4 is the
Stefan-Boltzmann constant and the temperature T reaches the
flame temperature denoted by Tf . a is the radiation absorption
coefficient inside the flame.
In the following we differentiate between input variables and
model parameters. Input variables are magnitudes that can be
measured with more or less precision and model parameters
are unknowns, although their physical meaning can provide an
approximate idea of their range. Our input variables are: wind
velocity v, height of the surface h, and initial values of fuel
load and temperature, all of them considered as given data;
reference temperature T∞ which is the ambient temperature,
latent heat of evaporation Λv = 2.25 × 106 (J kg −1 ), which is
the latent heat of evaporation of water; and the input variables
depending on each kind of fuel: moisture content, Mv , flame
temperature, Tf , pyrolysis temperature, Tp , half-life time of
combustion, t1/2 , flame height, F , and heat capacity, C. The
three parameters of our fire model are the mean absorption
coefficient a, the natural convection coefficient H and the
correction factor of convective term β that we should adjust.
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3

A global sensitivity analysis of the model

A first step to validate any mathematical model is the global
sensitivity analysis [12, 13] of its factors (input variables and
model parameters) (X1 , . . . , Xn ) in order to determine which
are most influential in model outputs Y . The aim of sensitivity
analysis is precisely to assess the importance of each factor in
the values of the output variable of the model. This is crucial when both the input variables (available data) and model
parameters are affected by uncertainties, and fire propagation
models are a good example of this situation. Global sensitivity
analysis also allows the significance of interactions between
the input variables to be quantified, which is frequently of great
importance, in particular for parameter adjustment.
One of the most effective way to implement global sensitivity
analysis is based on the decomposition of the variance of
the output Y in a unique additive series of the variance of
independent functions of increasing dimensionality
P
V [Y (X1 , . . . , Xn )] = V [Ai (Xi )] + . . .
i
P
P
+
V [Bij (Xi , Xj )] +
V [Bijk (Xi , Xj , Xk )] + . . .
i<j

i<j<k

+V [H(X1 , . . . , Xn )].

The terms V [Ai (Xi )] are the variances due to the main effects
for each of the input variables, the terms V [Bij (Xi , Xj )]
are the variances due to the pairwise interactions between all
pairs of input variables, and so on, up to the term considering the interaction effects of all n input variables together
V [H(X1 , . . . , Xn )]. This decomposition permits the effect on
the model output uncertainty of each input variable, Xi , to
be assigned through the variances of the main effects, and of
any group of input variables through higher-order variances
(interaction effects). The sum of the main effect and all the
variances where a certain variable Xi is present, is the total
effect. A small value for the total effect will be enough to
state that the variable analysed is not important, while the
main effects will be useful to quantify the direct effect of
variables on the output factor, although small values of the
main effects are not sufficient guarantee to reject a variable
since it may have a strong influence on the output variable
through the interactions. The variances calculated for the main
and total effects divided by the total model output variance
give the sensitivity indices of first-order and total respectively,
which allow the input variables to be ranked quantitatively.
Global sensitivity analysis assigns the uncertainty of the output
variable to the uncertainty of input factors by the sampling
approach of probability density functions (p.d.f.) associated
with input factors: each of the input factors is varied simultaneously in a given interval following a given p.d.f., and the
sensitivities are calculated over the whole range of variation of
the input factors. Two widely used global sensitivity analysis
methods are the Extended Fourier Amplitude Sensitivity Test
(FAST) [14] and Sobol’s method [15], both included in the
Simlab program (version 2.2) [16] used in this work. Both

methods take into account the effect of the p.d.f. of each factor,
consider the effect of the simultaneous variation of all factors,
do not require that the model be additive or linear, and can treat
grouped factors. Both Extended FAST and Sobol’s method
provide first-order and total sensitivity indices.
The aim of the sensitivity analysis of our fire propagation
model is on the one side, to verify the adequacy of the model,
and on the other side, to design the parameter adjustment
as efficiently as possible. For both, sensitivity analysis and
parameter adjustment, the most expensive part in terms of
computational time is the model evaluation. With the goal
of reduce the computational cost, the sensitivity analysis and
the parameter adjustment of our fire propagation model was
carried out in this paper for a set of laboratory experiments
reported in [17].
The experiments reported in [17] were carried out in a low
speed wind tunnel, on beds of Pinus pinaster needles. The
wind tunnel has a bench of 3.00 m × 1.20 m where the last
2.00 m are movable between 0◦ and ±15◦ . The fuel bed
consisted of a layer of Pinus pinaster needles of 2.0 m×0.70 m
on the center of the bench, with a depth of approximately
40 mm and an oven dry load of 0.5 kg m−2 . They supply
measurements of flame angle, flame height, rate of spread and
temperatures. We selected data from the experiments carried
out for the following values of wind velocity: 0 ms−1 , 1 ms−1 ,
2 ms−1 and 3 ms−1 ; and slope: 0◦ , 5◦ , 10◦ and 15◦ (upslope). We did not analyse neither the slope nor the wind
velocity as input variables since the are well-known data and
obviously the rate of spread depends strongly on both factors.
The fuel load was the same for all the experiments, M =
0.5kgm−2 , as well as the ambient temperature, T∞ = 300 K,
the pyrolysis temperature, Tp = 500 K, the heat capacity,
C = 1600 JK −1 kg −1 , and the half-life of combustion, t1/2 =
15 s. Taking into account data in [17] we propose for the flame
temperature Tf a range from 900 K to 1200 K, and for the
moisture content Mv from 0.08 to 0.2. The ranges selected for
the model parameters are [0.5, 15] for the natural convection
coefficient H, [0.5, 2] for the mean absorption coefficient a,
and [0.001, 0.01] for the correction factor of convective term
β.
With the aims described above and the characteristics of the experimental example selected in mind, we consider the following input variables and parameters for the sensitivity analysis of
our model, M, C, t1/2 , ∆T = Tp − T∞ , H, a, F, Mv , σTf4 , β
We consider two output variables: the rate of spread ROS,
computed as the slope of the linear regression line used to
fit the position of the fire front at each instant of time of
the simulation; and the fire thickness F T H computed as the
mean fire thickness measured at each instant of time of the
simulation. Both are measured along the last 2.00 m.
Prior to the sensitivity analysis, we organize the variables
into sets of dimensionless parameters from the given variables
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using the Buckingham Π theorem, which provides a method for
computing sets of dimensionless parameters, even if the form
of the equation is still unknown. The aims of this dimensional
analysis are to minimize the number of input factors to be
considered and the interaction effects between them, and to get
results as independent as possible of the dimension.

for the rate of spread ROS are represented for several slopes
and no wind. The total indices for ROS are close to the firstorder indices, so the correlation is minimal. Independently
of the slope, without wind, the most relevant parameter is
the one
√ associated to the mean absorption coefficient, Π3 =
at1/2 C∆T , of the radiation term, followed by the correspon-

We assume that the output variable Y (ROS or FTH) can be
written as a function of input variables and model parameters
(input factors), more precisely,

1/2
f
ding to the flame temperature, Π6 = M
C∆T , and the moisture
content, Π5 = Mv . This shows that in low wind conditions
the dominating mechanism of heat transfer in a wildland fire is
radiation, as could be expected.

Y = f (M, C, t1/2 , ∆T, H, a, F, Mv , σTf4 , β)

(6)

Then there are 11 variables involved, including Y . In our case
the dependent variable is the output variable Y and we will
chose as “repeating” variables M, C, t1/2 , ∆T . The number
of fundamental dimensions to be considered are 4, i.e., mass,
length, time and temperature. So from the Buckingham Π
theorem, we can group all the variables into 7 dimensionless
groups in the general case. Then we can put the output variable
Y as a function of 6 dimensionless parameters Πi or less,
depending wether we consider or not the wind, water content,
etc.,
p
ROS = √ CTp f1 (Π2 , Π3 , Π4 , Π5 , Π6 , Π7 )
(7)
CTp
FTH =
t1/2 f2 (Π2 , Π3 , Π4 , Π5 , Π6 , Π7 )
A straight forward computation gives the expressions of the
dimensionless factors Πi , as well as their ranges computed
from the values and ranges of the variables and parameters
described above for the experimental example:

σT 4

t
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Figure 1: Sensitivity indices obtained with the Extended FAST
method for ROS, no wind and several slopes.
Extended FAST no wind for FTH

Π1
e1
Π
Π2
Π3
Π4
Π5
Π6
Π7

√ROS
C∆T
F T Ht1/2
√
C∆T
Ht1/2
MC √

at1/2 C∆T
F
√
t1/2 C∆T

Mv

t1/2 σTf4
M C∆T

β

−
−

−
−

9.3750 × 10−3
4500
2.7778 × 10−5
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Slope 0
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π6

In Fig. 1, the first-order (black bars) and total (white bars)
sensitivity indices computed with the Extended FAST method

First
Total

π6
0

0.25

The sensitivity analysis was carried out for the 6 (5 for no wind
case as β is not considered) dimensionless groups in (7), with a
sample of size N = 4998 for the Extended FAST method and a
sample of size N = 7168 for Sobol’s method in order to ensure
a good estimation of the sensitivity indices using the Simlab
(version 2.2) software for sensitivity analysis [16]. Since
there is no additional information, in a first approximation a
uniform probability density function was selected for each of
the dimensionless parameters. Both methods, Extended FAST
and Sobol, provide very similar results, so for simplicity all
figures correspond to the Extended FAST method.
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Figure 2: Sensitivity indices obtained with the Extended FAST
method for FFW, no wind and several slopes.
For the second output variable, the fire thickness FTH, the correlation is higher as can be shown in Fig. 2 where the values of
first-order (black bars) and total (white bars) sensitivity indices
are different. The results again, do not depend on the slope,
and the most relevant parameter is also the one associated
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√
to the mean absorption coefficient, Π3 = at1/2 C∆T , but
closely followed by the one related to the natural convection
Ht
coefficient Π2 = M1/2
C . This is consistent with the fact the
higher the loss by natural convection, the shorter the fire is.
Again, another factor closely related with the radiation term, as
σT 4

t

1/2
f
the one corresponding to the flame temperature, Π6 = M
C∆T ,
is very important, as could be expected in a no wind fire.
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Figure 3: Sensitivity indices obtained with the Extended FAST
method for ROS, slope 5◦ , several winds.
EFAST slope 5 for FTH
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The global sensitivity analysis developed allows us to conclude
that in conditions without wind the most influential parameter
in terms of the rate of spread is the mean absorption coefficient
of the radiation term a, and in terms of the fire thickness we
can not discard the natural convection coefficient H. Under
windy conditions, the correction factor of the convective term
β is critical. The experimental examples selected allow us to
fix the values of the other input factors with more accuracy and
focus on the adjustment of the unknown parameters a, H and
β of the model, first a and H without wind, and then β under
windy conditions, in order to validate the model proposed and
test out the order of magnitude of the model parameters.
For all the experiments we assume T∞ = 300 K, Tp = 500 K
and C = 1500 J K −1 kg −1 . We distinguish the two different
fuel moisture contents reported in [17]: 10%, for which Mv =
0.1 and Tf = 1150 K, and 18%, for which Mv = 0.18 and
Tf = 1050 K. The flame height in our model is the effective
flame height in terms of radiation and we approximate it by
twice the videorecorded flame height data reported in [17].
We adjust the parameters for the same experiments selected
for the sensitivity analysis, that is, slope: 0◦ , 5◦ , 10◦ and 15◦
(up-slope); and wind velocity: 0 ms−1 , 1 ms−1 , 2 ms−1 and
3 ms−1 .

1

0.8

1

For the eight cases without wind, the objective function to
adjust a and H is,

π2
π3
π4
π5
π6
π7
0

Parameter adjustment

0.8

Wind 3 m/s

π2
π3
π4
π5
π6
π7

4

An initial proposal for the objective function could be in terms
of the two output variables used in the global sensitivity analysis but this has proved very weak due to two basics reasons,
the lack of data about the fire thickness in [17] and the fact
that the richer the objective function, the better the adjustment
is. The objective function we proposed takes into account the
time ti that the fire front needs to arrive to a distance xi from
the initial fire line, from x1 = 1.10 cm to x18 = 2.80 cm every
10 cm. We do not consider neither first meter of the domain
where there is no slope, nor the spurious data of the boundary.

First
Total

Wind 2 m/s

importance with wind magnitude, but the natural convection
Ht
coefficient Π2 = M1/2
C remains very significant, see Fig. 4.

18
X

Figure 4: Sensitivity indices obtained with the Extended FAST
method for FTH, slope 5◦ , several winds.

(8)

Under windy conditions, the correction factor of the convective
term Π7 = β becomes the most relevant input factor for ROS,
independently of the slope, but depends strongly on the wind
magnitude, since when wind is important wildland fire spread
is dominated by convection. The order of importance of the
other 5 input factors remains equal to conditions without wind,
see Fig. 3. The correction factor of the convective term Π7 = β
is also a very important input factor for FTH, with a growing

Once a and H are adjusted, we adjust β for each of the eight
cases and each of the three wind velocities

J1 (a, H) =

i=1

(9)

J2 (β) =

18
X
i=1

(tci − tei )2

(tci − tei )2

The superscript c represents the data computed with our model
for a given value of a and H (resp. β) and the superscript e is
the data provided in [17].
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We used a direct search method to solve the optimization
problems (8) and (9). These methods do not require any
information about the gradient of the objective function, and
search a set of points around the current point, looking for
one where the value of the objective function is lower than
the value at the current point. In particular, for problem (8),
we employed a Hooke and Jeeves method consisting of an
application of the cyclic coordinate method in addition to a
pattern search. In addition, a golden section search method
is implemented to minimize along each search direction. For
problem (9), we use a Fibonacci method.
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High order boundary extrapolation technique for finite
difference methods on complex domains with Cartesian
meshes
A. Baeza∗, P. Mulet∗ and D. Zorío∗

Abstract— The application of suitable numerical boundary conditions for hyperbolic conservation laws on domains with complex
geometry has become a problem with certain difficulty that has been tackled in different ways according to the nature of the
numerical methods and mesh type. In this paper we present a technique for the extrapolation of information from the interior of
the computational domain to ghost cells designed for structured Cartesian meshes (which, as opposed to non-structured meshes,
cannot be adapted to the morphology of the domain boundary).
This technique is based on the application of Lagrange interpolation with a filter for the detection of discontinuities that permits a
data dependent extrapolation, with higher order at smooth regions and essentially non oscillatory properties near discontinuities.

1

Introduction

2

Hyperbolic conservation laws and related equations have been
the focus of many research lines in the past four decades. Since
no analytic solution is known for many of these equations, different techniques have been developed in order to tackle these
problems from a numerical point of view, with methodologies
that have evolved and improved along these years.
Some of these methods, mainly used for academic purposes,
employ Cartesian meshes on rectangular domains and numerical boundary conditions that are based on low order extrapolation, generally first order. Due to the advantages of
implementation and efficiency inherent to Cartesian meshes, in
our case we will focus on extending the techniques mentioned
above to domains with complex geometry. We will also present
a new technique for the extrapolation of interior information to
ghost cells making use of boundary conditions (if available)
and interior data near a given ghost cell. This procedure is able
to detect abrupt data changes.
Our approach can be understood as an extension of [19] in the
sense that it is based on Lagrange extrapolation with filters, but
without imposing limitations on the order of the method or the
number of ghost cells. Further, albeit the description is made
for hyperbolic conservation laws, the procedure is agnostic
about the equation and can be applied to other hyperbolic
problems. Finally, the methodology is the same for inflow and
outflow boundaries, just by considering the boundary node as
an interpolation node in the case of inflow data.

Numerical schemes

The equations that will be considered throughout this paper are
hyperbolic systems of m two-dimensional conservation laws
(1)

ut + f (u)x + g(u)y = 0,

u = u(x, y, t),

defined on an open and bounded spatial domain Ω ⊆ R2 ,
with Lipschitz boundary ∂Ω given by a finite union of piecewise smooth curves, u : Ω × R+ → Rm , and fluxes f, g :
Rm → Rm . These equations are supplemented with an initial
condition, u(x, y, 0) = u0 (x, y), u0 : Ω → Rm , and different
boundary conditions that may vary depending on the problem.

2.1

Finite difference WENO schemes

Although the techniques that will be expounded in this paper
are applicable to other numerical schemes, we use here ShuOsher’s finite difference conservative methods [18] with a
WENO5 (Weighted Essentially Non-Oscillatory) [13] spatial
reconstruction, Donat-Marquina’s flux-splitting [7] and the
RK3-TVD ODE solver [17] in a method of lines fashion. This
combination of techniques was proposed in [14].

3

Meshing procedure

We define our mesh starting from a reference vertical line, x =
x and a horizontal one y = y. Let hx > 0 and hy > 0 be the
horizontal and vertical spacings of the mesh, so that the vertical
lines in the mesh are determined by: x = xr = x + rhx , r ∈ Z
and the horizontal ones by y = ys = y + shy , s ∈ Z. The cell

∗ Departament de Matemàtica Aplicada, Universitat de València, Campus de Burjassot, 46100 Burjassot (SPAIN). Email: Antonio.Baeza@uv.es,
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with center (xr , ys ) is defined by:
(2)

[xr −

hx
hx
hy
hy
, xr +
] × [ys −
, y2 +
].
2
2
2
2

The computational domain is then given by
D = {(xr , ys ) : (xr , ys ) ∈ Ω,

r, s ∈ Z}

= (x + hx Z) × (y + hy Z) ∩ Ω.

line to ∂Ω passing by c∗ ) and then use a one-dimensional
extrapolation from the data on these points on the segment to
approximate the value at c∗ .
In case that the boundary conditions prescribe values for the
−
normal component of a vectorial unknown →
v related to the
coordinates frame (as is the case for reflective boundary conditions for the Euler equations), then one defines
c∗ − N (c∗ )
→
−
,
n =
kc∗ − N (c∗ )k

Notice that D is finite since Ω is bounded.

3.1

Ghost cells

We recall that WENO schemes of order 2k − 1 use an stencil
(consecutive indexes) of 2k points, therefore k additional cells
are needed at both sides of each horizontal and vertical mesh
line in order to perform a time step. These additional cells are
usually named ghost cells and, in terms of their centers, are
given by:
GC = GC x ∪ GC y ,
where



GC x = (xr , ys ) : 0 < d xr , Dyxs ≤ khx , r, s ∈ Z ,


GC y = (xr , ys ) : 0 < d ys , Dxyr ≤ khy , r, s ∈ Z ,

with

Dyxs = Πx (D ∩ (R × {ys })) ,

Dxyr = Πy (D ∩ ({xr } × R)) ,
where Πx and Πy denote the projections on the respective
coordinates and,
d(a, B) = inf{|b − a| : b ∈ B},
for given a ∈ R and B ⊆ R. Notice that d(a, ∅) = +∞, since,
by convention, inf ∅ = +∞.

3.2

Normal lines

We focus now on the two-dimensional setting and boundaries
with prescribed Dirichlet conditions, e.g., reflective boundary conditions for the Euler equations. In this situation, it
seems reasonable that the extrapolation at a certain ghost cell
c∗ = (x∗ , y∗ ) be based on the prescribed value at the nearest
boundary point. It can be proven that a point p ∈ ∂Ω satisfying
kc∗ − pk2 = min{kc∗ − p0 k2 :

p0 ∈ ∂Ω}

also satisfies that the line determined by c∗ and p is normal to
the curve ∂Ω at p, if ∂Ω is differentiable at p. Uniqueness of p
holds whenever c∗ is close enough to the boundary, so we will
henceforth denote N (c∗ ) = p.
This argument suggests that a good strategy is to perform a
(virtual) rotation of the domain and obtain data on some points
Ni ∈ Ω on the line that passes through c∗ and N (c∗ ) (normal

→
−
−
t =→
n ⊥,

−
and obtains normal and tangential components of →
v at each
point Ni of the mentioned segment by:
→
−
−
v t (Ni ) = →
v (Ni ) · t ,

−
−
v n (Ni ) = →
v (Ni ) · →
n.

The extrapolation procedure is applied to v t (Ni ) to approximate v t (c∗ ) and to v n (Ni ) and v n (N (c∗ )) = 0 to approximate
v n (c∗ ). Once v t (c∗ ), v n (c∗ ) are approximated, the approxima−
tion to →
v (c∗ ) is set to
→
−
→
−
−
v (c∗ ) = v t (c∗ ) t + v n (c∗ )→
n.
3.2.1

Choice of nodes on normal lines

As mentioned in Section 2, if we wish to formally preserve
a certain precision in the resulting scheme, it is necessary to
extrapolate the information from the interior of the domain in
an adequate manner. Therefore, if the basic numerical scheme
has order r it is reasonable to use extrapolation of this order at
least. For the sake of clarity, we will not distinguish between
interpolation or extrapolation when these take place at the
interior of the domain.
We proceed in a similar fashion as in [19]. Let (x∗ , y∗ ) ∈ GC
and consider the corresponding point in ∂Ω at minimal distance, N (x∗ , y∗ ). As already mentioned, the vector determined
by both points is orthogonal to ∂Ω at N (x∗ , y∗ ). Let us
suppose that we wish to use an extrapolation of order r at the
ghost cell center (x∗ , y∗ ).
At first place, one needs to obtain data from the information in
D at a set of points N (x∗ , y∗ ) = {N1 , . . . , NR }, with R ≥ r,
on the line determined by the points (x∗ , y∗ ) and N (x∗ , y∗ ).
By a CFL stability motivation, we will do the selection with a
spacing between them of at least the distance between (x∗ , y∗ )
and N (x∗ , y∗ ). We will choose the nodes depending on the
slope of the normal line, so that the use of interior information
is maximized. We will henceforth denote by E(x) the integer
rounding of x towards ∞, i.e., sign(E(x)) = sign(x) and
|E(x)| = min(N ∩ [|x|, ∞)).
We denote by v = (v1 , v2 ) the vector determined by (x∗ , y∗ )
and N (x∗ , y∗ ), so that the normal line passing through (x∗ , y∗ )
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is given by the parametric equations:

N4
N4,1

N4,2

N4,3

N4,4

x = x∗ + sv1

y = y∗ + sv2 .

N3
N3,1

Depending on the angle θ of the vector v = (v1 , v2 ), we
consider two possibilities:

N3,2

N3,3

N2,3

N2,4

N3,4

N2
N2,1

N2,2

1. |v1 | ≥ |v2 |.
N
N1,1 1 N1,2

2. |v1 | < |v2 |.

N1,3

N1,4

N0
v

In the first case we take points Nq0 = (x∗ + qCx hx , y∗ +
qCx hx vv21 ), with Cx ∈ Z chosen with the same sign as v1 and
so that:

Figure 1: Example of choice of stencil: Cy = 2, Nq,i ∈ Sq .

0
kNq0 − Nq+1
k2 ≥ kvk2
0
kNq0 − Nq+1
k2 =

P

hx |Cx |
|v1 |
kvk2 ≥ kvk2 ⇔ |Cx | ≥
.
|v1 |
hx

Therefore, our choice is Cx = E( hv1x ).
Now, if Dirichlet boundary conditions at
= N (x∗ , y∗ ) are
prescribed, we take the nodes
(3)
(
0
} if kN00 − N10 k2 ≥ kvk2 ,
{N00 , N10 , . . . , NR−1
N (x∗ , y∗ ) =
0
0
0
{N0 , N2 , . . . , NR } if kN00 − N10 k2 < kvk2 .
N00

In a dual fashion, in the second case we take points Nq0 =
(x∗ + qCy hy vv12 , y∗ + qCy hy ), with Cy = E( hv2y ) and
Sq = {Nq,1 , . . . , Nq,R } = argmin
A∈A

See Figure 2 for a graphical example.

N1,4

N (x∗ , y∗ ) = {N10 , N20 , . . . , NR0 }.

In this fashion, the chosen nodes N (x∗ , y∗ ) = {N1 , . . . , NR }
satisfy kNq − Nq+1 k2 ≥ kvk2 , q = 1, . . . , R − 1.
Denote Nq = (e
xq , yeq ). For each q for which u(e
xq , yeq ) is not
known, we need to obtain a sufficiently accurate approximation
of this value from the information on the interior nodes. Since
the second coordinate, yeq , of Nq does not need to coincide with
the center of a vertical cell, we will use interpolation from the
cells in the line x = x
eq by using the following set of points:
Sq = {Nq,1 , . . . , Nq,R } = argmin
A∈A

X

(e
xq ,ys )∈A

|ys − yeq |,

A = {A = {(e
xq , yj ), . . . , (e
xq , yj+R−1 )}/A ⊆ D}.

That is, we select the vertical stencil of length R with a first
coordinate fixed to x
eq such that it be as centered as possible
with respect to the point Nq , see Figure 1 for a graphical
example.

(xs ,e
yq )∈A

|xs − x
eq |,

A = {A = {(xj , yeq ), . . . , (xj+R−1 , yeq )}/A ⊆ D}.

If no boundary condition is specified on N (x∗ , y∗ ) then
(4)

X

P

v

N1,3

N2,4

N3,4

N4,4

N1,2

N2,3

N3,3

N4,3

N1
N0

N2

N3

N4

N2,2

N3,2

N4,2

N2,1

N3,1

N4,1

N1,1

Figure 2: Example of choice of stencil: Cx = 1, Nq,i ∈ Sq .
To perform these two one-dimensional data approximations,
it should be taken into account that the selected stencils can
include regions with singularities. We will see in the next
section how to proceed in this case.

902

4
4.1

A. Baeza, P. Mulet, D. Zorío
and define

Extrapolation

(8)

Motivation

vi = ui0 + (pr0 (xi ) − pr0 (xi0 )).

Interpolation can produce large errors if there is a discontinuity
in the region determined by the interpolation nodes and the
evaluation point. When implementing extrapolation at ghost
cells, as in Section 3, in order to avoid this considerable loss
of precision or even a complete failure of the simulation, it is
necessary to handle this situation carefully.

From (5), we have that vi = ui + O(hM
x ) if there’s smoothness
up to the (M − 1)-th derivative. On the other hand, assuming
that u is smooth on an open set that contains Sr0 , if there is
SR−M
a discontinuity within the whole stencil r=0 Sr and ui is
quite far from ui0 , since by construction vi = ui0 + O(hx ),
then it can be expected that vi also be quite different from ui .

Since in our procedure the interpolator is evaluated at a point
which is not necessarily centered with respect to the interpolation nodes, we cannot directly use techniques based on the
partition of the stencil in substencils and/or the weighting of
these, such as it is done in ENO [11] or WENO schemes, since
in this case not all the substencils are useful, this depending on
the localization of the discontinuity and the evaluation point.

In order for the smoothness assumption on Sr0 to make sense
in a general setting, one needs M ≤ E R2 , because all
substencils would overlap in some common central nodes
otherwise, leading to a situation where all substencils contain
a discontinuity if it is contained in the overlapping region.
Therefore, one can conclude that the proximity of vi with
respect to ui indicates the stencil smoothness that would entail
including ui in a hypothetical stencil for the final extrapolation.

Therefore, the interpolation strategy should be made more
flexible, in order to choose certain nodes as valid according
to some criterion and reject the rest. The strategy expounded
in section 3 lets us focus on a one-dimensional setting.

Finally, let δ ∈ (0, 1] be a threshold and define the set of
indexes

4.2

(9)

Stencil selection by thresholding

Lets us assume that we have information on a stencil of not
necessarily equispaced nodes, x1 < · · · < xR , with corresponding nodal values ui = u(xi ), and that we wish to interpolate
at a certain node x∗ .
The key node on which we establish a proximity criterion on
its corresponding nodal value is the interior node which is the
closest to x∗ , i.e., we choose the node xi0 , i0 ∈ {1, . . . , R}
such that:
i0 = argmin |xi − x∗ |.
1≤i≤R

Now, the goal is to approximate the value that that node should
have, based on the information of the “smoothest” substencil
and the node xi0 .
Let M , 1 ≤ M ≤ R, be the prescribed size for substencils. We
therefore have R − M + 1 possible substencils:
Sr = {xr+1 , . . . , xr+M },

0 ≤ r ≤ R − M.

We denote by pr (x) the interpolator associated to the stencil
Sr , 0 ≤ r ≤ R − M . If sufficient smoothness at the whole
stencil holds, then one has:
(5)

u(xi ) − pr (xi )

therefore
(6)

= O(hM
x ),

i = 1, . . . , R,

u(xi ) = u(xi0 ) + (pr (xi ) − pr (xi0 )) + O(hM
x ).

We select the substencil that solves:
(7)
M
−1 Z xr+M
X
2
r0 = argmin
(xr+M − xr+1 )2k−1 p(k)
r (x) dx,
0≤r≤R−M k=1

xr+1

Iδ = {i ∈ {1, . . . , R} :

δW (xi , ui ) ≤ W (xi , vi )} ,

where
and

W (x, u) = |u − ui0 | + D(x)
D(x) =

M
−1
X
j=1

(x − xi0 )j p(j)
r0 (xi0 ) .

Notice that Iδ 6= ∅, since i0 ∈ Iδ .
As last (optional) filter, if u∗ is the value obtained from
Lagrange interpolation from the resulting stencil, then the same
threshold criterion can be applied to that value, resulting in the
definitive extrapolation value:
 ∗
u
if δ 0 W (x∗ , u∗ ) ≤ W (x∗ , pr (x∗ ))
(10) u∗def =
ui0 if δ 0 W (x∗ , u∗ ) > W (x∗ , pr (x∗ ))
with 0 ≤ δ 0 ≤ 1.
By construction, the closer the parameter δ is to one the lesser
the tolerance to high gradients will be (with the consequent risk
of eliminating some nodes from smooth regions). On the other
hand, if δ is set too low, there may appear some oscillations or
artifacts near discontinuities.

5
5.1

Numerical experiments
One-dimensional experiments

In this section we present some one-dimensional numerical
experiments where both the accuracy of the extrapolation
method for smooth solutions and its behavior in presence of
discontinuities will be tested and analyzed.
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5.1.1

Linear advection, C ∞ solution.

We start with a simple one-dimensional test case that will be
used to illustrate the performance of the proposed method and
also to analyze the importance and relative influence of some
elements of the algorithm along the four examples detailed
below. The problem statement for this test is the same as in
[20]. We consider the linear advection equation
ut + ux = 0,

Ω = (−1, 1),

with initial condition given by u(x, 0) = 0.25 + 0.5 sin(πx)
and boundary condition u(−1, t) = 0.25 − 0.5 sin(π(1 + t)),
t ≥ 0. We apply a numerical outflow condition at x = 1,
where Dirichlet boundary conditions cannot be imposed due to
the direction of propagation of the information.
It is immediately checked that the unique (smooth) solution to
this problem is
u(x, t) = 0.25 + 0.5 sin(π(x − t)).
In order to numerically test the order of accuracy we perform
tests at resolutions given by n = 20 · 2j points, j = 1, . . . , 5.
The cell centers are xj = −1 + (j + 12 )hx , with hx = n2 . We
recall that the set of all cell centers which are interior to Ω is
D = {xj : j ∈ {0, . . . , n − 1}} .
Since we use WENO5 reconstruction, we require 3 extra cells
at each side of the boundary, where extrapolation from the
interior will take place.
• x = −1: xj , −3 ≤ j ≤ −1.

Given that the ODE solver is third order accurate, in order to
attain fifth order accuracy in the overall scheme, we need to
5
select a time step given by ∆t = n2 3 , with corresponding
Courant numbers ∆t/hx = (2/n)2/3 ≤ 1/202/3 .
We execute the simulation until t = 1 for all the previously
specified resolutions and we study the errors in the 1 and
∞ norms, together with the order deduced from them. We
consider different modalities of boundary extrapolation: First
order extrapolation using only the closest node value (Table
1) and five nodes extrapolation with filters by thresholding for
different choices of the thresholds (Tables 2–3).
Error k · k1
2.07E−3
5.32E−4
1.34E−4
3.38E−5
8.48E−6

Order k · k1
−
1.96
1.99
1.99
1.99

Error k · k∞
3.87E−2
1.96E−2
9.81E−3
4.91E−3
2.45E−3

From Table 2 on, we add the last column with the percentage
of extrapolations for which no rejection, either in the 5 nodes
or in the final result in the a posteriori criterion, has taken place
along the complete simulation.
n
40
80
160
320
640

Order k · k∞
−
0.98
1.00
1.00
1.00

Table 1: First order extrapolation.

Error k · k1
5.45E−5
3.06E−6
1.34E−8
2.64E−10
8.26E−12

Order k · k1
−
4.15
7.83
5.67
5.00

Error k · k∞
3.81E−4
3.65E−5
2.10E−7
6.95E−10
2.13E−11

Order k · k∞
−
3.38
7.44
8.93
5.03

% Success
86.18 %
95.77 %
99.55 %
100.00 %
100.00 %

Table 2: Filter for detection of discontinuities, δ = δ 0 = 0.99.
n
40
80
160
320
640

Error k · k1
8.73E−6
2.70E−7
8.45E−9
2.64E−10
8.26E−12

Order k · k1
−
5.01
5.00
5.00
5.00

Error k · k∞
2.44E−5
7.35E−7
2.31E−8
6.95E−10
2.13E−11

Order k · k∞
−
5.05
4.99
5.06
5.03

% Success
100.00 %
100.00 %
100.00 %
100.00 %
100.00 %

Table 3: Filter for detection of discontinuities, δ = 0.75,
δ 0 = 0.5.
From the results in those tables one can conclude that the
detection behavior improves with increasing resolution. The
technical reason for this is that the quotient between the quantities appearing in (9) satisfies
(11)

• x = 1: xj , n ≤ j ≤ n + 2.

n
40
80
160
320
640

The Table 1 illustrates that a low order extrapolation affects
the order of the global scheme. We can see that in this case is
downgraded to second order in k · k1 , while it’s first order in
k · k∞ .

lim

hx →0

|ui − ui0 | + D(xi )
= 1.
|vi − ui0 | + D(xi )

Even at low resolutions, we observe that it is sufficient to use a
relatively restrictive threshold for not rejecting any point in the
extrapolations procedure at each time step.

5.1.2

Linear advection, discontinuous solution.

We illustrate with this experiment the behavior of the schemes
when discontinuities are present and the entailed improvement
with respect to using Lagrange extrapolation with no filters.
We consider the same meshing and data as in the previous
problem, but now the boundary condition is:

0.25 if t ≤ 1
u(−1, t) = g(t) =
−1 if t > 1
With this definition, the unique (weak) solution to this problem
has a moving discontinuity and is given by:

−1
if
x<t−2

0.25
if t − 2 ≤ x ≤ t − 1
u(x, t) =

0.25 + 0.5 sin(π(x − t)) if
x≥t−1
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In Figure 3 we check the graphical results that correspond to
the simulation until t = 1.5, first using Lagrange extrapolation
with no filters and afterwards with a filter with δ = 0.75 and
δ 0 = 0.5, the same values that have achieved no node rejections
in the first test. As it can be seen in Figure 3, Lagrange extrapolation without filters leads to spurious oscillations around the
left side of the discontinuity, while thresholding removes them.

for the pressure and is given by the equation of state:


1
x 2
y 2
p = (γ − 1) E − ρ((v ) + (v ) ) ,
2
where γ is the adiabatic constant, that will be taken as 1.4 in
all the experiments.

5.2.1

Double Mach Reflection

−0.75

This experiment uses the Euler equations to model a vertical
right-going Mach 10 shock colliding with an equilateral triangle. By symmetry, this is equivalent to a collision with a
ramp with a slope of 30 degrees with respect to the horizontal
line, which is how we will model the simulation to half the
computational cost.

−0.8
−0.85
−0.9
−0.95

−1

−1.05

−1.1

The data for this problem are the following:
−0.8

−0.75

−0.7

−0.65

−0.6

−0.55

−0.5

−0.45

−0.4

−0.35

(a) Lagrange extrapolation (zoom).
Ω=
5

−0.75

(

√ 
)
3
1
x−
.
(x, y) ∈ (0, 4) × (0, 4) : y >
3
4

The domain with the corresponding boundary conditions is
4.5
sketched
in Figure 4.

−0.8

−0.85
−0.9

4

−0.95
3.5

−1

−1.05

−1.1

3

−0.8

−0.75

−0.7

−0.65

−0.6

−0.55

−0.5

−0.45

−0.4

−0.35
2.5

(b) Extrapolation with thresholds (zoom).
2

Figure 3: Comparison of different extrapolations for the linear
advection test with discontinuous solution.

1.5

1

5.2

Two-dimensional experiments
0.5

The equations that will be considered in this section are the
0
two-dimensional Euler equations for inviscid gas dynamics
–2.5
–2
–1.5
–1
–0.5
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
(12)


ρ
–0.5
 ρv x 
Figure 4: Domain for the double Mach reflection test.


,
ut + f (u)x + g(u)y = 0, u = u(x, y, t), u = 
ρv y 
–1
E




The initial conditions are the following:
ρv x
ρv y
x
2
x
y
 p + ρ(v ) 


 , g(u) =  ρv v y 2  .
u = (ρ, v x , v y , E) = (8.0, 8.25, 0, 563.5) if x ≤ 14 ,
f (u) = 
 ρv x v y

 p + ρ(v ) 
u = (ρ, v x , v y , E) = (1.4, 0, 0, 2.5)
if x > 14 .
v x (E + p)
v y (E + p)
In these equations, ρ is the density, (v x , v y ) is the velocity and
E is the specific energy of the system. The variable p stands

We perform the simulation until t = 0.2. The experiment consists in different simulations with different threshold values,

5

5.5
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2

considering also a version with a unique point in the stencil
(order 1). We show Schlieren plots of the turbulence zone at
that time.

1.8
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 6: Circle reflection test, t = 0.4.

(a) Fifth order extrapolations. δ = δ 0 = 0.9.

To halve the computational time by exploiting the symmetry of
the solution, we run a simulation until t = 0.4 and a mesh size
1
of hx = hy = 512
on the upper half of the domain, by adding
reflecting boundary conditions at the bottom. A Schlieren plot
of the result can be seen at Figure 6. As it can be seen, the
results are very similar to those obtained in [4].

5.2.3

Interaction of a shock with multiple circular obstacles

We repeat the previous experiment by adding multiple circles
in the domain as shown in Figure 7. This test can also be found
in [4]. In this case, we run the simulation until t = 0.5 and a
1
mesh size of hx = hy = 512
on the whole domain. As in the
previous experiment, we present a Schlieren plot for the last
time step in Figure 7. These results are again consistent with
those obtained in [4].
2

(b) Fifth order extrapolations. δ = δ 0 = 0.35.

1.8

Figure 5: Enlarged view of the turbulence zone (Schlieren).

1.6
1.4

As it can be seen, lower threshold values lead to better defined
vortices.

1.2
1
0.8

5.2.2

Interaction of a shock with a circular obstacle

We now change our data to a right-going vertical Mach 3 shock
initially located at x = 0.1 with a circular obstacle with center
(0.5, 1) and radius 0.2 into a square domain (0, 2) × (0, 2).
This experiment has already been performed in [4] using
penalization techniques.

0.6
0.4
0.2
0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Figure 7: Circles reflection test, t = 0.5.

2

906

6

A. Baeza, P. Mulet, D. Zorío

Conclusions and future work

In this paper we have presented some techniques for data
extrapolation to handle boundary conditions for finite difference numerical methods for hyperbolic conservation laws. We
have obtained some successful simulations in non rectangular
domains. This illustrates that Lagrange extrapolation is a
viable technique for filling-in auxiliary data at the ghost cells,
as long as sufficient care is taken for accounting for possible
discontinuities.
Furthermore, these techniques are designed to avoid an order
loss at the boundary of complex domains in methods that
require Cartesian meshes, a loss that can propagate to the rest
of the data, thus notably decreasing the simulation quality. The
results that have been obtained with these techniques entail
an improvement that solves the previous problem without a
significant increase in computational time at not excessively
low resolutions.
The extrapolation techniques proposed in this paper have the
advantage of letting a regulation of the tolerance to some variations at the boundary by using a threshold parameter. This,
besides being data scale independent, is useful in simulations
with strong turbulence or, in general, with wide regions where
the data is not smooth. However, the need of tuning the
thresholding parameters to the particular problem represents a
drawback of the method.
Therefore, as future work we encompass studying the design
of weighting methods, akin to WENO. We are also regarding,
on the other hand, the implementation of this methodology of
boundary extrapolation techniques to Adaptive Mesh Refinement algorithms [2, 3], trying not to excessively compromise
their recognized efficiency on rectangular domains.
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A first approach to the design of tidal turbines
A. Bermúdez∗, S. Busto∗, J. L. Ferrín∗ and P. Fontán∗

Abstract— In the design of a tidal turbine, maximize the energy production is crucial. Within the needed optimization process
many simulations are required in order to obtain the forces exerted over the blades. Nowadays, accurate theories and methods for
the study of the flow around turbines, like CFD, are being developed. However, their computational cost is very high. Therefore,
it is useful to have a first approach method, such as the Blade Element Momentum Theory (BEMT), which provides general
information about the behaviour of the fluid. Thereby, we will be able to discard the worst geometries and use only the promising
ones to carry on the more accurate but also more computational expensive studies.
We will introduce BEMT, showing the main advantages it offers to the design of turbines. Moreover we will present the criteria
and the methods we have implemented in order to optimize the blades. Finally, the results obtained for the BEMT code developed
and CFD simulations will be presented.
Keywords: BEMT, CFD, HATT.

1

Introduction

Recently, the use of renewable energy has highly increased.
The advantages that it offers have encouraged the development
of hydraulic, solar and wind devices. Nevertheless, we are not
yet profiting all the clean energy sources available in the world.
One of the coming challenges is the use of tidal energy.
The predictability of tidal currents and their low variability
make them ideal for the progress of the renewable energy
generation. One of the enterprises working on this field is
Magallanes Renovables S.L. They are developing a device with
two turbines supported by a floating structure. In the design
of this machine the main goal is to maximize its production.
As a part of this project, we have developed some researches
jointly. The problem stated dealt with the optimization of
several parameters such as the pitch, the chord and the twist
of the blades.
Concerning the blade design, we would like to model the flow
passing through the turbine. There are several methods which
would allow us to do that. For instance CFD, which is based on
the Navier-Stokes equations and provides a good approach to
the flow behaviour. Nevertheless, this method has an important
disadvantage, its computational cost is unachievable if it is
required to run many simulations. Thus, it is not useful to
compute all the information needed to apply an optimization
algorithm. Hence, we focus on a simplified theory, BEMT,
which provides general information about the behaviour of the
fluid.

Within the primary momentum theory, the turbine was assumed to be represented by an ideal actuator disc working under
a uniform pressure loss. The developed mathematical model is
based on conservation of mass, momentum and energy. These
principles are applied in a domain bounded by the stream tube
that flows through the actuator disc.
In order to consider the geometry of the blades, we should
apply BEMT. It combines the Blade Element Theory (BET)
with the former momentum theory. BET is based on the
division of each blade of the rotor into a number of sections
in the spanwise direction. After the forces on each section are
computed, their integration along the blade length provides the
total thrust and torque. Finally, the force equations obtained
within each methodology can be coupled in a system from
which the lift and drag forces are computed.
Once this simplified method is implemented, we should verify
its accuracy with respect to CFD simulations. Thereby, we are
able to discard the worst geometries and use only the promising
ones to carry on the more accurate but also more computationally expensive studies. Within the optimization process,
we apply BEMT to several profiles. Then, the outstanding
complete blades for each profile are analysed using CFD and
the blade which maximizes the energy production is selected.

2

Linear Momentum Theory

Linear momentum theory is based on the idea of motion in
the rotor axis direction. More precisely, firstly, we consider a

∗ Departamento de Matemática Aplicada, Universidad de Santiago de Compostela, Facultad de Matemáticas, 15782 Santiago de Compostela (SPAIN). Email:
alfredo.bermudez@usc.es, saray.busto@usc.es, joseluis.ferrin@usc.es, pedro.fontan@usc.es
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laminar incompressible flow. The domain, Ω, is defined by
means of the stream tube passing through the turbine. The
velocity field, v, is assumed to be parallel to the rotational axis.
The friction forces are neglected. The viscous forces and the
velocity field, vt , are assumed to be uniform on the actuator
disc. The free static pressure, π∞ , is fixed in the upstream
circles. The downstream boundary is far enough so that the
pressure on it can be assumed to be the free static pressure,
π∞ .

Since RC is as large as we desire, we can approximate the
above expression by its limit:
(1)

− X ≈ lim −X = π∞ (Ai − Ao ) .
RC →∞

Γi
πo
v

πo
v

πi
v

π∞
vi

Ω

π
v

πo
vo

Ω

Actuator disc

π∞
v

ΩC

π∞
vi

π∞
vo

Γ

Γ

π∞
vo

Γd

Γ
Wake

Γ

Γi
Stream tube boundary

Γ

Figure 2: Cylindrical domain.

Figure 1: Stream tube passing through the turbine.
Analysis of mass and momentum equations will result in two
different integral formulations in Ω. Therefore, two particular
expressions for the thrust calculus are obtained. Combining
these equalities yields the equations for the so-called axial
inflow factor, a. Besides, this factor allows for the computation
of the velocities on the rotor and outlet surfaces. Finally, the
thrust is determined.

2.1

Integral formulation I

Γi

Considering the mass conservation equation applied to a stream
tube domain and taking into account that the velocity field is
parallel to the rotor axis, we can conclude that

Γo

= π∞ (Ai − Ao ) e1 + (πto − πti ) At e1 − Xe1 .

Thus, by (1), we get

ρ |vt | At (|vo | − |vi |) = (πto − πti ) At ,

|vi | Ai = |vo | Ao ,
with vi , vo , Ai , Ao the velocities and the areas at the inlet and
outlet boundaries, respectively.
On the other hand, we can consider a cylinder containing the
stream tube domain such that its basis are coplanar with the
inlet and outlet surfaces. Then, we can define a domain ΩC
being the difference between the cylinder and the stream tube
and
Z

−X :=
πndAx
Γl

Let us split the stream tube domain, Ω, into two different
regions; upstream, Ωu , and downstream, Ωd . We denote Γi ,
Γo the inlet and outlet boundaries, Γt the actuator disc surface,
vt its axial velocity and πti and πto the upstream and the
downstream turbine pressure. Applying the linear momentum
conservation for a steady flow and taking into account that the
lateral boundary is defined by the stream tube, we obtain
Z
Z
ρvo vo · e1 dAx
ρvi vi · e1 dAx +
−

1

where Γl denotes the lateral boundary defined by the stream
tube and RC is the radius of ΩC . Applying mass and momentum conservation equations and Bernoulli’s theorem to ΩC , it
can be proved that
2

1
2 (Ai − Ao )
−X = π∞ (Ai − Ao ) + ρ |vi |
.
2
AC − Ao

and, hence, the forces on the turbine are
(2)

2.2

Ft = At (πti − πto ) = ρ |vt | At (|vi | − |vo |) .

Integral formulation II

From the kinetic energy conservation equation applied to Ωu
we deduce


ρ
2
2
|vt | At |vt | − |vi | + |vt | At (πti − π∞ ) = 0.
2
Analogously, for Ωd , we obtain


ρ
2
2
|vt | At |vo | − |vt | + |vt | At (π∞ − πto ) = 0.
2

Hence, the force exerted on the turbine is

ρ  2
2
(3)
Ft = At (πti − πto ) = At |vi | − |vo | .
2
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2.3

3.1

Axial inflow factor

Combining equations (2) and (3) we get

ρ  2
2
At |vi | − |vo | = ρ |vt | At (|vi | − |vo |) .
2
Hence, we have proved the following theorem:

T HEOREM 1 (F ROUDE ’ S THEOREM ) For an actuator disc
the following equality holds:
|vt | =

Blade element theory

Blade element theory is based on the division of each blade
of the rotor into a number of sections, n, of size δrs , in
the spanwise direction. Within each of them, chord (cs ),
pitch (θs ) and twist are assumed to be constant to simplify
the calculations. Once the forces on the blade sections are
computed, their integration along the blade length provides the
total thrust and torque.

1
(|vi | + |vo |) .
2

D EFINITION 2 (A XIAL I NFLOW FACTOR ) The axial inflow
factor, a, is defined by
(4)

|vo | = |vi | (1 − 2a).

Then from Froude’s theorem we deduce
(5)

|vt | = |vi | (1 − a).

Therefore, once we know the inlet velocity and the axial inflow
factor, we can compute the velocities on the rotor plane and
on the outlet section. Furthermore, the inflow factor gives a
new representation for the thrust force and its dimensionless
coefficient. Indeed from (2) or (3) and (4) we get
(6)

Ft =
CFt :=

ρ
2
At |vi | 4a(1 − a),
2
Ft
ρ
2 At

2

|vi |

= 4a(1 − a).

In addition, taking into account (5) and (6), the rotor power,
i.e., the kinetic energy lost by the flow traversing the rotor per
unit time, can be written as

Figure 3: Spanwise division of the blade.
Henceforth, we will study the forces on a blade spanwise
section. Let N be the number of blades, rs the distance
between the section and the axis of the turbine, αs the angle
of attack, ϕs the direction of the blade relative velocity, Ws
the blade relative velocity, wts the linear velocity on the rotor
plane, Ls and Ds the lift and drag forces per unit length, Fs the
thrust and Ts the torque.

3

Pm = Ft |vt | = 2ρAt |vi | a(1 − a)2 ,
and its dimensionless coefficient becomes
Cp :=

Pm
3
1
ρA
t |vi |
2

= 4a(1 − a)2 .

1
Then, the optimal value of Cp is 16
27 and is achieved for a = 3 .
This optimal value is called the Betz limit.

3

Blade Element Momentum Theory

BEMT combines both the BET and the former momentum
theory. Some of the principal advantages of BEMT versus
Linear Momentum Theory are that it is assumed a positive
value for the rotor diameter, the wake flow is considered
rotational, tip loss can be computed, a new definition for the
thrust coefficient is provided, the effects of waves, cavitation
and stall can be taken into account.
In order to describe BEMT we will introduce BET and we will
develop angular momentum theory.

Figure 4: Velocities and forces exerted on the blade section.
By studying the velocity field and the forces exerted on each
section of the blade, equations for the local thrust and torque
are obtained:
(7)

Fs = (Ls cos ϕs + Ds sin ϕs ) δrs N,
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(8)

Ts = (Ls sin ϕs − Ds cos ϕs ) rs δrs N.

The lift and drag forces are usually substituted by its dimensionless coefficients, namely,
(9)

CLs :=

(10)

CDs :=

Ls
2
1
2 ρ |Ws | cs

,

Ds
,
2
1
2 ρ |Ws | cs

which entirely depend on the geometry of the blade profile of
the airfoil. They should be calculated for the different angles
of attack in order to compute the thrust and the torque.

3.2

Linear and angular momentum theory

As it was done in the previous section, momentum theory will
be applied on a stream tube domain. Considering the coupling
between BET and momentum theory, the stream tube lateral
boundaries intersected with the rotor plane must match one of
the blade spanwise divisions introduced in the previous section.
This leads to a ring-shaped domain, Ωs .

Figure 5: Control volume stream tube.
For this domain we can obtain, as in Section 2, the thrust force
exerted on the blade section:
(11)

Fs = ρAts |vts | (|vi | − |vos |)

where ω is the angular velocity of the turbine and a0s represents
the angular inflow factor. Then, taking into account Kelvin’s
circulation theorem (see [6]), we obtain
(13)

2a0s ωos ro2s = 2a0s ωrs2 .

Finally, by writing (12) in terms of the inflow factors and
replacing (13), we get
Ts = ρAts |vi | (1 − as ) 2a0s ωrs2 .

3.3

Linear velocity on the rotor plane

Since the upstream fluid approaching the turbine is in irrotational motion, then there can be no circulation in front of the
rotor plane. Also the bound vorticity on the turbine blades
must cause equal and opposite induced angular velocities ±ωi0
immediately before and behind the rotor plane. Therefore, the
induced angular velocity of the trailing vortex system must
have the value ωi0 at the rotor plane in order to cancel the effect
of the bound vortices in front of the disc. It follows that the
total induced angular velocity immediately behind the rotor
plane is 2ωi0 , and this is the angular velocity previously denoted
by ωi . Hence the induced angular velocity of the trailing
vortices at the rotor plane is 12 ωi . Finally, as the mean linear
velocity on the rotor plane relative to the fluid surrounding the
blades is the summation of the angular velocity of the turbine
and the induced angular velocity multiplied by the radio, rs ,
then


1
|wts | = ω + ωi rs = ωrs (1 + a0s ).
2

3.4

Coupling between force equations

Combining the thrust and torque equations, (7) with (11) and
(8) with (12), it yields

Applying the angular momentum equation to Ωs it yields,
Z
Z
−
ρ |vi | (r × v) dAx +
ρ |vos | (r × v) dAx = mos (t).

(

Moreover, as the torque exerted on the blade section is
Z
Z
mos (t) =
r × s(n)dAx +
r × bdVx

Thus, taking into account the definitions of the lift and drag
coefficients, (9) and (10), and defining the solidity ratio as the
portion of the annulus occupied by the blades of the turbine,

Γis

Γos

∂Ωs

(Ls sin ϕs − Ds cos ϕs ) N rs δrs = 2ρπrs δrs |vts | |wos | ros .

Ωs

and the inlet angular velocity is supposed to be zero, then
(12)

(Ls cos ϕs + Ds sin ϕs ) N δrs = 2ρπrs δrs|vts | (|vi | − |vos |) ,

Ts = ρAts |vts | |wos | ros .

Let us assume that the induced angular velocity is proportional
to the angular velocity of the turbine device, namely,
ωi = 2a0s ω

σs :=

N cs
,
2πrs

it holds
 σ
s
2

|Ws | (CLs cos ϕs + CDs sin ϕs ) = |vts | (|vi | − |vos |) ,

2
σ
r

 s |W|2s (CLs sin ϕs − CDs cos ϕs ) = |vts | |wos | os .
2
rs
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From Figure 4 it follows
sin ϕs = |vi |

1 − as
,
|Ws |

Tt = N
cos ϕs =

ωrs (1 +
|Ws |

a0s )

.

CFt =

Ft
1
2 ρAtip

2,

|vi |

CTt =

N R − rs
f=
.
2 rs sin ϕs

Moreover, we multiply the right term of the momentum equation by F and, hence, (14) is rewritten as

as
σs (CLs cos ϕs + CDs sin ϕs )


=
,

1 − as
4F sin2 ϕs
(15)
a0s
σs (CLs sin ϕs − CDs cos ϕs )



=
.
1 + a0s
4F sin ϕs cos ϕs

Glauert correction

Turbulence and recirculation can appear behind the rotor for
high Reynolds number flows. Therefore, one of the basic
assumptions of momentum theory is compromised. This will
happen for an axial inflow factor greater that 0.4. In order
to avoid this problem, Glauert has developed the following
empirical relationship for the correction of as :

p
1 
0.143 + 0.0203 − 0.6427 (0.889 − CTs ) ,
as =
F
which reports the effects of the turbulent wake over the turbine.

Distribution of forces on the turbine

rroot

|vi |

2.

and the tip speed ratio,

4

ωRtip
.
|vi |

Optimization

In order to maximize the production of the turbine we will
modify the design of the blades. The developed code adjusts
the chord and the pitch of each blade section toward the global
blade optimization,
Maximize Tt (αsi , csi ).
Subject to the following restrictions:
• the allowed intervals for the values of the chord and the
angle of attack are fixed,
ϕsi − β ≤ αsi ≤ ϕsi + β,
a ≤ csi ≤ b,

∀i ∈ [1, n],

∀i ∈ [1, n]

where β ∈ (0, π) and 0 < a ≤ b;
• we impose
max



αsi+1 − αsi
δ rs



≤ 0.3

max



csi+1 − csi
δ rs



≤ 0.3

1≤i≤n−1

and
1≤i≤n−1

to prevent the geometry from sharp edges;
• the total surface area occupied by the blade is bounded
using
n
n
X
X
δ rs
csi ≤ cm
δ r si ,
i=1

System (15) is solved for each section of the blade and the
forces are computed. Next, the thrust and the torque exerted
on the rotor can be obtained:
Z Rtip
Ft = N
(Ls cos ϕs + Ds sin ϕs ) dr,

Tt
1
2 ρAtip Rtip

Eventually, it could be interesting to compute the power generation,
Pm = Tt ω,

TSR =


2
F = arccos e−f ,
π

3.7

(Ls sin ϕs − Ds cos ϕs ) rdr.

Furthermore, their dimensionless coefficients are given by

Tip loss

We have developed the general theory of BEMT for a section
of the blade. Within it, we have assumed that the axial
and rotational components of the velocity are much higher
than the radial component, so that, the latter was neglected.
Nevertheless, at the tip of the blade the vortex sheets generated
will acquire special relevance and will cause the thrust and
torque forces to decrease. We will take into account these tip
losses following [5], where their effects are included through a
correction factor to the induced velocity field given by

3.6

Rtip

rroot

Hence, we deduce that the axial and angular inflow factors are
the solution of the following system:

σs (CLs cos ϕs + CDs sin ϕs )
as


=
,

1 − as
4 sin2 ϕs
(14)
σs (CLs sin ϕs − CDs cos ϕs )
a0s



=
.
1 + a0s
4 sin ϕs cos ϕs

3.5

Z

i=1

where cm denotes an averaged chord.

The stated problem will be solved using the COBYLA optimization. One of the main advantages of this algorithm is that
it does not require the gradient of the objective function.
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Numerical results

6

In this section, we will present the results obtained for the
optimization of a NACA 2412 profile for a ten meters blade.
The corresponding minimization problem is
Maxize Tt (αsi , csi )
Subject to
ϕsi − π/6 ≤ αsi ≤ ϕsi + π/6,

∀i ∈ [1, n],

0.1 ≤ csi ≤ 0.4,
∀i ∈ [1, n],
o
n α
si+1 −αsi
≤ 0.3,
max1≤i≤n−1
δrs
o
n c
si+1 −csi
≤ 0.3,
max1≤i≤n−1
δrs
Pn
Pn
δrs i=1 csi ≤ 0.2 i=1 δrsi .

The blade obtained using the in-house developed code is shown
in Figure 6 . The lift and drag coefficients were provided to the
program by Xfoil (see [4]).

Conclusions

A first approach of the optimization of a blade profile of an
horizontal axial tidal turbine was presented. We have used
the blade element momentum theory. The main advantages of
BEMT applied to the optimization of a turbine were pointed
out. Moreover, a minimization problem was introduced and
solved. Finally, the results obtained with the implemented code
for a NACA 2412 blade profile were shown.
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Numerical methods for kinetic equations in
semiconductor superlattices
E. Cebrián∗, M. Álvaro†, M. Carretero† and L. L. Bonilla†

Abstract— We compare different numerical methods for solving the Boltzmann–Poisson kinetic equation describing electron
transport in semiconductor superlattices (SL). The associated initial-boundary value problem is computationally intensive, and it
requires the use of efficient and accurate numerical methods and a large integration time to observe the Gunn-type self-oscillations
of the current that characteristically appear among its stable solutions. We solve the Boltzmann-Poisson kinetic equation model
in two ways: by a previously used deterministic particle method and also by an efficient and accurate implicit finite differences
method. Then we validate the Chapman-Enskog perturbation method used to derive the non-linear drift-diffusion equation for
the electric field in-side the SL in a high-electric field hydrodynamic limit.
Keywords: Semiconductor superlattice, Boltzmann-Poisson equation, Chapman-Enskog method, numerical methods.

1

Introduction

Semiconductor superlattices are artificial crystals formed by
epitaxial growth of layers belonging to two different semiconductors that have similar lattice constants. The period of
these strata is typically about 10 nanometers whereas the cross
section of the superlattice has radius above 50 microns. They
were synthesized following Esaki and Tsu’s idea that these
artificial crystals would be useful to realize Bloch oscillations
or related high-frequency oscillations [10]. In a doped superlattice (SL), self-sustained current oscillations of lower frequency
have been observed in experiments and explained by theory
[6, 3]. They are produced by repeated formation of pulses
of the electric field at the injecting contact of a dc voltage
biased SL and their motion toward the collecting contact. To
understand the electron transport responsible for self-sustained
oscillations, mathematical models based on the Boltzmann
transport equation have been proposed and used since the
1970s [12, 6]. Aspects of electron transport can be understood
by ignoring space charge effects and simplifying the model
equations, but the study of self-sustained oscillations requires
considering these effects. The earliest Boltzmann-type model
was introduced by Ktitorov, Simin and Sindalovskii [12]. They
assumed that only one miniband of the SL was populated by
electrons and modeled the collision terms in the Boltzmann
equation by one simple, energy-conserving, impurity collision
term and by a relaxation-time term involving the distribution
function in thermal equilibrium. Later Ignatov and Shashkin
improved the relaxation-time term by assuming that the distri-

bution function relaxes towards a local equilibrium containing
the instantaneous value of the electron density [11]. Their
analyses were based on simplified reduced ordinary differential
equations that can be derived from the kinetic equation if the
space dependence is ignored. To include space charge effects,
it suffices to couple the kinetic equation for the distribution
function to a Poisson equation for the electric potential created
by electrons. The resulting Boltzmann-Poisson model was first
studied by Bonilla, Escobedo and Perales (BEP) [5]. They
derived, using a Chapman-Enskog method, a nonlinear driftdiffusion equation (DDE) for the electric field inside the SL in
a high-electric field hydrodynamic limit. Then they solved the
resulting problem numerically with appropriate boundary and
initial conditions. Stable self-sustained oscillations are among
the solutions found numerically. A direct numerical solution of
the kinetic Boltzmann-Poisson system considered by BEP also
shows stable self-sustained oscillations for appropriate values
of the voltage bias [8].
In this work we present a comparison, in terms of accuracy and
computational cost, the numerical solution of the DDE with
the one obtained by solving directly the kinetic equation. We
solve the BEP Boltzmann-Poisson kinetic equation model in
two ways: by a previously used deterministic particle method
and also by an efficient and accurate implicit finite differences
method. Then we validate the Chapman-Enskog perturbation
method used to derive the DDE for the present semiclassical
Boltzmann-Poisson problem [2].
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The rest of the paper is as follows. In section 2 we describe the model equations and write them in nondimensional
form. Section 3, explain the numerical methods and present
the numerical results. Finally, in section 4 we include our
conclusions.

2

Model equations

The BEP Boltzmann-Poisson system for 1D electron transport
in the lowest miniband of a strongly coupled SL is [5]:
∂f
eF ∂f
∂f
+ v(k)
+
= Q(f, f F D ) = Q,
∂t
∂x
~ ∂k

(1)

(2)

 νimp
Q = −νen f − f F D −
(f − f (x, −k, t)) ,
2

(3)

(4)

(5)

ε

l
n=
2π

f

FD

Z

e
∂F
= (n − ND ),
∂x
l

π/l

l
f dk =
2π
−π/l

Z

Nondimensional equations

We nondimensionalize the BEP Boltzmann-Poisson kinetic
equations (1)-(5) using units based on the hyperbolic scaling
explained in [5]. The resulting system of equations is


∂f
∂f
∂f
e f F D ),
(6)
λ
+ γ sin(k)
+F
= Q(f,
∂t
∂x
∂k
(7)

FD
−f
τ2 − 1
e f F D) = f
− e
[f − f (x, −k, t)],
Q(f,
τe
2τe

∂F
= n − 1,
∂x

(8)

(9)
(10)

Z

1
n=
2π

π

1
f dk =
2π
−π

Z

π

f F D (k; µ(n)) dk,

−π

f F D (k; µ) = α ln [1 + exp (µ − E(k))] ,

where we have defined the dimensionless parameters
π/l

f F D (k; µ(n))dk,

−π/l




m∗ kB T
µ − E(k)
(k; µ) =
.
ln 1 + exp
π~2
kB T

with f = f (x, k, t) where x ∈ [0, L] and is periodic in k
with period 2π/l. Here f , f F D , n, ND , E, l, −F , ε, m∗ ,
kB , T , νen , νimp and −e < 0 are the one-particle distribution
function, the 1D local equilibrium distribution function, the
2D electron density, the 2D doping density, the miniband
dispersion relation, the SL period, the electric field, the SL
permittivity, the effective mass of the electron, the Boltzmann
constant, the lattice temperature, the constant frequency of
the inelastic collisions responsible for energy relaxation, the
constant frequency of the elastic impurity collisions and the
electron charge, respectively. Both the exact and the local
equilibrium Fermi-Dirac distribution functions have the same
electron density according to (4). The chemical potential µ
is a function of the electron density n that can be obtained
by inserting (5) into (4) and solving for µ = µ(n). The first
term in the collision operator (2) represents energy relaxation
towards a 1D effective Fermi-Dirac distribution f F D (k; µ)
(local equilibrium) due to, e.g. phonon scattering. The second
term in Eq.(2) accounts for impurity elastic collisions, which
conserve energy but dissipate momentum [12, 5, 6].
We assume the simple tight-binding miniband dispersion relation, E(k) = ∆
2 (1 − cos(kl)) where ∆ is the first miniband
width, and then the group velocity is given by:
v(k) =

2.1

1 ∂E
∆l
=
sin(kl).
~ ∂k
2~

τe =

r

νimp
,
νen

γ=

2τe f0F D (M )
,
f1F D (M )

m∗ kB T
,
π~2 ND

λ=

1
.
νen τe [t]

1+

α=

Here fj and f F D are the Fourier coefficients of f and f F D :
Z π
Z π
1
1
−ijk
FD
fj =
fe
dk, fj =
f F D cos(jk) dk,
2π −π
2π −π
and M is the chemical potential for n = 1 (dimensionless
doping density). The nondimensional current density becomes:
Z π
1
Jn =
γ sin(k) f (x, k, t) dk = −γ Imf1
2π −π
and the nondimensional voltage bias condition:
Z L
(11)
F (x, t) dx = φL,
0

where φ is the uniform initial nondimensional electric field.
We will use ohmic boundary conditions at the contacts, since
we know they appropriately describe current self-oscillations
in the DDE for the electric field [5]. The dimensionless
boundary conditions at x = 0 and x = L, respectively, are:
Z 0
f (0)
πσF
sin(k)f − dk,
f+ =
− Rπ
(0) dk
γ
sin(k)f
−π
0


Z
π
2πf (0)
1
f− = R 0
1−
f + dk .
2π 0
f (0) dk
−π

We will use nondimensional equations in the rest of the paper.
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2.2

(0)

where Jn (n, F ) = −γ Imf1

Chapman-Enskog method

The Chapman-Enskog ansatz consists of writing the distribution function as an expansion in powers of the parameter λ:
(12)

f (x, k, t; λ) =

∞
X

f (m) (k; F, n)λm

m=0

∞
X
∂F
+
J (m) (F, n) λm = J(t).
∂t
m=0

(13)

The coefficients f (m) (k; F, n) depend on x and t only through
their dependence on the electric field and the electron density.
Moreover, if we integrate (12) over k, we find that
Z π
(m)
f (m) (k; n) dk = 2π f0 = 0, m ≥ 1,
−π

(m)

where f0
for λ = 0
(14)

∞
X
(1 − irF/τe ) frF D irk
e .
1 + r2 F 2
r=−∞

Lf (1) = −

Lf (2) = −





∂f (0)
∂t

∂f (1)
∂t

+ γ sin(k)
0

+ γ sin(k)
0

∂f (0)
∂x





∂ (0)
f
∂t

∂f (1)
∂x

−

,

Lu(k) ≡ F

∂u
1
+
∂k
τe



τe2 + 1
2



u−



τe2 − 1
2



(1)

fr(1) (F ) =

(1)

1

u(−k)



(1)

ReSr + iτe−2 ImSr − irF Sr /τe
(1 + r2 F 2 )νen

where the subscript r means the rth Fourier coefficient, and
S is the right hand side of (15). Now we can obtain f (0) and
(0)
(1)
f (1) from (14) and (16), calculate Im f1 and Im f1 and then
insert them into the Ampère’s law (13) obtaining the following
hydrodynamic DDE for the field:
∂F
+ Jn (n, F ) = J(t)
∂t

Particles method

We have used a deterministic Particles Method (PM) [13, 9, 8],
that relies on a particle description of the distribution function,
which means that f is written as a sum of delta functions
f (x, k, t) ≈

Np
X
i=1

ωi fi (t) δ(x − xi (t)) δ(k − ki (t))

In the PM, the motion of particles is governed by collisionless
dynamics, whereas the collisions are accounted for by the variation of weights. The evolution of the particles is determined
by their positions and wave vectors which are the characteristic
curves of the convective part of (6). Their equations are:
d
1
d
ki (t) = Fi (t),
xi (t) = γ sin (ki (t))
dt
λ
dt
where Fi (t) = F (xi (t), t) denotes the electric field at the
instantaneous position of the i-th particle.

and the subscripts 0 and 1 in these equations mean that ∂F/∂t
is replaced by J − J (0) (F ) and by −J (1) (F ), respectively.
Equation (15) yields the first order correction of f :

(17)

3.1

Numerical methods

(18)

and so on. Here

(16)

3

=−

where ωi , fi (t), xi (t) and ki (t) are, respectively, the (constant)
control volume, the weight, the position and the wave vector of
the ith particle. Np is the number of numerical particles.

By inserting equations (12) and (13) into equation (6) and
equating coefficients of λm in both sides of the resulting
equation, we obtain the following hierarchy of equations for
f (m) with m ≥ 1:
(15)

with:

γF/τe F D
f
1 + F2 1


τe−2 (1 − F 2 ) − 2F 2
γF/τe F D
(1)
Imf1 =
J−
f
f1F D −
(1 + F 2 )3
1 + F2 1



γF 1 + τe−2 ∂ F/τe f1F D ∂f1F D
γ
+
×
2
2
2
(1 + F ) ∂x
1+F
∂n
2τe (1 + F 2 )



 FD 

∂
∂2F
∂
f2
F f2F D
+
2F
+
.
−
∂x 1 + 4F 2
∂x 1 + 4F 2
∂x2
(0)

Imf1

is the zero-th harmonic of the solution of Eq.(6)

f (0) (k; F ) =

(1)

− λ γ Imf1

The evolution of the weight fi (t) is given by the ordinary
differential equation:
1
d
fi (t) = Qi (t)
dt
λ
e (Eq.7).
where Qi (t) approximate Q
(19)

The system of ordinary differential equations (18) - (19) is now
solved by using a modified (semi-implicit) Euler method:
1
fin+1 = fin + ∆t Qni ,
λ
xn+1
i

1
kin+1 = kin + ∆t Fin ,
λ

n+1
n
= xi + ∆tγ sin ki
.

To calculate xi , ki and fi at time step tn+1 , we need to update
the electric field and the collision operator Q in the equations
for the particles. According to Eqs. (8), (9) and (10), this
updating requires an interpolation procedure to generate an
approximation of the distribution function on a regular mesh
Xj , Km which is then used to approximate the electric field,
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the density, the chemical potential and the collision operator Q.
To approximate the values of the distribution function over the
n
mesh, fj,m
, we use the following weighted mean of its values
for the particles, fin :
n
fj,m



−1
Np
Np
X
X
i,n
i,n
=
fin Wj,m  
Wj,m 
i=1

i=1

where, with W (z) = max {0, 1 − |z|},

 

Xj − xni
Km − kin
i,n
Wj,m = W
W
∆x
∆k
and ∆x and ∆k are the spatial and wave vector steps.

3.2

Finite difference method

This method is based on an implicit second order finite difference numerical scheme for the kinetic equation (6). Since
the convective coefficient sign depends on the direction of the
velocity v(k) = γ sin(k), we will use second order backward
differences (upwind scheme) for approximating the spatial
derivative of f when k > 0:
n
n
n

3fj,m
− 4fj−1,m
+ fj−2,m
∂f
(xj , km , tn ) =
+ O (∆x)2
∂x
2∆x

and forward differences (downwind scheme) when k < 0:

n
n
n

−3fj,m
+ 4fj+1,m
− fj+2,m
∂f
(xj , km , tn ) =
+O (∆x)2
∂x
2∆x

n
where ∆x = L/Nx is the space step and fj,m
= f (xj , km , tn ).
For approximating the derivative with respect to the wave
vector, we use central differences:
n
n

fj,m+1
− fj,m−1
∂f
(xj , km , tn ) =
+ O (∆k)2
∂k
2∆k

where ∆k = 2π/Nk . We use the following approximation for
n+1
the time derivative (f (xj , km , tn+1 ) = fj,m
):
!
n+1
n

∂fj,m
∆t ∂fj,m
n+1
n
fj,m
= fj,m
+
+
+ O (∆t)2
2
∂t
∂t
which is equivalent to a second-order, implicit, Runge-Kutta
method (trapezoidal rule). Therefore, the numerical scheme
for the distribution function f , at the internal grid points, is:

∆t
γ sin(m∆k)
n+1
n+1
n+1
n
fj,m = fj,m +
±
3fj,m
− 4fj−1,m
2
2∆x

n+1
n
n
n
+fj−2,m
+ 3fj,m
− 4fj−1,m
+ fj−2,m
Fjn+1 n+1
Fjn
n+1
n
−
(fj,m+1 − fj,m−1
)−
(f n
− fj,m−1
)
2λ∆k
2λ∆k j,m+1
τ 2 + 1 n+1
τ 2 − 1 n+1
n
n
− e
(fj,m + fj,m
)+ e
(f
+ fj,−m
)
2τe λ
2τe λ j,−m



1
F D n+1
FD n
+
(f )j,m + (f )j,m .
τe λ

The ± depends such that the grid point falls within k > 0 or
k < 0. For the boundary grid points we take into account,
among other things, the boundary conditions.
After calculating f at time tn+1 , we can obtain the electron
density n by using (9) (with the composite Simpson’s rule)
and then the electric field can be calculated with the Poisson
equation (8), which is solved by a 4th order Runge-Kutta
method:
n+1
n+1
Fj+1
− Fj−1
=

∆x n+1
(nj−1 + 4nn+1
+ nn+1
j
j+1 − 6),
3

for j = 1 . . . Nx − 1 and at j = Nx we use a second order
Runge-Kutta (trapezoidal rule) method:
FNn+1
− FNn+1
=
x
x −1

∆x n+1
(nNx −1 + nn+1
Nx − 2)
2

together with the voltage bias boundary condition:
n+1
n+1
F0n+1 +4F1n+1 +2F2n+1 +...+2FNn+1
=
−2 +4FN −1 +FN

3φL
∆x

we have Nx + 1 equations for the unknowns F0n+1 . . . FNn+1
.
x

3.3

Numerical scheme for DDE

Before solving numerically (17), we must write it as a drift
diffusion type of equation. Taking into account that f1F D
depends on n, which be can expressed in terms of ∂x F through
the Poisson equation (8), in the low temperature limit, the local
equilibrium distribution function f F D becomes the Boltzmann
distribution, whose Fourier coefficients are proportional to the
electron density n, therefore, we will write the coefficient f1F D
in a similar way:


∂F
FD
f1 = I10 (µ)n = I10 (µ) 1 +
∂x
Rπ

f F D (µ,k) cos(k) dk

with I10 (µ) = −πR π f F D (µ,k) dk
−π
be written as follows:

. Now the DDE (17) can

∂F
∂F
∂2F
+A
+B
+CJ =D
∂t
∂x
∂x2

(20)
where
A=

γF/τe
I10
1 + F2

C = −1 − λγ

B=−

λγ 2
2τe (1 + F 2 )

(1 − F 2 )τe−2 − 2F 2 F D
f1
(1 + F 2 )3


λγ
γF/τe (τe−2 (F 2 − 1) + 2F 2 ) F D 2
D=
f1
+
1 + F2
(1 + F 2 )3

 FD 


γ
∂
f2
∂
F f2F D
−
+ 2F
−
2τe
∂x 1 + 4F 2
∂x 1 + 4F 2
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γF 1 + τe−2 ∂ F/τe f1F D ∂f1F D
γF/τe
−
I10 .
1 + F2
∂x
1 + F2
∂n
1 + F2
Note that all the terms with the λ factor in A, B, C and
D correspond to the first correction of the Chapman-Enskog
expansion, since λ  1. We have used an implicit finite
differences numerical scheme to solve the partial differential
equation (20). In order to avoid numerical instabilities, our
scheme employs a fixed point iteration method to find the
numerical solution of F and J at each time step. We use a
scheme similar to the one described and proved to converge
in [7]. We use central differences for approximating spatial
derivatives, and the resulting differential equation is integrated
in time by a first order implicit Euler method. This procedure
leads to a system of the electric field Fjn ≈ F (j∆x, n∆t) plus
J. In order to save computational effort we will set up the finite
difference system of equations with a tridiagonal coefficients
matrix, in the following way:

2 V for the 72 meV superlattice). This is much more computationally intensive than smaller biases that do not produce
current oscillations.
For the numerical solution we have used the values specified
in [14] for a 120-period dc voltage biased 3.64 nm GaAs/0.93
nm AlAs SL with lattice temperature 300 K, ∆ = 72 meV,
ND = 4.57×1010 cm−2 , νen = 9×1012 s−1 , νimp = 2×1013
s−1 and contact conductivity σ = 1 Ω−1 cm−1 . Initially, the
profile of F is uniform, with a value of 27.9 kV/cm.
As shown in Fig.1, after a short transient that depends on
the initial conditions, we observe Gunn type self sustained
oscillations of the current of approximately 31 GHz, due to
the periodic recycling and motion of electric field pulses from
the cathode to the anode.

n+1
n+1
aj Fj−1
+ bj Fjn+1 + cj Fj+1
+ dj J n+1 = gj

with coefficients:

∆x∆t n+1
cj =
Aj + ∆t Bjn+1 ,
2
2

gj = (∆x)

Fjn

bj = (∆x)2 − 2∆t Bjn+1 ,
dj = (∆x)2 ∆t Cjn+1

+ (∆x)

2

8

(a)

where ∆x = L/N and all the coefficients A, B, C and D of
(20) are evaluated at time tn+1 .
The voltage bias integral constraint is solved by the composite
Simpson’s rule:

t1

0.7

t2

0.5
0.4
0

(b)

t3

6

0.8

0.6

∆t Djn+1

n+1
n+1
F0n+1 +4F1n+1 +2F2n+1 + ... +2FNn+1
=
−2 +4FN −1 +FN

1
0.9

F/[F]

∆x∆t n+1
Aj + ∆t Bjn+1 ,
2

J/[J]

aj = −
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200
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Figure 1: (a) Total current density vs time. (b) Electric field.

3φL
.
∆x

The boundary condition at the injector (x = 0) and collector
(x = L) contacts are, respectively:
(1 + σ ∆t)F0n+1 − ∆t J n+1 = F0n ,

FNn+1 = FNn+1
−1 .

Then J can be calculated directly from the boundary condition
at the injector contact:


1
1 n
J n+1 = σ +
F0n+1 −
F .
∆t
∆t 0

3.4

Numerical results

Since the Chapman-Enskog nondimensional small parameter λ
increases with the superlattice miniband width, we have chosen
from experimental data of [14], the superlattice with the largest
miniband width, for which λ is about 0.15 (for example, for the
16 meV superlattice, λ is less than 0.01). With respect to the
voltage bias, we chose 1.53 V, which is a typical voltage that
yields current oscillations in the experiments (between 1 and

Figure 2 shows the comparison of the numerical results obtained with the three different methods when we use ∆t =
10−3 , Nx = 480 and Nk = 40 for both finite difference
and particles methods and ∆t = 10−2 , Nx = 240 for the
Chapman-Enskog method. We can observe that the direct solution of the kinetic equation by means of the finite difference
method and the particles method is very similar, while the
solution of the DDE derived by means of the Chapman-Enskog
method has a small error that results on a smaller velocity of
the electric field pulses with the subsequent smaller value of
the current oscillation frequency. On the other hand, for the
Chapman-Enskog method the time discretization can be one
order of magnitude larger and therefore the number of time
iterations is ten times smaller.
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Figure 2: Solid line indicates finite difference method, dashed
line is for the particles method and dotted line is for the
Chapman-Enskog method. (a) Current density versus time. (b)
Electric field.

4

Conclusions

We have solved numerically the BEP Boltzmann-Poisson kinetic equation for semiconductor superlattices exhibiting selfsustained oscillations of the current by three different methods.
This initial boundary value problem is very computationally
intensive since it is necessary a large integration time (about
2 × 105 iterations) to observe the Gunn-type self-oscillations
of the current, therefore we need to find efficient and accurate
numerical methods. The first two methods consist of solving
numerically the kinetic equation with finite difference and
particles methods respectively and the third one consists of
deriving a DDE by means of the Chapman-Enskog perturbation
method up to the first order correction term, which is then
solved numerically by finite differences. After comparing the
numerical results obtained with the three methods, we can observe that the error of the Chapman-Enskog method is less than
0.8 %, even though the computation time is ten times shorter.
This means that the Chapman-Enskog perturbation method,
considering only the first order correction, for a wide miniband
superlattice (for which the small dimensionless parameter in
the Chapman-Enskog expansion is about 0.15), with realistic
experimental numerical parameters, provides a very accurate
solution with a very low computational cost compared with
the direct solution of the kinetic equation with either finite
difference or particles methods.
Proceeding with this work, we are currently working on electron transport in semiconductor nanowire superlattices having
cross sections with nanometer-size radii [4]. Results for a
simplified model can be found in [1].
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A time domain Linear Sampling Method for a wave guide
P. Monk∗ and V. Selgas†

Abstract— We investigate the inverse scattering problem of determining the support of an unknown scatterer inside an acoustic
wave guide using measurements of the scattered field in the time domain.
Keywords: Acoustic wave guide, inverse scattering, time domain linear sampling method.

1

Introduction

We consider the problem of locating an obstacle in an infinite
tubular wave guide from time domain measurements of causal
waves. We assume that we are given the scattered field for a
few point sources and receivers placed on a pair of surfaces
located inside the waveguide and far from the obstacle. Unlike
[1, 6], we deal with this inverse problem using the scattering
data measured in the time domain, without transforming the
data to the frequency domain.
More precisely, we take the wave guide P = R × Σ ⊆ Rd to
have a bounded and smooth cross-section Σ ⊂ Rd−1 with a
connected complement in Rd−1 . Besides, we assume that the
obstacle occupies a Lipschitz bounded domain D completely
contained in the pipe, and we denote Ω = P \ D.
In our inversion scheme the unknown scatterer is probed by
incident fields due to point sources. In particular, let χ denote
a pulse function taken to be a smooth function of compact
support in [0, ∞). The incident field uinc = uinc (t, x; y) due
to a source at y ∈ P satisfies
 2 inc
 ∂tt u − ∆uinc = χ(t)δy in P, for t > 0,
∂ν uinc = 0
on ∂P, for t > 0,
(1)
 inc
in P, for t = 0 .
u = ∂t uinc = 0

where δy is the Dirac delta function in x centered at y, and
ν stands for the exterior normal unit vector on ∂P . Then, the
scattered field u = u(t, x; y) due to the incident field uinc
solves the following problem:
 2

 ∂tt u − ∆u = 0 in Ω, for t > 0 ,

∂ν u = 0
on ∂P, for t > 0 ,
(2)
inc
u
=
−u
on ∂D, for t > 0 ,



u = ∂t u = 0
in P, for t = 0 .

Furthermore, there is no need for a radiation condition for the
total field in the time domain, thanks to causality and finite
wave speed.
The paper is organized as follows: We first see that the forward
problem (2) is well-posed in suitable weighted Sobolev spaces.
Then, we study retarded layer potentials defined on crosssections of the wave guide. This allows us to justify that the
Time Domain Linear Sampling Method (TD-LSM) behaves
as in the frequency domain version. We also provide some
numerical results of the TD-LSM inversion algorithm for some
experiments in two dimensions motivated by the corresponding
frequency domain examples shown in [1]. The synthetic data
for our experiments are computed by means of a Time Domain
Boundary Integral Equation (TD-BIE); this is in fact done
adapting the code outlined in [5] for the forward problem (2).

2

Our analysis of (2) makes use of the Fourier-Laplace transform
and related function spaces. In particular, for any Hilbert space
X, we denote by D0 (R, X) and S 0 (R, X) the spaces of Xvalued distributions and tempered distributions, respectively.
For any σ ∈ R we define
L0σ (R, X) = {f ∈ D0 (R, X); e−σt f (t) ∈ S 0 (R, X)} ;
and we take the Laplace transform of any f ∈ L0σ (R, X) with
e−σt f (t) ∈ L1 (R, X) to be
L[f ](s) =

† Departmento

Z

∞

eist f (t) dt

−∞

for a.e. s ∈ R + iσ .

For each p ∈ R, we introduce the Hilbert space

Notice that the boundary conditions in (2) simulate a soundsoft obstacle in a sound-hard wave guide, as considered in [1].
∗ Departament

Forward problem

Hσp (R,X) = {f ∈ L0σ(R,X);

Z

∞+iσ

|s|2p kL[f ](s)k2X ds <∞},

−∞+iσ

of Mathematical Sciences, University of Delaware, Newark DE 19716 (USA). Email: monk@udel.edu
de Matemáticas, Universidad de Oviedo, EPI Campus de Viesques, 33203 Gijón (Spain). Email: selgasvirginia@uniovi.es
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endowed with the norm
Z
p
kf kHσ (R,X) = (

∞+iσ

−∞+iσ

|s|2p kL[f ](s)k2X ds)1/2 .

We refer the reader to [3, 4] for more details on these spaces.
Let us formally take the Fourier-Laplace transform in time of
(1) for s ∈ Cσ , being Cσ = {s ∈ C; =(s) > σ} and σ > 0
fixed. Then, we can see that Usinc := L[uinc ](s) is given by
Usinc = χs Φs , where χs := L[χ](s). Here and in the sequel,
Φs = Φs (x, y) stands for the fundamental solution for the pipe
in the frequency domain; in other words, it solves
2

∆Φs + s Φs = δy in P

and

∂ν Φs = 0 on ∂P ,

and Φs also satisfies a suitable radiation condition requiring
an asymptotic decay as |x1 | → ∞. Since the wave guide
we consider has a uniform cross-section, Φs can be written
explicitly in terms of modes in the wave guide; see [1] for the
Fourier domain case, which extends to this case.
In order to analyze (2), it is convenient to truncate the pipe
using the Dirichlet-to-Neumann map. According to this, we
consider PR = (−R, R) × Σ, being the real number R > 0
such that D ⊂ PR , and define
and

ΩR = PR \ D

We next study the behavior of the stability bounds for the
s
bounded operator T±R
: H 1/2 (Σ±R ) → H̃ −1/2 (Σ±R ) with
respect to the parameter s ∈ Cσ . In particular, the proof of the
s
following result is based on the explicit expression of T±R
in
terms of modes, as well as suitable equivalences of weighted
norms on H 1/2 (Σ±R ).
L EMMA 1 There exists a positive constant C > 0 such that
s
kT±R
gkH̃ −1/2 (Σ±R ) ≤ C

|s|
kgkH 1/2 (Σ±R ) ,
min{1, =(s)}

s
|hT±R
v1 |Σ±R , v2 |Σ±R iΣ±R | ≤ C kv1 k1,s,ΩR kv2 k1,s,ΩR ,

for any s ∈ Cσ and g ∈ H 1/2 (Σ±R ), v1 , v2 ∈ H 1 (ΩR ).

In consequence, we can apply Lax-Milgram’s Lemma to deduce the well-posedness of (3).
P ROPOSITION 2 For any s ∈ Cσ and F ∈ H̃ 1/2 (∂D), the
frequency domain problem (3) is well-posed, and its unique
1
solution Us ∈ H0,∂D
(ΩR ) satisfies
kUs k1,s,ΩR ≤ |s|

Σ±R = {±R} × Σ .

Let H̃ −1/2 (Σ±R ) stand for the dual space of H 1/2 (Σ±R ), and
s
T±R
: H 1/2 (Σ±R ) → H̃ −1/2 (Σ±R ) denote the Dirichletto-Neumann map; see [1, 6]. By means of this operator and
denoting ν0 = (1, 0̂) and F = −Usinc |∂D , we rewrite (2) in
terms of the Fourier-Laplace domain scattered field Us (x) =
L[u](s, x; y) as

∆Us + s2 Us = 0
in ΩR ,



∂ν Us = 0
on ∂P ∩ ΩR ,
(3)
on ∂D ,
 Us = F


s
∂ν0 Us = T±R
(Us |Σ±R ) on Σ±R .
We emphasize that, making a modal expansion in (−∞, −R)×
Σ and in (R, ∞) × Σ, it can be deduced an explicit expression
s
of the map T±R
: H 1/2 (Σ±R ) → H̃ −1/2 (Σ±R ); see [1, 6].
Such explicit expression is the basic tool for its analysis.

2.1

which are equivalent to the natural norm. We will also make
use of frequency dependent norms on the surfaces Σ±R , and
we denote them k · km,s,Σ±R , for any |m| < 1; see [3].

The forward problem in the frequency domain

Cσ
kF k1/2,s,∂D ,
σ

where Cσ is independent of s ∈ Cσ .

2.2

The forward problem in the time domain

We next study the regularity of both the data and any weak
solutions of the time domain problem (4). For the sake of
simplicity, we compact the notation for the weighted Sobolev
spaces we will use. In particular, for any p, q, σ ∈ R
p,1
with |q| < 1, we denote Hσ,Ω
:= Hσp (R, H 1 (ΩR )) and
R
p,1/2

p,q
Hσ,∂D
:= Hσp (R, H q (∂D)). Similarly, we write Hσ,Σ±R :=
p,−1/2

Hσp (R, H 1/2 (Σ±R )) and H̃σ,Σ±R = Hσp (R, H̃ −1/2 (Σ±R )).
s
Notice that T±R
: H 1/2 (Σ±R ) → H̃ −1/2 (Σ±R )) is analytic
with respect to s ∈ Cσ . Therefore, the following result is a
consequence of Lemma 1 and Parseval’s formula; cf. [2].

L EMMA 3 There exists a linear continuous operator
p+1,1/2

In order to deduce suitable information about the time domain
problem (2) out of the behaviour of its Fourier-Laplace counterpart (3), the analysis of the last must provide us with stability
bounds of Us which make clear its dependence with respect to
the parameter s ∈ Cσ . To this end, we define the frequency
dependent norms in H 1 (ΩR )
kvk1,s,ΩR =

Z

ΩR

2

2

(|s v(x)| + |∇v(x)| ) dx

1/2

,

p,−1/2

T±R : Hσ,Σ±R → H̃σ,Σ±R

s
whose Fourier-Laplace transform is T±R
for a.e. s ∈ Cσ .

It is also important to notice that, thanks to Paley-Wiener
Theorem (cf. [3]), we know that T±R preserves casualty.
Now, using Lemma 3 as well as the trace lifting operator
bounds in weighted norms (see [4]), we can state the existence
and uniqueness of solution to the time domain problem (2)
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rewritten in the truncated wave
tion f : R × ∂D → C:

2
−∆u + ∂tt
u=0




∂ν u = 0
(4)
u=f


∂ u = T±R (u|Σ±R )


 ν0
u = ∂t u = 0

guide and for any given funcin ΩR , for t > 0,
on ∂P ∩ ΩR , for t > 0 ,
on ∂D, for t > 0,
on Σ±R , for t > 0,
on ΩR , at t = 0.

P ROPOSITION 4 Let us fix a positive real number σ0 > 0.
Then, for any p, σ ∈ R with σ ≥ σ0 and for any function
p+1,1/2
f ∈ Hσ0 ,∂D , the time domain problem (4) is well-posed, and
its unique solution satisfies
kukH p,1

σ,ΩR

≤ Cσ0 kf kH p+1,1/2 ,
σ0 ,∂D

where Cσ0 > 0 is some constant independent of p, σ and f .
Let us introduce the space of solutions:

p
2
Xσ,Ω
= v ∈ Hσp (R,H 1(ΩR )); ∂tt
v − ∆v = 0 in R×ΩR ,
R
∂ν v = 0 on R×(∂P ∩ΩR), ∂ν0v = T±R v on R×Σ±R
being p ∈ R and σ > 0. We also introduce the corresponding
solution operator
p+1,1/2

SΩR : Hσ0 ,∂D

p
→ Xσ,Ω
,
R

which is well-defined and linear continuous. Notice here again
that, thanks to Paley-Wiener Theorem (cf. [3]), we know that
the operator SΩR preserves casualty.

3

Moreover, if [·]Σa stands for the jump across Σa ,
[SLsΣa g]Σa = 0 and [∂ν0(SLsΣa g)]Σa = g

As usual, the continuity of the trace of the single layer potencial
across Σa allows us to define the single layer operator as
VΣsa g = (SLsΣa g)|Σa

First, we recall their definitions and basic properties in the
Fourier-Laplace domain following [6]: We denote PR− :=
(−R, a) × Σ and PR+ := (a, R) × Σ. Then, the single layer of
a regular enough density g : Σa → C is
Z
SLsΣa g(x) :=
Φs (x, (a, ŷ)) g(a, ŷ) dŷ for a.e. x ∈ PR± .

∀g ∈ H̃ −1/2 (Σa ) .

So defined, VΣsa : H̃ −1/2 (Σa ) → H 1/2 (Σa ) is linear continuous, and both one-to-one and onto.
Our next objective is to provide an ellipticity bound for the
single layer operator that makes clear its dependence on s. In
this sense, we first integrate by parts in PR± to deduce that
−=(s hVΣsa g, giΣa ) ≥ =(s) kSLsΣa gk21,s,PR ∀g ∈ H̃ −1/2 (Σa ).
Besides, we can bound from below kSLsΣa gk1,s,PR out of
kgkH̃ −1/2 (Σa ) making explicit its dependence on s. Indeed,
working separately in parts PR− and PR+ , we see that
k∂ν±0 (SLsΣa g)kH̃ −1/2 (Σa ) ≤ C (max{1, |s|})1/2 kSLsΣa gk1,s,P±
R

Hence, recalling that [∂ν0 (SLsΣa g)]Σa = g and combining the
last two estimates, we get the following result.
L EMMA 5 There exists some C > 0 (independent of s ∈ Cσ )
such that, for any g ∈ H̃ −1/2 (Σa ),
−=(s hVΣsa g, giΣa ) ≥ C

Retarded single layer potentials

In this section, we deal with the regularized retarded single
layer potential and operator, defined on a sources surface
Σa := {a} × Σ with a ∈ (−R, R).

∀g ∈ H̃ −1/2 (Σa ) .

=(s)
kgk2H̃ −1/2 (Σa ) .
max{1, |s|}

In particular, the estimates above guarantee that
kSLsΣa gkH 1 (PR ) ≤ C
kVΣsa gkH 1/2 (Σa )

≤C

max{1, |s|1 2 }
=(s)

max(1, |s|1 2 )
=(s)

|s| kgkH̃ −1/2 (Σa ) ,
|s|||g||H̃ −1/2 (Σa ) ,

for any g ∈ H̃ −1/2 (Σa ), and we deduce the following properties for retarded potentials; see [4].

Σ

So defined, SLsΣa : H̃ −1/2 (Σa ) → Hs (PR± ) is linear continuous. Here and in the sequel, we take

L EMMA 6 For any p ∈ R and σ > 0, there exist well-defined
and linear continuous operators
p+1,−1/2

H∆ (PR± ) = {v ∈ H 1 (PR± ); ∆v ∈ L2 (PR± )} ,

SLΣa : H̃σ,Σa

endowed with kvkH∆(P ± ) := (kvk21,P ± + k∆vk20,P ± )1/2 ; in
R
R
R
particular, we consider its subspace

VΣa : H̃σ,Σa

Hs (PR± ) = {v ∈ H∆ (PR± ); ∆v + s2 v = 0 in PR± ,

s
∂ν v = 0 on (∂P ∩ΩR)\Σa , ∂ν0 v = T±R
v on Σ±R }.

p+1,−1/2

p,1
→ Hσ,P
,
R
p,1/2

→ Hσ,Σa ,

such that their Fourier-Laplace transforms at s ∈ Cσ are SLsΣa
and VΣsa , respectively. Moreover, the images of the single-layer
potential define weak solutions to the time domain problem (4)
posed in the free wave guide PR± .
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We next study the behaviour of the single layer potential on the
surface of the target. More precisely, we see that, for any p ∈ R
and σ > 0,
g∈

p+1,−1/2
H̃σ,Σa

7→ (SLΣa g)|R×∂D ∈

p,1/2
Hσ,∂D

is one-to-one and has dense range.
Concerning the approximation of solutions of problem (4) by
means of single layer potentials, we have that, for any v ∈
p+1,−1/2
p
Xσ,Ω
, there exists {ψn }n∈N ⊂ H̃σ,Σa
such that
R
SLΣa ψn → v

4

p−1,1
in Hσ,Ω
.
R

Inverse problem

As mentioned in the introduction, we want to deal with measurements of the solutions on a surface Σb = {b} × Σ, being
b ∈ (a, R) such that D ⊂ (b, R) × Σ. Thus, we consider the
operator
p+1,1/2
p,1/2
Sb : Hσ0 ,∂D → Hσ,Σb

given by Sb g = (SΩR g)|R×Σb . Notice that, so defined, Sb is
linear continuous; in addition to this, it is one-to-one and its
image is dense.
We next introduce the near-field operator as usual:
N := Sb ◦ ·|R×∂D ◦ SLΣa .
P ROPOSITION 7 For any p ∈ R and σ ≥ σ0 > 0, the operator
p+1,−1/2

N : H̃σ0 ,Σa

5

Numerical results

Our numerical examples are for a bounded scatterer in a
two dimensional wave guide and are based on synthetic data.
Synthetic scattering data are computed using a time domain
boundary integral equation (TD-BIE) on the surface of a given
scatterer in the pipe. We then attempt to reconstruct the
scatterer from this data using the TD-LSM.
The numerical experiments we have investigated are motivated
by corresponding frequency domain examples in [1], for the
more taxing case of measurements and sources on the same
line to the left of the obstacle (i.e. the situation refered to as
back-scattering in [1]).
In Fig. 1 we show the reconstructions of an obstacle D taken to
be a circle at (0, 0.6) with radius 0.2, placing a few sources and
receivers on x1 = −2, and for several regularization parameters. In this particular example, we have chosen the source
function so that the central frequency for the incoming wave
is slightly larger than 10; according to this, the reconstruction
should be compared to Fig. 4a) in [1]. As expected, here the
TD-LSM picks up the left side of the scatterer and appears to
localize it better than the corresponding single frequency result
mentioned above.
Results for further location of the sources, as well as choices of
the source function corresponding to smaller or larger central
frequencies, will be provided in future work.

p−1,1/2

→ Hσ,Σb

is well-defined and linear continuous, and its image is dense.
We finally have at hand all the tools we need to show in the
classical way the following justification of the TD-LSM for the
inverse problem of locating an obstacle in a wave guide in the
time domain.
T HEOREM 8 For any point z in D and any ε > 0, there is
p+1,−1/2
some gε,p,z ∈ H̃σ,Σa
such that
k(SLΣa gε,p,z )|R×∂D − uz |R×∂D kH p,1/2 < ε ,
σ,∂D

kN gε,p,z − uz kH p−1,1/2 < ε ;

Figure 1: Reconstructions by the TD-LSM of a circle centered
at (0, 0.6) with radius 0.2 taking sources and measurements at
x1 = −2. From left to right, reconstructions correspond to an
increasing regularization parameter.

σ,Σb

moreover, when z approaches the boundary ∂D,
kgε,p,z kH̃ p+1,−1/2 → +∞ .
σ,Σa
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Geometric inverse problems
for the wave equation and the Lamé system
A. Doubova∗ and E. Fernández-Cara†

Abstract— We consider some geometric inverse problems for the the wave and the Lamé equations motivated by Elastography.
We present several recent results and open questions concerning the uniqueness of these inverse problems and, also, the
numerical reconstruction of the unknown domain where the equations evolve. In the numerical experiments, we solve appropriate
optimization problems. This needs the numerical solution of the PDE’s, that is performed with FreeFem++. The routines on
the ff-NLopt package, that provide an interface to a free/open-source library for nonlinear optimization, are also required. We
present some numerical results in the 2D and 3D cases.

1

Introduction

In this paper we consider some inverse problems for the wave
equation and the Lamé system where the unknown is the
spatial domain. The study of these problems is motivated by
Elastography.
Elastography is a noninvasive technique that allows to detect
the elastic properties of a tissue in real time. The elastography
techniques (quantitive and qualitative, in ultrasonography or
magnetic resonance imaging) are based on the facts that soft
tissues are more deformable than stiff matter and the difference
can be captured by images. For example, a tumor tissue is 5–28
times stiffer than normal tissue and, consequently, the resulting
deformation after a mechanical action is smaller. In order to
predict the result of a measurement, we need a model of the
system under investigation (typically a PDE system) and an
explanation or interpretation of the observed quantities.
Thus, if we are able to compute the solution to the model
and, then, quantify a relevant observation, we say that we have
solved the forward or direct problem. The inverse problem
consists in using the results of known observations to infer the
values of (some of) the parameters that characterize the model.
Let Ω ⊂ RN be a simply connected bounded open set (N ≥ 1)
whose boundary ∂Ω is of class C 2 (we write ∂Ω ∈ C 2 ). Let γ
be a nonempty open subset of ∂Ω and let us denote by 1γ the
characteristic function of γ.
Let D∗ be a fixed nonempty open set such that D∗ ⊂⊂ Ω. We
will consider the following set of admissible domains:
Dad = {D ∈ D : ∂D ∈ W 1,∞ , D ⊂⊂ D∗ },

∗ Departamento
† Departamento

where D is the family of open and simply connected subsets of
D.
Let us fix T > 0. We will first analyze the following problem
for the wave equation: let α = α(x, t) and ϕ0 = ϕ0 (x, t) be
given in appropriate spaces; find a set D ∈ Dad such that the
solution u to the wave equation


 utt − ∆u = 0, (x, t) ∈ (Ω \ D) × (0, T ),

u = ϕ0 ,
(x, t) ∈ ∂Ω × (0, T ),
(1)
u
=
0,
(x, t) ∈ ∂D × (0, T ),



u(x, 0) = 0, ut (x, 0) = 0, x ∈ Ω \ D

satisfies the additional condition
∂u
=α
∂n

(2)

on

γ × (0, T ).

We will also consider nonscalar similar inverse problems for
isotropic Lamé system: let σ = σ(x, t), z0 = z0 (x, t),
µ = µ(x) and λ = λ(x) be given in appropriate spaces, with
µ, λ > 0; find D ∈ Dad such that the solution to the linear
system

utt − ∇ · (µ(∇u + ∇ut ) + λ(∇ · u)Id.) = 0,




(x, t) ∈ (Ω \ D) × (0, T ),

u = z0 , (x, t) ∈ ∂Ω × (0, T ),
(3)


u = 0, (x, t) ∈ ∂D × (0, T ),



u(x, 0) = u0 , ut (x, 0) = u1 , x ∈ Ω \ D
satisfies
(4)

µ(∇u + ∇ut ) + λ((∇ · u)Id.) · n = σ on γ × (0, T ).
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Here, u must be interpreted as a displacement vector and the
tissue is described by the Lamé coefficients λ and µ.
A similar problem has been analyzed in [16, 1, 3], where u
is assumed to satisfy a second-order elliptic PDE; a related
problem concerning a Stokes fluid was considered in [2]; see
also [7] and [8] for the analysis of similar stationary problems
for the Navier-Stokes and Boussinesq systems, respectively.

For the proof, the main ingredients are the unique continuation
property of the wave equation and Hörmander’s Theorem
(see [13], Th. 5.3.3). The details can be found in [9].
A similar result can be established in the case of the Lamé
system (3); the details will appear in a forthcoming paper.

3

Reconstruction algorithms

In the present context, three main questions appear. For example, in the case of the wave equation, they are the following:

This section deals with the design of numerical algorithms to
recover geometric information on the object D.

Uniqueness Let u0 and u1 be solutions to (1) corresponding to
the sets D0 and let D1 and let us assume that the corresponding
observations on γ × (0, T ) coincide, that is, α0 ≡ α1 . Then,
do we have D0 = D1 ?

In the numerical experiments, we will solve appropriate optimization problems (see below). This will need the numerical
solution of PDEs, that will be performed with the help of
FreeFem++, see [12]. Also the routines in the ff-NLopt
package, that provide an interface to a free/open-source library
for nonlinear optimization, will be required.

Stability Find an estimate of the “size” of (D0 \ D1 ) ∪ (D1 \
D0 ) in terms of the “size” of α0 − α1 of the form




Size (D0 \ D1 ) ∪ (D1 \ D0 ) ≤ CF kα0 − α1 kA(γ×(0,T ))

for all D1 “close” to D0 , for some function F : R+ 7→ R+
with F (s) → 0 as s → 0, some suitable space A(γ × (0, T ))
and C = C(D0 , Ω, γ, T, ϕ0 ).
Reconstruction Devise iterative algorithms to compute D
from α.

2

Uniqueness

For any open set Di ∈ Dad , we will denote by ui , i = 0, 1, the
solution to the system
 i
− ∆ui = 0, (x, t) ∈ Ω \ Di × (0, T ),

 utt

i
u = ϕ0 ,
(x, t) ∈ ∂Ω × (0, T ),
(5)
i
u
=
0,
(x,
t) ∈ ∂Di × (0, T ),


 i
i
u (x, 0) = 0, ut (x, 0) = 0, x ∈ Ω \ Di .

All the algorithms are documented in [14]. In our case, we
will apply the augmented Lagrangian algorithm (AUGLAG)
described for example in [6, 5, 17, 4]. This method uses the
objective function together with the nonlinear inequality/equality constraints in a single function. The modified objective
function is then passed to another (subsidiary) optimization
algorithm, with no nonlinear constraints. If the constraints are
violated by the solution of this sub-problem, then the size of
the penalty parameter is decreased and the process is repeated;
at the end, the process must converge to the desired solution.
As subsidiary optimizers, we have chosen those which provide
the best results: CRS2 and DIRECTNoScal.
• CRS2 is a gradient-free algorithm a version of Controlled Random Search (CRS) for global optimization
(see [18] and [19]). The general principle is to start from
a random “population” of points and make these points
“evolve” randomly by heuristic rules (see [9] for details).

The following holds:

• DIRECTNoScal is variant of the DIviding RECTangles
algorithm for global optimization, described in [15] and
[11]. This is a derivative-free, global and deterministicsearch algorithm based on a systematic division of the
search domain into smaller and smaller hyper-rectangles
(see also [9] for more information).

T HEOREM 1 Assume that D0 and D1 are convex,
ϕ0 ∈ C 2 (∂Ω × [0, +∞)) satisfies ϕ0 |t=0 ≡ ϕ0,t |t=0 ≡
ϕ0,tt |t=0 ≡ 0 and ϕ0 6= 0 near t = 0. Also, assume that
T > T∗ (Ω, γ), where
T∗ (Ω, γ) := sup dc (x, γ) + δ(Ω),
x∈Ω

δ(Ω) is the diameter of Ω, dc (x, γ) = inf x0 ∈γ dc (x, x0 ) and
dc (x, x0 ) is the length of the shortest curve ζ ∈ C 0 ([0, 1]; Ω)
with ζ(0) = x, ζ(1) = x0 . If ui ∈ C 2 (Ω × [0, T ]) solves (5)
for i = 0, 1 and
∂u0
∂u1
=
∂n
∂n
then D0 = D1 .

on γ × (0, T )

4
4.1

Numerical results
2-D wave equation

Let us first consider the case N = 2 and the inverse problem for
the wave equation (1)–(2). We will assume that the unknown
domain D is a ball or an ellipse.
Thus, suppose that Ω = B(0; R) (the ball centered at the origin
with radius R), D is another ball, that is, D = B(x0 ; r) for
some (unknown) x0 and r and ϕ0 and T are as in Theorem 1.
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Our problem is to find x0 and r such that D = B(x0 ; r) ⊂ Ω
and the solution to (1) satisfies
(6)

α[x0 ; r] :=

Let us introduce

∂u
=α
e
∂n

on γ × (0, T ).

Xb := { (x0 , r) ∈ R3 : r > 0, B(x0 ; r) ⊂ D∗ }.
The strategy to compute x0 and r will be to solve the following
constrained optimization problem:
Find x0 and r such that (x0 , r) ∈ Xb and
(7)

J(x0 , r) ≤ J(x00 , r0 ) ∀ (x00 , r0 ) ∈ Xb ,

Figure 2: Test 1 – The computed solution, together with the
final triangulation (the desired and computed balls coincide).

where J : Xb 7→ R is given by
(8)

J(x0 , r) :=

1
2

ZZ

γ×(0,T )

|α[x0 , r] − α
e|2 ds dt.

Test 1: We have taken T = 5, u0 = 10x, u1 = 0, ϕ = 10x;
x0des = -3, y0des = 0, rdes = 0.4 (the desired
center and radius), x0ini = 0, y0ini = 0, rini =
0.6 (the initial center and radius of the ball; see Figure 1). Using NLopt optimizers from FreeFem++ and, more
precisely, the augmented Lagrangian algorithm (AUGLAG)
with CRS2 as subsidiary optimization algorithm, we find the
following values: x0cal = -2.998645439, y0cal =
0.000425214708, rcal = 0.4001667063 (see Figures 2 and 3).

Let us now assume that the unknown domain D is an ellipse
E = E(x0 , y0 , θ, a, b), where (x0 , y0 ) is the center, a, b are the
semi axes and θ is the inclination angle. The strategy will be
now to solve the following constrained optimization problem:
Find x0 , y0 , θ, a and b such that (x0 , y0 , θ, a, b) ∈ Xe and
(

J(x0 , y0 , θ, a, b) ≤ J(x00 , y00 , θ0 , a0 , b0 )
∀(x00 , y00 , θ0 , a0 , b0 ) ∈ Xe ,

where the function J : Xe 7→ R is defined by

J(x0 , y0 , θ, a, b) :=

1
2

ZZ

γ×(0,T )

α[x0 , y0 , θ, a, b] :=

|α[x0 , y0 , θ, a, b]− α
e|2 ds dt,

∂u
∂n

on γ × (0, T )

and
Figure 1: Test 1 – The initial geometrical configuration and
the initial triangulation: the number of triangles is 992 and the
number of vertices is 526.

Xe := { (x0 , y0 , θ, a, b) ∈ R5 : θ ∈ [0, π], a, b > 0,
E(x0 , y0 , θ, a, b) ⊂ Ω }.
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u11 = 0, u12 = 0, z0,1 = 10x, z0,2 = 10y;

Current Function Values
3500

x0des = -3, y0des = 0, rdes = 0.4 (the desired
center and radius), x0ini = 0, y0ini = 0, rini =
0.6 (the initial center and radius of the ball B). Using
AUGLAG with DIRECTNoScal as subsidiary optimization algorithm, we find the following values: x0cal
= -3.000224338, y0cal = -0.00052686939858,
rcal = 0.4000228624 (see Figure 5).
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Figure 3: Test 1 – Evolution of J during the first 500 iterations
of CRS2.
Test 2: We have taken T = 5, u0 = 10x, u1 = 0, ϕ = 10x;
x0des=-3, y0des=-3, sin(thetades)=0, ades=0.8,
bdes=0.4 (the desired center, angle and semi
axes), x0ini=-1, y0ini=-1, sin(thetaini)=0,
aini=0.5, bini=0.5 (the initial configuration of the
ellipse). Using AUGLAG with DIRECTNoScal, we find
the following values: x0cal =-2.963301665, y0cal
=-3.035106437, sin(thetacal) = 0.112178021,
acal = 0.8446502058,
bcal = 0.4166666667
(see Figures 4).
Figure 5: Test 3 – The computed and the desired solutions.

In the case of the ellipse, we have the following:
Test 4: We have taken T = 5, u01 = 10x, u02 = 10y,
u11 = 0, u12 = 0, z0,1 = 10x, z0,2 = 10y;

Figure 4: Test 2 – The computed and the desired solutions.

4.2

2-D Lamé system

For the inverse problem (3)–(4) for the Lamé system, we
consider an optimization problem similar to (7)–(8).
Test 3: We have taken T = 5, u01 = 10x, u02 = 10y,

x0des = -3,
y0des = 0,
sin(thetades)=0,
ades=0.8, bdes=0.4 (the desired configuration of the ellipse), x0ini = -1, y0ini = -1, sin(thetaini)=0,
aini=0.5, bini=0.5 (the initial configuration of
the ellipse).
Using AUGLAG with DIRECTNoScal as
subsidiary optimization algorithm, we find the following values: x0cal = -3.002591068, y0cal = 3.001574963, sin(thetacal) = 0.00548696845,
acal = 0.8036351166, bcal = 0.400617284 (see
Figure 6).
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Figure 6: Test 4 – Computed center, angle and semi-axis.
Figure 8: Test 5 – Computed observation and mesh.

4.3

3-D wave equation

Let us now consider three-dimensional problems. We will
begin with the wave equation.

4.4

Let us assume that the unknown domain D is a sphere and Ω is
the sphere of center at (0, 0, 0) and radius 10 (see Figure 7).

A similar test is now described for the Lamé system.

Test 5: We have taken T = 5, u0 = 10x, u1 = 0, ϕ = 10x;
x0des = -2, y0des = -2, z0des = -2, rdes = 1
(the desired center and radius), x0ini = 0, y0ini =
0, z0ini = 0, rini = 0.6 (the initial center and radius of the sphere, see Figure 7). Using AUGLAG with
DIRECTNoScal, we find the following values: x0cal
= -1.975308642, y0cal = -2.232383275, z0cal=
-2.305542854, rcal =1.05 (see Figure 8).

Figure 7: Test 5 – Initial mesh. Points: 829, tetrahedra: 4023,
faces: 8406, edges: 5210, boundary faces: 720, boundary
edges: 1080.

3-D Lamé system

Test 6: We have taken T = 5, u01 = 10x, u02 = 10y,
u03 = 10z, u11 = 0, u12 = 0, u13 = 0, z0,1 = 10x,
z0,2 = 10y, z0,3 = 10z.
x0des = -2, y0des = -2, z0des = -2, rdes = 1
(the desired center and radius), x0ini = 0, y0ini =
0, z0ini = 0, rini = 0.6 (the initial center and radius of the sphere). Using AUGLAG with DIRECTNoScal,
we find the following values: x0cal = -1.981405274,
y0cal = -2.225232904, z0cal= -2.148084171,
rcal =0.9504115226 (see Figure 9).

Figure 9: Test 6 – Computed first component of the observation
at the final time and mesh.
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Open questions

There are many open questions related to the geometric inverse
problems considered in this paper. In a forthcoming work we
will be concerned by the following:
• Similar numerical results for more complex unknowns
D. For example, polygonal or polyhedral domains an be
considered.
• Numerical solution of geometric inverse problems for
general linear elasticity systems of the form

−utt − ∇ · σ(u) = 0
in Ω \ D × (0, T ),



u=ϕ
on ∂Ω × (0, T ),
u
=
0
on ∂D × (0, T ),



u(x, 0) = u0 , ut (x, 0) = u1 in Ω \ D,
where

σkl (u) =

3
X

1
aijkl εij (u), εkl (u) = (∂k ul +∂l uk ),
2
i,j=1

aijkl = λ(x)δij δkl + µ(x)(δik δjl + δil δjk)
for 1 ≤ i, j, k, l ≤ 3.
• Theoretical and numerical analysis of geometric inverse
problems for semilinear wave equations
utt − ∆u + f (u) = 0
in any dimension.
Finally, let us mention other interesting (and maybe difficult)
open questions related to the results in this paper:
• As already mentioned, stability results are crucial: we
would like to find an estimate of the “size” of (D0 \D1 )∪
(D1 \ D0 ) in terms of the “size” of α0 − α1 .
• The inverse problem of the identification of the coefficient, i.e. Calderon’s problem, for the wave equation:
given α = α(x, t) andϕ0 = ϕ0 (x, t) in appropriate
spaces, find a function a = a(x) in an appropriate class
such that the solution u to the wave equation

(x, t) ∈ Ω×(0, T )
 utt −∇ · (a(x)∇u) = 0,
u = ϕ0 ,
(x, t) ∈ ∂Ω×(0, T )

u(x, 0) = 0, ut (x, 0) = 0, x ∈ Ω
satisfies the additional condition

∂u
= α on γ × (0, T ).
∂n
For some results, see [10] and references therein.
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Location of emergency facilities with uncertainty in the
demands
Maria Albareda-Sambola∗, Luisa I. Martínez-Merino† and Antonio M. Rodríguez-Chía†

Abstract— This work deals with the p-center problem, where the aim is to minimize the maximum distance between any user
and his center taking into account that the demand occurs in any site with a specific probability. The problem is of interest
when locating emergency centers . We consider different formulations for the problem and extensive computational tests are
reported, showing the potentials and limits of each formulation on several types of instances. Finally, some improvements on
these formulations have been developed obtaining in some cases much better resolution times.
Keywords:

1

Introduction

Facility location models have been extensively studied in the
literature. Different kinds of facilities have been modeled, such
as routers or servers in communication network, warehouses
or distribution centers in a supply chain, hubs or transhipment
nodes in passenger transport, and hospital or emergency facilities in a public service system, among others. In general, the
goal of these types of problems is to locate the facilities among
a set of candidate sites and assign customers to the facilities
optimizing some effectivity measure that usually depends of
the distances between the facilities and the customers, see
for instance [8, 10] and the references therein. The p-center
problem (pCP) is a well-known discrete optimization location
problem which consists of locating p centers out of n sites and
assigning (allocating) the remaining n − p sites to the centers
so as to minimize the maximum distance (cost) between a site
and the corresponding center, see [1, 17]. It was shown in [17]
that pCP is NP-hard.
A straight application of the pCP is the location of emergency
services like ambulances, hospitals or fire stations, since the
whole population should be inside a small radius around some
emergency center. pCP has been extensively studied, and both
exact and heuristic algorithms have been proposed. Recent
articles on the matter are [7, 22, 11, 14, 15, 13]. We also refer
the reader to chapter 5 of [8]. A recent survey on location of
emergency services can be consulted in [3].
The uncertainties can be generally classified into three categories: provider-side uncertainty, receiver-side uncertainty,
and in-between uncertainty. The provider-side uncertainty may

capture the randomness in facility capacity and the reliability
of facilities, etc. (see [28, 31, 4, 6, 26, 25] among others); the
receiver-side uncertainty can be the randomness in demands;
and the in-between uncertainty may be represented by the
random travel time, transportation cost, etc (see [27, 29], and
the references therein). In addition, two major categories of
approaches have been adopted in the literature to deal with uncertain coefficients in facility location models namely, stochastic programming (SP) and robust optimization (RO). The former has been used typically to deal with decision-making for
facility locations in risk situations, in which the values of
uncertain coefficients are governed by discrete or continuous
probability distributions that are known to a decision-maker.
On the other hand, the RO approach attempts to optimize the
worst-case system performance in uncertain situations that lack
any information about the probability distributions of uncertain
coefficients (e.g., [18]); hence, the RO approach generally
describes uncertain data using pre-specified intervals or ranges.
Typical robustness measures include mini-max objective value
and mini-max regret in an objective value.
In this paper we focus on the receiver-side uncertainty and in
the stochastic programming approach. The SP approach has
been widely applied to emergency logistics for short-notice disasters (e.g., hurricanes, flooding, and wild fires) by assuming
that possible impacts of these disasters can be estimated based
on historical and meteorological data. The common goal of
these stochastic location models is to optimize the expected
value of a given objective function. A classical example of
applying SP to disaster relief is the scenario-based, two-stage
stochastic model proposed by [20],for medical supply prepositioning and distribution in emergency management. Other
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† Departamento de Estadística e Investigación Operativa, Universidad de Cádiz, Spain, Email: luisa.martinez@uca.es, antonio.rodriguezchia@uca.es

933

934

M. Albareda-Sambola, L. I. Martínez-Merino and A. M. Rodríguez-Chía

examples can be found in, for instance, [5, 2].
On the other hand, in the modeling phase of this problem
we have considered the ordered objective function. This
function that generalizes the most popular objective functions
considered in the literature of Location Analysis, has attracted
the attention of may researchers, see for instance a recent
monograph [23] as well as [19, 16] among others, and the
references within. This objective function applies a penalty to
the cost of fulfilling the demand of a client which is dependent
on the position of that cost relative to the costs of supplying
other customers. For example, a different penalty might be
applied if the cost of supplying the client was the 5th-most
expensive cost rather than the 2nd-most expensive. It is even
possible to neglect some customers by assigning a zero penalty.
This adds a “sorting”-problem to the underlying facility location problem, making formulation and solution much more
challenging. Moreover, modeling and solution approaches for
special cases in which the objective can be represented as a
sum of k-centrum objectives are given in [24].

2

The problem

Let N = {1, . . . , n} be the given set of sites or customers.
Throughout the paper we assume, without loss of generality,
that the set of candidate sites for centers is identical to N .
Let p ≥ 2 be the number of centers to be located. For each
pair (i, j), i, j ∈ N , let dij be the distance (cost, travel time)
from i to j. We assume dii = 0 ∀i ∈ N and dij > 0
∀i, j ∈ N : i 6= j. We do not assume other special properties
like satisfaction of triangle inequality, that is to say, strictly
speaking d is not necessarily a distance. But we need to do
an additional assumption to deal with the case of ties among
several distances from the same site. If this is the case, in
order to break ties we suppose that there are preferences on the
centers in such a way that sites undoubtedly will choose one of
the centers before the others. In practice, ties can be broken by
slightly perturbing the tied distances. Summarizing, we will
also assume dia 6= dib ∀i, a, b ∈ N : a 6= b. Associated
with each customer i ∈ N is the probability of having demand
0 ≤ qi < 1. The events of demand occurrence are assumed to
be independent.
To describe a solution to the PpCP we will need to identify the
set of p sites where facilities are open, and the assignment to
one of those facilities of each of the potential customers, since
at the moment of making the decision we do not know which
customers will place a demand and which will not. In what
follows, we will distinguish between the assignment cost of a
customer and its service cost. The assignment cost corresponds
to the distance between the customer and the facility it is
assigned to a priori, whilst the service cost takes this same
value but only in the demand scenarios where the customer
does have demand.
In case of tie between a client and several plants, this will be

assigned to the plant with the largest index. In case of ties
between two clients and their plants we consider the largest
distance the one assigned to the client with the greatest index.
L EMMA 1 For any set of probabilities (q1 , . . . , qn ) with 0 6
qi 6 1, i ∈ N , any feasible solution of the PpCP can be
associated with a π vector satisfying:
1. |{j ∈ N : πij 6= 0}| = 1 ∀i ∈ N
2. If d(1) 6 d(2) 6 · · · 6 d(n) is a non-decreasing
sequence of distances between each customer and the
open facility it is assigned to, and (1), . . . , (n) is the
corresponding sequence of customers,
n
X

π(i)j = q(i)

j=1

n
Y

(1 − q(t) ).

t=i+1

3.

(1)

n X
n
X
i=1 j=1

πij = 1 −

n
Y

(1 − qi ) 6 1,

i=1

that allows to compute the expected maximum service cost as
n X
n
X

πij dij .

i=1 j=1

The following result shows that every customer is covered by
its closest service facility.
T HEOREM 2 The optimal value of the objective function
above is achieved in a solution where every site is covered by
its closest plant.
T HEOREM 3 The closest assignment constraints can be used
as valid inequalities for any formulation of the considered
problem even if they are not needed to formulate it.
Suppose that we want to minimize the expected maximum
service cost, taking into account only the K 6 p largest
allocated distances. In this case, closest assignment constraints
must be added to formulation. Otherwise we can’t assure that
the sites are assigned to their closest located facility. We show
an example.
E XAMPLE 4 Suppose that we have n
locate the facilities, p = 2 and K = 2.
given by

0
88.99 5.98 52.85
 88.99
0
83.5 36.14

 5.98 83.5
0
47.36

 52.85 36.14 47.36
0

 25.81 63.18 20.33 27.86
59.11 30.31 53.2 6.41

= 6 potential sites to
The distance matrix is
25.81
63.18
20.33
27.86
0
34.28

59.11
30.31
53.2
6.41
34.28
0
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If c.a.c. are not included in the formulation we obtain, as
solution of the problem, an objective value of 13.8393 and the
located facilities are 3 y 4. This solution allocates sites 1, 2, 4
and 5 to facility 4 and sites 3 and 6 to facility 3. However,

• distance between 1 and 3 (d13 = 5.98) is smaller than
distance between 1 and 4 (d14 = 52.85),

(F1)

(3)

j=1
n X
n
X

yj = p,

k=1 `=1
n X
n
X

xk`ij 6 yj , ∀i, j ∈ N

j=1 k=1 `=1
n
n X
n X
X

xijk` 6 1, ∀i ∈ N

xk`ij
j=1 k=1 `=1
n X
n X
n X
n
X

(7)

i=1 j=1 k=1 `=1
n X
n X
n
X

(8)

6 1, ∀i ∈ N

xijk` = n − 1,

xij 0 k` +

k=1 `=1

If we include the c.a.c., the objective value is 17.5947 and the
located facilities are 2 and 4.

xijk` 6 yj , ∀i, j ∈ N

k=1 l=1
n X
n X
n
X

(5)

πij dij

i=1 j=1
n
X

s.t.

(6)

• distance between 6 and 4 (d64 = 6.41) is smaller than
distance between 6 and 3 (d63 = 53.2).

n X
n
X

(2)

(4)
• distance between 5 and 3 (d53 = 20.33) is smaller than
distance between 5 and 4 (d54 = 27.86) and

min

(9)

j 0 =1
j 0 6=j

n X
n
X

k=1 `=1

1 − qi
qk πij − 1 + xijk` , ∀i, j, k, ` ∈ N
qi
!
n X
n
n X
n
X
X
πij > qi
xijk` −
xk`ij ∀i, j ∈ N
πk` >

(10)

k=1 `=1

(11)

3

A first Formulation. Four-index Formulation

For i, j ∈ N , we define binary variables

yj =



1, if a plant is opened at site j,
0, otherwise.

and continuous variables
πij = probability that dij is the largest service distance.
Note that in case of distance ties πij variables are defined in
the sense of Lemma 1. Finally, for all i, j, k, ` ∈ N such that
dij > dk` or if dij = dk` for all i > k, we also define the
binary variables

(12)

xijk`

k=1 `=1

yj , xijk` ∈ {0, 1}, ∀i, j, k, ` ∈ N
πij ∈ [0, 1], ∀i, j ∈ N.

Constraint (2) ensures that p facilities are opened, and constraints (3) and (4) force that all assignments of customers
are made to open facilities. The sorting of the used service
distances is made through constraints (5)-(8), taking advantage
of the variable definition (recall that xijk` is not defined, or
is fixed to zero, if dij  dk` ). In particular, constraints (5)
and (6) ensure that the distance to cover site i is at most once
inmediately greater/smaller than another distance from a site
and its plant. Constraints (8) together with (5) and (6) ensure
that any site i is cover by at most one plant. Constraints (9)(10) are used to guarantee that π and x variables take consistent
values. Finally, the last sets of constraints set the domains of
the variables.

3.1

1, if i is allocated to j, k to ` and dij is the first



candidate service distance larger than dk` ;
=
(d

ij > dk` ),


0, otherwise.

xk`ij 6 1, ∀i, j ∈ N

Valid inequalities

1. As shown in Corolary 3, Closest Assignment Constraints
(CAC) are valid. Several alternative sets of CAC have
been proposed in the literature (see [12]). In this work,
we have adapted the set presented in [30]:
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(13)

n X
n
X

Taking only into account K largest distance, we obtain the
following formulation,

n
X

xiak` + yj 6 1,

k=1 `=1 a=1;dia >dij

(14)

n X
n
X

n
X

∀i, j ∈ N,

xijka + y` 6 1,

∀k, ` ∈ N.
(19)

These constraints have been proved to be very useful in
preliminary computational results.
2. Constraint (7) can, in fact, be decomposed into the three
constraints:

(16)
(17)

n XX
n X
X

i=1 j6=i k=1 `6=k
n XX
n
X

xijk` = n − p − 1,

xijkk = 1,

i=1 j6=i k=1
n X
n
X
i=1 k=1

xiikk = p − 1.

Again, despite being theoretically better than (7), the
use of this family of constraints does not reduce the
computational effort required to solve formulation (F1).
Note that the smallest p assignment distances are all
equal to zero. This tie could produce very inconvenient
symmetries in the solutions. We will break those ties
arbitrarily, beforehand, to avoid those awkward symmetries. This will result in fixing to zero some variables.
3. A valid inequality for this formulation is
(18)

n X
n X
n
X
j=1 k=1 `=1

xijk` + xkji` > 1, ∀i ∈ N.

In fact, combined with sets (5), (6), (7), it is not necessary to have both (8) and (18) together.
Indeed, constraints (8) plus (5) and (6) guarantee that
any site i cannot be assigned to more than one plant
and constraints (18) ensure that any site is using (7), i.e.
since there are n − 1 variables different to 0, these both
conditions are equivalent.

4

min

n X
n
X

πij dij

i=1 j=1

i=1 j=1 a=1;dka >dk`

(15)

(F1K )

Four index formulation with K largest distances

We add variables:

 1, if k is allocated to l and the distance dkl is
among the n − K smallest distances,
zkl =

0, otherwise.

(20)

s.t. constraints (2)-(7),(10)-(14),
1 − qi
qk πij − 1 + xijk` − zk` , ∀i, j, k, ` ∈ N,
πk` >
qi
n X
n
n
X
X
xijk0 `0 ≥ Kzk` , ∀k, ` ∈ N.
i=1 j=1

k0 =1,`0 =1

dk0 `0 >dk`

(21)

zk` ∈ {0, 1}, ∀k, ` ∈ N.

Constraints (20) are used to guarantee that the z variables take
consistent values. In addition, (20) is similar to (9) where term
−zkl has been include to distinguish wether the distance dkl is
among K−largest distances.
We can add as valid inequalities for this formulation,
(22)
(23)

zk` 6
zk` 6

n X
n
X

i=1 j=1
n X
n
X
i=1 j=1

5

xijk` , ∀k, ` ∈ N ,
xk`ij ,

∀k, ` ∈ N .

Variable neighborhood search for PpCP

Variable Neighborhood search is a metaheuristic to solve
combinatorial problems proposed by [21] for the p-median
problem. It is a very well-known technique often used to solve
discrete facility location problems and it usually provides high
quality solutions. Since p-median problem is a particular case
of DOMP, [9] adapted VNS for solving the DOMP. We will
adopt this heuristic to solve PpCP.
The basic idea of VNS is to implement a systematic interchange of neighborhoods within a local search algorithm.
Exploration of neighborhoods can be done in two ways. The
first one is the systematic exploring of smallest neighborhoods
and the second one consists of partially exploring the largest
neighborhoods. The algorithm remains in the same solution
until a better solution is found and then, the solution moves
there. These algorithms rank the neighborhods to be explored
in such a way that they are incresingly far from the current
solution. VNS can be seen as a way of escaping local optima.
As in the DOMP case, we have to update and sort the distance
vector after an interchange between two facilities is performed.
Then, the complexity of this procedure is higher than the one
used for solving p-median problem.
Let S = {s : s = set of p potential locations of the new facilities}
be the set of possible solutions of PpCP. As in [9], the
distance between two potential solutions s1 and s2 (such

The probabilistic p-center problem
that s1 , s2 ∈ S) is equal to k, if and only if they differ in
k locations. We can then define the set of solutions forming
the neighborhood Nk , k = 1, . . . , kmax of a current solution s
by
s1 ∈ Nk (s) if and only if ρ(s1 , s) = k,
where ρ(s1 , s) = |s1 \ s| = |s \ s1 |. These are the neighborhoods structures that are used in VNS.
We use Modified move, Modified Update and Modified fast
interchange algorithms as in [9]. The only difference between
VNS used for DOMP and the one that we use is the update
and evaluation of objective function. In our case, vector of
probabilities qi must be ordered taking into account in which
position of distance vector is the site i.
In order to test the quality of VNS we considered a group of
random generated examples with different combinations of n,
p and K. To compare the solutions given by VNS with the
optimal ones, the solutions of F1K have been used. The gap
between the optimal solution and that one obtained by VNS is
computed according to:
zV N S − zopt
,
gap = 100 ·
zopt
where zV N S is the solution obtained by VNS and zopt the optimal objective function. We also compare running times of VNS
heuristic and four index formulation with K largest distances.
VNS method and four index formulation were implemented
using Mosel programming language and compiled by Xpress
7.7. Instances were run on a Intel(R) Core(TM) i7-4790K CPU
32 GB RAM.
For each value of (n, p, K), five instances with distances
between 0 and 100 were generated. Next table reports average
gap, VNS running time and F1K running time of each group of
instances. As we can see, VNS heuristic provides good results
in very small times.
n p K Gap VNS-time F1K -time
6 2 2 0.00
0.00
0.88
10 3 3 0.00
0.00
60.62
10 5 3 0.00
0.01
40.23
13 3 4 1.41
0.00
1678.14
13 5 4 0.00
0.01
1945.77
13 8 4 0.25
0.02
785.31
Comparisons between VNS and F1K results.
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Elastography: an inverse problem related to the
Lamé System
E. Fernández-Cara∗ and Faustino Maestre∗

Abstract— In this work we deal with an inverse problem governed by the Lamé system of PDEs: we try to identify the coefficients
of the system from some additional information on a part of the boundary. These problems have many relevant applications to
elastography and tumour diagnosis. From the mathematical point of view, we assume that the total variation of the coefficients
is bounded. Under this assumption, we prove the existence of solution for a reformulated equivalent problem.
Keywords: Inverse problems, Lamé system, elastography, bounded variation coefficients.

1

Introduction

This paper deals with an inverse problem for a system governed
by the Lamé PDEs that arises in Elastography. The aim
is to identify deseases in internal organs from the external
measurements on the contour of the body and, specifically,
from the responses to induced elastic waves. In particular, this
can be a very important tool for the detection and diagnosis of
liver, thyroid and prostate cancers.
In our problem, we have access to some data and some measurements and we want to identify the other data and, then, the
solution.
More precisely, let Ω ⊂ RN be an open, bounded and regular
domain which represents an elastic body (N = 2 or N = 3), let a
positive time T be given and let us set Q = Ω × (0, T ) and Σ =
S × (0, T ), where S is a part of ∂Ω. Assume that the external
sources fm , the initial displacement-velocity couples (u0m , u1m )
and the boundary data Bm are given for m = 1, . . . , M , where
M represents the number of experiments or measurements on
the contour. Let us consider the following Lamé system, which
models the behavior of the body under small displacements:
(1)


um,tt −∇· µ(x)(∇um +∇uTm )+λ(x)(∇· um )Id. = f,



(x, t) ∈ Q
u
=
B
,
(x, t) ∈ Σ

m
m


um (x, 0) = u0m (x), um,t (x, 0) = u1m (x),
x∈Ω

Then, we try to find the coefficients λ = λ(x) and µ = µ(x),
such that the solution to (1) satisfies the additional condition
(2)


µ(∇um + ∇uTm ) + λ(∇· um )Id. · ν

where ν = ν(x) is the outwards directed unit normal vector at
points x ∈ ∂Ω, S ⊂ ∂Ω and Υ is prescribed.
We will assume the following regularity of the data:
(3)

fm , fm,t ∈ L2 (Q)N , u0m = 0, u1m ∈ H01 (Ω)N
Bm = 0, Υm ∈ L2 (0, T ; L2 (Σ)N )

and
(4)

(λ, µ) ∈ Cα,β := L∞ (Ω; [α, β]) ∩ BV (Ω),

for some 0 < α < β.
The first important question related to an inverse problem is
uniqueness (see [1, 6, 10, 11]). In our case, this property
holds: under the above assumptions, the inverse problem (1)–
(2) admits at most one solution (see [5, 9]).
In this work, we are interested by reconstruction. In other
words, we will indicate the way the coefficients λ and µ that
solve the previous inverse problem can be found from the other
data in (1) and (2).

2

A reformulation

In general, inverse problems are ill-posed and their resolution
is very difficult. Here, we will follow an idea from [8] where,
through an appropriate reformulation, the solution to an inverse
problem can be characterized as the solution to another (wellposed) direct problem.
For each m, there exists a unique solution um to (1), with

= Υm on S × (0, T )

um , um,t ∈ C 0 ([0, T ]; H01 (Ω)N ),

∗ Departamento de Ecuaciones Diferenciales y Análisis Numérico, Universidad de Sevilla, Avda. Reina Mercedes s/n, 41080 Sevllla (SPAIN). Email:
cara@us.es, fmaestre@us.es
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∇ · µ(x)(∇um +∇uTm )+λ(x)(∇· um )Id. ,
0

2

and

um,tt ∈ C ([0, T ]; L (Ω) ).

(9)

Moreover, an additional boundary property for um holds:
ABC(um ) := (µ(∇um +∇uTm )+λ(∇· um )Id.)·ν
2

∈ L (0, T ; H

−1/2

N

(∂Ω) )

For any given Υm in L2 (0, T ; H −1/2 (∂Ω)N ), we can introduce the following cost function
(5)

I(λ, µ) =

1
2

Z

0

2
T X

m=1

kABC(um )

S

− Υm k2 dt,

where k · k is the usual norm in H −1/2 (S)N .
Let us consider the following direct problem:
(
Minimize I(λ, µ),
(6)
Subject to (1), (4).
Clearly, if (λ, µ) is solution to the inverse problem (1)–(2), then
it also solves the direct problem (6). Conversely, if (λ, µ) is a
solution to the direct problem (6) and the minimal value of the
cost function is 0, then (λ, µ) is the solution to (1)–(2).
Problems of the kind (6) are frequently found in the literature;
see for instance [2, 4, 7] for elliptic systems, and the more
recent references [12, 13] for hyperbolic laws.

3

The main result

In this section we present an existence theorem for a problem
of the kind (6).
T HEOREM 1 Let us set
(7)

(

N

Γ(R) = { (λ, µ) ∈ Cα,β : T V (λ) + T V (µ) ≤ R }

and let us assume (at least) the data regularity in (3). Then, for
any R > 0, the extremal problem
(
Minimize I(λ, µ)
(8)
Subject to (λ, µ) ∈ Γ(R), (1)
possesses at least one solution (λ∗R , µ∗R ).
We will give now a sketch of the proof.
For a minimizing sequence (λn , µn ) ∈ Γ(R), it is easy to prove
that, at least for a subsequence,

(λn , µn ) → (λ∗ , µ∗ ) weakly- ∗ in BV (Ω)2 ,
(λn , µn ) → (λ∗ , µ∗ ) strongly in Lp (Ω)2 and a.e.

unm → u∗m

weakly-∗ in L∞ (0, T ; H01 (Ω)N ),

unm,t → u∗m,t

weakly-∗ in L∞ (0, T ; L2 (Ω)N ),

where the unm are the states associated to the (λn , µn ).
From the linearity of (1), we can prove that the u∗m are the states
associated to (λ∗ , µ∗ ). Therefore, in order to prove Theorem 1,
we need only to show that
(10)

lim inf I(λn , µn ) ≥ I(λ∗ , µ∗ ).
n→∞

In order to get (10), taking into account the definition of the
cost density ABC(unm ), we see that it is enough to prove
that ∇unm belongs to a compact set in L2 ((0, T ) × Ω)N ×N .
In fact, we have a slightly stronger property: unm belongs to
a compact set in C 0 ([0, T ]; X) for a Hilbert space X that is
compactly embedded in H01 (Ω)N .
To prove this, we use the following technical lemma:
L EMMA 2 Assume that (λn , µn ) ∈ Γ(R). There exists
δ ∈ (0, 1), only depending on α, β and R, such that, for
any h ∈ L2 (Ω)N , the elliptic system


−∇· µ(∇ω+∇ω T )+λ(∇· ω)Id. = h, x ∈ Ω
(11)
w = 0,
x ∈ ∂Ω
possesses exactly one solution wh
∈
Xδ
:=
[D(∆), H01 (Ω)N ]δ,∞ , where D(∆) = H01 (Ω)N ∩ H 2 (Ω)N is
the domain of the Dirichlet Laplacian (here, for any couple of
Banach spaces E0 and E1 and any θ ∈ (0, 1) and p ∈ [1, +∞],
[E0 , E1 ]θ,p denotes the usual associated interpolation space of
Petree).
Furthermore, the mapping h 7→ wh is linear and continuous:
(12) kwh kXδ ≤ C(N, Ω, α, β, R) khkL2

∀h ∈ L2 (Ω)N .

The proof of this lemma is based on two important results:
• Meyers’ estimates (see [15]),
• Nonlinear interpolation results (see [16]).
For the proof of a similar result in the case of the wave
equation, see [8].
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A Proximal Primal Dual Algorithm for a Nonconvex
Nonsmooth Energy Minimization Problem
A. Martín∗, E. Schiavi∗ and S. Segura de León†

Abstract
Magnetic Resonance Image (MRI) denoising is a fundamental step for subsequent image processing tasks (segmentation,
classification, registering, etc) which are routinely implemented in clinical protocols. We present here the numerical resolution
of a Total Variation based energy functional modelling rician noise statistics as typically encountered in low signal-to-noise ratio
(SNR) magnitude MRI modalities such as Diffusion Tensor Imaging (DTI).

1

Introduction

=

The rician denoising model can be formulated as the following
energy minimization problem [1, 2]. Given the noisy magnitude image f ∈ L∞ (Ω), let λ > 0 be a real parameter
weighting the amount of regularization and σ 2 6= 0, be the
(estimated) variance of the original gaussian noise in the real
and imaginary images data that generate the noisy magnitude
image f . We can recover the free-of-noise image u ∈ BV (Ω)∩
L∞ (Ω) minimizing the energy:

E1 (u) = J1 (u) + H(u, f ) =
 
Z
Z
λ
uf
|Du| + 2
u2 dx − λ
log I0
dx .
2σ
σ2
Ω
Ω
Ω
where I0 is the zero order modified Bessel function of the first
kind. To address the numerical resolution of the non-smooth
non-convex minimization problem associated to the energy
functional (1), a decomposition of the energy functional as a
difference of convex (DC) functions is proposed.
Z

This is based on the fact that the Bessel function I0 (s) is
strictly log-convex function which means that log I0 (s) is
strictly convex. Using the fact that subdifferentials of convex
functions have nonexpansive resolvents, we propose a convergent numerical algorithm for minimizing (1) based on the
work of [4]. Notice that this opens the application field of the
primal dual approach of ([3]) to nonconvex problems which
can be expressed in form of DC functionals. We introduce, for
numerical validation and for any 1 < p < 2 the energy
(2)
∗ Área

Ep (u) = Jp (u) + H(u, f ) =

Z

Ω

|∇u|p dx +

λ
2σ 2

Z

Ω

u2 dx − λ

Z

Ω

log I0

 uf 
σ2

Energy decomposition

In this section we shall exploit the underlying structure of
the minimization problem to write the corresponding energy
functional as the difference of convex functions. For this we
consider functionals (1) and (2) defined as E1 (u) = J1 (u) +
H(u, f ) and Ep (u) = Jp (u) + H(u, f ). We introduce the
functionals
(3)
Z
 Z


|Du| + α
u2 dx , if u ∈ BV (Ω) ∩ L2 (Ω) ;
Ω
Ω
G1 (u) =


+∞ ,
if u ∈ L2 (Ω)\BV (Ω) .
and, for any 1 < p ≤ 2

(4)
Gp (u) =
Z
 Z
1


|∇u|p dx + α
u2 dx , if u ∈ W 1,p (Ω) ∩ L2 (Ω) ;
p Ω
Ω


+∞ ,
if u ∈ L2 (Ω)\W 1,p (Ω) .
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dx .

Notice that (2) is differentiable for any such p but its minimization is still a nonconvex problem. When p → 1 these
energies converge to (1) and this is numerically validated.
Some numerical experiments which show the performance
of our numerical scheme applied to rician denosing when
synthetic Magnetic Resonance Imaging (MRI) phantoms and
real, Diffusion Tensor MRI (DT-MRI) are presented.

2
(1)

1
p
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Using (3) and (4) we can decompose them in form E1 (u) =
G1 (u) − F (u, f ) and Ep (u) = Gp (u) − F (u, f ) where

(5)

F (u, f ) = λ

Z

log I0

Ω



uf
σ2



dx .

The fundamental point is that the energy in (5) is convex. As
a consequence (1) and (2) are difference of convex energy
functionals. This kind of nonconvex structure highlighted
by the decomposition above can be numerically exploited to
calculate a global minimum of (1) and (2). The mathematical
analysis of this problem shall appear elsewhere.

3

Numerical results

The model was validated in synthetic and real brain images.
First, a numerical phantom of a T1 -weighted image obtained
from the Brainweb Database1 , was used as a groundtruth. In
Figure 1, the convergence of the p-approximating sequence
are displayed. We can see how for fixed parameters λ, σ, the
denoising solution obtained for 1 < p < 2 approaches the Total
Variation denoising results when p → 1. Figure 2 compares
the denoising performance of the Total Variation rician (TVRician) denoising with the Rudin-Osher-Fatemi (ROF) model
[5] which models Gaussian noise. The numerical phantom
is contaminated with rician noise with σ = 15 and then
both methods, ROF and TV-Rician denoising, are optimized
for the best denoising results measured as the peak signal-tonoise ratio (PSNR) and structural similarity index (SSIM). TVRician denosing outperforms ROF denoising in both PSNR and
SSIM metrics, demonstrating the importance of the right noise
modelling.
Finally, a real MRI dataset is considered. A Diffusion
Weighted Image (DWI) volume provided by Fundación CIENFundación Reina Sofía which was acquired from a healthy volunteer with a 3 Tesla General Electric scanner equipped with an
8-channel coil. The DWI have been obtained with a single-shot

1 http://www.bic.mni.mcgill.ca/brainweb/

2 http://www.slicer.org

spin-eco EPI sequence (FOV=24cm, TR=9100, TE=88.9, slice
thickness=3mm, spacing=0.3, matrix size=128x128, NEX=1
). The DWI data consists on two volumes obtained with
b = 0/mm2 and 45 volumes with b = 1000s/mm2 . The
denoising was performed with the TV-Rician method and
then the Diffusion Tensor Image was reconstructed from the
denoised DWI with the 3D Slicer tools2 . Finally a wholebrain tractography was performed. The results are displayed
in Figure 3. The tracts represent the white-matter fibres of the
brain. Colour represents direction of the fibers: red indicates
right-left, blue superior-inferior and green anterior-posterior
directions, respectively. More extensive results and details
shall appear elsewhere.
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Figure 1: Convergence results of the denosing approximating sequence

Figure 2: Quantification of the Denoising results in terms of the PSNR and SSIM

Figure 3: Sagital view of a tractography representing the axon bundles in the brain obtained from the denoised DTI-MRI
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An optimal control problem
for a stationary Kirchhoff equation
M. Delgado‡, G. M. Figueiredo§, I. Gayte∗ and C. Morales-Rodrigo∗

Abstract— In this report we study an optimal control problem where one of the constraints is a stationary Kirchhoff-type
equation. This kind of equations is a generalization of the wave equation and it models the strongly non linear displacement
of the beams. It is a nonlocal and nonlinear equation. We prove the existence of a function a which controls the solution of the
stationary Kirchhoff equation to the nearest of a given function ud as it is possible, and we obtain a characterization of a. The
uniqueness of the optimal control is an open problem. Finally, we give an algorithm and some numerical solutions.
Keywords: optimal control, optimality system, adjoint problem, Kirchhoff equation.

1

The main results of the work are the following:

Introduction

In this work we study an optimal control problem where one of
the constraints is a Kirchhoff-type equation. This equation is a
non linear generalization of the wave equation and it models
the strongly non linear displacement of the beams. It is a
nonlocal one because the Laplacian coefficient is the square
of the norm in L2 (Ω) of the gradient of the solution. In this
work we have considered the stationary case:
(
R
−(a(x) + b(x) Ω |∇u|2 )∆u = f in Ω
(1)
u=0
on ∂Ω,
Namely, we obtain a function a which controls the solution
of this stationary Kirchhoff equation to the nearest of a given
function ud as it is possible. The optimal control problem is
Z
Z
1
B
(2)
min J(u, a) =
(u − ud )2 +
a2 ,
2 Ω
2 Ω

(u, a) subjected to verify (1) and a is a function in U = {v ∈
L2 (Ω) : v ≥ a0 > 0, a.e. x ∈ Ω}.
The data are: Ω ⊂ RN a smooth bounded domain, N ≥ 1,
f ∈ L∞ (Ω), f ≥ f0 > 0, b ∈ W 1,∞ (Ω), b ≥ b0 > 0,
ud ∈ L2 (Ω) and B a positive parameter. The function u is
the state and the function a is the control. This mathematical
question might give light to a parameter identification problem:
to find a suitable function a, with L2 -norm small, such that u,
the associated solution of a Kirchhoff problem, is closed (in
L2 -norm) to ud .
From a physical point of view, the characterization of a means
determining the density and the stress of the beam in order to
obtain the desired displacements.

T HEOREM 1 Let be a ∈ L2 (Ω) such that a ≥ 0 for almost
element in Ω. Then, there exists a unique u ∈ H 1 (Ω) solution
of the Kirchhoff problem (1).

The novelty of this theorem is that the proof is constructive and
so, it provides a numerical method to solve the equation.
Then, we prove the existence of an optimal control, it is not
standard because of the nonlinearity in the non local term and
because of a is not enough smooth (it is only in L2 (Ω)). The
theorem is the following:

T HEOREM 2 There exists a solution (û, â) of the optimal
control problem (2) with the constraints (1) and u ∈ U.

The proof consists of improving the minimizing sequence
using some subsequences and the Lusin’s theorem. We do
not know the uniqueness of the optimal control, this an open
problem.
Finally, we get the optimality system and then, the characterization of the optimal control â, and we show the algorithm and
some numerical solutions.
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The existence of solution of the optimal con- with
trol problem

The optimal control problem we want to study is:
To find a control a minimizing the functional
J:

H01 (Ω)

1
J(u, a) =
2

(3)

2

× L (Ω) → R

Z

B
(u − ud ) +
2
Ω
2

Z

a2 ,

besides,
a ∈ U = {v ∈ L2 (Ω) : v ≥ a0 > 0, a.e. x ∈ Ω}.

The set Ω ⊂ RN is a bounded smooth open, N ≥ 1, f is a
given function in L∞ (Ω), f ≥ f0 > 0, the functions a0 and b
are data and they verify a0 ∈ C(Ω), a0 > 0 and b ∈ W 1,∞ (Ω),
b ≥ b0 > 0, ud is also a known function, ud ∈ L2 (Ω), and B
is a positive parameter.
There is a main question before studying the existence of an
optimal control: there should be solution of (4) for any a ∈ U,
i.e., the admissible set must be non empty. The following
theorem answers to this question.
T HEOREM 3 For any a ∈ U, there exists a unique u ∈ H01 (Ω)
weak solution of the Kirchhoff problem (4).
Besides, u ∈ W 2,p (Ω) for any p < +∞, so it is a strong
solution.
The proof of this theorem is based on the following real function of real variable has a unique root: Let g : [0, +∞) → R
be the function defined by
Z
g(s) = s −
|∇us |2 ,
Ω

where us is the solution of the Poisson problem

f

−∆us =
in Ω,
(6)
a + bs
 u =0
on ∂Ω.
s

Then, g is strictly increasing and it changes its signs, so it has
a unique zero and the solution us for (6) and its respective root
is the unique solution of (4) problem.
We study the existence of the solution of the optimal control
problem.
T HEOREM 4 There exists a solution (û, â) of the optimal
control problem
(7)

min J(u, a)

(

1
2

Z

Ω

−(a(x) + b(x)
u=0

R

(u − ud )2 +

Ω

B
2

Z

a2

Ω

|∇u|2 )∆u = f

in Ω,
on ∂Ω.

The proof have some difficulties and it is not standard.

Ω

where (u, a) is a solution of the stationary Kirchhoff equation
R

−(a(x) + b(x) Ω |∇u|2 )∆u = f in Ω,
(4)
u=0
on ∂Ω.
(5)

a ∈ U,

J(u, a) =

Proof:
We will deduce the existence by the method of the minimizing
sequences with the particularity that the functional only provides the bound of the sequences in L2 (Ω). Without loosing
generality, we can assume that ud = 0.
The proof will be divided in four steps.
The first step: The convergence of the minimizing sequence
to (û, â).
Let us consider the infimum of J subject to (4) and (5) and a
minimizing sequence, {J(un , an )}. If we call β the infimum
of J, we have that there exists the limit of the sequence
J(un , an ) and so, the sequences {un } and {an } are bounded
in L2 (Ω). Then, there exist two subsequences, that they will
be denoted with the same subscript, and two functions û, â ∈
L2 (), such that
un * û in L2 (Ω) − weak,
an * â in L2 (Ω) − weak.

The function â belongs to U because this set is convex and
closed in L2 (Ω).
The functional J is weakly lower continuous because it is
convex and continuous, so
β = lim J(un , an ) ≥ J(û, â).
The second step: The convergence of the sequence {un }.
Since
f
R
−∆un =
an + b Ω |∇un |2

we get that

−∆un ≥
Therefore
an =

an + b

f
R0
Ω

f
−b
−∆un

|∇un |2

Z

Ω

> 0.

|∇un |2 .

Moreover, by the elliptic regularity

un ∈ W 2,p (Ω) for any p ∈ (1, +∞)
and
kun kW 2,p (Ω) ≤ C

an + b

f
R

Ω

|∇un |2

.
Lp (Ω)
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In particular, {un } ⊂ H 2 (Ω) and kun kH 2 (Ω) ≤ c. So,
2

un * û in H (Ω) − weak.
The compact embedding H 2 (Ω) ,→ H 1 (Ω) implies that

and

1
J(ũ2,n2 , ã2,n2 ) ≤ J(u2 , a2 ) + C .
2
Therefore, for any k we have a pair (ũk,nk , ãk,nk ), with nk >
nk−1 , such that

un → û in H 1 (Ω) − strong
and

∆un * ∆û in L2 (Ω) − weak.

The third step: We can assume that the functions an are
bounded and continuous.
Consider a1 . Since the space of bounded and continuous
functions on Ω, Cb (Ω), is dense in L2 (Ω), there exists a
sequence {ã1,n } ⊂ Cb (Ω) which strongly converges to a1 in
L2 (Ω). For any ã1,n there exists a unique ũ1,n solution of the
Kirchhoff problem
R

−(ã1,n + b Ω |∇ũ1,n |2 )∆ũ1,n = f in Ω,
(8)
ũ1,n = 0
on ∂Ω.
Analogously to the second step, we obtain

∆ũ1,n * ∆w in L2 (Ω)-weak.
Then, we can pass to the limit in (8) and we have that
R

−(a1 + b Ω |∇w|2 )∆w = f in Ω,
w=0
on ∂Ω.
By the uniqueness of the Kirchhoff problem, w = u1 . Then,
there exists n1 such that
kã1,n1 − a1 kL2 (Ω) < 1,

1
2

Z

Ω

|ũ1,n1 |2 +

B
2

kũk,nk − uk kH 1 (Ω) <

1
k

1
J(ũk,nk , ãk,nk ) ≤ J(uk , ak ) + C .
k

Then
1
inf J(u, a) = β ≤ J(ũk,nk , ãk,nk ) ≤ J(uk , ak ) + C ,
k
and taking the lower limit in the inequalities we obtain
β ≤ lim inf J(ũk,nk , ãk,nk ) ≤ lim J(uk , ak ) = β.
So, we have that

This proves that the sequence {(ũk,nk , ãk,nk )} is a minimizing
sequence, where ãk,nk is continuous and bounded, ãk,nk ∈ U
and ũk,nk is the solution of the Kirchhoff problem with ãk,nk
and we claim
ãk,nk * â in L2 (Ω)-weak
ũk,nk * û in L2 (Ω)-weak.
In fact, for any ϕ ∈ L2 (Ω),
Z
Z
Z
(ãk,nk − â)ϕ = (ãk,nk − ak )ϕ + (ak − â)ϕ.
Ω

kũ1,n1 − u1 kH 1 (Ω) < 1

J(ũ1,n1 , ã1,n1 ) =

1
,
k

∃ lim J(ũk,nk , ãk,nk ) = β.

ũ1,n → w in H 1 (Ω)-strong

and

and

kãk,nk − ak kL2 (Ω) <

Z

Ω

|ã1,n1 |2 ≤

B
1
≤ (ku1 kL2 (Ω) + 1)2 + (ka1 kL2 (Ω) + 1)2 =
2
2
1 B
= J(u1 , a1 ) + + + ku1 kL2 (Ω) + Bka1 kL2 (Ω) ≤
2
2
≤ J(u1 , a1 ) + C,

where C > 0 is an constant which does not depend on n
because the sequences kan kL2 (Ω) and kun kL2 (Ω) are bounded.
By the same procedure, we obtain a pair (ũ2,n2 , ã2,n2 ), with
n2 > n1 , such that
kã2,n2 − a2 kL2 (Ω) <

1
,
2

kũ2,n2 − u2 kH 1 (Ω) <

1
2

Ω

Ω

Given ε > 0 there exists k0 ∈ N such that for any k ≥ k0
kãk,nk − ak kL2 (Ω) < k1 < ε. Then
Z
(ãk,nk − ak )ϕ ≤ kãk,nk −ak kL2 (Ω) kϕkL2 (Ω) < εkϕkL2 (Ω) .
Ω

So, we have
lim

Z

Ω

(ãk,nk − ak )ϕ = 0

and, on the other hand

lim

Z

Ω

(ak − â)ϕ = 0,

by the weak convergence of {an }.
A similar reasoning proves the convergence for {ũk,nk }.
From now on we rename ãk,nk as ak and ũk,nk as uk .
The fourth step: The pair (â, û) is an admissible element, i.e.,
it satisfies (4).
Since {an } and {∆un } weakly converge to â and ∆û, respectively, there exist two sequences, one for each sequence,

950

M. Delgado et al.

constituted by convex linear combinations, such that they
strongly converge (see [6]), i.e.
X
λi ai → â in L2 (Ω)-strong,
i∈In

X

j∈Jn

µj ∆uj → ∆û in L2 (Ω)-strong.

|∆un (x1 ) − ∆û(x1 )| <
(l)

and n1 an element of this set. Again, taking each element in
the set Dε we obtain a subsequence of n(l−1) , named n(l) such
that
(l)

Besides, the functions b, f, â, ∆û have continuous representatives in Ω \ Aε , equally denoted.
Let be D = {xn }n a countable dense set of Ω. We consider
Dε = {xn ∈ D : xn ∈ Ω \ Aε }.
For any xm ∈ Dε and δ > 0, the set

and
|an(l) (xi ) − â(xi )| < 1l ,

(10)

i

|∆un(l) (xi ) − ∆û(xi )| < 1l .
i

We know that


Z
− an(l) (xi ) + b(xi )
|∇un(l) |2 ∆un(l) (xi ) = f (xi ).
i

i

Ω

By (10) and knowing that
{n ∈ N : |an (xm )−â(xm )| < δ and |∆un (xm )−∆û(xm )| < δ}
Z
is countable infinity. In fact, if we suppose that there is a finite
number of n in this set, then there are infinite n such that

Ω

or



− â(xi ) + b(xi )

|∆un (xm ) − ∆û(xm )| ≥ δ.

If the set of n that verify an (xm ) − â(xm ) ≥ δ is not finite, the
sequence of the convex linear combinations of an satisfies
X
λi ai (xm ) − â(xm ) ≥ δ,
but this is impossible by (9). Analogously if the inequality is
an (xm ) − â(xm ) ≤ −δ, and it happens the same if there are
infinite numbers n which verify |∆un (xm ) − ∆û(xm )| ≥ δ.
We define the set

(1)

= {n ∈ Ni−1 : n > ni−1 , |an (xi ) − â(xi )| < 1,
(1)

(1)

We have just defined a subsequence n(1) = {n1 , n2 , . . .}
such that
|an(1) (xi ) − â(xi )| < 1, |∆un(1) (xi ) − ∆û(xi )| < 1.
i

(l)

1
,
l

|∇û|

Z



∆û(xi ) = f (xi ) ∀xi ∈ Dε .

|∇û|2 )∆û − f

Ω

= −(â + b

Z

Ω

=
L2 (Ω)

|∇û|2 )∆û − f

,
L2 (Aε )

and the measure of the set Aε tends to zero when ε tends to
zero. Taking the limit in this equality when ε tends to zero we
obtain that
Z
−(â + b
|∇û|2 )∆û − f
= 0,
Ω

i.e.



− â + b

We repeat the reasoning decreasing the estimations:
In the step l, let be
N1 = {n ∈ n(l−1) : |an (x1 ) − â(x1 )| <

2

Ω

Then,

(1)

i

Z

−(â + b

which is infinite. Let be n1 a chosen element in this set. In
(1)
(1)
the step i we chose ni ∈ Ni , where
|∆un (xi ) − ∆û(xi )| < 1}.

|∇û|2

Ω

= {n ∈ N : |an (x1 ) − â(x1 )| < 1,

(1)

Ω



Z
− â + b
|∇û|2 ∆û = f in Ω \ Aε .

|∆un (x1 ) − ∆û(x1 )| < 1}

(1)

Z

Since Dε is a dense set in Ω \ Aε and the functions in the
previous equation are continuous in Ω \ Aε , we can extend the
equation to every point x ∈ Ω \ Aε , so

i∈In

Ni

|∇un |2 →

i

we pass to the limit when l tends to +∞ and we obtain

|an (xm ) − â(xm )| ≥ δ

(1)

(l)

n(l) = {n1 , n2 , . . .}

By Lusin’s theorem, for any ε > 0 there exists a set Aε ⊂ Ω,
with |Aε | < ε, such that
P
λi ai → â uniformly in Ω \ Aε
Pi∈In
(9)
j∈Jn µj ∆uj → ∆û uniformly in Ω \ Aε .

N1

1
},
l

L2 (Ω)

Z

Ω

2

|∇û|



∆û = f in Ω.

Since (û, â) satisfies the constraints and J(û, â) = β we get
that (û, â) is an optimal solution. 
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3

A characterization of the optimal control

In this section we get the optimality system of the optimal
control problem (7). We could think that the derivative of J
with respect to a provides the Euler-Lagrange equations, in
other words, the optimality system. In this problem this is
not possible because we have not got well defined j(a) =
J(u(a), a) in an open ball of L2 (Ω); given a ∈ L2 (Ω) there
could not be u(a) a solution of (4) with respect to a. This technical difficulty yields we consider J as a functional depending
on two independent variables (u, a) and we use the formalism
Dubovitskii-Milyutin (see [3]), which is a generalization of
Lagrange multipliers rule, to obtain the optimality necessary
conditions.

problem is written as following

 −∆u = f
in Ω, u = 0 on ∂Ω,
R a +2br

r = Ω |∇u| .
The nonlinear equation in R
Z
s=

Ω

f
us
a + bs

has a unique real solution, denoted by r, which can be calculated by an algorithm to find roots of functions (the command
fzero in Matlab, Newton’s method, Regula Falsi method or
others).Then, we obtain ur as the solution of the previous
Poisson problem with s = r. As far as we know, this is a new
easy way to solve numerically the Kirchhoff problem. Other
T HEOREM 5 Let be (û, â) a solution of (7). Then, there exists works, [4], apply the Newton method and solve a linear system
a unique p, called adjoint function, such that (û, â, p) is a whose solution is an approximation of the discretized function
u and the nonlocal term in the Kirchhoff equation, both of them
solution of the optimality system
are solved together. The disadvantage of this method is that
(11)
R

2
the coefficient matrix of the linear system is bad conditioned
−(â + b Ω |∇û| )∆û = f in Ω, û = 0 on ∂Ω,




R
R

 −∆ â + b |∇û|2 p + ∆û 2bp(∆û) = û − ud Ω, in many cases. Other numerical works solve the Kirchhoff
Ω
Ω
problem in time using the separation of variables (see [5]).

p = 0 on ∂Ω,

Second Step: We solve the adjoint problem. For it, we call s


),
â = PU (− p∆û
the
nonlocal term:
B
Z
(13)
s=
2b(∆u)p.
being P the projection operator on U.
Ω

The second equation of (11) is called adjoint in classical
control theory. In our case, the projection operator for the
convex U is well characterized. It is
PU (f ) = max{f, a0 } ∀f ∈ L2 (Ω).

Then, we define
(14)

ψ = (a + br)p − us,

which is the solution of the Poisson problem

−∆ψ = u − ud in Ω,
(15)
ψ=0
on ∂Ω.

So, (11) is written in a easier way:
We obtain an expression of p by (14)
(12)
R

ψ + us
−(â + b Ω |∇û|2 )∆û = f in Ω, û = 0 on ∂Ω,


p=
,
 
R
R


2
a + br

−∆
â
+
b
|∇û|
p
+
∆û
2bp(∆û)
=
û−u
,
Ω,

d
Ω
Ω


which is replaced in (13). Using that
p = 0 on ∂Ω,

 â = max{a0 (x), β(x)},

f

q

∆u = −

4p(x)f (x)

2
2
a + br
−b(x)r+ b(x) r +

B
β(x) =
, β ≥ 0.
2
we obtain a new formula for s
Z
2bf
−
ψ
4 The numerical scheme
(a
+
br)2
Ω
Z
(16)
s=
.
2bf
We are going to see the algorithm to solve the optimality
1+
u
2
Ω (a + br)
system in the computer and we solve an example in dimension
one. The key point is to solve different Poisson problems. And, now we can calculate p,
This is very interesting because, in one hand, the algorithm
ψ + us
is independent of the dimension and, on the other hand, there (17)
.
p=
a + br
are no bad conditioned problems. The algorithm consists of the
following:
Thus, we have solved the Poisson problem (15), we have
First step: We choose an initial a ∈ L2 (Ω) andR we solve the obtained s by (16) and, finally, we have got p by the formula
Kirchhoff problem for this a. If we define r = Ω |∇u|2 , this (17).
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Third Step: We take a new a in order to repeat the first and
second step. This a is obtained as

12

10

8

a = max{a0 (x), β(x)},

6

4

and β(x) is the positive root of the equation z 2 + b(x)rz −
p(x)f (x)
= 0. The algorithm finishes when the difference
B
between the new a, and the previous one achieves a stop condition. In the following example we solve the optimality system
numerically for the following data: ud = 0, the functions are
a0 = 1, b = 1 and f (x) = 2+π
2 sin(x), Ω = (0, π) and the
differential equations are solved by finite differences. We show
the graphic of the optimal control, â, and the optimal state, û,
in two cases: the first is for the parameter B = 0.4, which gives
â = a0 , and the second case is for B = 0.0004 which gives
â = −p∆u/B in (0, π) and â = a0 in the boundary of Ω.
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Figure 3: Function â with B=0.0004
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A new characterization of the cn-partial ordering
A. Guterman∗, A. Herrero† and N. Thome†

Abstract— Two complex square matrices of the same size are said to be ordered under the cn-ordering if their core-parts are
ordered under the sharp ordering and their nilpotent-parts are ordered under the minus ordering, respectively. In this paper, a new
characterization of the cn-ordering based on the spectrally orthogonal matrix decomposition is presented.
Keywords: Minus ordering, sharp ordering, cn-ordering, spectrally orthogonal matrix decomposition.

1

Introduction

A matrix A ∈ Cn×n has index l if rankAl = rankAl+1 and l
is the smallest nonnegative integer with this property, and it is
denoted by IndA = l. The core-nilpotent decomposition of an
arbitrary matrix A ∈ Cn×n is given by the sum A = CA +NA ,
where CA NA = NA CA = O, IndCA ≤ 1, and NA = O or
NA is a nilpotent matrix. This decomposition always exists
and is unique (see [1]).
Moreover, for given a matrix A ∈ Cn×n , a matrix X ∈ Cn×n
is called a {1}-inverse of A if satisfies AXA = A and will
be denoted by X = A− . If the matrix A has index less
than or equal to 1, a matrix X satisfying that AXA = A,
XAX = X and AX = XA, is called the group inverse of
A and it is denoted by X = A# . If A has index equal to l, a
matrix X ∈ Cn×n that satisfies XAX = X, AX = XA and
Al+1 X = Al is called the Drazin inverse of A and is denoted
by X = AD . The existence of the Drazin inverse is guaranteed
for every square matrix and it is unique [1, 2].
It is well-known in matrix partial ordering theory the concepts
of minus, sharp and cn- orderings. Let A, B ∈ Cn×n . It is said
that:
−

(a) A ≤ B if AA− = BA− and A− A = A− B for some
{1}-inverse A− of A;
#

(b) A ≤ B if AA# = BA# and A# A = A# B when A and
B have index at most 1;
cn

#

#

(a) X ≤ A,
(b) X and A have the same total number of Jordan blocks
corresponding to the eigenvalue λ, and
(c) the spectrum of X is included in {0, λ}.
By using the existence of such a (unique) matrix X, we can
define the spectrally orthogonal decomposition of a matrix A
as follows.
D EFINITION 1 [3, 4] Let A ∈ Cn×n written in the corenilpotent form as A = CA + NA . The matrix function
SA : C → Cn×n is defined as follows

 NA , λ = 0
O,
λ 6= 0 is not an eigenvalue of A
SA (λ) =

Xλ , λ 6= 0 is an eigenvalue of A.
D EFINITION 2 The decomposition A =

X

SA (λ) is called

λ∈C

the spectrally orthogonal matrix decomposition of A with
SA (λ) given in Definition 1.
This decomposition allows us to introduce the following binary
relation.
D EFINITION 3 For A, B ∈ Cn×n it is said that A ≤ B if

−

(c) A ≤ B if CA ≤ CB and NA ≤ NB where CF and NF
denote the core-nilpotent decomposition of F [1, 5, 6].

−

#

SA (0) ≤ SB (0) and SA (λ) ≤ SB (λ) for all λ ∈ C \ {0}.

On the other hand, for a given index at most 1 matrix A ∈
Cn×n and a fixed eigenvalue λ of A, in [3] it was shown that
∗ Department

there exists a unique matrix X ∈ Cn×n of index at most 1 such
that:

In next section we will show that this new binary relation is
a partial ordering on Cn×n . We also establish that the ≤
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ordering is equivalent to the cn-ordering, which provides a new
characterization of cn-ordering via the spectrally orthogonal
decomposition.

2

Some preliminary properties

Firstly, we show that the new binary relation defined in the previous section by using the spectrally orthogonal decomposition
of a matrix A ∈ Cn×n is a partial ordering.
In order to see that ≤ is a partial ordering we have to check the
properties of reflexivity, antisymmetry and transitivity.
It is straightforward that A ≤ A for all A ∈ Cn×n (reflexivity).
For antisymmetry, let us consider A ≤ B and B ≤ A. Then,
by definition of ≤, SA (λ) = SB (λ) for all λ ∈ C. Hence,
using Definition 1, A = B.
−

−

Finally, let A ≤ B ≤ C. Then, SA (0) ≤ SB (0) ≤ SC (0)
#

#

and SA (λ) ≤ SB (λ) ≤ SC (λ), for all λ ∈ C \ {0}. Hence,
#

−

−

#

SA (0) ≤ SC (0) and SA (λ) ≤ SC (λ) since ≤ and ≤ are partial
ordering relations. Thus, A ≤ C.
Then, we arrive at the following result.
T HEOREM 4 The binary relation ≤ defined in Definition 3 is
a partial ordering on Cn×n .

are invariant under similarities. It can be shown that this last
fact also happens for the ≤ ordering.
L EMMA 7 For A, B ∈ Cn×n and for any nonsingular P ∈
Cn×n , it follows that A ≤ B implies P AP −1 ≤ P BP −1 .

3

A new characterization of cn-ordering

Next, we analyze the relation between ≤ partial ordering and
the cn-ordering.
Firstly, we recall the following result from [6].
#

T HEOREM 8 Let A, B ∈ Cn×n . Then A ≤ B if and
only if there exist nonsingular matrices P ∈ Cn×n , C1 ∈
Ck1 ×k1 , C2 ∈ Ck2 ×k2 , and nilpotent matrices N1 , N2 ∈
C(n−k1 −k2 )×(n−k1 −k2 ) , such that


C1
 P −1
O
(1)
A=P
N1

and



C1

B=P

(2)
−

C2
N2



 P −1

with N1 ≤ N2 [6].
cn

Clearly, cn-partial ordering coincides with the sharp partial
ordering for matrices of index at most 1 and also cn-ordering
coincides with minus partial ordering for nilpotent matrices.
Applying this reasoning to the relation ≤ and taking into
account that SA (0) is nilpotent and SA (λ) has index at most
1 for all λ ∈ C \ {0} for any A ∈ Cn×n , the binary relation ≤
can be re-written as indicated in the following lemma.
L EMMA 5 For A, B ∈ Cn×n , it follows that A ≤ B if and
cn
only if SA (λ) ≤ SB (λ) for all λ ∈ C.

Now, let us consider A ≤ B and we study the relation between
A and B with the ≤ ordering. If A = O, then clearly A ≤ B.
#

−

If A 6= O, necessarily B 6= O and CA ≤ CB and NA ≤ NB ,
where A = CA +NA and B = CB +NB are the core-nilpotent
decompositions of A and B.
On the other hand, using Theorem 8, we can write A and B
as in (1) and (2), respectively. Then, since the core-nilpotent
decomposition is unique, we have that




C1

 P −1 , NA = P 

O

CA = P 





O

 P −1

O

O

N1

cn

As it is well known, if A ≤ B then Spec(A) ⊆ Spec(B) ∪ {0}
[6], where Spec(A) means the spectrum of A. Let us see if
we have a similar relation for ≤. Let λ ∈ Spec(A) \ {0}.


CB = P 



C1
C2

P
O

#

If A ≤ B then O 6= SA (λ) ≤ SB (λ). Hence SB (λ) 6= O
and λ ∈ Spec(B). Therefore, we have obtained the following
result.

L EMMA 6 Let A, B ∈ Cn×n such that A ≤ B. Then
Spec(A) ⊆ Spec(B) ∪ {0}. Moreover, if 0 ∈
/ Spec(A) or
A has a Jordan cell of size k ≥ 2 with 0 eigenvalue, then
Spec(A) ⊆ Spec(B).
Analogously, other properties are also satisfied by ≤ binary
relation. For example, minus, sharp and cn-partial orderings

#


−1

, NB = P 



O

 P −1

O
N2

#

As CA ≤ CB and ≤ is preserved under similarites, it follows
that

 

C1
C1
#

≤
.
O
C2
(3)
O
O
In order to see the relation between A and B under the
≤ ordering, we have to construct the spectrally orthogonal
decomposition of both matrices. By definition SA (0) = NA
−

and SB (0) = NB , then, directly we have that SA (0) ≤ SB (0).
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Now, in order to find SA (λ) and SB (λ) for λ 6= 0, we
compute the Jordan canonical forms of C1 and C2 , that is,
C1 = S1 J1 S1−1 and C2 = S2 J2 S2−1 . So, the relation (3) is
written as

 

S1 J1 S1−1
S1 J1 S1−1
#

≤
,
O
S2 J2 S2−1
O
O
which can be re-written as
 S1

S2

 S1

I

S2

J
I

1

O

  J1

O

J2

  S1−1
O

S2−1

  S1−1

I

S2−1

and is equivalent, by similarities, to

 
J1
J1
#
≤
O
(4) A0 = 
O



I

#

≤



J2
O



 = B0.

In addition, the diagonal concatenation of blocks with the same
eigenvalue in the Jordan form, allows us to write


A1 . . . O

..  ,
..
(5)
J1 =  ...
.
. 
O

...

Ap

and



(6)

B1
 ..
 .

 O
J2 = 
 O

 .
 ..
O

... O
..
..
.
.
. . . Bp
... O
..
..
.
.
... O

O
..
.
O
Bp+1
..
.

...
..
.
...
...
..
.

...

...


O
.. 
. 

O 
.
O 

.. 
. 

We observe that some (or even all) of the blocks Bk , k =
p + 1, . . . , q, may be absent. Also, the size of Bi , i = 1, . . . , p,
and the one of Ai may not be the same.
Then, using (5) and (6), the relation (4) results


A1 . . . O

 ..
..
..

 .
.
.
#


 O . . . Ap
(7)
≤



O




O
O

A1 . . . O
..
 ..
..
 .
.
.

 O . . . Ap


B1 . . . O


..
..
..

.
.
.


O
.
.
.
B
p


Bp+1 . . . O


..
..
..

.
.
.


O
. . . Bq

O

and

O





SB 0 (λi ) = 




Here, for i, j = 1, . . . , p, we have

(b) 0 ∈
/ Spec(Ai ), and
(c) Spec(Ai ) ∩ Spec(Aj ) = ∅ if i 6= j.
Analogously, we have
(a) Spec(Bi ) = {λi } for i = 1, . . . , p, and
(b) for i, j = 1, . . . , q, Spec(Bi ) ∩ Spec(Bj ) = ∅ if i 6= j
and for k = p + 1, . . . , q, 0 ∈
/ Spec(Bk ).

O




















Now, we are able to construct SA (λ) and SB (λ) and to
establish a relationshp between them. For each i = 1, . . . , p

O
..


.


O


Ai


SA0 (λi ) = 
O



..


.

Bq

(a) Spec(Ai ) = {λi },



..

.

O

O

O



Ai
O

..

.

O

Bi
O





,




that is, in SB 0 (λi ) the block Ai is located exactly at the same
place as in SA0 (λi ).
Then, it is straightforward to check that for each i = 1, . . . , p
#

it holds that SA0 (λi ) ≤ SB 0 (λi ). Therefore, given that


 −1

S1
S1
 SA0 (λi ) 
 P −1
S2
SA (λi ) = P 
S2−1
I
I

and similarly for SB (λi ) for each i = 1, . . . , p, we get that
#

(8)

SA (λi ) ≤ SB (λi ),
#

since ≤ ordering is preserved under similarities.
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Thus, for any λ ∈ C \ {0, λ1 , . . . , λp },

Observe that Theorem 11 ensures that the ≤ ordering implies
the minus ordering.

#

(9)

SA (λ) = O ≤ SB (λ).

Finally, an interesting particular case is that of the idempotent
#

−

Hence, we have SA (0) ≤ SB (0) and SA (λ) = O ≤ SB (λ)
for any λ ∈ C \ {0}. So, A ≤ B and we can conclude the
following result.
cn

L EMMA 9 Let A, B ∈ Cn×n . If A ≤ B then A ≤ B.
On the contrary, if we have A ≤ B then, by Lemma 5,
−

cn

SA (λ) ≤ SB (λ) for all λ ∈ C. In particular, SA (0) ≤ SB (0),
−

which implies that NA ≤ NB , where A = CA + NA and
B = CB + NB are the core-nilpotent decompositions of A and
B, respectively.
#

What we want to study now is if SA (λ) ≤ SB (λ) for all
#

λ ∈ C \ {0} implies CA ≤ CB .
X
1
Clearly, CA =
SA
(λ) and CB =
λ∈C\{0}

X

1
SB
(λ).

λ∈C\{0}

From the previous reasoning, it follows that for any λ 6= 0 and
for any X ∈ Cn×n , SX (λ) = SCX (λ), CX being the core part
#

of X. And, by definition, SX (λ) ≤ X for any λ.
#

#

Then, SA (λ) ≤ SB (λ) = SCB (λ) ≤ CB for any λ 6= 0, i.e.,
#

SA (λ) ≤ CB for any λ 6= 0.

Let us denote by λ1 , . . . , λp the set of nonzero eigenvalues of
A. Since SA (λi ) ⊥ SA (λj ), i 6= j, (see [3]) it follows that
#

SA (λ1 ) + SA (λ2 ) ≤ CB .

In addition, SA (λ1 ) + SA (λ2 ) ⊥ SA (λ3 ). Hence,

cn

#

matrices. Indeed, it can be shown that ≤, ≤ and ≤ orderings
are equivalent in the set of idempotents matrices since the
nilpotent part of these matrices is equal to O. That is, since
A2 = A and B 2 = B, we have A = CA and B = CB . Then,
we can derive the following result.
T HEOREM 12 For A, B ∈ Cn×n idempotent matrices, it
#

follows that A ≤ B if and only if A ≤ B.

4

Conclusions

In this paper, the ≤ ordering based on the spectrally orthogonal
matrix decomposition has been introduced. The main result of
this paper shows the equivalence between the ≤ ordering and
the cn-ordering. We notice that to obtain A below B under
the cn-ordering it is enough that the Jordan blocks associated
to each eigenvalue of the matrix A are below, under the sharp
ordering, the Jordan blocks associated to the same eigenvalue
of the matrix B and also that the nilpotent part of A is below the
nilpotent part of B under the minus ordering. In conclusion, it
is not necessary to look at the whole core-part of the matrices
cn
to get A ≤ B.
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Permutation non-isometric linear codes over a finite field
M. I. García-Planas∗, and M. D. Magret∗

Abstract— A method for the enumeration of permutation non-isometric linear codes is presented.
Keywords: Permutations, linear codes.

1

Introduction

Most of the important codes are special types of the socalled linear codes. There are simple encoding and decoding
procedures for linear codes. Vector space isomorphisms do not
preserve Hamming distance, which is an essential property of
each code. Therefore we consider permutation isomoirphisms
(those given by permutation matrices) which preserve the
Hamming distance. Permutation equivalent codes equal up to
a permutation on the codeword coordinates.
Our goal is to calculate the number of permutation nonisometric codes.
Throughout the paper, we will denote by Fp the finite field of
p elements, p a prime number, p 6= 2.
For any matrix A ∈ Mn (Fp ), let us denote QA (t) = det(A −
tIn ) the characteristic polynomial of A and by MA (t) the
minimal annihilating polynomial of A (the monic polynomial
of least degree which annihilates all vectors in Fnp ).

2

Preliminaries

In this Section we will recall the basis definitions on linear
codes which will be used in the following Sections.
A linear (n, k)-code C over Fp is a k-dimensional vector
subspace of Fnp . Its elements are called codewords. A (n, k)code has pk codewords.
Let us denote by V (k, n, p) the set of all k-dimensional subspaces in Fnp .
It is known (see [5], for example) that the number of kdimensional subspaces in Fnp is equal to:
|V (k, n, p)| =
∗ Departament



n
k



=
p

(pn − 1)(pn − p) . . . (pn − pk−1 )
(pk − 1)(pk − p) . . . (pk − pk−1 )

Linear codes are often represented by generator matrices.
A linear (n, k)-code C over Fp is represented by a matrix
G(C) ∈ Mk×n (Fp ), which rows are a basis of C (since
there are multiple possibilities for the basis, there are also
multiple possibilities for the generator matrix). Given such a
generator matrix G(C), the other possible generator matrices
are: {SG(C) | S ∈ Glk (Fp )}. Linear codes can also be
represented by control matrices H(C), which are characterized
by the property that xH(C) = 0 for all codeword x ∈ C.
The Hamming distance between two codewords x
(x1 , . . . , xn ), y = (y1 , . . . , yn ) is defined by:

=

d(x, y) = |{i ∈ {1, . . . , n} | xi 6= yi }|
and the Hamming weight of a codeword x = (x1 , . . . , xn ) is
defined by:
w(x) = |{i ∈ {1, . . . , n} | xi 6= 0}|
The distance or minimum distance of a code C is the minimum
number of positions in which any two distinct codewords differ.
It is denoted by d(C). The weight of code C is defined as
the smallest of the weights of non-zero codewords of C and is
denoted by w(C).
Isometries of the Hamming space H(n, p) are those mappings
Fnp −→ Fnp which preserve the Hamming distance (equivalently, the Hamming weight). This is the case of permutation
linear maps. Isometric codes have the same error-correction
capabilities. Note that not all endomorphisms preserve de
Hamming distance, not even the automorphisms.

3

Permutation equivalent codes

Let us denote by Pn (Fp ) the group of all permutation matrices. We will denote by P (i1 , ..., in ) the permutation matrix
associated to the permutation (i1 , ..., in ); that is to say, the
permutation matrix in which the non-zero components are in
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columns i1 , ..., in . Equivalently, the permutation matrix in
which the permutation applied to the rows of the identity matrix
In is i1 , . . . , in .
D EFINITION 1 Two linear (n, k)-codes C and C 0 are permutation equivalent if there exists a permutation matrix P ∈
Pn (Fp ) such that C 0 = CP −1 .
That is to say, if for all codeword w0 ∈ C 0 there exists a
codeword w ∈ C such that w0 = wP −1 and conversely.
Then given a linear (n, k)-code C its equivalence class is
the set of codes given by generators matrices {CP −1 | P ∈
Pn (Fp )}. Permutation isometric classes of a code coincide
with the dimension of the orbit with respect to the group action
of the group of permutation matrices Pn (Fp ) on the set of
vector subspaces of a given dimension.
Example. Let us consider p = 3 and the (2, 3) code with
generator matrix
G(C) =



1
0

0
1

0
2



which consists of codewords:
{000, 100, 200, 012, 021, 112, 221, 121, 212}
Straightforward calculations show that
CP (1, 2, 3) = C
CP (1, 3, 2) = C

CP (2, 1, 3) = C 0
CP (2, 3, 1) = C 0

CP (3, 2, 1) = C 00
CP (3, 1, 2) = C 00

where
C0
C 00

= {000, 010, 020, 102, 201, 112, 221, 211, 122}
= {000, 001, 002, 210, 120, 211, 122, 121, 212}

In this Example, the isometric class of code C (or orbit) is:
O(C) = {C, C 0 , C 00 }.
Let us consider, for all P ∈ Pn (Fp ) the mapping:
fp : V (k, n, p) −→ V (k, n, p)
C −→ CP −1
A vector subspace in V (k, n, p) is P -invariant if, and only if,
it is a fixed point of fP . Therefore the number of permutation
non-isometric linear codes of dimension k is exactly the number of fP -invariant subspaces of dimension k and, in order to
compute the number non-isometric linear codes of dimension
k, it suffices to compute the number of invariant subspaces
under this linear operator.

4

Primary components of Fnp

The decomposition of a vector space into primary components
and that of each primary component as a direct sum of cyclic
subspaces allows to enumerate the number of invariant subspaces.
Let f be a linear operator on Fnp , with associated matrix in a
given basis of Fnp , A. We will write QA (t) = det(A − tIn )
the characteristic polynomial of f and denote by MA (t) the
minimal annihilating polynomial of f (the monic polynomial
of least degree which annihilates all vectors in Fnp ). Note that
they do not depend on the choice of the basis of Fnp .
Consider the decomposition of the minimal annihilating polynomial of f into irreducible factors:
Mf (t) = M1 (t)µ1 · · · · · Ms (t)µs
where µ1 , . . . , µs ≥ 0.
The minimal annihilating polynomial can be determined by
the decomposition of the permutation in disjoint cycles. More
concretly, if P1 , P2 are two permutation matrices associated to
two permutations σ2 , σ2 with the same cycle type (conjugate
in the symmetric group), the minimal annihilating polynomials
MP1 (t) and MP2 (t) coincide.
In [4], the following characterization of the minimal annihilating polynomial is given. Let P be a permutation matrix
associated to a permutation with cycle type 1 + · ·m1 · + 1 + 2 +
· ·m2 · + 2 + 3 + · ·m3 · + 3 + · · · + r + · ·mr · + r. That is to say,
let us assume that P is the permutation matrix associated to
a permutation which is disjoint product of m1 1-cycles, m2 2cycles, m3 3-cycles,..., mr r-cycles (m1 , m2 , m3 , ..., mr ≥ 0).
Then
MP (t) =
M CM {(t − 1)n1 , (t2 − 1)n2 , . . . , (t3 − 1)n3 , . . . , (tr − 1)nr }
where ni = 0 if mi = 0 and ni = 1 if mi > 0, 1 ≤ i ≤ r.
The vector subspaces Fi = {x ∈ V | Mi (f )µi (x) = 0},
1 ≤ i ≤ s are f -invariant and V = V1 ⊕ · · · ⊕ Vs (primary
decomposition of V ). Moreover, each primary subspace is a
direct sum of cyclic subspaces:
Vi =< vi1 > ⊕ · · · ⊕ < vimi >, 1 ≤ i ≤ s
where < v >= [v, f (v), . . . , f d−1 (v)] being d the
least degree of f such that dim[v, f (v), . . . , f d−1 (v)] =
dim[v, f (v), . . . , f d−1 (v), f d (v)].

961

Permutation non-isometric linear codes over a finite field
Note that the decomposition of each primary subspace Vi ,
1 ≤ i ≤ s, as a direct sum of cyclic subspaces is not
unique. Nevertheless, two such decompositions have the same
sequence of numbers which are the different dimensions of
the cyclic subspaces and which will be referred to as cyclicprimary numbers.
Note that these decompositions depend on the finite field. From
these decomposition in primary subspaces we can deduce the
invariant subspaces.
Examples.

5

Number of non-isometric linear codes

As stated in Section 2, the number of non-isomeric permutation
equivalent linear (n, k)-linear codes over Fp is the number of
fixed points in V (n, k, p) for all permutation matrices. Thus
we have to calculate the number of non-isometric permutation
equivalent (n, k)-linear codes.

T HEOREM 2 The number of non-isometric equivalent linear
codes over Fp is:

1) Let us consider f the linear endomorphism of F35 having as
associated matrix, in the natural basis of F35 , the permutation
matrix P = P (1, 3, 2). The characteristic and minimal polynomials are: QP (t) = (t + 4)2 (t + 1), MP (t) = (t + 4)(t + 1).

1 X
s(P )σ(P )
n!

Primary decomposition: F33 = E1 ⊕ E2 , with E1 = ker (f +
4I3 ) = [e1 , e2 + e3 ], E2 = ker (f + I3 ) = [e2 + 4e3 ].

where P represents the conjugacy class of the element P ,
where s(P ) is the size of the conjugacy class of P and σ(P )
is the number of k-dimensional fP -invariant subspaces of Fnp ;
that is to say, s(P ) is the number of elements in the symmetric
group having the same cycle type than P and σ(P ) can be
computed after knowing the cyclic primary components of fP .

Decomposition in cyclic subspaces: F35 = (E11 ⊕ E12 ) ⊕ E2 ,
with E11 =< e1 >, E12 =< e2 + e3 >, E2 =< e2 + 4e3 >.

2) Let us consider f the linear endomorphism of F3p having as
associated matrix, in the natural basis of F3p the permutation
matrix P = P (2, 3, 1).
The characteristic polynomial is: QP (t) = (t − 1)(t2 + t + 1).
If p = 5, t2 + t + 1 is irreducible over F5 [t] and MP (t) =
(t + 1)(t2 + t + 1).
The primary decomposition is: F35 = E1 ⊕ E2 , with E1 =
ker (f + 4I3 ) = [e1 + e2 + e3 ], E2 = ker (f 2 + f + I3 ) =
[e2 + 4e1 , e1 + 4e3 ].
The decomposition in cyclic subspaces is:
F35 =< e1 + e2 + e3 > ⊕ < e1 + 4e3 >

But if p = 7, t2 + t + 1 = (t + 3)(t + 5) and the minimal
annihilating polynomial is: MP (t) = (t + 3)(t + 5)(t + 6).
The primary decomposition is: F37 = E1 ⊕ E2 ⊕ E3 , with
E1 = ker (f + 3I3 ) = [e1 + 4e2 + 2e3 ], E2 = ker (f + 5I3 ) =
[e1 + 2e2 + 4e3 ], E3 = ker (f + 6I3 ) = [e1 + e2 + e3 ].
The decomposition in cyclic subspaces is:
F37 =< e1 +2e2 +4e3 > ⊕ < e1 +4e2 +2e3 > ⊕ < e1 +e2 +e3 >

P

Example. We will assume that p = 5.
1) For n = 3 there are three conjugacy classes, because there
are three different cycle types:

Permutation
1
2
3
1
2
3

2
1
2
3
3
1

3
3
1
2
1
2

Disjoint cycles

Cycle type

(1)(2)(3)
(1, 2)(3)
(1, 3)(2)
(1)(2, 3)
(1, 2, 3)
(1, 3, 2)

1+1+1
1+2
1+2
1+2
3
3

The minimal annihilating polynomial and the number s(P ) are
as follows.

Representative of
the conjugacy class
P (1, 2, 3)
P (2, 1, 3)
P (2, 3, 1)

MP (t)

s(P)

t+4
(t + 1)(t + 4)
(t + 4)(t2 + t + 1)

1
3
2
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2) For n = 4 there are five conjugacy classes, because there are
five possible cycle types.
Permutation

Disjoint cycles

Cycle type

1
2
3
4
1
1
1
3
2
4
2
4
3
1
1
2
3
4
4
2
2
3
3
4

(1)(2)(3)(4)
(1, 2)(3)(4)
(1, 3)(2)(4)
(1, 4)(2)(3)
(2, 3)(1)(4)
(3, 4)(1)(3)
(3, 4)(1)(3)
(1, 3, 2)(4)
(2, 3, 1)(4)
(4, 1, 2)(3)
(2, 4, 1)(3)
(3, 4, 1)(2)
(3, 4, 1)(2)
(4, 2, 3)(1)
(3, 4, 2)(1)
(3, 4)(1, 2)
(2, 4)(1, 3)
(2, 3)(1, 4)
(1, 4)(2, 3)
(2, 3, 4, 1)
(2, 4, 1, 3)
(3, 1, 4, 2)
(3, 4, 2, 1)
(4, 3, 1, 2)

1+1+1+1
1+1+2
1+1+2
1+1+2
1+1+2
1+1+2
1+1+2
1+3
1+3
1+3
1+3
1+3
1+3
1+3
1+3
2+2
2+2
2+2
4
4
4
4
4
4

2
1
2
2
3
4
4
1
3
1
4
2
2
4
3
1
4
3
1
3
4
1
4
3

3
3
1
3
2
3
3
2
1
3
3
1
4
2
4
4
1
2
2
4
1
4
2
1

4
4
4
1
4
2
2
4
4
2
1
3
1
3
2
3
2
1
3
1
3
2
1
2

In this case, the minimal annihilating polynomial and the
numbers s(P ) are as follows.

Representative of
the conjugacy class
P (1, 2, 3, 4)
P (2, 1, 3, 4)
P (3, 1, 2, 4)
P (2, 1, 4, 3)
P (4, 1, 2, 3)

MP (t)

s(P)

t+4
(t + 1)(t + 4)
(t + 4)(t2 + t + 1)
(t + 1)(t + 4)
(t + 1)(t + 2)(t + 3)(t + 4)

1
6
8
3
6
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Eigenvalues and eigenvectors of monomial matrices
M. I. García-Planas∗ and M. D. Magret∗

Abstract— Spectral properties of special matrices matrices have been widely applied. We focus on monomial matrices over a
finite field Fp , p 6= 2. We describe a way to find the minimal annihilating polynomial, a set of linearly independent eigenvectors.
Keywords: Monomial matrices, eigenvalues, eigenvectors.

1

Introduction

Eigenvalues and eigenvectors have many applications in pure
and many areas in applied mathematics. Monomial matrices
occur in the explicit description of the isometry class of a linear
code ([2, 4, 5]. Also they appear when you want to construct
self-dual codes (see [3] for example).
In this paper we determine eigenvalues and eigenvectors of
monomial matrices. The method of finding eigenvalues by
obtaining the roots of the characteristic polynomial is not
workable many times. Here we present a method which relies
on the cycle type of the permutation associated to the monomial
matrix. More concretely, in Section 2 we state the basic results
and present a short summary of all well-known definitions
which will be used later.
Throughout the paper, we will denote by Fp the finite field of
p elements, with p a prime number, p 6= 2. Some of the results
obtained depend on the characteristic of the finite field.
For any matrix M ∈ Mn (Fp ), let us denote by QM (t) =
det(tIn − M ) the characteristic polynomial of M and by
PM (t) the minimal annihilating polynomial of M (the monic
polynomial of least degree which annihilates all vectors in E).

2

Preliminaries

We first recall the basic definitions about monomial matrices.
D EFINITION 1 A monomial matrix of order n is a regular
n×n-matrix which has in each row and in each column exactly
one non-zero component.
Monomial matrices form a group. The product of monomial
matrices is a monomial matrix. The inverse of a monomial
matrix is again a monomial matrix.

Permutation matrices are monomial matrices in which all nonzero components are equal to 1. Its rows are a permutation of the rows of the identity matrix. We will denote by
P (i1 , ..., in ) the permutation matrix associated to the permutation (i1 , ..., in ); that is to say, the permutation matrix
in which the non-zero components are in columns i1 , ..., in .
Equivalently, the permutation matrix in which the permutation
applied to the rows of the identity matrix In is i1 , . . . , in .
Unlike permutation matrices, monomial matrices are not necessarily orthogonal.
The following property of monomial matrices is well-known
and will be useful for our purposes.
L EMMA 2 Every monomial matrix is a product of a diagonal
matrix with a permutation matrix.
In general, we will make use of the following notation. We will
write any monomial matrix as:
M (a1 , . . . , an ; i1 , . . . , in ) = diag (a1 , . . . , an )P (i1 , . . . , in )


0
Example: M (a1 , a2 , a3 ; 3, 1, 2) =  a2
0
diag (a1 , a2 , a3 )P (3, 1, 2)


0 0 1
where P (3, 1, 2) =  1 0 0 .
0 1 0

0
0
a3


a1
0  =
0

Any permutation σ of {1, . . . , n} can be written as a product
of disjoint cycles (also called “orbits”). The usual notation
(i1 , ..., ik ) of a k-cycle means that i1 is replaced by i2 , i2 by
i3 , and so on being the last replacement ik by i1 . A 1-cycle
will be denoted by (i) and it means that this element remains
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unchanged (it is a fixed point of the permutation). There is
not an only possibility of the decomposition since being the
cycles disjoint they can be written in any order and, moreover,
any rotation of a given cycle specifies the same cycle. The
cycle type of a permutation is the data of how many cycles
of each length are present in the cycle decomposition of the
cycle. If the cycle is a product of m1 k1 -cycles, m2 k2 cycles, ..., mr kr -cycles, then we will write that its cycle type
is k1 + · ·m1 · + k1 + k2 + · ·m2 · + k2 + . . . kr + · ·mr · + kr .
Two permutations are conjugate in the symmetric group if and
only if they have the same cycle type. See, for example, [1] for
further reading about this topic.

3

Characteristic polynomial

The decomposition of the permutation associated to the matrix
in disjoint cycles and, more concretely, the cycle type, determines the characteristic polynomial. The eigenvalues are the
roots of this characteristic polynomial.
We list below the characteristic polynomial of all monomial
matrices of order n, for n = 2, n = 3 and n = 4. For n > 4,
analogous tables can be constructed.
The factorization of the characteristic polynomial into irreducible factors depends not only on the cycle type of the
permutation but on the finite field.

For n = 2:

Monomial matrix
M (a1 , a2 ; 1, 2)
M (a1 , a2 ; 2, 1)

Monomial matrix
M (a1 , a2 , a3 , a4 ; 1, 2, 3, 4)
M (a1 , a2 , a3 , a4 ; 2, 1, 3, 4)
M (a1 , a2 , a3 , a4 ; 3, 2, 1, 4)
M (a1 , a2 , a3 , a4 ; 4, 2, 3, 1)
M (a1 , a2 , a3 , a4 ; 1, 3, 2, 4)
M (a1 , a2 , a3 , a4 ; 1, 4, 3, 2)
M (a1 , a2 , a3 , a4 ; 1, 2, 4, 3)
M (a1 , a2 , a3 , a4 ; 3, 1, 2, 4)
M (a1 , a2 , a3 , a4 ; 2, 3, 1, 4)
M (a1 , a2 , a3 , a4 ; 4, 1, 3, 2)
M (a1 , a2 , a3 , a4 ; 2, 4, 3, 1)
M (a1 , a2 , a3 , a4 ; 4, 2, 1, 3)
M (a1 , a2 , a3 , a4 ; 3, 2, 4, 1)
M (a1 , a2 , a3 , a4 ; 1, 4, 2, 3)
M (a1 , a2 , a3 , a4 ; 1, 3, 4, 2)
M (a1 , a2 , a3 , a4 ; 2, 1, 4, 3)
M (a1 , a2 , a3 , a4 ; 3, 4, 1, 2)
M (a1 , a2 , a3 , a4 ; 4, 3, 2, 1)
M (a1 , a2 , a3 , a4 ; 4, 1, 2, 3)
M (a1 , a2 , a3 , a4 ; 2, 3, 4, 1)
M (a1 , a2 , a3 , a4 ; 2, 4, 1, 3)
M (a1 , a2 , a3 , a4 ; 3, 1, 4, 2)
M (a1 , a2 , a3 , a4 ; 3, 4, 2, 1)
M (a1 , a2 , a3 , a4 ; 4, 3, 1, 2)

Cycle type
1+1+1+1
1+1+2
1+1+2
1+1+2
1+1+2
1+1+2
1+1+2
1+3
1+3
1+3
1+3
1+3
1+3
1+3
1+3
2+2
2+2
2+2
2+2
4
4
4
4
4

Characteristic polynomial
(t − a1 )(t − a2 )(t − a3 )(t − a4 )
(t2 − a1 a2 )(t − a3 )(t − a4 )
(t2 − a1 a3 )(t − a2 )(t − a4 )
(t2 − a1 a4 )(t − a2 )(t − a3 )
(t2 − a2 a3 )(t − a1 )(t − a4 )
(t2 − a3 a4 )(t − a1 )(t − a3 )
(t2 − a3 a4 )(t − a1 )(t − a2 )
(t3 − a1 a2 a3 )(t − a4 )
(t3 − a1 a2 a3 )(t − a4 )
(t3 − a1 a2 a4 )(t − a3 )
(t3 − a1 a2 a4 )(t − a3 )
(t3 − a1 a3 a4 )(t − a2 )
(t3 − a1 a3 a4 )(t − a2 )
(t3 − a2 a3 a4 )(t − a1 )
(t3 − a2 a3 a4 )(t − a1 )
(t2 − a1 a2 )(t2 − a3 a4 )
(t2 − a1 a4 )(t2 − a2 a3 )
(t2 − a1 a3 )(t2 − a2 a4 )
(t2 − a1 a4 )(t2 − a2 a3 )
t4 − a1 a2 a3 a4
t4 − a1 a2 a3 a4
t4 − a1 a2 a3 a4
t4 − a1 a2 a3 a4
t4 − a1 a2 a3 a4

In general, we have that the characteristic polynomial of a
monomial matrix M (a1 , . . . , an ; i1 , . . . , in ) can be deduced
from the decomposition into disjoint cycles of the permutation
i1 . . . in and the coefficients a1 , . . . , an .
T HEOREM 3 The characteristic polynomial of each cycle
of length k j1 . . . jk in the decomposition of the permutation i1 . . . in into disjoint cycles, being aj1 , . . . , ajk the coefficients of the matrix in columns j1 , . . . , jk , tk − aj1 ···jk
is a divisor of the characteristic polynomial of M =
M (a1 , . . . , an ; i1 , . . . , in ).
Proof. The proof follows of the following facts.

Cycle type
1+1
2

Characteristic polynomial
(t − a1 )(t − a2 )
t2 − a1 a2

1. The characteristic polynomial of M is a product of factors,
each of them corresponding to one of the disjoint cycles in the
decomposition of i1 . . . ik .
2. For each cycle in such a decomposition, the corresponding
polynomial is as in the statement.
Examples. 1) Let us consider the matrix M

For n = 3:

Monomial matrix
M (a1 , a2 , a3 ; 1, 2, 3)
M (a1 , a2 , a3 ; 2, 1, 3)
M (a1 , a2 , a3 ; 3, 2, 1)
M (a1 , a2 , a3 ; 1, 3, 2)
M (a1 , a2 , a3 ; 2, 3, 1)
M (a1 , a2 , a3 ; 3, 1, 2)

For n = 4:

Cycle type
1+1+1
1+2
1+2
1+2
3
3

Characteristic polynomial
(t − a1 )(t − a2 )(t − a3 )
(t2 − a1 a2 )(t − a3 )
(t2 − a1 a3 )(t − a2 )
(t2 − a2 a3 )(t − a1 )
t3 − a1 a2 a3
t3 − a1 a2 a3

M
(a1 , a2 , a3 , . . . , an ; n, 1, 
2, . . . , n − 1)
0 0 . . . 0 a1
a2 0 . . . 0
0


 0 a3 . . . 0
0
=
.
 ..
.. . .
..
.. 
.
.
.
.
.
0

0

...

an

0

The permutation consists of one single cycle of length n, being the corresponding non-zero coefficients a1 , a2 , a3 , . . . , an .
Then the characteristic polynomial of this matrix is
QM (t) = tn −

n
Y

i=1

ai
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Let us consider the particular case where n = 7, a1 = a2 = 1,
a3 = · · · = a7 = 2.
In F5 [t], QM (t) = t7 − 2 and the only eigenvalue of M in F5
is λ = 3.
In F7 [t], QM (t) = t − 4 and the only eigenvalue of M in F5
is λ = 4.

M (a1 , . . . , an ; i1 , . . . , in ) of degree k corresponding to cycles
of length k, 1 ≤ k ≤ n. Then we can obtain the minimal annihilating polynomial of M from G1 (t), . . . , Gk (t) as follows.
T HEOREM 4 PM (t) = LCM (G1 (t), . . . , Gk (t)).

7

In F11 [t], QM (t) = t7 − 10 and the only eigenvalue of M in
F11 is λ = 10.

Example.
Let us consider the matrix M ∈ M9 (F5 )
M (2, 3, 1, 1, 3, 4, 1, 1, 4; 2, 3, 1, 5, 4, 7, 6, 8, 9)


0 2 0 0 0 0 0 0 0
 0 0 3 0 0 0 0 0 0 


 1 0 0 0 0 0 0 0 0 


 0 0 0 0 1 0 0 0 0 



=
 0 0 0 3 0 0 0 0 0 
 0 0 0 0 0 0 1 0 0 


 0 0 0 0 0 0 1 0 0 


 0 0 0 0 0 0 0 1 0 
0 0 0 0 0 0 0 0 4

2) Let us consider the matrix M
M (a1 , a2 , . . . , an−1 , an ; 2, 3, . . . , i, 1, i+2, i+3, . . . , n, i+1) =


0
 ..
 .

 0

 ai
=
 0

 .
 ..

 0
0

a1
..
.
0
0
0
..
.
0
0

...
0
..
..
.
.
. . . ai−1
...
0
...
0
..
.
0
...
0
...
0

0
..
.

0
..
.

0
0
0
..
.

0
0
ai+1
..
.

...
..
.
...
...
...
..
.

0
an

0
0

...
...

0
..
.
0
0
0
0
an−1
0
















In this case, the permutation is a product of two cycles of
lengths i and n − i, being the corresponding non-zero coefficients a1 , . . . , ai−1 , ai and ai+1 , . . . , an−1 , an , respectively.
Then


QM (t) = ti −

i
Y

j=1



aj  tn−i −

n
Y

j=i+1



aj 

Let us consider again the particular case where n = 7, a1 =
a2 = 1, a3 = · · · = a7 = 2 and i = 3.
In F5 [t], QM (t) = (t3 −2)(t4 −1) and the eigenvalues of M in
F5 are λ1 = 3 (with multiplicity 2), λ2 = 1, λ3 =2 and λ4 = 4.
In F7 [t], QM (t) = (t3 − 2)(t4 − 2) and the only eigenvalues
of M in F5 are λ1 = 2 and λ2 = 5.
In F11 [t], QM (t) = (t − 2)(t − 5) and the only eigenvalues
of M in F11 are λ1 = 7, λ2 = 2 and λ3 = 9.
3

4

The minimal polynomial PM (t) of a matrix M is a divisor of
the characteristic polynomial. It can be used, for example, to
know whether a matrix is diagonalizable or not.
In order to state the main result, we need to introduce some
notation.
Let us denote by Gk (t) the least common multiple of
all factors in the characteristic polynomial of M =

Then 231547689 = (2, 3, 1)(5, 4)(7, 6)(8)(9) and QM (t) =
(t3 − 6)(t2 − 3)(t2 − 4)(t − 1)(t − 4), according to Theorem
1. Therefore G1 (t) = (t − 1)(t − 4), G2 (t) = (t2 − 3)(t2 − 4)
and G3 (t) = t3 − 1. Thus
PM (t)

4

= LCM ((t − 1)(t − 4), (t2 − 3)(t2 − 4), t3 − 1)
= LCM ((t − 1)(t − 4), (t2 − 3)(t − 2)(t − 3),
(t − 1)(t2 + t + 1)
= (t − 1)(t − 2)(t − 3)(t − 4)(t2 − 3)(t2 + t + 1)

Eigenvectors

Let us consider a monomial matrix
M = M (a1 , . . . , an ; i1 , . . . , in ).
Our goal is to determine a maximal set of linearly independent
of eigenvectors. Let us assume that the permutation i1 , . . . , in
splits into disjoint cycles: m1 cycles of length k1 ,. . . m` cycles
of length k` .
For any irreducible cycle (j) of length 1, we have an eigenvector ej .
We know after Section 2 that for each cycle aj1 . . . ajk of
length k ≥ 2 there exists a factor tk − aj1 . . . ajk in the
decomposition of the characteristic polynomial of M into
irreducible factors. Depending on the finite field we consider,
this polynomial has a number l of roots, 0 ≤ l ≤ k.
T HEOREM 5 For each root λ (in the case where there exists
any) we obtain an eigenvector:
(λk−1 , aj2 aj3 . . . ajk , λaj3 . . . ajk , . . . λk−3 ajk −1 ajk , λk−2 ajk )
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This statement can be directly checked by straightforward
calculations.

• For each root µ of the polynomial t5 − a5 a6 a7 a8 a9 in
Fp we have the linearly independent vectors:

Example.

(µ4 , a6 a7 a8 a9 , µa7 a8 a9 , µ2 a8 a9 , µ3 a9 )

Let us consider the matrix M
M (a1 , a2 , a3 , a4 , a5 , a6 , a7 , a8 , a9 ; 2, 3, 4, 1, 6, 7, 8, 9, 5)


0 a1 0 0 0 0 0 0 0
 0 0 a2 0 0 0 0 0 0 


 0 0 0 a3 0 0 0 0 0 


 a4 0 0 0 0 0 0 0 0 



=
 0 0 0 0 0 a5 0 0 0 
 0 0 0 0 0 0 a6 0 0 


 0 0 0 0 0 0 0 a7 0 


 0 0 0 0 0 0 0 0 a8 
0 0 0 0 a9 0 0 0 0

The eigenvalues of M have the following form:

• For each root λ of the polynomial t4 − a1 a2 a3 a4 in Fp
we have the linearly independent vectors:
(λ3 , a2 a3 a4 , λa3 a4 , λ2 a4 , 0, 0, 0, 0, 0)
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